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A method for multiple crack growth in brittle materials
without remeshing

É. Budyn‡, ††, G. Zi§, ¶, N. Moës‖, ∗∗ and T. Belytschko∗, †, ‡‡

Department of Mechanical Engineering, Northwestern University, 2145 Sheridan Road,

Evanston, IL 60208, U.S.A.

A method for modelling the growth of multiple cracks in linear elastic media is presented. Both 
homogeneous and inhomogeneous materials are considered. The method uses the extended finite element 
method for arbitrary discontinuities and does not require remeshing as the cracks grow; the method also 
treats the junction of cracks. The crack geometries are arbitrary with respect to the mesh and are described 
by vector level sets. The overall response of the structure is obtained until complete failure. A stability 
analysis of competitive cracks tips is performed. The method is applied to bodies in plane strain or plane 
stress and to unit cells with 2–10 growing cracks (although the method does not limit the number of 
cracks). It is shown to be efficient and accurate for crack coalescence and percolation problems. 

KEY WORDS: multiple cracks; fracture; finite elements; stability; brittle material; junction; coale-
scence; percolation; unit cells; second variation of the energy

1. INTRODUCTION

We describe a method for modelling the evolution of multiple cracks in the framework of the
eXtended Finite Element Method (X-FEM), which is a numerical method for treating arbitrary
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discontinuities without remeshing [1, 2]. The discontinuities are represented by enriching the
standard finite element approximation space. For cracks, suitable enrichments are the Heaviside
function for the crack and the Westergaard field for the crack tip. X-FEM is an application of
the partition of unity [3] and was introduced in References [1, 4, 5].

The crack topology is represented by vector level sets. Level sets were developed by Osher
and Sethian [6, 7] for problems of interface tracking. Later Burchard et al. [8] and Osher
et al. [9] considered the evolution of curves by level sets. Here we use a vector level set
method developed by Ventura et al. [10, 11], because this method simplifies the process of
freezing the existing level sets for cracks [2].

The mechanics of two interacting cracks in a brittle material has been studied in the ex-
periments of Tanaka et al. [12], Lawler [13] and Barpi and Valente [14]. Analytic solutions
for materials containing random distributions of cracks, such as Poisson distributions, were
reported by Datsyshin and Savruk [15], Kachanov [16–18], Rubinstein [19–21], and Freji-
Ayoub et al. [22]. Dyskin et al. [23] developed singular integral equations methods for random
and regular distributions of cracks. Stochastic methods were developed by Bolotin [24], Yang
et al. [25], Lua et al. [26–28] and McDonald [29]. Fractal methods for multiple crack problems
were studied by Rybaczuk and Stoppel [30]. Boundary elements were applied to multiple crack
problem by Carpinteri and Monetto [31].

We present a finite element method for multiple crack growth in a continuum. The method
is applied in the context of linear fracture mechanics and is implemented with the extended
finite element method. It does not require remeshing as the cracks grow. The cracks are grown
until they coalesce and eventually percolate through the specimen. The model predicts final
configurations that resemble experimental results for specimens containing random multiple
cracks [13].

The cracks with the maximum stress intensity factors are grown so that they remain approx-
imately at the critical stress intensity factor by adjusting the load parameter and solving for
the corresponding displacement. The solution method is parametrized by crack length control.
In the case of competing crack tips, a stability analysis is performed to determine the crack
configuration path that leads to the maximum decrease in the potential energy. For junctions
of cracks, a method is developed to handle crack tips impinging on existing cracks. Stress
intensity factors are computed by means of an interaction integral [32].

The outline of this paper is as follows. The governing equations and the brittle fracture
model are presented in Section 2. The finite element method for multiple crack problems and
coalescence of cracks and percolation is presented in Section 3. In Section 4, the method
for multiple crack growth in the framework of crack length control is given. A flowchart
summarizes the method. Section 5 presents the results and studies the accuracy of the features
developed for multiple crack problems. Conclusions are given in Section 6.

2. DESCRIPTION OF THE PROBLEM

We consider a two-dimensional elastic body � with boundary �, nc cracks with surfaces
�cr = {��

cr, � = 1 to nc}, and nt crack tips as shown in Figure 1. The normal to a surface is
denoted by n. The cracks are assumed to be traction free. Prescribed tractions t are imposed
on the boundary �t and prescribed displacements are imposed on �u. The implementation is
limited to linear elastic fracture mechanics. The equilibrium equation and boundary conditions
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Figure 1. Description of a body containing multiple cracks.

are given by:

∇ · � = 0 in � (1)

� · n = t on �t (2)

u = ū on �u (3)

where � is the stress, u(x) is the displacement field, uT = {ux, uy}; ū is the prescribed
displacement on �u.

The stress–strain law is:

� = C : � (4)

where C is the tensor of elastic moduli, and � is the strain, given by:

� = 1
2 (∇u + (∇u)T) (5)

The superscript T denotes the transpose of the matrix. We denote the length of each crack
by ℓi ; we denote the set of crack lengths by a matrix l = {ℓi}, i = 1 to nt . The imposed
traction t depends linearly on a scalar parameter called the load factor �: t = �to, where to is
a reference traction field.

A brittle body containing multiple cracks in linear fracture mechanics can be described by
the following Lagrangian form:

L(l, u) = W(l, u) +
nt
∑

i=1

∫

�
i
cr

Gi
c dℓi (6)

where W(l, u) is the potential energy of the system, Gi
c is the critical energy release rate at

crack tip i. In a homogeneous material, Gc is constant in the body, but for a heterogeneous
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material Gc can be a function of (x, y). If we define nact as the number of active crack tips,
the second term in the right-hand side of Equation (6) is the energy dissipated during the
growth of the nact active crack tips. The potential energy W(l, u) can be decomposed into the
strain energy Wint and the load potential Wext:

W(l, u) = Wint(l, u) − Wext(u) (7)

where

Wint(l, u) =
1

2

∫

�\�cr

�(l, u) : C : �(l, u) d� (8)

Wext(u) = �

∫

�t

to · u d� (9)

The equilibrium states of the body � correspond to the stationary points of (6) or points on
the boundary of the feasible domain, so the solution u ∈ U corresponds to:

�L = �uW(l, u)�u +
nt
∑

i=1

[

�W(l, u)

�ℓi

+ Gi
c

]

�ℓi � 0 ∀�u ∈ Uo ∀�ℓi > 0 (10)

where �uW(l, u) is the variation of W with respect to u, �u is the variation of the displacement
and dℓi is a crack length differential and:

U= {u/u ∈ H1(�\�cr), �u · n̄��0 on �
�
cr, u = ū on �u} (11)

Uo =U ∩ {u/u = 0 on �u} (12)

where n̄ is the normal to the crack and H1 is the Hilbert space of functions with square
integrable derivatives. Note that the displacement field is discontinuous across the crack and
that the jump �·� in the normal displacement is required to be non-negative.

The above gives:

�uW(l, u) = 0 (13)

�W(l, u)

�ℓi

+ Gi
c = −Gi + Gi

c � 0 ∀i ∈ {1, . . . , nt } (14)

where we have used

Gi = −
�W(l, u)

�ℓi

(15)

and (13) is the equilibrium equation and (14) is the Griffith criterion for each crack tip i. Gi

is the energy release rate at tip i.
The crack growth law (14) can also be expressed in terms of stress intensity factors. The

stress intensity factor at tip i, Ki , can be obtained from the energy release rate by:

Ki =
√

E′Gi (16)
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where E′ is the effective Young’s modulus (E′ is equal to E in plane stress and E/(1 − �2)

for plane strain). Therefore the critical stress intensity factor at tip i is K i
c =

√

E′Gi
c.

The equivalent stress intensity factor at tip i, K i
eq, can also be obtained from the interaction

integrals in mode I and mode II [33, 1]:

K i
I =

E′I i
I

2
(17)

K i
II =

E′I i
II

2
(18)

where I i
I and I i

II, respectively, represent the interaction integral in mode I and II at tip i. The
equivalent stress intensity factor is computed by [34]:

K i
eq =

√

(K i
I )

2 + (K i
II)

2 ≃ Ki (19)

The crack growth law in linear elastic fracture mechanics of Equation (14) can also be
written as:

if 0 < K i
eq < K i

c �ℓi = 0 (no growth)

if K i
eq = K i

c �ℓi � 0 (growth)
(20)

where �ℓi is the crack growth increment of tip i. We do not consider any closure of the
cracks, though we note that �ℓi < 0 is not a valid solution. If the crack closes, the inequality
�u · n̄� � 0 must be enforced.

The cracks are grown in the direction of the maximum hoop stress, �i . The angle �i is
computed relative to the tangent to the crack tip at step n − 1, using the stress intensity factors
at step n − 1 by:

�i = 2 arctan

(

1
4

(

K i
I /K

i
II ±

√

(K i
I /K

i
II)

2 + 8

))

(21)

The above gives two directions; we choose the angle that corresponds to the positive maximum
hoop stress.

The stress intensity factors K i
I and K i

II are computed by an interaction integral. The equivalent
stress intensity factor is computed by (19). The expressions for the J -integral and the interaction
integral as domain integrals can be found in Reference [32]. The multiple crack problem requires
a stability analysis to determine the configuration path of crack evolution that is most stable,
detailed in Section 4.

3. DISCRETIZATION

3.1. X-FEM formulation

The approximate displacement field is constructed by the extended finite element method
(X-FEM). Two types of enrichments are needed to represent a crack: a step function for the
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Figure 2. X-FEM representation of a crack. The circled nodes are enriched by the step function of
crack n and the square nodes are enriched with the tip enrichment of tip m. The function f gives

the distance of a point to the crack.

discontinuity of the interior of a crack and the asymptotic near-tip displacement field at the
tips of the cracks [1, 5]. Figure 2 illustrates the enrichment scheme: all nodes of elements cut
by a crack are enriched by the step function, and the nodes of the elements containing a crack
tip are enriched by the near-tip displacement field.

Consider a mesh with a set of nodes I. All corner nodes of elements crossed by a crack
will be enriched. Let the set Jn be the set of corner nodes of the elements cut by the crack n.
The nodes of Jn are enriched by the step function of crack n (circled nodes in Figure 2).
Let Km be the set of corner nodes of the element that contains the crack tip m. These nodes
are enriched by the branch function (squared nodes in Figure 2). We denote by Nc the set of
cracks and by Nt the set of crack tips in the entire model. The crack geometry of crack n is
described by the signed distance function f n(x) through:

f n(x) = 0 (22)

For each crack the positions of the crack tips must be also specified. The signed distance
function is updated by the vector level set method as in Reference [11].

The displacement field is based on Reference [35] adapted for multiple crack problems and
is given by:

uh(x) =
∑

I∈I
NI (x)uI +

nc
∑

n=1

∑

J∈Jn

ÑJ (x)an
J H̄ n

J (x) +
nt
∑

m=1

∑

K∈Km

ÑK(x)

(

4
∑

l=1
bm
lK F̄m

lK(x)

)

(23)

where NI (x) are the shape functions for the continuous displacement field; ÑJ (x) are the shape
functions applied to the enrichment field. This choice of shape functions for the enrichment
field is explained in References [35, 36]. an

J are the additional unknowns for the modified step
enrichment H̄ n

J (x) of crack n and bm
lK are the additional unknowns for the tip enrichment of

tip m for the modified lth branch function F̄m
lK(x); and xJ is the position of node J . The
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modified enrichment functions H̄ n
J and F̄m

lK are given by:

H̄ n
J (x) = H(f n(x)) − H(f n(xJ )) (24)

F̄m
lK(x) = Fm

l (x) − Fm
l (xK) (25)

and the step function H is given by:

H(x) =
{

+1 for x > 0

−1 for x < 0
(26)

The asymptotic neartip field is represented by a set of four functions Fl , as introduced by
Fleming et al. [37]:

{Fl(r, �)}l=1,2,3,4 =
{√

r sin
�

2
,
√

r cos
�

2
,
√

r sin
�

2
sin �,

√
r cos

�

2
sin �

}

(27)

where r is a polar radius in a local co-ordinate system centred on the crack tip (xloc, yloc),
i.e. r = ‖x − xtip‖, as shown in Figure 2. The xloc-axis is aligned tangent to the crack at its
tip and points away from the crack. The yloc-axis is perpendicular to the xloc-axis and follows
the right-hand rule. To take into account any curvature of the crack, � depends on x. At a
point beyond the crack tip (where xloc � 0), � is taken as the regular polar angle in the local
reference axis system centred on the crack tip, as shown in Figure 2 for point x1. For any
point with xloc�0, for instance point x2 in Figure 2, � is computed to reflect the curvature of
the crack by (see Reference [2]):

arctan(�) =
f

−
√

r2 − f 2
(28)

The minus sign in the above in the arctan argument is needed to reconcile this definition with
the regular polar co-ordinates. For a crack with two tips, one must be careful with the sign
of f , which should be reversed at the second tip of the crack to be consistent with the local
polar orientation (where the sign of f is the negative value of yloc).

The displacement field (23) allows the treatment of multiple cracks. The shape functions for
the enrichment, ÑJ , differ from the shape functions for the standard displacement approximation
NI . In this work, the standard displacement shape functions are quadratic and the enrichment
shape functions are linear. This choice smoothes the solution in the blending elements which
are partially enriched in which the partition of unity does not hold. Applying linear shape
functions to the branch enrichment introduces small errors in the blending element as explained
in Reference [36] for other cases.

Note that the enrichment for each crack is local. For a step function enrichment, it does
not extend beyond the elements that enclose the crack. For a branch function enrichment, it
includes the element containing the crack and the immediately adjacent elements. Consequently,
the size of the global stiffness matrix of the system is not much larger than that of the standard
stiffness. Taking advantage of this requires that the additional unknowns be added in a linked
list, so that the enrichment unknowns an

J and bm
lK are mapped to a one-dimensional array. This

aspect is important in multiple crack problems where many elements are enriched.
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3.2. Discretization

The displacement approximation in (23) can be written as:

u(x) = N̄(x)d̄ (29)

where N̄ is the generalized shape function for the standard and enriched parts of the displace-
ment field and the generalized nodal displacement matrix d̄ is:

d̄T = [u, a, b1, b2, b3, b4] (30)

where u is the matrix of standard nodal displacements, a are the unknowns for the step
enrichment, and bl (l = 1, 2, 3, 4) are the unknowns for the branch enrichment.

The vector a contains the additional degrees of freedom due to the step enrichment of all
the cracks, and is written as:

a
T = [a1, . . . , an, . . . , anc ] ∀n ∈ Nc (31)

where a
n is a vector that contains the extra degrees of freedom an

xJ and an
yJ of nodes J ∈ Jn

due to the step enrichment of crack n.
In this paragraph, each vector bl or b

m
l is denoted b or b

m to simplify the notation. The
vector b contains the additional degrees of freedom of the lth branch function due to the tip
enrichment of all tips, and is written as:

b
T = [b1, . . . , bm, . . . , bnt ] ∀m ∈ Nt , l ∈ {1, 2, 3, 4} (32)

where b
m is a vector that contains of the extra degrees of freedom bm

xK and bm
yK of nodes

K ∈ Km due to the tip enrichment of tip m.
The discretized equilibrium equation (13) corresponds to the stationary points of the discrete

Lagrangian (29):

�L(l, d̄)

�d̄
= Kd̄ − �fext = 0 (33)

where the first term of Equation (33) is the internal force vector (product of the stiffness matrix
and nodal displacements for the linear case) and the second term is the external force vector
fext given by:

fext =
∫

�t

N̄to d� (34)

where the prescribed traction to = �on, with n being the normal to the edge and �o a chosen
scalar.

The stiffness matrix K is given by:

K =
∫

�\�cr

B̄TCB̄ d� (35)

The strain-displacement matrix of element e, denoted by B̄e, is:

B̄e =
[

Bu
e Ba

e Bb1
e Bb2

e Bb3
e Bb4

e

]

(36)
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where the contribution of the standard displacement field is denoted by Bu
e and is given by:

Bu
e =









(NI (x)),x 0 . . .

0 (NI (x)),y . . .

(NI (x)),y (NI (x)),x . . .









∀I ∈ (se ∩ I) (37)

where se is the set of nodes of element e. Note that each element matrix B̄e always contains
Bu

e , but the presence of Ba
e or B

bl
e depends on whether the element contains a crack or crack

tip or contains one or more common nodes with an element that contains a crack or crack tip;
in most elements, neither applies.

The matrix Ba
e contains the contribution of the step enrichment to the strain-displacement

matrix for all cracks in element e and is given by:

Ba
e = [. . . Ban

e . . .] ∀n ∈ Ne
c (38)

The contribution to the element matrix Ba
e of the nodes enriched with the step enrichment of

each crack n is denoted Ban

e and gives:

Ban

e =











(ÑJ (x)H̄ n
J (x)),x 0 . . .

0 (ÑJ (x)H̄ n
J (x)),y . . .

(ÑJ (x)H̄ n
J (x)),y (ÑJ (x)H̄ n

J (x)),x . . .











∀J ∈ Jn
e and ∀n ∈ N

e
c (39)

where Jn
e is the set of nodes in element e that require the step enrichment of crack n. Let s∗

e

be the set of nodes of element e that are enriched (the three corner nodes in our approach),
Jn

e = s∗
e ∩ Jn; Ne

c is the set of cracks in element e and is included in Nc. It is usually
easier to determine the list of cracks Ne

c in element e and successively compute H(f n) for
all nodes in Jn

e for each crack n in Ne
c. Note that the domain of integration does not include

the crack, so in evaluating (39) we obtain:

(ÑJ (x)H̄ n
J (x)),x = (ÑJ (x)),xH̄

n
J (x) (40)

(ÑJ (x)H̄ n
J (x)),y = (ÑJ (x)),yH̄

n
J (y) (41)

For the each branch enrichment F̄l , an element matrix B
bl
e is constructed in the same manner

as the Ba
e by assembling the contribution of each tip m in Ne

t , which is denoted B
bm
l

e . The

matrix B
bm
l

e is constructed for the set of nodes denoted Km
e in element e with tip m branch

enrichment; Km
e = s∗

e ∩ Km, where Ne
t is the set of tips in element e.

3.3. Crack tip reaching a free boundary or another crack

Multi-crack algorithms must deal with several situations, such as the junction of cracks and
growth to a boundary, that cannot be treated in detail without slowing the algorithm. We must
developed some heuristics for these situations that are described next. In each step, crack tips
that grow are determined by a stability analysis on crack tips whose stress intensity factors have
nearly reached their critical value. Crack tips that are identified to grow are treated separately
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Figure 3. Tip of a crack approaching a free boundary.

if they reach a free boundary or another crack during a step. When this occurs, we annihilate
or ‘kill’ the crack tip. When a crack tip joins with another crack, we introduce a ‘junction’
enrichment to account for the linked discontinuities.

For each crack tip i, consider a virtual increment �ℓi
virt. One possible approximation is to

set �ℓi
virt = �ℓtot, where �ℓtot is the total crack growth per step. A second more restrictive

approach is to choose �ℓi
virt = max(�ℓi, ri), where �ℓi is the increment of growth of (44) and

ri is the radius of the domain of computation of the interaction integral at tip i; the radius ri is
about twice the element length. In most cases, when the mesh is fine, we have found that when
the elements of the annular domain on which the J -integral is computed are partially truncated
by the boundary of the model or contains another crack, the stress intensity factors still gives
the correct direction of propagation. However the second approach should be considered when
many cracks interact.

3.3.1. Boundary algorithm. When the tip crosses the boundary, the branch function enrichment
in Equation (23) is eliminated, i.e. ‘killed’, by setting bm

lK = 0. Only the step function en-
richment is retained. To determine where the crack intersects the free surface, the crack tip
at the previous timestep, point A in Figure 3, is first extended by �ℓi

virt in the direction of
the maximum hoop stress, e.g. point B in Figure 3. If point B is outside the body, the final
position of the tip is at the intersection between the free boundary and the virtual extension. If
point B is inside the body, another test is performed by extending the crack by �ℓi

virt in the
direction normal to the nearest boundary, e.g. point E in Figure 3. If the latter point is outside
the body, it is chosen as the crack path, and the final position of the tip is at the intersection
G of the free boundary with the virtual extension of the crack [AE] in Figure 3.

3.3.2. Coalescence detection algorithm. Most analytical methods assume ‘weak interactions’
(where cracks are quite far from each other) or ‘remotely located cracks’ (where cracks are
very far from each other), i.e. Reference [16]. Multiple interacting cracks are difficult to model
for many reasons. When two cracks approach each other the distribution of stresses changes
rapidly and subsequently the material remaining between the cracks becomes very narrow [38].
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Models such as local bond breaking within the remaining matrix may be appropriate. The notion
of joining two interacting brittle cracks is based on the idea that a very small amount of brittle
material subjected to a tensile stress will break and therefore the two cracks join. Bolander
and Saito [39] studied the growth of multiple cracks by spring network methods. However, few
experiments or numerical studies have been performed with distributions of growing cracks in
a continuum.

The interactions of a major crack with an array of microcracks close to the tip has been
studied in References [19, 20, 40–42]. Such approaches are relevant in the sense that a small
ligament of material between two cracks in a brittle material degrades and leads to the junction
of two neighbouring cracks.

In this work cracks are allowed to coalesce. The algorithm we choose for effecting the
junction is similar to Reference [31]. We detect any impending intersection by finding the
closest crack segment [CB] from the tip of a crack at the previous step (xold, yold), as in
Figure 4. When the distance [AD] between the growing crack tip (xold, yold) and the middle
of the closest segment of another crack is less than the virtual crack length increment �ℓvirt,
the cracks are joined. The tip enrichment is removed from the element containing the joined
cracks and only the step enrichment of both cracks is kept. A new step-junction enrichment is
added as described in the next subsection.

In addition, a test is performed to avoid the creation of a rigid body mode. If two cracks are
already connected to each other or connected to common cracks, we do not join the cracks,
since this would render the stiffness matrix singular. One can consider the small ligament that
is kept as a stabilizing mechanism for the equilibrium equations, which is probably valid as
long as the loading is tensile. However we kill or deactivate the tip of the crack about to join
the other one.

3.4. Junction approximation

In the framework of X-FEM, enrichments for crack junction have been developed by Daux
et al. [43] and Belytschko et al. [2]. Here a similar but simpler method is developed. When two
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crack is the crack joining an existing crack, and the ‘Master’ crack is the crack that is being joined.

cracks intersect, the tip enrichment of the approaching crack is annihilated and is replaced by
a Heaviside enrichment. In the element containing the junction of the two cracks, a Heaviside-
junction enrichment J̄ (x) models junction of the two cracks. We call the crack whose tip is
killed (crack m in Figure 5) the minor crack and the other, the master crack (crack M in
Figure 5). Let f m(x) be the signed distance function of the minor crack that joins the master
crack given by the signed distance function f M(x), in Figure 5(a) and (b). The function J̄ (x)

models that the approaching crack m is arrested on the other crack M . When the two cracks
have coalesced, the displacement field (23) in the element containing the junction is taken to
be:

ue(x) =
∑

I∈Ie

NI (x)uI +
∑

J∈Jm
e

ÑJ (x)am
J J̄m

J (x) +
∑

J∈JM
e

ÑJ (x)aM
J H̄M

J (x) (42)

where J̄ is the junction enrichment of crack m:

J̄m
J (x) =

{

H(f m(x)) − H(f m(xJ )) for x ∈ A1

H(f M(x)) − H(f M(xJ )) for x ∈ A2

(43)

where A2 is the side of the master crack that does not contain the minor crack. A1 is the
remaining area of the element that contains the junction.

3.5. Numerical integration of elements containing cracks

For accurate integration of the stiffness matrix and nodal forces, the elements containing
discontinuities must be treated separately. Each element is subdivided into subtriangles obtained
by Delaunay triangulation over the union of the corner nodes of the element, the intersection
of the discontinuity with the edges of the element, and the crack tip locations as shown in
Figure 6. In this example, five triangles are created. In each of these triangles, 13 point Gauss
quadrature is used. The increase in computational cost is not significant as long as the number
of enriched elements is much less than the number of non-enriched elements.
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Figure 6. Delaunay partitioning of elements containing cracks.

4. SOLUTION ALGORITHM FOR MULTIPLE CRACK PROBLEM

In Section 3, the discretized equilibrium equation (33) was presented. This section describes an
algorithm to satisfy both Equations (33) and (14). The discretized equilibrium (33) is solved for
a prescribed traction to and then the load parameter � is adjusted to satisfy (14). The algorithm
is explicit in that the crack growth increments are set at the beginning of each step and they
are not adjusted. When a single crack grows, the crack growth law can be met exactly because
the load parameter � is adjusted so that the stress intensity factor of that crack remains at the
critical value. When several cracks grow during a step, the explicit character of the algorithm
results in the stress intensity factors of some growing cracks becoming less than critical.

4.1. Crack increment

The solution algorithm is based on a ‘crack length control’ scheme so that the evolution is
controlled by a monotonically increasing function of the total crack length, i.e. the sum of all
crack lengths [44]. It is able to capture the snap-back branch of the overall response of the
structure. In each step the sum of crack increments is set equal to a fixed value �ℓtot. Within
each step, the length of each active crack tip is increased in the direction of the maximum
hoop stress by:

�ℓi =
�ℓtot

nact
(44)

where nact is the number of active cracks that grow at the beginning of step n; nact is determined
by a stability analysis at the end of step n − 1 to be described later. Note that �ℓi is adjusted
if the growing crack encounters a free boundary or another crack as explained in the previous
section.

4.2. Calculation of the load parameter �

At the beginning of each step n, we obtain the solution d̄ and the stress intensity factors for
an applied traction to. We then determine the tip �, which is the tip closest to its critical stress
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intensity factor, i.e.:

� = arg

(

nt

min
i=1

K i
c

K i
eq(�o)

)

(45)

For a homogeneous material where K i
c = Kc is constant over the body, � is the tip with the

maximum equivalent stress intensity factor.
The load parameter � is chosen so that the stress intensity factor of tip � attains the critical

value K
�
c . Since the material is linear elastic, the parameter � is given by:

� =
K

�
c

K
�
eq(�o)

(46)

In some cases, several cracks are close to the critical stress intensity factors. We call these
crack tips the competitive crack tips and denote by Ncomp the set of competitive crack tips.
In other words, Ncomp is the set of crack tips whose stress intensity factors K i

eq(�o) are close

to their critical stress intensity factor K i
c, i.e.:

Ncomp =
{

i ∈ {1, . . . , nt } such that
�̄� − �̄i

�̄�
� 	

}

(47)

where �̄� = K�(�o)/K
�
c and �̄i = Ki(�o)/K

i
c. We set the tolerance 	 to be about 1%. The

active crack tips are then selected from the set of Ncomp by the stability analysis described
next.

4.3. Stability analysis and selection of active cracks

A stability analysis is conducted to determine the cracks that grow in a step. The most stable
crack configuration evolution corresponds to that with the minimum energy dissipation. The
stability of a crack configuration is examined by the second variation of the Lagrangian form (6).
A crack configuration is stable if:

�
2
L(l, u(l))

�ℓi�ℓj

> 0 ∀i, j ∈ {1, . . . , nact} (48)

According to the definition of Gi in Equation (14), Equation (48) implies:
(

�Gi

�ℓj

−
�Gi

c

�ℓj

)

< 0 ∀i, j ∈ {1, . . . , nact} (49)

When several cracks are competing and there are several possible stable crack growth configu-
ration paths, the most stable path is that which dissipates the least energy, and this is the one
chosen. When the second variation of the Lagrangian form is negative, the path that causes
the most damage to the structure is chosen.

To compute the derivatives of the energy release rate with respect to the crack length [45, 46],
we use the expression developed by Suo and Combescure [47, 48] and Suo and Valeta [49],
which is computed by a domain integral.
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Figure 7. Virtual displacements at the tip of a crack for the calculation of the derivatives of the
energy release rate. On the left-hand side are the virtual displacements for �Gi/�ℓj (i = j), and on

the right-hand side are the virtual displacements for �Gi/�ℓj (i 
= j) [49].

From Equation (14), the derivative of the energy release rate at tip i with respect to tip j

is given by:

�Gi

�ℓj

−
�Gi

c

�ℓj

= −
�

2
W

�ℓi�ℓj

−
�Gi

c

�ℓj

(50)

where W is the potential energy of the system, The variation of crack length �ℓi will be
obtained from a virtual displacement function �i(x), and the virtual variation of crack length
�ℓj will be obtained from a virtual displacement function �j (x).

The region where the gradient of the functions �j and �i are non-zero contains the elements
in a circular region at the tip j and i, respectively, of a roughly annular shape as shown in
Figure 7. In X-FEM, it is not necessary to move any of the nodes as in Reference [48]. The
two functions �j and �i are constructed as in Reference [49]. For ease of computation, we
construct �j and �i as combinations of constant functions and ramp functions that are parallel
to the crack direction as shown in Figure 7.

As indicated in Figure 7, the domains where the gradients of �j and �i are non-zero should
not intersect when we compute the diagonal term of [�Gi/�ℓj ]; this is important as explained
in Reference [47]. For this reason, the annular region where the gradient of �i is non-zero
must always be disjoint with the annular region where the gradient of �j is non-zero. For
our calculation, the average radius of the region where the gradient of �i is non-zero is about
twice the element length, and the radius of the region where the gradient of �j is non-zero is
about four times the element length. This ensures that the domains where the gradient of �i

and �i are non-zero are disjoint. The radius of the �i domain of twice the element length
also ensures that the annular domain where the gradient of �i is non-zero does not include
nodes with branch enrichment.
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The computation of the derivative of the energy release rate �Gi/�ℓj requires the construction
of a virtual displacement field d̃j as explained in Reference [49]. The function �j is used to
compute a virtual force field f̃�j

of the nodes around the tip j of a crack. In our calculation,
the virtual displacement �j is a ramp function that is equal to 1 inside of the selected annular
region, and vanishes outside the annular region and varies linearly from 1 to 0 in the annular
region, see Figure 7. This virtual force f̃�j

is defined by:

f̃�j
=

∫

�\�cr

B̄T(CB̃�j
d̄ − � div(�j )) d� +

∫

�\�cr

B̃T
�j

� d� (51)

where the matrix C is the elastic constitutive matrix, the global matrix B̄ is defined in Section 3
and global matrix B̃�j

is constructed by assembling element matrices B̃e that are functions of
�j and defined by:

B̃e =
[

B̃u
e B̃a

e B̃b1
e B̃b2

e B̃b3
e B̃b4

e

]

(52)

The matrix B̃e is assembled into B̃�j
in the same manner as the element B-matrix B̄e into B̄.

The contribution of the standard part of the displacement to the element matrix B̃e is denoted
B̃u

e and has the following form:

B̃u
e =









B1I 0 . . .

0 B2I . . .

B2I B1I . . .









∀I ∈ (se ∩ I) (53)

The terms B1I and B2I are defined by (see Reference [49]):

B1I =
�NI (x)

�x

��
j
x

�x
+

�NI (x)

�y

��
j
y

�x
(54)

B2I =
�NI (x)

�x

��
j
x

�y
+

�NI (x)

�y

��
j
y

�y
(55)

The element matrix B̃a
e containing the contribution of the step enrichment of all cracks in

element e, is then:

B̃a
e = [. . . B̃an

e . . .] ∀n ∈ Ne
c (56)

The contribution of the step enrichment of each crack n to the element matrix B̃a
e is denoted

B̃an

e and is as follows:

B̃an

e =











Ban

1J 0 . . .

0 Ban

2J . . .

Ban

2J Ban

1J . . .











∀J ∈ Jn
e and ∀n ∈ Ne

c (57)
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The terms Ban

1J and Ban

2J are defined by:

Ban

1J =
�(ÑJ (x)H̄ n

J (x))

�x

��
j
x

�x
+

�(ÑJ (x)H̄ n
J (x))

�y

��
j
y

�x
(58)

Ban

2J =
�(ÑJ (x)H̄ n

J (x))

�x

��
j
x

�y
+

�(ÑJ (x)H̃ n
J (x))

�y

��
j
y

�y
(59)

In this paragraph, we describe the contribution of each branch enrichment F̄l to B̃e. For
simplicity of the expression we drop the l index and write b or bm instead of bl or bm

l , l =
{1, 2, 3, 4}. The elemental matrix B̃b

e containing the contribution of the lth branch enrichment
of all the tips present in element e, is then:

B̃b
e = [. . . B̃bm

e . . .] ∀m ∈ Ne
t (60)

The contribution of the lth branch function of each tip m to the element matrix B̃b
e is denoted

B̃bm

e and is as follows:

B̃bm

e |l=1,2,3,4 =











Bbm

1K 0 . . .

0 Bbm

2K . . .

Bbm

2K Bbm

1K . . .











∀K ∈ Km
e and ∀m ∈ N

e
t (61)

The terms Bbm

1K and Bbm

2K are:

Bbm

1K =
�(ÑK(x)F̄m

lK(x))

�x

��
j
x

�x
+

�(ÑK(x)F̄m
lK(x))

�y

��
j
y

�x
(62)

Bbm

2K =
�(ÑK(x)F̄m

lK(x))

�x

��
j
x

�y
+

�(ÑK(x)F̄m
lK(x))

�y

��
j
y

�y
(63)

After construction of the virtual force vector f̃�j
, the virtual displacement field d̃j needed

for the computation of the derivative of the energy release rate �Gi/�ℓj is obtained by:

d̃j = K−1f̃�j
(64)

where d̃j is the global virtual displacement created by a virtual unit displacement �j of tip
j and is defined at all nodes of the cell. Equation (64) needs to be solved for each tip j .
Therefore, a vector field F̃�j

needs to be constructed for each tip j , and a displacement vector

d̃j is solved for each tip j . The matrix K is the stiffness matrix of the system defined in
Section 3.

The derivative of the energy release rate at tip i with respect to tip j is computed by:

�Gi

�ℓj

= d̄T
(∫

�

(B̄TCB̃�i
+ B̃T

�i
CB̄ − B̄TCB̄) d�

)

d̃T
j = d̄TK̃�i

d̃T
j (65)
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The matrix B̃�i
is constructed in the same manner as B̃�j

, with the function �i instead of
�j . �i is defined at tip i and has a non-zero gradient on an annular region of smaller average
radius ri (2.4 times the length of an element). d̄ is the generalized displacement defined in
Equation (30). The structure of the virtual displacement d̃j is identical to the structure of the
generalized displacement d̄ in Equation (30).

A matrix [�Gi/�ℓj ] is constructed for the competitive cracks Ncomp at time step tn−1. All
subdeterminants of this matrix are computed. The maximum subdeterminant gives the set of
tips Nact that will grow at time step tn determined by:

Nact =







i ∈ Ncomp

/

max
{i,j}∈Ncomp

det

(

−
�

2
L(l, u)

�ℓi�ℓj

)

= max
{i,j}∈Ncomp

det

(

�(Gi(�o) − Gi
c)

�ℓj

)

� 0







(66)

The subdeterminant of the derivatives of the energy release rate with the highest value, when
positive, corresponds to the path that causes the most damage to the structure with the least
energy; the crack configuration is unstable; in that case the crack can grow without any change
of loading. When the maximum subdeterminant is negative, the crack configuration is stable.
In this case we choose the configuration that dissipates the least energy. This configuration is
the one that gives the smallest rising slope in the global load deflection response, the steepest
softening slope or the most drastic snap-back. The fracture equilibrium state is said to be
critical when the subdeterminant is zero [50]. Each active crack is grown by an increment
given by Equation (44).

4.4. Flowchart

The flowchart of the multiple crack growth algorithm is:
∗At time step t1, the structure is precracked, and we compute the load parameter � to bring

at least one crack to Kc and perform the stability analysis to determine the cracks that will
grow at time step t2.

∗For each time step tn, n > 1:

- Step 1: add the crack increment computed by Equation (44) in the direction of the
maximum hoop stress according to Equation (21) to the active tips Nact determined at time
step tn−1. Tests are performed to detect any free boundary touching or crack junctions.

- Step 2: Obtain the displacements d̄ by Equation (33) for the traction to and � = 1.
Compute the stress intensity factors K i

eq with the interaction integral and the local critical

stress intensity factor K i
c at each tip for inhomogeneous material. Determine the tip � with

the stress intensity factor K
�
eq(�o) the closest to the critical value K

�
c (Equation (45)) and

compute the load parameter � (Equation (46)). We compute the traction t = �to that should be
applied to the structure to respect Equation (14) and the corresponding displacement ū. A set
of competitive cracks Ncomp is established (Equation (11)).

- Step 3: A stability analysis is performed for the set of cracks Ncomp by Equation (66).
The maximum subdeterminant of the matrix of the derivatives of the energy release rate of the
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set of cracks Ncomp provides the subset of crack tips Nact that are grown at time step tn+1.
(When the maximum subdeterminant is positive Nact is obtained directly, when negative one
should look for the crack combinations among all possible combinations of subsets in Ncomp
yielding the minimum dissipation). Return to step 1.

5. RESULTS

The method is applied in several examples to study the accuracy of the stress intensity factors
and the derivative of the energy release rate, the junction representation and the stability analysis
by comparison to previous solutions. The model is also applied to problems with a random
distribution of cracks.

In all examples, we consider a material with properties similar to a weak glass with a
Young’s modulus of 105 psi and Poisson’s ratio of 0.3, the critical stress intensity factor
Kc = 800 psi in1/2. All examples are in plane strain. In all examples we consider a unit
thickness and isothermal conditions.

In the unit cell problems, in each step n, the displacement of the edges ū is computed
by averaging the displacements of the nodes of the edge loaded under the traction t. The
displacement ū and the nominal traction ‖t‖ are used to characterize the overall response of
the body. In all of the examples, we report nominal strain and nominal stress given by:

	nom =
ū

H
(67a)

�nom = ‖t‖ (67b)

where H is the height of the sample.

5.1. Accuracy of the derivative of the energy release rate

We consider an edge crack of initial length 0.30 in in a plate as shown in Figure 8. The plate
is more than three times longer than wide to make possible a comparison with the analytic
solution in an infinite strip by Tada [51]. The plate is subjected to a traction to = �on at its
top and bottom edges. The bottom left node is fixed and the displacement in y of the bottom
right node is constrained to vanish. The mesh is unstructured and is finer around the crack. It
contains 870 elements and 1797 nodes. The material is homogeneous, so Gc is constant in the
entire body.

An analytical solution for this problem can be found in Reference [51] for crack lengths
ℓ � 0.6 W , where W is the width. The stress intensity factor for a crack of length ℓ is:

K =
�o

√
2W tan(
ℓ/2W)

cos(
ℓ/2W)

(

0.752 + 2.02
ℓ

W
+ 0.37

(

1 − sin

ℓ

2W

)3
)

(68)

The analytical expression for the derivative of the energy release rate [51] is:

�G

�ℓ
=

2K

E′
�K

�ℓ
(69)
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Figure 8. Mesh for edge crack in a plate problem.

The numerical stress intensity factor can be computed either by the J -integral (16) or from
the stress intensity factors KI and KII by (19).

Figure 9(a) shows the nominal stress versus the nominal strain. It can be seen that after a
linear response to the point where the crack reaches the critical stress intensity factor Kc, the
crack starts to grow and snapback occurs. Figure 9(b) and (c) show a slight divergence for
the longest crack length; at that length, Tada’s formula is not valid anymore. Table I gives the
stress intensity factors obtained by (16) or (19) and the derivative of the energy release rate.
The normalized error is at most 0.5% for the stress intensity factors and at most 2% for the
derivative of the energy release rate. The snapback branch can be captured only if the loading
process is controlled by a monotonically increasing function; in this case the crack length
was used.

5.2. Junction problem

To test the modelling of a junction between two cracks, we consider two cracks in a square
plate of width 2in. The plate is subjected to a traction �o = 103 psi, at its top edge. The bottom
left node is fixed and the displacement in the y direction of all the bottom nodes vanish. The
mesh is unstructured and consists of 5228 elements and 10 653 nodes. The total crack length
increment �ℓm is 0.06 in. There is no analytical solution for this problem. Figure 10(a) shows
the initial cracks and Figure 10(b) the final crack configuration.

Several observations are employed to define the discretization for this problem and the other
examples. First, this method is more accurate when the crack length increment �ℓm is between
half and twice the element size. Second, the coalescence algorithm described in Section 3 is
more reliable when the initial cracks are discretized into segments approximately the size of
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Figure 9. Numerical results for edge cracked plate compared to analytical results of Tada et al. [51]:
(a) load deflection curve; (b) stress intensity factor (equivalent) in psi in1/2, the crack length is in

inches; and (c) derivative of the energy release rate in lb in−1.

Table I. Comparison of numerical and analytical values of the mode I stress intensity factor (KI) and
the derivative of the energy release rate for an edge crack in an infinite strip.

Crack length 0.30 0.41 0.52 0.63 0.74 0.85 0.96
Kanaly (psi in1/2) 1.0e03 × 0.8104 1.0356 1.2908 1.5918 1.9605 2.4283 3.0385
Kxfem

eq (psi in1/2) 1.0e03 × 0.8084 1.0312 1.2839 1.5884 1.9610 2.4282 3.0268
Relative error in K (%) 0.24 0.42 0.54 0.21 −0.026 0.0023 0.39
K(J -integ) (psi in1/2) 1.0e03 × 0.8078 1.0310 1.2835 1.5883 1.9610 2.4289 3.0289
(dG/da)analy (psi) 1.0e3 × 0.0288 0.0408 0.0588 0.0870 0.1337 0.2132 0.3514
(dG/da)xfem (psi) 1.0e3 × 0.0282 0.0403 0.0587 0.0880 0.1349 0.2119 0.3436
Relative error in dG/da (%) 2.05 1.34 0.16 −1.11 −0.90 0.61 2.22
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Figure 10. (a) Mesh of a unit cell containing two cracks (initial cracks); (b) final configuration; (c)
load deflection curve of the plate (plane strain) for the Linear Elastic Fracture Mechanic (LEFM) and

R-curve problem; and (d) deformed mesh (displacement multiplied by a factor 2 × 105).

the crack length increment. Third, the J -integral gives the most accurate stress intensity factors
when the domain of integration of one tip does not contain another tip. The initial cracks
should thus span at least 5 elements. Bellec and Dolbow [52] have given an enrichment for
shorter cracks but this was not used here. Therefore the procedure to set a mesh is as follows.
First the lengths of the initial cracks determine the choice of the element size. In this example,
the length of crack 1 is 0.3847 in (centre-point (−0.14, 0) with angle 9◦) and the length of
crack 2 is 0.3858 in (centre-point (0.46, 0) with angle 64.8◦), the element size is taken as
0.04 in. Then the crack length increment is set between half and twice the element size, here
�ℓm = 0.06 in. Finally, the initial cracks are discretized by segments of length about the size
of �ℓm, here the initial crack 1 is discretized by 7 segments of length 0.055 in, and crack 2 in
6 segments of length 0.0626 in, see Figure 10(a).
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Figure 10(d) shows that the plate opening after the two cracks have coalesced. This opening
was made possible by the junction expression described in Equation (23). Figure 10(c) shows
the applied nominal stress as a function of the nominal strain. The curve with circles represents
the behaviour of a brittle homogeneous material where Gc is constant in the body. The curve
with crosses represents the behaviour of a material in which the crack growth law is described
by an R-curve:

Gi
c = Gc(1 − exp(−k�ℓi)) (70)

where k is the R-curve parameter of the material.
As shown in Figure 10(c), the load increases linearly until point a as no crack growth occurs.

From point a to b, tip 1 of crack 1 grows to the right and connects to crack 2. During this
phase, the load must be decreased and the displacement of the loaded surface must also be
decreased; i.e. snapback occurs. From point c to point e, tip 2 of crack 1 grows to the left
and connects the edge of the plate. At point d , crack 1 still has both tips inside the plate, but
at point e, tip 2 of crack 1 has reached the edge of the plate. From point d to point e, the
problem switches from a plate with only interior cracks to a plate with a dominant edge crack.
The path between d and e releases substantial energy in connecting the crack to the edge of
the plate. After point e, tip 2 of crack 2 grows to the right until point f in Figure 10(c).

The material described with an R-curve approach exhibits similar behaviour with lower
strength. As in the previous results, substantial work is dissipated from d ′ to e′, when tip 2 of
crack 1 connect the edge of the plate. When we refine the mesh, the paths of the cracks and
the load deflection curve converge.

5.3. Multiple crack tip problem

To test the stability algorithm developed in Section 4, we considered a centre-cracked panel
where the two tips initially have identical stress intensity factors. The material is homogeneous
with Gc constant. The plate has a width of 2in and a height of 7in. The crack length increment
is 0.06 in; the mesh contains 1468 elements and 3005 nodes. The applied traction �o is 781psi.
The analytical solution for the diagonal terms of the matrix of the derivatives of the energy
release rate in the initial configuration is 0.1210 × 102 psi in1/2. (Note that the derivative of
the energy release rate for the full plate and centre crack has an analytical solution half of the
value given in Reference [51].) The value given in Tada is for half of the plate and symmetric
boundary conditions.) Our finite element model gives 0.1231 × 102 psi in1/2.

According to Bazant and Cedolin [50], when both tips grow simultaneously, the path is unsta-
ble (case 1 in Figure 11(a)), while, when only one tip grows, the growth is
stable (case 2). The latter crack path dissipates the least amount of energy and should be
observed first until the crack tip reaches the side of the plate (case 2) and then the edge crack
should grow until percolation (case 3). Our algorithm computes the same evolution. The load
deflection curve is shown in Figure 11(b) and compared to an analytical solution constructed
from Reference [51]; it first follows a stable crack path (case 2) from point a to c, which is
steeper than the unstable crack path (case 1), and then the edge crack grows (case 3), from
point c to d .

We note that the determinant of the matrix of the derivatives of the energy release rate
[�Gi/�ℓj ] is nearly zero and corresponds to case 1 in Figure 11(a). Therefore any point in this
pathway is a bifurcation point [50]. Because of small numerical differences between the tips of
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Figure 11. (a) Possible paths of centre-cracked panel; and (b) load de-
flection curve of the plate with a centre crack (plane strain). The circles
markers on a solid line are for our solution with the stability analysis algorithm.

the crack due to the asymmetry of the mesh, the algorithm detects a maximum subdeterminant
in the matrix of derivatives of the energy release rate, resulting in the growth of only one tip.
(If the mesh were perfectly symmetric, we would have two maximum subdeterminants for each
tip, and we could randomly choose one of them.)

In Figure 11(b), we join the last point of the first branch following case 2 with the first point
of the second branch following case 3. We do so because the amount of energy released during
the percolation of the last small ligament of material is unknown. This type of approximation
can also be found in Reference [31].

5.4. Random distribution of cracks

We consider a square of width 2 in containing 10 initial cracks shown in Figure 12(a). The cell
is loaded by tension at the top and bottom edges with the displacement on the bottom right
and left corner nodes prescribed to zero in the y direction (uyA = uyB = 0). The displacement
of the bottom left corner node in the x direction is prescribed equal to zero (uxA = 0). The
material properties are that of a glass given previously. The mesh contains 5228 elements and
10 653 nodes. The average element size is 0.04 in and the crack increment is 0.07 in.

The force–deflection curve, expressed as a nominal stress versus nominal strain curve, is
shown in Figure 12(b). It exhibits snapback and is similar to the response of a cell percolated
by a single crack; the growth sequence is given in Table II.

Figures 13(b) and (d) show the responses of the same cell for two heterogeneous materials,
denoted material 1 and 2. In the heterogeneous material, the critical stress intensity factor is a
function of the spatial co-ordinates and given by:

Gc(x, y) = Gc

[

1 + CA

[

sin
x

wx

+ sin
y

wy

]]

(71)
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Figure 12. (a) Schematic of plate; (b) load deflection curve of the cell after 28 steps just before
percolation (the work of separation = 6.26 lbs in); (c) mesh of a homogeneous unit cell containing

ten cracks (initial configuration); and (d) final configuration.

with:

wx =
W


nx

, wy =
H


ny

(72)

where W is the width of the plate and H is the height. For heterogeneous material 1, CA = 0.43
and nx = ny = 10, and for heterogeneous material 2, CA = 0.45 and nx = ny = 8.

The inhomogeneity of the materials changes the paths of the cracks and the order in which the
cracks grow compared to the homogeneous material. Furthermore, the load-deflection behaviour
becomes more complex with the initial drop in the load followed by an increase as the dominant
crack tip enters tougher material. An interesting feature of the inhomogeneous model is that
the nominal stress decreases less rapidly than for the homogeneous model even though the
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Table II. Sequence of crack growth in the homogeneous material.

Load deflection Crack growth sequences

From a to b Crack 6 tip 2 grows to the left
From c to d Crack 6 tip 1 grows to the right
From e to f Crack 6 tip 2 grows and connects to crack 5
Point g Crack 6 tip 1 grows
From h to i Crack 5 tip 2 grows to the left

and connects the edge of the plate
Point j Crack 6 tip 1 connects to crack 7
Point k Crack 6 tip 1 joins crack 7
From l to m Crack 5 tip 1 grows and dies, cannot connect 6 again
From n to o Crack 7 tip 1 grows to the right
Point p Crack 7 tip 2 dies, cannot connect 6 again
After point q Crack 7 tip 1 grows to the right

and connect to edge of the plate

mean strength of the two models is equivalent, i.e. there is less snapback. However, the overall
work of separation is about the same.

Another example of the capabilities of the crack growth algorithm is shown Figure 14. In
this example, the cracks are grown by a Paris-type law which ensures the growth of many
cracks in each step (see Reference [53]). When the procedure to set a discretization described
previously is respected, the crack paths are almost mesh independent. These paths resemble
experimental results for specimens containing random multiple cracks [13]. Examples of fatigue
crack growth problems can be found in Reference [54].

6. CONCLUSIONS

The extended finite element method has been applied to problems of multiple crack growth.
The method seems particularly suitable for multiple crack growth because remeshing is avoided.

The choice of higher order elements which are quadratic for the standard displacement field
and linear for the enrichment gives an accurate crack solution. In contrast to boundary element
methods, it can easily handle inhomogeneous materials and internal features, such as grain
boundaries.

Our algorithm models static crack growth. The cracks to be grown are chosen explicitly
based on the information at the end of the previous step. However at each timestep, the point
of the load deflection curve is obtained that satisfies exactly both equilibrium (13) and the
brittle crack growth law (14). The energy release rate of the crack � in (45) is equal to the
critical value.

The presence of multiple cracks requires the modelling of cracks penetrating edges and crack
interaction conditions. A representation of junctions between two cracks was implemented in
here. The algorithm allows cracks to connect in the growth process. The simulation can thus
be run until complete failure of the solid. The procedures for joining cracks reaching a free
boundary are somewhat heuristic and arbitrary. Some improvement could be obtained by using
smaller steps before these events occur. However the gaps in the force-deflection curves due
to these heuristics are quite small.
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Figure 13. (a) Final configuration (heterogeneous material 1); (b) load deflection curve of the cell
with heterogeneous medium after 28 steps by X-FEM simulation before percolation (heterogeneous
material 1) (plane strain) (the work of separation = 6.69 lbs in); (c) final configuration (heterogeneous
material 2); and (d) load deflection curve of the cell with heterogeneous medium after 33 steps
by X-FEM simulation before percolation (heterogeneous material 2) (plane strain) (the work of

separation = 6.16 lbs in).

A stability analysis for crack growth was introduced in a linear elastic fracture mechanics
context. The stability analysis is based on the derivative of the energy release rate. The expres-
sion for the derivative of the energy release rate developed by Suo and Combescure [47, 48]
and Suo and Valeta [49], has been adapted to the X-FEM formulation. This enables the method
to rationally select the cracks that are growing in the given time step.
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Figure 14. Initial and final configurations of 10 cracks in a unit-cell under tension
until percolation. Three different meshes are shown: have = 0.07 cm top left (initial
configuration); have = 0.07 cm top right (final configuration); have = 0.05 cm bottom
left (final configuration); have = 0.02cm bottom right (final configuration), where have

is an average element size; the cell is square with a width of 2 cm [53].

The results show good agreement with analytic solutions for stress intensity factors, the
derivative of the energy release rate, and the junction of cracks. The overall response of the
structure matches analytic solutions. We considered multiple crack models with as many as ten
cracks, but the model can support an arbitrary number of cracks.
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