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1 INTRODUCTION 
The aim of the present paper is to develop new con-
stitutive models for the multiaxial loadings of elas-
tomers which are  both physically motivated, well 
adapted for numerical problems, and accurate for 
rubber materials. Hyperelastic models dedicated to 
rubber materials can be classified into two types of 
strain energy formulations. The first kind of models 
is issued from mathematical developments such the 
well-known Rivlin series or as the Ogden model 
(Ogden 1972). The second kind of models is the one 
developed from physical motivations. Such models 
are based on both physics of polymer chains net-
works and statistical methods. In this work, we pro-
pose a strain energy function expressed in terms of 
independent strain invariants. The proposed model 
(GD) is dedicated to multiaxial loadings. This model 
is successfully identified on both Treloar and Kawa-
bata experiments (Treloar 1944, Kawabata et al. 
1981). We present a bridge between the phenomeno-
logical strain energy formulation and the physical 
motivation of the proposed (GD) model. In the Finite 
Element context, the proposed model can easily be 
implemented because of its strain invariants formu-
lation. This has been done in computer codes like 
Cast3M-CEA (French Atomic Agency) and AB-
AQUS. Finite Element predictions of a roll restrictor 
developed by Trelleborg automotive have been car-
ried out with ABAQUS.  
The continuous damage approach is applied to soften 
by damage the material parameters of this initial 
model in order to describe Mullins effect. A new 
model for Mullins effect  (GDM model) is therefore 
derived. The identification of the GDM model is 

made thanks to experimental data from (Marckmann 
& G., E. Verron 2006).  

2 STRAIN ENERGY FUNCTIONS 
In this section, the strain energy functions that define 
the proposed model (GD) are briefly recalled. Links 
between this model and the eight-chains model are 
highlighted. A phenomenological energy function 
expressed in term of the second invariant I2 is also 
introduced based on physical motivations. 

2.1 Incompressible GD strain energy density 

Assuming that rubber materials are both isotropic 
and incompressible, the proposed strain energy func-
tion W only depends on the two first invariants of the 
left Cauchy-Green stretch tensor B: 
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where h1, h2, h3 are the material parameters. In this 
strain energy, the I1 part of W describes the global 
response of the material and is equivalent to the 
Hart-Smith model (Hart-Smith 1966). The second 
term that involves I2 improves the accuracy of the 
model for multiaxial loading conditions (a general 
power I2-term has been introduced by Lambert-Diani 
& Rey, 1999). The true stress tensor is defined by 
the differentiation of the proposed strain energy with 
respect to B: 
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2.2 Links between GD and eight-chains models 

The present part is devoted to the comparison of the 
GD model to the eight-chains one (Arruda and 
Boyce 1993) in order to highlight the physical moti-
vations of this proposed phenomenological model. 
As these constitutive equations are supposed to be 
qualitatively efficient for the entire range of strains, 
both small and large strain responses are compared. 
Comparison of these models is established using 
their polynomial expansion in terms of I1 respective-
ly (equations 4 and 5) for small strain. High order 
terms are then eliminated: 
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The first five terms of the development of the eight-
chains model are:  
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The small strain stiffness of the models are respec-
tively defined by first terms of Equations (4) and (5). 
Then, both the strain energy functions reduce to the 
neo-Hookean expression. The both models are char-
acterized by their ability to describe the strain-
hardening of the material that takes place under large 
strains. This strain-hardening phenomenon is mainly 
due to the extensibility limit of polymer chains. 
Chagnon et al. (2004) established that the first part 
of the Hart-Smith strain energy W1(I1), which is 
identical to the first part of the GD model, is  equiva-
lent  to the eight-chains and Gent models for the en-
tire range of strains. 
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We proposed now to highlight the physical motiva-
tion of the second part of strain energy W2(I2) of the 
GD model. As mentioned by Treloar (Treloar 1975), 
term as function of  I2 in constitutive equations can 
be seen as corrections of the phantom network the-
ory (terms as function I1). We propose to constrain 
the eight-chains model by a new network of chains 

on the surface of the cube (figure 1). The confine-
ment of the eight-chains model is governed by a 
strain energy potential. This potential constrains the 
eight-chains cube surface. Let us recall that the sur-
face of the eight-chains model (a cube) is I2

1/2
 and 

that its increase under deformation is I2
1/2

 - 3
1/2

. We 
therefore define a pressure constrain of the eight-
chains rubber network. This phenomenon is modeled 
by the second invariant energy part :  
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where 3h2 stands for the pressure constrain of entan-
glement of the eight-chains rubber network. 

 

 
Figure 1. Entanglement of the eight-chains rubber network. 
Eight-chains model completed by surrounding chains (in bold) 
is the physical motivations of the GD model. 
  

2.3 Compressible GD strain energy density 

In this part we introduce the proposed strain energy 
function for compressible isotropic hyperelastic ma-
terials in terms of strain invariants. Based on kine-
matic assumption, we use a decoupled representation 
of the strain energy function originally proposed by 
(Flory 1961, Ogden 1984). 
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Where Wiso(I1,I2) and Wvol(J) stand for the iso-
choric and volumetric elastic strain energy of the 
material, respectively. The isochoric part is equiva-
lent to the equation (1) with modified invariants. The 
volumetric part is chosen to enforce a nearly quasi 
incompressible behaviour. 
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The volumetric properties part is presented in 
(Doll and Schweizerhof 2000). The true stress tensor 



is defined by the differentiation of the proposed 
strain energy with respect to B: 
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3 EXPERIMENTAL DATA AND 
IDENTIFICATION OF PARAMETERS 

In order to compare the efficiency of the models, we 

choose two complementary data sets issued from 

classical references (Marckmann & Verron 2006). 

The first set is due to Treloar (1944). In the current 

study, data from Treloar for unfilled natural rubber 

(cross-linked with 8 parts of S phr) were used. This 

material exhibits highly reversible elastic response 

and no stretch-induced crystallization up to 400%. 

Thus it is well-modeled by hyperelastic constitutive 

equations. Experimental measures were performed 

for four different loading conditions: equibiaxial ex-

tension of a sheet (EQE), uniaxial tensile extension 

(UE), pure shear (PS) and biaxial extension (BE). 

The second data set is due to Kawabata et al. (1981). 

It was obtained using an experimental apparatus for 

general biaxial extension testing. In terms of stretch 

ratios, unfilled polyisoprene specimens were 

stretched from 1.04 to 3.7 in the first direction (λ1) 

and from 0.52 to 3.1 in the perpendicular direction 

(λ2). These values correspond to moderate strain but 

lead to deformation conditions from uniaxial exten-

sion to equibiaxial extension. Here, both experimen-

tal data sets are simultaneously considered to com-

pare the models because the two materials are quite 

similar. Thus, for a given model, a unique set of ma-

terial parameters must be able to reproduce these da-

ta with a good agreement. The parameter identifica-

tion is performed using genetic algorithms as 

presented in (Marckmann and Verron 2006). The 

GD model includes entanglement of the eight-chains 

rubber network and identified responses are depicted 

on figures 2-4. The GD model responses on figures 2 

to 4 are almost equivalent to Ogden six parameters 

results for bi-axial extensions presented on figures 5 

to 7. Harts-Smith identified responses are depicted 

on figures 8-10.  

 
 

 
Figure 2. Experimental data (- -) and GD model identification 
for biaxial tensile tests. Piola-Kirchhoff function of extension 
for several transverse extensions. Incompressible GD model re-
sponse. 

 
Figure 3. Experimental data (- -) and GD model identification 
for biaxial tensile tests. Piola-Kirchhoff function of extension 
for several transverse extensions. Incompressible GD model re-
sponse. 

 
Figure 4. Experimental data (.) and GD model identification 
for biaxial extension (BE), equibiaxial extension (EQE), pure 
shear (PS), uniaxial tensile extension (UE). Incompressible GD 
model response. 

 

 
Figure 5. Experimental data (- -) and Ogden model identifica-
tion for biaxial tensile tests. Piola-Kirchhoff function of exten-
sion for several transverse extensions. Incompressible Ogden 
six model response. 

 

 
 



 
Figure 6. Experimental data (- -) and Ogden model identifica-
tion for biaxial tensile tests. Piola-Kirchhoff function of exten-
sion for several transverse extensions. Incompressible Ogden 
six model response. 

 
Figure 7. Experimental data (.) and Ogden model identifica-
tion for biaxial extension (BE), equibiaxial extension (EQE), 
pure shear (PS), uniaxial tensile extension (UE). Incompressi-
ble Ogden six model response. 

 
The GD parameters are: h1=0.142 MPa, 
h2=1.585 10

-2
 MPa and h3=3.495 10

-4
. The proposed 

model GD  is able to accurately reproduce the whole 
"S" shaped response of the material. The model be-
haves satisfactory under all the presented loadings 
(figures 2-4).   
 
The Ogden six parameter strain energy density is 
classically   
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Parameters are: µ1=0.63 MPa, µ2=1.2 10
-3

 MPa, 
µ3=-1 10

-2
 MPa, α1=1.3, α2=5 and α3=-2. The condi-

tions µ iαi>0 ensures the positive definite character of 
the strain energy. In order to recall the influence of 
W2(I2), let us recall the classical strain energy of 
Hart-Smith (equation 16).  
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The Hart-Smith parameters are: a1=0.140 MPa, a2 

=5.25410
-4

 and a3=1.290.  

 
Figure 8. Experimental data (- -) and Hart-Smith model identi-
fication for biaxial tensile tests. Piola-Kirchhoff function of ex-
tension for several transverse extensions. Incompressible Hart-
Smith model response.  

 
Figure 9. Experimental data (- -) and Hart-Smith model identi-
fication for biaxial tensile tests. Piola-Kirchhoff function of ex-
tension for several transverse extensions. Incompressible Hart-
Smith model response. 

 
Figure 10. Experimental data (.) and Hart-Smith model identi-
fication for biaxial extension (BE), equibiaxial extension 
(EQE), pure shear (PS), uniaxial tensile extension (UE). In-
compressible Hart-Smith  model response. 

4 MULLINS EFFECT 

Elastomers present a loss of stiffness after the first 
loading cycle of a fatigue experiment (Mullins, 
1969). It has been observed  that this phenomenon is 
only dependent on the maximum deformation previ-
ously reached in the history of the material. It is 
quite important to model it because the mechanical 
behaviour of rubber products is highly modified by 
this softening phenomenon. Moreover, as the Mul-
lins effect depends on the maximum deformation 
endured previously, material REV of the product are 
not identically affected. As a consequence, it is not 
acceptable to determine experimentally an accom-
modated hyperelastic constitutive equation for the 
material. The stress-softening should be explicitly 
included in the model. The continuum damage me-



chanics has often been used to model the Mullins ef-
fect even if phenomenon undergoing Mullins effect 
is not a strictly speaking an irreversible damage phe-
nomenon and can even be modelled without damage 
(Cantournet et al, 2009). For example, it can be re-
covered with time and annealing accelerates this re-
covery. A thermodynamic variable d is introduced to 
represent the loss of stiffness and the corresponding 
stress-softening. The general theory of Continuum 
Damage Mechanics is detailed in Lemaitre and 
Chaboche (1990) book. When applied to GD hypere-
lastic density, it yields to GDM model. This new 
strain energy function for hyperelastic model with 
damage variables can be written (eq 17) : 
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The incompressible state laws (eq. 2) associated with 
this model are classically obtained by equation 18. 
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A non standard damage model is build here as the  
damage thermodynamics forces are not used to de-
scribe damage evolution. We consider instead that 
the quantity  governing the damage evolution laws is 
the maximum of the first invariant. This assumption 
is achieved according to the physical motivations of 
maximum strain state endured during the history of 
the deformation (Marckmann et al. 2002). In order to 
do this we can introduce damage criterion functions  

fi = I1 – ki(di) (20) 

such as fi<0 implies no damage evolution and as 
damage evolves at fi=0 with then di – ki

-1
(I1). Choos-

ing particular expressions for ki-functions allows to 
derive the damage evolution laws (equations 19-20) 
and make the model complete. The proposed GDM 
model is based on an improved  method already pro-
posed in (Chagnon et al. 2004). The evolution equa-
tion of the damage variable is expressed thanks to 
the first strain invariant and presents an exponential 
form (equations 21). This model is able to repre-
sented unloadings Mullins effect responses (figures 
11 and 12).  
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where d1∞,η1, d2∞,η2 and b are material parameters. 

I1
max

 represents the maximum value of the first strain 

invariant obtained during loadings. The coupling 

with damages d1 and d2 is similar to the discontinu-

ous damage part of the constitutive equations pro-

posed by Miehe (1995). Considering the mass con-

servation of the polymer network, which implies that 

the number of monomer segments per unit volume N 

n  must remain constant (Marckmann et al. 2002), 

where N is the mean number of monomer per chain 

and n the number of chain per unit of volume. Ac-

cording to relationship between parameters derived 

in (Chagnon et al. 2004), this leads to link the me-

chanical properties 1h% and  3h%  and shows that d3 is 

not an independent thermodynamics damage varia-

ble, 

( )3 11d F d= − , ( )
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The GDM is identified on idealized experimental 
data as presented in (Chagnon et al. 2004). Behav-
iour is considered time-independent. Figure 11 
represents the response of the model for a tensile cy-
clic test. Pure Shear response is presented by Figure 
12. These figures shows how the GDM model is able 
to accurately reproduce the response of successive 
loadings  for different maximal stretches which 
characterizes the Mullins effect.  
 
The GDM parameters are: h1= 0.0157

 
MPa,  

h2= 0.0098 MPa, h3=0.000561, d1∞ =0.5525,  
η1 

-1
=0.0119, d2∞ =1.0 η2

-1
 =0.3645and   b =62.69  

 
 



 
Figure 11. Tensile behaviour of a hyperelastic incompressible 
GDM model with stress-softening. Identification is performed 
for a material used on a roll restrictor. 

 

 
Figure 12. Pure Shear behaviour of a hyperelastic incompressi-
ble GDM model with stress-softening. Identification is per-
formed for a material used on a roll restrictor. 

5 FINITE ELEMENT PREDICTIONS 

In the finite element context, the proposed GD and 
GDM models can easily be implemented because of 
their strain invariants formulations. This has been 
done in computer codes Cast3M-CEA (French 
Atomic Agency) and ABAQUS. The two previous 
constitutive models were implemented in the finite 
element context, thanks to the UMAT and UHYPER 
facilities. 

 
Figure 13. Engine roll restrictor made of steel and rubber parts. 

 

Finite element predictions of a roll restrictor (figure 
13) developed by Trelleborg automotive have been 
performed with ABAQUS and the GDM model. 
This behavior law is able to describe the local loss of 
stiffness of the material and the non-homogeneity of 
the structure after the first “first gear full torque” en-
gine acceleration. The material properties used for 
finite element simulations are not the ones used for 
real structures. Predictions are performed with the 
GDM model discussed in previous sections. The 3D 
model is composed of C3D8H elements. It corres-
ponds to an incompressible finite element hybrid 
formulation. It appears that the stress softening level 
is heterogeneous in the roll restrictor rubber parts 
(figures 14-16). Damage is located on the surface for 
most part of the structure excepted in the both snub-
bers.  

 

 
 

Figure 14. White parts represent the damage level d1 (Mullins 

effect) pattern in the roll restrictor during the first “first gear 

full torque” engine's acceleration. 

 

Figure 15. White parts represent the damage level d2 (Mullins 

effect) pattern in the roll restrictor during the first “first gear 

full torque” engine's acceleration. 

 
Figure 17 illustrates the above Mullins observations 
in respect of a GDM model with isotropic damage 
evolution law (equation 23). Mullins effect is located 
on the surface for most part of the structure excepted 
in the both snubbers.  
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Figure 16. White parts represent the damage level d3 (Mullins 
effect) pattern in the roll restrictor during the first “first gear 
full torque” engine's acceleration. 

 
 

 
Figure 17. Isotropic damage model (d = d1 = d2, d3 =0). White 
parts represent the damage area "d" (Mullins effect) during the 
first “first gear full torque” engine's acceleration.  

6 CONCLUSIONS 

We propose here a simple isotropic hyperelastic 
model (GD) expressed in terms of classical indepen-
dent strain invariants of the symmetric Cauchy-
Green tensor. The strain-energy part as function of I1 
is taken identical to the Hart-Smith one. This part is 
equivalent to the Eight chain model. Concerning the 
function of  the second invariant I2 a squareroot part 
is proposed. The corresponding energy density con-
tribution is connected to the non-affine deformation 
of the entanglement Eight-chains network. The pro-
posed model is successfully identified on both Tre-
loar and Kawabata experiments. Only 3 parameters 
are needed to describe the experimental results. The 
response quality is equivalent to the one of the Og-
den six parameter model.  
The Mullins effect is finally taken into account by 
coupling with damage the GD model. The GDM 
model is thus derived stating that the loss of stiffness   
depends on the maximum value of the first invariant 
I1. In the finite element context the proposed models 
GD and GDM are implemented in the finite element 
codes Cast3M and ABAQUS. Damage predictions 
observed on the FE simulations of the Engine roll 
are in good agreement with experimental data.  
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