ESTIMATION OF CONVOLUTION IN THE MODEL WITH NOISE

C. CHESNEAU!, F. COMTE?, G. MABON?? AND F. NAVARRO*

ABSTRACT. We investigate the estimation of the ¢-fold convolution of the density of an unob-
served variable X from n i.i.d. observations of the convolution model ¥ = X + . We first
assume that the density of the noise € is known and define nonadaptive estimators, for which
we provide bounds for the mean integrated squared error (MISE). In particular, under some
smoothness assumptions on the densities of X and &, we prove that the parametric rate of con-
vergence 1/n can be attained. Then we construct an adaptive estimator using a penalization
approach having similar performances to the nonadaptive one. The price for its adaptivity is
a logarithmic term. The results are extended to the case of unknown noise density, under the
condition that an independent noise sample is available. Lastly, we report a simulation study
to support our theoretical findings.

Keywords. Adaptive estimation. Convolution of densities. Measurement errors. Oracle inequal-
ity. Nonparametric estimator.
AMS SUBJECT CLASSIFICATIONS: 62G07 - 62G05

1. MOTIVATIONS

In actuarial or financial sciences, quantities of interest often involve sums of random variables.
For example, in the individual risk model, the total amount of claims on a portfolio of insurance
contracts is described by the sum of all claims on the individual policies. Consequently, it is
natural to aim at estimating the density of sums of random variables, and estimating these
directly from observations of the variables. A solution to this question is proposed in Chesneau
et al. (2013). But the measures associated to the variables are also often not so precise, and
clearly, measurement errors can occur. Thus, we consider the model

(1) YYj:Xj"i'ejy i7=1...,n,

where the Y;’s are i.i.d. with density fy, X,’s are ii.d. with density f and ¢;’s ii.d. with
density f.. We assume that X; and ¢; are independent, and that f is unknown whereas, in
a first step, f. is known. Note that our assumptions imply that fy(u) = (f % f-)(u), where
(h*k)(t) = [ h(t — z)k(z)dz denotes the convolution product. Our aim is to estimate the ¢-fold
convolution of f for any integer £ > 1, i.e. to estimate gy defined by

(2) ge(u) =(f % -+ * f) (u).
—_——
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A large and growing body of literature has investigated this problem without noise (g; = 0).
In this case, various methods and results can be found in e.g. Frees (1994), Saavedra and
Cao (2000), Ahmad and Fan (2001), Ahmad and Mugdadi (2003), Prakasa Rao (2004), Schick
and Wefelmeyer (2004, 2007), Du and Schick (2007), Giné and Mason (2007), Nickl (2007),
Nickl (2009) and Chesneau et al. (2013). However, the modeling of some complex phenomena
implies that error disrupts the observation of X;. Thus, model (1) with £; # 0 (the so-called
“convolution model”) has been widely considered and the estimation of f in this context is
a well-known problem (“deconvolution estimator” corresponding to the case ¢ = 1). See e.g.
Caroll and Hall (1988), Devroye (1989), Fan (1991), Pensky and Vidakovic (1999), Fan and
Koo (2002), Butucea (2004) Butucea and Tsybakov (2008), Comte et al. (2006), Delaigle and
Gijbels (2006), Johannes (2009) and Meister (2009). The consideration of €; # 0 and £ > 1 is
a more general challenge with potential applications in many fields. A first approach has been
investigated in Chesneau and Navarro (2014) via wavelet methods, with convincing numerical
illustrations but sub-optimal theoretical results.

In this paper, we consider Model (1) with special emphasis on the influences of £ and €; on the
estimation of gy. In a first part, we introduce non-adaptive estimators combining kernel methods
and Fourier analysis. Then we determine a sharp upper bound of its mean integrated squared
error (MISE) and exhibit fast rates of convergence according to different kinds of smoothness
of f and f. (and suitable values of a tuning parameter). In particular, as proved in Saavedra
and Cao (2000) and Chesneau et al. (2013) for the case €; = 0, we show that the parametric
rate of convergence 1/n can be attained under some assumptions on ¢, f and f.. In a second
part, we develop an adaptive version of this estimator using a penalization approach. It has
similar performance to the non-adaptive one, up to a logarithmic factor. This result significantly
improves (Chesneau and Navarro, 2014, Proposition 5.1) in terms of rates of convergence and
assumptions on the model.

In a second time, we assume that the distribution of the noise is unknown. Then, for identifi-
ability purpose, some additional information on the errors has to be available. As in Neumann
(1997), Comte and Lacour (2011) and Kappus and Mabon (2013), we consider the setting where
an independent noise sample of size M is available. Other contexts may bring relevant informa-
tion for estimation, as for example a repeated measurement setting, see Delaigle et al. (2008),
Bonhomme and Robin (2010), Neumann (2007), Kappus and Mabon (2013); these settings are
not considered here. We shall take advantage of the tools developed in Kappus (2014) and
Kappus and Mabon (2013) to provide an adaptive strategy in this framework, which is more
realistic but more difficult than the known noise density case.

The paper is structured as follows. We first study in Section 2 the case where the noise density
is known. Our estimators are introduced in Section 2.2. Their performances in terms of MISE
and rates of convergence are presented in Sections 2.3 and 2.4. The adaptive strategy is proved
to reach an automatic bias-variance compromise up to negligible terms in Section 2.5. Section
3 is devoted to the case of unknown noise density: instead, to preserve identifiability of the
problem, we assume that an independent noise sample is available. New estimates are proposed
and studied: an adaptive procedure is proposed and proved to reach the best risk bound as
possible, up to logarithmic terms. Simulation results are presented in Section 4. All proofs are
relegated to Section 5.

2. ESTIMATION WITH KNOWN NOISE DENSITY

2.1. Notations and assumption. For two real numbers a and b, we denote by a A b the
minimum of a and b. For two functions ¢ and ¢ belonging to LY(R) N L3(R), we denote
by ¢* the Fourier transform defined by ¢*(z) = [p(t)e~™!dt, by |l¢| the L?*norm of ¢,
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lel> = [le(u)*du, by (¢, > the scalar product ( = [o(u)ip(u)du. We recall the in-
verse Fourier formula p(z) = L[ etumpx( du and that, for the convolution product
(p*x)(t fgp (t — )Y (z)dx, we have by Fourler transform (gp*?,b) (u) = p*(u)*(u). Lastly

(o, 0) = (27T) He*,v%).

Moreover, we work all along the paper under the assumption
(A1) fX(u) #0,Yu € R.

2.2. Estimators when the noise density is known. We define now our estimators, con-
sidering that the observations are drawn from model (1) and assuming that f. is known and
satisfies (A1).

The idea for this construction is based on the following relation. First under independence
of X; and ¢; in model (1), we have fy = f « f., which implies fy = f*f*. Since in addition
g;(u) = (f*(u))*, we have, using (A1),

)= [atoronau= L firwyeonan= 1 [ (51

Then fy- can easﬂy be estimated by its empirical counterpart

Y u ) zu:cdu

*
*
€ U

n

. 1 .
* S —iuYj
fy(u) n Z € .
J=1
But a pure plug-in approach leads to integrability problems, this is why a cutoff has to be intro-
duced, which can be seen as a truncated version of the empirical estimator: fy (u) L[, wm) ().

Thus, we propose the estimator, Vm € N,

N 14
(3 dnle) = 5= [ (?8;) e,

Naturally, the performance of gy ,, depends on the choice of m. We make gy ,, adaptive by
considering the estimator: gy, where m is the integer defined by

(4) = arg mer?lin . (=Nl Ge,ml* + peny(m)) .
where, for numerical constant ¥ specified later,
_ Ay(m) [ 1
— 99201520 (0 A 4 A _ _/

(5) peny(m) =9 A7 (my Ag(m)) o ¢(m) o) W du
and

, vy 2271/
(6) Me(m, D) = max{ ~VH (log(1 +m? D)) N log(1+m?D) ¢ .

2.3. Risk bound for g;,,. Now we can prove the following risk bound for the MISE, a decom-
position which explains our adaptive strategy and will allow to discuss rates.

Proposition 2.1. Consider data from model (1), go given by (2), and assume that (A1) is
fulfilled and f is square integrable. Let Gy, be defined by (3). Then all m in N, we have

14

1 2t 1 N\ C ™ | g% 2(0—k)
0 Bl ol <5 [ e TS ()5 [ e

k=1 —mm

with Cy, = (72k)* (2k/(2k — 1))¥.
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Inequality (7) deserves two comments. First, we note that this bound is non asymptotic, and
so is the adaptive strategy inspired from it. Secondly, we can see the usual antagonism between
the bias term (7)~! fw sam 1f *(u)|**du which is smaller for large m and the variance term which
gets larger when m increases.

Now, we can see how Inequality (7) allows us to explain the definition of the model selection
given in (4). The bias term can also be written [|g¢[|* —|ge,m||* with g; ., (w) = g; () T _ o, zm) (u);
as ||lge||* is a constant, only —||gen||? is estimated, by —||gem||*. Usually, the variance is replaced
by its explicit bound, given here by the second right-hand-side term of (7). It is noteworthy
that here, the variance bound is the sum of ¢ terms and only the last term is involved in the
penalty. This is rather unexpected and specific to our particular setting. These considerations
explain the definition of (4) and the selection procedure.

2.4. Rates of convergence for g ,,. Now, from an asymptotic point of view, we can investi-
gate the rates of convergence of our estimators according to the smoothness assumptions on f
and f.. The following balls of function spaces are considered, for positive «, 3,

A(ﬂ,L):{feleLP /yf

/‘f sup (| f*(w)*(1 +u)?) SL}.
ueR

As the noise density is assumed to be known, regularity assumptions on f! are standardly
formulated in the following way, for positive a, b:

[OS(a)] fFis OS(a) if Vu € R,

Zexp(2|ul?)du < L, sup (]f*(u)\2 exp(2]u\ﬁ)) < L}
u€R
and

S(a,L):{feMmL? 2(1 + u?)%du < L,

C Cs

[SS(b)] fX is SS(b) if Vu € R,
coe " < 2 () < Coem 2P,

Note that the lower bound for f7 is the one used to obtain upper bound of the risk.
These classical sets allow to compute rates, depending on the types of f and f. and to get the
following consequence of Proposition 2.1.

Corollary 2.1. Under the assumptions of Proposition 2.1, the following table exhibits the values
of m and @, such that @, is the sharpest rates of convergence satisfying “there exists a constant
C; > 0 such that E(||ge.m — gel|*) < Cieon”, according some smoothness assumptions on f and

Je.

where kg is the integer such that ar,—1 < 20 < ay, where ag = 0, ap = (2ak +1)/(¢ — k),
k=1,...

fe AP, L), f O5(a)

feS(a, L), f- SS(b)

feS(a, L), f- OS(a)

1 1/b
—_— l log(n) /B l log(n) / nko/(2ako+2ako+1)
op T 20 T 40
o % (log (n))~4e/b 204/ (20+2a+1) )y —1

1.
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The parametric rate of convergence 1/n is attained for the case f € A(S, L), f- OS(a), and in
the case f € S(a, L), f- OS(a) when £ > 1+ (a+1/2)/a. To the best of our knowledge, Theorem
2.1 is the first result showing (sharp) rates of convergence for an estimator in the context of (1)
for different types of smoothness on f and f.. The results correspond to classical deconvolution
rates for £ = 1 (see Comte et al. (2006)). Moreover, this completes and improves the rate of
convergence determined in (Chesneau and Navarro, 2014, Proposition 5.1).

The case where both f and f. are super smooth is not detailed. For ¢ = 1, the rates
corresponding to this case, are implicit solutions of optimization equations (see Butucea and
Tsybakov (2008)) and recursive formula are given in Lacour (2006). Explicit polynomial rates
can be obtained, and also rates faster than logarithmic but slower than polynomial. We do not
investigate them here for sake of conciseness. We can emphasize that the function f being
unknown, its regularity is also unknown, and the asymptotic optimal choice of m can not
be done in practice. This is what makes an automatic choice of m mandatory to obtain a
complete estimation procedure. The automatic resulting trade-off avoids tedious computations
of asymptotic rates and perform at best for all sample sizes.

2.5. Risk bound on the adaptive estimator g ;. Theorem 2.1 determines risk bound for
the MISE of the estimator gy .

Theorem 2.1. Consider Model (1) under Assumption (Al). Let G, s be defined by (3)-(4) and
define

¢ _ 1 L M| g (y,)[206—K)
(8) Vi(m) = 22 > <£>Ck%/ W2,

T 2 e T

Then, there exists ¥y such that for any ¥ > 9y, we have

R . Cy
E(||gem — gel|?) < 2% | (lg = gel* + Ve(m) + peny(m)) + —

where ¢y is a constant independent of n. Note that Vg = 1 suits.
The result in Theorem 2.1 shows that the adaptive estimator g ,; performs an automatic

trade-off between the bias and variance terms described in Proposition 2.1. Moreover, the
bound on the risk given in Theorem 2.1 is non asymptotic, and holds for all sample size.

As a consequence, we can derive asymptotic results. Table 1 exhibits the sharpest rate of

convergence (,, satisfying “there exists a constant C;* > 0 such that E(||ge.m — g¢/|?) < Ci*en”,
depending on smoothness assumptions on f and f;.

| f € AB, L), f- OS(a) | f € S(a, L), f- SS(b) | feSa, L), f: OS(a)

Pn log(n)/n (log(n))~#/* | (n/log(n))~2¢*/a204D) v (log(n) /n)

TABLE 1. Examples of rates of convergence ¢,, of the estimator g

Theorem 2.1 implies thus that gy 5 attains similar rates of convergence to g, with automatic
“optimal” choices for m. The only difference is possibly a logarithmic term.
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3. ESTIMATION WITH UNKNOWN NOISE DENSITY

We consider now that f. is unknown, but still satisfying (A1). For the problem to be
identifiable, we assume that we have at hand a sample €/, ...,¢), of i.i.d. replications of &1,
independent of the first sample.

3.1. Risk bound for fixed m. We have to replace in (3) the noise characteristic function f*
by an estimator, and to prevent it from getting too small in the denominator. Thus, we propose
the estimator, Vm € N,

o L
) dnle) = 5= [ (?Ez;) ivedu,

where still f3(u) =n~! > =1 e~ ™5 and now

o [ if f£2(u) > kar(w) ) = L3 e
(10) fe(u) = { kar(u) otherwise N where J2(u) = M J§=:1 ) |
and
(1) () = msy ()M 2

The definition of sp; is simply 1 when considering one estimator in the collection, and more
elaborated to deal with the adaptive case. To study the risk bound of the estimator, we recall
the following key Lemma (see Neumann (1997), Comte and Lacour (2011) and Kappus (2014)).

Lemma 3.1. Assume that (A1) holds. Let sy(u) = 1 in (11) for f. defined by (10), then for
all p > 1, there exists a constant 7, such that, Vu € R,

% N (Y C))
E( ) = <|f:<u>|2p AR >

To study the MISE of the gz, we write ||Ge.m — 9ell* = lge — gemll* + |Ge.m — ge.ml|?, which
starts the bias-variance decomposition. Then we can split the integrated variance term of gy,
into three terms

o i (u o (u S (u ‘ *(u)\ ¢
Iem — geml® = o <y(< )5, 5 >> (5

—TTm

1 1

Fr(u)y  f2(u)

N (frw) )
< ) (fg‘(u)_f;“(U)) .

200—k)

frw)  fra[t
Y\ Iy
fru)  fi(u) du =

¢
%(TI + T +T3)

AN
RS
¥
—
\:‘
3
]~
VN N—
IS
N——
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—_

with
— w08 1200=K) | px w oy |2F
_ O\ yor—1 | [y (w) fy(w) = fy(u) w
= /m;@?’ 72 () rwo |
am ¢ * 2(0—k) 2k
_ O sok—1 | [y (w) - 1 1
no= OS] |Ee s (5 Ew)
4

~

2k

—rm § k
_ ™ ohr | S5 (@) 20 < 11 )
= /_mk <k>3 2 (u) M\ w7

Clearly, Ty is the term corresponding to known f* and we have E(T}) < 3%~1V),. Using the first
bound in Lemma 3.1 and the independence of the samples, we have also E(73) < 321y, The
novelty comes from T3, where we use the second bound given in Lemma 3.1:

[y

e o1 [T Sy () M~
HI) = ;::1</<:>3 /—7rm !fé‘(u)\w_k)m!fe*(u)\‘lkdu
ay 1™ W)
< 2 ()" L e
‘ O\ ok 1 el (U)|%
(12) B ;@3 e | T =

Therefore, the following result holds.

Proposition 3.1. Consider model (1) under (A1). Let G, be defined by (9)-(11) with sp(u) =
1. Then there exists constants C;*,C;** > 0 (independent of n) such that

1

E(|gem — gell?) < ;/|> |f*(w)[*du+ CF*Vie + C7* Wy,

where Vy is defined by (8) and Wy by (12).

We can see that if M > n, we have

™m 2/ ™m * 2(¢—k)
L[, L e,

e @Rk [ fE () 2R

and thus W, < Céﬁ‘)vg. Thus, for M > n, the risk of g;,, has the same order as the risk of
Je,m and the estimation of the noise characteristic function does not modify the rate of the
estimator. The results given in Corollary 2.1 are thus still valid. Obviously, if the noise sample
size M is smaller than n, it may imply deteriorations of the rates. Moreover, the above result is
a generalization of Neumann (1997) and Comte and Lacour (2011), which both correspond to
the case ¢ = 1.

3.2. Adaptive procedure. Adaptation estimation here is a difficult task. We apply the
methodology recently proposed by Kappus and Mabon (2013) in the context ¢ = 1, improv-
ing the results of Comte and Lacour (2011). In particular the estimator fa* is now taken with
sy in (11) defined as follows. Let for a given 6 > 0,

Vu € R, w(u) = (logle + [u) 7+,
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originally introduced in Neumann and Reiss (2009), and f* given by (10)-(11) and by
(13) sar(u) = (log M)Y2w™ (u).
With this threshold, the bound given in Proposition 3.1 becomes

_ 1 .
Blgem — 9l <5 [ 1 @)Pdut vy

fu > m
with
¢ k ™m —2k * 20
O\ jok—1_ log"(M) w” = ()| f* (u)|
(4 D DI VY T B T

k=1

Clearly, the definition of sjs here implies logarithmic loss if we compare the last term above
with W, given by (12). Then using ks defined by (11) and (13) and considering gy, defined
by (9)-(10), we propose the following adaptive strategy. We set first

B -2 mm —20| £x 20
Ay(m) = %/ %du and A{(m) = 2i/ w(u) |fyizu)| du,
T f ™ J—7m £

Jew) fe(w)

as estimators of Ay(m) given by (5) and of

™m *(u 2¢
Ag(m) i/ L( )| du.

2w [f2 ()

We can now define the stochastic penalty associated with the adaptive procedure

—7Tm

qen,(m) = qeny ;(m) 4 qeny o(m)

A Ay(m) AJ (m)
_ 920+1y2 ¢ 20+1 .20y L ¢
= 27TN (my, Ay(m)) ", +2° k%" log" (Mm) e
which estimates the deterministic quantities
qeny(m) = qeny 3 (m) + qeny o(m)
A AS
= 226013200 Ay(m)) é(;n) + 22612 1oof (M) 5\;7;?)
n

where the weights A\g(m, D) are defined by (6). Then, we select the cutoff parameter m as a
minimizer of the following penalized criterion
(15) m=arg min {—[Geml +qn,m)}

me{lvv }
Theorem 3.1. Consider Model (1) under (A1), associated with an independent noise sample
ey ey Let the estimator o m be defined by (9) and (15). Then there are positive constants
C* and C such that
16 E Gom|”> < C™ inf 24V S
(16)  Ellge— el < € inf {llgr = geumll® + Velm) + aeng(m)} + -+~
where Vy is defined by (14).

This result is a generalization of Kappus and Mabon (2013), which corresponds to the case
¢ = 1. As in the known density case, we do not use the whole variance for penalization,
but only the last terms. Moreover, the final estimator automatically reaches the bias-variance
compromise, up to logarithmic terms.
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(a) Kurtotic (b) Gaussian (¢) Uniform

FIGURE 1. Test densities f (solid) and gy (dashed).

4. TLLUSTRATION

We now illustrate the theoretical results by a simulation study within the context described
in Section 2 and Section 3. That is, we consider the problem of estimating the density gy,
emphasizing the case ¢ = 2, for both known and unknown types of noises. All simulations have
been implemented under Matlab.

The performance of the proposed method is studied for four sets of test distributions for X;
representing different degrees of smoothness (see Figure 1),

(1) Kurtotic distribution: 2A/(0,1) + 2N(0, (1/10)?),
(2) Standard normal distribution: A(0, 1),
(3) Uniform distribution: ¢4(—1,1),
(4) Claw distribution: 2N (0,1) + Yo N (1/2 — 1,(1/2)?).
Note that the two Gaussian mixture densities are taken from Marron and Wand (1992).

We consider two types of error density f., with the same variance 02 = 0.25. The first one
is Laplace distribution, with fX OS(2), and the second one is the Gaussian distribution with f*
SS(2).

1 _lal

(a) Laplace error: f.(z) = 5, exp ( UE), fi(x) = H_Tlgwg

. 2 * 2.2
(b) Gaussian error: f.(z) = - 127r exp (—%), fr(z) = exp <_ Zer ),

In the case of an entirely known noise distribution, the constant ¢ in (5) is set to 1.8 for
all the tests and in the unknown case the penalties are chosen according to Theorem 3.1. We
propose the following penalty:

~

Ay(m)

__ A Al (m
aeny(m) = kA2 (m, Ay(m)) oy; + Kok logh(Mm) clm)

M¢

with the associated constants penalties k1 = k3 = 1 and x = 1.8. In both cases, the normalized
sinc kernel was used throughout all experiments. As in Chesneau et al. (2013), the estimators
proposed in this paper are well suited for FFT-based method. Thus, the resulting estimators
Je,m and ge 5 are simple to implement and fast which allows us to perform the penalized criterion
in a reasonable time. For numerical implementation, we consider an interval [a,b] that covers
the range of the data and the density estimates were evaluated at M = 2" equally spaced points
ti=a+(b—a)/M,i=0,1,...,M — 1, between a and b, with r =8 b = —a =5 and M is
the number of discretization points. In each case, the grid of m values that we have considered
consisted of 50 values from 0.5/ to 1.1y where mg = n~t% denotes a pilot bandwidth (see
e.g. Silverman (1986)).
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0.8 E, —glmhusu 0.357 —g?,ml\ﬂsp
' | g 0.3 g
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z z
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FIGURE 2. Laplace noise. True density (dotted), density estimates (gray) and
sample of 20 estimates (thin gray) out of 50 proposed to the selection algorithm
obtained with a sample of n = 1000 data.

In order to illustrate Theorem 2.1, we study the influence of the noise type on the numerical
performances of the proposed estimator. For each density, samples of size n = 1000 were gener-
ated, with aim to estimate g, from X, ..., X,, drawn from any of the test densities. The results
are depicted in Figure 2 and Figure 3 for Laplace and Gaussian noise respectively. Figures 2-3
show the results of the numerical simulation of our adaptive estimator g ,,,. Figure 4(a) contains
a plot of the penalized criterion function versus the kernel bandwidth m and Figure 4(b) the
estimated MISE as a function of m. We give this plot for kurtotic distribution and Laplace noise
only, but the behaviour is the same in all the other cases. It is clear from Figure 4(a), that the
value of 7 is the unambiguous minimizer of —||ge|/* + peny(m). We also see that m provides
a result close to mysg: in the Laplace case, for the Kurtotic density, the bandwidth which
minimizes MISE(m) in this case is mysg = 0.1306 and i = 0.1257. This holds true for all
test densities. In practice, the minimum of the MISE is close to the minimum of the penalized
loss function, thus supporting the choice dictated by our theoretical procedure. Therefore, the
proposed estimator provides effective results for the four test densities.

We also compare the performance of gy 5 with that of gy . For each density, samples with
size n = 1000 were generated and the MISE was approximated as an average of the Integrated
Squared Error over 100 replications. Table 2 presents the MISE from 100 repetitions for the two
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08 —92,muisy 0.35f —92, muisH]
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FIGURE 3. Gaussian noise. True density (dotted), density estimates (gray) and
sample of 20 estimates (thin gray) out of 50 proposed to the selection algorithm
obtained with a sample of n = 1000 data.

TABLE 2. 1000x MISE values from 100 replications of sample sizes n = 1000

Noise
Gaussian Laplace
known unknown known unknown
Kurtotic  0.9200 0.4842 | 0.6678  0.4919
Gaussian 0.0285  0.0397 | 0.0350  0.0389
Uniform 1.4902 1.0301 | 1.1795  1.0300
Claw 0.1130  0.0494 | 0.0556  0.0485

types of errors. As noted in Comte and Lacour (2011), estimating the characteristic function of
the noise reduces the risk compared to knowing it. Indeed, for virtually all cases, g¢ 5 consistently
showed lower risk than gy, with the exception of the Gaussian density for which g s, performs
slightly better.
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— —lge,m |17 + peny(m)] —MISE(m)
° = ﬁLHJ” H ‘! & MMISE
S 0.015¢
=
2 —
v S
+
o Eg 0.01}
s =
=
T 0.005¢
0.12 0.14 0,16 0.18 0.2 0.22 012014 016 018 0.2 022

(a) (b)

FIGURE 4. Laplace noise, Kurtotic density. (a): Graph of the function
—lGe.m||? + peny(m) against the smoothing parameter m. (b): MISE(m). The
gray diamond represents the global minimizer of MISE(m) and the gray circle
represents the global minimizer of —||ge.m ||* + peny(m).

5. PROOFS

5.1. Proof of Proposition 2.1. Upper bound on the MISE of gy ,,.
Let us introduce the function gy ,, defined by

Iy (u) ¢
fe(U)> L[, mm) (W)

The support of (g¢ — gem)* being [—mm, mm]¢, disjoint from the support of (g¢m — Ge.m)*, We
get

(17) E(lge,m — 9ell*) = ll9e — gemll® + E(lge,m — Gemll?)-
The Parseval identity yields

G (1) = 68 ()L (12) = (7 (00)) L (1) = (

1 1

18 — m2:_/ *u2du:—/ *(u)|[* du.
(18) loo =gl =5z [ wiPau= oo [ ()

The same argument gives

A 1 B (@) = (5 @)'P)
Bl ~denl?) = 3 [ T
Using the binomial theorem and the inequality |32 bia;|* < (33, [bi]) S50, |bil]ail?, we get
E(IF@) = @) P) = B @ = {0+ ) = 6 w)F)

2

du.

L
= B (| () - s

k=1

IN

@y () E (50 = Fr) 155 Pes.

k=1

The Marcinkiewicz & Zygmund Inequality inequality applied to the n i.i.d. random variables
Ui,...,U, with U; = e ™5 — E(e”™), |U;j| < 2 and the exponent p = 2k (see Appendix)
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yields
fs * 2k 1
E (/) - ™) < Cir
with Cy, = (72k)?*(2k/(2k — 1))*. Therefore

l
E (G5 ) = (5)F) < ¢ = )Y (| )Gl P,
k=1
Since fy(u) = f*(u) f#(u), we obtain
. 5 2[_1 ¢ !/ nm‘f*( )’2£k y
(19) E(llgem — Gemll”) < o e </<;>Ck k/—wm | (u)|2F du.

Putting (17), (18) and (19) together, we get the desired result:

1 2[ 1 4 Y ™ |f*( )|2(Z—k)
E(llg m * 20 / ‘ 0
e AT = Dl () [ M e

k=1 —rm

5.2. Proof of Corollary 2.1.

Case f € A(B,L) and f. OS(a). The bias term is bounded by Lte2m)” gince
/ ]f*(u)\zédu — / ‘f* (u)’2e—2\u|5 ’f*(u)‘2(6—1)e2(€—1)\u|56—2€|u\ﬁdu
|u|>7m |u|>7m

< Lée—%(ﬂm)ﬁ

All the terms containing powers of | f*| in the numerator are integrable as f; is ordinary smooth.
Therefore they are of order less than 1/n. Then we have the general bound

. o0 (mm)B 1 [ du C
Blgem — ") < L 4 5 [
—mm |J&
where [™ du/|f-(u)|* = O(m?‘a*1). Choosing m = 7~ (log(n)/(2¢))*/” gives the rate 1/n.

Case f € S(a, L) and f. SS(b). Applying Lemma 6.2, we obtain

¢
Ak
E(gem — gell*) < Lf(wm) =2 + > <€> KoE / (14 u?)~ (Rl gy

k=1
! b 1 b
< LY(mwm)~2 4 Z ( > 2k(ﬂm) /(1 +u®) " du + C’—km_be%(“m) )
pt cen

40))'/ makes all variance terms of order at most O(1/+/n), so that

The choice m = 7~ (log(n)/(
ta/b which is logarithmic, but faster when ¢ increases.

it implies a rate (log(n))~*

Case f € S(a, L), f- OS(a).
In this case, there exists a constant K, > 0 such that

E(||gem — gel®) < Ko < el Z

Then o must be compared to the increasing sequence ay = (2ak + 1)/(¢ — k).

+

2[lk 20{([ k)+1)+ log(m)IQak72a(€7k¢)+1:0 m2a2+1)

nk nt
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2 2a—2a(f—1

First case: 2a < aj. Then the trade-off between m =2 and m )*+1/n implies the choice
Mopt = 1/ 20T20%1) and the rate n=20¢/(2a+20+1) where 2a0/(2a + 2o+ 1) € (0,1). In this
situation, the terms following have orders

(-1 _ 2ak—2a(f—k)+1 2al+1

mopt mopt
> Tt
k=2

and we notice that

2ak—2a(0—k)+1
opt 2ak72a(lfk)+1_k —2al—k+1 —2al

=n 2a+2a+1 = n 2a+2a+1 < n2a+2a+l

nk
since k > 2. Therefore the rate is of order n—204/(2a+2e+1) -~ Notice that making compromise
using another variance term can be checked to give larger choice of m and thus worse rate,
when inserted in the first variance term. Note also that the resulting rate is the usual rate of
deconvolution to the power /.
Second case: 2a > a;. The term corresponding to k = 1 is of order O(1/n). Let ky > 2 be such

that ay,—1 < 2a < ag,. Then the risk bound is

/-1
1 1 m(2ak—2a(l—k)+1) m2at+1
. 2 —2af
Blgem = gel) < O | m= 4 Skt g+ 3 T
=Ko
Then the compromise is made between ~2¢ and m?2eko—2e((=ko)+1 /pko and implies the choice
Mept = nFo/(2akoF2ako+1) and the rate n~2atko/(2akot2akot+1) Byt clearly
2alkg < 1eog> 2a +k‘0—€—|—1 2a n 1 {—1
— — le% — —
2akg + 2aky +1 — —f-1 ko(¢ — 1) (-1 (-1 ko({—1)

and this last condition is fulfilled in our present case so that the rate is smaller than 1/n.
In the same way, we can check that plugging the above m,,; in the other terms let them less
than 1/n. Namely

2al+1
opt

n?
Consequently, we have

2ak—2a(f—k)+1

2alkg+L—kg Opt

_ 2akgl+k—kqg
— p Zakgt2akg+l < p L

= 2ekot2akotl <7l for k= ko + 4,7 > 1.

Y nk

2a 1 . -
Y + =1 then  E(||gem — g¢]|*) < Ont

Cathering both cases, we get that the rate for f € S(a, L), f- OS(a) is n~=20¢/(2at2a+1) v =1 0

if  2a >

5.3. Proof of Theorem 2.1. The result of Proposition 2.1 can be written

(20) E(l|ge,m — gell*) < llge = gemll® + Ve(m),
where Vy(m) is defined by (8). Let us define the oracle

m* = arg min {=|lgem|* + Ve(m) + pen(m)}
and note that, since ||ge — gem|* = lg¢/|* — ||ge.m||?, Wwe also have
m* =arg min {|lge — gem | + Ve(m) + pen(m)} .
meMy

Now, we start by writing that

”2 2.

(21) llge — Gemll® < 2ll9e = G II” + 2G> — Gen
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i) We consider the random set € = {7ih < m*}, on which it holds that

(22) 1gem = Geanll* e = (gem=1* = Geml*) Tn.
Now, the definition of /m implies that
(23) ~[gemll* + peng (i) < || geme || + peny(m*),
and thus

1geme I = 1geml® < peny(m*) — peny(in)
(24) < peny(m”).

Then, (22) and (24) imply ||ge.m* — de.nl/* 1o < peny(m*). Plugging this in (21) yields

E (llge — deml®10) < 2E(|lge — Gem+|I%) + 2pen, (m*)
< 2(llge = geam I + Ve(m*)) + 2pen,(m*) with (20),
= 2 Iél/l\]/ﬂl {llge — ge.ml|* + Ve(m) + peny(m)} by definition of m*.
Thus we have
(25) E (lge — denl*Ia) < 4 min {Ilge = ge;ml|* + Ve(m) + peny(m)}

which ends step i).
ii) Now, we study the bound on Q¢. Let us define, for k > m

peny(m, k) = 225)\5(771, k) (Ag(k) — Ag(m)),

Ae(m, k) = max {2%—1 (log(1 + (k — m)2(Ag(k) — Ay(m)))",

40—1
= (log(1 + (k — m)*(A(k) - Ag(m)))%} ,

First we write
19e.mr — GeanlIPToe = (H@z,m* — Gemll® — 22 Hlgesm — geme|1* — Pene(m*ﬁ)) Ioe
+ (227 gt — Geme |2 + peny(m*, i) ) Tae

< sup {Hs?z,m* — Gerll” — 22 gen — geme|*> — peny(m*, k‘)} Ioe
k>m* +

(26) +22 7 lge — grr |2+ D peng(m*, k) L.
k>m*

Now, Inequality (23) writes

1 . . . 1 .
SPeng () < dall> = 1Geme | + peny(m*) — peny (i)

15
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and we notice that, if k = 1 > m*, then ||ge.nl1? — |9e,m||? = |Ge.s — Ge.m||* and peny(m*, k) <

2pen,(k), so that

1 R N 1 1 1
ZPene(m* ) < [k = Gene|* = eng(m, k) + peng(m*) + gpeny(m, k) — spen (k)

4
< 10k = Gl = Joeneton,) = 2 gt — gl
Fpens(m®) + 2 g — g1l
< Sup <H§z,k — Gem|I* — ipeng(m, k) = 2% M| goamr — ge,kH2>

+peny(m*) + 2% |gg e — gel|.
It follows that, on ¢,

1 . . 1 _
1 X e Wt < s (e~ G~ goena(m. ) = 2 g~ sl
k>m* >m*

+peng(m*) + 27| geme — gell*.
Inserting this in (26) implies

lGems — Genl*Tae < 3kS>uP {Hﬁe,m* — gerll® = 227N ger — gomr||* — peny(m*, k)}+ Ioe
>m*

(27) +3 227 |ge — g+ |I? + 2pen,(m*).
We can prove the following proposition, see Section 5.4.

Proposition 5.1. Under the assumptions of Theorem 2.1, there exists a constant Ky such that

. . _ Ky
E ( sup {Hgf,m* - gﬁ,k||2 - 226 1”9@,1@ - gﬁ,m*Hz - pen[(m*7 k)} > < "
k>m* + n

Then Inequality (27) and Proposition 5.1 imply

. . _ 3K,
E(|Geme — Genl*Iae) <3 2°7|go — gome||* + 2peny(m*) + v
3K,

< Alllge = geme I* + Ve(m*) + peny(m*)] + —

which gives the result on ¢ by using again the definition of m* and plugging this in (21).
Gathering the two steps i) and ii) gives the result of Theorem 2.1. O
The rates of convergence follow from those of Theorem 2.1 and Corollary 2.1.

5.4. Proof of Proposition 5.1. The proof of Proposition 5.1 relies on the following Lemma:

Lemma 5.1. Let X1,...,X,, be centered independent and identically distributed random vari-
ables, with | X;| < b, Vi a.s. and Var(X;) <v?. Then, for S, = X1+ -+ X,,, and H > 0,

Sy P 2T'(p/2+1 2rT 1
E(|22] —HgP) < Frp/2+1) exp(—n22/P~2[2 /%) + Frip+1) exp(—n2Y/P=2H /b).
n np/2 np
Proof of Lemma 5.1. The proof of Lemma 5.1 relies on Bernstein Inequality, which gives

n
nw? /2 na? nx

>z < - < T AN

—x>—2€Xp< v2+bx>—2{eXp< 2v2>+eXp< 2b>}

n

p(s

n
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Thus
p +oo p
E(i —Hp> < / ]P’(ﬁ —Hp22>dz
n + 0 n
—+o0
< / ]P’(—” z[Herz]l/p)dz
0 n
<

2/+oo exp _n[Hp+z]2/P +exp _n[Hp+Z]1/P "
0 2'[)2 2b

Now we use that by concavity inequality, we have that, for ¢ > 1 and z,y > 0, (z + y)l/ 7>
21/a=1(z1/4 4 4y1/9) which implies for p > 2,

p +00 2/p—1,2/p
E < Sl _ Hp> < 2exp(—n22/p_2H2/v2)/ exp (—n27;> dz
n + 0 2v
400 21/p—1 1/p
+2exp(—n21/p_2H/c)/ exp S
0 2b
2T (p/2 + 1 2rT 1
- (21/9/2+—) exp(—n22/P72H? Jv?) + 7(§p+ ) exp(—n2'/P2H /b)),

which is the announced result. .

A

Proof of Proposition 5.1. For k& > m*, we have
N 20
fy(u)

/7rm*§|u§7rk f;(u)

2271 f3 (u) = fy (w)[** 221 fir (w) 2
d L S S N
/7rm*§|u§7rk |f:(u)|2£ v /7rm*§|u§7rk |fa*(u)|2z

_ / 2271 3 (u) — f3 ()
am* <|u|<mk

du

Gex — Gom+)?

IA

du

0—
|f§(u)|2£ du+22 1Hg€,k _g&m*H2'

Therefore

E ( sup {geme = del* = 227 gek = geme |2 = peny(m*, k) } )

k>m*

+
22071 fr (u) — i (u)[* .
du — k
g (ksilmp* {/7rm*<U|<7rk | f2 (u) [ u = pen(m’, £) N

20—1| £x o 20
Z : </7rm*<u|<7rk : ’fr!féqu)ﬂtb)|2§Y(U)’ du — peny(m*, k))

k>m*

IN

IN

J’_

20—1 R m*
(28) = > E ( / 2—‘@ <| v () = £ () - M)ﬂ“)-

P mr<|u|<mk |2 (W)

We apply now Lemma 5.1 with b =v =1 and

20—1

B2 > T (10g(1 -+ (k — m*)(A(k) — Aa(m))’
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in the first exponential term of the bound, and
40-1

2 " % 20
H%* > —5r (log(1+ (k —m 2 (Ap(k) — Ag(m )
in the second term. We obtain
. Ao(m*, k) 22%¢) 1
» g 20 l ; <
E <|fy(u) Sy ()] ; >+ = nt (k—m*)2(Ag(k) — Ag(m*))
+22€(2e)! 1

n?t (b —m*)?(Ag(k) — Ag(m*))
Plugging this into (28) yields

E<wp{mmﬂ—mﬂﬁ—?ﬁwwk—wmwz—mwmfwﬁ )
k>m* +

22601 226(2¢)! 1 72 246(20)!
< 2 (G 5 Y o s o

k>m*
This ends the proof Proposition 5.1. [J
5.5. Proof of Theorem 3.1. Let us first introduce some notations. For k& > m, set
A(m, k) = A(k) — A(m) and Af(m, k) = AT (k) — A (m),

A(m, k)
[

Af(m, k)

qeii(m, k) = 227133 (m, k) =

- + 2212 Mogb (M (k — m))

with

A1(m, k) = max {\/2_1/“2 log (1 + A(m, k) (k — m)2>,

9—1/20+2 .
g (1 + Alm, k) (k — m)2> .
Now we can start the proof of Theorem 3.1. We denote by m* the oracle cutoff defined by
* : 2
= — \Y
m" = arg min {—|lgemll” + Ve(m) + aeny(m)} ,
where Vy(m) is defined by (14). We have
~ ~ 2 ~ ~ 2
(29) llge = Gell® < 2119¢ = GomeI* + 2 [1Geme — Ge.m
e Let us notice on the set G = {m < m*} :
|Gems — Geill* 1 = <||§M,m*||2 - ||§é,7h”2> 1g.
Besides according to the definition of m, one has the following inequality:
(30) —1Gemll* + @eng(m) < = | Geme||* + Geng(m*),
which implies — ||, 1> < — |e.m-|* + Geng(m*). Thus
15t = Gl Lo = (13 1> = 13e.ml1°) 1 <GBy (m*).
Taking expectation, we apply the following Lemma

Lemma 5.2. There exists a positive constant C such that for any arbitrary m € M,
(31) E [gen,(m)] < Cqeny(m).
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It yields for some positive constant C
E[llg: - gemll® 16] < 2 [llge = Gome 2] + 2E (g6 ()]
< 2|lge — gem#|I” + 2V(m*) + 2Cqen, (m*).
We just proved the result on G
(32) E (lor — deal1a] <C_inf {lge — geumll> + Velm) + eng(m)}.

e We now consider the set G¢ = {m > m*}.

g g = p 1__ -
Hg&m - gf,m*”2 lge = <Hg€,fn - gf,m*H2 —4 Hgg’m — gg7m*H2 — §qen(m*7m)> 1ge
9o 1,
+ | 4llgem = gem-[I” + S@en(m*, m) | 1ge

. . I__
< sup {1~ G~ Aloes — gt |~ J00000", )}
+

k>m*
keMy
1
2 — * ~
(33) +4Mr—wmw-+§£:*®Mm,wlﬁn—kk
keEMp
Let us first notice the following inequality
(34) Vk>m, qen(m,k) < qeny(k).
Besides by definition of m (see (15)), on the set {m = k} N G° and applying (30), we have
1, . _ _ 1T, S
L (@8 6) — @ (m*)) < 05— G| — 5 (@00 (k) — G, ("))
so that

1___ . . 1___ 1__
STTE) < e — Gee | = ST k) + SqE(m")

< @@ﬁ—mWW—MWﬁ—MWW—

N~ N

~ - i 1__
(35)< (ng,fn = Gene 1> = 4l gem — geme|* — SqEn(m, k)) +4llge = geme|I* + SGen, (M)

2
Now using Inequalities (34) and (35)

1 _ _ N 1__
3 > gen(m*, k) < sup {Hgé,k — e+ |I” = 4llge.m — gem+|I” — zden(m’, k«’)}
k>m*

* -
kNt kEMn

J’_

1__
+ 490 = geme 1> + S den,(m”).
From Inequality (33), we now have

- - - - 1__
1Gen — Geme]*1ge < 2 Sup {ng,k — G I — 490k — gome > — §qen(m*7 k‘)}
>m*

[t +
keM,

1__
#8190 — geme | + 5@ (7).
Taking expectation the first summand is negligible by applying the following Proposition.

_ 1__
i 1)) + 4 gt = g |+ 0000

19
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Proposition 5.2. Under (A1) and (A2), there is a positive constant C' such that for any
arbitrary m € M,

_|_

3{\| Q

- - 1__ C
) B | s {ln— Gl - 2 loes — gl ~ gm0} | < Gk

>m +
keMn,

Finally gathering the last result with (29), we have

1 1
=12 .| < o . 2 * * N -
(37 E[llge = denll* e < C (llge = gome | + Velm®) + qen(m)) + ' ( = + 0

This combining with (32) complete the proof. [J

5.6. Proof of Lemma 5.2. Before proving Lemma 5.2, we first need to prove two auxiliary
lemmas. In the sequel, C' will always denote some universal positive constant, but the value
may vary from line to line.

Lemma 5.3. For an estimator of fX defined by (10), assume k > \/c1p. Let 7 > 2k and x > 1.
Then for some positive constant C

P [Elu ER:|fF(u) — f(u)| > 7 (log(Max))"/? w(u)_lM_l/z] < Cx™PM7P
Proof of Lemma 5.3. We write the decomposition
Frw) = f2)| < |F@) = fr)| + | 7200 = £2@)] < 2ar(w) + | f2 ) = £2w)].

Using the previous inequality and applying Lemma 5.5 in Kappus (2014), we have

P [3u € Rt |f2(u) — f2(u)] > 7 (log(Mw)) "/ w(u) " M2

<P [au R :|fF(u) — f(w)| + 2kar(u) > 7 (log(Ma))*/? w(u)—lM—W]
<P[BueR:|f2u) — f2()] > (7 = 2x) (log(Ma))" w(u) " M /?]

< Cx PM7P, O

Proof of Lemma 5.2. For ¢ = 1/2 or 1, using Cauchy-Schwarz’s inequality, we have

E [logq <1 + A(m)m2> A(m)] < \/E [log2q (1 + A(m)mzﬂ E [A%m)}

B S O L)
LA =R T B / (’fé‘(x)\sz\f:(w)!”"’
) w2 11 2
M=o [ w0 mw R
<2A(m)+l o w(u) ™% ~1 —L%
- T J—mm f:(u) fe*(u)

< 2A(m) + 2A(m) SEE Ag(u) < 2A(m)(1 + sgg Ay(u))
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and applying Lemma 4.1 in Kappus and Mabon (2013), we get E [Az(m)} < 4CA%(m). By

Jensen inequality (since log is concave)
E [log2q (1 + A(m)mzﬂ < log? <IE [1 + A(m)m2]> < log (1 +E [A(m)] m2)
< log*? (1 + 2A(m) (1 +E [sup Ag(u)} > m2>

u€R
<log? (1+ 2A(m) (1+ C)m?) < Clog® (1 4+ A(m)m?)
So
E [logq (1 + A(m)m2> A(m)] < Clog? (14 A(m)m?) A(m)

which means E[gen, (m)] < Cqen,(m). Consider now qgeny(m). Another application of Lemma
4.1 in Kappus and Mabon (2013) yields

[ ) )
Aﬂf%ﬁm P

2 T ™ w(u) 2| f (u)[2 2 |1 w(u) T f (u) = fr(u)*
< wemlo [ e *WE[ Ve d“]
< 4 o[ ™ w(U)‘”\f*(U)\%du] E[

1+ sup AQ@(U):|

W % —7m ’fg (u)‘% u€R

3ﬁmww%ﬁm—ﬁwwm]

2 E !
—mm |f2 (w)|*

Mt

2

1 el i — WP,
/ O d]

We use the fact that f*(u) > M~Y2(log M)"/?w(u)~", w(u) < 1 as well as the independence of

f; and fe* to find
1 w(w) U () — 5 ()]
e [27T /—ﬂm | f2(u) |4 "
g . N ) y w(u)—ﬂ ¢y 1 m w(u)—2£
= s [, Bl - sor]e ] < e o [ e

where ¢y is the constant of the Rosenthal inequality. Applying the same arguments as for the

—2¢
bounding of E [qen; (m)], we get E [ . [;(?))PZ u] < CA(m). This completes the proof.
g

5.7. Proof of Proposition 5.2. For k > m, let us introduce the following notation : A(m, k) :=
{u € R, |u| € [rm,7k]}. We need to prove auxiliary lemmas before proving Proposition 5.2.

Lemma 5.4. There is a positive constant C such that for any arbitrary m € M,

1 f(w) = 5 () 1 o
58 E o = du — k <=
0 ’fgg{% /A(m7k> Fwpe g dem (m: k) NG
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Proof of Lemma 5.4.

1 f 2¢ 1
tlE {%/Am,k)‘ ! d“‘zzmqenl(m’k)}

keMy

1 f 20 1 . s
. EH%/A(M)‘ Y(IJZ()PE . d“_ﬂ“qenl(m’k)} ]
) 15 +

_l’_

k>m
LkeMy,
| (u) — £ (u)[* 1 A2(m,k) x
=" Z 2ﬂ/mk H 5 [F >|24 22“1nflf:<u>|”}+ fe]du
k)EMn

Now f+-(u)/f*(u) (conditional on f*(u)) is the sum of n ii.d. random variables with variance
v? < 1/|f*(u)|? which are bounded by 2/f*(u). Thus Lemma 5.1 gives

E[{|f;<u>—f;<u>|%_ 1 i2<m,k>} f*]
|2 (u)[ 2 fr(u) f 1

—L —26

<2re-t+ 1)W exp (—5\2(m, k‘)) + 2 (28 + 1)W exp (—nl/Qj\(m, k))
—t -2
2l (261 1~n7k:—m_2Am,k:_1 2T (28 4 1)~ (k — m) " 2A(m, k)~
<S2T(27 + )‘gu)’%( )CA(m, k)T +27T(20 + )‘ (u)‘%( )""A(m, k)

where we used the fact that

9—1/20+2

vn

Am, k) < max {\/2—1/“2 log (1 + A(m, k) (k — m)2>, log (1 + A(m, k) (k — m)2) } .

We have thus shown for a universal positive constant C' that, for any m,k € M,

) - @ 1 Xk | .
Jie® H F@E T }+ fﬁ] d“
C o2 _ du C _

Finally B [supys {(27) ™ [y (155 (0) — £ )20/ | 2 ()2 du — 272 Gy (m, k) | < O,
which ends the proof. [J
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Proof of Proposition 5.2. Applying Plancherel’s formula we get

. fp @

Gex — Gemll =
2w ) LfE ()

A~

_ 1 |fy (u ))\25 1 £y @)
_%/A(mk \JZ( )| L |>fs(U}du+27T/( ® ]}}(u)\% {Ifz@I<If2 @)}

=51+ 52

Let us consider Sj.

(39) s < 27 ) = f, 22 @l
b= ™ 20 T \f*(u)]% )
A(m,k) |fe ( )| A(m,k)
22e||gz,k—gz,m||2
now Ss,
%2 = 5o )"\ - TP
> = % a V@ T B T RE@| HE@EEzw@)
22@—1 / ~ o 1 1 20
< 0 B Y
T JA(mk) das fr(u)  f2(u) Hizzwsirz )
. 20
226—1 f* (u))
10 + / STyl I U W< fr () du = S21 + S2.2.
Yet for the second term of (40), we can notice
102 Fr) = WP e )
(41) Soo < / LA AL du+ 2" gek — gemll” -
T Jamky  [fE)

For the first term of (40) we can write

22! |f2(u) — f2(u)*
Sy 1 = / 20 1Je € du
M= L O i o @)
22! e oo lf2 (W) — f2 (W)
(42) < /A(m,k) B = m e HiE stz
Let us introduce the set following set
(43) C(m, k) = {vu ER: | (u) — £ (u)|? < 462 log (M (k — m)) w(u)—2M—1}
On C(m, k), the following inequalities can be deduced
1 2l f2 (W) = fE)P L
27 Lo ) P e wp

. w(u) 2| fy (u)*
£,.20 l L Y ~
< 467 logt (M(k —m)) M g/A(mk) Pt 7w}

< 4':2 log® (M (k —m)) M—*Al (m, k) <

1
920+1 qeny(m, k).

du

23
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Gathering Equations (39), (41) and (42), we have

2102 \f (u) = fy(u )% ) 2
I Ges — Genll® = / v du+ 2" ger — gomll
T Ja@mk) | for ()2
21 oo ) = £ )
+— /A(mk)’ v == e i stz o + o]
246_2/ ‘fy( ) — fy(u )% 40—1 2 1 __
< du+ 2" [|gek — gem||” + qeny(m, k)
T JA(m.k) | f ()2 2
21 o 2 w) — ()
(44) +— /A(mk)| VO E e M @i ey Lo

Starting from (44), we can now write the following inequalities

1__ 2102 | fy(u) (u)[*
10 — Gemll® = 2" Nl ges — gem® — Sae0(m, k) < —— / i
2 T JA(mk) | f2 (u)[?

L e 2 b e ) = 2P
——qen;(m, k) + / | (u )‘26 < L et ndu Lo
' A(m,k) vt |f*( )|4¢ {Ifz@)<| 2w} (m,k)
£ _ fx 20
=2 i/ |fY(“)~ nyUN du — 2z}+1016/\111(m,k)
2 Jamry  f2 () 2 N

226—1 ) |f€( ) *( )|2€
+ /A(mJg) ’fY( )‘2é |f*( )|4£ 1{\]2( <‘fs }dU]“ka)

Taking expectation we get

- - _ 1__
E | sup {ng,k — Geml® = 2" gek — geml® — §qen(m= k)}

>m +
keMn,
1 |fy (u) = £5 () I
< E|2%{ — / y du, — qen (m, k)
,;1 {QW A [ fE(w)? 226+ .
k‘€7\/(n
22t |f2 () = f2(u)[*
tor LB i L i ety 4 L |-
ot Ig;n A(mak) | F2 ()] % {Ifz @<z} (m.k)
keMy,

We can notice that on C'(m, k)¢ defined by (43) following Lemma 5.3 for z = k —m and p = 3/,
we have P [C(m, k)] < M3 (k —m)~3 and we get

N * 2/
> E /A |fy(u )’%’f ) L) 1{f;(U)S|f§(U)}dU1C(mvk)C]

o m.k |2 (u)[*
keEM.,
R 22Z’f*(u)‘2£
< A 079 | i C St B [ condul .
k;b / oo VO e Mz =iz o A Lo

keMy
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/ 226k~ (log M)~ %w(u)* M* du 1C(m’k)c]
A(m,k)

k>m
keM,,
C
< > 257 H(log M) M (k — m)P k
=2 (log M) (k —m)P[C(m, k)] < -,
k‘€7\/(n

and applying Lemma 5.4, we have

+

3{\| Q

N - _ 1_ C
E | sup {ng,k — Gomll® = 2l gek — geml® — §qen(m7 k‘)} < e

k>m +
keEMy,

This completes the proof.[]

6. APPENDIX
We recall the following result, which can be found in Shiryaev (1996) (inequality (26) p.498).

Lemma 6.1 (Marcinkiewicz & Zygmund Inequality). Let n be a positive integer, p > 1 and
Ut,..., Uy be n zero mean independent random variables such that supjcy 1 E(|U;[P) < oo.

Then, for B, = (18p)?(p/(p — 1))P/2,
E( Y U;P) < BE( Y |U; PP,
Jj=1 j=1

We also give the following useful lemma, see Lemma 2 p. 35 in Butucea and Tsybakov (2008).
For two functions u, v, we denote u(x) < v(x) if there exists a positive constant C' not depending
on z such that u(x) < Cv(z) and u(z) = v(x) if u(z) < v(z) and v(z) < u(z).

Lemma 6.2. Consider c,s nonnegative real numbers, and v a real such that 2y > —1 if c =0
or s =0. Then for all m > 0,

o [ (22 +1)7 exp(clz|)dw &~ m*IT1=sem”
and if in addition 2y > 1 if c=0 or s =0,
o [(2? + 1)V exp(—cla|*)dw &~ m~ 2T =semem”,
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