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Orthogonal polynomials with respect of a class of
Fisher-Hartwig symbols.

Philippe Rambour*

Abstract

Orthogonal polynomials with respect of a class of Fisher-Hartwig symbols.
In this paper we give an asymptotic of the coefficients of the orthogonal polynomials
on the unit circle, with respect of a weight of type f: 0 — H [1— ei(0j79)|2”‘jc with
1<j<M
0; €] — m, m], —3 < a; < 1 and c a sufficiently smooth function.
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Primary 15B05, 33C45; Secondary 33D45, 42C05, 42C10.
Keywords: Orthogonal polynomials, Fisher-Hartwig symbols, Gegenbauer polynomials on
the unit circle, inverse of Toeplitz matrices.

1 Introduction

The study of the orthogonal polynomials on the unit circle is an old and difficult problem (see
[27], [28] or [29]). Here we are interested in the asymptotic of the coefficient of the orthogonals
polynomial with respect of an Fisher-Hartwig symbol. A Fisher-Hartwig symbol is a function
1 defined on the united circle by 9 : ¢ — [Ticjcm |t 0=05) _ 1|20 15 (0=05=m) (1) with
0<6,0; <2m, —% < R(ej) and for all j,1 < j < M and where the function ¢ is assumed
sufficiently smooth, continuous, non zero, and have winding number zero (see [1]). Here we
consider the class of symbols f : e — H e10=05) — 112% ¢ (e with —1<a;j<tandc
1<j<M

a regular function sufficiently smooth. It is said that a function k is a regular function on
the united circle T when k() > 0 for all # € T and k € LY(T). In [19] Martinez-Finkelstein,
Mac-Laughin and Saff give the asymptotic behviour of this polynomials. If M = 2, a1 = o
and #; = —05, 61 # 0 we can remark that these polynomials are Gegenbauer polynomials
([3, 2, 7]) (see Corollary 1) . The main tool to compute this is the study of the Toeplitz
matrix with symbol f. Given a function h in L'(T) we denote by T (h) the Toeplitz matrix
of order N with symbol h the (N + 1) x (N + 1) matrix defined by

(Tn(B))si1 41 = h(j—1) Vi,j 0<ij<N

where m(s) is the Fourier coefficient of order s of the function m (see, for instance [4] and
[5]). There is a close connection between Toeplitz matrices and orthogonal polynomials on
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the complex unit circle. Indeed the coefficients of the orthogonal polynomial of degree N with
respect of h are also the coefficients of the last column of T ' (h) except for a normalisation (see
[17]). Here we give an asymptotic expansion of the entries (T ( fa))l;,l-l,l (Theorem 2). Using
the symmetries of the Toeplitz matrix Tn(fa), we deduce from this last result an asymptotic
of (TN(fa))J:fl—k+1,N+1'

The proof of our main Theorem often refers to results of [26]. In this last work we have
treated the case of the symbols hydefined by 6 — (1 — cos 6)“c whith —% <a< % and the
same hypothesis on ¢ as on ¢;. We have stated the following Theorem which is an important

tool in the demonstration of Theorem 2.

Theorem 1 ([26]) If —1 < a <1, a#0 we have for c € A(T,3) and 0 <z < 1

_ 4 1 o o
c(1) (TN(ha))[]\}le,l = N*° 1F(a)x 1(1 — )%+ o(N 1).

uniformly in x for x € [01,02] with 0 < §; < dy < 1,
with T = R/27Z, and the definition

Définition 1 For all positive real T we denote by A(T,T) the set

A(T,7) = {h € L*(T)| ) _ |s"h(s)| < oo}
SEZL

This theorem has also been proved for v € N* in [24] and for « €]1, +-00[\N* in [23].

The results of this paper are of interest in the study of the random matrices (see [10], [9])
and in the analysis of time series . Indeed it is known that the n-th covariance matrix of a
time series is a positive Toeplitz matrix. If ¢ is the symbol of this Toeplitz matrix, ¢ is called
the spectral density of the time series. The time series with spectral density is the function

[0 el — %20 _ o=if|200 with §) €]0, x| are also called GARMA processes. More-
k
over the time series with spectral density is the function f : § — H |0 — i3 |2 |t — =10 |25
j=1

with 0y €]0, [ are k-factors GARMA processes [12, 11]. For more on this processes we refer
the reader to [3, 2, 7], and to [8, 13, 14, 3, 6, 16, 18] for Toeplitz matrices in times series.

On the other hand a random matrice is characterized by the distribution of its eigenvalues.
For the case of random unitary matrices an important case is the Dyson generalized circular
unitary ensemble the density of the vector (01,60s,--- ,0y) of eigenvalue angles is given for a

N x N matrix is ([22], [21], [20], [30])

Py (01,02, ,0N) = H f(0;) H | — ¢tk |2,

1<j<N 1<j<k<N

where f is generally a regular function (see [15]), but it also can be a Fisher-Hartwing symbol.
For the Dyson generalized circular ensemble the correlation function is written by means of
the Christofel-Darboux kernel K ( see [29]) associated to the orthogonal polynomials with



respect of the weight f.
Lastly it is important to observe that Theorem 2 provides the entries and the trace of the
matrix Ty (f) with f = H 11— =022 ¢ (see [26], [25]).

1lej<M
Now we have to precise the deep link between the orthogonal polynomials and the inverse of
the Toeplitz matrices.
Let T,,(f) a Toeplitz matrix with symbol f and (®,),en the orthogonal polynomials with
respect to f ([17]). To have the polynomial used for the prediction theory we put

n -1
Bi(e) = > TNy M

prt (Tn(f))ﬁarl,N+1

We define the polynomial ®} (see [27]) as

©)(2) = 2"Pn(-), (2)

IS

that implies, with the symmetry of the Toeplitz matrix

)= = (Tn(f))l;h,lzk .
= Ty “

The polynomials &, = &% /(T,,(f ))1_% are often called predictor polynomials. As we can see

in the previous formula their coefficients are, up to a normalisation, the entries of the first
column of T;,(f) .

2 Main results

2.1 Main notations

In all the paper we consider the symbol defined by f : 0 — H |1 — (0= )\20‘3'0 where ¢ =
1<j<M
‘2
Q

We consider also the function f (0 H |1 — ei(9_91)|20‘f We have ¢ = ¢1¢; with ¢ = g.
1<j<M
Obviously ¢; € H?>T(T) since H*"(T) = {h € L*(T)|[u < 0 = h(u) = 0}. If x is the
M
function 6 — € and if x; = €% for all j,1 < j < M we put g = H(l —X;x)%c1 and
j=1

2
with P, @ € R[X], without zeros on the united circle, —% <oj < % and 0 < 6 # 0; < 2m.

M
Jg= H(l —xX;x)%. Clearly g,g € H*"(T) and f = g9, f = §g. Then we denote by §; the
j=1

Fourier coefficient of order k ¢!

1

and by J;, the one of §~!. Without loss of generality we

—

assume [y = 1. Lastly for all real o in | — %, %[ we put &(La) =(1-x)



2.2 Orthogonal polynomials

Theorem 2 Assume that for all j € {1,--- , M} we have 0; €]0,2n(, 0; # 0, if j # j' and

—%<o¢M<---<oz]§ a1<§ Let m, 1 < m < M, such that o;j = oy for all j,

1 < j <m.Then for all integer k,  — x, 0 <x < 1, we have the asymptotic

-1 __ 200
T g —1P%e =
IsjsM k41,1

kall a a
= " SR ) 4ok

M
uniformly in k for x € [09,01], 0 < dp < 01 < 1, and with K; = H(l —XnX;) .
h=1

Then the following statement is an obvious consequence of Theorems 2.

Corollary 1 Let xq be €% with 0y €]0, +n[. With the same hypotheses as in Theorem 2 we
have

(Tﬁl (|X%— 1 [**xxo — 1 |2ac))k+1,1 =

Ka,@ C a— k o a—
:W‘))lcos(k00+wa7go)k 1(1_N) + o(k*1)

uniformly in k for x € [0g,01] 0 < by < &1 < 1, and with
7T — . J— —
Wa 00 = oz§ —aby —arg (c1(x0)), Kag,er =2 a+1(SlD 00)“\/ ] 1(XO).

We Can also point out the asymptotic of the coefficients of order k of the predictor polynomial
when — 0.

k
Corollary 2 With the same hypotheses as in Theorem 2 we have, if N — 0 when N goes to
the infinity

_ o 1
T IT oG —1Pe = B+ O(55)-

l<j<M k+1,1

3 Inversion formula

3.1 Definitions and notations

Let H**(T) and H?~(T) the two subspaces of L?(T) defined by H?*(T) = {h € L*(T)|u <
0 = h(u) =0} and H2(T) = {h € L3(T)|u > 0 = h(u) = 0}. We denote by 7 the
orthogonal projector on H2*(T) and 7_ the orthogonal projector on H2~(T). It is known (see
[14]) that if f > 0 and In f € L'(T) we have f = gg with g € H**(T). Put ®&x = 2xV*'. Let
Hg, and Hg  be the two Hankel operators defined respectively on H 2+ and H>~ by

Hoy : H*(T) = H**(T),  Hoy(¥) =7 (2n¥),



and

Hyy o H*7(T) —» H*'(T),  Hg, () =i (n0)).

3.2 A generalised inversion formula

We have stated in [26] for a precise class of non regular functions which contains H XX — 1*% e
1<j<M
the following lemma (see the appendix of [26] for the demonstration),

Lemma 1 Let f be an almost everywhere positive function on the torus T with In f, f, and
< are in . Then f = gg with g € . For all trigonometric polynomials P of degree
; in LY(T). Th ith g € H**(T). For all tri ic pol jals P of d
at most N, we define Gy ¢(P) by

Grf(P) = 1r. (5) R (‘I’Ni (Hj Haoy) 7w dymy (%)) .

9 "\g/) g pors

For all P we have
N s = P R
e The serie E (Hy Hoy) mp®nmy | — | converges in L*(T).
g
s=0

o det (ITn(f)) #0 and
(In(f)7" (P) = G g(P).

An obvious corollary of Lemma 1 is

Corollary 3 With the hypotheses of Lemma 1 we have

k l k

b= o () ()~ (o () o (£))

(u) we obtain as in [26] the formal result

Qi)

Lastly if v, =

k k (3] 00
* = X _
(H3  Hoy)" i ®@nmy <?> = Zﬁfg)om Z (Z Y= (N+14n1+n0),a,00

u=0 no=0 \ni1=1
e 0
E : Y—(N+1+ni1+n2),a,00 " ° E : W*(N+1+n2m—1+n2m—2),a790
n2=0 Nnam—1=1

(o]
_ no
Z ’Y—(N-i-l-i-ngm1+n2m)7a,90’}/—(u—(N+1+n2m),a790)> X

n2m=0

3.3 Application to the orthogonal polynomials

With the corollary 3 and the hypothesis on Gy the equality in the corollary 3 becomes, for
=1,

k
(TN ()1 ps1 = Br = D BrouHn (1) (4)
u=0

5



with

—+o00 [e’e) o0
Hyw =3 (z et (z e,

m=0 \nog=0 n1=0
oo oo
Z 7—(N+1+n1+n2),a700 e Z ﬁ_(N+1+n2m71+n2m72)7a760
n2=0 n2m—1=0

o0
§ V—(N+14n2m—1+n2m),a,00 i(u* (N+1+n2m)704,90> >

n2m =0
The remainder of the paper is devoted to the computation of the coefficients 8y = g—1(k),

Ve = /%\ and Hpy(u) which appears in the inversion formula. For each step we obtain the

corresponding terms for the symbol 2%(1 — cos#)c mulitiplied by a rigonometric coefficient
(see [26]). That provides the expected link with the formulas in Theorem 2.

4 Demonstration of Theorem 2

4.1 Asymptotic of j;
Property 1 With the hypothesis of Theorem 2 we have, for sufficiently large k,

k1 & k—1 1
Br = (o) Kixg er (xj) +o(k™77)
)=
M
uniformly in k, with K; = H (I =Xnx;) ", and 71 = o if oy > 0 and 71 <= alpha, —%
h=1,h#j

else.

First we have to prove the lemma

Lemma 2 With the hypothesis of Theorem 2 we have, for a sufficiently large k.

kalfl m

— K—k koq—l

j=1
uniformly in k, and with 71 as in Property 1
Remark 1 In these two last statements “uniformly in k 7 means

Ve > 0,3k. € N suchthat : Vk, k > k.

kOél—l m o L
‘5k - mszXjkcl 1(Xj)‘ < k™1
j=1

and

— m
By — —— K»_»’“‘ < k™l
Bk F(Oél)jzz: 3 X3 €



M
Proof of Lemma 2: Put gy = H(l —Xax)" ¥ and gyre1 = (1 — Xargix) ~“M+1. Assume

h=1
o Lo 1 m
g (k) = e KjxG*. Put kg = k7 and k; = k7 with 0 < 7,71 < 1 andfor u > ko, (k—k;)
ay) <
7=1
we have .
— uCVM-H*
1—y)om+1i(y)= —— + O L OM+1—2 5
(13075 (1) = Fras + O™ 72) o)
uniformly inu (see [31]). Writting for k > ko, Bk = 51+ S2 + S3 with
k—k1— 1
Z!JM u 9M+1 Z In 9M+1(k u)
u=ko+1

and S3 = Z g gMH(k: w). The first sum is also

u=k—k1
g f:/—\l( ) </—1\(l<: ) — U)O‘M“1>
1= g U g —U) = XM+1 /N
2 M M+1 + Tlanr o)

ko —1
(k _ u)OéM+1
+> (xﬁ‘m— XAt

I'(anr41)

We observe that

ko B
= 1 k — u)om+1 1
(" < Lok —u) — —k—u(—>
UZ:OgM( )\ 9rsa( ) — XM+1 Tlarres)
ko
= DO ((k —u)™ 01 72) = O ((k )" - gaen )
u=0

Since 0 < a3 — aprg1 + % we may assume y < a1 — apr41 + % and we get

ko — a —1
— 1 _y (B =)+t —
I O e g | I ©
—0 (anr41)
It turns out that
ko -1 -1
k — u)aM+1 — kaM+1
S, — § -1 u k—u <( >
1 u:OgM ( )XM+1 F((XM+1)
ko -1
kja’JVIﬁ»l
+ o (u vl 4okt
UEO I (WX EI) ( )

with, for v <

ko 1 -1 ko
— u k — ) M+1 _ kOéM+1 o _
‘E 9ar (u) <XM+1k ( ) ) )‘ = O(k*M+17%) Y "u
u=0 u=0

F(OZMH

ai—ap4+1+1
2

= O(k*M=1127 — 2) = o(k™ 7 1).



On the other hand

Z In WX 41 = Z I (WXRr41

oo

- Z ng/jl (WX hr41-

u=ko+1

o0
Using the appendix we get ‘ Z g&l(u)xﬁ/pﬂ‘: O(k:g‘l_l), and kom+1—1Eo -
u=ko+1
since apry1 — 1+ y(ap — 1) < a3 — % Hence

o(k™1)

feanm+1—1 M

Sy — v —k 1 — ~-\ Q5 lefl
'S Tlan 1 1) ]1;[1( XM+1X;) +o(k™ )
uniformly in k. Identically we get
]{?alil m N M+1 .
S = | IT =™ | +otkn ™),
I'(ap) & AL
Jj=0 h=1,h#j

uniformly in k. Finally we can remark that the appendix provides
Sy = O(max (kg1 kesr+1=1 g0+~ pon—1y — o(km1-1) upiformly in k. We have obtain

1. for apry1 < aq,

2. for Opf+1 = O

M+1

k?Oél Z J 1—[ (1—Xjﬂ)7ah

J h=1,h#j

m

M
+ X1 H (1= xa1X5 % | | + ok 7).
7j=1

that ends the proof of the lemma. O

To ends the proof of the property we need to obtain f; from B for a sufficiently large k.
We can remark that a similar case has been treated in [23] for the function ((1 — x)%) "
Here we develop the same idea than in this last paper. Let ¢, the coefficient of Fourier of
order m of the function 01—1. The hypotheses on ¢; imply that 01_1 is in A(T,p) = {h €



LA(T)| Y ez uP|h(u)| < oo} for all positive integer p ( because ¢;! € C(T) and for all

k
positive integer |h(®)| = %|h|) . We have, (3, = ZBkck—s- For 0 < v < 1 we can write
s=0
k k—kY

Zﬁsck s — Z Bsck s T Z Bsck ER

s=0 —kv+1
Lemma 2 provides, with the same notations,

k ~ m k 51
Z Bscm—s - Z K] Z mX_jSCkfs + R
s=k—kv+1 J=0  s=k—kv41 1

with |R| = o(m™ 1) Z];:k_kVH |ck—s|. Since ) . |cs| < oo, we have

koo k Eo et
D Pes =D K Y, G st o(m™ ).
s—=h—kV+1 =0 s—k—kv+1 1
We have
k m
‘ S (T =k e < =0k S e, (7)
s=k—kv s=k—kV+1
and the convergence of (cs) implies
Zk: Soq—l _ kal—l + kal—lx_sc
Sep
s=h—k¥ CY T
kalil : S a—2+
= X; Ch—s + O(K* =T
I'(oq) _ZUXJ -5 + O )
s=k—k
kalil—k = —v = —v
X X Cv — X ¢
F(al) <v:0 ’ v:kZ”Jrl ’

For all positive integer p the function ¢; € A(p, T)). Hence one can prove first

‘ Z e-HUGCU k pv Z’cs‘ (8)

v=k¥+1 SEZL

and secondly
k
> X =X5'er (%) + O™,
s=k—kv
On the other hand we have (always because ¢; ' in A(T, p))

k—kY

‘ Z Bsck—s

For a good choice of p and v we obtain the expected formula for 8. The uniformity is provided
by Lemma 2 and the equation (7), (8) and (9).

< = 3 ePley ma(IA)). )

VEZ



4.2 Estimation of the Fourier coefficients of %.

Let v be /%;(k‘) and 7, be £(k).
Property 2 With the hypothesis of Theorem 2 we have, for all integer k > 0 sufficiently large

k)

1 sin(ma) - c1(x;)
_ = J C1\Xj) —k min(a;—1,—1)
N = § : H X+ o(k )
k j=1 0 ]Cl(Xj) ’

(@)

uniformly in k and with H; = H —
joLa NX0XG

First we have to prove the lemma
Lemma 3 With the hypothesis of Theorem 2 we have, for all integer k > 0 sufficiently large

1 sin(ma;)
_ - E SUNNCG) v —k min(a;—1,—1)
=k k: 7=1 ™ HJX] O(k . )

uniformly in k.
ksinmas _

In all this proof we denote respectively by 71 x,v2x the Fourier coef-
1
T ktam

Proof of Lemma 3:
(e3¢ _
) . Clearly v2. 1 = (X)

M-1
ficient of order k of H
J

XhX - 1 aj XX]W_l)
I — and | =—5
XX — 1 ((XX]W 1)

M—1 )
(XhXj - 1)01]

H XnX; — 1

1

M .
B 1 sin(may _ .
(xXa1)*v3 k- Assume k > 0 and vy, = p Z %H;Xjk + O(E) with H} =
i=1 J=1h#j
Assume also k > 0. We have v_; = Z Y,uY2,0- For kg = k7, 0 < 7 < 1 we can split this
vtu=—~k
sum into
—k+ko —ko—1
Z Y1uY2,—k—u + Z Y1,uV2,—k—u + Z Y1,uV2,—k—u
u<—k—ko u=—k—ko u=—k+ko+1
ko
+ Z YuY2,k—u + Z Y1uY2,—k—u-
u=—ko u>ko
Write
ko kO
Z M2, ~k—u = Z Y0 (X)) (V3 —hmu — Y3,k + V3 -)-
u=—ko u=—ko
Since
ko sin(ma) ko u
= k+u - _ _ 22\ = k+u — 10
u;}go Y (000 (98, — ¥3,-) - u;}go 1) e oG (0

10



it follows that (always with the appendix)

0 0
Z Y1uV2,—k—u = V3,—k Z Wl,u(XM)_k_u + O(kok‘_Z)

u=—ko u*—ko

= v3-k(xm)* D yuxis + Okok™?)
lul=ko
(oo — 1\

— st IT (ZEL=1) 40 (b)) + Olhok )
7j=1
M oo — 1\

= 3,k (xar)" H (W) + O(k™72).

In the same way we have

—ktko M inmas e (Xarx; — 1\ ™M 9

/— _

E Y1uV2,k—u = E / HJ Xj ( . ) O(kT )
B , ™ Xmx; — 1

u=—k—ko jfl

Now using the appendix it is easy to see that

Z VYo, k—u < My (kok)™! (11)
u<—k—ko
Z Y2,k < Ma(kok) ™ (12)
u>ko
—ko—1
with My and Ms no depending from k. For the sum S = Z V1,uY2,—k—u We remark,
u=—k+ko+1
using an Abel summation, that
Aot 1 1
S| < My(kok) ™" + | -
151 Ma(kok) 72 (uta)k—u+a) @wWH+l+a)k—u—1+a)
u=—k+ko+1

with M3 no depending from k. Consequently

—ko—1

1S < Ms(kok) ™+ >
u=—k+ko+1

k—2u

et (13)

Then Euler and Mac-Laurin formula provides the upper bound

—ko—1 k —2u
S| < O ((kok)™" +/ = .
g ((kok) ™) —khot1 (B —u)*u?

Since

/ Pl k—2u 3k ool
du < / —du
ko1 (B —u)?u? (k +ko)? J_pqrgr1 u?

11



we get finally
—ko—1

> Mawrzk—u = O ((kok)™)

u<—k+ko+1

and

—

M .
EZ mﬂ Hix;" + O ((kok) ™) + O(k*2).

Then with a good choice of 7 we obtain the expected formula. The uniformity is a direct
consequence of the equations (10), (11), (12), (13). O

The rest of the proof of Lemma 3 can be treated as the end of the proof of property 1.

4.3 Expression of (Ty' <f))k+1 X
First we have to prove the next lemma

Lemma 4 For a €] — 3, 2] we have a function Fy o € C[0,6] for all § €]0,1[, satisfying the
properties
i)
1+«
o)

Vz €10,0] [Fna(2)] < Ko(1+4|In(1 -2+
where Ky is a constant no depending from N.
ii) Fn and F) have a modulus of continuity no depending from N.

i11) with the notations of Theorem 2 we have

(Tﬁl (f))k+1 1=
_/Bk:__zgk u ZFNaJ _ju +RN7041

uniformly in k, 0 < k < N, with

k M
_ u . ___ .
Ryo, =0 | N B ZFN,aj(N)XjU if a>0
u=0 i=1
and
k M
RN, =0 Noea~! Z Br—u ZFNQJ if a<0
u=0 7j=1

Remark 2 (Proof of the corollary 2) for % — 0 Lemma 4 and the continuity of the
function F,, provide

k M
(Tlgl (f))k,l :5k+%25k7u ZFNaJ —]u (1+O(1))
u=0 j=0

12



Since Fno(0) = o + o(1) (see [26]) the hypothesis By = 1 and the formula (4) imply the
corollary.

Proof of the lemma 4:  As for [26] and using the inversion formula and Corollary 3 we have
to consider the sums

Hy, n(u) = (Z Y—(N+1+no) Z V—(N+1+n14n0) Z V—(N+14nidng) X -

n0:O n1:0 n2:0
0 0
X Z Y—(N+1+n2p_2+nop_1) Z V—(N+14n2m—1+nom) Yu—(N+14nap)
n2m—1=0 nap=0
If
0
S?p = Z ’7—(N+1+n2p,1+n2p)r7u—(N+1+n2p)
n2,p=0

we can write, following the previous Lemma, So, = So, 0 + S2p,1 + Rap.o; With

sinma; \ 2
E : E : J _
S0 = < T ) X

n2p=0 \ j=0

1 1
N+1+n2p1+n2p+ajN+1+n2p—u+aj>

> M ——sin7ay sinmag ¢ (x7) e1(x)
Sopr= . | > HH({) £
nap=0 \jj'=0j#4" T albd)al?)
TN+1+n2p+n2p71 X‘]‘V+1+n2pfu 1 1 )
! 7 N+1+mng, 1 +ng+a; N+1+ny —u+aj

Let us study the order of Sa, 1. To do this we have to evaluate the order of the expression

A 1 1

J
;XON+1+n2m_1+j+aN+1+j—u+a

where H goes to the infinity and N = o(H). As for the previous proofs it is clear that this
sum is bounded by

JRE 1 1 o
SIN+24ngp 1 +IN+24j—u NAldng  +jN+1+j-u

Obviously

1 1 1 1
‘N+2+n2p_1+jN+2+j—u_N+1+n2p_1+jN+1+j—u‘
‘ 2N+2+2j+n2p_1—u
TN+ 14 n2p 1+ 52N+ 145 —u)?

13



and

‘ 2N—|—2—{—2j—|—n2p,1—u

(N+1+n2p—1+j)2(N+1+j_u)2‘

_ 1 1 1

_‘N+1+j+n2p_1+N+1+j—u‘(N+1+j+n2p_1)(N+1+j—u)
1 1

< — .
_N(N+1+j+n2p_1)(N+1+j—u)

In the other hand we have, for a; €]0, 3]

1
ZN+1+n2p 1+n2p N+1+n9 —u

RQILOQ =

and for a; €] — 3,0].

1 1
R =0 | N“
2p,0n ;}N+1+n2p—1+n2pN+l+n2p—u

Hence we can write

M sin a2
e E ) —nop—1+u
SZp - SZp - X] P + Tm )

§=0
with .
o0
1 1
S = .
2p jZON+1+n2m—1+n2mN+1+n2m_u
and
Tmar = o(l) if a €]0, %[
Tma, = Oo(N) if a €] — %,0[.

For z € [0,1] we define F), y(2) by

1 1
Foni) =Y —— x
p(2) §ON+1+no;ON+1+w1+wo

e}

5> :
N+1+ Nop—2 + Nop—1

n2p—1=0

1 1
Z NAl+ng 1+npl4dy+52—2

n2p=

Repeating the same idea as previously for the sums on no,,_1,- -+ ,ng we finally obtain

1 M sin(ma’) 2p+2 .
Hpﬂ(“)zﬁ Z — Xj FmN(N)+RNa1)
§=0

14



with Ry, as announced previously.

For all o €] — £, 1[ we established in [26] the continuity of the function F, y and the uniform

>, [sin(ma)\* 11
convergence in [0, 1] of the sequence Z - F, n(z). For a €] — 3, 5[ let us denote

p=0
sin T

m
> Fy,N(2). The function Fi 4 is defined, continuous and
T

+oo
by Fn.(z) the sum Z <
m=0

derivable on [0, 1] (seei[26] Lemma 4). Moreover for all z € [0,d] , 0 < § < 1 we have the
upper bounds

1
< .
I+4+22 2" 1+4 -9
Hence
k-5 1+4 -4
N < N
<1+ +"ﬁ—z> 1+ %+ -2
and

2
1 - 1 1
I+ 4+ -2) " 1+%-61l+++22—2

These last inequalities and the proof of Lemma 4 in [26] provide that Fiy , is in C1[0,1].
Always in [26] we have obtained that, for all z in [0, 1],

‘FN,O,(Z)‘ < K, <1+(1n(1—z+ 1;0‘)0 (14)

where K is a constant no depending from /N.
Now we have to prove the point ii) of the statement. For z, 2" € [0, J]

/
Z—Zz
m+%+%f%+%+ﬁ—ﬂ
|z — 2| 1

<
- — 1+ m
1=0 14+ 32+ %82 -6
that implies, with (14)

Ko (1+(1n(1—5+1+T“)
T

) 5

[FNa(2) = Fra(2) | < |2 = 2|

In the same way we have

| R e — ) 4 (L B e )
(1+ 4+ 2 —22(1+ L2+ g — )2
1
<2\z—z’]

and always with the inequality (14)

— Ita
IFly () = Flo () | < 27 — ’KO(H‘ln(l o N)) 16
N, Z) N,oc(z)’— ‘Z Z’ (1_5)2 . ( )

15



Using (15) and (16) we get the point 7).
To achieve the proof we have to remark that the uniformity in k in the point 7ii) is a direct
consequence of Property 2. O

We have now to state the following lemma.

Lemma 5 For % —x, 0 <z <1 we have, with the notations of Theorem 2,

k
Zﬂku ZF% Zx] e (0G)E; | 30 B e (55) + ok ),
u=0

uniformly in k for x in all compact of |0,1[ and for K; as in Property 1.

Remark 3 This Lemma and Lemma 4 imply the equality

m
TN (Pisng = | DX 0K | Tt (11 = xP) g + o7
j=1

with (see [26] Lemma 3)

k
_ o 1 o U
Tt (1= x*) (ﬁk —NZ@&JFN,MN))-
u=0

Proof of lemma 5:  With our notation assume x € [0,6], 0 < 6 < 1. Put ky = N7 with
v €]max(%, =) 1] if a3 < 0, and v €]0,1] if oy > 0. For all integer h, 0 < h < M

717 1—
k k
we can splite the sum Zﬁk—uFNAh(N)Xh into S = Z Br—uFN ah(N) Rt and S =
u=0 u=k—ko

k—ko

u

Z ﬁk—uFN,ah(N)Eu' First we assume that 0 < h < m. Then a; = «;, and Property 1 and
u=0

the assumption on 71 show that

k? k?() m a1 —1
—u,, (k_u) ! U.\__y
=> [ > K" (x;) WFN’Q”(N)X"
u=0 \ j=1 1
k—ko a1—1
o k—u)™ U
= Khxhkcl I(Xh) Z % N,al(ﬁ)
u=0
k—ko 1
(k_u)al U, u [
+ Z et G) | D WFN,al(N)(xhx]‘) ) + o(k*)
J=1,j%#h u=0 1

uniformly in & (5). Then an Abel summation provides that the quantity
k—ko
u

| > (= )" P () (T)”

is bounded by

16



k—ko

u+1 _ U . .
Miky™ Z —u—1)*" 1FN0‘1(T) — (k —w)” 1FN’O‘1(N)‘ with M; no depending
from k. Moreover
k—ko
_ u+1 _ U
S|tk —u = 1" Py () = (B = 0™ P (1)
u=0
k—ko w
< 2l == )= (0 e ()
k— ko
u—i—l U -
# 3 i) = B (6 == )7 Y

From the inequality (14) (we have assumed 0 < % < §) we infer

k—ko k
Dok —u =) = (k= ) | Py, (w)] < Mp Y 072
u=0 w=ko
with Ms no depending from k. We finally get
k—ko k
D1k == 1) (k) Eva, ()] = O | 35 0
u=0 w=ko

Identically Lemma 4 and the main value theorem provide (since Fy , € C1[0,6], V& €]0,1[).

k—ko a

u+1 U o k o
> 1N () = Envan ()l —u = 1) 7 < My =k = o(k).
u=0

always with M3 no depending from N. By definition of ky and with Property 1 we have
easily the existence of a constant My, always no depending from k, satisfying for a; > 0

Z ﬁ(al Fn o, ( ) < Myki' = o(k**). Consequently for a1 >0 and 0 < h <m
u=k—ko

k

u . ___
E 5k—uFN,ah(N)Xhu
u=0

— k1 gy (k —u)! u 1
= Kpxnc; (xn) E Tl FN,al(NH'O(ka )
u=0

= KnXn" i (xn Zﬁ FNal(N)O(kal)

uniformly in k& with the definition of the constants M;, 1 < i < 4. For h > m we obtain

identically that
k—ko

u
ZO /Bk:quN,ah(N)%u = O(kal)'
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and we get the Lemma for a; > 0.
Hence we assume in the rest of the demonstration that a; €] — %,O[. Recall that now v €

]max(ﬁ T 0;11) 1].

k
We have to evaluate the sum Z ﬁk,uFN,ah(%)E“. Fn.a, € C10, 6] implies, for kjvko <
u=k—ko
k
U k k k ko k
Enan() = ENan () + Fvan () = Fvan () + O(5) = Fvan (55) + oK)
uniformly in k (see once a more the definition of vy and 7).
Hence we can write, uniformly in k&,
Z 5]? uFNoch Z /Bk: u Nah ) u+0(ka1)
u=k—ko u=k—ko
= X" Fia, ( Z Buxp, + o(k*).
v=ko+1
If 0 < h <m we get
+oo +o0 m ?}alil
Yo o Boxi= Y | DK oG mxz + o(kg'),
v=ko+1 v=ko+1 \j=1 1
that is also, with the definition ko = k7, v €] max(+, =5-), 1],
+oo +oo m fUOél—l
> o= 3 (SR | Fr o
v=ko+1 v=ko+1 \j=1 1
We have
too m . Y pr—1 . . too pr—1
Z Zchl (Xs)XG th = Kney (xn) Z (1) +R
v=ko+1 \j=1 v=ko+1
An Abdel summation provides |R| < Msk$* ™! = o(k®') uniformly in k.
Hence we have
+oo a1—1
U\ 1 K k v
Z 5k7uFN,ah(N)Xhu - _thl (Xh)Xh FOq(N) Z I’(al) +0(k041)
u=k—kog v=ko+1
that is also
k (1)
U, _ . k B
> BruFNa ()X = Kner ' (xn) X" Fou () P+ o(k)
N N (o)
u=k—ko u=k—ko
k (Oél)
RT3 LR G o)

=k—
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uniformly in k. Since we have seen that the sum

k—ko u
Z ﬁk—uFN,ah(N)Eu
u=0
is equal to
k—ko /8(011 U
X't (xn) Ty P () + 0k
u=0

we can also conclude, as for cv; > 0, that for 1 < h <m

k  pgla1)
— —u v o
Z/BkFN o ()X = Ky ! ()X > —F?al)Fal(ﬁ) +o(k*).

v=0
Identically if h > m we obtain ‘Z Br—uE'N .oy, (= E“‘ = o(k“!) uniformly in k. The unifor-

mity is clearly provided by the unlformlty in Lemma 4 and by the previous remarks. This last
remark is sufficient to prove Lemma, 5. O

Then Theorem 2 is a direct consequence of the inversion formula and of Lemma 5.

5 Appendix

5.1 Estimation of a trigonometric sum

Lemma 6 Let My, My two z’ntegers with 0 < My < M, X # 1 and f a function in C* (]My, M)
with for all t €| My, My[ f(t) = O(tP?) and f'(t) = O(t°~'). Then

L oMP) if B>0
‘g\;of(u)x :{ O(M;ﬁ) it B<o0.

Proof : ~ With an Abel summation we obtain, if o, =14 -+ + x%,

M, Mi—1
o fxt = (flu+1) = f(w)ou+ f(Mi)oa, + f(Mo)ors-1
u=DMy u=DMy
and
M;—1 1 M;—1 Xu+1
() - foa = (00 +106) (=) - 3 Ul - )i
Mp—1 +1 1
= u%of cu) T+ (f(Mo) + f(M1)) <ﬁ>
with ¢, €]u,u + 1[. We have
Mi—1 Mi—1
> et >

u=DMy u=DMy
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hence

L . oM if B>0
‘g\;of(u)x :{ O(M;ﬁ) it <0
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