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Abstract

The quantitative long time behavior of absorbing, finite, irreducible Markov processes is con-
sidered. Via Doob transforms, it is shown that only the knowledge of the ratio of the values of
the underlying first Dirichlet eigenvector is necessary to come back to the well-investigated situ-
ation of the convergence to equilibrium of ergodic finite Markov processes. This leads to explicit
estimates on the convergence to quasi-stationarity, in particular via functional inequalities. When
the process is reversible, the optimal exponential rate consisting of the spectral gap between the
two first Dirichlet eigenvalues is recovered. Several simple examples are provided to illustrate the
bounds obtained.
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1 Introduction

This paper begins to develop a quantitative theory of rates of convergence to quasi-stationarity, as
in the following example. Consider the simple symmetric random walk on {0, ..., N} with holding
1/2 at N and absorbing at 0. Let X; be the position of the walk at time t € Z, and T be the
absorption time at 0. Let u(z) := P[X; = x|T > t], for x € {1,..., N}. Classical theory, reviewed
below, shows that

lim w(x) = v(z) = Z_lcos<(

t—+00

ON + 1 —2z)7
202N — 1) >

with Z~! = 2tan < 50 o 1)) the normalizing constant. The measure v is called a quasi-stationary

distribution. How large does t have to be so that these asymptotics are useful? In Section 3, which
is devoted to explicit computations, we prove for the continuous time counterpart of the above
process that for any starting distribution on {1, ..., N} and for all s > 0,

lue = vl < 2\f(1+(9( 1)) exp(—s) (1)

)
t = —SN2In(N)+ 5N
272 2
Thus the quasi-stationary asymptotics takes hold for ¢ larger than N2In(N). In (1), g and v
depend on N but the bounds are uniform in V.

We will work mainly in the continuous time setting, which is more convenient to deal with.
We will come back to the discrete time framework in Section 4. Generally, a quasi-stationary
distribution of an absorbing Markov process X := (X;);>0 is a probability measure v on the state
space S (where the absorbing points have been removed) such that starting from this distribution,
the time marginal laws £(X;) remain proportional to v on S, for all t > 0. For nice processes X,
the quasi-stationary distribution is unique and starting from any distribution on .S, the conditional
(to non-absorption) law p; := £L(X;|X; € S) converges toward v for large times ¢t > 0. The purpose
of this article is to investigate this convergence quantitatively when S is finite.

More precisely, the framework is as follows. The whole finite state space is S := S L {0}, where
o0 is the absorbing point. There is no loss of generality in assuming there is only one such point, up
to lumping together all the absorbing points. Let L be the generator of the process X on S, seen
as a matrix (L(z,y)), 5. To any given probability measure mgo on S, there is a unique (in law)
Markov process X whose generator is L and whose initial distribution £(Xj) is mg. For any ¢t > 0,
let my = £L(X;). Using matrix notation, where measures are seen as row vectors (and functions as
column vectors), we have

VtZO, my = mopt

where (P;)=0 is the semi-group (exp(tL))¢=o associated to L. Except if mg is the Dirac mass on
o0, for any ¢t = 0, m(S) > 0 and we can define the probability measures p; as the restriction to S
of my/my(S). They will be our main objects of interest here. By definition, we have

Vt=0,V feF,  wlf] = % )

where F is the space of real functions defined on S, also seen as functions defined on S which vanish
at oo (Dirichlet condition at o). A probability measure v on S is said to be a quasi-stationary
measure for L if pg = v implies that y; = v for all ¢ = 0. We will recall below a convenient



assumption ensuring there is a unique quasi-invariant measure v associated to L. The objective of
this paper is to quantify the convergence of p; toward v for large times t > 0, whatever the initial
distribution pg.

For any z € S, denote V(x) = L(x,0) = 0, the killing rate at z. The symbol V will designate
the function S 3z — V(x) as well as the S x S diagonal matrix whose values on the diagonal are
given by V', namely the multiplication operator by V on F. Let L be the Markov generator on S
which is such that the S x S minor of L can be written L — V. Our main assumption is that L
is irreducible. At some point, this hypothesis will be strengthened by a reversibility assumption,
in order to get more explicit results. A traditional application of the Perron-Frobenius theorem
(see for instance the book [5] of Collet, Martinez and San Martin) to L — V or to the associated
semi-group, seen as operators on measures on S, ensures that there exists a unique quasi-invariant
measure v associated to L. The probability measure v gives a positive weight to any point of S.
Furthermore there exists A\; > 0 such that v(L — V) = —Ajv, A; is the eigenvalue of V' — L which
is strictly less than the real parts of the remaining eigenvalues (in C). In the same manner, there
exists a unique invariant measure 7 for L, charging all points of S. To see the relation between v
and 7, consider the operator L* which is adjoint to L in L?(n). As a matrix, it is given by

. n(y)
Vm,yES, L (x’y) - ml/(y,x)
The fact that n is invariant is equivalent to the fact that L* is a Markovian generator. We can
thus apply the Perron-Frobenius theorem to L* — V| seen as an operator on F to find a positive
function ¢* on S such that (L* — V)[¢*] = —A1¢*. Let us renormalized ¢* so that n[¢*] = 1.
Then v = ¢* - 1, the probability measure admitting the density ¢* with respect to 1. Indeed, for
any test function f € F, we have

@* - (L =W = nle*(L -V
nl(L* = V)[¢*]f]
—An[e* f]
= —M(¢* - n)lf]

so that (p* - n)(L — V) = —\1(¢* - 1) and by consequence (¢* - )P = exp(—A1t)(o* - 1) + (1 —
exp(—A1t))0os. B

This relation implies that if the process X is started from the quasi-distribution v, then the
absorption time 7 := inf{t > 0 : X; = oo} is distributed as an exponential distribution of parameter
A1. Indeed, we have for any ¢t > 0,

P,[r>t] = vR[5]
= exp(—Ait)

where P, is the underlying probability measure, when X is distributed according to v. More
generally, from this identity, it is not difficult to deduce that for any initial distribution mg not
equal to o, we have

tEr-Poo In(Ppo[7 >t]) = —Xo
showing that Ay is the exponential rate of absorption.

Furthermore, we can find a positive function ¢ € F such that (L — V) = —\jp, but we
rather normalize it through the relation n[@?] = 1. For any positive function f € F, we note
fa =minges f(x) and f, = maxzes f(2).

Finally, consider the Markovian operator L on S which is defined by its off-diagonal entries via

Ve=yes, L(z,y) = L(x,y)zéz; (3)




Let (]3,5)90 be the associated Markovian semi-group. Since L is irreducible, it admits an invariant
probability 7. In next section we will check that it is given by

oy p@)e*(@)n(x)
voes, i@ = Yyes P (y)n(y) @

To give a first estimate on the convergence of u; toward v, let us recall that the total variation
of a signed measure m on S satisfying m(S) = 0 is given equivalently by

[mly, = 2sup |m(A)]
AcS

= sup  m(f)
FeF, | fllp<1

>, Im(@)]

zeS

(where as usual, | f|., designates the supremum norm of f). Note this definition differs by a factor
of 2 from the probabilist version.

Theorem 1 For any probability measure pg on S and for any t = 0, we have

(2N

20,

Py =i < = vl < 22 |oB; - |
tv (20N tv

where [ig is the probability on S whose density with respect to ug is proportional to @. In particular

are the same.
\'%

the asymptotic exponential rate of convergence of ||y — v|,, and Hﬁoﬁt -1
t

Note that in the trivial case where there is no absorption, namely V = 0, we have p =1 = ¢*,
(é)t>0 = (P})¢=0, the Markovian semi-group generated by L, v = 7] and u; = ,uOIBt forallt > 0, so
that the above bounds are optimal, up to the factor 2.

In a forthcoming paper, we investigate the quantity ¢., /¢ ., providing different upper bounds
via path and spectral considerations, first step toward the extension of the results presented here
to certain denumerable chains.

Theorem 1 reduces the study of convergence to quasi-stationarity to the much more well-studied
situation of the convergence to equilibrium. One can for instance resort to functional inequality
techniques (see for instance the lecture notes of Saloff-Coste [25]), the simplest of them being the
L2 approach. Let L° be the additive symmetrization of L in L2(%): it is equal to (L + L*)/2, where
L* is the adjoint operator of Lin IL2(7}). The matrix of this Markov generator is described by its
off-diagonal entries:

~ 1

_ R N N R )
vomyes,  Dew) - (L0050 4 1w 2 )

Its self-adjointness implies that L°is diagonalizable in R and let X > 0 stands for the smallest non-
zero eigenvalue of —L°. Since L° is irreducible, the eigenvalue 0 has multiplicity 1 (with eigenspace
consisting of the constant functions) and A is the spectral gap of L°. Then we get:

Theorem 2 For any t = 0, we have

nlee*] ey ¥
sup |pur — v, < — = exp(—At
ji0EP ” I (PL*N) A n (=)

where P stands for the set of probability measures on S.



We have \ = A~ where A is the smallest positive constant such that the following Poincaré
inequality is satisfied for all f e F,

D (@) =D e @)e@n@) < A Y (fly) — f(@) ¢ @)e(yn(@) Lizy)  (6)

zeS x,yes

This variational formulation enables to compare X with A (see for instance Diaconis and Saloff-Coste
[10] and Fill [15]), the spectral gap of the additive symmetrization of L in L?(u):

~ *
Aoz Patay (7)
SO\/ SO\/

We will put these considerations into practice in Example 3.4.

Let us now assume that 7 is reversible for L. Then —(L — V) is self-adjoint in L?(n) and so
is diagonalizable in R. As it was already mentioned for the general case, its smallest eigenvalue
is Ay > 0. Consider its next eigenvalue Ay > A; (the strict inequality is a consequence of the
irreducibility of L in the Perron-Frobenius theorem). The next result shows that to get a useful
understanding of the convergence of u; toward v for large t > 0, only the knowledge of 7, of the
ratio of the extrema of ¢ and of Ay — Ay is required.

Theorem 3 Under the reversibility assumption, for any t = 0, we have

I e
sup |t — vy, < exp(—(A2 — A\)t)

L0EP (©21N) A ©A

\/g (i_z) exp(— (2 — M)

Note that (2) can be written in terms of Feynman-Kac integrals. Let (X);>0 be a Markov
process starting from the initial law pg and admitting L as generator. We have

SRR ITE)

B o0 (=5, V1 )]

The stability for large times of such expressions have been extensively studied by Del Moral and
his coauthors (see for instance his recent book [7] and the references given there). They also use
estimates on the convergence to equilibrium of Markov processes. Since their assumptions are based
on Dobrushin type conditions on the underlying Markov process (or on some of its modifications,
see e.g. Del Moral and Miclo [8]), the deduced bounds are often quite coarse. While we work
in the same spirit, we will rather resort to spectral techniques, which lead to relatively sharp
estimates, as will be illustrated by several examples. In particular, we obtain in the reversible case
the optimal asymptotical rate Ay — A; (see e.g. the review paper of Méléard and Villemonais [21],
with a non-quantified pre-exponential factor). Under appropriate conditions, this rate was deduced
asymptotically for birth and death processes by van Doorn [26] (see also van Doorn and Zeifman
[28] for another example), which are outside the scope of the present note, because the state space
is not finite. We hope that in a future work, we will be able to extend the above quantitative
bounds to more general situations of appropriate denumerable Markov processes or diffusions,
perhaps under the condition there is a unique quasi-invariant measure (usually this requires that
the process comes in from infinity fast enough, see for instance Collet, Martinez and San Martin
[5]). For Brownian motion absorbed on the boundary of a compact domain in Euclidean spaces,
one may see Gyrya and Saloff-Coste [16] and Lierl and Saloff-Coste [20]

The literature on quasi-stationarity is substantial and we are able to call on several comprehen-
sive surveys. One short readable survey, close in spirit to our paper, is by Van Doorn and Pollett

V=0,V feF,  wlf] =



[27] (discrete state space, continuous time). More general state spaces and applications in biol-
ogy are emphasized by Méléard and Villemonais [21]. A recent book length treatment by Collet,
Martinez and San Martin [5] treats all aspects. All of these review the history (Yaglom, Bartlett,
Darroch-Seneta, ...). A most useful adjunct to these surveys is the annotated online bibliography
kept up to date by Phil Pollett, see http://www.maths.uf.edu.au/~pkp/papers/qsds.html.

We have not found very much literature on the kind of quantitative questions treated here. A
useful review of previous quantitative efforts is in Section 4 of Van Doorn and Pollett [27]. This
is along the lines of spectral gap estimates without consideration of the size of the state space or
the starting distribution. Some quantitative bounds are also deduced in the recent papers of Cloez
and Thai [4] and of Champagnat and Villemonais [3].

The plan of the paper is very simple: the next section presents the proof of the above theorems,
as well as an alternative bound based on logarithmic Sobolev inequalities, the next section contains
some illustrative examples. The final section gives further examples in discrete time.

2 Proofs

The following arguments are based on a simple use of Doob’s transforms, which by a conjugation
by ¢, replace V by a constant killing rate.

2.1 Proof of Theorem 1

Let ® be the diagonal matrix corresponding to the multiplication by ¢ operating on F. Thus &~}
is just the diagonal matrix corresponding to the multiplication by 1/¢. We begin by checking that
the generator matrix L defined in (3) satisfies

L = &Y L-V+MI)d (8)

where I is the identity matrix. Indeed, the off-diagonal entries of the r.h.s. coincide with those of
®~'L® which are those of L by (3). Thus it is sufficient to check that the sums of the rows of
®~Y(L — V 4+ A\ I)® vanish. The sum corresponding to the row indexed by z € S is

@(Lmu)vu)w(m)m 0

since by definition, ¢ is an eigenfunction of L — V' associated to the eigenvalue — ;.
It is now easy to check (4): it must be seen that

VfeF, WL = 0

From (8), the Lh.s. is equal to

e L=V +M)efll = nle*(L =V +M)[efll/nlee*]

= nlef(L* =V + X)[e*]]/nlee*]
- 0

because ¢* is an eigenfunction of L* — V associated to the eigenvalue —\;.
Next rewrite (8) in the form

S(L—-MNDP ' = L-V (9)
and exponentiate this identity to find

Vi=0, exp(—\t)®P®! = P,

6



(the r.h.s. is to be understood as the restriction of P, to F, as explained after (2)). Thus for any
o € P and f € F, we have

Vt=>0,  exp(—Mt)uolelfio[PLf /]l = nolPLf]]

(recall that fip is the probability on S whose density with respect to g is proportional to ¢). We
deduce from (2) that

Vit=0, wlf] = M (10)

fio[ Pe[1/¢]]

Since P, converges to 7] as t goes to infinity, we get that

. nf/e]
Jm ol = S
= v[f]

due to the proportionality between the measures v, ¢* -1 and ¢~!-7. Thus the convergence toward
quasi-stationarity has been recovered.

To get an estimate on the speed of convergence, we need the two following basic lemmas.

On a general measurable space, consider two probability measures [i « U, as well as a measurable
function 1 > 0. Define

Yo N
o= Z_ﬁ -p with  Zy = Y]
v o~
vi=— U with Zy = v[y]
Zy

Let .]? and f stand for the Radon-Nikodym densities of i with respect to U and of u with respect
to v. Obviously, we have

Finally, choose m and m to be medians of f and f with respect to 7 and v. The following result
is well-known.

Lemma 4 We have
J1r=mlav < u=vl, <2 {1~ mlav
ﬂf—m] v < |fi—7,, < 2ﬂf—r~n‘ v

Proof

Of course it is sufficient to show the bounds for |u — v||,,. They are a consequence of

- vl = juudu

and of the following characterization of a median:

J|fm|du - inf{f|fr|du:reR} (11)



So the lower bound is immediate and for the upper bound, just note that

peml = |- mya

< flf —m| dv
The interest of the introduction of the medians comes from:
Lemma 5 We have
J\f—m\ dv < ﬁf’f—m‘ >
Yy
and it follows from the previous lemma that
Uy i~ o o¥n x5
QJA =2l < lp—vly < 25, 17 =7,
Proof
From (11), we have
f‘f—fn’ v = inf{f’f—r dﬁ : TER}
= mf{J’— —r|dv : TER}
= ZI: {f|f—r|—du:reR}
Z fy
= Z;% {J|fr|du:re]R}
e
_ essin V?/)J|fm| dy
S esmnfy¢ J|f ml dv
esssupr
=z — —m| dv
ol L
For any fixed ¢t > 0, it remains to apply these general bounds with
i = Jiob
v o= 77
o= 1

Since YA /1, = @, /@A, the conclusion of Lemma 5 implies the wanted bound.

Remark 6 From (10), we could have been tempted to write that for any f € F,

_ip _ BolBLf/ell alf/e)
pld = 7] o[ P:[1/e]] /%]

L& ol PLF /o) — o)) + —— Ll G so) B[ B1/el))

Fol Bi[1/]] Al /Lol Bul1/¢l]
oo |FolBiLs /o] - Lm4+¢wmuhvw Aol Bu[1/¢]))

A

8



Taking the supremum of f € F satisfying | f], < 1, it appears that

2
' 2 ~ S A
el < ((£5)+ (£2) ) polt -7
[("20N (2N t
e\~
< 2<—V) o7
PA

which is worse than the bound of Theorem 1 by a factor ¢, /..

v

tv

2.2 Proof of Theorem 2

Since Theorem 1 brings us back to the situation of convergence to equilibrium of Markov processes,
it is sufficient to use the argument of Fill [15]) for non-reversible processes. We recall them below
for the sake of completeness.

To gain a factor 2, it is in fact better not to use Theorem 1, but to directly make a comparison
between L2 quantities. More precisely, for given pg € P and t > 0, denote by f; (respectively ft)
the density of the probability u; with respect to v (resp. fi; = /7013,5 with respect to 77). We have
by the Cauchy-Schwarz inequality,

It =vley = 2 1fe(2) =1 v(z)

zeS

< Vi

where
I = ;g(ft(x) —1)%v(z)
Let us also define
L= ) (i) = 1)* i)

It is easy to compare these quantities:

Lemma 7 For anyt > 0, we have

Proof

One recognizes in I; the variance of f; with respect to v, so that

I, = inf{Z(ft(x)—r)Qu(x) : TER}

€S

Similarly we have

&=
I

I, inf {Z(ﬁ(:ﬂ) — 7’)2 n(z) : re R}

zeS



The same arguments as those used in Lemma 5 give the conclusion without difficulty.

Putting together these estimates, we end up with

(P ~
e — vl < @—Vﬁ

A

To study the evolution of I, with respect to the time t > 0, recall that
VeeS Vt=0, ofi(x) = L*[fi](z)

This comes from the relation f; = P#[fo], where P the adjoint operator of P, in L2(7). Thus we
get that for all ¢ > 0,

oLy = 20[(fi — éuf
20[(fr = DL* (1]
29[(fy — DL*[f; — 1]]
MLLf — 1](f; — 1)]
= 25[L°[f, — 1)(f — 1)] (12)

By definition of 3\, the r.h.s. is bounded above by —ZXE, which leads to the ordinary differential
inequality

V=0, od, < —2)\,
Gronwall’s lemma, implies that
Vi=0, I, < exp(=2X\t)l
so it remains to bound To above. But note that

Iy

AN
ESEESTEEST

o
=
e

N N
= o

nlee*]

(pp*n) A

which, in conjunction with Theorem 1, leads to the bound of Theorem 2.
The expression (5) for L° is a consequence of

Va=uy, L*(z,y) = @E(y,x)

(y, ) (13)

The Poincaré formulation (6) comes from the variational characterization of the eigenvalues
and from the equality

VgeF, lgl°[gl] = dlgLlg]]

10



already used in (12).

Remark 8 Similarly to the lower bound in Theorem 1, we have also in Lemma 7

In particular v/I; and I, have the same asymptotic exponential rate of convergence. This common

rate is the smallest real part of the non-zero eigenvalues of fZ, but since this operator is not
assumed to be reversible, this rate may be larger than A.

Remark 9 It is possible to improve the pre-exponential factor (gipfnﬂ;] ZV in Theorem 2, but at

the expense of the rate 3\, via the logarithmic Sobolev inequalities associated to the symmetrization
L° of L.
Let & > 0 be the largest constant such that for all g € F,

21’
&Y i ( U)@*(fﬂ)@(%)ﬁ(%) < Y (9) - 9@ @pn(@) Ly (14)

zeS z,yes

Then we have

sup |t — vl < \/2 In (%) P cxp(—(@/2)1) (15)

HoEP Pn

The proof of this bound has the same structure as the one of Theorem 2, with the quantities
I; and I; replaced by the relative entropies

Joo= ) f@) In(fi(w)) v(x)
zeS

jt = th lnft ) ()
z€eS

Indeed, Pinsker’s inequality gives the bound

loe = vl < V2V

Next, taking into account the relations (see Holley and Stroock [17])

Ji

inf {Z(ft(x) In(f¢(x)) = fe(x) In(r) — fe(z) + r)v(z) : e R+}

€S

J, = inf {Z(ft(w) In(fi(2)) = fil@) In(r) = fu(z) +r)il(z) : re R+}
zeS

we deduce as in Lemma 5 and Remark 77 that

vizo0, 20 < Jo< 27

Pv @A

As a consequence, we get

Viz0, vl < 42200
(29N

11



which reduces our task to the investigation of the time evolution of jt
By differentiation, it appears that

ody = D (1+In(fi(2)))o fi(x) ii(x)

zes

= 2 (L +Wn(fu@) L*[e(@)] ()
zeS

= > (L +n(fu@)(fily) = fi(@)) (@) L* (2,y)
z,yes

To proceed, note (cf. for instance Miclo [22]) that for all z,y € S,

2
L+ ) EW) - ) < R - T o) - (Ve - Vi)
and that by invariance of 7] with respect to Z*,

Y (Fwm(iw) - i@ (@) i@l @y = o

z,yes

Thus we end up with the refined Jensen type bound:

—Z<\/ft7 \/J”T>2 ) L* (2, y)

oy <
z,yes
= - Z (’\/ft '\/ft > L* (y,2)
z,yes
= - (\/ﬁ(y)\/ﬁ(cﬂ))Q ¢*(z)e(y)n(z)L(z,y)
z,yeS

where we used £13). The logarithmic Sobolev inequality (14), with ¢ = f;, allows comparison of
the r.h.s. with J; to give the differential inequality

V=0, Oy < —ad,
Gronwall’s lemma implies again that
V=0, g
—at) n((fo))
t)In(1/7],)
The announced bound (15) follows.

Despite the deterioration of exponential rate in (15), this bound can be interesting for not too
large times ¢t > 0, especially when one looks for “quasi-mixing times”. Diaconis and Saloff-Coste
[11] have shown the following general bound between the logarithmic Sobolev constant & and the
spectral gap A:

1-21, ~
In(1/75 —1)
(where the factor on the r.h.s. is taken to be 1/2 in the particular case where 77, = 1/2). But this

relation is not very pertinent for quasi-mixing times estimates: if 75 > 0 and 75 > 0 are the times
t > 0 in Theorem 2 and (15) such that the corresponding upper bounds are equal to 1, we get

(16)

= (nle./en) +In(1/i.))
= 2(n(pu/pn) + Inlin(1/ii,)))

12



and the injection of (16) leads to the disappointing 75 « 74 for small 77, > 0. Indeed, the interest
of (15) appears when one has good estimates on & (by tensorization for instance) and 7, is very
small. Simple examples on product spaces are provided in Subsection 3.5. Nevertheless, we believe
that modified logarithmic Sobolev inequalities (see e.g. the article of Bobkov and Tetali [2]), namely
the consideration of the best constant & > 0 such that for all g € F,

~ 2 n QQ(x) * T T T
WLE (77[92]) o* (@)o(e)n(z)
< Y (o) - lo@Dnlla@)) - n(lg(@)) ¢* @)e(w)n(@) Lz, )

z,yes

is better suited to the above entropic approach.

2.3 Proof of Theorem 3

Under the assumption that v is reversible for L, we have that L* = L. The equations for ¢ and ¢*
are thus the same and only the corresponding renormalizations are different. If follows that ¢ and
©* are proportional and since only ratios enter the pre-exponential factor of Theorem 2, it can be
replaced by the pre-exponential factor of Theorem 3 (recall the normalization n[p?] = 1).

But the main advantage of Theorem 3 is the explicit rate Ay — A1. It is a consequence of the
conjugacy relation (9). It shows first that L must be reversible with respect to 77 (but this can
also be checked directly from the expressions (3) and (4)) and second that the spectrum of L is
obtained from the spectrum of L — V' by subtracting the value A;. In particular the spectral gap
Xof [° = L is equal to A9 — A1,

Remarks 10

(a) The fact that the spectrum of L is obtained from the spectrum of L — V by subtracting
the value Ay is always true, but in the non-reversible case it is not clear how to use this possibly
complex valued spectrum to deduce a bound on A. In the reversible situation Remark 8 can be

made more precise: the common asymptotic exponential rate of 4/I; and Tt is Ao — Aq.

(b) The logarithmic Sobolev inequality approach is equally valid in the reversible case, we get

sup e — vy, < \/2 In (ﬁ) PV oep(—(&/2)1)

HoEP Pn

~

where & is the logarithmic Sobolev constant associated to the symmetric operator L in 77 (in
particular (16) is satisfied with A replaced by Ay — A1).

3 Examples

Several basic examples are provided here, which in particular serve to illustrate some assertions
made in the previous theoretical developments.

13



3.1 A birth and death example with \; ~ Ay — \;

This example and the next two are birth and death processes on S := [0, N], with N € N, absorbed
in 0. So S = [1,N], co =0 and L gives positive rates only to the oriented edges (z,z + 1) and
(x + 1,2) where z € [1, N — 1]. In this one-dimensional setting, L admits a unique reversible

probability 7. Let us assume that the killing rate in 1 is 1, namely V(1) = L(1,0) = 1. The other
values of V are taken to be zero.

Specifically for this example, we choose

Veze[l,N—-2], L(z,z+1) = Lzx+1,z) =1
L(N—1,N) =1 and L(N,N—-1) = 2 (18)

(the value 2 simplifies the analysis of the reflection at N by replacing the forbidden jump to N + 1
by a supplementary jump at N — 1). The reversible probability 7 is then given by
vreS, @) — -
x x) = —
) n N
Let ¢ be the function defined by

VreS, o) = %Sin(wx/(QN)) (19)

where Z is the renormalization constant such that n[p?] = 1. Due to the value 2 in (18), it is
easy to check that (L — V)[¢] = 2(cos(w/(2N)) — 1)¢. The positivity of ¢ and Perron-Frobenius
theorem imply that ¢ is indeed the function considered in the introduction and that

A1 = 2(1 —cos(m/(2N)))

The density of the quasi-invariant probability measure v with respect to 7 is proportional to .
More generally, define for k € [1, N — 1], the function ¢y, by

Vaxels, or(x) = sin((2k + 1)7mx/(2N))

By straightforward calculation, (L — V)[¢x] = 2(cos((2k + 1)7/(2N)) — 1)¢. Thus the spectrum
of L =V is {2(cos((2k + 1)n/(2N)) — 1) : ke [0, N — 1]}. In particular

Ao —A1 = 2(cos(m/(2N)) — cos(37/(2N))
2sin(m/N) sin(m/(2N))

N2

(1+O(N72)

as N goes to infinity. Since

AN = —(1+0O(N"
in this situation A; and Ay — A1 are of the same order, meaning that absorption and convergence
to quasi-stationarity happen at similar rates.
From (19), we deduce that

Py 1
o~ Sm(r/EN)
= o)

14



Taking into account the classical Riemann sum approximation, we furthermore get

72 - % S sind(mz/(2N)
z€[1,N]
1

= (1+ O(N_l))f sin?(mu/2) du

0

- Ja+ow)

The first bound of Theorem 3 asserts that
2\f 2 _
sup s~ vl < DENTexp (- Tpu(1 4 O ) (14 OV )
Ho€EP

(the second bound of Theorem 3, which doesn’t need the estimate on Z, leads to a similar bound
with 24/2 replaced by 4). It follows that for any given s > 0, if

t = iN?ln( )+ = N2
272 2
then
2\/_
sup [pe — vy, < —5(1+ O(N'))exp(—s)

Ho€P

3.2 A birth and death example with \; « Ay — \;

The setting is as in the previous example, except that for some r > 1, we replace (17) and (18) by

Lzx,x+1) = r
Vaxe[l,N—-1], {L(m—i—l,x) _ (20)
L(N—-1,N) = 1 and L(N,N—-1) = 1+ (21)
The reversible probability 7 is then given by
r—1 . 4
Vaels, nx) = —§x— 1" (22)

Contrary to the previous example, it seems more difficult to derive explicit formulas for the eigen-
values and eigenfunctions associated to L — V. To describe them, consider the rational fraction in
X,
X2(N+1) _ x2N | 1-Ny2 —N-1

X2 —p—1
Lemma 11 For N = 1, Py is a polynomial which admits 2N distinct zeros. Denote by R the set
of zeros. Let A be the image of R by the mapping

PN(X) =

(1+7’)p7177“p2
p

For N > (1+7r)/(r—1), the spectrum of V. — L is A and for any A € A, an associated eigenfunction
)y s defined by

vU:p

Vazels, oa(x) = pL —pt

where

py = Q_a(erAiWAqfr)szr) (23)

(with +/- standing for the principal value of the complex square root) are the reciprocal images of A
by U.

15



Proof

Let A be an eigenvalue of V — L and ¢ be an associated eigenfunction on S. With the convention
that ©(0) = 0, the values of ¢ satisfy the recursive formula
(L+r—Ne(@) —pz—1)

Vaell,N—1], ple+1) = . (24)

It follows that on [1, N], ¢ is necessarily proportional to the functions ¢, defined above, where p4
are the solutions of the quadratic equation in X,

rX24+(A-1-1X+1 = 0 (25)

except if this equation admits a double solution p,, in which case ¢ must be proportional to the
function ¢, defined by

€T

Vzels, ox(x) = xpj
Whatever the case, we have that
Vze[LN-1], (L-V)[gl(z) = —Ap(x)

This relation is also satisfied at = N if and only if (N + 1) = (N — 1) (as in the previous
example, this justifies the simplifying choice of L(N,N —1) =1+ ).

e Let us first consider the situation where (25) admits a double solution. One computes immedi-
ately that this corresponds to A = (1+4/7)% and p, = F1/4/r. The condition 4 (N+1) = (N —1)
is equivalent to p, = +4/(N —1)/(N +1). The assumption N > (1 + r)/(r — 1) forbids that
v/ (N +1)/(N — 1) = y/r, so that we are led to a contradiction. Only the next case is possible.

e Assume that (25) has two distinct solutions py and p_, they are given in the statement of
the above lemma. The condition ¢(N + 1) = (N — 1) amounts to

pJJ:f+1 7pj4\_7—1 N NS g

But from (25) we see that p_ = 1/(rp+), so p+ is a solution of

X2(N+1) o X2N + rl*NXQ . 7”7N71 = 0

This equation admits two obvious solutions, X = 1/4/r and X = —1/4/r, so that Py is indeed a
polynomial. But these values are not allowable for py, because we would have p, = p_. It follows
that p4 is a root of Py. Note that if p € C is a root of Py, the same is true for 1/(rp) and that
1/4/r and —1/4/r are the only fixed points of the involutive mapping £ : C\{0} 3 p — 1/(rp). As
a consequence, we can group the roots of Py by pairs stable by £, say {p1,&(p1)}, {p2,&(p2)}, ...
{pn,&(pn)}. Moreover, notice that the mapping ¥ defined in the above lemma is constant on each
of these pairs, so that the cardinality of A := U(R) is at most N. But it appears from (25) and
from the previous discussion that all the eigenvalues of V' — L are elements of A. From (24) we
deduce that all the eigenvalues of V' — L are simple and since by reversibility V' — L is known to
be diagonalizable, it follows V — L admits IV distinct eigenvalues. Thus A must be of cardinality
N and exactly consists of the eigenvalues of V' — L. It is interesting to remark that it is relatively
difficult to check directly that all the p1, ps, ..., pn are different, or equivalently that all the roots
of Py are distinct (try to compute its discriminant).

By the Perron-Frobenius theorem, the smallest eigenvalue Ay of V — L is characterized by
the fact that the associated eigenfunction has a fixed sign. This observation in conjunction with
Lemma 11 lead to

16



Proposition 12 For large N we have

1 5 1
)\1 ~ 5(744‘ 1)(7‘ — 1) m
moreover, if ¢ is an associated eigenvector,
r
v _ 1+ 00N

©n r—1

Proof

With the notation of Lemma 11, we have pyp_ = 1/r (recall (25)). So if p4 > 0, then we get
0 < p— < p4. It follows that the mapping RY 5 u — p} — p* does not vanish and in particular
@y only takes positive values. By consequence, the corresponding A € A is the first Dirichlet
eigenvalue A\;. To work out this program, we begin by showing that for N large enough, there
exists p; € R n R, satisfying

1 ) 1 1
ﬁ < pl < T_2+T’N+1 (26)

It is enough to show that there exists py € [1/r,4/1/r? + r—1=N] such that
Qp}) = pI ™Y = ptN N =N = 0 (27)

Write hy = rV1(p? — 1/r2) and for all h > 0,
1 h
— 2N
f(h) = r7Q (7 + m)
h

N
1 h
(e =) (1o

we just need to check that f(0) < 0 and f(1) > 0. The former inequality is immediate and the
latter one is satisfied for N large enough, since limy_ f(1) = 1/72.
Next, injecting the a priori bound (26) in (27), it follows that

1

2

lim h1 = 1-
N—w r

Replacing py = 4/r=2+ (1 —r=2)r~ D1 + o(1)) = r~' + (1 =7 2)7"N(1/2 + o(1)) in

(1+7)p1 —1—rp}
P1

A=

we deduce the first announced behavior. Let p;_ and p;; be the corresponding values of p_ and
P+, from p1_p14 = 1/r, we obtain

1
Pl = p1 = ;+O(T’_N) and p1p = 1+(9(7’_N) (28)

Taking into account the expression of ¢ := ¢, given in Lemma 11, we get

oy P(N)

7N e(1)
P{V+ - lev—
P1+ — P1-

= —=+0)

17



To be in position to use Theorem 3, it remains to evaluate As — A;.

From the previous proof, it appears there is only one eigenvalue A € A such that p_ > 0.
Moreover there is at most one eigenvalue A € A such that p_ < 0. Indeed, in this case we have
p— < py < 0 and it follows from Lemma 11 that ¢y (x) > 0 for € S odd and ¢)(z) <0 for x € S
even, in particular ¢, has the maximal number of sign changes. The discrete version of Sturm’s
theorem (see for instance Miclo [23]) then implies that A must be Ay, the largest eigenvalue of
V — L. Since R is symmetrical with respect to zero, —p;_ and —p;4 (with the notation of (28))
also belong to R and this leads to the estimate

Av = 2(1+7)+ 00N

The previous arguments show that except for p1_, p14+, —p1— and —p14, all the other elements
of R are complex numbers which are not real. It follows from Lemma 11 that for A € A\{\1, An},

A=1-7r)?—4r < 0
so that
A > 14+r—2r = (1—+/r)?
In particular, for N > 2, we get
Ay > (1—+/r)?
and as announced, for N large,
Aa— A1 ~ Ao » A\

meaning that convergence to quasi-stationarity happens at a much faster rate than absorption.
Theorem 3 shows that for any t > 0,

r

sup ||t — v, < rt < ) (1+0(r V) exp (-1 —=~r+ O(T_N))zt)

LoEP r—1\r—1

(where O(r~") is with respect to N, uniformly in ¢ > 0). It follows that for any fixed s > 0, if for
N large enough we consider the time

1
then
2
r
- < — 1  _(1+o(1 .
5()11617)3 ”:U’t V”tv (T‘ 7 1)5/2 ( + O( )) exp( S)

Notice that the relaxation time to quasi-stationarity needs to be at least of order N, since it is
already the order of time required by the semi-group associated to L to get from 1 to NN, which
supports a non-negligible part of 77 (but starting from N, it can be shown that the relaxation time
to quasi-stationarity is bounded independently from N).
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3.3 A birth and death example with \; »> Ay — \;

The setting is as in the previous example, except that r < 1 in (20) and (21).

The beginning of Subsection 3.2 is still valid: the reversible probability 7 is given by (22) and
Lemma 11 is true, without the condition N > (1 + r)/(r — 1), which is now void. The difference
starts with Proposition 12, which must be replaced by

Proposition 13 For N > 4, we have
(1= /r)? +4y/rsin®(1 —r)/2N +4)) < A < (1 —+/7r)? +4y/rsin’(n/(2N))
(1 = /712 +4yrsin®(n/(2N)) < Ay < (1 —+/1)2 + 4/rsin®(n/N)

Furthermore, if © is an eigenvector associated to A1, we have

Py o D2 !
R sin((1 —r)/(2N +4))
Proof
First we show that none of the roots of Py is a real number. Consider the function
f iRy sz VT —gN 4l Ngp o N1

According to the arguments of Lemma 11, it is sufficient to show that f only vanishes at 1/r. Its
second derivative is given by f”(z) = (N + 1)NzV=1 — N(N — 1)2V=2, for > 0. Thus f” is
negative on (0,(N —1)/(N +1)) and positive on ((N —1)/(N +1), +o0). Furthermore, we compute

that
N—-1 2 \N!
/ - (1= 1-N
! <N+1> ( N+1> +r

This quantity is positive for N > 2. Thus f is increasing on (0, +0o0) and can only vanish at 1/r.
Since we know that the roots of Py are given by (23) for A € A < R, we deduce that

Ve, A=1-7)% < 4r

It follows that the modulus of py in (23) is given by 1/4/r, independently of A € A. More precisely,
there exists a set © < (0,7), such that the roots of Py are given by

{%exp(ii@) . fe @}

By using the mapping ¥ of Lemma 11, we get that the spectrum of L is
A = {l(0)=1+7r—2yrcos(d) : 66}
and that corresponding eigenvectors are given by
Vze[l,N], @plz) = r " 2sin(0x) (29)

for § € © (note the slight modification of notation with respect to Lemma 11, indexing by elements
of © instead of A). Ordering © into 0 < 6; < 6y < --- < fy < 7, it appears that

)\1 = 1(91) and )\2 = 1(92) (30)

From Miclo [23], we deduce that ¢y, is non-decreasing and that ¢y, changes sign once (more
generally g, changes sign k — 1 times, for k € [1, N]). This remark and (29) lead to the bounds

00 < /N and n/N < 0y < 27/N
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Taking into account that

VOe®, 1) = (1—+/7)+2yr(1—cos(d))
= (1 —+/r)* +4sin?(0/2)

and that sinus is positive and increasing on (0,7/2), we get that for N > 4,

M < (1= /) + 44/rsin®(1/(2N))
(1 — /1) + 4y/rsin®(7/(2N)) < Ao < (1 —+/7)? + 4/rsin?(7/N)

To obtain a lower bound of the same kind for A, recall that the elements 0 € © satisfy the equation

e (2N +1)6) — i expli2NO) + - exp(i2h) — = 0 (31)
and in particular g(f) = 0, where the mapping g is defined by
VOeR, g(#) = sin(2(N +1)0) — rsin(2N6) + rsin(26) (32)
One computes that ¢’(0) = 2N (1 —r) + 2 + r and that
V0eR, lg"(0)] < AN+ 1)(N+2) (33)

By consequence, the first zero of g after 0 is larger than (2N(1 —7) + 2+ 7)/(4(N + 1)(N + 2))
and in particular

2(1 — r)(N + 1)

0 =
! A(N + 1)(N +2)
1—7r
= 4
2(N 1 2) (34)
leading to the announced lower bound on A;.
Furthermore, if ¢ = ¢y, , we have
ev _ pa(N)
P A ¥61 (1)
< pW-pp_1
sin(61)
< —(N-D2 !
sin((1 —r)/(2N +4))
[

Working for fixed r € (0,1) in the asymptotic N — oo, we deduce that

(1= VPP 4 VR =P (L o)) € A € (1= VP) + 2 (14 o(1)
(= v+ Tl +o(1) < N < (1= Vi + 214 o(1)
and
LA 2N (14 o(1))

o (1—r)rN-12
In particular, we get

472 — /r(1 —r)?
Ao — A1 \]/\;2( )

Mo~ (=)

A

(1+0(1))
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and, as announced, for N large,
)\2 — )\1 < )\1

meaning that absorption happens at a much faster rate than convergence to quasi-stationarity.
To exhibit an approximate quantitative estimate for the latter convergence, we need a lower

bound on Ay — Aj.

Lemma 14 For N large enough, we have
Ao — A1 =

Proof

With the notation of the proof of Proposition 13, begin by obtaining a lower bound on 65 — 6.
Considering the function g defined in (32), 5 is larger than the zero of g following ;. We have

g (61) = 2(N +1)cos(2(N + 1)81) — r2N cos(2N61) + 2r cos(26;)
From (31), we also obtain
cos(2(N + 1)01) — rcos(2N6y) + rcos(61) —1 = 0
so that
gd(01) = 2N(1—rcos(6y)) +2cos(2(N + 1)6;) + 2r cos(261)
> ON(1—7r)—2(1+7)
Taking into account (33), we deduce that

N(1-7r)—(1+r)
2(N +1)(N +2)
1—r

= W(l +0o(1))

bp—6h =

Next, we have

—cos(f2) = —cos(f;)+ min sin(f)(02 — 0;)

0e(601,62]
= — COS(@l) + (1 + o(l))61 ((92 - 61)
1—7r 1-—7r

= - 0 ——(1 1
cos0) * 33 anv LW

where we used (34). The announced bound is now a consequence of (30).

|

Putting together the previous estimates, with 1, ~ (1 —7)rV =1, we get

4N? (1—r)2/r
5(}1617)7 H:u't - VHtV < (1 - 7")5/27"3(]\[_1)/2 (1 + O<1)) exp (_W(l + 0(1))t)

In particular, for any given € > 0, if we consider

N2In(N)
tN = 4(1+6)m
then
lim sup Juey — v,y = 0
_’OC;LQE'P
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3.4 A non-reversible example

Let N € N be fixed. We consider S = S u {0}, with S = Zx. The generator L allows with rate 1
jumps of size 1 in Zx and a jump at rate 1 from 0 € Zy to o, the absorbing point. Namely, the
generator L is given by

1 ify=ax+1
Vx,y€eln, L(z,y) = -1 ,ify==x
0 , otherwise

whose invariant probability measure 7 is the uniform distribution. The potential V' takes the value
1 at 0 and 0 otherwise. The spectral decomposition of the highly non-reversible operator L — V' is
given by:

Lemma 15 Let C be the set of (complex) solutions of the equation XV + XN=1 —1 = 0. Its
cardinality is N (i.e. all the solutions of the equation are distinct), the set of eigenvalues of L —V
is {c —1 : ce C} and corresponding eigenvectors are given by the functions ¢., for c € C, defined
by

1 ,ife =0
Ve [[OaN - 1]]7 <pc($) = { z—N f

c , otherwise
(where Z is naturally identified with [0, N — 1] ).

Proof

We begin by checking that all the roots of the polynomial X~ + X¥~1 — 1 are simple. Indeed,
if ¢ € C had multiplicity at least two, it would also satisfy Ne¥~=! + (N — 1)cV=2 = 0, namely
c = (1 — N)/N (because 0 does not belong to C). The equation ¢V + ¢¥~! = 1 could then be

rewritten
L(1-N\"
N\ N B

but this is impossible, because the absolute value of the Lh.s. is strictly less than 1.
Next we compute that for c e C,

Cl_N —1 s lf z=20
Vxeln, Llg|(x) = { (¢ = 1)pe(z) , otherwise
Note that
AN 1 = AV et (6 —1)pe(0)

L+ (¢ = 1)ec(0)
V(0)e(0) + (¢ = 1)¢c(0)

Thus it appears that on Zy,

(L - V)[‘:Oc] = (C - 1)900

which is the wanted result, since we have exhibited exactly NV eigenvalues.
|

Necessarily C contains some real numbers, due to the Perron-Frobenius theorem which asserts
that the smallest eigenvalue A of V' — L satisfies

Al = 1l—max{c:ceCnR}

By the strong irreversibility of L, the set C n R is in fact very restricted, an observation which
enables easy deduction of the asymptotic behavior of \; for N large:
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Lemma 16 If N is odd, C nR = {1 — A1} and if N is even, C "R consists of two points. In both
cases, C "Ry = {1 — \1} and we have for N large
In(2)

N

AL~

Proof

Consider the function

g:Rozx — 2N 4aN1_1

The study of its variations leads to the two first announced results by differentiating it twice.
Indeed, if N is odd, g is increasing on (—o0, (1—N)/N), decreasing on ((1—N)/N,0) and increasing
on (0,40). As was already seen in the proof of the previous lemma, g((1 — N)/N) < 0, so that g
admits a unique real root contained in (0, +00). For N even, g is decreasing on (—o0, (1 — N)/N)
and increasing on ((1 — N)/N,+). Since g((1 — N)/N) < 0 and limy,, g = +00, g admits two
real roots, the largest one being the unique one belonging to (0, +0), since g(0) = —1.

Let y > 0 be given and for N > y consider xy = 1 — y/N. It appears that

lim g(zy) = 2exp(—y)—1
N—®

It follows that the unique root cy of g in (0, +0) satisfies for N large

In(2)
N

cn—1 ~ —

which amounts to the last announced result.

Let ¢ = ¢1_),, with the notation of Lemma 15, be an eigenvector associated to A;. We have,
for N large

ey ()
©n ©(0)
= 1=V

~ exp(In(2)) = 2
In addition, note that L*, the dual operator of L in IL%(n), is given by

1 Jify=2—-1
Vx,y€ly, L*(z,y) = -1 ,ify==x
0 , otherwise

It corresponds to the conjugation of L with the involutive transformation of Zy given by ¢ : Zy 3
x+— —x (or [I,N —1] 2 2 — N — z and ¢(0) = 0). It follows that the function ¢* considered
in the introduction is proportional to ¢ o ¢, so that the mapping ¢¢* is constant. In particular
the probability 77 defined in (4) is equal to 7, the uniform distribution on Zy. Furthermore, we
compute that the generator L defined in (3) is given by

(1—=X) yifz=0andy=x+1
N “(1-X)  Lifr=Oandy=uz
Veyery, Dy = 1 0-AY  ie—omdy=1
(=M ifz=0andy =0
0 , otherwise
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Its additive symmetrization L° in L2(5)) gives the rate (1 — A;)/2 to any oriented edge (z,z + 1)
or (x + 1,7) of Zy, except to the edges (0,1) and (1,0), which have the rate (1 — A\;)~%/2. By
comparison with the usual continuous-time random walk on Zp, we deduce that the spectral gap
X of L° satisfies

(1—cos(2r/N))(1 = A1) < A < (1 —cos(2n/N))(1 — )N

namely, asymptotically for N large,

272 ~ 472
Nz +o) < A < H+o(1)
Relying on (7), we would have obtained

where A is the spectral gap of the additive symmetrization of L in LL?(n), which is the usual
continuous-time random walk on Zy, so that A ~ 272/N2. Thus it only leads to a slight deterio-
ration on the estimate of X obtained by working directly with (6).

For large N, Theorem 2 leads to

2

sup o~ vl < 2N+ o) exp (3314 (1))

Ho€EP N2

In particular, for any given € > 0, if we consider

N2In(N)
t = (1 —_—
N (1+¢) 472
then
lim sup e, — vl = 0
_’OC;L()E'P

3.5 A product example

Let us first come back to the general setting of the introduction (which is then tensorized). Let
d € N, be given. On S?, consider the Markovian generator

ﬂ@;:% S

where Ly, acts like L on the k-th coordinate of S%. Define furthermore the potential V(4 by

1
Vo= (xla "'7xd) € Sd’ V(d) = E Z V(xk)

Note that the associated L(?) is not of the form (1/d) Dke[1,d] Ly, because the underlying state

space would be (5)? and not S? i {o0} as it should be. One recovers the subMarkovian generator
L@ — v by modifying (1/d) Zke[[l,d]] Ly, so that all the points of {z = (z1,...,2q) € (S)% : T ke
[1,d] with 2 = o0} become absorbing.
The invariant measure (% associated to L@ is n®¢ and we have
1
d _y@ _— = —
L v = S DAL=V
ke[1,d]
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It appears in particular that the first eigenvalue of V(@ _ 1 ig \;, the same as that of V — L and
the associated quasi-stationary distribution (respectively first eigenfunction) is v®¢ (resp. ©®9). Tt
follows that L@, the Doob transform of L(®) — V(@) by o®d satisfies

~ 1 ~

d) _

L@ = y >, Lk
ke[1,d]

and that its invariant probability 779 is 77®?. In a similar way, we have that

1
*(d) _ = *
L T d Z Ly
ke[1,d]

and the first eigenvector of —L*(@ is (¢*)®4. Finally Eo(d), the additive symmetrization of L@
in L2(7®%), is equal to (1/d) Zke[[l,d]} Ly, so that its spectral gap A (respectively its logarithmic

Sobolev constant @) is equal to that of L° (for such tensorization properties, see for instance the
book [1] of Ané et al.).
With obvious notation, Theorem 2 then leads to the fact that for any ¢t > 0, we have

d
e ( (nmﬂ) exp(—3)

©O*N) A P

(d) ®d

sup |y —V

u(()d) ep(d)

Under the reversibility condition of Theorem 3, we get that for any ¢ = 0,

T (o0)\2)"
LS ( 77_A<<P_A>> exp(—(A2 — A1)t) (35)

The bound (15) can be rewritten in the form

or under the reversibility condition,

d
" — v

sup
plPep(d

d
) — v

sup
uiPep(@

d
" — v

sup
ng eP@

< \/2dln (niz—> (:Z—:)dexp((&ﬂ)t) (36)

It is easy to construct an example showing that (36) can lead to a better estimate than (35).

Take
-1 1 1
S = {1,2}, L._< . _1), v._<1>

for which ¢ =1, n = (1/2,1/2), A2 — A\ = 2 and & = 1 (recall the convention after (16), which is
an equality in this two-points case, see Diaconis and Saloff-Coste [11]). The r.h.s. of (35) and (36)
are respectively 2%2exp(—2t) and 1/2d1n(2) exp(—t/2). The first bound leads to a mixing time

(the first time ¢ > 0 the quantity SUD,, (@) p(a)

ugd) — y®dH goes below a fixed level such as 1/2)
v

of order d, while the second bound rather gives order In(d).
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For a little less artificial example, one can come back to Subsection 3.3, with N =2 and r > 0
very small. Indeed, one computes that

Ao — A1 = 2 7“(1+7“)
oy 1—r
P B r

_ T
= 14+7r
~ 1—r
Nan = 5

It follows from (16) that for 0 <r « 1,

&> naTnja—nyte M
o — Al

2

~

For r > 0 small, we get from (35) and (36) that the leading term in d € N in the deduced upper
bounds on the mixing time are respectively 3d/(44/r)In(1/r) and d/(2+/7)In(1/r), showing thus a
little advantage for the estimate coming from (36).

4 Some discrete time models

Of course the theory can be developed in discrete time as well. We briefly carry this out here
and treat some higher dimensional examples where all the spectral information is available. Let
S := S {0} be the extended state space with co the absorbing state. Denote by N the cardinality
of S. The transition matrix can be written

1 0 0
ax

an

with @ an N x N matrix, here assumed to be irreducible. Let ¢ and ¢ be positive left and right
eigenvectors of Q) with eigenvalue 8 > 0 of largest size. Set

p(x)
Va,ye S, — Ky = Q)
Be(y)
This is a Markov transition matrix on S with stationary distribution 7 given by
p(x)Y(x)

vzes  wla) Yes PW)Y(y)

It has the probabilistic interpretation of the transition probabilities for the original chain condi-
tioned on non-absorption (for all time). The quasi-stationary distribution is given by

P(x)
Vaels, viz) = =———F——
ZyES ¢(y)
observe that the ratio r := ¢, /¢, allows the bounds
Vaxels, r(z) < w(z) < rv(z)



If Q above is diagonalizable, with right eigenfunctions (f;);cpny and left eigenfunctions (g;)eqny
for eigenvalues (f3;);e[n], normalized so that >} g gi(x)f;j(z) = 6;; for any i, j € [N], then

N
VieZ,YVayeS,  Qwy) = Y Biful®)g)
k=1

thus

Q'(z,y)

Q'(x)
with Q'(z) = 2yes Q'(z,y) and where (X,,)nez, is the underlying absorbing Markov chain and 7'
is its absorbing time.

Explicit diagonalizations are available surprisingly often. For example, for a birth and death
chain on {0,1,...,2N}, symmetric with respect to N, take the starting point to be zero and the
absorbing point to be N. If (¢;)ic[o,2n] are the right eigenvectors of the original chain, often
available as orthogonal polynomials, ©1, 3, ..., paon—1 all vanish at N and so restrict to the needed
(fi)iepny- Because birth and death chains are reversible, these determine the family (g;);eqny and
the ingredients for analysis are available. The Ehrenfest urn and the example at the end of this
section are two cases where we have carried this approach out to get sharp answers (matching
upper and lower bounds for convergence to quasi-stationarity). It is only fair to report that the
analysis involved can require substantial effort.

P[Xl :y‘XQ I.%',T>l] =

4.1 Example of rock breaking

In this example the matrix @ is not irreducible, nevertheless the above results can be applied,
because the function ¢ is (strictly) positive. To justify this observation, replace for € € (0,1), @ by
(1 —¢€)Q + eJ, where J has all its entries equal to 1/N, apply the previous results and let € go to
Zero.

Let n € N be given and S = P(n), the set of all partitions of n. Thus if n = 4, S =
{4,31,22,211,1111}. An absorbing Markov chain on S, modeled on a rock breaking Markov chain
studied by Kolmogorov, is developed in Diaconis, Pang and Ram [9]. Briefly, if A = (A1, Ag, ..., Ay),
with A\ = Ao = -+ = A\ > 0, A1+ - -+ = n, the chain proceeds from A by independently choosing,
for i € [1,1], binomial variables )\El) of parameters (A;,1/2), so that we can write \; =: )\El) + )\22).
Next, after discarding any zeros and reordering the )\51), )\52), for i € [1,1], we get the new position
of the chain. It is absorbing at (1™). The natural starting place is (n).

In [9], the eigenvalues are shown to be 1,1/2,1/4,...,1/2", with 1/2"~! having multiplicity
p(n, 1), the number of partitions of n into [ parts. In particular the second eigenvalue is 1/2, with
multiplicity 1. The eigenvectors are given explicitly and these restrict to give explicit left and right
eigenbases of (). With notation as above, for 5 = 1/2, for all A = (A1, Ag, ..., ;) € P(n),

p(\) = ie%lﬂ (;)

_ 1, ifA=(1""22)
v = {O , otherwise

Thus ¢, /o, = (g)/l = (g) When n = 4, the original transition matrix is
14 122 22 13 4

14 1 0 0 0 0
122 /2 1/2 0 0 0
22 1/4 1/2 1/4 0 0
13 0 3/4 0 1/4 0
4 0 0 3/8 1/2 1/8
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The left (right) eigenvectors are given as the rows (columns) of the two arrays

10 000 1 0 0 0 O
11000 -1 1 0 0 0
12100 1 -2 1 0 0
13 010 2 -3 0 1 0O
16 3 40 -6 12 -3 —4 1

So v = (1,0,0,0), ¢ = (1,2,3,6)'. The adjusted transition matrix K is given by

122 22 13 4
122 1 0 0 0
22 /2 1/2 0 0
13 /2 0 1/2 0
4 0 1/4 1/2 1/4

The reader may check that discarding the top row and first column of the eigenvector arrays gives
the eigenvectors of K.

In this example the quasi-stationary distribution v is the stationary distribution 7 of K, both
are the Dirac mass at 17722, The chain K is itself absorbing. This rock breaking chain is a
special case of a host of explicitly diagonalizable Markov chains derived from Hopf algebras [9].
Some other algebraic constructions leading to explicit quasi-stationary calculations may be found
in Defosseux [6] (fusion coefficients and random walks in alcoves of affine Lie algebras). Symmetric
function theory, in various deformations (Sekiguchi-Debiard operators) leads to further explicit
diagonalizations in the work of Jiang [19]. Turning either of these last sets of examples into sharp
bounds seems like a fascinating research project.

4.2 Geometric theory

The basic path arguments of Holley and Stroock [17], Jerrum and Sinclair [18] and Diaconis and
Stroock [14] can be applied to absorbing chains. This was done in a sophisticated context in
Miclo [24]. The following paragraph develops a simple version in the discrete context. Let S be a
finite set, co0 an absorbing point and K a Markov chain on S := S 1 {o0}. We suppose as above
that the chain is absorbing with probability one and that the chain restricted to S is connected.
Suppose that ¢ is a probability on S and consider L.?(¢q) endowed with its usual inner product
(fs9)y = Dpes [(@)g(x)g(2), for f,g € L2(q). Suppose too that q(z)K(z,y) = q(y)K(y,z) for
z,y € S. When needed, define g(c0) = 0 and the functions from L2(q) are extended on S by
making them vanish at co. Let 51 be the largest eigenvalue of K restricted to S. The minimax
characterization gives

Lemma 17 If the Poincaré inequality Hng < A = K)f, f), holds for all f € L2(q), then B1 <
1-1/A.

Remark 18 Of course, A1 of Section 1 satisfies A1 = 1 — 1.

Define a Dirichlet form £ on L2(q), by

v feli(a),  E(f.f)
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Lemma 19 For f € L?(q), we have

EF.1) = (=KD~ 5 3 P ()
zeS
W=V P,

N

Proof

This is simple by directly computing both sides of the equality, separating the cases where z,y € S

and the cases where at least one of them is equal to co.
|

To bring in geometry, for x € S, let v, be a path starting at x and ending at co with steps
possible with respect to K. If there are many absorbing points, 7, may connect x to any of them.
Thus v, = (zg = z,21,...,x; = ©) with K(x;,z;4+1) > 0 for 0 < i <[ — 1. Let the length [ of the
path be denoted |;]|.

Proposition 20 With the notation as above, A in Lemma 17 may be taken as

2
4 - max ——— |’7z| Q(Z)
zeS, yesS Q(m)K(m’ y) zesz(g,y)e“/z

Proof

Let x € S be given and write v, = (2,1, ...,2;). The idea is to expand
FAx) = (flwo) = fx1)) + (f(z1) = flx2)) + - + (fl@i-1) — f(21)))?
-1
el S (s) — Flaiin))?
i=0

N

Thus for f e L2(q),

>, P

2
D <2 f(e) f<e+>> e

wes €S \€€7zx
< Z V2| q(x) Z (f(e™) = flet))?
zesS €€V
= x) — 29(z) K (2,y) .
_ $€§yes<f< ) IO DR e zesigwe%mm )
< AE(f )

Remark 21 Path technology has evolved: with many choices of paths, one may choose randomly,
see Diaconis and Saloff-Coste [12], weights may be used in the Cauchy-Schwarz bound, as in
Diaconis and Saloff-Coste [13]. This can be important when the stationary distributions varies a
lot. Paths may be used locally, see Diaconis and Saloff-Coste [12]. Any such variation is easy to
adapt in the above proposition.
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4.3 Other examples in discrete time

The following calculations are classical. The neat form presented here is borrowed from the thesis
work of Hua Zhou [29] and provides an alternative approach to Examples 3.1, 3.2 and 3.3. Consider
a birth and death chain on [0, N] with transition matrix

r 1—r
p 0 q

with pe (0,1), g =1—p, r,s € [0,1].
Proposition 22 The eigenvalues and right eigenfunctions are of form

D /2
B = 24/pgcos(), Vzel0,N], ox):= <§> cos(fx + ¢)

where 0 and c are determined by the boundary values:

rp(0) + (1 =7)p(1) = Bp(0)
(1=5)p(N—1) +sp(N) = Bp(N)

Proof

This follows from the trigonometric identity

Vo, fER, cos(a) + cos(B) = QCOS(a;ﬁ)COS(a;B)

Since for any 6,c e R,
» (z+1)/2 D (z—1)/2 » x/2
q <—> cos(A(x+1)+c)+p <—> cos(@(x—1)+c) = 2/pg <—> cos(fx + ¢)
q q q

Zhou [29] has shown that the above boundary conditions lead indeed to N + 1 eigenvalues.
[

As an example, take p = ¢ = 1/2 = r, s = 1. This gives the simple random walk on [0, N]
absorbing at N with holding at 0. The above proposition gives the equations
cos(c) + cos(f + ¢) = 2cos(f)cos(c), cos(NO@+¢c) = 0 or § = 0

These have solutions ¢ = 0/2, § = jn/(2N — 1), for j =0,1,3,...,2N — 1. It follows that the chain
has eigenvalues §; = cos(jm/(2N —1)), for j = 0,1,3,...,2N — 1 with right eigenfunctions ¢; given
by

Y x e [0, N], pj(x) = cos (%)

The left eigenfunctions are ¢y(x) = dny(x) and for j = 1,3,...,2N — 1,

{ g(pj(x) ,if x e [O,N —1]

Y x € [0, N], Yi(x) = 1)G+1)/2 i .
J 5 ot (2(25\[71» Jifz =N
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In particular, the quasi-stationary distribution has probability density given by

()
Zye[[o,N_”] Y1(y)

— 2tan (ﬁ) o8 <2(?2%—1)f))

Consider the geometric bound from Proposition 20. From the discussion above,

U 2 1
= COS<2N—1) - 12(2N—1)2+0<W)

The reversing probability ¢ on [0, N — 1] is the uniform distribution. There is a unique choice
of (not self-intersecting) paths from x to N. The quantity A is obviously maximized at the edge
(N —1,N). Then, it is

vV xe[0o,N —1], viz) =

AN
A= Y N-—z = 2NN +1)

ze[0,N—1]

This gives 1 <1 — m which compares reasonably with the correct answer.

In this problem, ¢, /@, is of order N? and our bounds show that order N2 In(N?) steps suffice
for convergence to quasi-stationarity. Using all of the spectrum, classical analysis shows that order
N? steps are necessary and sufficient. Zhou [29] gives similar exact formulae for reflecting and
absorbing boundaries at zero. He also derives the exact spectral data for some absorbing birth and
death chains from biology (Morans model with various types of mutation).
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