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Asymptotic stability of the black soliton for the
Gross-Pitaevskii equation

Philippe Gravejat! and Didier Smets?

June 5, 2014

Abstract

We introduce a new framework for the analysis of the stability of solitons for the one-
dimensional Gross-Pitaevskii equation. In particular, we establish the asymptotic stability
of the black soliton with zero speed.

1 Introduction

We pursue our analysis of the one-dimensional Gross-Pitaevskii equation

0,0 + 0¥ + W (1 — |[W]?) =0, (GP)
for a function ¥ : R x R — C, supplemented with the boundary condition at infinity

|[U(x,t)| =1, as |z|] = 4o0. (1)

The Gross-Pitaevskii equation was introduced in [39, 24] as a model for the Bose-Einstein con-
densation. In nonlinear optics, it appears as an envelope equation in optical fibers [26]. In
dimension one, it gives account of the propagation of dark pulses in slab waveguides. The
boundary condition in ([l corresponds to the non-zero background.

On a mathematical level, the Gross-Pitaevskii equation is a defocusing nonlinear Schrédinger
equation. Its Hamiltonian is the Ginzburg-Landau energy defined by

BW) = [ 10:0P+ g [ - jupy

In the sequel, we only consider the solutions ¥ to (GP)) with finite Ginzburg-Landau energy, i.e.
in the energy space

ER):={¥:R—C, st. Ve L*R)and 1 — |V € L*(R)}.

Under this assumption, the boundary condition in () is fulfilled due to the Sobolev embedding
theorem.

The constant functions with unitary modulus are the simplest examples of finite energy solu-
tions. A linearisation around these constants provides the dispersion relation

w? =k 4 2k% (2)
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For high wave numbers, this relation is similar to the dispersion relation of the linear Schrédinger
equation. In contrast, for low wave numbers, it matches with the dispersion relation of the linear
wave equation with speed ¢; = v/2. The characteristic speed ¢, is called the sound speed. As
a consequence of (2), the absolute value of the group velocity is always strictly larger than c;.
Roughly speaking, dispersion has at least speed cs.

The Gross-Pitaevskii equation also owns travelling-wave solutions. The solitons with speed ¢
are special solutions of the form

U(x,t) := Us(x — ct).

Their profile U, are solutions to the ordinary differential equation
—icU,+ U + U.(1— |U*) = 0. (3)

The solutions to (3) with finite energy are explicitly known. For |¢[ > /2, there are no non-
constant solutions. In other words, there is no common speed for solitons and dispersion. In
contrast, for |c¢| < v/2, the non-constant solutions are uniquely given by the formula

Ue(x) == ( 20 )2 tanh <%x> + i%, (4)
up to the invariances of the problem, i.e. multiplication by a constant of modulus one and
translation. Solitons U, with speed ¢ # 0 do not vanish on R. They are called dark solitons,

with reference to nonlinear optics where |¥|? refers to the intensity of light. Instead, Uy is called
the black soliton.

In dimension one, the Gross-Pitaevskii equation is integrable by means of the inverse scattering
method [47]. At least formally, this method provides a description of the long-time dynamics,
which is governed by solitons and dispersion. More precisely, the solutions are expected to behave
as a chain of solitons plus a dispersive part (see e.g. [44] 143]). A first step in order to derive
rigorously this long-time description is to establish the stability of single solitons and chains of
solitons.

This issue was mostly solved in a series of recent papers. The orbital stability of dark solitons
was derived in [27] (see also [I]), whereas the case of the black soliton was solved in [3 21].
More recently, the asymptotic stability of dark solitons was proved in [5]. Concerning chains of
solitons, their orbital stability was established in [4], when the solitons in the chain have non-zero
speed, are well-separated at initial time, and are ordered according to their speed.

Most of these results rely deeply on an alternative formulation of the Gross-Pitaevskii equa-

tion. Provided a solution ¥ does not vanish, it may be lifted as ¥ := pexpip, where g := |VU]|.
The functions n := 1 — ¢? and v := —0,¢ are solutions, at least formally, to the hydrodynamical
system

O = 0z (2nv — 2v),

2
v = 39“(”2 -0 89&(2(?{777)) - 4((?{737)2)

In this hydrodynamical framework, the Ginzburg-Landau energy is equal to

1 (9a1)* 1 o 1 2

It is natural to define the energy space for the hydrodynamical Gross-Pitaevskii equation as the
open subset of H!(R) x L?(R) given by

NVR) := {(77,1)) € HY(R) x L*(R), s.t. max 1) < 1}.



The corresponding functional framework is substantially simpler than the one corresponding to
the energy space £(R). Moreover, it is straightforward to define another conserved quantity, the
momentum P given by

Pno) =5 [ )

which plays a crucial role in the analysis of the stability of the solitons.

On the other hand, a major drawback of the hydrodynamical formulation lies in the fact that
it only describes non-vanishing solutions. In particular, the black soliton Uy is excluded from the
analysis.

The main goal of this paper is to revisit the stability of solitons getting rid of the hydrody-
namical formulation. In particular, this makes possible the proof of the asymptotic stability of
the black soliton.

1.1 Statement of the main results

Our first concern lies in introducing a suitable functional setting to handle with the stability of
solitons. In this direction, a natural metric structure is provided by the distance

d(W1,U2) = [ U1 = | oo + |97 = L] o + [l = 2] 2,

where we have set 7; := 1 — |¥;|? for j € {1,2}. For this distance, the Ginzburg-Landau energy
is continuous on £(R). Moreover, Zhidkov [48] proved the existence of a unique global solution

U € CO(R,&(R)) to (GP) for any initial datum ¥° € £(R) (see also [20]).

However, the distance d does not seem well-adapted for our purpose. In the hydrodynamical
formulation, orbital stability is quantified by an H'-control on the perturbation of the variable
n and an L?-control on the perturbation of v in the functional framework provided by the
space NV(R). In this space, the maps (n,,v,) corresponding to the functions ¥, given by
WU, (z) = exp(i (1+22)Y/8/n) converge to the zero pair (0,0), as n — +oo. This does not remain
for the distance d. The first term in the definition of d prevents the maps ¥,, from tending to
a constant map of modulus one when n — 4o00. Roughly speaking, the distance d provides too
much control on the slow oscillations at infinity.

In view of the hydrodynamical situation, we do not expect such a control concerning the
stability of solitons. This is why we introduce an alternative metric structure on £(R). Given a
number ¢ € (—v/2,/2), we first consider the weighted Sobolev space

He(R) == {f € C°(R,C), s.t. f/ € LA(R) and (1 — |U>)'/?f € L*(R)},
which we endow with the Hilbert structure corresponding to the norm
1
2

1= ([ Q2+ @ = wapise)

Due to the exponential decay of the functions 1—|U,|? on one hand, and the 1/2-Hélder continuity
of the maps in £(R) on the other hand, all the norms || - |3, are equivalent. As a consequence,
the space H.(R) does not depend on c. For simplicity, we set H(R) := H.(R).

Moreover, the energy space £(R) appears as the subset of H(R) given by

ER) = {T € H(R), s.t. n:=1—|¥]* € L*(R)}.



In particular, we can endow it with the metric structure corresponding to the distances

1
de(W1, V2) = <H‘I’1 - \IIZH?HC +[|m - 772Hiz> .

Notice that the corresponding topology is weaker than the one provided by the distance d. As a
consequence, the Ginzburg-Landau energy remains continuous on £(R), and the Cauchy problem
remains globally well-posed. More precisely, the unique global solution ¥ to (GP)) corresponding
to an initial datum ¥° € £(R) remains continuous from R to &(R) endowed with the metric
structure induced by the distances d..

Our motivation for introducing the distances d. originates in the Taylor formula for the energy
E around a soliton U,. Given a function € € £(R), we check that

B(U. +2) =E(U:) + |
R
1

2 1
3 [P - a- PP + 5i2).
R

(W ehe = (1 = U Ue)e)
(©)

where we have set 7. := |U,+¢|> —|U.| = 2(U,, €)c +|e|>. An important step in order to establish
the orbital stability of solitons is to provide some coercivity for the quantity

Qo) =5 [ (I == )l + 52).

in the right-hand side of (] (see Proposition [I] for a more precise statement). This can only be
done for a metric structure which respects the special form of @).. In this respect, the natural
structure is given by the distances d..

We now come to our main results. The first one gives some further details concerning the
orbital stability of the black soliton.

Theorem 1. Given a map ¥° € E(R), we consider the unique solution ¥ to (GP) with initial
datum WO, There exist two positive numbers o, and A, such that, if

00 = do(2°,T) < o ™)
then there exist two functions a € C*(R,R) and § € C}(R,R) such that
' (t)| + |0'(t)| < Aa?, (8)

and

do (e_ig(t) (- +af(t),t),Up) < A, 9)
for any t € R.

As mentioned previously in this introduction, the orbital stability of the black soliton Uy was
first proved, on one hand, in [3] by applying the variational method introduced in [11], on the
other hand, in [21I] by making use of the integrability by the inverse scattering transform of the
one-dimensional Gross-Pitaevskii equation.

The proof of Theorem [ relies on a third approach, which was introduced in [45, 46] and
then generalized in [22, 23]. The main ingredient in the proof is to establish the coercivity of
the quantity Q.(¢), when the function e satisfies suitable orthogonality conditions (see Proposi-
tion [l below). These orthogonality conditions are guaranteed by the introduction of modulation
parameters (see Proposition 2 below). This third approach presents the advantage to provide a



better control on the perturbation with respect to the soliton. Such a control is very useful in
order to tackle the asymptotic stability of the black soliton.

An important difficulty in applying rigorously this third strategy lies in the property that the
functional Q. (&) does not depend quadratically on the variable e. As a consequence, it does not
seem possible to derive its coercivity from standard spectral theory. We refer to Subsection
for more details concerning this issue, and more generally, regarding the main elements in the
proof of Theorem [I1

Our second result concerns the asymptotic stability of the black soliton.

Theorem 2. Given a map ¥° € E(R), we consider the unique solution ¥ to (GP) with initial
datum V0. There exists a positive number By < o, such that, if

do (Y, Up) < B,

then there exist a number c, € (—v/2,v2), and two functions a € C'(R,R) and 0 € C*(R,R)
such that
a(t) = c., and @(t) =0, (10)

as t = 400, and for which we have

e D W(- ta(t),t) = U, in H(R), and 1—|¥(-+a(t),t)]* =1 |U.[> in L*R), (11)

as t = 4o00. In particular, we have
e O W(- +a(t),t) = U, in LZ,(R), (12)
as t — +oo.

Remark. A natural question about the position a and the phase 6 concerns the existence of
possible limits for the quantities a(t) — ¢t and (), when t — +o00. We believe that the answer
to this question is negative, unless additional assumptions are made on the initial perturbation.
As a matter of fact, this property has been proved to be false in the context of the Korteweg-de
Vries equation (see [32, Theorem 2]).

Concerning the limit speed c,, it is controlled by the initial distance do(¥Y,Up) between the
initial datum W° and the black soliton U°. This property is a direct consequence of orbital
stability (see ([B3) and (B6]) below). In particular, the limit speed ¢, converges to 0 as the initial
perturbation tends to 0.

In contrast with orbital stability, which expresses the fact that the solution remains close to
the family of black solitons corresponding to the geometric invariances of the Gross-Pitaevskii
equation, asymptotic stability provides the convergence of the solution towards a special orbit
in this family.

A crucial issue when dealing with this further notion of stability lies in the nature of the
convergence. As a matter of fact, it is not possible to prove a strong convergence in the energy
space. Indeed, orbital stability, since it holds both forward and backward in time, would then
guarantee that the solution is exactly a black soliton. As a consequence, one has to weaken the
notion of convergence in order to establish asymptotic stability.

In this direction, a natural choice is to show a weak convergence in the energy space. This is
exactly the main statement of Theorem 2l As a consequence of the Sobolev embedding theorem,
the convergence is also locally uniform in the reference frame of the limit soliton. Due to the
possible presence of additional small solitons, this local uniform convergence cannot be improved
into a global uniform convergence. On the other hand, it is possible that the solution converges



in H! (R) towards a soliton. Martel and Merle [32] proved such a convergence in the context
of the Korteweg-de Vries equation. To our knowledge, this question still remains open for the

Gross-Pitaevskii equation.

Asymptotic stability originates in the property that the perturbation of the soliton disperses
at infinity in the reference frame of the limit soliton. As a consequence, a natural strategy
in order to prove it is to establish dispersive estimates for the linearized equation around the
soliton, and then to implement a fixed point argument in suitable function spaces. In the context
of nonlinear Schrédinger equations with potential, this first strategy was implemented by Soffer
and Weinstein in [40] 41} [42] for proving the asymptotic stability of ground states (see also [19]).
It was then extended to various equations including the generalized Korteweg-de Vries equations
[38, 87], and the nonlinear Schrédinger equations without potential (see e.g. [8, 9 10, [14]). We
refer to [15] for a detailed survey about those and related works.

This first strategy describes the limit behaviour of the solution as the superposition of a
soliton and a dispersive perturbation. In general, the long-time dynamics is more complicated.
In particular, it is well-known that multi-soliton solutions play a major role in the long-time
dynamics (see e.g [35, [36, [4]). This limitation originates in a priori spectral assumptions, or
the use of weighted spaces for the initial perturbation, in order to perform this first strategy
rigorously.

In a series of papers, Martel and Merle [30], 311, 29} 321 [34] 33] proposed an alternative strategy
in order to establish the asymptotic stability of solitons for the generalized Korteweg-de Vries
equations. They rely on monotonicity formulae to establish the compactness of a limit profile,
and then classify the compact solutions to the Korteweg-de Vries equations in the neighbourhood
of solitons. This second strategy presents the advantages not to require additional a priori
assumptions, and to apply to multi-soliton solutions (see e.g. [35]). It was extended to various
equations including the Benjamin-Bona-Mahony equation [16] and the Benjamin-Ono equation
[25].

In [5], we relied on this second strategy in order to prove the asymptotic stability of the
dark solitons for the Gross-Pitaevskii equation. As mentioned previously, this was performed in
the hydrodynamical setting, so that we were not able to handle with the black soliton. Here,
we by-pass this limitation by working directly in the Schrédinger setting, to the expense of a
functional setting which involve completely nonlinear quantities.

Another motivation for working in the Schrodinger setting comes from the focusing nonlinear
Schrodinger equations. In general, they also own solitons which are supposed to play a major role
in their long-time dynamics. However, in this case, the description of the long-time dynamics is
certainly more intricate, due to the existence of breathers which prevent asymptotic stability in
the energy space.

In another direction, notice that the Gross-Pitaevskii equation also owns travelling waves in
higher dimension (see e.g. [7, 6l 2l 28]). Likewise, they are supposed to play an important role
in the long-time dynamics. Their orbital stability was investigated in [I3]. To our knowledge,
their asymptotic stability still remains an open problem.

Finally, let us emphasize that our proof of asymptotic stability does not rely on the integrabil-
ity by means of the inverse scattering transform of the one-dimensional Gross-Pitaevskii equation.
As a consequence, our result presumably extends to nonlinearities for which the equation does
not remain integrable (see e.g. [12] for examples of possible nonlinearities).

In the remaining part of this introduction, we present the main ingredients leading to the
proof of Theorems [l and 21



1.2 Main elements in the proof of Theorem []

Orbital stability results from a variational characterization for Uy. The function Up is the unique
minimizer of the variational problem

E(Up) = min {E(\IJ), W € E(R) s.t. [P|(¥) = 5 mod w}, (13)
up to the geometric invariances of the equations, i.e. translations and multiplication by constants
of modulus one. In this expression, the functional [P] refers to a renormalized version of the
momentum P. In (), the quantity P(V) is defined in the hydrodynamical framework, where
the function ¥ does not vanish. Extending the definition to functions which possibly vanish is
not so immediate. In [3], we introduced the following renormalized version of the momentum

Ro

PU = Jim 5 [0 e = 5(o(R) — p(~R)) mod .

In this definition, ¢ stands for a phase function at infinity for ¥. Indeed, when W lies in E£(R),
the Sobolev embedding theorem implies that |¥(x)| — 1 as |z|] — +o00. As a consequence, the
phase of ¥ is well-defined modulo 27 on intervals of the form (—oo, —R;) and (Rg, +00) for Ry
and Ry large enough. In particular, the renormalized momentum [P](¥) is only defined modulo
7 due to the ambiguity on the phase function .

We will provide more details on the momentum in Propositions [ and [fl We first go on with
the orbital stability of Uy.

As a consequence of the variational characterization in (I3]), the soliton Uy is a critical point
of the functional E. Due to the minimizing nature of Uy, this quantity actually provides a control
on a large class of small perturbations of Uy. More precisely, we can establish

Proposition 1. Let ¢ € H(R), with Uy + € € E(R), and set n. := 2(Uy, e)c + |e|>. There exists
a universal positive number Ny such that

1
E(Uo +¢) — E(Uo) = Ao (llell3, + lIn:172) — Ao lellZs, (14)

as soon as

/R@, Ul)e = /R@,w@(c _ /R@,wmu o) =0 (15)

The orbital stability of Uy is a consequence of the coercivity inequality in (I4]). As a matter of
fact, consider a solution ¥ to (GP)) and decompose it as W(-,t) = Uy + (-, t) for any ¢ € R. Due
to the conservation of the energy, the quantity E(Uy+¢(-,t)) — E(Up) remains small at any time
if the initial datum ¥ is close to the soliton Up. In view of (Id)), the quantity [le[|F,, + [|7:]|7-
remains small for all time, which gives the orbital stability of Uy.

In order to apply this argument, we first have to guarantee the orthogonality conditions in
(I5). As usual in such a situation, we introduce modulation parameters. Given a function
¥ € H(R), which lies in a neighbourhood of the orbit of Uy of the form

Up(a) = {\Il € H(R), s.t. (a,iﬁr)lef]R2 e W (- +a) — UOHHO < 04}7

for some positive number «, we decompose it as

e*w\I/(- +a)=U.+e=R.+il.+e¢,



and we make the choice of the modulation parameters (c,a,6) € (—v/2,v/2) x R? such that the
remainder ¢ satisfies the orthogonality conditions

Letde= [ Eivie = [ e iRrde =) =0, (16)

Proposition 2. There exist two positive numbers ag and Ag, and three continuously differen-
tiable functions ¢ € C*(Up(w), (—v/2,v2)), 8 € C(Up(w),R/277Z) and a € C' (Up(ay), R) such
that for any ¥ € Up(ap), the function

e = e PY( + a(V)) — Uqy), (17)
satisfies the orthogonality conditions in ([I6l). Moreover, if

H\I/—eier(-—a <a<ag,

Mg

for some (a,0) € R, then,

lellzg, + le(®)] + [a(®) = af + [P = ] < Aga. (18)

Concerning Proposition 2] we observe that the orthogonality conditions in (I8) are generaliza-
tions of the ones in ([IH)) through the introduction of a modulation parameter related to the speed
c. For that reason, we have to extend the coercivity estimates in (I4)) to this new framework. In
this direction, we show

Corollary 1. Letc € (—v/2,1/2). Fore € H(R), with U.+¢ € E(R), we set ne := 2(Ue, &)c+le|?.
Given any number o € (0,1/2), there exists a positive number Ay, depending only on o, such that

1
E(Ue+¢) = E(Us) = Ao (llellfy, + Inel72) = 1= (¢ + llell,), (19)
as soon as |c| < o, and € satisfies the orthogonality conditions in ([I6]).

Another remark regarding Proposition Pl lies in the property that the modulation parameters
for a solution W(-,t) necessarily depend on time. In particular, we need to control their evolu-
tion along the flow of the Gross-Pitaevskii equation. In this direction, we rely on a standard
continuation argument.

We first invoke the continuity of the (GP)) flow in £(R). We choose a positive number « to
be fixed later. When the initial datum W¥° satisfies the condition o := do(¥°, Up) < «, we can
find a positive time 7" such that W(-,¢) lies in the set

Vo(a) = {\11 €ER), st inf do(e~ (- + a), Up) < a}, (20)

for any t € (=T, T). Our final goal is to establish that we can fix a small enough such that the
solution ¥(-,¢) remains in Vy(a) for any ¢t € R.

We first assume that o < g, where «q is defined in Proposition 2l In this case, we can define
modulation parameters for W(-,¢) by setting (c(t),a(t),8(t)) = (c(V(-, 1)), a(V(-,1)),0(¥(-,1)))
for any t € (=T, T). In this definition, the function € is a priori valued in R/27Z. However, the
map t — @(U(-,t)) is continuous from (—7,7T) to R/2xZ. As a consequence, we can define the
function # as a continuous real valued function, up to the choice of a constant in 27Z. We fix
this choice such that (0) lies in [0,27). In the sequel, the function 6 only appears through the
function e, or the derivative ¢, so that this special choice does not affect our proofs.



We next check the continuous differentiability of the modulation parameters with respect to
time (see Proposition B below). In particular, we are allowed to write the equation satisfied by
the perturbation e(-,t) := e ?OW(. + a(t)) — Uc(r), which is given by

e = = ()0Ucy — i (t) (Uer) + £) + (a/() = (1)) (0xUeqr) + One)

21
+ i(axxe —ic(t)Oge + Ne(t)€ — Ne (Uc(t) + 6)), 2

with 7 (-,t) := 2(U),e(-,t))c + |e(, £)[*. Differentiating the orthogonality conditions in (I8)),
we derive from (2]) the following control on the modulation parameters. This control eventually
provides the estimates on the time derivatives of a and 6 in Theorem [1l

Proposition 3. There exist two positive numbers an < oy and Ay such that, if the solution
U(-,t) lies in Vo(ar) for any t € (=T,T), then, the functions ¢, a and 0 are of class C' on
(=T.,T), and their derivatives satisfy

2 2 2
(O] + 1a’(t) — ()" +10"()]° < Aulle(:,)l[34,, (22)
for any t € (=T,T).
We next assume that o < ay so that the estimates in Proposition B are available on (=7',7),
and we come back to inequality (I9). We assume that Apar < 1, where Ay is defined in Proposi-

tion 2 so that |c(t)| < 1 for any t € (=T, T). When « satisfies the further condition 2A4ga < A%,
we are allowed to use the conservation of the energy and (I8)]) to rephrase (I9) as

et + e ) < (0 (BCE) = BD) +cf0)?) (23)

for any t € (—=7,T). On the other hand, we can use the property that Uy is a critical point of F
in order to infer from (@) the existence of a positive number Ky such that

E(¥°) — E(Up) < Ko(a®)?. (24)

As a consequence, it only remains to estimate the remainder quantity c(¢)? so as to complete the
proof of Theorem [Il In order to bound this term, we rely on the conservation of the momentum,
and a Taylor expansion of this quantity in the neighbourhood of the solitons U..

In order to compute this expansion, we introduce an alternative definition of the momentum.
Given an arbitrary function ¥ in Vy(a), we can rely on the modulation decomposition provided
by Proposition [2] to define the function

Uinod () == e @ U(z + a),

with 0 := 6(¥) and a := a(¥). Combining estimates (I8) and definition ([20) with the Sobolev
embedding theorem, we can also assume that the number « is sufficiently small so that we have

|\Pmod(x)| s (25)

N | —

for any x € R\ [-1,1]. As a consequence, we can define a continuous phase function g
from the two simply connected components of the set R\ [—1,1] into R such that W.q(z) =
‘\I’mod(x)‘ exp i¢Ymod () for any = € R\ [-1,1]. Decreasing « further if necessary, we may
additionally impose (and this makes the choice unique) that

‘gpmod(x) - 77‘ < g for z € [-2,—1], and ‘gomod(x)‘ < for z € [1,2]. (26)

T
2

9



We now fix a cut-off function x € C*(R, [0, 1]) such that x = 1 on [—1,1] and x = 0 outside
(—2,2), and we define the momentum as

P(W) = /[R (1% mod; e Wamod)c = B2 (1= X)#moa) ) (27)

Similarly to [P], the quantity P is invariant by translation and multiplication by a complex
number of modulus one. Contrary to [P], it is well-defined as an element of R rather than R/7Z.
On the other hand, it is only defined for functions in a tubular neighbourhood of the family of
black solitons. As a matter of fact, we have

Proposition 4. There exists a positive number as < o1 such that the map P is well-defined
from Vo(az) to R, and it satisfies

P(¥) = [P](¥) mod T, (28)
for any ¥ € Vo(az).

Coming back to decomposition (7)), we can expand the quantity P(¥) with respect to e =
Uinod — Ugqw) for € small enough. More precisely, we show

Proposition 5. Let U € Vy(ag). Set e := Wy0q — Ue, with ¢ := c(V), and . := 2(U., €)c + |¢|*.
There ezists a positive number Asg such that the momentum P(¥) may be written as

P(¥) = P(U) - /R (UL, e + Rel(e),

with
[Re(e)] < As(Ilel3y, + IInl2). (29)

We are now in position to conclude the proof of Theorem [l

End of the proof of Theorem[1 Recall that so far we have obtained (23)) and (24]), so that it only
remains to control the quantity c(t). Assume that o < ag. In this case, we are allowed to apply
Proposition Bl in order to write

P(¥C0) = PUy) = [ ULy 00 + R 0,

for any ¢t € (=7,T). In view of the second orthogonality condition in (I6]), and estimate (29),
we conclude that

[P, 0) = PUeo))] < Ao (Nl 1) B, + 1ne1)]3: )

We now combine this estimate with the conservation of the renormalized momentum (see [3]
Proposition 1.16]), and with identity (28]). Since the left hand side of this identity is continuous
in time and well-defined as an element of R, we obtain

P((-1)) = P(¥7),

for any ¢t € (—=T,T). This leads to the inequality

|7D(Uc(t)) - P(UC(O))| < A2<H€('7t)H%-lo + H%('aﬂ”é + H&(-,O)H%{O + \\775('70)“%2)-
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In view of ([I8]), we have
|c(0)] < Aga?, (30)

so that it follows from (23] and (24) that
2

2
leC, 0B, + IIm=(, Ol < 5 (A1 Ko + 43) (). (31)
1

On the other hand, we can use the explicit formula for the soliton U, in (@) to compute

PU,) = g — arctan (\/2%_02) - g\/Q — 2

Since |c(t)] < 1, we are led to
P(Ue(ty) = PUc(o))| = le(t) — ¢(0)]-
In view of (B0) and (BI]), this provides

24,

)] < A2 (e, By + ()12 ) + Ava® + 5 (AaKo + 43 ) (o)

Inserting this inequality, and estimate (24]) into (23]), we deduce the existence of a positive number
A such that

NI

do (e V(- + a(1)), Ustr) = (e )13, + lIne(,D)]172)* < Aa, (32)
for any t € (=7, T). In particular, we have
le(t)] < Aa®, (33)
for a further positive number A. It now remains to check that
do (U, Uery) < Ale(t)] < A,
to obtain the final estimate
do (DT (- + a(t)), Up) + le(t)| < Aa’, (34)

for any t € (=T,T).

All this is available for a given choice of the number « that we now fix. We next set v, := /A,
where A is the number in ([34). When o’ < a,, we deduce from (34)) that the solution ¥ remains
in Vy(a) for any time ¢ € (—T,T). Applying a standard continuation argument, we conclude
that it remains in this set for any time. In particular, estimate (34]) is available for any ¢ € R.
This is exactly statement (@) in Theorem [Il Statement (8)) is then a consequence of (22I), (32))
and ([34). This concludes the proof of Theorem [ O

1.3 Main elements in the proof of Theorem
1.3.1 Construction of a limit profile

Let U be as in the statement of Theorem Bl Since B, < a, in the assumptions of Theorem [
we may apply Theorem [I] to the unique globally defined solution ¥ to (GP]) with initial datum
U0 As in the proof of Theorem [I we decompose the solution ¥ as

U(z,t) = Uy (z — alt) +e(z — a(t), ),

11



according to Proposition 2, and we therefore have estimates (32) and (33) for any ¢ € R.

We fix an arbitrary sequence of times (¢ )nen tending to +o0o0. In view of ([B2) and (B3), we
may assume, going to a subsequence if necessary, that there exist ¢ € H(R) and ¢ € (—v2,V/2)
such that

el tn) = e PIU( + alty), ty) — Uy — €5 in H(R), (35)
and that
cltn) — ¢, (36)

as n — +oo. In this situation, since the function 1 — |¥(-,#)|? is uniformly bounded in L?(R) by
energy conservation, we can also deduce from the Rellich theorem that

1= e (-t alty), t)]? = 1 — |Us +¢5? in LA(R). (37)
Our main goal is to obtain the conclusion that necessarily € = 0, by establishing smoothness

and rigidity properties for the solution W* to (GP)) with initial datum given by U + €.

We first deduce from the weak lower semi-continuity of the norm that the function ¥ :=
Uer + € satisfies
195~ Vol < 4.8+ 06 - Ug

Ho®
On the other hand, we infer from (B3] that we have |¢j| < A" < A,fB,. Therefore, we can
impose a supplementary smallness assumption on 3, so that necessarily

do(\I’a, U()) S Oy

Applying Theorem [ then yields a unique global solution ¥* € C°(R, (£(R),d)) to (GP) with
initial datum W§, and maps ¢* € CY(R,(—v/2,v2)) and (a*,0%) € C}(R,R)? such that the
function €* defined by

(-, 1) = e OWH(. 4 a*(t), 1) — Uer (1) (38)

satisfies the orthogonality conditions

/R<€*('7t)7Ué*(t)>C = /R<5*('at)=iUé*(t)><C = /(5*(t7')7iRc*(t)><c(1 —|Uep?) =0. (39)

R

Notice that, in view of Proposition 2l and estimate (32]), the modulated speed ¢* and the pertur-
bation £* satisfy the estimate

()] + 1le™ ()l + llmes (5 )22 < Ao, (40)
for any t € R. Similarly, we deduce from Proposition [3] that
* * * 2 * *
(@) @)+ [@) @) = @O + [(07) @)1 < Axlle” ()14 (41)

for any t € R.

In this situation, we can establish the following weak convergence of the perturbation e towards
the limit perturbation £*, as well as of the convergence of the modulation parameters ¢, a and 6
towards the limit parameters ¢*, a* and 6*. More precisely, we show

Proposition 6. Let t € R be fizred. Then, we have

e )W (- 4 a(ty), t, +t) = T (1) in H(R),
1= |e W ( 4 alty) by + )] = 1= W00 in L2(R),

12



and
a(t, +t) —a(ty) = a*(t), O(t,+1t)—0(t,) — 6*(t) and c(t, +1t) = c*(¢), (43)

as n — +00. In particular, we obtain
el tn +1t) = e%(-,t) in H(R),
2UUsty 1€t + D)+ et + D = 20,6, D) + (D in LX(R),
as n — +0o0.

Using this limit characterization of the profile ¥*, we are able to show its localized and smooth
nature.

1.3.2 Localization and smoothness of the limit profile

In this subsection, we consider an arbitrary solution ¥ as in the statement of Theorem [I, which
can therefore be uniquely modulated by functions which we denote here again by a, # and c. By
(@ and (@), we have the closeness estimate

do(Vmoa(+,1),UY) < (Ay +1)a?, (45)

for any ¢t € R. Here, we have set, as before, ¥,,0q(2,t) := =@ U(x + a(t),t). In the sequel, we
assume further that the number o (which appears in the statement of Theorem [I]) is sufficiently
small so that we can write

\Ilmod (1'7 t) = ‘\Ilmod (1'7 t)‘ €xp Z‘()Omod (1’, t),

for any x € R\ [—1,1] and any ¢t € R, with phase functions ,0q(+,t) which satisfy (26]) for any
t € R. As in Proposition @ we choose and fix a cut-off function y € C*(R, [0, 1]) such that y =1
on [—1,1] and x = 0 outside (—2,2). For arbitrary R € R and ¢ € R, we then define the quantity

Ip(t) = IX(t) = % /R [(immod,a$\1/mod>c —0,((1 - X)wmod)] (z,1) ®(z — R) dz,

where 1
x
D) i= 5 (1+tann (3)).
() 5 + tan 5
Concerning the quantity Ir, we can show the almost monotonicity formula given by

Proposition 7. There exist a universal constant K and a number 0 < ay, < a4 such that, if
a® < a,,, then we have

%[Imot(t)] > i /R [(0:9)% + (1= [2%)?](z + a(t),t)®(z — R — ot) dw — Ke” B! (46)

forany R€ R, anyt € R, and any o € [-1/12,1/12]. As a consequence, we also have
Ig(t1) > Ig(te) — Ke 1Bl (47)
for any real numbers ty < ty.

In the sequel, we denote If(t) := IE*(t) the corresponding quantity for the specific choice of
U* as the solution to the Gross-Pitaevskii equation. Notice in particular that

lim I4(t) = P(T*).

R——o00

We deduce from Proposition [l the following bounds on I.
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Proposition 8. Given any positive number 8, there exists a positive number Rg, depending only
on 6§, such that we have

[I:(t)| <6, VYR> Rs,
[I5(t) = P(¥*)| <6, VR < —Ry,

for any t € R.

Proposition B] guarantees that the momentum density of the solution ¥* remains localized
for any time. Combining this information with the monotonicity formula in (46]), we derive the
following weak localization of the energy density.

Corollary 2. There exists a positive number My such that
t+1
/ / [\axq/*\z + (1= U122 (@ + a*(s), s)el*l da ds < My, (48)
¢ R
for any t € R.

In order to conclude that U* is a smooth and localized solution to (GP)), we now improve the
weak localization of the energy density in (48) by using standard smoothing properties of the
linear Schrédinger equation. More precisely, we invoke

Proposition 9 ([5]). Let A € R, and consider a solution u € C°(R,L%*(R)) to the linear
Schrodinger equation
10pu + Oppu = F,

with F € L*(R, L*(R)). Then, there exists a positive constant Ky, depending only on X\, such

that T T+1
)\2/ /\&Cu(x,t)\zem dxdtgm/ / (juCe. O + [Fla. ) ) dedt,  (49)
T JR R

-T-1
for any positive number T'.

The smoothing properties in Proposition [0 were analysed in a more general context in [I§].
We refer to [5] for a detailed proof of this proposition.

Arguing as in [5], we next derive from (48] and Proposition [0 the smoothness and exponential
decay of the derivatives of the solution W*.

Proposition 10. The solution ¥* is of class C*° on R x R. Moreover, given any integer k > 1,
there exists a positive number My such that we have

k
D1 (@ a” (1), ) + (1= W (2 + a” (1), 1) ") < Mye™ ", (50)
j=1

for any (x,t) € R2.

In terms of the perturbation €*, this may be rephrased as
Corollary 3. Set e« (-,t) := 2(Ues (), * (-, t))c + |€* (-, 1)[>. Given any integer k > 1, there exists
a positive number Mj such that we have

k
S 107" (@ ) + s (,6)? < Mye ), (51)
j=1

for any (x,t) € R?.
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In conclusion, the function ¥* is a very special solution to the dispersive Gross-Pitaevskii
equation. We now prove that the only solutions with similar localization and smoothness prop-
erties, which moreover remain perturbations of the black soliton Uy along the Gross-Pitaevskii
flow, are exact solitons. This rigidity property is sufficient to complete the proof of Theorem 21
As a matter of fact, it guarantees that the limit profile ¥* is exactly a soliton, which provides
the convergences in ([ITJ).

1.3.3 Rigidity of the limit profile

In order to establish this rigidity property, we follow the strategy developed in [5] for the non-
vanishing solitons U, (see also [33] for similar arguments in the context of the Korteweg-de Vries
equations). We rely on the combination of two monotonicity formulae. In [5], they were written
in the hydrodynamical framework. We rephrase them in the framework corresponding to the
original variable ¥*. This makes possible to handle with possibly vanishing solutions to (GP]).

More precisely, we come back to the equation satisfied by the limit perturbation *, which we
write as

0™ =(07) (t) (= Uty — i€™) + ((a*) (1) = (1)) (QuUer(ty + Due”)
— () (#) 0Upe (1) — 1L 1y (€) — imee™,
with e« (-, ) := 2(Ues (), €*(, £))c +|e* (-, 1)|*. In this equation, the functional Lc(¢) is defined as

(52)

Lo(e) =L (e) +iL, (€) = — Oyaer — cOpea — (1 — |Uc|2)61 + Ren.
. c (53)
+ z< — Opga + cOger — (L= |Ue|?)ea + Em).

This quantity is the first order term in the expansion of (GP)) for small € and 7. In contrast with
the classical situation where this quantity is the linearized part of (GP]), the functional L.(g) is
not linear with respect to € due to the nonlinear dependence of 7. with respect to €. It is only
linear with respect to both € and 7.. This complicates deeply the analysis of this first order term
since we cannot, as usual, rely on spectral theory. However, it is possible to by-pass this problem

by using monotonicity formulae, which present the advantage to apply to nonlinear situations.
In order to derive these monotonicity formulae properly, we now set

c

Te(e) == V2R.0pe9 — cOpe1 — (1 —|U|*)es — \/im’

(54)
and we introduce the quantity

¢c€:: 15 +€
MEn(e) = [ oLl ),

where ¢. is a smooth real-valued function, possibly depending smoothly on ¢. We claim that the
derivative with respect to time of the functions

* Pex *
ME(t) = ]\46*‘(Ifgt)(6 (1)),
is essentially positive for suitable choices of the functions ¢..

In order to confirm this further claim, we first compute this derivative. We introduce the
quantity

be () .— L _ 2 +(2)2 ~(£)2
G2r(e) = s [ (VA= 02300+ 00(Re) £ +0uRed) £ .
VB U)o L5 (&) Ta(e) + 0u(Redr) 7;<e>2),
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and we set G*(t) := Gf:Zt()t) (e*(-,t)). This quantity turns out to be the main contribution to the

derivative of M*. We also introduce a first order remainder given by
R* = / (O Ter ()£ 4y (%) + Duoer 0 Ter (") £ (%) + € a6 Ter ()L E (") ). (56)
R

With these notations at hand, we show

Proposition 11. Assume that the maps ¢. € C*°(R,R) depend smoothly on ¢ € (—1,1), and
that there exists a positive number Ky for which

for any ¢ € (=1,1) and x € R. The function M* is then of class C* on R, and there erists a
positive number ko, depending only on Ky and the numbers My, in Corollaryl3, such that we have

&) -6 (1) + R*(t)' <ro(B)* [ (10s0 + 10" + (1 = U

2\ | %2 2
o e +nk), (59)

for any t € R.

We now make the choice of the functions ¢. so that the quantity G*(¢) controls the perturba-
tion €*. In order to clarify the presentation, we introduce two families of functions ¢.. The first
one provides a localized control, while the second one gives a control at spatial infinity.

More precisely, we first set ¢. = 1, and we denote by M7, Gi and R} the quantities appearing
in Proposition [[] for this first choice. The assumptions of Proposition [I1] are then satisfied. By
definition, the functional Rj is identically equal to 0. Moreover, we have

gi(t) = % /R (1= 10 0l?) (8L )€ (00 + (Lo (1) = Teo (€ (1)))?)-

We observe that this expression is positive and localized due to the exponential decay of the
function 1 — |U,« (t)\Q. For 8, small enough, it provides the following bound on the function £*.

Proposition 12. There ezist two numbers o1 € (0,v/2) and k1 € (0,+00) such that, when
By < o1, we have

Gi(t) = r1 [ (1= U (OF)(0258”.OF + 105" ()P + 17O, (59)
for any t € R.

It is next necessary to recover a control at spatial infinity. In this direction, we consider a
second family of functions ¢. given by

T

¢c(33) = m,

for any « € R. We denote by M3, G5 and R the quantities appearing in Proposition [[] for this
second choice. The functions ¢, satisfy the assumptions in (G7).

Lemma 1. The functions ¢. are of class C* on R, depend smoothly on ¢ € (—=1,1) and satisfy
assumption (7).

Moreover, the quantities G5 and R3 provide the following bound on &*.

16



Proposition 13. There exist two numbers oo € (0,01) and ky € (0,+00) such that, when
By < 09, we have

G5(t) = R3(0) 2 [ (1002 (L + 104" (O + (1))

i _ 2 *( 2 * (. 2 *( 2
= [0 0P (10002” COF + [0 ()P 160,

(60)

for any t € R.
When §, < 09, the combination of Propositions [[1] [[2] and 3] provides the inequality
d
C(2Mi(0) + mmaM3(0)) > Wg/R (18rse P 4105 P 4+ 02.) + 11 /Ru U ) ?

1
= o2 r1a) (8)F [ (100" + 100" + (1= U PP 4 2.,
R

In particular, we can decrease again, if necessary, the value of 3, in order to obtain
i * * * (2 * |2 _ 2 * (2 2
o AMI(t) + KikaM5(t) ) > K |0pae™|” + [02™|7 + (1 — |Ue=|?)|€"|* +m2- ). (61)
R
with k& = min{x1k3, x1}/2 > 0.

In view of the exponential bounds in (1), the quantity 2M7 + k1 k2 M3 is uniformly bounded
on R. As a consequence, we have

/ (/ (1002 + 102" P 4+ (1~ U PP + 1] (.0 dm) it < +oc.
R R
Hence, we can find two sequences (£5),en, with £ — o0, such that

/ (192022 + 18522 + (1 = |Ues
R

2 42| (o, 85) dw = 0,

as n — +o0. Relying again on the exponential bounds in (BIJ), this proves that
M () + kika M3 (E5) — 0,

so that, by (&),

/(/ (1918 P 104" + (1 — |U-
R R

In other words, the function €* is identically equal to 0. In view of (4IJ), we infer that

Hle*? + 773*] (x,t) dx) dt = 0.

c*(t) = ¢*(0),
for any ¢ € R. Combining (B3] and (B6]) with Proposition 6] we conclude that

Corollary 4. We have
Vo =Ue.

In other words, a solution to (GP), which is smooth and localized according to Proposition [0}

and which is moreover a perturbation of the black soliton at initial time, is exactly a soliton.
With this rigidity result at hand, we are in position to conclude the proof of Theorem [2
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1.3.4 Proof of Theorem [2] completed

From now on, we have established that, given any sequence of times (t,)nen tending to +oo,
there exists a subsequence (¢, )xen and a number ¢ such that

e_lg(tnk)\ll( + a,(tnk), tnk) - UCS ln H(R)?

1—|w(+ a(tnk),tnkﬂ? —1—|Ug > in LA(R), (62

as k — +00. By a compactness argument, the proof of (II)) reduces to show that the speed ¢
does not depend on the sequence (t,),en. We argue by contradiction assuming that we are able
to find two sequences (S, )nen and (t,)nen, and two different speeds ¢f and ¢, for which we have
the convergences in (62]). Without loss of generality, we can assume that ¢ < ¢}, and that

tn < 8p < tpya, (63)

for any n € N.

In order to provide a contradiction, we rely on the monotonicity formula in Proposition [1
We set 0 := P(Uc:) — P(Ucy) > 0, and we apply (7)) for a positive number R such that

Ke IRl <2
— 87
where K refers to the universal constant in Proposition [7] and
1
‘_ /]R (‘13(.%' + R) - (13(.%' - R)) ((iUc;7ach;>C - 83&((1 - X)@c;)) dx — P(Uc*,)

0
<
2 =g G

for j =1 and j = 2. Here, Per refers to the unique phase function for Uc; on R\ [—1,1], which
satisfies (20]). In this situation, we first deduce from Proposition [ and (63]) that

ol o>

1)
Iir(sn) > Lip(tn) — 3

for any n € N. Combining (62)) with (64]), we also have

and  Iig(tn+1) > I+r(sn) — 5, (65)

0
< Z
4

=~ S

‘I,R(Sn) - IR(Sn) - P(Uc*{)

< —, and |I_g(tn) — Ir(tn) — P(Ue)

)

for n large enough. In view of (65]), we are led to

IR(Sn) > IR(tn) + §7

so that, by (63 again,

As a consequence, the sequence (Igr(t,))nen is unbounded, which provides the desired contradic-
tion.

In conclusion, the convergences in (62]) are independent of the choice of the sequence (¢, )nen.
Statement (L)) follows with ¢, := ¢, and (I2) is then a consequence of the Sobolev embedding
theorem. Coming back to (30), (B6) and (B7), we observe that

c(t) = cey e(,t) =0 inH(R), and n.(-,t) =0 in L*(R), (66)

as t — 400, where n.(-,t) := 2(Ucq), e(-,t))c + |e(-, 1)
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In order to complete the proof of Theorem [2] it remains to establish the convergences in (I0).
We rely on the formulae for the time derivatives of the modulation parameters a, ¢ and €, which
appear in the proof of Proposition Bl below. According to ([2.23)), the derivatives a'(t), ¢/(t) and
0'(t) are indeed given by

a'(t) — c(t)

c(t) = M(c(t),e( 1) (F(e(t). e (1)), (67)

0'(t)
where the matrix (¢, ¢) is defined in (2.24]), and the vector F(c, €) is equal to

<iaLL‘UC7 775(Uc + 5)>L2 - <iUC7 (8$770)5>L2
S(c,e) = (0.Uc, nee + [e|PUc) 12 )
_2<aa:UC7 (8$77c)5>L2 + <R67 2(‘({9ch‘2 - 77ch)5 + 770775(Uc + 5)>L2 - C<iRC7 7705>L2

with U, = R, +ic/v/?2 and . = 1 — |U.|?.

In order to take the limit ¢ — 400 in (67)), we invoke the weak convergences in (66). Con-
cerning the variable €, they may be rephrased as

8pe(,t) =0 in L2(R), and (1—|U,?)2e(,¢) =0 in H'(R),
as t — 400, for any o € (—v/2,v/2). As a consequence of the Rellich compactness theorem, we
also have the local uniform convergence
e(-,t) =0 in L35 (R),
as t — +oo. Applying all these convergences to ([2:24]), we first obtain

L2 — ) 0o (2 - 2)?
M(c(t), e 1)) — 0 —(2-¢2)® 0 , (68)
0 0 —l2-¢)?

as t — 400. Concerning the vector §(c,¢), we derive from the previous convergences that

)
(L= UsP)one, e t) = 0 in L2(R), and (1= [Up?)2le(8)* =0 in L2(R),
as t — +oo, for any o € (—v/2,v/2). This is enough to conclude that

g(c(t)’g("t)) - 0,

as t — +o0o. The convergences in (I0), as well as the property that ¢/(t) — 0 as t — 400, then
follows from (66), (67) and (68]). This ends the proof of Theorem O

1.4 Outline of the paper

The remaining part of this paper is devoted to the proofs of all the results, which we have used
in the introduction in order to establish the orbital and asymptotic stability of the black soliton.

In Section 2, we gather the results concerning the derivation of orbital stability: the minimizing
properties of the black soliton in Subsections 1] and 2221 the construction of the modulation
parameters in Subsection 2.3] and the analysis of their evolution in Subsection 241

Section [ is devoted to the statements used in the proof of asymptotic stability. The con-
struction of the limit profile is detailed in Subsection Bl The derivation of its smoothness
and localization is performed in Subsection [3.2] while its rigidity properties are investigated in
Subsection 3.3

In a separate appendix, we finally give the proofs regarding the definition and properties of
the momentum.
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2 Orbital stability of the black soliton

2.1 Proof of Proposition [

We split the proof into three steps. We first consider the quadratic form

Q=3 [ (77 - a-Ur). (21)

Here, f refers to a real-valued function in H(R). We denote by $(R) this Euclidean subspace of
H(R), and we endow it with the scalar product (-,-)s, corresponding to the norm || - ||3,. We
claim that

Step 1. There exist a positive number Ag such that

%mzm/«ﬁ%ﬂ—%wy (22)

R

for any function f € H(R) such that

[rv5= [ susa-vd) =0 (2.3)
R R

Moreover, the quantity Qo(f) remains non-negative if only the first orthogonality condition in

(23)) is satisfied.

In view of (2.1]), the quadratic form Qg is well-defined and continuous on $H(R). We claim
that the corresponding self-adjoint operator Qg (on $H(R)) may be written as

1
Q=511 (2.4)

where Tj is a compact self-adjoint operator on $(R).

As a matter of fact, given a function f € $(R), the linear mapping g — [p(1 — Ud)fg is
continuous on $H(R). As a consequence of the Riesz theorem, there exists a bounded, self-adjoint
operator Ty on $(R) such that

mummzéu4®m, (2.5)

for any g € H(R). In view of (2.I)), the operator Qy writes according to identity (2.4)).

We next check the compactness of Ty. Given a uniformly bounded sequence of functions f,, €
H(R), we can assume, up to a subsequence, that it weakly converges to a function fo € H(R),
as n — —+o0. Since the functions (1 — UZ)Y/2f, are uniformly bounded in H'(R), we can also
assume that ) )

(1-U)z2fn — (1 =Ud)? foo in CL(R). (2.6)
Recall now that )
()] < [fa(0)] + 2|2 [ foll 22
Since 1 — UZ has exponential decay at infinity, the functions (1 — U02)1/ 4, are also uniformly
bounded in L?*(R). Combining with (Z.6]), and again the exponential decay of 1 — U2, we obtain

/R(l - Ug)(fn - fOO)2 — 0,
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as n — +oo. It remains to observe that

ITo(f) o < /R 1 -,

by (25) in order to deduce the compactness of Ty on H(R).

Coming back to (2.4]), we apply the spectral theorem to find a sequence of eigenvalues p,, for
Qo, with p, — 1/2 as n — 400, as well as an Hilbert basis (e, )nen of H(R) such that

Qo(en) = Un€n,

for any n € N. Since Qy < 1/21 as a self-adjoint operator, the numbers pu,, actually belong to
(—o00,1/2]. We can furthermore assume that the sequence (i, )nen is non-decreasing. We next
compute the ordinary differential equation for an eigenfunction f with eigenvalue pu € (—o0,1/2),

which writes as
4p
1—-2u

~f" - A-U3f= (1-U3)/f.

The constant function 1 solves this equation for 4 = —1/2. The function Uy solves this equation
for p = 0, and it owns exactly one zero. By Sturm-Liouville theory (see e.g. [I7]), the operator
Qp has exactly one negative direction, and its kernel reduces to the function Uy. In other words,

1 I
,uo:—§<,u1:0<,u2, Ker(QO—{—E):]Rl, and Ker Qg =RUj.

As a consequence, estimate (Z2]) holds for Ag = po under the two orthogonality conditions
(f,1)g, = (f,Uo)s, = 0. Since

(f 1)gy = V2 /R UL, and (f.Uo)g, = /R fUo(1—T2),

due to (B]), this achieves the proof of (Z2]). Finally, since Uy spans the kernel of Qy, the quadratic
form Qo remains non-negative if we omit the second orthogonality condition in (2.3]).

‘We now recall that

E(Uy +¢) — E(Uo) = Qole1) + Qole2) + i /R?ﬁ, (2.7)

due to (B), where € := 1 + igo and 7. = 2Upe; + |¢|2. As a consequence of Step [[l we obtain

Step 2. When ¢ € E(R) satisfies the three orthogonality conditions in (I5]), we have

/ W2 < A(B(Us +2) — E(Uo)), and Aollesl3 ) < EUs +2) — E(U).
R

We indeed deduce from Step [l the two inequalities

Qo(e1) >0, and  Qo(e2) > Aolle2|l3 ),

so that Step 2l follows from identity (Z7]).

We are now in position to provide the

Step 3. End of the proof of Proposition [l
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The first element is to observe that

1 1
Pfa-ve =g [a-vplts [a-vdugeds [a- et @)
R R R R

Going back to @), and applying the Sobolev embedding theorem to the map (1 — U0)1/25, we
compute

1
/R(l — U3)Uoer|e]* = 72 /R(l - Ug)(gll(%% +e3) + 28;81&2) < Kllel3:

where K refers, here as in the sequel, to a universal constant. In particular, we deduce from

2.8) that
1

1 [a-udnE> [ -v3uget - Kl

Under the three orthogonality conditions in ([I5]), we can now combine Steps [Iland 2] with identity

(270) to obtain
B(Uy+ €)= BU0) > Qoler) + 1 [ (1= U2 > Quler) + [ (1= U3)URe} = K el
At this stage, we apply the Cauchy-Schwarz inequality to obtain
@umagmﬁéu—%w&i

so that

M%+@—Ewmz@@ﬂ+;%@dm%—Kk@W

Under the first orthogonality condition in ([I3]), it follows from Step [l that

Qole1) > Aoler — (er,en)moet |5
where we have set e; := Up/||Upl|s,, so that
E(U +¢) = E(U0) > Aollel, = K el

for a possible further choice of the number Ag. In view of Step 2 this is enough to conclude the
proof of Proposition [II

2.2 Proof of Corollary [1I

The proof relies on the expansion in (@). In view of (B]), we can rewrite this identity as

E(U.+¢) = B(U) —c /R (iUl e)e + 5 /R (1P @~ wPlel+ 32).  (29)

Notice here that the function 7. is defined with respect to U,, and not Uy. In other terms, it is
equal to 7. = 2(U., e)c + ||

The first order term in the right-hand side of (2.9)) is equal to 0 due to the second orthogonality
conditions in (I6]). Concerning the first one, we derive from (4) the formula

E(U,) = %(2 _ )3,
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A first order expansion of this quantity yields

E(U,) — E(Up) > —4V2¢2,
when ¢ € (—v/2,v/2). For |¢| < o, we also check that

‘nc(x) — 770(36){ < A,c? (1 + \x!Q)ng(x), (2.10)

where, here as in the sequel, A, refers to a constant depending only on o. As a consequence of
the inequality

e(@)| < |e(0)] + lal2 ]l 2.
we deduce that

0P =10l < Aol

Therefore, identity (2.9) reduces to

Qoler) + Qulea) + 7 [ 7 < BU+9) = BO) + AP (15 [elfy). 1)

We next expand the orthogonality conditions in (). Arguing as in (2.I0]), we deduce from

(@) that
|R. — Up|lpe < Ac?.

Since U’ = n./+/2 by (@), we derive from (I6)), and again (ZI0), that
(e, 02 Uo) 2| + | (€, i0:Uo) 2| + | (g, iU (1 — [Ug|*)) 12| < Axc?|le]lnt, -

In particular, we can decompose £ and €9 along the form

e1 =6 +mU), and 2 = ez + pU) + 12Us(1 — |Up|?),

where € = (€1, €2) satisfies the orthogonality conditions in (IH), and the coefficients pg, pe and
Vo satisfy the estimate
| + 2| + o] < Kc?|le]la,-

As a consequence of Step [[lin the proof of Proposition [Il we obtain
Qo(e1) > —Agc?|lell3y,, and Qo(e2) > (Ao — Axc?)|lellFy, - (2.12)

Inserting these inequalities into (2.I1]), we are led to
1
Aollealls, + 3 / e < B(Ue+¢) — B(Uo) + Ao (1 + |lel3y,)- (2.13)
R

Finally, we argue as in Step [B] of the proof of Proposition Il Since €; is orthogonal to Uj in
L?(R), we have

Qoler) + / (1 URUE > Aofler|l2,.

R
so that
Qo(e1) + /R(l — U)UGet > Moller[|, — Aoc?llelZ,- (2.14)
On the other hand, we check that

1
1 La=vd = [ -UhWeot - Klelly > [ (=003 = Al (| + el)-

Combining with (2.11)), (212) and ([2I4]), we are led to
Mollerllf, < BE(Ue +¢) = E(U) + Ag (¢ + |elllelFy, + llell3y,)-
In view of (2.I3]), this completes the proof of Corollary [l O
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2.3 Proof of Proposition

The construction of the modulation parameters is standard. For sake of completeness, we recall
the following details. We first establish

Lemma 2.1. Let (c,a,0) € (—v2,v2) x R?, and set Ueap == ePU.(- — a). Given a positive
number &, there exists a positive number B such that, if

HUc,bl,ﬂl - Uc,b2,192H7_[c < B,

then,
by — by | + €2 — 1| < 6.

Proof. The proof is by contradiction. Assume that the conclusions of Lemma [Z.T] are false. Then,
there exist a positive number § and two sequences (b, )nen and (9, )nen such that

€ Ue(- = an) = Ue||,, =0, (2.15)

as n — +o0, with |a,| 4+ [¢?’» — 1| > 6 for any n € N. Up to a subsequence, we can assume
that e’» — ¢ as n — +oo. On the other hand, if the sequence (an)nen were unbounded,
then a subsequence would tend to either +00 or —oo. In any case, the left-hand side of (2.15])
would tend to 2||U.||%., which is not possible. Therefore, the sequence (ay)nen is bounded,
and we can extract a further subsequence, which converges to a. In view of (ZI7]), we have

eU,(- — a) = U, so that a = 0 and €’ = 1. This gives the desired contradiction with the fact
that |a| + [ — 1] > 6. O

We are now in position to provide the
Proof of Proposition[2. Set, as before, U, := R, + il,, and consider the map = given by
E(0,0,b,0) = ((i@ng,@Lz, (0:Uy,€) 12, (iR (1 — \UU]2),5>L2>, (2.16)

with & := e "W (-4-b) — U,. The map E is well-defined and smooth from H(R) x (—v/2, v/2) x R?
to R3. Moreover, we can apply the implicit function theorem in order to obtain

Step 1. Let (c,a,0) € (—v2,v2) x R2. There exist two positive numbers p and A, depending
continuously on ¢, for which there exists a map Yeao € C1(Bay(Ueas, p)s (—V2,v2) x R2) such
that, given any ¥ € By, (Uca0,p), (0,0,9) = Yea0(¥) is the unique solution in B((c,a,0), Ap)
of the equation

=(V,0,b,9) = 0.

Moreover, the map ¢ q,9 is Lipschitz on By, (Ue,q,0, p) with Lipschitz constant at most A.

In view of (216, we have Z(Uc 49, ¢, a,0) = 0. Moreover, we derive from (@) that

05E(Ue a9, ¢,a,0) = — ((i0,Ue, 0Ue) 12,0,0) = —((2 = ¢2)7,0,0),

WE(Ue,a0, ¢ a,0) =(0,|0,Uc32,0) = %(o, (2 - 02)%,0),

09U a9, ¢,,0) = — (0,(0,Uey iU) 12, (Re(1 — [Ue|?), Ue) 12) = = (0,3¢(2 — )7, —(2 — 2)?).

W =
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Therefore, the differential D, := dyp 9ZE(Ue a0, ¢, a,0) is a continuous isomorphism from R3 to
R3, with operator norm bounded from below by 7. := (2 — 02)3/ 2/3. In particular, the differential

d\I/E(Uc,a,G,C, a, 9)(¢)
= (050U 6 + )12, (00T e 9(- + @), (iRe(1 — [U2), (- + )} 2.

may be written as
d\PE(UC,a,G, ¢, a, 9) = DcTc,a,Ga

where T, is a continuous linear mapping from H(R) to R3, with operator norm depending
continuously on 7.. Finally, given any number 0 < 7 < /2, the operator norm of the sec-
ond order differential d*Z(¥,a,b,19) is bounded by a constant A,, depending only on 7, when
(U,0,b,9) € H(R) x (—o(7/2),0(7/2)) x R?, with o(z) = (2 — 2%)'/2. It then remains to no-
tice that Assumption (iv) of [4, Proposition A.1] is satisfied when U = (—o(7),0(7)) x R? and
V = (—0o(1/2),0(7/2)) x R%, and to apply this proposition to the map Z in order to establish
the statements in Step [

Step 2. End of the proof.

Let pgp and Ag be the constants in Step [l corresponding to the case ¢ = 0. Without loss of
generality, we can assume that Agpy < 1. Consider the number [y provided by Lemma 2.1 for
0o = Aopo/16, and set ag := min{py/2, 5o/4}. When ¥ € Uy(ay), there exist numbers b and o
such that W € By, (Uy 0, p0/2). By Step [, we can define the numbers ¢(V), a(¥) and 8(¥) by
setting

(c(¥), a(W), 6(1)) = 0,9(¥).

We claim that the definition of ¢(¥) and a(¥) does not depend on the choice of b and 9.
Concerning the number @(¥), it is also independent of b and ¥ modulo 27. In particular, the
map (c, a, ) is well-defined from Uy (ag) with values in R? x R/277Z.

Indeed, assume that U € By (Upp, 9,,p0/2) for other numbers b; and ¥;. Then, we have

1 Uo,b1 91 — Uopollme < 4ao < Bo,

so that, by Lemma 2.1]

Aopo
16 °

Since A\opo < 1, and |et —1| > 5r|t|/6 when t € (-7, m), with |e® — 1| < 1, there exists an integer

k € Z such that

b1 = b| + e — €| < (2.17)

5mAopo < Aopo

96 4
On the other hand, the map ¢ 4 is Lipschitz on B(Up 9,20 ), with Lipschitz constant at most
Ao. Hence,

191 — 0 — 27k| < (2.18)

|(e(®), a(¥),8(9)) — (0,b,8)| = [10,6,0(¥) — Y00 (Uop9)| < %

Combining with (2.I7) and (2.I8]), we obtain
[(c(¥),a(P),0(V) + 2kr) — (0,b1,91)| < Aopo.
Since Z(¥, ¢(V),a(¥),0(¥)+2k7) = 0, we deduce from Step [ that (c(¥),a(V),08(V)+2kr) =

Y0619, (¥). In conclusion, ¢(¥), a(¥) and 8(¥) (modulo 27) do not depend on the choice of b
and ¥ such that U € By, (Upp.9,p00/2).
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We next turn to the smoothness of ¢, a and 8. For ® € Uy(ap) such that ||® — ¥|y, < ao,
and (b,9) € R? such that ¥ € By, (Uopw,p0/2), we have ||® — Upplla, < po- By Step O we
obtain

(C(W)’ G,(\If), 0(\1’)) = 70,1),19(\1])’ and (C((I)), a((I))a 0((1))) = 70,17,19((1))‘
Since 7p,p,¢9 is of class C' on By (Uo b9, po), the maps ¢, @ and @ are in turn of class C! on Up(ayp).

Concerning estimate (I8]), recall that
(c(V),a(¥),8(T)) = 0,,0(P)

when ¥ € By (Uppg, @), with o < . In view of the Lipschitz continuity on By, (Ug .9, po) of
the map 7,9, this provides

e(W)] + |a(®) — b] + 10(%) — 9] < Ao ¥ — Uppllng < Aoa (2.19)

On the other hand, we derive from () the existence of a universal constant K such that

1Ue(w),aw)000) — Uopolln, < K(le(¥)|+ |a(®) — b +[0(¥) — 9]).

This leads to
lellzo = 1Y = Ue(wy,a(w),00 llno < a(l+ KAp).
Estimate (I8]) follows combining with (Z19).

Finally, conditions (I6]) are direct consequences of the definitions of the maps vpp9. This
completes the proof of Proposition O

2.4 Proof of Proposition 3]

As mentioned previously in the introduction, the proof relies on differentiating with respect to
time the orthogonality conditions in (I6]). In order to justify the computations, we first assume
that 9,¥° belongs to H2(R). In this situation, it was proved in [48] that the derivative 9, ¥ of
the corresponding solution is in C°(R, H?(R)). As a consequence of ([GP)), the solution ¥ belongs
to C1(R, H(R)).

When it moreover lies in the set Uy(cy) for any ¢t € (=7,T), we can invoke Proposition
to define the modulation parameters (c(t),a(t),0(t)) € (—=1,1) x R? for any t € (—=T,T). The
corresponding functions ¢, a and @ are of class C* on (—7,T) due to the chain rule theorem.
Notice also that the remainder ¢ is in C*((—T,T), H(R)), so that we are allowed to write (ZI]).

Recall here that the function € is not valued in the torus R/27Z, but instead, is a continu-
ous real valued function. Moreover, the number 6(0) is fixed so that it belongs to [0,27) (see
Subsection for more details)

As a consequence, we can differentiate the first orthogonality condition in (I6]) to obtain

(@' — ) (10:Ucl32 + (0:Uc, 0u€) 12) + ¢ ((0:0:Uc, €) 12 — (0cUe, 0:Ue) 12)

2.20
+ 0" (i0,U., Up + €) 12 = (i0,Ue, Opze — icOze + Mot — ne(Ue +€)) 2. ( )

At this stage, we use ({]) to compute

Njw

2 — M — : _ g
10:Uc||72 = 3 y (0Ue, 0:Uc)r2 =0, and  (i0,U.,U)r2 = ¢(2 — ¢°)z2.

We also derive from (3] that

<ial‘UC7 Opz€ — 1COz€ + 7705>L2 = _<iUC7 (8$77c)€>L2-
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Inserting these identities into (2.20)), and combining with (I6), we obtain

_2)s 1
(w + <azUcaax5>L2> (a/ _ C)+<acach,6>L2 J + 6(2 _ 62)5 o

=(i0zUc, e (Ue + €)) 12 — (iUc, (Ounc)e) 2

(2.21)

We next differentiate the second and third conditions in (I6]), and we derive from similar
computations the identities

(i0,Ue, Oge) 12 (a — c) + ( - (2- 02)% + <z'8€8$Uc,s>L2) d = (0,U.,nee + |6|2UC>L2, (2.22)

and

[SJI5Y

: : . 2—c?
(incRe, 0ne) 2 (a' — ¢) + ((i0cRe,nee) 12 + (iRe, (One)e) 12) ¢ — (% + (R, 77c5>L2> 0’

= —2(0:Uc, (Oune)e) 12 + 2(Re, (|8ch|2 - UCR2)5>L2 — c(iRe,mee) 2 + (Reynene(Ue + €)) 2.

Combining with (22I)), this gives a system of the form

a—c
M(c,e) d = 5(c,¢), (2.23)
0/
where the matrix (¢, ¢) is equal to
M(c,e) =
(2—02)% oy L
3 + <61Uc,az6>L2 (8018ch,6>L2 6(2 — C )2
(10, Ue, Oy€) 2 —(2—=c*)2 + (i0.0,Uc, €) 12 0
3
(ineRe, Oz 2 (10cReymee) 2 + (iRe, (Oxne)e) 12 _% — (Re,mee) 2

(2.24)
When ¥(-,¢) actually lies in Up(aq ), with aq < o, for any ¢t € (=T, T), we derive from (8] that
e D)ll#o + e(®)] < Ao (2.25)

In particular, we can fix a such that the matrix 9(c, ¢) is invertible, and the operator norm of
its inverse is bounded by some positive number A;, depending only on «j.

Similarly, we can check that the right-hand side of (2.23) satisfies
15(c, €)llrs < Aullello,
for a further choice of the constant A;. In view of (2.23)), this provides
|’ (t) — e(@®)] + | ()] + 10" (8)] < AT, )|, (2.26)
for any t € (=T1,T).

In order to complete the proof of ([22), we rewrite (2.22)) as

¢ =t (0,0, 848) 12 (0 — )+ (100,U)12) ¢ — (DUrsmee + [e2Ue) 12,
2- @)}

Combining with (2.25]) and (2.20)), this yields the quadratic estimate in ([22)) for a possible further
choice of Aj.
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At this stage, we only have to prove that this estimate remains available for a general initial
datum WO € £(R). This results from a density argument. Indeed, the (GP)) flow is continuous
with respect to the initial datum in E(R) (see e.g. [48]). Moreover, we observe that the matrix
M(c,e), as well as the quantity §(c,e), depend continuously on ¥ € H(R). This follows in
particular from the continuity of the modulation maps (c¢,a,8). Since the matrix M(c,e) is
invertible with an operator norm of its inverse depending only on «j, we can use a density
argument to extend (2.23)) to a general solution. This establishes the continuous differentiability
of the maps (¢, a,0), and the estimates in (22]) again result from ([2.23]). We refer to [4], where a
similar density argument is performed, for more details. O

3 Asymptotic stability of the black soliton

3.1 First properties of the limit profile
3.1.1 Proof of Proposition
In order to prove Proposition o we rely on the following result proved in [, Proposition A.3],

which we only rephrase according to the terminology and topologies of the present paper.

Proposition 3.1 ([5]). Consider a sequence (¥, 0)nen € ER)Y, and a function ¥g € E(R) such
that
To0— Uy inH(R), and 1—|P,0> =1—|T¥* in L*(R),

as n — +oo. Denote by V,,, respectively W, the unique global solutions to (GP)) with initial
datum V,, o, respectively Wo. Given any fired t € R, we have

U,(,t) = V() inH(R), and 1—|¥,(t)* —=1—|¥(,t)* in L*(R),
when n — 400.

We now prove Proposition 6l First, we have U,y — Uz in H(R), as n — +00. We therefore
derive from (B8] that

e EDW(- 4 afty),t) = Uss + 5 in H(R),

as n — +oo. In view of ([B1), the weak convergences in (2] are then direct consequences of
Proposition B.11

Concerning ([43)), it suffices to prove that the only possible accumulation points of the se-
quences (a(t, +t) — a(tn))nen, (O(tn +t) — 0(tn))nen and (c(t, + t))nen are given respectively
by a*(t), 0*(t) and ¢*(t). The convergences in (43) will then follow from () and ([B3]) applying
a compactness argument. Fix ¢t € R, and assume that, up to a possible subsequence, we have

alty +1) —alty) = a(t), O(t,+1t)—0(t,) = 0(t), and c(t, +t) = &),  (3.1)
as n — 4o00. By the weak sequential continuity of translations, we deduce that
e TG ( 4ty + 1)ty + 1) — e POT (- + a(t),t) in H(R),
1= |W(+altn + )ty +1)° = 1= [O*(-+a(t),t)]> in LA(R),

as n — +00. Since U, 44) — Uz in H(R), and 1 — ]Uc(th)P —1-— ]Ué(t)\Q in L2(R) by (31,
we also obtain

St +1) = E(,) = POV al1),1) ~ Uy in H(R),
HUrtn s €0t + D) + leCtn + DI = 2AUs, 26,0 + 2,0 in L2(R),
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as n — 4o0o. Recall that by construction e,(-,t) := &(-, ¢, + t) satisfies the orthogonality
conditions

/ﬂ{(gn('at)a Ué(tn+t)>(c = \/R<€n('7t)71.Ué(tn+t)>C = /R<€n('7t)7iRc(tn+t)>C(1 - ‘Uc(thrt)‘Q) =0.

Passing to the limit n — 400, we obtain

0. U)e = [ 00,0k = [ (e iR~ Uz ) =0

R

The uniqueness of the modulation parameters claimed in Proposition 2 then yields the equalities
a(t) = a*(t), e?® = e0"® and &(t) = ¢*(t), so that e*(-,t) = &(-,¢), and (@) then reduces to
B2).

Finally, observe that the function 6 is continuous on R due to (&) and (ZI). Since 6* is also
continuous, with 6*(0) € [0,27), and since #(0) = 0 by (ZI), we conclude that § = #*. This
completes the proof of Proposition O

3.2 Monotonicity and localization properties of the limit profile
3.2.1 Proof of Proposition [7]

Without loss of generality, we may assume that 9,¥" € H?(R), so that ¥ € C}(R, (£(R),d))
(see e.g [48] for the smoothness of the (GP)) flow). The general case follows by an approximation
argument, and in that case, inequality (46) has to be understood in the distributional sense,
while (A7) is unaffected.

We define the function
X" (z,t) = x(x — a(t)),
for any (z,t) € R?, and we set
o(x,1) == Pmoa (T — a(t),t) + 6(t),

so that ¢(-,t) is a phase function for ¥(-,¢) on R\ [a(t) — 1,a(t) + 1] for any t € R. After a
change of variables, we may rewrite

Tnion(®) = 5 [ [(9.0:%)c = 0:((1= ") = 0)]0.) Do = alt) ~ R = ot do.

Coming back to (GP]), we first obtain the identity
ou((, 0, 9)c =0, (1 = x*) (9 —0)) )

=0, ( d- 92(2 :7(7; =D g, + X — ! (H0x(p — 6)

_ al(t)(l _ Xa) _ %7’]2 + (1 B Xal) : ?27(1 - 77) |8x\1]|2>,
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which has the form of a conservation law. It follows that

d
dt
:% /R {%’72 +(2- (11%?) 091 + %(M)Q] (¢ +a(t),t) ®'(z — R — ot) du

IRr1ot(t)]

5@+ o) [ o - 0,0 - X - 0)] @+ al), 0 @'~ R ot)de

R
+ % /R [n (1= ") In(l — n)} (z +a(t),t) " (x — R — ot) dx (3:3)
+ % /R [ — X"+ d (t)0:x" (¢ — 0) + %83333)(“ In(1 — 77)] (x +a(t),t)®'(z — R—ot)dx

1
+ 59/(15) / O X (x) ®(x — R — ot)dx
R
=L+ L+ I3+ 14+ Is.

In the previous formula, the first integral I; on the right-hand side is the favourable term, since
it is non-singular, positive and comparable to the energy density, at least when 7 is sufficiently
small, that is at spatial infinity. Note in particular that ® = (4cosh?(-/2))~! is positive and
exponentially decaying. The second and third integrals I and I3 have no definite sign a priori,
but they will be controlled in absolute value by a fraction of the first one, at least at spatial
infinity. The integral I is a local one, since its integrand vanishes outside [—1,1]. It will just be
treated as an error term. Finally, the last integral I5 is controlled by |6’(¢)| times an exponentially
decreasing term independent of W.

More precisely, we first fix a number L > 2 such that n < 1/3 outside [—L, L]. In view of
(@H), such a number L exists, and it only depends on o, provided the latter is sufficiently small.
We divide the analysis of the integrals in (B3] by considering separately the cases x ¢ [—L, L]
and x € [—-L, L].

We begin with the case x ¢ [—L, L]. Using the fact that n < 1/3, we first have
a

2 1—x
Jjo-v + (1—mn)?

L o <2_1—X

a 1
1 2 12 o2l
ST+ - (0em)* > 5 [0° + 10: 9]

Since n < 1/3 and L > 2, we also have

(.0,0)c = 0.1~ x| = [(imgrz 101 = 0,009 | < X2 (57 + 0,07,
and 5
[+ (1= x")In(l = )| < 27"

Direct computations also yield the global inequality |®”| < ®'. Combining these inequalities,
and denoting by (I9")1<;j<5 the restriction of the integrals I; to R\ [~L, L], we finally obtain
the lower bound

1 V3
out out out ~, _ / 2 2 S .
Y4+ I8 + I3 > (12 4\/§|a (t)+a‘> /R\[L,L] (7" +10: Y]] (z +a(t),t) ®'(z — R—ot) dx

In view of our restriction on o, and the estimate |a’(t)| < A.a given by (§), we have

1 V3

L B ity rol> =
12 42 =24
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provided once more that a° is sufficiently small. Finally, notice that Ig% = 19 = 0 since the
integrands identically vanish there.

It remains to consider the case x € [—L,L]. In view of (§) and the explicit form of ®, we
directly estimate I5 by
|I5| < K67|R+Ut“

Concerning the other four integrals, we uniformly bound the terms ® and ®” by K exp(—|R +
ot|), and the remaining integrands are then controlled (pointwise) by a constant plus the energy
density. Here, we use in particular the pointwise estimate in (26]) on |¢ — 0|. Conclusion (46
then follows.

It remains to prove (7). For that purpose, we distinguish two cases, depending on the sign
of R. If R > 0, we integrate (6] from t = t to t = (to + t1)/2 with the choice 0 = & and
R = R— to, and then from ¢ = (o +11)/2 to t = ¢ with the choice 0 = —3 and R = R+ 5.
In total, we hence integrate on a broken line starting and ending at a distance R from the origin.
If R <0, we argue similarly, choosing first o = —1—12, and next o = 1—12 This yields (47)), and

completes the proof of Proposition [7l O

3.2.2 Proof of Proposition [}

The proof is almost identical to the corresponding one in [5, Proposition 3]. We reproduce it
here for the sake of completeness with the minor adaptations. We argue by contradiction and
assume that there exists a positive number dy such that, for any positive number Rs,, there exist
two numbers R > Rs, and ¢ € R such that either |15 (t)| > do, or |[I5(t) — P(¥*)| > dg. Since at
time ¢ = 0, we have limp_ 4 I5(0) = 0 and limp_,_ 15(0) = P(V*), we first fix Rs5, > 0 such
that

[T5(0)| + [IT* g(0) — P(¥*)] < 5—0, and Ke R < @, (3.4)
4 32

for any R > Rj,. Here, the notation K refers to the corresponding constant in Proposition [1
We next fix R > 0 and ¢t € R obtained from the contradiction assumption for that choice of Rs,,
so that either [I5(t)| > 69 or [I* p(t) — P(¥*)| > do. In the sequel, we assume that I%(t) > do
holds, the three other cases would follow in a very similar manner. In particular, we infer from
B4) that
1] 0
I(t) > b0 2 7 + 75 2 I5(0) +2Ke™F,

and therefore it follows from Proposition [[ applied to ¥* that ¢t > 0. Finally, we fix R’ > R such

that

|I* g () = P(UF)| < T (3.5)
Since R’ > R, we also deduce from (B.4)) that
* * 50 R 50
| R (0) = P(UH)| < 5 and Kem' < oo (3.6)

Combining the inequality [I5(t)| > dp with [3.4)), (3.5) and (B.6]), we obtain

I g (t) — IR(t) — P(OF)| > 3%0, and  |I* i (0) — If(0) — P(V)| < —

and therefore
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Since the integrands of the expressions between parenthesis are localized in space, we deduce
from Proposition [6] that there exists an integer ng such that

‘(I—R'(tn) —Ir(tn)) = (g (tn + ) = IR(ty + t))‘ > %0,

for any n > ng. Rearranging the terms in the previous inequality yields

max { T g (tn) = T_pr(tn + 8)|, [ Tr(tn) — TR(tn + t)(} > f—% (3.7)

On the other hand, since ¢ > 0, by the monotonicity formula in Proposition [ (B.4) and (3.6]),
we have

] 1]
IfR’(tn) - IfR/(tn + t) < 3_;, and IR(tn) - IR(tn + t) < 3_;
Therefore, we deduce from (3.7) that, given any n > ng, we have
. do do
either I_p(ty+t)—I_p(tn) > T Ig(t, +t) — Ig(ty) > 6

In particular, there exists an increasing sequence (n)ren such that t,, > t,, +t for any k& € N,
and either 5

IR(tn, +t) — IR(tn,) > 1—%, (3.8)
for any k € N, or

do

It +1) = Tpp(t) 2 2

for any £k € N. In the sequel, we assume that (B.8)) holds. Here also, the other case would
follow in a very similar manner. Since ¢ > tn, +t, we obtain by the monotonicity formula of

Proposition [ (3.4) and (3.8)), that

Nk+1

do

0,
5 > Inltn,) + 55

for any k € N. On the other hand, an inspection of the number Ir yields the estimate
| TR (tn,)| < K(1+ E(2(,t))),

where the last term does not depend on k by conservation of the energy. This yields a contra-

diction with (3.9). O

3.2.3 Proof of Corollary

The proof is an adaptation of the proof of [5 Proposition 4|. For sake of completeness, we provide
the following details.

We fix a number s € R. Given any arbitrary positive number R, we integrate (@) for the
special choice o = 1/12 so as to obtain

IR(s) < Ipyrpia(s +7) + 12Ke ",
for any 7 € [0, +00). Invoking Proposition [ we know that

}k%+¢/12(5 +7) =0,
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as 7 — 400, which is enough to conclude that

Ih(s) < 12Ke™ E,

In order to bound the quantity I7(s) from below, we now integrate (€] for the special choice
o = —1/12. This gives
IR(s) > Ipyirj1a(s —7) — 12Ke
for any 7 € [0,400). Taking the limit 7 — 400, we deduce similarly that
Ih(s) > —12Ke &
which yields the estimate
[I5(s)] < 12Ke 1.
Similarly, we obtain
[I:(s) — P(U*)| < 12Ke 1B,
for any negative number R. Therefore, we can integrate (4@ from ¢ to ¢t + 1 with the choice
o =0 to get

t+1
/ / [\am\y*(%r (1- |\11*|2)2} (z + a*(s), s)®(z — R) dzds < 25Ke~ IR, (3.10)
t R

for any R € R.
We finally observe that

lim efl®'(z — R) = e*,
R—+o0

for any x € R. Applying the Fatou lemma to (B.I0), and using the inequality
e\x\ <e® —|—€$,

we derive ([48]). This completes the proof of Corollary 21 O

3.2.4 Proof of Proposition [0l

The proof is almost the same as the proof of [5, Proposition 6]. Invoking the smoothing properties
of the linear Schrodinger flow in Proposition @ we first show inductively the existence of positive
numbers Ay, such that we have

t+1
/ / |8§\If*(x+a*(t),s)‘26‘x‘ dx ds < Ag, (3.11)
t R

for any kK > 1 and ¢t € R. In order to initiate the induction, we rely on the inequality

t+1
/ / (‘Bx\IJ*(x + a*(t),t)‘2 + (11— ¥z + a*(t),t)]2)2> el do < Ay,
t R

which is a consequence of (4§]), and the property that the function s — |a*(¢t) —a*(s)| is uniformly
bounded on [¢,t + 1] due to (@) and (@Il). The proof by induction of (BII]) then follows as in

[5].
We next apply the Sobolev embedding theorem with respect to the time variable in order to
prove the existence of possibly further positive numbers Ay such that

k
/R (Z |05 (2 + a* (1), )] + (1 — [T (z + a*(t),t)|2)2> el dow < Ay,

j=1
for any £ > 1 and ¢t € R. Estimate (50) then results from the Sobolev embedding theorem with

respect to the space variable. Combining this estimate with the equation for 9;¥U*, we deduce
that U* is of class C*° on R x R. This completes the proof of Proposition 10l O
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3.2.5 Proof of Corollary [3]

In view of definition (B8] and Proposition [I0] the function €* belongs to C*°(R xR, R). Moreover,
we have

Mo (1 8) = 1= |Upe gy P = (1= |97 (-+a" (1), ) %), and 95e™ (- £) = e DOpW* (40" (1), ) =03 Upr .

Recall that the function 1—|U,|? and the derivatives 9*Uj, decay at least as eV 2=zl at infinity.
Since ¢* is uniformly small in view of (0], this decay property is enough to deduce (Gl from
(B0). This concludes the proof of Corollary Bl O

3.3 Rigidity properties of the limit profile
3.3.1 Proof of Proposition 1]

Under the conclusions of Corollary Bl and the assumptions of Proposition [[1l the map M* is of
class C! on R. Moreover, we are allowed to derive from (52) the identity

%(M*(t)) = () (O Ti (1) + To(t),

where we have set

I = /R Oeper Tee (%) L () + /R b Ter (%) < — 0,65 + 2Re- O Revet + 3CRC*776*>

+ / ber LE (%) (V20 Rer 0,25 — 048] + 2R 0o Ry — %m*), .
R 2

and

Toim [ 60 (7o) (- Oustist = 00155 — (1~ U Pt + Bl
R

+ L () (\/§Rc*618te§ — 00 — (1 — [Une|?) Dyl — %ame*)).

Concerning the integral Zs, we deduce from (52) that the derivative with respect to time of 7.~
is equal to

3t775* :2((a*)l - C*) <Uc* + 5*7 89&U: + ax5*><C - 2(0*)I<Uc*aacUc*>(C
— 2(Ugx,iLex (%)) — 2(e™,iLex (%)) — 2nex (Uer, 1€ ) .

Invoking again (52)), as well as the identities 9, R. = (1 —|U.|?)/v/2 and 0,p R = —R.(1—|U.|?),

we can decompose the integral Zo as
Io = (09)Z8 + ((a*) — ) I + (") T + T + IV,
where we denote
70— /Rgbc* (o) (= Drach + P uct — (1~ U P)e3)

+ L5 (- V2R 0,6t — ¢*0pel + (1 — |U,

(3.13)

2)e1)).
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g = /Rgbc* (7;* (5*) ( - azzzg{ - 6*81163 - (1 - |Uc*
+ 2RC* <€*7 axUC* + a$€*>(c) + E(—Z"; (5*) (\/iRC*axxgz - C* xx{':){ (314)
- (1 - ’Uc*’2)8$€§ - \/§C*<Uc*aaar5*>(c - \/§C*<€*7 8$Uc* + 8x5*>(€)>7

1
75 = E/}R%(l_ |Uex
Iy = /Rgbc* (7;*(5*) (= OuaLn (") + CFOLE(E") — (1 — |Uer|* — 2R2) L1 (€7)

2)816’{ + 2R (Uer, Ope™)c

2)LE (), (3.15)

— V2 R L5(€")) + LE (%) (= V2R 0, L1 (€7) — 0, L1 (€7) (3.16)
(14 (@) = [Ue P) £E (%) = V2 R L2(7)) ),

Iév = /R¢0* <7;* (e) ( — Opz(Nere3) + 0z (nerel) — (1 — |UC*|2)77€*5; — 2R (e",iLex(€7))C
= 2Ree s (Uee,ie*)c) + LE(€%) (= V2R 0y (ne-}) — ¢ 0y (11e€3)
(U= U [Pmeeef + VI, L (e + VEe e (Ui i) ).
(3.17)

We are now reduced to estimate all these integrals according to (B8]). We split the proof into six
steps. We first consider the integral 7, (t).

Step 1. There exists a positive number Ay, depending only on the constants My in Corollary[3
and Ky in Proposition [I1, such that we have

N

|73 (t)] §A1</ (10002 41002 + (1 = Upe o P + 02| (1) dw) :
R
for any t € R.

In view of definitions (53]) and (54)), and assumption (57), we can estimate (312) by
|Il(t)‘ < A/ (1 + \x!) []835355*\2 + 0.e** + (1 — ]Uc*(t)]2)]€*\2 + 773* (x,t)dz,
R

where A denotes, here as in the sequel, a positive number depending on K. At this stage, we
know that there exists a universal constant K such that

||
1+ |z| < Kes, (3.18)

for any x € R, so that we can bound Z;(¢) by

1
2

|73 (¢)] SA(/R (1022 + 1802 + (1= U PP + 02 | (2,) dw)

NI

||
x(/ﬂ@ﬁﬂ%ﬂ@fﬁ+u—Wmmmﬁﬁ+ﬁ4mﬁeTM),
R

It remains to invoke (EI)) to obtain the estimate in Step [II
We now deal with the integral Z§ ().
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Step 2. There exists a positive number As, depending only on the constants My in Corollary[3
and Ky in Proposition [I1, such that we have

Y

250 < Ao [ [100se" 410287 + (1= 0o PP 442 ] .00 )
for any t € R.
Similarly, we derive (B3)), (54)), (57) and (B.I3) that
)| <A /R (1++ [2]) [ 1020 + 100 + (1= [Ues oy )| + 2 | (2,1)

Arguing as in the proof of Step [ gives

w100

250 <A [ (10 + 10227 4 (1 = Wty P + 12 o)

PN

* * * Lzl
i ([ [0rae #1012 (1 = 0 P 42 Gart) o )
R
The inequality in Step 2] then follows again from (GII).
We next prove a similar estimate for Z§(t).

Step 3. There exists a positive number As, depending only on the constants My in Corollary[3
and Ky in Proposition [I1, such that we have

Y

23] < A [ [10aae"P 10057 4 (1= 0o PP 4 02] (2000 )
R
for any t € R.
The difference with respect to the integral Ig (t) lies in the presence of the third derivative
Orzz€} In the expression of Z§(t). In order to bound this term, we integrate it by parts. We can

check that
0 Tex (%) = c*ﬁgi (") — \/ERC*EQ (e") — V2c* (€%, 0", (3.19)

so that we obtain
—/ Ger Ter (%) Opaael :/ e Ol (c*ﬁjl () — V2R L.(e%) — V2c* (e", 8$5*><c)
R R
+ / a:vgbc*’];* (6*)6115{
R

Inserting this identity into ([B.I4]), and arguing as in the proof of Step 2l we are led to

|

IZ5(t)| < A1+ le*||z) (/R [\amg*,z +10u** + (1 = U] ?)€*]* + 77?*] (2,t) dx)

In particular, we have to bound uniformly the perturbation £*. Invoking (d0) and applying the
Sobolev embedding theorem to the function (1 — |Up|?)'/2e* provide the inequality

(1— |Uol?)2 |€*] < AB. (3.20)
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On the other hand, we deduce from (5]l the existence of a positive number R, depending only
on My, such that
e (£, t) — " (2R, )] < B.,

for any x > R and ¢t € R. Combining with (8.20]), we deduce the existence of a positive number
A, depending on M7 through its dependence on R, such that

[e¥ oo < AB.. (3.21)

Decreasing possibly the value of 5., we can assume that 5, < 1, which completes the proof of
Step Bl

Applying the Cauchy-Schwarz inequality to (.15), we similarly prove

Step 4. There exists a positive number Ay, depending only on the constant K4 in Proposition[1],
such that we have

1
2

‘I;(t)‘ < A4</R []835355*\2 + ‘3x€*’2 + (1 - ]Uc*(t)]2)]€*\2 + 773} (z,t) dw) ,
for any t € R.

Concerning the integral ZJ(¢), a direct computation provides

Step 5. There exists a positive number As, depending only the constants Mo in Corollary[3, and
K4 in Proposition[11, such that we have

Ty (t) — G*(t) + R*(t)‘ < A5ﬂ*/ [|8m€*|2 + 100 + (1= |Upr (P * + 12 | (2, ) da,
R
for any t € R.

This further estimate essentially follows from integrating by parts the expression in (B.16]).
Invoking (3:19]), we indeed obtain

TH6) = 6" (1)~ R*(0) + VA () [ [Drtey (000 Loy () + b (€100 £ )
10u2" LS () + (D" ") £F ) (6) = VIR (6,002} Tov (1)) | ) dv
In view of definitions (B3]) and (B4)), assumptions (57), and estimate ([@0), this provides
ZHt) - 0 ()+ RY(0)] < 48, | (L+1a]) (102" (@0 + " (2, 0)]) % -
R 3.22
X [yamg*P + 10" P+ (1 = [Upe ()" + ng*} (z,t) dx.

In order to bound the right-hand side of this inequality, we face the difficulty that the perturbation
£* does not necessarily decay exponentially at infinity. As a matter of fact, we can combine (&)
with (3I8]) to obtain

[ 11008 @) 00" + 0287 + (1 = U P + 72 .8 d

(3.23)
< A/ (100" P 1002" 2 4 (1 = Uy )" P 02 1) e,
R
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for any t € R, but we cannot apply directly this argument for the term containing the absolute
value |€*|. Instead, we deduce from (BI8) that

[ 41Dl 0] [rwe P + 10267 + 5] 2.0 o
R
|z Ed
< A/ (]5*(35,1?)]6*?) {\Bma*P + [0.6** + 773} (x,t)e s dx,
R
so that, by (&),
/ (1 ) [* e, )] [|9uae™ P + 10072 + 12 (2, )
R | (3.24)
< A/ Dama*\z + |0, ? + |e¥[Pe™ T + ng} (x,t)dx.
R
At this stage, we can use the inequality
1
€% (2, )] < 170, 8)] + []2 102" (-, )| 2,

and the Sobolev embedding theorem to check the existence of a positive number A such that

/yg*(x,t)y%—% dng/ (19272 4 (1 = (U e P] (2. 1) (3.25)
R R

The number A does not depend on ¢* due to bound ({0]). Inserting into ([3.24)), we obtain

/ (L4 [al) " (@, )] [[Beac” 2 + 100" 2 + 1] (2, ) de
R
(3.26)
gA/ (100" 4105 P 4+ (U= [V P2 02 ] (1) i
R

Similarly, we deduce from (BI8) and (321 that

/R (14 Ja]) (1 = [Ues (@) ) |e (@, 1)|* do < AB, / (@, )" e de,

Here, we have assumed, decreasing the value of S, if necessary, that |¢*| < 1. Combining with
B23) and (326]), and inserting into (B.22]), we obtain the estimate in Step [ (when 5, < 1,
which we can assume without loss of generality).

We finally turn to the integral T3 (¢).

Step 6. There exists a positive number Ag, depending only the constants My, in Corollary[3, and
K4 in Proposition[11, such that we have

9
8

0] < o [ [+ (0= W PPt ] 1))
1
8
(1 ([ flowe (0 =10 U 4 2 oty ) ).

for any t € R.

In order to prove this inequality, we first check that

< A(@CE*\ +(1—|Us

O ?le). (3.27)
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while

< (|| + 10287 + (1 - U

2)).
where A refers to a positive number depending only on the constant M; in Corollary Bl For

Bsx < 1, this follows from the bound for ¢* in ([@0), and estimates (5I)) and (B.21)).
Invoking (57) and (BI8]), we next estimate the right-hand side of ([B.I7) as

‘8:1::1:776*

0] <4 [ [(00e] + 100" +1e7]) x
R
* * * Lzl

X (1000?4105 [* + (1 = [Uer () [*) " +77?*)](w,t)6 5 du.
We then modify slightly the arguments in the proof of Step Bl We first invoke the exponential
decay of £* in (5I)), and the exponential decay of 1 — |Ug|? to write

N .- - IR 5
‘IQ (t)‘ <A [lams |2 + |0ze"|2 + €7 16 |€¥|2 +n€*}(ac,t) dzx.
R

Observe that the positive number A does not depend on ¢* due to bound (@Q). Applying the
Sobolev embedding theorem, and invoking (327, we are led to

5

. 4
\Ié%)(g( / [|ame*|2+|ame*|2+|axe*|2+e4|e*|2+n3*}<x,t>dx) SENEED

At this stage, recall that

[ = [ran<( [ fQ)% ([ <a§pf>2>%,

for any integer p and any function f € H?’(R). In view of (5II), we can apply inductively these
inequalities to the function d,&* in order to obtain

16
/\mea*(x,t)\2dx§z4</ laws*(x,t)]2dx> .
R R

The proof of Step [l then reduces to introduce this estimate into (3.28)) and apply again (3.25]).

In order to conclude the proof of Proposition [[Il we now gather the estimates in the six
previous steps. In view of (40) and (AI]), they provide the inequality

d
(M) —g"(®) —|—R*(t)'
§A<ﬂ*+(ﬁ*)%+(ﬁ*)%)/R[|8m€*|2+|(9x6*|2+(1—|UC*(t)|2)|6*|2+77€2* (2,1) da,

where the number A depends only on the constant K in Proposition [[Il and the numbers M;,
in Corollary Bl When S, < 1, this amounts to (58]), which ends the proof of Proposition I1l O

3.3.2 Proof of Proposition

For |c| < /2, we set

Ble) = %/ (1—1U%) (3(&“81 + cOpen + (1 — |Uc* + 2R?)e; — \/§CRC€2)2
R

+ (a:m:52 + \/ERcaa%gQ - 20(8151 + ceg + \/5ch1)>2> .
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The quadratic form &! is well-defined for any function ¢ € H(R), with 0., € L?(R). Moreover, it
appears as the main component of the quantity Gj. As a matter of fact, since 1« = 2(Uegx, £*)c +
le*|?, we have

Gi — G- (e)

)6 ([ + fore| +1e7] + 1<),

gK/(l—\UC*
R

where K refers, here as in the sequel, to a universal constant. In view of ([3.21)), this provides

Gi — & (")

SKﬁ*/R(l— ]Uc*]2)<|5m€*|2+‘Bxa*‘Q—i—|€*|2>, (3.29)

when 8, < 1. As a consequence, decreasing if necessary the value of S, the proof of (B9)) for the
quantity G7 reduces to establish the same estimate for the quadratic form &L (¢*).

In order to do so, we rely on a perturbative argument. Indeed, under the orthogonality con-
ditions in (I6), the coercivity of the functional &} for ¢ small enough results from the coercivity
of ®}. More precisely, let us introduce the change of variables

1 1
v=(vi,v2) := ((1 = |Ue]?)2e1, (1 = |U*)2e2). (3.30)
Using the identity R. = (1 — |U.|?)/v/2, we compute
R
1—|U.? %8355 = 0,v + —=v,
(1 =107 7

As a consequence, the quadratic form ®!(¢) writes in terms of the variables v; and vy as

1
and (1-— ]UCP)% onE = Opr¥ + V2R Opv + 5(1 — U —i—Rz)v.

=t _ _ _ 30 UL — R+ SR
-(e) = =J.(v) .—2/R<3< DpeV1 — V2R 0,01 — cOypvn 2(1 |U.| RC)U1+\/§RcU2)

1 2
+ < — Oy + 200,01 — 2V 2R 0509 + 3V 2cR vy — 5(1 — |UC|2 + 3R2 - 462)2}2) >
(3.31)

In view of (), the quadratic form J. is an analytic perturbation of Jy for ¢ small enough. As a
first step, we establish the coercivity of Jy(v) under three orthogonality conditions for v, which
correspond to the conditions for € in (I6) (when ¢ = 0).

Step 1. There exists a positive number k such that
3 2 1 2
Jo(v) :3/ <8mv1 + \/§U0(9xv1 + <— — 3Ug) 1)1) + / <6mv2 + 2\/§U0(9xv2 + <— + Ug>1)2>
R 2 R 2

zn/ (10202 + (020 + [0]?),
R
(3.32)

for any function v € H*(R) such that

/R o (Uh)? = /R 0s(U)

Indeed, we may write the quadratic form Jy as Jo(v) := (J3 (v1),v1) 2 + (T¢ (v2),v2) 12, with

D=
NI

:/v2U0(U5) =0. (3.33)
R

27 9
jol(vl) = a:m::m:vl - ag;((gUOQ — 4)amvl) + (EUOQ _ Z _ 9U61>,Ul’
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and
TE(02) = Oppaava — 0u((S8UE — 3),v0) + (10U3 — 8UZ 4 1/4)vs.

The operators J; and J¢Z are self-adjoint and non-negative on L?(R), with domain H?*(R).
In view of (332), their kernels are spanned by the function (U})%/2, respectively (U})'/? and
Uo(Ué)l/ 2. The Weyl criterion shows that their essential spectrum is equal to the interval
[9/4,+00). As a consequence, there exists a positive number  such that

Jo(v) > H/R|U|2, (3.34)

when v satisfies the orthogonality conditions in (B.33]).
Using the inequalities |Up| < 1 and

1 1
[0zv]l L2 < [[vl|72 /10220l 2, (3.35)

1 41 49
Bo) 2 3 [l =T [ 2= [ o3

for any v € H2(R). Given a parameter 0 < 7 < 1, we deduce from (334 that

Jo(v) > %/R|8mv|2+</{(1—7’)—%7’)/}R|v|2.

Choosing 7 small enough, and invoking (3.35]), we obtain (3.32)) for a further choice of the positive
number k.

we observe that

We now extend the conclusions of Step [l to the quadratic form J. for ¢ small enough.

Step 2. There exists a number o € (0,+/2) such that, when |c| < o, we have

Jo(v) > g/R(yamvPHamﬂv\?), (3.36)

for any function v € H*(R) such that

Amuﬁzému>

Assume first that v satisfies the orthogonality conditions in (3.33]). We then infer from (3.32))
that

N

:/UQRC(U;)% =0. (3.37)
R

Ju(v) > m/ (1820 4105012 + o) — e(w) — Jo(w)]. (3.38)
R
In view of ([B.31)), we have
9e(0) = Joo)] < Ale + [1Re = Uolls) [ (sl 410,08 +10P). (339
R

where, here as in the sequel, A is a positive number. On the other hand, given any positive
numbers g and A with A > p, we compute

T V2 —¢2
_)_tanh< 22 x)‘:

‘tanh(\/i

1
vz 2
m/m(l — tanh(sz)?) ds
2

(3.40)

E(\/i— \/2—02)‘x|‘1 —tanh< 2_02x)2

2

)
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for any x € R. This gives
|Re — Ul < Ac?,

when |c| < 1. In view of [3:38) and ([B:39), we derive the existence of a number o € (0,+/2) such
that .
K
5e0) 2 5 [ (1m0l + foul + 1), (3.41)
R
when |c¢| < o, and when v satisfies the orthogonality conditions in (3.33)).

In order to modify these orthogonality conditions, we argue as in the proof of Corollary [l
Given a function v which satisfies the orthogonality conditions in (B.37)), we decompose it as

3 3 1
v = w1 + Ml(Ué)Q, and vy = wo + ,U,Q(Ué)Q + I/QU()(l — ’UO’Q)Q,

where w satisfies (3.33]). Coming back to the definition of J, in ([B:31]), we check the existence of
a further positive number A such that

Je() = 2Jo(w) = A3 + 3+ 13).

=S

Similarly, we have
9
/ (10stol? + 10p0? + ) > 6/ (10m0l? + 1050 + [012) — A(p + 153 +13).
R R

Hence, we can apply (B.41)) to obtain

5K
Jelv) = % / (102202 + 1000 + [0f?) = A1 + 13 +13). (3.42)
R

At this stage, we recall that

(02, Up(1 — |Up|2)2) 1
|U2(1 = |Uo|?)]| 11

LU o W) 2)
A TG 15

1 = and vy =

Using (B.37), we observe that

(o1, (U))?2),» = (o1, (U)? — (U?) -

Given a positive number «, we argue as in ([340) to derive the existence of a positive number
A, depending only on «, such that

|(Ue(@)™ = (Uo(2))*] < Aac®(Ul(x)) 2,
for any € R and any |c| < 1. This yields the inequality
a| < Ao 2.

and similarly, we obtain
|z| + ] < Ac?|lva| 2.
Combining with ([3.42), and decreasing, if necessary, the value of the number o, we obtain (3.30]).

We now rewrite this inequality, as well as the orthogonality conditions in ([B.37)), in terms of
the function e.
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Step 3. There exists a further positive number k such that, when |c| < o, we have
6L(e) > ,-@/ (1= [U:P) (100 + 100 + 1P, (3.43)
R

for any function ¢ € H(R), with Oyze € L*(R), which satisfies the orthogonality conditions in

(I8).
In view of ([B30) and (33]), we can rewrite (3.38) as
1 K 2
et 5 [ (-0
R
and this inequality holds when ¢ satisfies the three orthogonality conditions

/Rgl(Ug)2 :/REQUé:/REQRC(l— U|?) = 0. (3.44)

1 2
Orae = V2R Dy — (1 R~ U] +

2
0r€ — %6‘ + |6|2),

We then recall that |R.| < 1, |U.| <1 and |¢| < v/2, and we apply the inequality

.
117,

—b||%, > 2
lla = bllF = Tllally — 77—

which holds for any number 0 < 7 < 1, and any vectors a and b in an Hilbert space H, in order
to obtain ([3:43)) for a further choice of the number .

Comparing the orthogonality conditions in ([I6) with the ones in (3.44]), we observe that it
remains to extend (3.43)) in the situation where the function e; satisfies the alternative orthog-
onality condition (e1,U’);2 = 0. In this case, since (U., (U.)?);2 > 0, we can decompose ¢ as
e = vU. + u, with v € R and (u, (U.)?);2 = 0. The derivative U’ belongs to the kernel of the
quadratic form &.. Hence, we infer from (3.43)) that

! =6l(u K — 2 ul? ul? + |ul?). .
6Le) = () > /R(l Uf) (1050uf? + |00l + [uf?) (3.45)

On the other hand, the number v is equal to v = —(u, U}) 12 /||Ul||3.. Since |¢| < o, there exists
a positive number A such that

V2 < A/(l [ TLP)ul.
R

In view of ([B.45]), we first conclude that

and then, that (3.43]) remains available under the orthogonality condition (e1,U.);2 = 0.

We are now in position to provide the
Step 4. End of the proof of Proposition [12.
In view of ({0]), we can decrease the value of 3, so that |c*(t)| < o for any t € R. In this case,

we can apply Step B since the function £*(-,t) satisfies the orthogonality conditions in (@) by
[B39). As a consequence of (3.29) and (3.43)), we deduce that

Gi(t) > (k- KB.) /R (1= U ?) (10002, 0 + 002" (0 + [ G0 ),

for any t € R. It remains to decrease again, if necessary, the value of B, to conclude the proof
of Proposition O
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3.3.3 Proof of Lemma [I]

In view of (@), the numbers ¢.(x) depend analytically on 2 € R and ¢ € (—v/2,1/2), so that the
functions ¢, are smooth on R, and depend smoothly on ¢ € (—v/2,v/2). When |c| < 1, we can
find a positive number A such that

2 2
be(2) = \| 5= 10l] + |0r0e(@) = 55 Re(@)| + [Deste(@)]| < A1+ [2]) (1= |Ue(@)]?), (3.46)
for any x € R. Similarly, we have
20 R () c x z? 9
cPc = - = 11U, s
0, Qb (x) Rc($)2 22 (Rc($) + \/ERc(x)Q( |U ($)| ))
so that
Dutela)| < A(1+ Ja).
Combining with (3.46)), we obtain (57). This completes the proof of Lemma [I O

3.3.4 Proof of Proposition 13
For the choice ¢.(z) = x/R.(x), it follows from (B3] and (B6]) that
9> (1) = Ra(t)
T o) e (L S
= [ (G5 + Q= 10ePioe )22 + (5 + VB0 Re )£l + =T )

- c*(({“)x(ﬁc*)ﬁ;'; (5*)(£; (%) + Ter (5*)) - (axx¢C* + ¢er (1 = [Uer

) Toe () <a*>] (1) d,

for any ¢ € R. Applying the inequality |ab| < (a? + b?)/2, we obtain

)E;ﬂ (6*)2} (x,t)dz

G5(t) - R3(0) = 5 [ [(VE+2(1 = U Phos — 2] |0s
R

1
2

1 *
3 [ [zl

+

- |¢c*

/R [(Vﬂ 2V2(0uper) Rer — || Ouber| — |On e (1- |Uc*|2))£;(s*)2} (z,t) dz

- ‘axx ¢c*

- ’¢c*’(1 - ‘UC*

> %) Ter ()% (2, ) e

(3.47)

In order to estimate this quantity, we now decrease, if necessary, the value of 3, so that we can
deduce from ([0) that |c*(¢)] < 1 for any ¢ € R. In this case, we can apply (B.46) and decrease
again the value of 8, in order to obtain the inequality

20t O10xfer gy llze < V2 -1,

for any ¢ € R. Invoking again (3.40), we can find a positive number A such that we have the
three inequalities

1+ 2(1 - ‘Uc*(t)‘2)¢c*(t) > 5 2A(1 - ’Uc*(t)’2)7

DN | —

1+ 2v20: e (1) Rer (1) — 10na®er (1| — |Der () |(L = [Uerp)|?) > = = 2A(L = U 1?),

1
2
and

1= |0azder ()] — 1ex ()| (1 = Uery I*) = = = 24(1 = [Up (%),

DN | =
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On the other hand, we infer from (53) and (54) that

LE(E) + Lo(e)? + T (%) < A<|<9m6*|2 + 0™ * + (1 = |Uer
so that, by (3:2I)),
(1= e ?) (L5 () + L2 + Ter (7)) < A(L = [Ugeoy2) (100022 + (008" + "),

Bl 42 ).

Gathering all these inequalities and applying them to ([B.47]), we are left with the estimate

G3(1) ~ R3(1) >4 / LEE) + Lo + T () () do

_A/]R (1= v

It now remains to bound the first integral in the right-hand side of ([B.48]) according to (60). We
first address the integral of the quantity £ (¢*)2. Coming back to (53], we check that

2
/ﬁj(e*)2 2/(8116’{%—0*8336;—}30*775*) —A/ (1-|U.-
R R R

Here, we have used the inequality

/R(l — |Ue

which is a consequence of (3.2]]).

(3.48)

2) (10r0e* 2 4 0" 2 + ") | (2, 1) dv

2)<|8me*|2+|816*|2+|6*|2>. (3.49)

<4 [ (- U P
R
At this stage, we expand and integrate by parts the first integral in the right-hand side of
(3:49) in order to get
o * *O ¥ — R 2_ o *\2 *23 *\2 IR (0. D.1* R22
. w2€1 T C Uz e | = . (Oael)” + (¢7)7(0283)" + 2Rex (02€7) (0xmZ) + Reenz
+ 2% (0,25) (Orat] — Reomer ) + 2(8$Rc*)(6x5“{)775*>.

We next recall that R2 = (2 — ¢?)/2 — (1 — |U,|?) and 9,R. = (1 — |U.|?)/v/2. Moreover, we
observe that

[ Ber(@ue(@ut) = [ (2B2 (05007 + VB Res (025 (015)
R R
+ 2R (0,57 (9o Rer )&t + (%, 017)c) )
Introducing these identities into ([3.49)), we are led to
[aEP = [ (@ue? +a00uet + 12 ) = 4 [ (1= U0 P) (100" + 1025 +1°P)
R R R
_ A(|c*| + Hg*HLoo) /]R <|8m35*|2 + |azg*|2 + 7762*>-
(3.50)
Arguing similarly for the quantities £_.(¢*)? and Tex(e*)2, we obtain
[ e = [0 = Al [ (10 4 0,7 4 2. )
R R R

(3.51)
- A/ (11U ?) (1900”2 + 10072 + [°2),
R
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and
/T*(e*)z >2/ (© s*)Q—A|c*|/ (19.2" + 2)—A/ (1= U P) (102" P+ 1) (3.52)
c = €9 T M) c g . .
R R R R
Inserting (3.50), (35]) and ([B:52) into (B3.48)), we conclude that

* * 1 * * * * *
65(6) - R(0) 25 [ (e’ + 200 +12) = A [ (1= Uel?) (1000 + 100" + ')
R R

_A(|C*| + ||5*HL<><>) /R <|8mg*|2 + |8g;g*|2 _{_773*)-
(3.53)

For S, small enough, we can invoke ([@0) and (B2I) in order to bound the third integral in the
right-hand side of ([B.53])) by one half of the first one. This provides (60), which completes the
proof of Proposition [I3l O

A Definition and properties of the momentum

This appendix is devoted to the proofs of Proposition @] which links the quantities P and [P],
and of Proposition [, which gives a first order expansion of P for a perturbation of the soliton

U..

A.1 Proof of Proposition 4]
Let ¥ € Vy(«), with o < a. In view of (8], there exists a positive number A such that
do(Vmod, Up) < Aa.
Set €0 := Vynoq — Up and 19 := [Wpneq|? — Ug. Invoking the Sobolev embedding theorem, we have
Imoll2= < 4limollza (T, €0} + (Uo, chbc + {eo, bl
Since |Up| < 1, U} = (1 — U2)/+/2 and |eg| < 3 + |mol, we deduce that
Ioll3 < AL+ o) ol Ioll 2 < AL+ ol ) (A1)

Since Up(1) > 5v/2/12, this gives

25
| Wmoa(2)[* = [Uo()|* = [Imol| Lo > —y A

for any |z| > 1. As a consequence, we can choose o small enough such that |¥,,,q| > 1/2 outside
(—1,1). In particular, we are allowed to write ¥i,0q4 := Omod €XP 1Pmod. Moreover, we can apply
the Sobolev embedding theorem to obtain

(1= U)"*(Wmod = Uo)|| oo < Al Wimoa — Uol|,,, < Acv (A.2)

Therefore, we can fix asy so that, when a < a, the choice of ¢p0q is uniquely given by (26). In
this case, invoking (27]), as well as the identity

<i\I’moda \Ilinod>(c = Q?nodgpinod’ (AB)
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which holds outside (—1,1), we have

§2‘1 - Qi]odHQmodSD;nod|
S(l - |\I’mod|2)2 + |\Ilinod|2’

. ! no_ 2 !
<Z\Ifmod, \I]mod><c - ((1 - X)meod) ‘ — ‘(1 Qmod)%pmod (A4)

outside (—2,2). Therefore, since ¥ € £(R), the quantity P(V) is well-defined.
On the other hand, the renormalized momentum [P] is by definition invariant under transla-

tion and multiplication by a constant of modulus one. Hence, we have

[P](¥) = [P](¥1nod) = Sgrfoo Ps(¥pmoq) mod T,

where
19 , 1
PS(\I]mod) = 5 S<Z\I’moda \I]mod>(c - 5(901110(1(5) - SDmod(_S))-
It remains to check that
PS(\I/mod) — P(\I/), (A5)
as S — +oo.

For S > 1, we set xs = x(-/S). The function yg — x is then compactly supported outside
(—1,1), so that

/ ((xs = X)@mod) = 0.
R

As a consequence of (A.3), we are led to

1
PS(\I]mod) - P(\II) = 5 /]R\( 5.9) (1 - Q?nod)gpinod‘

The convergence in (A5) then follows from the integrability of the function (1 — g2 _;)¢).0q at
infinity, which is a consequence of (A4]). O

A.2 Proof of Proposition

Recall that, when W lies in Vy(aw), the map ¥p,,q may be written as Y04 = [Vmod| €Xp i¢mod,
with [WUpoq| > 1/2, outside the interval (—1,1). Coming back to decomposition (7)), and
definition (27]), we can expand the quantity P (V) with respect to € := U,0q— U, (where ¢ = ¢(¥))
as

1

P(¥) =P + [ (WL e)e = Rule) = 5 | ([(1Vee)e = (1 = X)(moa = 20)) + (ie,€)c).

Since x has compact support, we may rewrite this as

Re®) =5 | ([0 =0 2)e = maa + #)] + (ie,8c).

Recall next that )
le(@)| < e(0)] + [z[2 || 2 (A.6)

when € € H(R). As a consequence, we obtain

1-x 2\ /s '
/R['Uc'? (1= [U.2)(iUe )] =0,
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so that we finally get
1 (iUce)c) / / S 1/ .
&)=z | =X)L - : = ,
Re(e) 2/]1@( x)([ TAE } Pmod T ¢ + (ie 6><c> 3 [ sl

1 / <Z'Uc,5><c
+2/RX<SDmod_SDc_ |Uc|2 )

In order to complete the proof of Proposition [l it remains to estimate the integrals in the
right-hand side of (A7) according to (29).

Concerning the first integral, we can write

(A7)

(i(Uc+¢), Ui+ (iU, Ug)c
Uel? + ne U2 7

QO;nod - (plc =
outside the interval (—1,1). Expanding this expression with respect to £ and 7. yields

Ue,e 'UC?Ué 'Ucﬂ?/ 'Ué,c?
o + ¢+ (i, e il lde  Hedle, Hede o (ag)

where we denote

el iU, Ul me(iUc,€)e me(iULe)e  n2(iU., Ul

P, .= + — _
< |Uc|4 |Uc|2|\I’mod|2 |Uc|2|\I’mod|2 |Uc|4|\1’mod|2 (A 9)
(AU e e)e | nelie,€)c '
|Uc|2 |Uc|2|\1’mod|2
On the other hand, the identity |U.|? U’ = (U, Ul)¢ U. + (iU,, Ul) ¢ iU, provides
[(iUc,6><c}’ _ (iU, €)c (iUse)c 2(Uc,6><c<iUc,Ué><c
ez 1 U |Ue[? |Ue|* ’
outside (—1,1). Inserting into (A.8)), we obtain
U, ! ,
/(1 - x)([q} — Ghnoa + 4+ iz, )| < / 1= x|[@c.|. (A-10)
R ‘UC‘ R

In order to estimate ®.., we first recall that |U;0q| > 1/2 outside (—1,1). Concerning the
function U,, we invoke (I8 and decrease, if necessary, the value of as so that

Ue| > 1/4, (A.11)

outside (—1,1). Similarly, we can argue as in the proof of (A.J)) in order to prove that ||n:|/z=~ <1
and ||e||z~ < 4 for a possible further value of as. Finally, we can invoke (A.6) and the Sobolev
embedding theorem to establish the existence of a positive number A such that

(1 = |U?)2¢]| 12 < Allellso-

Coming back to (A9) and (AI0), we conclude that

‘/R(l—X)([%y_@inod%—@'e%—(ie,s’)c)

< A(llely, + Inell3= ), (A.12)

for a further positive number A.
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Concerning the second integral, there exists a positive number A such that y < A(1 — Ug)l/ 2

on R. As a consequence, we obtain
/R (e, )| < AllelZ,,- (A.13)

At this stage, the proof reduces to bound the third integral in the right-hand side of (A7).
We come back to the definition of the phase function @p,,q. Arguing as in (A.2)), we have

lellzoe (~2,2) < Allellay < Acra. (A.14)

In view of (AIl), we deduce (possibly for a further choice of as) that the complex number
U od(x) remains in the open disk with centre U.(x) and radius |U.(x)| for any x € (—2,—1) U
(1,2). As a consequence, the maps Wy,,q4 and U, restricted to (1,2), respectively (—2,—1), lie in
a common domain of holomorphy for the complex logarithmic function. In other words, we can

write I I
Pmod — P = tlog <!UZ ) —ilog <‘Uzj:;),

where log refers to an analytic determination of the logarithm. Expanding this expression with
respect to €, we are led to the estimate

<iUCa5>C‘ 2
mod — ¥Yec T T 77 9 S A .
‘80 d—® AR le]
In view of (A4, this gives
iUc, €)c
/ |X/“Q0mod_gpc_%‘ < Alell3,, - (A.15)
R |UC|

Estimate (29) then results from (A12), (AI3) and (AIH). This concludes the proof of Propo-
sition n
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