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LARGE DEVIATIONS OF THE EMPIRICAL CURRENT FOR
THE BOUNDARY DRIVEN KAWASAKI PROCESS WITH LONG
RANGE INTERACTION

MUSTAPHA MOURRAGUI

ABSTRACT. We consider a lattice gas evolving in a bounded cylinder of length
2N + 1 and interacting via a Neuman Kac interaction of range N, in contact
with particles reservoirs at different densities. We investigate the associated
law of large numbers and large deviations of the empirical current and of the
density. The hydrodynamic limit for the empirical density, obtained in the
diffusive scaling, is given by a nonlocal, nonlinear evolution equation with
Dirichlet boundary conditions.

1. INTRODUCTION

The large deviations principle is an inportant topic of interest for the study
of macroscopic properties of non-equilibrium systems. In the last years, many
papers have been devoted to the subject. We just quote a few of them where the
issue is addressed in the context of lattice gas dynamics for which large deviation
principles can be derived in the hydrodynamic scaling, [1, 4, 8, 3] and references
therein. Typical examples are systems in contact with two thermostats at different
temperatures or with two reservoirs at different densities. A mathematical model
for such systems is provided by reversible systems of hopping dynamics combined
with the action of an external mechanism of creation and annihilation of particles,
modeling the exchange reservoirs. The action of the reservoirs makes the full process
non reversible. A principal generic feature of these systems is that they exhibit long
range correlations in their steady state.

In this paper we consider a microscopic conservative system, with long range
interaction with open boundaries. The system is contained in a cylinder Ay =
{=N,--- N} x ']T?lvfl of length 2N + 1 with axis in direction u, with Tﬁl\fl the
(d — 1)-dimensional microscopic torus of length 2N + 1 and N a scaling parameter,
namely we impose periodic boundary conditions in all directions but w;. In the
bulk, particles evolve according to conservative dynamics (Kawasaki) perturbed by
a modified version of Kac potential which we call Neuman Kac potential. The
Kac potentials Jy are two-body interactions with range N and strength N9
In(uw) = N~%J(u), u € R% where J is a smooth function with compact support.
They have been introduced in [14], and then generalized in [15], to present a rigorous
derivation of the van der Waals theory of a gas-liquid phase transition. There have
been many interesting results on Kac Ising spin systems in equilibrium statistical
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mechanics. We refer for a survey to the book [18]. The so called Neuman Kac
potential, JEW (y) = N~4Jmeum(y) o € R? (see (2.1) below) is the modification
of the Kac potential that takes into account the fact that the particles are confined
in a bounded domain.

Given 8 > 0 and a chemical potential A € R, we consider the Hamiltonian

Hy(m)==8 Y J¥"™(@ym@n) + A > nlx),

z,yEAN zEAN

where n = (n(z), x € Z), n(x) € 0,1; n(x) = 1 if there is a particle at site x and
n(x) = 0 if site = is empty. One can construct in a standard way an evolution
conserving the total number of particles, the so-called Kawasaki dynamics, which
can be described as follows. Particles attempt to jump to nearest neighbour sites
at rates depending on the energy difference before and after the exchange, provided
the nearest neighbour target sites are empty; attempted jumps to occupied sites are
suppressed. The rates are chosen in such a way that the system satisfies a detailed
balance condition with respect to a family of Gibbs measures, parametrized by
the so-called chemical potential A € R and fixed 5. To model the presence of
the reservoirs, we superimpose at the boundary to the bulk dynamics a birth and
death process. For a fixed smooth function b(-) defined on the boundary of the
domain, the rates of this birth and death process are chosen so that a Bernoulli
product measure of varying parameter b(-) is reversible for it. This latter dynamics
is of course not conservative and keeps the fixed value of the density equal to b(-)
at the boundary. This dynamics defines an irreducible Markov jump process on

b(4)

. . . stat . . .
a finite state space; its stationary measure fiy is unique. There is a flow of

density through the full system and uf\?at’b(‘) encodes its long time behavior. The
full dynamics is reversible only if § = 0 and b(-) is constant. We introduce the
empirical density 7} of particles and the integrated empirical current W7, which
measures the total net flow of particles in the time interval [0,¢], associated to a
trajectory (n.).

We analyze here the behavior as IV 1 oo of the system when the time is rescaled
by N? (diffusive limit). Our purpose is to investigate the behavior of the current
of particles. Problems of this kind have been studied in [2] and in [5]. In both
documents the large deviations rate functionals are convex. The paper [2], studied
the simple exclusion process, in the torus with periodic conditions. The paper [5]
is concerned by the reaction diffusion process, in a one-dimensional interval with
two types of currents (conservative and non conservative); some conditions on the
convexity on the functionals were imposed. Our goal is to extend these results to
the d-dimentional boundary driven systems with long range interactions, for which
the dynamical large deviations functionals are non-convex.

For important classes of models, the hydrodynamic limit and dynamical large
deviations for the empirical density have been proven, see for example [13, 19] for
equilibrium dynamics and [3, 4, 6] in nonequilibrium dynamics. For Kawasaki dy-
namics with Kac potential, the law of large numbers for the empirical density has
been proved on the torus with periodic boundary conditions in [11], on the whole
lattice in [16], and finally on a one-dimensional bounded interval (boundary driven)
in [17]. The hydrodynamic equation obtained for the boundary driven dynamics is
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the following nonlocal, nonlinear partial differential equation with Dirichlet condi-
tions at the boundary I' of the domain,

dpn = V- {Vpi = Bo(p) V(I x ) b = =9 - {3 () }
pt‘F: b(-) for 0<t<T, (1.1)
po(u) = ~y(u) ,

where * stands for the spatial convolution and o(p) = 2p(1 — p) is the mobility

of the system. In the above formula J? (pt) is the instantaneous current at time ¢
associated to the trajectory p:

I%(pe) = =Vpi + Bo(pe) V(I % py) (1.2)

We shall denote by p the unique stationary solution of the hydrodynamic equation,
i.e. pis the typical density profile for the stationary nonequilibrium state.

It follows from the hydrodynamic limit that the empirical current W2V converges
weakly to the time integral of J°(p,) in the time interval [0, ] (cf. Proposition 2.3).
In addition to this we prove that when £ is small enough, then the empirical particle
density ¥ obeys a law of large numbers with respect to the stationary measures
(hydrostatic), i.e. it converges weakly under the unique stationary measure of
the evolution process to the stationary solution p, (see Proposition 2.2). This is
obtained deriving first the hydrodynamic limit for the empirical density distributed
according to the stationary measure. Then we exploit that the stationary solution
p is unique and is a global attractor for the macroscopic evolution. Similar strategy
for proving the hydrostatic is used in [10, 17]. It then results that, if initially the

particles are distributed according to the stationary state M%at’b('), then for each
t > 0, the mean empirical current W} /¢ converges weakly to J?(p) as N 1 co (see
Proposition 2.4).

Further, we investigate the large deviations for the couple (current, density)=
(W 7N), that is we compute the asymptotic probability of observing an atypical
macroscopic trajectory of the (current, density)= (Wy, p¢), when the number of
particles tends to infinity. The result can be informally stated as follows. Given a
trajectory (W, pt)iefo,r] on a fixed interval of time [0, T, we have

]P]BV((WN,wN) ~ (W,p)) ~ eXp{ —NdJT(W,P)}7

where ]P’?V is the law of microscopic dynamics, ~ denotes the logarithmic equivalence
as N 1 oo and (WY, 7)) ~ (W, p) means that the trajectory (W™, 7™V) is in some
neighborhood of (W, p) for an appropriate topology. The rate functional Jr is
infinite in the set E€ of all paths (W, p) that do not satisfy the continuity equation
Op+ V- W, =0, and for which some suitable energy estimate does not holds (cf.
(2.12)). Outside this set,

T
Ir(W,p) = 1/ dt<[Wt —35(pr)], L (W, — ’jﬂ(pt)]>a
2 Jo o(pt)

where W, is the instantaneous current at time ¢, (-,-) denotes integration with
respect to the space variables and J?(-) is defined in (1.2).

Our proof relies on the method developed to study hydrodynamic large devi-
ations for the density in [13, 19, 6] and for the current [2]. The basic strategy
of the proof of the lower bound consists of two steps, we first obtain this bound
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for smooth paths, then we extend it for general trajectories by showing that, for
any given trajectory (W, p) with finite rate functional Jr(W, p) one constructs a
sequence of smooth paths (W™, p™) so that (W™, p") — (W, p) in a suitable topol-
ogy and Jp(W™", p™) — Jr(W, p). The proof in [2] relies on the convexity of the
rate functional. In the present case, because of the lack of convexity we modify the
definition of the rate functional declaring it infinite in the set E°¢. The modified
rate functional J7 makes the proof of the lower and upper bounds harder than the
one in [2].

The last result of this paper is the large deviations for the empirical density. In
one dimension, it has been done in [17]. In our context, one can achieve the proof
either following the same scheme as in [17], or adapting the strategy of [2], using
the contraction principle.

The paper is organized as follows. In section 2, we introduce the model and state
the main results. In Section 3, we introduce the perturbed model, we prove the law
of large numbers for the current, and we collect some basic estimates needed along
the paper. In Section 4, we state and prove some properties of the rate functionals.
In sections 5 and 6, we derive the upper and lower bounds large deviations for the
couple (current, density). Finally the density large deviations are recovered using
the contraction principle in section 7.

2. NOTATION AND RESULTS

Fix a positive integer d > 2. Denote by A the open set (—1,1) x T?~! and by
A = [~1,1] x T4 its closure, where T* is the k-dimensional torus [0, 1)¥, and by
I' = OA the boundary of A: ' = {(ug,...,uq) € A :u; = +1}.

We introduce a smooth, symmetric, translational invariant probability kernel
of range 1 on Sy = R x T9~1, that is, a function J : Sq x S4 — [0,1] such that
J(u,v) = J(v,u) = J(0,v—u) for all u,v € Sq, J(0,-) is continuously differentiable,
J(0,u) = 0, for all u such that |ui| > 1, and [ J(u,v)dv =1, for all u € S4. This
is the so called the Kac interaction on Sy.

The Neuman Kac interaction J™**™ is a symmetric probability kernel on A
defined by imposing a reflection rule: when (u,v) € A x A, u interacts with v and
with the reflected points of v where reflections are the ones with respect to the left
and right boundary of A. That is for all u and v in A

JM (yy0) = J(u,v) + J(u,v + 2(1 —vy)er) + J(u, v — 2(1 + v1)eq) (2.1)

where v; stands for the first cordinate of the vector v = (vy, -+ ,vq) and {e1, ..., eq}
stands for the canonical basis of R

For an integer N > 1, denote by T4 * = {0,..., N — 1}¢~1, the discrete (d — 1)-
dimensional torus of length N. Let Ay = {—N,..., N} x Tﬁl\fl be the cylinder in Z¢
of length 2N + 1 and basis T% ' and let Ty = {(z1,...,24) € Zx T4 |21 = £N}
be the boundary of Ay. The elements of Ay are denoted by letters z,y and the
elements of A by the letters u, v.

The configuration space is ¥ := {0, 1}*¥; elements of ¥ are denoted by 7 so
that n(z) = 1, (resp. 0) if site x is occupied, (resp. empty) for the configuration 7.

Fix a positive parameter 5 > 0, and a positive function b : I' — R,. Assume
that there exists a neighbourhood V of A and a smooth function 6 : V' — (0,1)
in C2(V) such that 6 is bounded below by a strictly positive constant, bounded
above by a constant smaller than 1 and such that the restriction of 6 to I" is equal
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to b. The boundary driven Kawasaki process with Neuman Kac interaction is the
Markov process on Xy whose generator £y := £3,, v can be decomposed as

ey = N*Lgn +N?* Ly n - (2.2)
The generator Lg n describes the bulk dynamics which preserves the total num-

ber of particles. The pair interaction between x and y in Ay is given by

— neum €
The total interaction energy among particles is defined by the following Hamiltonian
Hy(m) =— Y JIn(zynny). (2:3)

T,yEAN

The action of Lg y on functions f : ¥ — R is then given by

d
LonH)m) =D > Cxlz+esn) [fu==t) - fn)]

i=1 xz,x+e;EAN

whith the rate of exchange occupancies Cf, given by

Chtayin) = exp { ~J1(o) — Hy)] | (2.4

where n*¥ is the configuration obtained from n € X, by exchanging the occupation
variables n(z) and n(y), i.e.

nly) if z=u,
(n"¥)(2) == () if 2=y,
n(z) i z#ay.
The generator L, y models the particle reservoir at the boundary of Ay, it is
defined by the infinitesimal generator of a birth and death process acting on I'y as

(Lo )m) = > ra(b(@/N),n) [f(e"n) = f(n)],

where 0”1 is the configuration obtained from 7 by flipping the configuration at x,

ie.
. 1—nx) if z=x
(0"n)(z) == .
n(z) if z#w,
and for z € I'y and A € (0, 1) the rate r, (X, ) is given by

re(An) = AL —n(@)) + (1= Nn(z). (2.5)

For any 5 > 0, the operator Lg y is self-adjoint w.r.t. the Gibbs measures ufv’A
associated to the Hamiltonian (2.3) and chemical potentials A € R:

1
pi () = —gx exp{—BHN() + X Y n()}, nely,
ZN TEAN

where Z]BV’A is the normalization constant. This means that the rates of the bulk
dynamics {C’f,(z, y;m), «,y € AN}, satisfies the detailed balance conditions:

~BlHx (™) = Hx (] 0B (

Ch(z,y;n) = e y,z;n"Y).
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For a smooth function p : A — (0,1) and = € Ay, let 1//1)\{_) be the Bernoulli
product measure on ¥ with marginals given by

vy (n(z) = 1) = p(z/N) .

Let o(p(z/N)) :=log[p(x/N)/(1—p(x/N))] be the chemical potential of the profile
p(+) at site /N. Tt is easy to see that, ué\([,) can be rewritten as

N B e#(p(@/N))n(z)
vy () = 11 11 ep((X/N))

TEAN

and if p(u) = b(u) for all u € T', then I//J)\é_) is reversible for the process with generator
LhN'

Notice that in view of the diffusive scaling limit, the generator has been speeded
up by N2. We denote by (1;) the Markov process on ¥ with generator £y. Since
the Markov process (1) is irreducible, for each N > 1, § > 0, there exists a unique
invariant measure 3 = 5t (3, 6(+)) in which we drop the dependence on 3 and
b(-) from the notation. Moreover, if b(-) is not constant then the invariant measure
w5kt cannot be written in simple form.

For an integer 1 < m < 400 denote by C™(A) the space of m-continuously
differentiable real functions defined on A. Let CJ*(A) (resp. CT(A)), 1 < m < 400,
be the subset of functions in C™(A) which vanish at the boundary of A (resp.
with compact support in A). We denote by M = M(A) the space of finite signed
measures on A, endowed with the weak topology. For a finite signed measure m and
a continuous function F € C°(A), we let (m, F) be the integral of F with respect
to m.

For each configuration 7, denote by 7 = 7™V () € M the positive measure
obtained by assigning mass N~% to each particle of 1 :

¥ = N4 Z n(x) 6z /n

rEAN

M(

where §,, is the Dirac measure concentrated on u. Notice that for each n € X, the
total mass of the positive measure 7™ (1) is bounded by 3.

For ¢ > 0 and two neighboring sites z,y € Ay, denote by N;¥ the total number
of particles that jumped from z to y in the macroscopic time interval [0,¢]. For
1 <j<dandzz+e € Ay, we denote by th’xﬂj = Nf’IJrej — Nerej’z
the current through the edge (x,x + e;). We now define the current entering and
leaving the system through the border points. For x € Ty, let N*T (resp. N® ™)
be the number of particles created (resp. killed) at « due to the reservoir in the
macroscopic time interval [0,¢], the current through z € T'y is then defined by
W =N%»~ — N%T,

For t > 0, we define the empirical current W = (W{,,...,W},) € M =
{M(A)} as the vector-valued finite signed measure on A induced by the net flow
of particles in the time interval [0, ¢]:

1 1
N _ T, x+e o
Wi = s > WG, N + warl > Wb
r,x+e1 EAN zel'n 2.6
N 1 T, r+eg ( ')
W@¢ = Rﬁﬂi— E MQ 5mﬂV for k::2,”.,d.

rEAN
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For a continuous vector field G = (G1,...,Gg4) € (C°(A))? the integral of G with
respect to W, also denoted by (W, ) is given by

d
k:l
where
W, G = N—<d+1>{ S Gia/NWET S Gi(a/N) Wf}
T, x+e1 EAN xel'n

and for 2 < k < d,
Wik, G = N7 3 Gila/NY W™

rEAN
The purpose of this article is to prove hydrodynamic limit and large deviations
for the empirical current and for the density of particles. Fix T' > 0. Let F! be
the subset of M of all absolutely continuous positive measures with respect to the
Lebesgue measure with positive density bounded by 1:

Fl={reM:n(du) =p(u)du and 0<p(u) <1 ae.}.

For a metric space £ (E = M, F', M?% Yy, ---), let D([0,7],E) be the set of
right continuous with left limits trajectories with values in F, endowed with the
Skorohod topology and equipped with its Borel o— algebra. For a probability
measure gy on Yn denote by (1:)iefo,r) the Markov process with generator £y
starting, at time ¢t = 0, by 7o distributed according to py. Denote by ]P’ﬁN =
IP’EAJIV the probability measure on the path space D([0,7T],¥y) corresponding to
the Markov process (1:)¢cjo,7] and by EB the expectation with respect to Pﬂ .

When py = d,~ for some configuration nN € Yy, we write simply PﬁN = IP’6 N
and Eij = IE? o+ We denote by 7V the map from D([0,7T],Xy) to D([O,T],M)
defined by 7V (n.); = 7™ (n;) and by QﬁN = ]P’ﬁN o (m¥)~! the law of the process
(WN(nt))te[o,T]‘

2.1. Hydrodynamics and hydrostatics. The hydrodynamic and hydrostatic
limits for the empirical measures 7V has been proved in one dimension in [17].
The analysis in all dimension can be deducted from the same strategy. We shall
therefore summarize the results omitting their proofs.

For integers n and m we denote by C™™([0,7] x A) the space of functions
F = Fy(u):[0,T] x A — R with n derivatives in time and m derivatives in space
which are continuous up to the boundary. We denote by C¢" ([0, 7] x A) the subset
of C™™([0,T] x A) of functions vanishing at the boundary of A, i.e. Ft‘r =0 for
all t € [0,T]. We finaly denote by C»™([0,T] x A) the subset of C™™([0,T] x A)
of functions with compact support in [0, 7] x A.

Let L?(A) be the Hilbert space of functions F': A — R such that / |F'(u)|?du <
A
oo equipped with the inner product
(F,G) = / F(u) G(u) du .
A

The norm of L?(A) is denoted by | - [|1,(a)
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Let H'(A) be the Sobolev space of functions F with generalized derivatives
VF = (01F, -+ ,04F) in L*(A). H'(A) endowed with the scalar product (-, )z,
defined by

(F,G)pr = (F,G) + (VF, VG) ,
is a Hilbert space. The corresponding norm is denoted by || - || 7:. Denote by H}(A)
the closure of C°(A) in H(A).

Denote by Tr : H'(A) — L*T) the continuous linear operator called trace
operator, defined as the unique extension of the linear operator from C°(A) to L*(T")
which associates to any F' € H'(A)NC°(A) its boundary value: Tr(G) = G‘F ([20],
Theorem 21.A.(e)). Recall that the space Hg(A) is the space of functions F in
H'(A) with zero trace ([20], Appendix (48b)):

Hy(A) = {F € H'(A) : Tr(F) =0} .
To state the hydrodynamic equation, we need some more notation. For a Banach

space (B, ||-||z) we denote by L?([0,T],B) the Banach space of measurable functions
U :[0,T] — B for which

T
01 oma = [ IWilBat < o
holds. For m € Lo(A) and u € A, we set

(JM e m) (u) = / JU (u v)Ym(v)do ,
A

and y(m) =m(1 —m), o(m) = 2x(m). For any smooth function F, let AF be the
laplacian with respect to the space variable of a function F'. For I € 05’2 ([0, T]xA),
p € D([0,T], F') denote

5(plpo) = {pr, Fr) — {po, Fo) 7/0 dt (pe, O:Fy)
— /Tdt pt,AFt / dt/ 1’11 GlFt)( )dS( ) (28)

*ﬂ/ a(pe), (VE) - V(I % py))dt

where n=(ny, ..., n,) stands for the outward unit normal vector to the boundary
surface I' and dS for an element of surface on I'. For u, v € R?, u-v is the usual scalar
product of v and v in R?, we denote by |-| the associated norm: |u| = Z';:l s |2

Denote by Ao, 7] C D([O,T];]-"l) the set of all weak solutions of the boundary
value problem (1.1) without fixed initial condition:

Ajo1) = {p e L*([0,T], H'(A)) = VF € Cy?([0,T] x A), £5(plpo) = o} :

Proposition 2.1. For any sequence of initial probability measures (un)n>1, the
sequence of probability measures (QEN)Nzl is weakly relatively compact and all its
converging subsequences converge to some limit Q%* that is concentrated on abso-
lutely continuous paths whose densities p € C([0,T], F*(A)) are in Ajg ). More-
over, if for any § > 0 and for any function F € C°(A)

lim p {’<7TN,F> - /A'y(u)F(u)du’ 25}:0, (2.9)

N—o0
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for an initial continuous profile v : A — [0,1], then the sequence of probability
measures (QﬁN)Nzl converges to the Dirac measure concentrated on the unique
weak solution p(-,-) of boundary value problem (1.1). Accordingly, for anyt € [0,T],
any 6 > 0 and any function F € CO(A)

lim PﬁN{Mﬂ'N(nt),F) - /Ap(t,u)F(u)du} 26} =0.

N —o00

The proof of this Proposition is similar to the one of Theorem 2.1. in [17]. Recall
stat

that the stationary measure p3*" depends on § and b(-). The asymptotic behavior

of the empirical measure under the stationary state 3" can be stated as follows.

Proposition 2.2. There exists Py depending on A and J™"™ so that, for any
B < Bo, for any F € C°(A), for any § > 0,

. F) - |

A

lim uf\’}at[ ﬁ(u)F(u)du’ > 5] =0,
N—o0

where p is the unique weak solution of the following boundary value problem
Ap(u) = BY - {o(p(u)) V(I x p) () } =0, we A,
p()|p = 0().

The proof of this Proposition is similar to the one of Theorem 2.3. in [17] and
therefore is omitted.

We turn now to the asymptotic behavior of the empirical current. Next result
states that it converges to the time integral of the instantaneous current Js (pt)
associated to the solution of the hydrodynamic equation (1.1):

(2.10)

Proposition 2.3. Fiz an initial profile v € F' and consider a sequence of prob-
ability measures N associated to «y in the sense of (2.9). Let p be the solution of

the equation (1.1). Then, for each T >0, § >0 and G € (Cl(A))d,

T
]\}POOPﬁN“WZTV,G) - /O dt ({ = Vi + Bo(p)) V(I ™ % py)} G>’ >5} = 0.

Next result concerns the asymptotic behavior of the mean empirical current
WX /T under the sequence of stationary measures {p5% : N > 1}.

Proposition 2.4. There exists Py depending on A and J™"™ so that, for any
B < Bo, for anyT >0, >0 and G € (Cl(A))d,
lim P’

stat
N—oo HN

1 — — neum —
[(FWY.G) = ({ =Y+ 8oV p)}, G)| > 9] = 0,
where p is the unique weak solution of the boundary value problem (2.10).

The proof of Proposition 2.3 is given for more general processes in section 3. We
obtain then Proposition 2.4 as an immediate consequence from Proposition 2.2.

2.2. Large deviations. Fix a positive time 7' > 0 and an initial profile v € F*.
We are interested both on large deviations of the couple (W{, 7™ (n;));e(0,77 and
on large deviations of the empirical measure (7 (1;))¢e[o,r) during the interval time
[0,T] and starting from the profile ~.
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Let 21, be the set of trajectories (W,7) in D([0,T], M9*1) such that for any
t €[0,7] and any G € C}(A)
(m, Gy — (v, G) = (W, VQG) . (2.11)
Define the energy functional £7 = 777 . D([0, T], M@*1) — [0, o0] by
Q(n) if (W,nm) e, nD(0,T], M x Fl),

2.12
400 otherwise, ( )

EV(W, ) :{

where the functional Q : D([0,T],F!) — [0,00] is given for a trajectory m €
D([0,T], F') with 7, = ps(u)du, t € [0,T] by the formula

Zsup{/o dt {pt, O Hy) —2/ dt/ a(pe(u u)Qdu},

in which the supremum is carried over all H € C2°(]0,T] x A). It has been proved
in [6, 10] that Q() is finite if and only if p € L*(]0, T] Hl(A)), and

/dt/ ‘vpt : (2.13)

Notice that 21,ND([0, 7], M?x F1) is a closed and convex subset of D([0, T], M¥+1).
It follows immediately from the concavity of o(-) that the functional £7 is convex
and lower semicontinuous.
We now define the large deviations functional for the pair (W, 7") in the time
d

interval [0, T] with initial condition ~. For each V € (C*([0,T] x A)) define the
functional J% = J57 . D([0, T], M% x F') = R if m, = py(u)du, t € [0,T] by
~ 1 /T
FWom) = LG (W.m) — 5 [ dtlolp0). Vi Vi), (2.14)
0
where Lf, (W, ) = L%T(W, m) is a linear function on V:

T
LY (W) = (Wr, Vi) — / dt (W, V)

_/Tdtm,v Vi) / dt/ yny (r) Vi(t,r) dS(r)

*ﬂ/ o(pe), Vi - V(J™"™ % py))dt .

The large deviations fuctional for (W 7V is finally defined from D([0, T], M%+1)
to [0, +o00] by

Jr(W,m) if EY(W,m) < oo,
v _
Jr (W, m) = { +00 otherwise , (2.15)
where
Jr(W,m) = sup Iv(W, 7).

ve (Clvl([O,T]xA))d

It remains to define the rate functional for the empirical measure. Denote by
1. = 1°: D([0,T], F') — [0,00] the functional given for a trajectory = with
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m(du) = pi(u)du, t € [0,T] by
G = s T, (2.16)
FeCy?([0,T]xA)
where for any function F € Cy%([0,T] x A), Eﬂ’v = /HVIT;%B: D([0,T),F') — R is
given by

1 T
T2 = Ghlok) = 5 | dt(otp). V- V).

The definition of Ef«“(h) is given by (2.8).
The rate functional Z7. : D([0,T], M) — [0, cc] for the empirical measure is then
given by

i(m (2.17)

() if meD(0,7],F" and Q(m) < +o0,
(m) = :
+00 otherwise .

We are now ready to state the large deviations results:

Theorem 2.5. Fiz T > 0 and an initial profile vy in C°(A). Consider a sequence
{nN : N > 1} of configurations associated to v in the sense of (2.9). Then, for
each closed set C and each open set U of D([0,T], M**1), we have

e 1 8 N N .
g log Py [(W ) € C} = - (V\},Iflrf;ecj%(w77r) ’

1
lim — log P’ [WN, Neu} > — inf JN(W,7).
e e A
The functional J7 (-, ) is lower semi-continuous.

We prove this Theorem in sections 5 and 6. We have the following dynamical
large deviation principle for the empirical measure.

Theorem 2.6. Fiz T > 0 and an initial profile v in C°(A). Consider a sequence
{nN : N > 1} of configurations associated to vy in the sense of (2.9). Then, the
sequence of probability measures {ngv : N > 1} on D([0,T], M) satisfies a large
deviation principle with speed N and rate function Z7.(+), defined in (2.17):

I 1 .
i 57 los @y (7 € ) < — inf Zh(m)
1
. B N .
o e los@u (€ U) = =l Tl

for any closed set C' C D([0,T], M) and open set U C D([0,T], M). The functional
Z7(+) is lower semi-continuous and has compact level sets.

The proof of this Theorem is given in Section 7. It relies on Theorem 2.5 and
the contraction principle.

3. THE PERTURBED DYNAMICS AND BASIC TOOLS

In this section, we consider the perturbation of the original process (2.2), and
we prove some results needed either to caracterize the behavior of the empirical
current and the empirical density, either to prove large deviations principle.
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3.1. The modified process. Fix T > 0, a time dependent vector-valued function
V=,...,Va) € (C%°([0,T] x A))d and asmooth function H € C%°([0,T] x I).
Define at time t, 0 < t < T, the following generators of a time inhomogeneous
Markov process on Xy

d

(LYNP) ) =D > Oz +enn) [f0r) — f(n)] .

i=1 z,x+e;,EAN

(Li'n ) = Y v (b(x/N),m) [f(o™n) — f(n)],

rz€el'n

where the rate function Cﬁ? (x,2 + e;;m) is defined through the rate CZBV by
GV (w,a+ eim) = Cylaa + esme o) —n@IN Ve (3
and the rate at the boundary rZ, (b(x/N),n)) is defined through the rate r, as
ri{t (b(:z:/N), 77) =71, (b(x/N), n)e(Qn(””)_l)Nle(t’””/N) . (3.2)

For a probability measure px on X denote by ]P’ff]y H the law of the inhomo-
geneous Markov process (1:)ie[o,7] on the path space D([O7 T,% N) with generator
eyt = N2LY v+ N?L{\ and initial distribution py. Let QFV-# be the measure
of the process (7" );co,7) on the state space D([0,7], M) induced from P;-V-#.

Proposition 3.1. Let uy be a sequence of probability measures on X correspond-
ing to a macroscopic profile v in the sense of (2.9). Then the sequence of probability
measures Qﬁ]\yH converges as N 1 0o, to Q%Y. This limit point is concentrated on
the unique weak solution p”V in L2([0,T], H'(A)) of the following boundary value
problem

dp+ V- {o(p) BV 5 p) + V]} = Ap

plt, )| = b(-) for 0<t<T, (3.3)
po(u) =~(u) .
Moreover, for eacht >0, § >0 and G € (C*(A))?, we have
t
Jim EV[[wie) - [aserve) |>d <0 64

where J(pPV) is is the instantaneous current associated to p®V and is given by
(V) = =YY 4o (pPV)[BV(I % pPY) + V]

Proof. The identification of the limit for the empirical density (7™ (n¢))ieo, 7] is
similar to the one of [17]. We therefore switch to the limit (3.4). Following the
same steps as in [2], we consider the family of jump martingales

t
Wiy =Wy — N2/0 [n(x) — n(y)]C’f,’y (z,y;ns)ds fory=x +e;, x,y € An,

t
—~ —1
Wy =y = N [ )1 = by e
0

—1
— (L= n()bly/N)e N HeN sy ey
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Recall from (2.6) the definition of the empirical measures (W,})i>0 ,1 < j < d.
Fix a smooth vector field G = (G1,--- ,Gq) € (C11([0,T] x A))?, and consider the

POy -martingale WiV = WEVINE 4 ¢ (0,77, defined by

d
WV = ST WL Gr)

k=1
N2 t 8.V
~ N > Gk(fE/N)/ (s (2) = ns(x + e)| O * (2,2 + ex; ns)dS}
T, xterEAN 0
N2 ¢ -
- 2 Gile/N) [ {1 = b/ e
zel'n

— (1= s (@))bla/N)e™ N HE2/N g

From Lemma 3.3 and Taylor expansion the integral term of the last expression is
equal to

S Y X Gla) [ o) —mle o+ en)]ds

k=1z,x+erEAN

d t
*%Z > Gk(z/N)/O[775(@*ns(z+€k>]2T£’V(7TN(T]S),S,:C/N)ds

k=1z,x+er€AN
1 t L
o = Z Gl(z/N)/O [ns(z) —b(z/N)}ds + O(;,gyv,H(Nf ),
x€el'n
where for 1 <k <d,ne€ Xy, s>0and x € Ay,
TV (N (), s,2/N) = BOY (J™ %7 (n.))(x/N) + Vi(s,z/N),

for any smooth function G, NG is defined in (3.8), and Og v,z (N') is an
expression whose absolute value is bounded by C N~! for some constant depending
on G, g, J*"™ V and H. A summation by parts and Taylor expansion permit to
rewrite the martingale WtG VA g

d t
WENH — (W G) = 35Y. Y [ (@)

k=1zeAn\I'n

d ¢
*ﬁZ > /OdsGk(x/N)[ns(x)n(x+ek)}2Tf’V(wN(n5),s,z/N)}

k=1zeAN\I'n

S G [ s — = S Gitav) [ nutards
N 0 N 0

zely zel}
1 t
-~ Y Gala/N) /0 [1s(x) — b(z/N)]ds + Oc.pv.sr (N1
xz€el'n

Here, I'y,, resp. I'L, stands for the left, resp. right, boundary of A:
Fﬁ :{(.’L'l,"' ,ZCd) cl'y 1 :iN}
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Next, we use the replacement lemma stated in Proposition 3.4. We obtain that the

martingal WS’ VoI can be replaced by

(WY | G) /Otds{ki < 7N(0e), kG > } + /Ot ds/FGl(r) b(r) 1, () dS(r)

t d
f/ods{ﬁz 3 Gk(z/N)a(niN(z))Tf’v(wN(ns),s,z/N)}.

k=1 ZEAN\FN

On the other hand, a simple computation shows that the expectation of the qua-
dratic variation of the martingale WtG VH Ganishes as N 1 0. Therefore, by Doob’s
inequality, for every § > 0,
lim Pﬁyﬂ[ sup [WEVH| > 5] = 0. (3.5)
N —o00 0<t<T

Finally, recall that by the first part of the proposition, the empirical density con-
verges to the solution of the equation (3.3). This concludes the proof. O

3.2. Some useful tools. In this section we collect some technical results which
will be used in the proof both of the hydrodynamic limit and of the dynamical large
deviation principle. We start by some properties of the potential J*"™(-,-) easily
obtained by its definition.

Lemma 3.2. The potential J™¢“™(-,-) is a symmetric probability kernel. Moreover
for any regular function F': A — R and 1 < k < d, we have the following:

‘ak(/AJ"e“m(u,v)F(v)dv)‘ §//\J”e“m(u,v)’6kF(v)’dv, (3.6)

where for 1 < k < d, OxF is the partial derivative in the direction ey. In particular,
if | - |1 stands for the Iy mnorme of RY, then

IV(J*F)(u)|, < (J*|VF|,)(u). (3.7)

The proof of this Lemma is similar to the one of Lemma 3.1. in [17] and therefore
is omitted.

Next, we show that for ¢t > 0 and V = (V4,...,Vy) € (CH1([0,T] x A))d, the
rates C]ﬁv"t/i, 1 < i < d of the generator L',XN is a perturbation of the rate of the

symmetric simple exclusion generator. For any F' € C*(A), u € A and 1 < k < d
denote by 9} F(u) the discrete (space) derivative in the direction e:

ONF(u)=N[F(u+ep/N)—F(u)], if u+ey/N€EAy. (3.8)

Lemma 3.3. Fiz t > 0 and V = (V4,...,Vy) € (CH([0,T] x A))d. For any
1<k<d,neXy and any v € Ay with x + e € Ay,

Cxx H(@oa +epin) = 1= N7 (n(@ + ex) = n(@) Y (7N (n), s,2/N) + O(N2)
where for 1 <k <d,n€ Xy, s>0and xz € Ay,

Y (N (), s,/N) = SO (I x 7w (ny)(@/N) + Vils,z/N),
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Proof. Recall from (3.1) that
CRYH (.3 + exsn) = CR(w, @ + e e Meten) Tn@INT Vi (ta/N),

By definition of Hy, for all z,y € Ay and n € Xy,

Hy (°Y) ~ Hyv(n) = s (1) — n(9)” (7" (e, ) = 7770,0)

Thus, by Taylor expansion,
O, zter;n) = 1=B(n(e+er) —n(@)) N [(7 ) xr ()] (2/N)+O(N?) .
To conclude the proof of the Lemma, it remains to apply again Taylor expansion

to the exponential function. O

It is well known that one of the main steps in the derivation of a large deviations
principle for the empirical density is a superexponential estimate which allows the
replacement of local functions by functionals of the empirical density in the large
deviations regime. For a cylinder function U denote the expectation of ¥ with
respect to the Bernoulli product measure v/} by \IJ( ):

U(a) = B [0].

For a positive integer [ and = € Ay, denote the empirical mean density on a box
of size 21 + 1 centered at = by n'(z):

0 (x) = IAzth > ),

yeEN ()

Ay() = Ana(z) ={y € An = |y —2[ <1} (3.9)
For 1 < j < d, define the cylinder function ¥; = [n(e;) — 7(0)]?, For each V =
(Va,--- ,V) G = (Gy, -+ ,Gg) in (C*1([0,T] x A))%, and each € > 0, let

SV o) = 5> Y Glsa/)
j=1 z,x4e;EAN (310)
x OV TP (N (), 5,2/N) [0 (n) = By (07 (@) -
For a continuous function H : [0,7] x I" — R, let
HL(s,n) Nd - Y H(s,z/N)[n(z) — b(x/N)] . (3.11)
xel'n
Proposition 3.4. Fiz G,V € (C%°([0, 7] x A))?¢, H in C%°([0,T] xT') and B > 0.

For any sequence of initial measures py and every § > 0,

lim lim N—log]P’ﬁVH / gGV" (s,ms) ds

e—=0 N—oo

>5} = —00,

lim N_ 1ogIP’ﬂVH / Hﬁ(s,ns)ds‘ >6} = —0.
0

N—o0
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The useful tools to derive the superexponential estimate stated in Proposmon 3.4
is given by the next result concerning the Dirichlet form ( eV H\/ A S vy

for the full dynamics. For each probability measure v on E N and each functlon
f € L?(v), define the following functionals

Do, N f7 Z Z / n* IJrel - f(??))2 dv(n),

i=1 z,x+e;EAN (312)

Dun(fr) =5 O / ra (b(@/N),m) (f(0™n) — F(n))* dv(n)

zEFN

Lemma 3.5. Let 6 : A — (0,1) be a smooth function such that 9(')‘1“ = b().

There exists two positive constants Cy = Co(||V0|so, J™*™, V), C) = Cf(b, H) so
that for any a > 0 and for f € L? (1/9( ))
C
(o LY Ny, < —(L=a)Pon (f4) + N7 T ),
o (3.13)
H N 0 AT—2+d
(f, Lb,Nf>Vé\E‘) = *(1 - G)Db,N(ﬁ V@(‘)) + ;N o Hin%,éV )

The proof of this lemma is similar to the one of Lemma 3.3 in [17] and is thus
omitted.

We conclude this section by the Girsanov formula needed in the proof of the
large deviations. Indeed, in order to compare the original dynamics to a perturbed
dynamics with regular drifts V, H (3.1) and (3.2), we have to compute the Radon-
Nikodym derivative of the modified process with respect to the original one (see [12],
Appendix 1, Proposition 7.3). Fix a vector-valued function V € (C%°(]0,7] x A))?
and a function H € C%°([0,T] x I'). For any initial measure iy and any positive
time ¢ > 0, the Radon-Nikodym derivative of Pﬁy H with respect to ]P’ﬁN restricted
to the time interval [0, ¢] is gives by

V. H
o
P,
B,V b,H . . .
where M’ " and B, are two exponential martingales given by,

d
@ en(E 5 ([ e

k=1z,2+erEAN

(()sei0) = MY + B (3.14)

t
- / [15(@) + s + €)]CR (2, + eximy) [e7I77 7 H IR q]as )
0

b, H "1
B, = exp( Z {/o NH(s,z/N)dWsm

xel'n

t
—N2/ ra (b(@/N),ns(z)) [el2ne () - Hsa/N) 1]d‘3})’
0

where the rate r,(-,-) is given by (2.5) and for any function g : ¥y — R and
z,y € An, we have denoted V*¥g(n) = [g(n™¥) — g(n)]-
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4. PROPERTIES OF THE RATE FUNCTIONALS

In this section, we prove representation results for the rates 77 (-) and ZJ.(+), see
Lemma 4.5, the lower semicontinuity and the compactness of the level sets , see
Proposition 4.2.

4.1. Lower semicontinuity. We first prove that the functional [J; is larger than
)
Lemma 4.1. For any (W, ) € D([0,T], M+1),
Iy(m) < Jp(W,m).

Proof. When J (W, ) = 400, the inequality is trivially verified. Suppose then
that J7/(W,m) < +oo. This implies that = € D([0,T],F'), (W,r) € 2,
Q(m) < +oo and JF(W,n) = Jp(W,r). Furthermore, by definition, since 7 €
D([0,T],F") and Q(r) < +o0, we have Z7.(u) = I7.(1).

Let F € Cy*([0,T] x A), since (W, ) € 2., we have

I57 () = TLp(W,m) < J7(W, 7).

To conclude the proof, it is enough to take the supremum over all F' € Cé 2([0,T] x
A), on the left hand side of the last inequality. O

The main result of this subsection is stated in the following proposition.

Proposition 4.2. For every profile v € F*, the functional J;., resp. IJ. de-
fined in (2.15), resp. (2.17) is lower semicontinuous for the topology of the space
D([0,T), M4*Y), resp. D([0,T], M). Moreoever the functional I} is of compact
level sets in D([0,T], M).

The proof is split in several lemmata. We follow the general scheme used in
[19, 6]. Denote

B:(') = {(ﬂ't(dU))tE[O,T] = (Pt(u)du)te[o,ﬂ P pE L2([O,T], Hl(A)) )
po(-) =7(); Tr(p)(-) =b(-), fora.e.te (0,T]}.

Lemma 4.3. Let 7 be a trajectory in D([0,T], M) such that Z).(w) < oo. Then

w belongs to Bg(‘) N C([0,T],F'). Furthermore, there exists a positive constant
Co = Co(B, J™™™) such that

Q(m) < Co{l+TH(m)}. (4.1)

Proof. The proof of the first statement of this Lemma is similar to the one of
Lemma 4.1 in [10] and is therefore omitted. One can prove (4.1) by using the same
arguments as in the proof of Proposition 4.3. [19] or Lemma 4.9. in [6]. O

The proof of the lower-semicontinuity of the rate function Z7. is based on com-
pactness arguments; its basic tools is given by the next Proposition. We refer to
[6, 10] for the proof.

Proposition 4.4. Let {7 : n > 1} be a sequence of functions in D([0,T], M) such
that
sup {Z7.(7")} < o0

neN
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with 7" (t,du) = p"(t,u)du, for t € [0,T] and n € N. Suppose that the sequence
p" converges weakly in L2([0,T] x A) to some p. Then, p" converges strongly in
L2([0,T] x A) to p.

Proof of Proposition 4.2. The proof for the functional Z7. is omitted since it’s the
same as for the one dimensional boundary driven Kawasaki process with Neuman
Kac interaction [17].

To prove the lower semicontinuity of the functional 7/, we have to show that
for all @ > 0 the set

E, — {(W,w)eD([O,T],Md“) : jg(w,w)ga}

is closed in D([0,T], M9*1). Fix a > 0 and consider a sequence {(W", ") : n > 1}
in E, converging to some (W,7) in D([0,T], M?*1), and denote by n*(du) =
o (w)du. Then for all V in (C([0,7] x A))? and F in C([0,T] x A),

T T
lim dt (W}, V) = / dt (We, Vi),
n—oo [, 0
. o (4.2)
lim dt <7T?,Ft> = / dt <7Tt,Ft>.
n—oo [q 0

We claim that £7(W, ) < +oc. Indeed, from the lower semicontinuity of Z7.,

Lemma 4.1 and Lemma 4.3, 7 belongs to Bg(') and Q(m) < C, for some positive
constant C,. Moreover, for any F' € C}(A)

0 = lim sup {(wf,F>—<7,F>7<W?,VF>}

n=90 ¢€[0,T]

= sup {(m,F) = (1,F) - (W, VF)},
te[0,T
proving that (W,7) € 2, and then £Y(W,7w) < 4o0, so that JA(W,7) =
JT(W,TF).
Denote by p the density of m: m(du) = pi(u)du. Since p" converges weakly
to p in L2([0,T] x A) (cf. (4.2)), by Lemma 4.4, p,, converges strongly to p in
L?([0,T] x A), hence for any V in (CY1([0,T] x A))¢

lim {LG(W",7") — %/OTdt (1), Vi Vi) }

n—roo

2

Since (W™, 7™) belongs to E,, the left hand side is bounded by a. Taking the
supremum over V in (C11([0,T] x A))? we obtain that J7(W, ) < a and conclude
the proof of the lower semicontinuity of 7. O

~LW.m) = 5 [t Vi Vi),

4.2. Representation theorem. Given a path = € D([0,T]; F') with 7(¢,du) =
p(t,u)du, we denote by L?(o(r)) the Hilbert space of vector-valued functions G :
[0,7] x A = R endowed with the inner product (-, ), (x) defined by

(V, Gl = /O dt /A duo(r(t, ) V(t,u) - G(t,u) .

The norm of L(o(n)) is denoted by || - |[L2(s(x))-
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Denote by Hl (o (r)) the Hilbert space induced by Co?([0,T] x A) endowed with
the inner product (-, -)q ,(x) defined by

<F7 H)l,a(ﬂ') = <<VF’ vH»”(“) :

Induced means that we first declare two functions F, H in Cy*([0,7] x A) to be
equivalent if (F — H,F' — H)q ,(r) = 0 and then we complete the quotient space
with respect to the inner product (-,+); s(r). The norm of Hj(o(n)) is denoted by

|| ’ ||H&(O’(ﬂ'))'
Lemma 4.5. Let (W, ) € D([0,T], M%Y) such that J)(W,r) < oco. There

exists a function U in L?(o(r)) so that EY(W, ) < oo and (W, ) is the weak
solution of the equation

HW; = —Vpi+0(p) [BV(I™ " xpy) + U], Wy=0, (4.3)

in the following sense : for any G € (C*'([0,T] x A))d,

LE(W.7) = (G, U)yem) = / dt (o(m). Gy - U),
0

where the linear function G — LﬁG(W, ) is defined by (2.14).
Furthermore, there exists a function F € H}(o(m)) such that p(-,-) solves the
equation (3.3) and div(o(p)(U — VF)) = 0 in the weak sens described by (4.6).

Moreover,

1 1 /7
Jr(W,m) =5 U2y = 5/0 dt (o(pt), Ur - Uy) (4.4)
and
N 1 e
IT(T(') == 5 ||FHH5(0'(7T)) == 5 0 dt <O'(pt), VFt . VFt> . (45)

Here div stands for the divergence operator.

Proof. Assume that J/(W,m) < oo, then £7(W,n) < oo and Jp(W,m) < oc.
Following the arguments in [12, §10.5], from Riesz representation theorem, we derive
the existence of a function U in L2(o()) satisfying (4.4) and (4.3).

On the other hand, from Lemma 4.1, we have Z7.(1) < oo. Using again the
Riesz representation theorem (cf. [12, §10.5] ), we derive the existence of a function
F in H{(o(m)) such that p is the weak solution of the boundary value problem
(3.3), with V. = VF. Then, the representation (4.5) for the functional Z7. follows
immediately. Finally, equation (4.3) and the fact that (W, m) € 2, yields,

{(U—=VF),VG) () = 0, (4.6)
for all G € Cy([0,T] x A). 0

5. LARGE DEVIATIONS UPPER BOUND FOR THE EMPIRICAL CURRENT

In this section, we prove the large deviations upper bounds stated in Theorem
2.5 and in Theorem 2.6. In view of the definitions of the energy functional £7 and
the rate functional for the large deviations, we need to exclude in the large deviation
regime, paths (W¢, m;)scj0,7) which do not belong to 2, and with infinite energy
Q(m) = 4o0.
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5.1. The set 2(,. Fix a positive profile v and let 517 be the set of trajectories
(W, ) in D([0,T], M9*t1) such that for any G' € C23(A) and any o € C*([0,77)

sup V’z’&w)(w,ﬂ) =0,
0<t<T

where for (G, ¢) € C3(A) x C1([0,T]) and 0 <t < T,

ViYW, ) =(me, Gp(t) — (3, G)p(0) / ds (s, G/ (s)
0 (5.1)

t
(WGl + [ ds(W.,VG)e ().
0
Here ¢’ stands for the time derivative of (.
Lemma 5.1. Fiz (W, ) in D([0,T], M¥*Y) such that

sup sup {V(G ) W,?T)} < 00,
(G,p) 0<t<T

where the supremum is taken over all (G, ) € CZ(A) x CY([0,T]). Then (W, )
belongs to 2.

Proof. Let M > 0 be such that V(G o(W,m) < M, for all (G,p) € C3(A) x
CY([0,T]), and 0 <t < T. Fix a function G € CZ(A) and 0 < t; < to < T, we have

{761, G) = (m1y, G)} = {(W4,, VG) = (W, VG)} <M .

Applying this last inequality to the functions —G and then to AG for positive
number A > 0, we get,

SE

{71, G) = (me, @)} = {(W1, VG) = (W, VG)}| <
for all A > 0. It remains to let A 1 4o0. O

The following lemma allows to prove that we may set the large deviations rate
functional equal to +oco on the set of paths (W, ), which do not belong to 2L.,.

Lemma 5.2. Fiz a sequence {nN € Sx : N > 1} of configurations. For any
(G, ) € C3(A) x CL([0,T]) and any a > 0, we have

lim —1ogEﬁ [exp(aN sup V(G, (W, N))} <0.

N—oo N 0<t<T

Proof. The proof follows the general scheme used in [2]. Notice however that in
our context there are some additional difficulties due to the boundary terms. Fix
(G, ) € C3(A) x CL([0,T]). For any time s € [0,7], we have the following micro-
scopic relation

a Wime? =Wt e € Ay \ Ty,
ns(z) = mo(w)+ Yy (Wi™P—WHeHe) 4§ —Wimte — W ifw e Ty,
= W:7617I _ W: if x € FE .

Since GG vanishes at the boundary I', the classical spatial summations by parts
and integrations by parts in time, permit to rewrite the two terms of V’zg ) (W 1)
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as

(71, G)p(t) — (o, G)p(0) — / ds(ms, G (s)

Y X [ oaememanze,

J=lgeny \FJr

(W, VG)p(t) - / ds(W,, VG)¢'(s)
- X T [ acempmarze

J= 116A \F+

Nd+1 > / G (x/N)p(s)dW?

rzel'n

where 9N G(x/N) is the discrete derivative defined in (3.8) and 9;G is the partial
derivative of the function G in the direction e;. Let H be the function given
by H(s,u) = —01G(u)p(s) and for 1 < j < d and N > 1, denote by V¥ =
(VY. -+, V¥) the time dependent vector valued function defined by V¥ (s, u) =
N[oNG(u) — 8;G(u)]¢(s), we obtain

t
dyt, N N N z,x+e;
ANV (W, NQE: 3 /Vj (5, 2/N)dW=+es
J= 116A \F+

+— > / H(s,z/N)dW? .
IEFN
Thus by Cauchy-Schwarz inequality,

1
—_ B N _N
dlogEnN{exp (aN OE?ETV(G (P)(W , T ))}

< ﬁlog]}ﬂf]v{exp(— sup Z Z /V (s,z/N) Wmﬁej)} (5.2)

0<t<T -
7=l ze AN\,

+ lo Eﬁ [ex (— su /Hs T NdWI)}
2Nd & P O<t£)T EZF /

Next, we control separately the two terms of the right hand side of (5.2) using

2a
the mean one exponential martingales Mf ¥V and IB%?’QGH defined in the Girsanov
formula (3.14):

WY (285 T [ e emanze - 5EY).

J= 116A \F+ (51”

B?’QGH = exp Z / H(s,z/N)dWs — RQGH),

zEFN

~
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where

=
S
<
|

d t
_NQZ Z /O{[773(56)+ns($+ej)]0f,(x,x+ej;ns)><

i— +
j=1 mEAN\FN

(ef[vm'““jns(z)]%V;V(s,z/zv) _ 1)}ds

t
Ry = N Y /o Tm(b(x/N)ans(x))(e[Qns(m)_l]ZWaH(s’z/N) — 1)ds.

xel'n

We start by the boundary term which differs from the proof of [2]. Recall from
(3.11) the definition of H(s,n). Let § > 0, and define the set

T
Bl = {n. e D([0,T],=n) : ]/O H%(t,mdt‘ < 5}.

According to the definition of BY?** and using inequality (5.10), we reduce the

control of the second term of the right hand side of (5.2) to the following claims.
For any 6 > 0,

— 1
lim ——

Jm o log EgN {exp ( sup {B?’QGH X exp (Rng)}l(Eg’é)c} =—-00. (54)

0<t<T

and

— — 1 8 b,2aH 20 H } }
— ’ <0. .
}IH%) lim SNd log EnN [exp (Ozltlg {Et X exp (Rb,t ) 1E113,5 0 (5.5)

By Schwartz inequality, the expression in the first limit is bounded above by

2 1
1ogE§N[ sup (Bi”%erxp (RggH)) }—i— lim ——

— 1
li 1 PB [I?H' c}.
s 0<t<T N aNd 08 gy (ENs)

N-ooo 4Nd
From Lemma 3.4, for any § > 0, the second term in the last expression is equal
to —oo. Consider the first term. Since G' € CZ(A), a Taylor expansion shows that

sup |Rp47| < a(1+ %)C(H, T) for some constant C'(H,T') depending on H and

0<t<T

b,2aH
B, ,

T. Moreover, we can write the martingale as

2
Bt — (e oxp (2l — i)
b2 u (5.6)
< (Bt ) exp{a(l—l—N)C(H,T)}.

Here and below C'(H,T') is a bounded constant depending on H and T whose value
may change from line to line. Therefore,

1 b2 H ol )2
INd log Eij [O?tlgT (IB%t X exp (RitH)) ]
<a(l+ i)C(H T) + LlogEﬂ [ sup (IB%b’Q“H)Q}
= ]V— ) 4]Vd UN 0<t<T t
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Since (B?’QaH)te[O,T]

equality (cf. Proposition 2.16. in [9]), the last expression in bounded above by

is a positive martingale equal to 1 at time 0, by Doob’s in-

a 1 2
B b,2aH
a(l14+—=)C(H,T) + FlOgEnN [4(IBST ) ]
1

a
< —
<a(l+ N)C’(H,T) + INa
where we have used again the identity (5.6). This concludes the proof of (5.4).

On the other hand, a Taylor expansion shows that on the set E]I\}[ s, for any
0<t<T, we have

. (5.7)
log B [IB%?}““H] = a(l+ 5 )C(H,T),

a
R3] < Nta(6 + C(H))

for some positive constant C(H). We then check the limit (5.5) by using again the
same arguments as in (5.6), (5.7) and letting N 1 co then 6 | 0.

We now consider the first term of the right hand side of (5.2). Since G € C3(A),
Lemma 3.3, a Taylor expansion and a summation by parts allow to show that for
any 0 <t < T,

d T
Rfffﬁa" <aov(1)) > / dtny(z) + afTNIIC(V) + ta®?N472C(V, B)
j=1azeAy V0
< afov() + Lowy+ 2
= N N2

where oy (1) is an expression depending on V which vanishes as N 1 co. It remains

C(V.A)NT,

2a
to apply again the same arguments as in (5.6), (5.7) for the martingale Mf’ NV,
2a a 2 a 2a
MfaNV — (vaNV) eXp(2RtvNV7RfaNV)
< (Mf,%vr NN (V,a,T) 7

where 7 (V, a,T) stands for an expression depending on V, a and T which vanishes
as N 1 oo. O

5.2. The energy estimate Q. In this subsection, we state an energy estimate
which is one of the main ingredients in the proof of large deviations and also in
the proof of hydrodynamic limit. For = € D([0,T], F'), with m(du) = pi(u)du,
0<t<T,6>0,1<i<d,and H € C>(]0,T] x A) define

B T T
32 4 (m) = / dt(m, OiH) — 0 / dt(o(pe) Hy, Hy) | (5.8)
0 0
Am) = s {aTum},
HeC=([0,T]xA)

Notice that

where Q(-) is defined in (2.12). We shall denote Q; = Q2, so that Q = Zle Q;.
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For each ¢ > 0 and 7 in M, denote by E.(r) = 7° the absolutely continuous
measure obtained by smoothing the measure 7:

= () = () = LA

where A.(x) is defined in (3.9), |A| stands for the Lebesgue measure of the set A,
and {ke : € > 0} is a strictly decreasing sequence converging to 1. Denote

du ,

— =

7TN’E :E(WN> ,

and notice that for N sufficiently large 7™:¢ belongs to F' because k. > 1. More-
over, for any G € C°(A),

(Ve G) = N Z G(xz/N)n*™ (z) + O(N,e),
TEAN
where O(N, ¢) is absolutely bounded by C{N~! + ¢} for some finite constant C
depending only on G.

Lemma 5.3. Fir a sequence {n € Yn : N > 1} of configurations and H €
C([0,T) x A). There exists a positive constant Cy depending only on b(-) and
so that for any given oy > 0, for any 6, 0 < § < g and any 1 < i < d, we have

hn%nvlgnoomlogﬂiﬁ [exp (58400, (+¥9))] < (T +1).

The proof of this Lemma is similar to the one of Lemma 3.8. in [17], and therefore
is omitted.

Corollary 5.4. Fiz a sequence {n" € Yn : N > 1} of configurations and H €
C([0,T) x A). There exists a positive constant Cy depending only on b(-) and
so that for any given dy > 0, for any 6, 0 < § < dy,

T T 1 ~
lim lim WIOgEgN{eXp (5Nd sup QioH(ﬂ-N,E))} S Cl(T+1> ) (59)

e—=0 N—oo 1<i<d

Proof. From the following inequality

N—o00

1 — 1 — 1
lim ~Na log(any + by) < max {A}gnoo ~Na logan, A}gnoo Na long} . (5.10)
the limit in (5.9) is bounded above by
_ d Ao N,e
g, { T 510k [esp (590 r™))

By Lemma 5.3 the thesis follows. O

5.3. The functional £7. For (G,¢) € CZ(A) x C1([0,T]) and H € C([0,T] x A),
denote by Q‘EV’H the functional

(‘SEYC’; 9D)(W,ﬂ') sup { Qi u(m }—i— sup {V’zg ) (W, )}, (5.11)

1<i<d

where Q; jy(m) = Q2 ;;(m) with o = 2, and V(g ») are defined in (5.8) and (5.1).
Next lemma shows that we may set the large deviations rate functional equal to
+00 on the set of paths (W, 7) which do not belong to { (W, ) : £7(W, ) < +o00}.
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Lemma 5.5. Fiz a sequence {n € Yn : N > 1} of configurations, (G,¢) €
C3(A) x C1([0,T]) and H € C=([0,T] x A). There exists a positive constant Cs
depending only on b(-) and § so that, for any 0 <§ <1 and any 1 <1i <d,

I 1 1
lim lim WlogEij[exp <5NdQE'YH)(WN NE))} < Co(T+1).

e—=+0 N—oo

Proof. By Schwarz inequality,
1 H
~Nd log EﬁN [exp (5 Nde?é#))(WN, WN’E))]

< 2Nd 1ogEﬁ [exp (25N oililET{V WN Ng)):|

+ 2Nd logIEﬁ {exp (25Nd1sétz_12d{Qin(7rN’€)})}.

The result is an imediate consequence of Lemma 5.2 and of Corollary 5.4. (|

5.4. Upper bound. In this section we investigate the upper bound of the large de-
viations principle for compact sets and then for closed sets of the couple (W™, 7™V)
on the topological space D([0,T), M4+1). We follow the strategy of [17], relying on
some properties of the rate function that we proved in the last subsections. Notice
however that in the present case the proof is slightly more demanding due to the
definition of the energy functional £7. We first prove an upper bound with an
auxiliary rate functional.

Recall from (5.11) the definition of Qf?gip). We introduce the functional &7 :

D([0,T], M? x F1) = [0, +00] defined by

(W, 1) = Gs:gPH{ezg W, w)} (5.12)

where the supremum is carried over all (G, ¢, H) € C§(A) x C1([0,T7]) x C°([0, T] x
A). Notice that €V (W, ) < +oc if and only if £7(W,7) < +o0.

For each 0 < a < 1, let F, : D([0,7], M9*1) — [0, 4+0oc] be the functional given
by

Jr(W,m) +a® (W,n) if D(0,T], M¢x F'),
400 otherwise .

ga(wa ﬂ-) = {

Proposition 5.6. Let K be a compact set of D([0,T]), M*1).  There exists a
positive constants Co, such that for any 0 < a <1,

lim logQﬂ Ky < —

N —o00 Nd SQ(W,W) +

inf T+1).
14+a (VVl,Trrl)EIC ( +1)
Proof. Fix a compact set K of D([0,7], M?*1) and functions (G,p) € C3(A) x
CH([0,7)), H € C([0,T) x A), V = (Vi, -+~ , Vi) € (CY4([0,T] x A)). Denote by
O the vector-valued function (0, - -- ,0), where each component is the zero function
and recall from (3.10) and (3.11) the definition of gV 0% and HAVI. For 6 > 0,
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let Bx:g’f , Ei’,{}/l be the sets of trajectories (1:).c[0,r] defined by

T
pxed = {peotom | [ v emal<d},
0
T
By = {neD0.T].2x): ]/ H?\}Vl(tam)dt‘ <o}
0
and set
V., _ npV,0p %
Ancs = Byes NExs' -

By (5.10) and the superexponential estimates stated in Proposition 3.4, for any
0>0

— 1 :
; ; B V.8 ey
Ehg(l)ngrcl)O—dloanN (ICO(AN@(;) ) = —00, (5.13)

where (AX? 5)6 stands for the complementary of the set AX? 5
Recall from (5.11) the definition of €7 . To short notation we denote by

(Gp)°
IC?V”EB(; =KnN A\z\fffav and write

1
B V.5 _
~7los Qo (Knay?;) =
ﬁ log Ejy | 1{KY g}e—ﬁm?&fb<W”ﬂf”‘€>e1iaNd€?a’L><WN’”N’E’} .
By Holder inequality the right hand side of the last equality is bounded above by
1 1 ~ _aNdeVH e
T v 02 B (RN e e (Wm0
(5.14)
a 1 8 NagH (WNJN,E)
+ —1 T am 1OgEnN |:€ (G,¢) :| .

From Lemma 5.5, the limsup when N 1 co and € | 0 of the second term of this
inequality is bounded by %02 (T 4+ 1), while the first term can be rewriten as
a

the expectation with respect to the perturbed process introduced in Subsection 3.1
whose law is given by Pg }VV, that is

11 A
T va 5B {dpgg/ LR pem N e W] (5.15)
nN

By (3.14), the Radon-Nikodym derivative of PgN with respect to the probability
IP’,’?;VV defined by the Girsanov formula satisfies on the set AX? s

dP? ~
25 = exp N —THWY,7%) + 1(N.e,6,V) ),
Py
where j\T,() is the functional defined in (2.14), and (N, e, ¢, V) is a quanity satis-
fying
lim lim lim 7(N,e,0,V)=0.

§—0e—0 N—oo

We now exclude paths whose densities are not absolutely continuous with respect
to the Lebesgue measure. Fix a sequence {f; : k& > 1} of smooth nonnegative



EMPIRICAL CURRENT FOR KAWASAKI WITH NEUMANN KAC INTERACTION 27

functions dense in C°(A) for the uniform topology. For k > 1 and ¢ > 0, let

Dy, = {(W,7) € D([0,T], M*+1):
0 <<y, fi >§/fk(~’0)d~’0 + Cro, OStST}7
A

where C, = C(||V fr]ls) is a constant depending on the gradient V fj of fi. The
sets Dy o, k > 1, 0 > 0 are closed subsets of € D([0,T], M9*t1), as well as

m
gm,g: ﬂDk,g; le
k=1

Note that the empirical measure 7V belongs to ®,, , for N sufficiently large. We
have that

D([0,T], M% x F*) = Np>1 N1 D1 /- (5.16)

For m,n € Z, let E?;;’;Z : D([0, T, M@*1) — RU{o0} be the functional given
by
Ey (Wons)  if meD,, 1,
400 otherwise .

EZéfg’;”Z(W,ﬂ) = { (5.17)
It is lower semicontinuous because so is (W, 7) — QEZéHw)(W,wa), and because
Din,1/n s closed.

Recollecting all previous estimates. Using the inequality (5.10), optimizing over
7 in K and letting N T oo, we obtain that, for any m,n € Zy, 0 <a <1,0 >0

and € small enough
— 1

3 B =a,d,e,m,n
T 5 1og Q7 (K) < 5 Ta e SVHEIW.m. (618)

Here, we have denoted
&Y anW,m) = max { (= TH(W, %) + ey 50" (W,m) ), Una(V.2) },
where

mgfg,y,n(w,w) = _E’(Véfgﬁ(w,w) + U1,4(G, 0, H,e) +7(N,e,6,V),

)

— 1 ~ H aNe
Ur.a(Gy, H,e) = Tim —logEly [N "€ W]

— 1 c
Uoa(V,2) = (1+a) Tm ~log QP (K1 (AV25)7)

Note that, for each m,n € Z;, 0 < a < 1, § > 0 and € > 0, the functional

6%}6}?2 . is lower semicontinuous. Minimizing the right hand side of the inequality

(5.18) over m,n € Z4, § > 0 and 0 < € < 1, and using Lemma A2.3.3 in [12] for
our compact IC, we get

— 1 B . =a,d,e,m,n
]\}gnoo W IOg QnN (’C) S 1 +a (V\E,Lflrg)el(: 5,8171’}7{,7’7, GV’H’G’W (W7 7T> '

By (5.13), (5.4), (5.16) and Lemma 5.5

lim Iim Tim Tim &% 00 (W, ) < —§59 %W, 1) +aCa(T + 1),

§—0e—0m—o0 n—o0
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where

IG(W,m) +a€) (W) if «eD(0,T],M?x F),

+00 otherwise .

FPh (W, m) = {
This result and the last inequality imply,

lim % log QgN (IC)

N —o00

- inf { (Go)a(Wy, } L (T +1),
- l1+4a (WI,I;)GIC SV*H (W) + 1+4+a 2T+ 1)

for any V, H, G, ¢. To conclude the proof of the proposition, it remains to Minimize
the last inequality over V, H, G, ¢, and to use again Lemma A2.3.3 in [12] for the
compact /C. (]

Proof of the upper bound. Denote by £ : D([0, T], M?*+1) the lower semicontinuous
functional
- {ev(w,w) if (W,7) € D([0,T], M x F1),

ET(W,m) =
( ™) +00 otherwise .

Let K be a compact set of D([0,T], M4+1). If for all (W,7) € K, EY(W,7) =

+o00 then the upper bound is trivially satisfied. Suppose that (Wing . {fj"’ (W, 7r)} <
,T)E

00, from Proposition 5.6, for any 0 < a <1,

— 1 1 a
NN log Qv (K) < 1+a A(wl,g)fe)c Sa(W,m) + 1+aCQ(T+1)
E»Y(W,ﬂ)<oo
- inf { (W S (W } Y (T +1
1—|—a(w12)eic T (W, ) + a& (W, )¢ + 1+a02( +1)
a P~ a
< — inf T(W — inf &, (W Co(T +1).
- 1+a(w1,2)e1c“7T (W, ) 1+a(w1,2)e;< &1 ’F)+1+a 2T +1)

To conclude the proof of the upper bound for compact sets, it remains to let a | 0.

To pass from compact sets to closed sets, we have to obtain exponential tightness
for the sequence {Qf Ny, N> 1}. The proof presented in [2, 5] is easily adapted to
our context. O

6. LARGE DEVIATIONS LOWER BOUND FOR THE EMPIRICAL CURRENT

The strategy of the proof of the lower bound consists of two steps. We first
get a lower bound for neighbourhoods of regular trajectories. Then we extend the
lower bound for all open set by showing in Theorem 6.3 that the set of all regualar
trajectories is jTV—dense in the following sens:

Definition 6.1. A subset A of D([0,T], M*1) is said to be J}-dense if for ev-
ery (W, ) in D([0,T], M) such that J(W,n) < oo, there exists a sequence
{(W", 7)) :n > 1} in A such that (W™, ") converge to (W, ) in D([0, T], M4+1)
and nh_}rrgo TE(W™ ") = T2 (W, ).
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To clarify the meaning of regular trajectory, we consider the heat equation given
by the boundary value problem (1.1) for 5 = 0:

dp = Ap in A x(0,T),
po(-) = () in A (6.1)
ptlr = b(-) for 0<t<T.

Denote by p(©) its unique weak solution, and set Wt(o) (du) = p§0) (u)du. Let (WEO) )teo,T]
be the weak solution of the equation

HW; +Vp' =0, Wy =0.
©
©

Notice that, an approximation of %ﬁ by smooth functions shows that Q(p(®)) <

00, (see [6], (5.1)). Morover, by construction (W?, 7(®)) € 2L, and
gt 0) 2
T (WO, 70 < —/ dt/ ‘Vpg )| < 00 .
4 Jo A

(see [17], Lemma 5.8.).

Definition 6.2. A trajectory (W, ) € D([0,T], Mt is said to be regular if
(1> ‘7’1’1 (W,TF) <09, ﬂ-(tv du) = Pt (u)du
(ii) There exists ¢ > 0 such that (W, ) = (W° 70) in the time interval [0, c|.
(iii) For all 0 < § < T, there exists € > 0 such that € < p(u) < 1 — ¢ for
(t,u) € [0, 7] x A.
(iv) p is the solution of the boundary value problem (3.3) for some V. = (Vq,--- ,Vy) €
(C1([0, 7] x A))“.
We denote by A° the class of all regular trajectories.

To derive the lower bound for paths (W, 7) in A we follow the arguments used
in [13, 12] to show that for each neighborhood Nw ) of (W, 7) in D ([0, T], M+1),

. 1
lim 7 log Py {Niw,m } > = T2 (W, 7). (6.2)

N—o00
As mentioned at the beginning of this section, the lower bound of the large
deviations principle is then accomplished for general trajectotries using the next
result.

Theorem 6.3. The class A° is Jj -dense.

The proof of this theorem is an adaptation of the I-density presented in [6, 10, 17]
for the couple (W, 7). We therefore provide only a presentation of its main steps,
with an outline of the proofs.

Lemma 6.4. The set of all trajectories satisfying (i) and (ii) is J:-dense.
Proof. Fix a path (W, ) such that J(W,7) < co. For € > 0, define (W¢, %) as

(WEO), WEO)) for 0 <t <eg,
(Wi, m5) = (Wég)_t,ﬂég)_t) for e <t < 2e,
(Wt_gg,m_gg) for 2e <t <T.

Clearly, lim._,o (W¢,7%) = (W, ) in D([0,T], M**!). The same strategy as in
Lemma 5.4., [6] or Lemma 5.11., [17], yields J (Ws,ws) < o0, for all e > 0, and
lim J7 (W®,7%) = J2(W, ). This concludes the proof. O

e—0
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Lemma 6.5. The set of all trajectories satisfying (i), (i) and (i) is J; -dense.

Proof. Denote by A! the set of all trajectories (W, ) satisfying (i), (i) and (iii).
By the previous lemma, it is enough to show that each trajectory (W, 7) satisfying
(i) and (ii) can be approximated by trajectories in A!. Fix such trajectory (W, ).
For each 0 < & < 1, let (W?,x%) given by

We=(1-eW+eWO | 75 =(1—e)n+en®.

Repeating the arguments presented in [17, Lemma 5.12.], one can prove that

lim.,o (W¢,7°) = (W,n) in D([0,T], M**1), J}(W*,7°) < oo, for all e > 0

and liH(l) T3 (We, 7)) = T (W, 7). O
E—r

Proof of Theorem 6.3. Recall that A! stands for the set of all trajectories (W, )
satisfying (i), (ii) and (iii). From the previous lemmata, it is enough to show that
each trajectory (W, ) in A! can be approximated by trajectories of A! satisfying
(iv). Fix (W, 7) € A! and denote p;(-) the density of m; for 0 <t < T. By Lemma
4.5, there exist U = (Uy, -+ ,Uy) € L?(o(7)) and F € H} (o (7)) such that p solves
the equation (3.3) with V.= VF and W solves the equation (4.3). We claim
that U € (L2([0,T) x A))? and F € L2([0,T], H'(A)). Indeed, from condition

(ii), p is the weak solution of (6.1) in some time interval [0,24] for some ¢ > 0.
t

In particular, p; = pgo), W, = —/ Vpgo)ds for 0 < t < 2§, which implies that

0
= VF, = —pV(J""™ % p;) a.e in [0, 20] x . On the other hand, from condition
(iii), there exists € > 0 such that e < p;(-) < 1—¢ for § <t <T. Hence, by Lemma
41,

/ dt/ [U(t,u)| du</ dt/52|v JU S py) (u \ du + o )HUHM(U(W))

<ﬂ/ dt/|th ‘du+ jT(Ww)<oo

T
/ dt/ |VFt(u)|2du < / dt/ﬂ |V ("™ 5 py ) (u | du + (e )||FHH1(U(W))
0 A

< B Ydu+ — :

<p /0 dt/A]th(u)‘ du + U(E)I;ﬁ(ﬂ) < o0

Let {U™ = (Up,---,U}), n=>1} C (CYH([0,T] x A))* and {F", n > 1} C
C12([0, T)x A) be two sequences of functions such that lim U™ = U in (L?([0, 7]

n—-+oo
A))d, and hIJIrl F™ = F in L*([0,T], H*(A)). For each integer n > 0, let W™ be
n—-+0oo

the weak solution of the equation
OW¢ = =Vpi +a(p})[BV(I"" % pf) + U], Wy =0,

where p" is the weak solution of (3.3) with VF™ in place of V. We set n"(t, du) =
P (t, u)du.
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We examine in this paragraph the energy £7(W" 7™). Since p" solves the
equation (3.3), by Lemme 4.5, for any G € C3(A) and any t € [0, T,

t
(W1,YG) = (x7,G) ~ (n,G) + [ ds{(~E} + U7).¥G)
0
= (m",G) = (75, G) .
On the other hand, since o(7™) is bounded above by 1/2, from Lemma 4.1

1 T
Ti) =5 [ dt o). V- VR

1 T
<wWh) =3 [ .o vy

< CO||UnHL2([O,T]xA)'

In particular, {Z7].(7™), n > 1} and {J2(W",7"), n > 1} are uniformly bounded.
Thus, Lemma 4.3, implies the uniform boundedness of the sequence {Q(7"), n >
1}.

In order to extract a converging subsequence from the sequence {(W”, ™), n >
1}, we need to show the relative compactness of the set {(W", ™), n > 1} in the
topological space D([0,T], M?*1). For each n > 1, denote by |[W™"| (resp. [|[W"|)
the variation (resp. total variation) of the signed measure W", and for shortness of
notation, denote Ay = [0,7] x A. By construction, Schwartz inequality and since
o(+) is bounded by 1/2,

sup sup (W7l + |7} < V2T sup { V5" [ 12(ar)
n>10<t<T n>1

/B neum n 1 n
+ S IV o aary + 51U k2an | < o0

Moreoever, for any s,t € [0,T], any V € (Cl(A))d and any G € C2(A),

‘<W?5V> + <77?5G> - <W25V> - <7TnaG>’

<Vt - S|HV||L2(A){||VP"HL2(AT) + gHV(J“eum *p" L2y + ||U"||L2(AT)}
V= SIG oy IV 200y + BIV I % 0 [ 20a0) + [VF" 220 |

<VIt—s[M {HV||L2(A) + ||GHL2(A)}

where the constant M = C(p, U, F, ) is such that

sup { (14 8) 196" | 2a) + 0"l z2ar) + IVE" [z2an | < M.

The relative compactness for the set {(W”, ), n > 1}, follows from compactness
criterium for the Skorohod topology (see [9] Theorem 6.3 page 123).

Let {(W™ z™): k > 1} be a subsequence of {(W", 7™) : n > 1} converging
to some (W* %) in D([0,T], M9*1). We claim that (W*,7*) = (W,7) and
kh—EEo JE (W™, ™) = J2(W,r). On the one hand, {7 : k > 1} converges

weakly to 7* in L2 (AT). Since J7 (W™, 7™) is uniformly bounded, by Lemma 4.4
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and Lemma 4.1, 7 converges to 7* strongly in L2(Ar). For every G in Cy”*(Ar),
we have

(m, Gr) — (7, Go) = /O dt (7, ,G,)
T T
Jr/o dt (m* AG) — /0 dt/rb(r) ny(r) (01 Fy)(r) dS(r)

T
+ / (VGr, (o) [BV (I x o) + VET™]) dt.
0

Letting k — oo, we obtain that 7* is a weak solution of equation (3.3) with V. = VF.
Thus, by uniqueness of weak solutions of (3.3), #* = m. On the other hand,
{Wmr . k > 1} converges weakly to W* in L?*(A7). Since 7™ converges to 7*
strongly in L2(Ar), for every V in (C11(Ar))? and any k > 1, we have

T
(W Vr) = / dt (W, 9,V ,)
0

T T
Jr/o dt (mi*,V - V) — /0 dt/Fb(T)nl(T)Vl(t,r)dS(r)

T
+ 6/0 (0(p7*), Vi - [V (T % p*) + U™ | )dt .

Letting k£ — oo, we obtain that W* is a weak solution of the equation (4.3) as-

sociated to p* and U, where p* is the density of 7*. This proves the first part of

the claim. To conclude the proof it remains to prove that klim TE (W ghe) =
—00

JP (W, ). The sequence (p™* )k~ converges to p strongly in L?(Ar) and the se-
quence (U™ );~q converges to U in L?(Ar). Taking into account that p is bounded
and o is Lipschitz, we obtain

1 T
lim (W™, 7)) = lim = / dt (o(pn*), UTE . U™
k— o0 2 0

k— o0

1

T
= 5/0 dt <O’(pt),Ut : Ut> = jT(Wvﬂ)'

This concludes the proof. O

7. LARGE DEVIATIONS FOR THE EMPIRICAL DENSITY

In this section we prove Theorem 2.6. As we mentioned in the introduction, the
large deviations principle for the empirical density can be recovered from the one for
the current. Indeed, it follows from Theorem 2.5 and the contraction principle, that
the rate function Z7. for the empirical density is given by the variational formula

Ii(n) = inf (W 7.1
T(ﬁ) W:(Vl\}l,w)E‘El,ij( 77T) ’ ( )
where 2(, is defined by (2.11). To conclude the proof of Theorem 2.6, we then need
to show that the functional Z7. in (2.17) coincides with the functional Z7. on the
whole space D([0,T], M).
Fix 7 € D([0,T], M). From Lemma 4.1, we have

Ti(x) < Ti(r). (7.2)
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Conversely, suppose that Z7].(7) < oo, then by Lemma 4.5, there exists F' €
H}(o(m)) such that w(¢,du) = p(t,u)du and p solves the equation (3.3) with
V = VF. Let W the weak solution of the equation (4.3) with U = VF, it
is easy to check that (W', 1) € 2, and

I}(m) < JR(WF,7) = T)(r). (7.3)

We deduce from (7.2) and (7.3), that for each 7 € D([0,T], M), Z7).(7) < +00
if and only if Z7(7) < +oo and then ZJ.(7) = Z7].(7) which concludes the proof of
(7.1). O
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