N
N

N

HAL

open science

Bootstrap and permutation tests of independence for
point processes

Mélisande Albert, Yann Bouret, Magalie Fromont, Patricia Reynaud-Bouret

» To cite this version:

Mélisande Albert, Yann Bouret, Magalie Fromont, Patricia Reynaud-Bouret. Bootstrap and permu-
tation tests of independence for point processes. 2014. hal-01001984v1

HAL Id: hal-01001984
https://hal.science/hal-01001984v1

Preprint submitted on 5 Jun 2014 (v1), last revised 7 Dec 2015 (v5)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01001984v1
https://hal.archives-ouvertes.fr
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Abstract: Motivated by a neuroscience question about synchrony detection in spike trains analysis, we deal
with the independence testing problem for point processes. We introduce non-parametric test statistics, which
are rescaled general U-statistics, whose corresponding critical values are constructed from bootstrap and ran-
domisation or permutation approaches, making as few assumptions as possible on the underlying distribution
of the point processes. We derive general consistency results for the bootstrap and for the permutation w.r.t.
to Wasserstein’s metric, which induce weak convergence as well as convergence of second order moments. The
obtained bootstrap or permutation independence tests are thus proved to be asymptotically of the prescribed
size, and to be consistent against any reasonable alternative, randomisation or permutation independence tests
having the further advantage to be exactly (that is non-asymptotically) of the prescribed level, even when Monte
Carlo methods are used to approximate the randomised quantiles.

Mathematics Subject Classification: 62M07, 62E20, 60G55, 60F05.
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1 Introduction

Originally motivated by a request of neuroscientists about synchrony detection in spike trains studies, we focus
in the present work on independence tests for point processes. The question of testing whether two random
variables are independent is of course largely encountered in the statistical literature, as it is one of the central
goals of data analysis. From the historical Pearson’s (see [38, 39]) chi-square test of independence to the recent
test of Gretton et al. [22, 20, 21] using kernel methods in the spirit of statistical learning, many non-parametric
independence tests have been developed for real valued random variables or even random vectors. Among
them, of particular interest are the tests based on the randomisation or permutation principle introduced by
Fisher [16], and covered thereafter in the series of papers by Pitman [43, 44, 45|, Scheffe [54], Hoeffding [31]
for instance, or bootstrap approaches derived from Efron’s [15] "naive" one. Two families of such permutation
or bootstrap-based independence tests may be distinguished at least : the whole family of rank tests including
the tests of Hotelling and Pabst [34], Kendall [35], Wolfowitz [62] or Hoeffding [30] on the one hand, the family
of Kolmogorov-Smirnov type tests, like Blum, Kiefer, and Rosenblatt’s [6], Romano’s [50] or Van der Vaart
and Wellner’s [58] ones on the other hand. These tests are purely non-parametric that is they are completely
free of the underlying distributions of the observed random variables or vectors. They are proved to achieve
asymptotically the right desired size: the probability, under independence, that the independence hypothesis is
rejected tends to a prescribed « in |0, 1[, as the size of the original samples of observations grows to infinity.
Moreover, the tests based on permutation are also known to be exactly (non-asymptotically meaning) of the
desired level, that is the probability, under independence, that the independence hypothesis is rejected is smaller
than the prescribed «, for any positive size of samples. Some of these tests are also proved to be consistent
against many alternatives, such as Hoeffding’s [30] one and the family of Kolmogorov-Smirnov type tests.

Detecting dependence is also a fundamental old point in the neuroscientific literature (see [19] e.g.), as under-
standing how different areas of the brain interact with respect to a given stimulus helps to understand how the
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brain works. The neuroscience problem we were initially interested in consists of detecting interactions between
occurrences of action potentials on two different neurons, observed on n independent trials, as described in
[25]. Indeed, it is nowadays possible to simultaneously record the time occurrences of action potentials, which
are quick and brutal variations of the electric potential of the neuron membrane, for several neurons at once,
via extracellular multielectrodes. Each recorded set of time occurrences of action potentials for each neuron is
usually referred to as a spike train, the spikes being the time occurrences themselves. It is commonly accepted
that these spikes are one of the main components of the brain activity (see [56]). Therefore, when observing
two spike trains coming from two different neurons, one of the main elementary problem is to assess whether
these two spike trains are independent or not. Unfortunately, even if the real recordings of spike trains are
discretized in time, due to the record resolution, and thus belong to finite dimensional spaces, the dimension
of these spaces is so huge (from ten thousand up to one million) that it is neither realistic nor reasonable to
model them by finite dimensional variables, and to apply usual independence tests. Several methods, such as
the classical Unitary Events method introduced by Griin [23], consists of binning the spike trains at first in
order to deal with vectorial data with reduced dimension. But it has been shown (see [26] e.g.) that these
dimension reduction methods involve an information loss of more than 60% in some cases, making this kind of
preprocessing quite proscribed despite its simplicity of use.

Modelling the recordings of spike trains by point processes that are only almost surely finite without any a
priori bound on the total number of points, and using, constructing if needed, independence tests specifically
dedicated to such point processes then appear as realistic and reasonable solutions.

Another field of applications, where detecting dependence between point processes is crucial, is, for instance,
genomics, where point processes represent positions of motifs on the DNA strand as described in [27], or positions
of Transcription Regulatory Elements on the DNA strand as described in [10].

In the present work, we mainly focus on the application in neuroscience detailed above. Since the existence
of any precise underlying distribution for the point processes modelling spike trains data is subject to broad
debate, to construct model free independence tests for point processes is of utmost importance in this context
at least (see [24] for more details). To this end, bootstrap methods were used in [42, 41, 61] for binned data
with relatively small dimension, without any proper mathematical justification. Besides the loss of information
the binning data pre-processing involves, it appears in fact that the test statistics chosen in these papers are
not suitable for consistency of the bootstrap approach, due to an incorrect centring device leading to some
considerable bias. Asymptotic independence tests were furthermore introduced in [57] for point processes, but
limited to homogeneous Poisson processes. Such a Poisson assumption is necessarily restrictive and even possibly
inappropriate, considering spike trains analyses (see [46]), as well as other fields of applications. Moreover, these
tests, of an asymptotic nature, may suffer from a lack of performance when the number of trials is small or
moderate.

We therefore propose to construct new non-parametric tests of independence between two point processes, from
the observation of an i.i.d. sample with the same distribution as the considered pair of point processes, making
as few assumptions as possible on this underlying distribution. Our test statistics, correctly re-centred and
re-scaled, are based on general U-statistics. The corresponding critical values are obtained from bootstrap or
permutation approaches, so that the final tests that are proved to be asymptotically (with respect to the sample
size) of the desired size and consistent against many alternatives, also have good performance in practice when
the sample size is moderate or even small, as is often the case in neuroscience or genomics for biological or
economic reasons.

A huge number of papers deal with the bootstrap or permutation of U-statistics of i.i.d. real valued random
variables or vectors. Among them, we can cite for instance [4, 8, 1, 13|, or [36] devoted to the bootstrap in a
general framework, [33] or [11] devoted to the permutation in various testing frameworks, and of course, the
papers cited above (see [50, 58]), which are devoted to Kolmogorov-Smirnov type tests, and based on particular
U-statistics in an independence testing framework.

To our knowledge, there is no previous work on the bootstrap or permutation of general U-statistics of i.i.d.
pairs of point processes, as considered in the present work. The main difficulties lie here in the nature of the
mathematical objects we handle, that is point processes and their associated point measures which are random
measures on the one hand, in the general nature of the results we aim at on the other hand. The proofs of our
results, although inspired by Romano’s [49, 50] work and Hoeffding’s [31] precursor results on the permutation,
are therefore more technical and complex on many aspects, that we will point out.

This paper is organized as follows.

We first present the problem of testing, and introduce the main notations. Starting from existing works in
neuroscience, we introduce the test statistics we propose to use, based on general kernel-based U-statistics,




before listing and discussing the main assumptions made on the kernels and the underlying point processes.
These points constitute the content of Section 2.

Section 3 is devoted to our bootstrap approach, from its description to the theoretical asymptotic properties of
the corresponding independence tests, through general results about the consistency of the bootstrap for the
considered U-statistics, expressed in terms of Wasserstein’s metric as in [4]. We thus states that our tests are
asymptotically of the desired size, and that they are consistent against every reasonable alternative.

Section 4 is devoted to the randomisation or permutation approach. We also begin with a description of the
approach, then, we give general results about its consistency when the kernel of the U-statistic has a particular
common form. These results are still expressed in terms of Wasserstein’s metric, and thus induce usual weak
convergence as well as convergence of second order moments. They also lead to prove that the corresponding
permutation independence tests satisfy the same asymptotic properties as the bootstrap ones, with the further
advantage of being exactly (that is non-asymptotically) of the desired level, even when a Monte Carlo method
is used to approximate the randomised quantiles. This last point is easily deduced from a very useful lemma of
Romano and Wolf (see [51, Lemma 1]).

Finally notice that the proofs of the results are postponed in Section 5 at the end of the paper.

2 From the neuroscience interpretation to a general test statistic

2.1 The testing problem

We consider in this paper point processes defined on a probability space (€2, A, P), and observed on [0, 1]. More
precisely, we consider finite point processes on [0, 1], that is random point processes on [0, 1], for which the total
number of points is almost surely finite (see [12] for instance for more details). Typically, in a neuroscience
framework, such finite point processes may represent spike trains recorded on a given finite interval of time,
and rescaled so that their values may be assumed to belong to [0,1]. The set X" of all their possible values is
equipped with a metric dy, that we introduce in (9). This metric, issued from the Skorohod topology, makes
X separable and allows to define accordingly borelian sets on X', and by extension through the product metric,
on X2,

Let us recall that the point measure dV, associated to an element x of X" is defined for all measurable real-valued
function f by :

Fu)dNg (u) =Y f(u),

[071] uexr

so that, in particular, the total number of points of x, denoted by #=z, is equal to f[o 1] AN, (u).

Moreover, for a point process X defined on (2, A,P) and observed on [0,1], [ f(u)dNx(u) becomes a real
random variable, defined on the same probability space (€2, A, P).

Now, a pair X = (X!, X?) of finite point processes defined on (2, .4,P), and observed on [0, 1], has joint
distribution P if P(B) = P(X = (X!, X?) € B), for any borelian set B of X2, and marginal distributions P!
and P? if PY(B') = P(X! € BY), and P?(B?) = P(X? € B?) for any borelian sets B! and B? of X.

Given the observation of an i.i.d. sample X,, = (X1,...,X,,) from the same distribution P as X, with X; =
(X}, X?) for every i = 1...n, we aim at testing

(Hop) X' and X? are independent against (H;) X' and X? are not independent,
which can also be written as

(Ho) P =P'® P? against (H,) P# P'® P2

2.2 Independence test based on coincidences in neuroscience

Considering that the i.i.d. sample X,, = (X7, ..., X,,) models pairs of rescaled spike trains recorded for two neu-
rons during n trials, the main dependence feature that needs to be detected between both neurons corresponds
to synchronizations in time, referred to as coincidences (see [25] for instance). More precisely, neuroscientists
expect to detect if such coincidences occur significantly, that is more than what may be due to chance. They
speak in this case of a detected synchrony, which is of the utmost importance to understand how a neural
network behaves.




Formalising the approach of [26], Tuleau-Malot et al. [57] first introduced the notion of coincidence count
between two point processes X! and X? with delay 6 (§ > 0), defined by :

gagomc(Xl,XQ)/[ | coines(u, v)dNx1 (u)dNxz(v), (1)
0,1]2

with coines(u,v) = 1{ju—v|<s}-

Thus, ¢§ome(X?t, X?) = zuGXl,veXQ T{ju—v|<s} is equal to the number of pairs (u,v) such that: u is a point
of X1, v is point of X2, and |u — v| < §. Then, under the assumption that both X! and X? are homogeneous
Poisson processes, Tuleau-Malot et al. proposed an independence test of (Hy) against (H; ), rejecting (Hp) when
a test statistic based on " | 5™ (X}, X?) is larger than a given critical value. This critical value is deduced
from the asymptotic Gaussian distribution of the test statistic, under the null hypothesis of independence. The
test is proved to be asymptotically of the desired level, but only under the homogeneous Poisson processes
assumption.

However, it is now well-known that this assumption, as well as many other model assumptions, fails to be
satisfied in practice for spike trains (see [46]). To construct a test detecting synchrony, with as few assumptions
as possible on the underlying processes, is therefore an interesting, and challenging purpose.

In the present work, we propose a new non-parametric independence test for point processes, which allows,
without any Poisson or other specific model assumption on the underlying processes, to detect particular time
dependence features such as synchrony, but also more general ones.

2.3 General non-degenerate U-statistics as independence test statistics

In the parametric homogeneous Poisson framework of [57], the expectation of §°™¢ (X},Xf) has a simple
expression as a function of § and the intensities A; and Ao of X' and X?2. Since A\; and X» can be easily
estimated, an estimator of this expectation can thus be obtained using the plug-in principle, and subtracted
from gogomc (X L Xf) to lead to a test statistic with a centred asymptotic distribution under the null hypothesis
of independence.

In the present non-parametric framework where we want to make as few assumptions as possible on the point
processes X' and X2, such a centring plug-in tool is not available, and we propose to use instead a self-centring
trick, which amounts to consider

ST (e (X X7) = 5 (X X))
i €{1,...,n}

Furthermore, it is clear that the function "¢ used in [57| suits the dependence feature the neuroscientists
expect to detect in a spike trains analysis. However, it is not necessarily the best choice for other kinds of
dependence features to be detected in a general point processes analysis. So we introduce a more general
interaction function defined by

e¥ (X X?) = / ws (u, v)dNx1(u)dNxz(v), (2)
[0,1]?

where w; is an integrable function possibly depending on a real-valued vector § of parameters. Of course, the
choice ws = coincs with 6 > 0 allows to get back the coincidence count function defined in (1), while the choice
W k) (U, v) = i (v — u), where 1 is a rescaled (j) and translated (k) Haar mother wavelet, leads to the
interaction function used in [53] for an interaction test with strong theoretical and practical properties in a
specific Poisson framework.

Even more generally, we could choose any integrable function ¢, whose aim would be to detect particular
dependence features on the pair (X!, X?) for instance, and for which we introduce:

Too= Y, (o(XX7) - (X! X7)). (3)
i#i'e{l,...,n}

Since T,/ (n(n — 1)) is an unbiased estimator of [ [ (z!,2?) (dP(z!,2?) — dP'(z")dP?(x?)), it may be a
reasonable independence test statistic, with expectation equal to 0 under (Hy), and this without any assumption
on the underlying point processes.

Notice that if X' and X2 were finite dimensional variables with continuous distributions with respect to the
Lebesgue measure, this test statistic would be closely related to generalized Kolmogorov-Smirnov type tests of




independence. For instance, the test statistics of Blum, Kiefer, and Rosenblatt [6], Romano [50], Van der Vaart
and Wellner in [58] are equal to

—-3/2 T

n TP (w1 42)

sup
vlevt v2ey?

)

where, respectively:
e VI =V? =R and SD(UI,UZ)(ZJ, 7?) = 11{]_0071,1]}@1)]1{]_00,1}2]}(z2),
e V! and V? are countable V.-C. classes of subsets of R%, and (1 ,2)(x!, 2%) = L1y (2! ) L2y (2?),
o V! and V? are well-chosen classes of real-valued functions and @(,1 2y (2!, 2%) = v! (z!)v?(2?).

Now, let us notice that setting

ho(z,y) = = (¢ (z',2%) + o (v',97) — o (a1 y°) — e (v'. 2?)), (4)

N | —

for every x = (2%, 2?), y = (y',y?) in X2, then T, ,, can also be written as

Tho= Y. he(Xi,Xu), with X; = (X}, X7), Xo = (X}, X7),
i#i'e{1,...,n}
so Ty, »/(n(n — 1)) is a classical U-statistic with a symmetric kernel A, as introduced by Hoeffding [29].

Therefore, we finally consider in the present work independence test statistics which are based on U-statistics
of the form:

Un,n(Xp) = RYFSERY Z h (X, Xi), (5)

for some kernel & of the form hy, given in (4), or even for some general symmetric kernel h : (X?)? — R such
that I [h(X;, Xir)] = 0 for every X;, X;v i.i.d. with distribution P on X? satisfying (Hy) P = P! @ P2.

Notice that assuming that h is symmetric is not restrictive since for any kernel h, 2U,, = Uy p,,, Where
hsym(z,y) = h(z,y) + h(y, z) always defines a symmetric kernel.

Following the works of Romano [50] or Van der Vaart and Wellner [58], the tests we propose here are based on
bootstrap and permutation approaches for the above general U-statistics.

Most of our theoretical results are true, whether the considered U-statistics U, »(X,,) are degenerate or not.
However, for degenerate U-statistics, the interpretation of these results is very poor. So, we will focus on non-
degenerate U-statistics, and therefore discuss below what degeneracy means about the underlying processes.

Since under (Ho) U, (X,,) is assumed to have zero mean, it will be degenerate if and only if for X with
distribution P! ® P? and for P' @ P?-almost every z in X2,

E[h(z, X)] = 0.

In the particular case where h = h,,, with h, defined by (4) and ¢ some integrable function, this amounts to
state that for X = (X!, X?2) with distribution P! ® P? and for P! ® P?-almost every x = (2!, 22),

@(xl,xQ) +E [cp(Xl,XQ)] —E [cp(xl,XQ)} —E [@(XQ,:El)] =0.

This condition’s fulfillment would however imply a very particular link between ¢ and the distribution of the

bivariate point process X, which is unknown. Let us look more deeply at the case where ¢ = ¢}’ given by (2).

In this case, the above condition can be rewritten as follows: for P! @ P2-almost every z = (2!, 2?),

/ ws (1, )N (w)d N2 (v) + B [ / ws (1, v)dN x1 (1) AN 2 (u)}

~E { / ws (u, v)dN,1 (u)dN (v)] ~E { / ws(u, v)dNx1 (u)dN,z2(v)| = 0. (6)




Therefore, if for instance P1({0}) > 0 and P?({0}) > 0, which is the case for Bernoulli processes (discretized
processes), Poisson processes, Hawkes processes or more generally any processes with conditional intensities,
this implies, by taking z' = z? = 0, that

E [ / ws (1w, )dN 51 (u)dNx2 (v) | = 0. (7

If the function ws is nonnegative, then this finally gives that [ ws(u,v)dNx1(u)dNxz2(v) is almost surely equal
to 0. However, in practice, it is always possible to choose a function ws so that the observation of at least one
of the [ ws(u,v)dNx1(u)dNx2(v)’s is not equal to zero, and the U-statistic is not degenerate.

When considering spike trains analysis in neuroscience, notice first that assuming that the processes may be
empty (but not empty almost surely) is an obvious assumption in practice. Indeed, there often exist trials
(usually short) where, just by chance, no spikes have been detected for some trials while some spikes have been
detected for other trials. Moreover, if ws = coincs as in (1), ¢ is chosen large enough so that coincidences are
observed in practice, so (7) is not satisfied, and the U-statistic is non-degenerate.

However notice that when ws(u,v) = 9, k(v — u), where 6 = (j,k) and 9, is a rescaled and translated
Haar mother wavelet as in [53], when considering specific Poisson processes, the condition (7) is fulfilled, since
J W) k(u)du = 0 is required to make the test statistic in [53] a reasonable test statistics. But in this case, the
U-statistic is still non-degenerate since the left-hand side of (6) has zero mean and positive variance, as soon
as both Poisson processes have non zero intensities (see Section 3.5 for more details).

3 Bootstrap tests of independence

3.1 Description of the bootstrap approach and informal view of the results

Recall that we observe an ii.d. sample X,, = (Xi,...,X,) with X; = (X}, X?) of distribution P on X2,
whose marginals are respectively denoted P! and P?, and that the test statistics we consider are based on
the U-statistics U, ;(X,,) defined by (5). Since the distribution of these test statistics is not free from the
unknown underlying marginal distributions P! and P? under the null hypothesis, we turn to a classical bootstrap
approach, whose aim is to mimic the distribution of the test statistics under (Hy), for large, but also moderate or
small sample sizes. Since each X; = (X}, X?) is P! ® P2-distributed under (Hy), the first and second coordinates
of the elements of X,, are resampled according to the corresponding marginal empirical distributions. More

precisely, we consider, for j = 1,2, the marginal sample distribution PJ of (X - ,X%) given by

Pi =

S|

Z Sxs- (8)

Then the bootstrap sample X = (X ,,..., X} ), with X, = (X%,
from the distribution P} ® P2.

In particular, we prove (see Theorem 1) that, under appropriate assumptions, the conditional distribution of
VU, n(X2) given X, is asymptotically close to the one of \/nU, »(X;}), where X;L is an i.i.d sample from the
distribution P! @ P2. Therefore, using the quantiles of the conditional distribution of v/nU,, 1 (X}) given X,, as
critical values, we can build unilateral or bilateral tests of (Hy) against (H;) with asymptotic size a. These tests
also satisfy consistence properties against alternatives such that [ h(z,2’)dP(z)dP(z") # 0 (see Theorem 2).

X2%), is defined as an n iid. sample

Before stating these results and to avoid any confusion, we introduce a few notations.

e For any functional Z : (X%)" — R, £ (Z,Q) denotes the distribution of the variable Z(X,,), where X, is
an i.i.d. sample from the distribution Q on X2.

e If the distribution @ = Q(W) is random and depends on a random variable W, then £ (Z,Q|W) is
the conditional distribution of the variable Z(X,,), where X,, is an i.i.d. sample from the distribution
Q=Q(W) on X2, given W.

e " Q-as. in (X,)," at the end of a statement means that the statement only depends on the sequence
(X1n)n, where the X,,’s are i.i.d with distribution @, and that there exists an event C only depending on
(Xn)n such that P (C) = 1, on which the statement is true.




e "Q, = Q" means that the sequence of distributions (@), converges towards @) in the weak sense, that
is for any real valued, continuous and bounded function g, [ g(2)dQ.(z) e J 9(2)dQ(z).
n—-+0oo

e Finally, as we often work conditionally on X,,, we will denote by IE*[] the conditional expectation given
the sample X,.
In particular, the conditional distribution of \/nU,, ;(X}) given X, is denoted by £ (\/ﬁUnﬁh, Pl® P,ﬂ Xn).

3.2 Main assumptions

Since the random variables we deal with are not real-valued variables but point processes, the proofs of our
results will need many assumptions, which may seem to be somewhat abstract. We therefore describe and
discuss them in the present section.

Centring assumptions on the kernel h

First notice that, under (Hp), the U-statistic introduced in (5) has zero mean if the kernel h satisfies the
following assumption:

For X; and X/, i.i.d. with distribution P! ® P? on A2,
(ACent) . . _
E[h(X;, Xi)] =0.

An empirical and resampled version of this assumption is furthermore stated as:

(A*Cent)

— (] 2 (ol 2 i 2

For zy = (x1,27),...,2n = (x;,2) in X2,
n 1,2 12 o

2ot izt ig=1 ((% 75, (%ga%)) =0.

Notice that both assumptions are fulfilled as soon as h is of the form h,, given by (4), though it is not necessary.

The kernel h : ((z',2?), (y',9?)) — #a' - #2? - #y' - #y? (#a' — #y') (#2? — #y') indeed satisfies both
assumptions though it can not be written as an h,.

Moment assumptions on the kernel A

Since the metric we use in the following to prove the asymptotic validity of our bootstrap procedure is the
L2-Wasserstein distance, we will need moment assumptions on the kernel h. In particular, we will assume that
the variance of U, 5 (X,,) exists, i.e.

(Antme) For X; and Xy, i.i.d. with distribution P on X2,
E [h? (X, Xi)] < oo,
We will also need a resampled version of this assumption as:
i) For X1, X2, X3, X4 i.i.d. with distribution P on X2, i1,49,1),i5 in {1,2,3,4},
Mmt

E [0 (X1, X2), (X}, X3))] < +oo.
1 2
Notice that when (A3,,,,) is satisfied, this implies that:
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o (Aprmt) is satisfied (taking i = ia, 7} = 45, and i} # i1),
e for X; with distribution P, E [h? (X;, X;)| < +oo (taking i1 = iy = i} = ib),
e for X;, Xy iid with distribution P! ® P?, I [h* (X;, Xi)] < +o00 (taking i1z, i}, all different).

A sufficient condition for (A},,,;) (and consequently (Anrme¢)) to be satisfied is that there exist some positive
constants g, az, C such that for every z = (2!, 22),y = (y!,y?) in X2,

A, )l < C ((#ah)™ + Fy')™) ((#2%)™ + Fy*)™)
with E [(#X1)%] < 400 and E [(#X?)**2] < +o0.

In the particular case where h is of the form h, given by (4), a possible sufficient condition is that there
exist some positive constants oy, as, C such that for every x!, 22 in X, |p(zt, 2?)| < O(#21)* (#22)*2, with

B [(#X1)""] < 400 and B [ (#X?)"] < +oc.




Notice that the coincidence count function ¢§°"¢ defined by (1), satisfies, for every z!, 2% in X,
o5 ('t 2?)] < (Fah)(#a?).
Therefore, (Aj;,,;) and (Aprm:) are satisfied as soon as I [(#Xl)ﬂ < +o0 and E [(#X2)4} < +o00.

Moment bounds for the total number of points of the processes, such as the ones stated above, are in fact satisfied
in many situations. Since any discretized point process at resolution 0 < r < 1 (see [57] for a definition) has at
most 1/r points, such moment bounds are obviously satisfied in the case where the considered point processes
are discretized ones. Moreover, since any Poisson process has a total number of points obeying a Poisson
distribution, which has exponential moment of any order, such moment bounds are also obviously satisfied in
the case of Poisson processes, as well as in the case of point processes with bounded conditional intensities,
which can be constructed by thinning of homogeneous Poisson processes on R [37]. Similar moment bounds can
also be obtained (see [28]) for linear stationary Hawkes processes with positive interaction functions, that are
quite classical models in spike trains analysis (see for instance [40, 57]). This finally may be extended to point
processes whose conditional intensities is upper bounded by intensities of linear stationary Hawkes processes
with positive interaction functions, by thinning arguments again, which includes more general Hawkes processes
(see [7]) and in particular Hawkes processes used to model inhibition in spike trains analysis (see [28, 57, 48] or
[47).

Continuity of the kernel h

Let us recall that X' is the set of the possible values of finite point processes defined on a probability space
(Q, A, P) and observed on [0, 1], and notice that it can be identified with the space D of cadlag functions on
[0,1] through the identification I : z € X — (t — fol ]l{ugt}dxu) € D. Now, considering the uniform Skorohod
topology on D, associated with the metric dp defined by (see [5] e.g.):

dp(f, f') = inf {5 >0 / INeA, sup [A\t) —t|<e, sup |[fOAQR) = f()] < 5} ,

te[0,1] t€[0,1]

where A denotes the class of strictly increasing, continuous mappings of [0, 1] onto itself, X can be endowed
with the topology induced by the metric dy defined on X by:

dy(z,2') = dp(I(x),I(x")) for every x, 2’ in X. 9)

Since (D, dp) is a separable metric space, so are the spaces (X, dx), (XQ, dX2) , where dy2 is the usual product
metric defined from dy (see [14, p32] e.g.), and (X2 x X2, d) , where d is the product metric defined from dy,
finally given by:
d((z.y). (@', y) = sup{ sup {de(a? )}, s {dx<yj,y’j>}} , (10)
Jj=12 Jj=1

/

for every = = (z!,2?%), y = (y',9%), ¢’ = (', 22), ¥ = (y'*,y?) in X2,

We assume that the kernel h defining the U-statistic U, ;(X,,) in (5) satisfies:

There exists a subset C of X2 x X2, such that
(Acont) (i) h is continuous in every (z,y) in C for the topology induced by the metric d defined by (10),
(ii) (P! ® P?)®2(C) = 1.
Notice that in the particular case where h is of the form hyw defined by (2) and (4), with a continuous function
:10,1]2 = R, then (Acon:) is necessarily fulfilled.
Con51der1ng the coincidence count kernel A coine, defined by (1) and (4), since the function (u,v) € [0, 12 —

L fju—v|<sy is not continuous, it is not so clear However, one has the following result whose proof is given in
Section 5.14.

Proposition 1. The coincidence count kernel hcoine defined on X% x X% by (1) and (4) is continuous w.r.t.
the topology induced by d, defined by (10), on the set

Cs = {(@" e why?) e A2 x 22 [ (o'} u{y'}) 0 ({o® £ 6} U {y? +4}) = 0} (11)




As suggested in [57], when dealing with discretized point processes at resolution r in spike trains analysis, the
right choice for § is dr + r/2 for some integer d. Thus, in this case, the condition (ii) in (Acon:) is satisfied by
the set Cs of (11), hence (Acont) is satisfied by hwgoinc. Furthermore, when dealing with point processes that
have conditional intensities, so that they may be constructed by thinning Poisson processes (see [37] e.g.), the
probability (P? ® P2)®? of Cs in (11) is larger than the probability that X N (X’ 4 §) = 0, when X and X’ are
two independent Poisson processes. Thus, (Acont) is also satisfied by hwgoinc in this case.

3.3 Consistency of the bootstrap approach

As in the historical paper by Bickel et Freedman [4], the closeness between L (\/ﬁUnﬁh,P% ® P§| Xn) and
L (\/ﬁUnyh,Pl ® PQ), that are both distributions on R, is here measured via the classical IL2-Wasserstein’s
metric do (also called Mallows’ metric) on the space I'y of distributions @ on R such that [ 22dQ(z) < oo.
Recall that the metric ds is defined by:

d3(Q,Q") = inf {E [(Z — Z')?], (Z,Z') has marginal distributions Q and Q'}, (12)

for every @, Q' in I'y, and that convergence w.r.t. ds is equivalent to both weak convergence and convergence
of second order moments.

The validity of the bootstrap approach described above for our independence tests is mainly due to the following
consistency result.

Theorem 1. Let (X,,), be a sequence of i.i.d. pairs of point processes with distribution P on X? and with
marginals P and P? on X. For every n > 2, let X,, = (X1,...,Xy), let P} for j = 1,2 be the empirical
marginal distributions defined by (8) and let U, j, be defined by (5), with a measurable symmetric kernel h on
X% x X2, Assume that (Acent), (Asent)s (Abpme) and (Acont) are all satisfied. Then,

dy (L (V/nUn,p, Py @ P2|X00) , £ (VU P' @ P?)) — 0 P-a.s. in (Xp)n.
n—-+oo

The proof follows similar arguments to the ones of [4] for the bootstrap of the mean, or to [13] and [36] for
the bootstrap of U-statistics. The difficulty of the present proof lies in the original data being here finite point
processes instead of real-valued random variables. The main point is therefore to transpose finite point processes
in the separable Skorohod metric space (D, dp), where weak convergence of sample probability distributions is
available (see [60]).

This theorem derives from the following two propositions which may be useful in various frameworks. The first
one states a non-asymptotic result, while the second one gives rather natural results of convergence.

Proposition 2. Under assumptions (Acent), (Atent)s (Anme), and in the notation of Theorem 1, there exists
some constant C' > 0 such that for every integer n > 2,

@3 (£ (VAU n, P @ P2|X0) £ (ViU P' @ P?)) < Cinf {B*| (b (Y11, Yiia) = B (11,72))7]
Yy~ Pl@ P2 Y, ~ P'® P? and (Y, 5, Y2) is an independent copy of (Y,;l,Yl)}.
Proposition 3. Let (X,,), be a sequence of i.i.d. pairs of point processes with distribution P on X? and with

marginals P* and P? on X. Let X,, = (X1,...,X,) for every n > 2, let h be a measurable symmetric kernel
on X% x X?, and let U, (X,,) be the U-statistic defined by (5).

o IfE[|h(X,X")|] < 400, for X, X' i.i.d with distribution P, then one has

n—-+oo

Upn(Xy) — ER(X, X)) :/h(x,x’)dP(x)dP(ac’) P-a.s. in (Xp)n- (13)

e Under (A},,.): one moreover obtains

% > h2((XZ.1,XJ?),(X,1,Xf))njooE[hQ((Xll,Xg),(X;,Xj))] P-a.s. in (Xn)n.  (14)
i,9,k,1=1




3.4 Convergence of cumulative distribution functions and quantiles

As usual, N'(m,v) stands for the Gaussian distribution with mean m and variance v, ®,,, for its cumulative
distribution function (c.d.f.) and @', for the corresponding quantile function. From the results of Rubin and
Vitale [52] generalising Hoeffding’s [29] Central Limit Theorem for nondegenerate U-statistics when the X;’s
are random vectors, we can also easily deduce the following Central Limit Theorem for U, 5 (X,,).

Proposition 4. Let (X,), be a sequence of i.i.d. pairs of point processes with distribution P! ® P? on X2.
Let h be a measurable symmetric kernel satisfying (Acent) and (Anime) and for every n > 2, let U, ;, be the
U-statistic defined by (5). Then, if U, is nondegenerate,

L (VnUpnp, Pt @ P?) = N(0,0} pigp2),

with
0,211P1®P2 =4Var (E[h (X, X’)|X]) =4Cov (h (X, X"),h (X, X")) > 0, (15)

X, X', X" being i.i.d. pairs of point processes with distribution P ® P? on X2.
Moreover, since {(\/ﬁUnyh(Xn))Q} — 0} pigpe, the following also holds

dz (L (VnUnn, P' ® P?) JN(0,04 prgp2)) — 0.
’ n—00
Comment. The above asymptotic normality result may lead to a rather simple test, of the desired asymptotic
size. Indeed, by Slutsky’s lemma and the law of large numbers for U-statistics of order 3, if

Sn,h(Xn) = \/ﬁUn,h(Xn)/a—h;

with 4
~2
_ 4 h(Xi, X (X, X3),
Op n(n—l)(n—2) N Z N ( ]) ( k)
i,5,k€{1,....n},#{i,5,k}=3

then under (Hy), S, 1(X,,) converges in distribution towards N (0, 1).

Therefore, the test that rejects (Ho) when |S,, 5 (X,,)| > @0_7%(1 —a/2) is of asymptotic size a. One can also easily
prove that it is consistent (i.e. of asymptotic power 1) against any alternative P such that E [h(X, X”)] # 0, for
X, X’ ii.d. with distribution P and satisfying (Aprme)-

Such tests, which are purely asymptotic, may of course suffer from a lack of power when the sample size n is
small or even moderate, which is typically the case for the application in neuroscience described in Section 2,
since the number of trials can never be very large for biological reasons (from few tens up to few hundreds at
best).

This is the reason why we turn here to bootstrap and permutation approaches developed by Romano [50] in
another framework, which are known to better fit for small or moderate sample sizes.

Notice that the asymptotic normality of \/nU, »(X,), stated in Proposition 4, has not been used in the proof
of Theorem 1. Since it notably means that \/ﬁUn,h(Xn) weakly converges to a distribution with continuous
c.d.f., we can however use it to prove the convergence of the conditional c.d.f. or quantiles of the considered
bootstrap distributions in the following Corollary.

Corollary 1. Let (X,,), be a sequence of i.i.d. pairs of point processes with distribution P on X? and with
marginals P* and P? on X. For every n > 2, let X,, = (X1,...,X,,), and in the notation of Theorem 1, let
X be a bootstrap sample defined as an i.i.d sample from the distribution P! @ P2. Let X;- be another i.i.d.
sample with distribution P'® P? on X2, with size n. Then under the same assumptions as in Theorem 1, when
Un,n(Xy,) is non-degenerate under (Hy), then

sup |P (vVnUn,n (X5) < 2| X5) = P (VaUnn(X;0) < 2)| — 0 P-a.s. in (Xp)n. (16)

2€R n—-+oo

If moreover, for everyn € (0,1), qT’;,hm(Xn) and q#,hm respectively denote the conditional n-quantile of \/nU, ,(XZ)
given X,, and the n-quantile of \/nU, n(X;-), then

q:;hm(Xn) — ! (n) and |q:;1hm(Xn)—qflLyhm| — 0 P-a.s. in (Xp)n, (17)

2
n——4o00 O’Gh7p1®p2 n——4o00

where 027P1®P2 is defined as in (15).
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3.5 Asymptotic properties of the bootstrap tests

Starting from Corollary 1 and with the same notation, for any fixed « in (0, 1), we introduce the following tests:

*t
Ah,a(Xn) ]1{\/ﬁUn,h(Xn)>q:,yh71,a(Xn)}’
Ahﬂa(Xn) II-{\/EUn,,h(Xn)<q:L,h’a(Xn)}’ (18)
AGo(Xn) = AT (Xn) + AL 5(Xn).

Note that qj‘hh,n(Xn) is random, depending on X,, and that it may be exactly computed by considering all
possible 7" bootstrap samples. The algorithmic complexity of such an exact computation is usually so large,
that a Monte Carlo approximation of the bootstrap quantiles, based on resampling from the original data X,,,
is preferred in practice. This Monte Carlo step is considered in the next section.

From Corollary 1, we deduce that, under non very restrictive assumptions, AZ‘Z, A}~ and A;‘%a are asymptot-
ically of size a, and also consistent against particular alternatives.

Theorem 2. Let o € (0,1). Let (X,,)n be a sequence of i.i.d. pairs of point processes with distribution P on
X?% and with marginals P and P? on X. For everyn > 2, let X,, = (X1,...,X,,) and let A* be one of the three
tests defined in (18). Assume that (Acent), (ASent)s (Arime) and (Acont) are satisfied and that Uy (X)) is
non-degenerate under (Hy). Then,

o A* is asymptotically of size a, that is: if P = P*® P2, then P (A*(X,,) = 1) —+> Q.

n—-+00
o If A* = A" | then A* is consistent against any alternative P such that [ h(z,2')dP(x)dP(z") > 0, that
is: for such P, P(A*(X,,)=1) — 1
n—+oo
o If A* = A}, then A* is consistent against any alternative P such that [ h(z,2')dP(z)dP(z") < 0.
o IfA* = A}, then A* is consistent against any alternative P such that [ h(z,z")dP(x)dP(z") # 0.

Notice that in the case where h = h,, with an integrable function ¢ (see (4)),

/h(x,x’)dP(z)dP(:c’) = /cp(xl,:cQ) [dP(z",2%) — dP' (z")dP?(2?)] .

This means that the bilateral test Aj , is consistent for any alternative such that [ @(z',2?)dP(z", 2?) is
different from what is expected under (Hp), i.e. [¢(z!,2?)dP' (21)dP?(x?). When ¢ = ¢¥ defined by (2), this
amounts to state that

Bus = / ws(u,v) (B [dN 1 (u)dNxa (v)] — E [dNy: (u)] F [dN 2 ()]) £ 0.

Under the specific Poisson assumptions of Sansonnet and Tuleau-Malot [53], if ws(u,v) = ¥, x(v — u) where
0 = (j, k) and ¢; ; is a rescaled and translated Haar mother wavelet, 3,, s is linked to the coefficient in the Haar
basis of the so-called interaction function, which measures the dependence between both processes X' and X?2.
Working non asymptotically, one of the main result of [53] states, after reformulation in the present setting,
that if B, is larger than an explicit lower bound, then the Type II error is less than a prescribed 8 € (0,1).
Theorem 3.7 thus generalizes their result to a set-up with much less reductive assumptions on the underlying
stochastic models, but in an asymptotic way.

3.6 Bootstrap tests with Monte Carlo approximation

As seen above the tests defined in (18) have satisfactory theoretical properties, but involve an exact computation
of the conditional quantiles . hon (X,). Though such a computation is possible, it is not often reasonable in
practice even when the sample size n is moderate, since computing U, ,(X7") itself may be complex from
an algorithmic point of view, from some particular choices for h. Therefore, we choose to approximate the
conditional quantiles q;, , , (X,), as usual, by a Monte Carlo method.

We prove that, even if such a Monte Carlo method is used, the resulting tests have the same asymptotic
properties as the ones defined in (18), as the number of bootstrap samples grows to infinity.

11



Let B > 1 be a chosen number of iterations for the Monte Carlo method, and (X;‘;l, o XB ) be B independent
bootstrap samples from X,,, that is B i.i.d. random variables from the distribution P} @ P2.

For each b in {1,..., B},we introduce U*® = U, ; (X;‘lb). The order statistic associated with (U*l, cee U*B)
is now denoted as usual by (U*(l), e U*(B)).

Given « in (0, 1), we can now introduce the Monte Carlo-based bootstrap tests defined by:

AEJ,rh,a (Xn) = H{Un,h(xn)>U*(((1—a)B'|)};
A*Bth,a (Xn) - H{Un,h(xn)<U*<LaBJ+1>}7 (19)
*B,h,a (Xn) - A*th,a/2(xn) + A*th,a/z(xn)'

Proposition 5. Let a € (0,1), and let (X,),, be a sequence of i.i.d. pairs of point processes with distribution
P on X2, with marginals P* and P% on X. For every n > 2, let X,, = (X1,...,X,,), and for B > 1, let A% be
one of the tests defined in (19). Under the same assumptions as in Theorem 2, if B, — +00, then

n—oo

e A% s asymptotically of size o, that is: if P = P! @ P?, then P (A*B (X,) = 1) —Jr) a.
" " n—-+oo
o IfAL = A*B-:,h,ou then AL is consistent against any alternative P such that
[ h(z,z")dP(z)dP(z') > 0, that is: for such P, P (A} (X;)=1) - 1.
" n—-+oo
o IfAL = AE:“hya, then A% is consistent against any alternative P such that
[ Wz, z")dP(z)dP(z') < 0.

o IfAL = B hoar then A%p is consistent against any alternative P such that
[ Wz, z")dP(z)dP(z") # 0.

3.7 Back to spike trains analysis in neuroscience

Let us focus on the case where h is of the form hcoine, defined by (4) and (1), which originally motivated
the study. The assumptions of Theorem 3.7 are at least fulfilled in those three generic cases that are of major
importance in neuroscience:

1. The processes X! and X2 are discretized at resolution r and satisfy P1({0})P?({0}) > 0, like in particular
Bernoulli processes. In this case, a natural choice for § is 6 = dr + r/2 for some integer d.

2. The processes X' and X? have bounded conditional intensities, like in particular Poisson processes.

3. The processes X! and X2 have conditional intensities bounded by the intensity of linear stationary Hawkes

processes with positive interaction, like general Hawkes processes used in particular to model inhibition
(see [28] e.g.).

In any case, § should be chosen large enough to ensure that gogomc(X 1.X?) is not a.s. null, but it is always
possible to choose such a d a posteriori, by looking at the coincidence count on the observed trials.
Theorem means here that Ay is asymptotically of power 1 for any alternative P such that

ot

nc 1a

/]l{|v7u|§5}E[dNXl(u)dNXZ(U)] 7é/]l{|v7u|§5}E[dNXl(u)]E[dNXZ(U)]]'

Notice that one cannot find such a ¢ if heuristically, the repartition of the delays |[v — u| between points of X1
and X2 is the same under (Hp) and under (H7). This also means for neuroscientists, that the cross-correlogram?
shows no different behavior between the dependent and independent case and this even if one has access to an
infinite number of trials. Hence this heuristically means one cannot find such a ¢ if the dependence cannot be
measured in terms of delay between points. Though this is quite not likely to happen for classical spike trains,
the question of the choice of § remains an open question for model free independence test.

Thistogram of the delays, that is classically represented in neuroscience as the first description of the data
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4 Permutation tests of independence

4.1 Description of the permutation approach and overview of the results

We still observe an ii.d sample X, = (X1,...,X,) with X; = (X}, X2) of distribution P on X2, whose
marginals are respectively denoted by P! and P2.

We consider here the U-statistic U, ;(X,,) defined by (5), in the particular case where h equals h, for some
integrable function ¢, as defined in (4). The permutation approach we propose to use consists of randomly
permuting the second coordinates of the observed pairs of point processes. More precisely, if II,, denotes a
random permutation of {1,...,n}, the corresponding permuted sample is defined by

XU = (XP", o ,X}}n) with X = (X},Xﬁn(i)) , (20)

and we denote by P the conditional distribution of X! given X,.

Like for the bootstrap, the idea of the randomization or permutation principle is to mimic the distribution of
the test statistics, assuming that (Hy) is satisfied.

We actually prove (see Theorem 3 and Theorem 4) that under appropriate assumptions, the conditional distri-
bution of \/nU, p, (X)) given X, is asymptotically close to the distribution of VnUn n, (X;h), where X;E is
an i.i.d. sample from the distribution P! ® P2. Thus, we can propose new permutation tests of independence
of the desired asymptotic size, using the conditional quantiles of /nU, p, (X)) given X, as critical values,
and prove that these tests are consistent against any reasonable alternative. Following the statement of our
bootstrap results in Section 3, we still express the closeness in distributions between the permuted and original
statistics in terms of Wasserstein’s metric, which distinguishes, to our knowledge, our results from previous ones
in the permutation tests scene.

At this stage, since the permutation independence tests satisfy the same asymptotic properties as the bootstrap
ones, but with much more computation difficulties to prove them, one might wonder whether the introduction of
the permutation tests is of genuine interest. Though the bootstrap approaches are known to perform well when
moderate or even small sample sizes are considered in practice, there are very few non-asymptotic theoretical
results giving evidence of it, since such results are based on concentration inequalities that are not always
accessible in complex models (see [2, 3, 18] in testing frameworks, [17] in a classification framework).

One of the main advantages of the permutation approach we use here lies in the resulting tests being exactly of the
desired level, even when a Monte Carlo method is used to approximate the critical values. Such non-asymptotic
results, stated in Proposition 7 and Proposition 8, can be proved without any sophisticated concentration
inequality-type tool, only thanks to [51, Lemma 1] and the following Proposition, at the heart of the permutation
principle.

Proposition 6. Let m, be a given deterministic permutation of {1,...,n}, and 11, be a uniformly distributed
random permutation of {1,...,n}, independent of the observed sample X,, = (X1,...,X,). If P = P! @ P2,
that is under (Hy), then the permuted samples X= and X! defined in (20) both have the same distribution as
the original sample X,,.

4.2 Consistency of the permutation approach

Since we only consider in this section U-statistics based on symmetric kernels of the form h,,, as defined in (4),
we notice that the centring assumption (Acen:) is satisfied. Therefore, we will only need here the following
moment assumption on :

(A ) For X with distribution P or P' ® P2 on X2,
o Mmt E[¢* (X1, X?)] < cc.

Theorem 3. Let (X,,), be a sequence of i.i.d. pairs of point processes with distribution P on X2, with marginals
P! and P?. We consider an integrable function ¢ satisfying (Ap pme), he and Uy p, defined by (4) and (5).
For every n > 2, let X,, = (X1,...,Xy), let II,, be a uniformly distributed random permutation independent of
(X)n, and XIn be the corresponding permuted sample defined by (20). In the notation of Section 3,

ds (,c (VAU s, PE[X0) , N (o,oiwpl(@m)) P, (21)

n—-+oo

where £ stands for the usual convergence in P-probability.
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Comment. Notice that we do not need the continuity assumption for the kernel h,, that we had in the bootstrap
approach, but the existence of a fourth order moment for this kernel, at the price however that the convergence
for Wasserstein’s metric occurs in probability and not almost surely as for the bootstrap.

We also wish to emphasize that the above result, whose proof is based on asymptotic normality results for
martingale difference arrays, goes further than the ones of Romano [50] for instance, since we have a convergence
result which is satisfied whether the independence hypothesis is satisfied or not.

From Theorem 3, we deduce the following Corollary, which will be, combined with Theorem 4, a key point to
prove that we can use the conditional quantiles of £ (\/ﬁUnM , Px ‘Xn) as critical values to obtain permutation
tests of independence of the desired asymptotic size.

Corollary 2. Let (X,,), be a sequence of i.i.d. pairs of point processes with distribution P on X2, with marginals
Pl and P?2. For everyn > 2, let X,, = (X1,...,X,), and I1,, be a uniformly distributed random permutation
independent of the (X,,)n. For n in (0,1), let g}, ., (Xy) denote the n-quantile of /nU, n, (X5") given X,
that is L (\/ﬁUn,hw, P;‘Xn). Then, under the same assumptions as in Theorem 3,
* P —1
Tpy (Xn) — @ (n)- (22)

2
n—+o0 070’h7p1®p2

4.3 Asymptotic properties of the permutation tests

In the notation of Corollary 2, for any fixed « in (0, 1), we introduce the following tests:

Al (Xn) = Lty x>0 Ly (X))

o

A% (Xan) ]l{ﬁUn,h‘p (Xn) <@ 0 (Xn) }? (23)
AL (Xa) = AN, (X)) + AT, (X).

Notice that like for the bootstrap approach, the critical values used in the tests defined by (23) are random,
depending on the observed sample X,,.

Recall that IT,, is a uniformly distributed random permutation on the set &,, of all the permutations of {1,...,n}
and independent of X,,. Hence, given X,,, the conditional distribution of \/nU, p, (XE") is discrete and takes

the values {\/nUp (XZ")}ME&I. Let \/EUS,)W (X,) <... < \/ﬁUfL",'L)w (X,,) be these ordered values. Then,
@ (X)) = \/ﬁUgZTD(Xn)’ and it is therefore possible to compute it exactly.

Theorem 4. Let o € (0,1). Let (X,,),, be a sequence of i.i.d. pairs of point processes with distribution P on X2
and with marginals P and P? on X. For every n > 2, let X,, = (X1,...,X,), A* be one of the permutation
tests defined by (23), and assume that (A, arme) is satisfied. Then,

o A* is asymptotically of size o, that is: if P = P'® P%, then P (A* (X,,) =1) — a.

n—-+o0o

o If A* = A;Ta, then A* is consistent against any alternative P such that
[ ho(z,2")dP(z)dP(2") > 0, or equivalently [ ¢ (z',2?) (dP(2!,2%) — dP'(2')dP?(2?)) > 0 that is: for
such P, P(A*(X,)=1) — 1.

n—-+o0o

o If A* = A%, then A* is consistent against any alternative P such that
[ h(z, 2" )dP(z)dP(z') < 0.

o If A* =AY . then A* is consistent against any alternative P such that
[ ho(z,2")dP(z)dP(x") # 0.
4.4 Non-asymptotic properties of the permutation tests

As seen above, one of the advantages of the permutation approach, as compared with the bootstrap one, lies on
the result of Proposition 6, which allows in fact to prove that the tests also satisfy non-asymptotic properties.
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Considering for instance A* = A% | then under (Hy),

@00
P (A* (Xn) =1 =P (\/ﬁUan (Xn) > q;,g,g—a (Xn))
1 . .
= = D P(VaUun, (XI7) > g7 g0 0 (XT7)) (24)
ThE€ES,
1 e *
- E Z P (\/ﬁUnvhcp (Xnn) > n,p1—a (Xn)) ) (25)
T €Sy,

where (24) comes from Proposition 6, and the equality g ,1_, (X7") = ¢} , 14 (X;,) in (25) is explained
from the fact that the conditional distribution of \/ﬁUnm (XE"O’T“) given X,, is the same as the one of
VU, (Xg“) . Therefore,

PA*(Xp)=1) = Y P(VaUnn, (X0") > @5 p1-0 (Xn) [T = 1) P (I, = )
€S,

= P (VaUpp, (XI) > ¢y a (X0))

= E[P(ViUnn, (X5") > @ p1-a (Xa)[X0)]
< a.

These arguments may be adapted to every permutation test defined in (23), leading to the following Proposition.

Proposition 7. Let o € (0,1). Let (X,,), be a sequence of i.i.d. pairs of point processes with distribution P
on X? and with marginals P! and P% on X. For every n > 2, let X,, = (X1,...,X,,), and A* be one of the
permutation tests defined by (23). Then A* is exactly of level o, that is: if P = P!®@ P?, P (A*(X,,) =1) < a.

4.5 Permutation tests with Monte Carlo approximation

The tests defined in (23) involve an exact computation of the conditional quantiles ¢;, , , (X;,). Such a compu-
tation is possible by sorting the n! values of {Un,hw (Xgn)}wne&l, but, as for the bootstrap approach, it has not
often a reasonable algorithmic complexity. Therefore, we also choose to approximate the conditional quantiles
Grom (X,,) by a Monte Carlo method, and we prove that the resulting tests have the same asymptotic properties
as the ones defined in (23).

Moreover, it is interesting to point out that, even if they are based on a Monte Carlo approximation, these tests
are still exactly of the desired level. This is proved using Proposition 6 and [51, Lemma 1] again.

Let B > 1 be a chosen number of iterations for the Monte Carlo method, and (H}L, . ,HE) be a sample of i.i.d.
b
random permutations uniformly distributed on &,,. For each b in {1, ..., B}, we introduce U*P = Un,h, (XE”),

and we denote by U*(B+1) the statistic Un,h, (X;,) computed on the original sample X,,. The order statistic
associated with (U*1, ..., U*B+1) is now denoted as usual by (U*(), ... U*(B+1)),
Given « in (0,1), we can now introduce the Monte Carlo-based permutation tests defined by:

AJ*E;J,F<,;,Q (Xp) = ]I{Un,;w, (Xp)>Ur(TA=e) (BT 5

Al*fftap,a (X,) = ]I{Un,hw (Xp)<U(LaBD I+ }s (26)
_ *+ *—
A%,ap,a (Xn) - AB,Lp,a/Q(X") + AB,Lp,a/Q(Xn)'

Proposition 8. Let a € (0,1), and let (X,,),, be a sequence of i.i.d. pairs of point processes with distribution

P on X2, with marginals P* and P% on X. For every n > 2, let X,, = (X1,...,X,,), and for B > 1, let A% be

one of the tests defined in (26). If B, — 400, if Upn n, is non degenerate, and if (A, nime) is satisfied, then
n—oo

e A% is asymptotically of size o, that is: if P = P'® P2, then P (A}}n (X,) = 1) — .

n—-+oo
e IfA} = AJ*BT“%O‘, then A% s consistent against any alternative P such that
[ hy(z,2")dP(x)dP(a2') > 0, that is: for such P, P (A} (X,)=1) - 1.
" n—-+oo

o IfAL = A%:,Lp,a’ then A% is consistent against any alternative P such that
[ h(z,2")dP(z)dP(z') < 0.
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e IfA} = A*Bm%a, then Ap s consistent against any alternative P such that
[ h(z, 2" )dP(z)dP(z') # 0.

Proposition 9. Let a € (0,1), and let (X,,),, be a sequence of i.i.d. pairs of point processes with distribution P
on X2, with marginals P! and P? on X. For everyn > 2, let X,, = (X1,...,Xy), and A% be one of the tests
defined in (26), for some B > 1. Then A% is exactly of level o, that is: if P = P'®@ P?, P (A% (X,) =1) <«

5 Proofs

All along the proofs in this section, C and C” will denote universal positive constants, that may vary from one
line to another one.

5.1 Proof of Proposition 2

For some integer n > 2, let (Y,7;,Yi),_._ be an iid. sample such that for every i = 1...n, Y5, ~ P} @ Py,

and Y; ~ P! ® P2, and so that in particular:

n—l S (YY) ~ L(VnUy, Py @ P2 X,)
z;éz/

and

Zh Vi, Yi) ~ L (VnUn, P* @ P?).

1751’

From the definition of Wasserstein’s metric da, recalled in (12), we then deduce that:

2

d3 (L (vVnU,, Py ® P2| X)), L (v/nUy, Pt ® P?)) < m EX| Y (b (Y Yora) — h (Y3, Yar)) ,
il

(27)
where the upper bound is finite under (A},,,.;)-
Introducing the quantities

n,ir - n,t’ n,jr» *n,j’

for (i,4',7,7") in {1,2,... ,n}4, and the sets

I = {05, € 1,2, om}! [0, G5, #4055y =m},

for m in {2, 3,4}, where # {i,7’, j, 7'} denotes the number of different elements in {7,4', j, j'}, we easily see that:
2
E (X h(YonYas) =D h¥iYo)| | = > Buwgin+t > Buwgint D, Bag
i1 il (4,3",,5") €1 (4,4",,5") €13 (1,4,5,5") €12

(28)
Let us now upper bound each term of this sum separately.

1. If (4,4, 4,4") € 14, then by independence,

EGijin = BT Y00) —h (YY) | B R (Y, Y 0) —h(Y;,Y5)]
= (B [n (YY) —Eh(Y,Y)]) (B [(YJWYJJ)] E[h(Y;,Y;)]).

Yet, under assumptions (Acent) and (Af,,,,), E[h (Y;, Yy)] = E*[h (Y* Y*. )} =0,50 E¢; 75,1 = 0.

n,i’ nz
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2. If (4,4, j,7") € I3, by the Cauchy-Schwarz inequality,

\/ *[(h(Y;Z,Y;Z)h(E‘vm’))Q}\/ *[(h(Y;],Y* )h(Yijj')f]

- E [(h(Y;l,Y;Q) - h(Yl,YQ))T .

B¢,

IN

3. If (i,4', j,7) € I, we immediately obtain that
sy = B (Vi Yie) = h(1,72)%].
Since #1I3 = 4n(n — 1)(n — 2) and #I, = 2n(n — 1), we thus obtain that
2

i’

J#y
From (27), (28), (29), we finally derive that

2
d2 (£ (VnUn, Pl ® P2|X,,) , £ (vaU,, P' @ P?)) <4 E*[(h(y,jl,ygg) ~ (i, Y2)) } ,

where the i.i.d sample (Yn i Y)1<2

Y; ~ P! ® P?. This ends the proof of Proposition 2.

may be arbitrarily chosen such that for every i in {1,2}, Y,*, ~ P} ® P2

n,t

5.2 Proof of Proposition 3

Let us first notice that (13) is a direct application of the strong law of large numbers for U-statistics, stated for
instance in [32].
Next, let us notice that if

gm(Xilv"'inm): Z h ((Xl X ) (Xk’Xl))
(6,9, k, D ELfiy i}

with Iji, iy = {(i,j, ko) € {in,. o im ¥ J# {0, k1) = m} ,and m in {1,...,4}, then

4

1 & L 1
LS (). () = 30 L S XX
1,4,k 1=1 — (il ..... im)€{1,....n}"
01 y.-.yim all different
Each of the four terms in the right hand side of the above decomposition being, up to a multiplicative factor,
some classical U-statistic, and since under (A%;,.;)s E[|gm(Xi,,- .., Xi,,)|] < +00, we can now apply the strong
law of large numbers for U-statistics proved by Hoeffding in [32] for instance. Therefore P-a.s. in (X, ),

1
OIS ) > gm (Xiyso oo, Xi) = Elgm (X100, X))
(315 yim )E{1,ccc,n}™
01,0 all different
In particular, for m € {1,2,3}, P-a.s. in (X,,)n,
1
v Z gm(Xilv"'aXim)njoo 0,
(ih a7fm)6{1 7"}
D1 yenes T all dlfferent
and
1
ﬁ Z (thXszXZsaX ) jooE[gAl (X15X27X35X4)]'

(i1,..r04)€{1,...,n}*
i1,...,i4 all different

Finally noticing that I [g4 (X1, X2, X3, X4)] = 4! B [h? ((X{, X3), (X3,X3))], this concludes the proof.
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5.3 Proof of Theorem 1
By Proposition 2, for all n > 2,

da (£ (ViUnp, P & P2[X0) £ (Vi P @ P?) )

2
<C inf E*\(h (Y, ,,Y, 5) —h(Y1,Y: .
< (Y,jf,l,Yl),(Yl? va) i / [( (Y1 Yoo) —h(n 2)) ]

n,2’

Y1, Y, o~Pr®PY, Y1,Ya~nP @ P?
Our goal is here to construct, for almost all w in €2, a sequence of random variables (Y,Z‘MJ) >, Such that for every
o 1 2 .
n Z 1; Yn,w,l ~ Pn,w ®Pn,w’

to the realisation X,,(w), a random variable Y, ; ~ P! ® P% and {(}77;%2)

where P} , =n"" Y 6y (o) (4 = 1,2) are the empirical measures corresponding

1 ,Ywﬁg} an independent copy of

{(}7* )n21 ,wal} on some probability space (€2/,, A/ ,P/) depending on w such that

n,w,l

2
’ \* VK \/ \/
Ew |:(h (Yn,w,lﬂ Yn,w,?) h (Ywal’ KW2) ) :| n—>—+>oo 0’ (30)
where E/, denotes the expectation corresponding to IP/,. From this, we shall directly deduce that, for almost all
w in Q,

2
inf E*{(h (V1.0 s) —h(Yl,Yz)) ] (w)
(YY1, (Yo Ye) dind / o
Y)Y ~PE ®P2 ), Y1, Yo~ Pr@P?

n,1? N N n,w?’

n—-+oo

_ _ _ _ 2
S Efu |:(h’ (Y;,w,la 'r;k,w,2) - h ( w,1s YW72) ) :| - 0’
which will conclude the proof of the theorem.

Consider (92,4, P) the probability space on which all the X,,’s are defined. In what follows, we can keep in
mind that € represents the randomness in the original sequence (X,,),. Thus, a given w in ) represents a given
realisation of (X, ).

As a preliminary step, from Proposition 3, there exists some subset Q; of Q such that P(Q2;) = 1 and for every
w in Ql,

% S B2 ((XEw), X2)), (XE(w), XPW))) — B [h? (X1, X2), (X3, X2))]. (31)

n—-+o0o
i4.k,1=1

Applying Theorem 3 in [60], since (X, dx) defined by (9) is separable, P-a.s. in (X,,)n, P} = P! and P2 = P2
We deduce that there exists some subset Q2 of Q such that P(Q22) = 1 and for every w in o,

P,,®P;, =P &P (32)

Now, let us consider 2y = 21 N Qs, and fix w in Q.

Following the proof of Skorokhod’s representation theorem in [14, Theorem 11.7.2 p.415|, since (X2, dy2),
as defined from (9) in Section 3.2, is a separable space, it is possible to construct some probability space
(€, A,,PP.,), and some random variables Y,*, | : Q, — X2, V¥, : Q[ — X? with distribution P, , ® P?

and Yy, 1 : Q) — X2 Y, 0 : Q) — X? with distribution P* ® P? such that

P -as., Y* — Y, 1
w ’ n,w,l n w, 1
P -as., Y* — Y,
w ) n,w,2 n W,z

{(Y;w 1) »1 ,wal} and {(}7,;"7(*,72)”21 ,sz} being independent, so that:

Wil/n

]P;—a.s., (Y* }7* ) — (Yw,la YM,Q) ’ (33)

n,w,l» *n,w,2 n—+00
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with respect to the product metric d defined by (10).
But under (Acont), b is continuous on C such that P ((57%1, Yw,g) IS C) = (P1 ® P2)®2 (C) =1, hence

Pl-as, h(Y;) .1,V o) e h (Yo, Ya2)-
Since PP/ -a.s. convergence implies convergence in probability, in order to obtain the IL2- convergence in (30),
according to Theorem 16.6 p. 165 of [55], we only need to prove that the sequence (h2 (Y* y* ))n>1 is

n,w,l” *n,w,2
uniformly integrable, or that

[h2 (Y;w 17}77:“; 2)] — [h2 ( w 1,}7“,72)} .

n—-+oo

Moreover by (31) we have

[h’2 (Y’:w 17}77:0.; 2)]

Z w), X3 (W), (Xg (w), X7 (@)))

[ ((Xl,Xg) (X5, X5))] =B, [1* (Yo, Yo)]

n~>+oo

We finally obtained (30) for any w in g, with () = 1, which ends the proof.

5.4 Proof of Proposition 4

Let (X,,)n be a sequence of i.i.d pairs of point processes with distribution P* ® P? on X2?. Then, according to
(ACent); for all ¢ 7& j, E [h(XZ,XJ)] =0.

For a better readability, we introduce I [h]| X;] = E [h(X;, X)|X;] = E [h(X, X;)|X;] for some X with distribution
P! ® P?, and independent of X;. By Hoeffding’s decomposition for non degenerate U-statistics, we obtain

2
\/ﬁUn,h(Xn) = — (X, X;)
S
2
= — h|X;] + E [h|X; Xi, X;)
s S (BIHX + B ) o= a
1< z<]
Tn My,
with g(X;, X;) = h(Xs, X;) — E[h|X,] — E[h|X;].
e Let us prove that
2 P
— M, 0. 34
We first notice that for ¢ < j, E[g(X;, X;)] = 0, E[gQ(Xi,Xj)] < 400, and give a simpler ex-
pression for E [M?] = Dicj 2kt Elg (XZ X)g(Xe, X)) - If {i,i} n{k, 1} = 0,4 < j, k < I, then
E[g(Xs, X;)9(Xk, X)) = (B[g(Xs, X;)])° = 0. If #({i,5} N {k,1}) = 1, with for instance k = i, j # I,

(i < j, 4 <) (the other cases may be treated similarly), then
E[g(Xi, X;)g(Xi, X1)] = E [E [9(Xi, X;)[ Xi] E[9(X, Xi)| Xi]] = 0.

Finally, we obtain
—1
=Y B[A(X. X)) = %E [6%(X1, Xa)] .

i<j

As a consequence, for € > 0, Chebychev’s inequality leads to

M,

>€) = P (|Ma] > Vil - 1))

AE[M2] 2B [g3(X), X2)]
nin—1)2e2  (n—1)e2 n s teo 0

* ([
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e Now, let us prove that

2
mT n:;N(O T prop?) - (35)

Notice that T, = 321", (n — )E[A|X;] + 377, (7 — DE[A]X;] = (n — 1) 3L E[h]X;].
Thus,
2 2
T, = S EhX,].
V=1 = i 2 B
Since the E[h]|X;] are i.i.d, with E[E[h|X;]] = 0 and Var (E [h|X;]) = oh prgp2/4; thanks to (Anme),
the Central Limit Theorem leads to (35).

Finally, combining (34) and (35), Slutsky’s lemma ensures the convergence in distribution of /nU, »(X,)
towards N (0,02 P1®P2)-

Now, notice that
2
E [(\/ﬁUnyh(Xn)) } = sTe 3OS E (X0, Xi)h(X, X))
i#i j#£5

Let us consider all the cases where i # ¢’ and j # j'.
If #{i,i’,j,j'} = 4, then by independence, I [h(X;, Xy )h(X;, X/ )] E[h(XZ,Xi/)]E[h(XJ,X
If #{i,4', 7,4’} = 3, then, by symmetry of h, E [h(X;, Xi/)h(X;, X;/)] = E [h(X1, X2)h(X7,

Finany, if #{’La ilvjajl} =2,E [h(XZa Xi’)h(Xja Xj’)] =FE |:( (Xla XQ)) i|

Therefore,
B[ (vl a(X.)’] = b gt - 27RO o 1R (X1, 5207 | = 0 props
" " TL(TL — 1)2 4 ’ n—00 h,P1®P?
which ends the proof of Proposition 4.
5.5 Proof of Corollary 1
By Proposition 4, we have that
L (VnUpnp, Pt ® P?) = N(0,05 pigp2), (36)

where N(0, 07 pigp2) has a continuous c.d.f. Therefore, by application of [59, Lemma 2.11],

sup ]P(\/ﬁUmh(Xn) ) Dy ;2 (z)] — 0.

2€R h,Plg P2 n—+00

Furthermore, since convergence w.r.t the dy distance implies weak convergence, Theorem 1 combined with (36)
leads to

L (VnUpp, Py @ P2 X)) = N(0,07 prgp2) P-as. in (X,)n, (37)
SO
ilelg P (VnUnn(X5) < 2[X5) — @ 2 - el 0 P-as. in (X,)n. (38)

As a consequence,

sup [P (VaUn n(X5) < 2[X5) = P (VAU (X)) <2)| — 0 P-as. in (Xy),.

2€R n—+oo

As for the second part of the result, since ® is continuous on [0, 1], it is sufficient to apply [59, Lemma

0,0 2

Th, Plg P2
21.2] to both (36) and (37), on the event where (37) holds, to obtain that gy, ; . (X;) and q#hm both converge
towards @ (n) on the same event. This ends the proof.

h pPlgp2
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5.6 Proof of Theorem 2

Let us focus on the case A = A;Jra, the proof in the other cases being similar. Given « in (0, 1), we deduce from
Corollary 1 that
Gpia(Xn) — @) (1—a) P-as. in (X,)n. (39)

2
n—~+o0o 070’hyp1®P2

Then, from Proposition 4 and Slutsky’s lemma, under (Hy), (\/ﬁUnyh(Xn), Dhhia (Xn)) converges in distri-
bution towards (Z, @071172 (1 —«)), where Z ~ N(0,07 pigp2). Therefore, under (Hy),

h,Plg P2

P (vViUnn(Xn) > @10 (Xn)) — a

n—-+oo

Under (H,), by Proposition 3,

Unn(Xn) — / h(z, 2 )AP(@)dP(z') > 0 P-a.s. in (Xp)n.

n—-+oo

Furthermore, from (39), we deduce that

Ghna-o(Xp) /v — 0 P-as. in (Xp,)n,

n—-+oo

as a consequence, there exists an integer ng large enough such that for every n > ny,
1
P (VAU () < 1o (60)) < P (5 [ W lAP@APE) < s (K0 VR) | 0.
since [ h(z,2’)dP(z)dP(z") > 0.

5.7 Proof of Proposition 5

Let us focus again on the case Ap = AE‘: h.oo the other cases being similar. First notice that AL (X,,) =

11{\/EUn,,h(Xn)>\/EU*UU*@)BM)}~
Let us introduce the c.d.f F}; = of £ (v/nUn n,, Py @ P3[X,,) defined byF;;  (z) = P (y/aU, 1(X}) < 2[X,),

and let F;:g: be the empirical c.d.f of £ (\/ﬁUn,h%> , Pl ® P2 |Xn) associated with the bootstrap sample (Xfll, o, X B ),
that is

B
1 n
* B, _
VZ S R, F,mxn (Z) = B_n Z ]l{\/HUn,hw(X;b)Sz}'
b=1

Then, using the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality (see [59] p.268 for instance), we derive that for
all n > 2, all possible realisation x,, of X,,, and for all £ > 0,

P (sup |F;f(:‘l (2) = o (2)] > €> < 2e72Bne’

n,Xn
z€R o

Therefore, we obtain that

P (sup
ze€R

FrB (2) - :;Xn(z)‘m) - ]E{IP (sgg

%]

»Bn
Frfn(z) = Fax, ()| >

2
< 2e72BnE ),

n—roo

that is exactly

sup F;ggn (2) = Fx, (2) L. (40)
2€R n—o0

— 0 P-as. in (Xp)n.

n—-+oo

Moreover, by (38), sup,cg [F)r x, (2) — ®g 2

h,Plgp2
Therefore, we obtain that

* By, o P
sup o8, () = Bz, (2)] 20 (41)
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We finish the proof using the similar arguments as in [59, Lemma 21.2], combined with a subsequence argument
since the convergence in (41) occurs in probability, and not almost surely. Let ¢y be an extraction. Then, by
(41), there exists an extraction ¢, and some Qo C 2 such that P () = 1, and for every w in Qo,

*Bg1 0 (n)
ilellll; Fd)lo(%(") meo(")( w)(z) = (I)O ah Plgp2 (2) n:>>o 0-

From now on, fix w in y. Notice that this comes down to fix a realisation of X,,, and a realisation of

(Xzh,...,XPr), and in particular, F;E;g (w) is deterministic.
: -~ *Bg1060(n) :
Consider V' ~ N(0,1). Then, we obtain that F,’ rod0(n), X<1510<150(n)( w)(V) n:; @, 002 1o po (V). In particular, for

all n in (0,1),
P (F*Bmoam(n) (w))il ( ) _ P (F*Bmwo(n) (w)(V) < )
0,1 $1060(1), X1 0 (n) N $1060(1), X1 0 (n) N

— P (20,2 (V) <n)

n—oo

-1
= Do <(@Ov”i,P1®Pz) (77>> :

Finally, as ®¢,; is a one-to-one function and & % is continuous, we obtain that

% *By. o n -1
Vore gomUMBercanV(w) = (Fyluseany @) () =1 o5k

n—00 h,Plep2

and this for all w in €y, and any initial extraction ¢y. Therefore, we obtain

VU *([nmBn1) P, o1, (),

n—oo 0,0 hp1®p2

and the proof is ended exactly as the proof of Theorem 2.

5.8 Proof of Proposition 6

As the sigma-algebra considered on (X 2)®n is generated by the family containing all products [];-_; (Azl X A?),
with A} and A? Borel sets of (X,dx), we just need to verify that for all A = []"", (A} x A?) of this form,
P (X € A) =P (X, € 4), and P (X" € A) =P (X, € A). We first have that under (Hy),

P (ﬁ {Xieal x Ainl(i)}>

i=1

i (i)

P (X7 € A)

I

s
Il
-

|

@
Il
N

[P (A7) P* (A7)]

_p (ﬁ{xi e Al xA§}>

i=1

= P(X, 4.
Now consider a random permutation II,,, uniformly distributed on (&,,), and independent of X,,. Then

P(XIned) = > PXJeA)P (I, =m)
TnEG,

- LY pix.eq

n!
€6y,

= P(X, 4,

which ends the proof.
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5.9 Proof of Theorem 3

Sketch of proof. Let dpy, denote the bounded Lipschitz metric, which metrizes the weak convergence (see
[14, Prop. 11.3.2 and Th. 11.3.3] for instance), and defined by

doslu) = s | [ f (o),
feBL, [fllBr<1 /R
where BL denotes the set of bounded Lipschitz function on R, and || f|| 5L = || fllec + suD,, %

In the following, when Z,, is real-valued random variable depending on X,, and II,,, we will denote by L (Z,,|X,,)
the conditional distribution of Z,, given X,, with respect to the Lebesgue measure.

The first step of the proof consists of decomposing /nU, p, (Xg") in three terms:

Vit (68) = = (e o ¢ B Be) Do),

where M1 (X,,) is associated with a martingale difference array, and:

|RE (X[ | e L.(Xn) &
So,
o (£ (\/ﬁUn,h¢ (XE")’Xn) L (nn IM,I;In (X,) Xn)) _% 0.

The second step will be to prove, from the Cramér-Wold device and the Central Limit Theorem for martingales,
that

o (£ 08 (5% (0.7 o)) 220
so that b
o (€ (Vi (XI)[X) N (0,08, i) 25 0
The third step will be to obtain the convergence:
2 P
B [(VAUnn, (X3))*[Xa] 55 07 prgpe,

so that finally
dy (E (\/ﬁUan (XE”HXn) ,N(O,inpl(@pz)) o0

n—r oo

First step: decomposition of \/nUp, , (Xg")

It is obvious that by the definition (4) of h,,

1
Un.n, (X07) = — i (42)

where

n 1 n
Uy = @(le,X?[ (i))*ﬁ Z@(leaXJQ)

i=1 i,5=1

= Yo (X Xh o) -~ Y Bl (X xD|X] -~ Y Ele (XL XD X+ 3 B e (X}, XP)]
i=1 i,5=1 i,j=1 i,j=1

23 (e (LX)~ B [ (X1, X)X - Bl (x], X2)[X2] + B [ (X2, X3)])
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On the one hand, if Ep [f] and Epigp2 [f] respectively denote E [f (X}, X7?)], and E [f (X}, X?)] with j # i,
for any integrable function f, then

1 n n n 1
Bl (EA] = 3 s Ble (LX) - D (Lmomn — ) Bl (61X0)]
,J=1 7,j=1 7,j=1
n n 1
= Z Lo, (=53 1& [90 (Xz'17Xj2ﬂ — (Ep [¢] — Epigp2 [¢]) Z (1{Hn(i)—i} - E) .
ij=1 i=1
On the other hand,
1 n n n 1
5 Z o (XXX = D0 M= B ¢ (X1 X)X = 3 (1{nn<z‘>—j} - g) E o (X)X7)[ X
gt = ij—1

— Z ﬂ{nn(i):j}E [‘P (leva)’Xll]

4,5=1
- 1

-2 <11{Hn<z'>—i} - g) (B [p (X, XD) | X - E o (X7, X7)[X]]).
i=1

where X = (X!, X?) is assumed to be P-distributed and independent of (X,,),, and in the same way,

1 n n
~ D Bl (XLXDIXG] = Y Lma=nB e (X], X7)[XT]

i,j=1 1,5=1
- 1
3 (im0 ~ 3 ) (B Lo (X1 XD - B o (3|2
j=1

Therefore,

> L= (9 (X5 X7) = B [ (X5 X7)[ X7 = B [ (X0, X7) | XF] + B [ (X7, X7)])

ij=1
= 1
+32 (10nm0 - 2 (Lo (b Xl ot 327
1=1

~E[p (X, X?)|X]] —E[p (X", X})|X?] —Epg] + Epigpe 9] )

LS (o (01 X2) — Bl (X1 2) X)) — B [ (X2 X2) [X2] B [ (X1, X2)] ).

i,j=1

As a consequence,

o,y _ _ " I, RE” (Xn) o Ty (Xn)
\/EU"JW (Xn ) T n—1 (Mn (Xn) + \/ﬁ \/ﬁ ’ (43)
with:
Mv?" (Xn) = \/— Z {I, (i)=5} ( (Xil’XJZ) — I [<P (le’Xf)‘Xﬂ - I [(p (le’Xf)‘Xﬂ + I [90 (X},X?)D )
i#£]
2 1
AP %) = 3 (Vo = 1) (001 X0) = B (60, 7) 1] < B [ (X1, X7) 7]+ Epror [5).
T (Xa) = EZ v (X), X7) —E o (X7, X7)|X7] - E ¢ (X7, X7)|X7] + E [¢ (X7, X7)]).
i#]
Let us now prove that
dsi (c (ViUn, (XT)[X,,) £ (n "M (X, n)) )
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To do this, we first notice that for every function f in BL, and such that || f| s < 1,

B [ (VU (X)) 3] = B |7 (b 060 ) 5] | < B[V, (e8) - it 0]
- n: <E |R51/(ﬁxn)| .|+ |Tn\(/)‘§n)|>,
hence,
dpL (E (VU n, (X5 [X,) £ (n” M (X,) Xn)) - n7z1 <]E !RE;(EXn)! ‘Xn_ . |Tn\(/}‘§n)|
' (44)

Moreover, on the one hand, by Cauchy-Schwarz and Jensen’s inequalities, and II,, is independent of (X}, ),

[l

IN

L [(r (x.))’]

1 & ) X
n .ZlE L= = o ) (Mmg= = 5 | | ¥
i,j=

E[(¢ (X1, X2) ~ B [p (X1, X2)|X}] — B [ (X', X2) |X2] + Eprigp: [¢] ) x

N

IN

o (X1.X2) ~ Blp (X X)) |X!] ~ B (X, X)|X2] + Bprope ] )})

C - 1
< S [P +Emor () 3 (Bliauo-nlmo-] - )

<~ n?
1,j=1

n

G ®r [¢%] + Bpor [¢)) (Z (G-#) v Z (- %))

C
< —(Bp [¢*] + Epgp: [¢]) —2 0.

IN

Therefore, from Markov’s inequality, we deduce that

|RI" (X,)]
Jn

On the other hand, denoting by C} ; the centred random variable

E

M TN

n—roo

Cij =@ (X}, X]) =B o (X0, X7) |XT] =B [0 (X1, X7)[XT] + B [ (X, X7)]

then i
T, (X,) = ~ > Cij
i#£]
Hence,
T, (Xn))j 1
E < ==Y Y EI[Ci;Cril.
3 ] >
vn [y
Notice that for 7 7& j, E [Cl,leZ] = [Ci,j|Xj] =0.
If # {3, j,k,1} = 4, then E[C; ;Cr1] = (E[C;,])* = 0.
If 7, 4,1 are all different, then
E[C:;Cii] = E[E[C:;CiX:, Xi]]
= E[E[C;;|Xi]Ciyl

= 0.
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In the same way, for ¢, j, k all different, then E[C; ;C) ;] =0
For i # j, then
E[C}] = 0h_ prgpe, and E[Ci;Cji] < o7t pigpe, (45)
by the Cauchy-Schwarz inequality.
Combining the above computations, we obtain that

T (X0)\? nin—1) ,
. ( \/ﬁ ) =2 n3 o-h*"’P1®P2 n—00 0,
therefore,
T, (X,
In(Xn) 2,

\/ﬁ n—oo

Finally, from (44), we derive that:

o (£ (VU (X5 5,)

Xn)) L 0. (46)
n—1 n—00

Second step: asymptotic normality of M!!» (X,,) given X, in probability.
Recall that

Myl (X,) IZ =5y (0 (X7, X7) =B [ (X, X7)[X7] = B [ (X;, X7)[XF] + B [ (X7, X7)])
i)

that is, with the above notation,

n i—1
1
M (X)) = —=Y Ly, )=y Cij = L, (=1 Cij + Lem, ()=t i) -
ﬁ; 1,()=5} Cij \/522?1 =7y Cig + L1, ()= Cii)

Let II/, be another uniformly distributed random permutation with values in &,,, independent of II,, and X,,,

and .
H/ 1 n i—

Mn"(Xn 111-[/1 Ci: = 111‘[/1 Cii+1 I ZC’z .
\/—Z{()J}J \/ﬁzz{()ﬁ] i, ()=i1 Ci)

i#j =2 j=1

Lemma 1. Considering the above notation,

/ / o . 0
L <(M,?n (X,), Mo (xn)) ) =N |0, hwg ors ,
Ohp, PR P2

where No (M, V) denotes the 2-dimensional Gaussian distribution with expectation M and variance-covariance
matriz V.

Proof. According to the Cramér-Wold device, given a,b in R, we aim at proving that
£ (@b (X0) + bMa™ (X)) = N (0, (2 + %) 0F | prgpe ) -
In order to deal with simpler mathematical expressions, we introduce below a few notations more.

e For any fixed integer n > 2, F,, i denotes the filtration o (IL,,II),, X1, X2, ..., Xi).

e Let
1—1
1
Yn,i = _7’L (]l{H () ]}C,J + ]I{H 1}0 )
j=1
1 1—1
— ]l{H’ () ]}C,J +]1{H/ ] 1}0 )
My =0 ,V,, and M/ e = =SF Y/, so that MM (X,,) = M,,, and My (X) = M, ..
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Let us first prove that for a fixed integer n > 2, (aMnyk + oM/ ., }“n,k) is a martingale difference array.
’ 2<k<n
Note that for 2 <i <n,

i—1

D B [, )= Cij + L, (=3 Cji | Fric1]

J=1

E[Y,i|Fni-1] =

~ > (g, )= B [Ci i1 X5] + L, )= B [y X))

1
vn
| il
Vn =
0
In the same way, we have that |E [Yéﬁi|fn,i71} =0, so
E (M, + bM), | Frk—1] = aMy g, +bM], .

We now use the following result which is commonly attributed to Brown [9].

Theorem 5. Let (X, x)requ.,.
o-algebra (Fp k)ref1

...pn}.neN+ be a martingale difference array, i.e. such that there exists an array of
pn}neN+ that is increasing w.r.t. k such that for all k = 1,..., py,

E [Xn,k|]:n,k—1] =0.
Let A, =" E [X7217k|.7:n7k_1}. Assume that

P
o A, — 02>0.

n—00
o For all e > 0, Zill E [Xﬁﬂkll{\Xn,k\>a}:| —7n—oco 0

Then Z, =Y %" Xn i converges in distribution towards N(0,0?).

From Theorem 5, we deduce that if:

n— oo

(4) Z]E{(aYn,i+bY7§7i)2’fn,i_1} L (@ 007 prgpe,
=2

() S OB[(@Yni Y00 Uy, vy oy | O for any € > 0,
=2

then
c (aM}}n (X,) + b (Xn)) = N (0, (a? +1?) J?LWPl@PZ) .

Let us now check that both (i) and (i) are satisfied.

Assumption (). Noticing that

Y E [(aYn,i + bY,;J)Q‘fn,Z-_l} =(@®+b)> B[V7|Fuia] +2ab> E[Y,:Y) [ Fuia], (47)
=2 1=2

=2

the proof of (i) can be decomposed into two points.
The first point consists of deriving that

S E[Y] — 0} pigpe, and Var <ZE[Y371-\]-"”71-1]> — 0,
1=2

i=2
which leads, thanks to Chebychev’s inequality, to

n

Z]E [Yii‘}—nvifl] n%fo JfQLWP1®P2'
i=2
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The second point consists of proving that

n 2
E [(ZE [Yn,iyg,m,ﬂ]) } 20
=2

SO "
> E (YY) | Fica] —> 0.
1=2
First point.
On the one hand,
n 1 n i—1
Y ENZ] == D B[(Lunw=nCis + L= Cii) (L =k3 Cik + L=y Cres)] -
i= i=2 j,k=1

Furthermore, if 1 < j#k <i—1,
E (Lo, ()= Cij + L, (y=iy Cii) (L, =y Cisk + L, )=y Chi) ]

=B [E[(Tqm,@)=;)Cij + H{Hn(J):z}Cj,i) (Lan, i)y Gk + Lt )=y Coi) | X X5, T ]|
= E [(Tm, 1)=53 Cij + L, )= Cii) (Lgmn, (=13 B [Cik | Xi] + Lgrr,, (ky=iy B [Cr.i| X)) ]

=0.
Thus,
n n 1—1
ZE[Yii} = _ZZE[ L, (=3 Cig + L, Z}CJZ) }
=2 =2 j=1
n i—1
= —ZZE L, 9=y CF + Ly, ()= s + 2L, (9= Lnt, )=y Cii Cii]
1=2 j=1
n i—1
2
- ‘ZZ( )+ T PiCuCu)
=2 j=1
1
= 5 Z i—1) ( [CF,] + — 1E[017202,1])
SO
< ) n—1 ) 1
Y BV = —E [CE,] + ~B[C12C]. (48)
i=2
From (45), we finally derive that
2 2
ZQE[YM} = Oh, PP (49)
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On the other hand, we have that:

E [Yn%i‘fn,ifl}

Then,

with
An,l
An,2
An,?:
An,4

Thus,

i—1
1
o > E[(Mr, =53 Cog + L= Cii) (L iy=r) Cok + L, ey=iy Croi) [ Frnsie1]
J,k=1
1 1—1
n B 111, )= C i T2l )= }]I{Hn(j):i}ciajcj,i+]1{Hn(j):i}cj27i’]:n,i—l}
j=1
1
+ﬁ Z B [T, (i)=53 L, (k)=iy Ci i Croi + L, (5)=iy L, (i)=ky Ci G| Fonsi1 ]
1<j#k<i—1
1—1 1—1
2
—Zﬂ{n O=nE [C7;]X;] + = Zﬂ{n =i E [CF:] %]
_] 1
2 1—1
+= > L= L, )=a B iy Cj il X;]
j=1

2
T Z L, (iy=53 L, (k)= E [C i Chi| X, X -
1<jAh<i—1

n

(E [Yn%ip'—n,zel] —E [YHQJ) =A 1+ A, 2+ 24,3+ 24, 4,

1=2
1 2 1 2
~ Y (Mme=nE[CL1X] - ~E[C]]),
1<j<i<n
1
~ > (ﬂ{nnu)—z‘}E [CTalX] - B [Cﬁj]) :
1<j<i<n
1 1
~ Z (]I{Hn(i)—j}]l{nn(j)—i}E[Ci7jcj7i|Xj] - mE[Ci,jCj,z‘]) ,
1<j<i<n
1
- Y (M@= L. =1 E[CiCnal X5, Xi]) -
1<j#k<i<n
fi 1’]:71 i—1 )) = E |:(An,1 +Ap2+2A,3+ 2An74)2i|

< 4(E[AL L+ E[A2,] +4E [A] 5] +4E [A2,]) . (50)

Let us now control each term of the above right-hand side.

Convergence of E [A? || and E [A?Z ,].

E[A2 ]

7 X% B[(tmoElChn) - 1B 0] (LownB Chlx] - 1B ()]

1<j<z<n 1<I<k<n

>y (E[ﬂ{nnu)—j}ﬂ{m(k)—z}m[E[Cﬁj!Xa‘]E[Ci,z\Xlﬂ—

1<j<i<n 1<I<k<n

1

= (E[CR))

Let us now consider all the cases where 1 <j <1 <n,and 1 <[l <k <n.
If i = k and j = [, then

1
E (L, 0= Lin.oo=n ) E [B [CF|X,] B[CE|X)]] = B (B [c2]X,])°].
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Ifi=Fkandj+#1, orif i # k and j =, then
E (1, ()= L. m=n] E [E [CF;| X;] B [CF,]|Xi]] = 0.
Tf i+ k and j # I, then

E [L(m, ()= Lm.m=n] E [E [CZ;]|X;] E[CF,|Xi]] = (B[C2])”.

n(n—1)

By combining these results, from (45) and under the assumption (A, arme), We obtain that:

4
n—1 o 1 2 1 1

n2

One can prove in the same way that
E[A},] — 0.

n—roo

Convergence of E [A2 ,].

B4, = 5 ¥ Y ®

1<j<i<n 1<I<k<n

1
<11{Hn(i)—j}11{nn(j>—i}]E [Ci,;Cj,41X5] — mﬂ@ [Ci,jcj,i]> X

<11{Hn(k)—l}]l{ﬂn(l)—k}E [CriCr | Xa] — E [Ck,lcl,k]>

_
n(n —1)

1
= = > > (E[]1{nn<i>—j}11{nn(j)—z'}ﬂ{nnw)—z}ﬂ{nn(z)—kﬂE[E[Ci,jcj,ilXj]E[Ck,zCz,lej]]

1<j<i<n 1<I<k<n

1 2
TR o1p (E[C;,;C;.4l) )

1
= = > D Elme-plmg=atmm-nlm.a-n] BEC:;C;il X;] B [CriCirl X))

1<j<i<n 1<I<k<n
1
4n?

Let us again consider all the cases where 1 < j<i<n,and 1 <l <k <n.
If i =k and j = [, then

(E[C12C51])°.

1
E [1{Hn(i):j}]l{Hn(j):i}]l{Hn(k):l}]l{Hn(l):k}] E []E [Ci7j0j7i|Xj] E [Ck,lCl,k|Xj]] = m
Ifi=Fkand j+#1, orif ik and j =1, then

E [1m, 1)=j} L, )= L. (= Ly, 9=k} ] BE[Ci;Cj,4 X1 B [CraCri | X;]] = 0.
If i # k and j # [, then

(E[C1,5Ca1])°
n(n—1)(n—2)(n—3)

E (11, ()=} L, )= Ly, =0 L, 9=ry] B (B [Ci 5 Cji] X5 B [CraCril X5]] =
Thus, under (.Ag,, Mmt), we finally have that:

TL(E [01720271])2
(= D)(n—2)(n—3) nome

1
E [A%,3] < 2—712E {(E [01,202,1|X1])2} +C

Convergence of E [A? ,].

1
2
B[4 ]=— > > Elmo=ntimw=nm,o-n L. w-n] ¥
1<j#k<i<n 1<p#q<I<n

E[E[C; ;Cki| X, Xi] E[CrpCql Xp, X]] -
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Let us now consider all the cases where 1 <j#k<i<m,and 1 <p#g<Il<n.
If #{j,k,p,q} > 3, there exists at least one element in {j, k, p, ¢}, j for instance (the other cases are studied in
the same way), which differs from the other ones. Then,

E[E[C;;Ckil Xj, Xp] E[CrpCoqil Xp, Xgl] = E[E[E[C;;CkilX;, Xi] E[ClpCot| Xp, Xol| Xks Xp, Xq]]
= E[E[C;;Ci| Xs] E[CrpCqu|Xp, Xq]]
= E[E[E[C;;Cki| X Xp]| Xs] E [CrpCq| Xp, Xq]]
= E[E[Ck;E[Ci ;X[ Xk] E[CrpCoul Xp, Xql] -

Since E [C; ;| X;] = 0, this leads to:
E[E [Ci,jck,i|Xja Xy E [Cl,pcq,l|Xpa Xq]] =0. (51)
If j =p, k=¢q, and i =, then,

1
E L, o= Lnaw=n Lo o= i w=n] = o=,

and
B[E[CijCal Xy Xk BCupCoal Xp Xyl = B [(E[CiCal X, X))’
= E[(B[C51Ca1X1, Xa])’]
< +oo under (Ap rmt)-
Ifj =D, k= q, and 1 7& l, then ]l{Hn,(k):i}]l{Hn(q):l} = 0, SO
E [1m, )= L, =iy L, @ =p} L., (=13] = 0.
Ifj =4q, k= D, and ¢ = l, then ]l{Hn(i):j}]l{Hn(l):p} = 0, SO
E [1m, )= L, =iy L, =p} L, (=13] = 0.
If j=q, k=p, and i # [, then

(n—4)!
n!

E L1, ()=} L, (=i L, ) =p) Lo (g)=13 ] =

and
E[E[C;Cril X, Xe] B [CrpCo | Xp, Xo]l = B[E[C;;Crul X, Xi] E[CrrCy] X, Xi]]
E[E[C; ;CriCixC1| X5, Xk]]

= E[C1,4C12C31C 3]
< 400 under (Ag prmt)-

By combining these results, we obtain that:

w3 B |(B[C31Ca1X0, X)) Lot 4!
n2 n(n—1) n?

From (50), and the above results of convergence towards 0 for | [A2 ], E [AZ ,], E[A? 3], and E [42 ,], we
firstly derive that:

E [A72114] < C E [0174047203110273] — 0.

Var( (E [nyi]]-‘n,i_l})> — 0.
=2

n—r00
K2
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Second point.

Notice that

11’1

E [Y,iY,) ;| Fio1] = > B [(Lm, =5 Cij + L (9= Cis) (Lirm, (=43 Cike + L, o9)=i) i) | Frim1 ]
k_

S
<.

Bn,l + Bn,2 + Bn,?: + Bn,4a

with
1 2
Bny = — > (Lmo=pn L o= E [CF]X5])
1<j<i<n
1 2
Brp = — 3 (Lm=ilm,o=oB [CF|X])
1<j<i<n
1
Bng = (L, y=p L, (y=iy + L, ()= L, ()=3y) E[Ci,;CjlX5])
1<j<i<n
1
Bna = ~ > (ﬂ{nna)—j}ﬂ{mu)—k}E[Ciijij,Xk]+1{Hn<i>—j}1{ng<k>—i}E[CiijMXj,Xk]
1<j#k<i<n
+qm,, (y=iy L, (i) =k) E [C,iCi k] X5, Xie] + Ly, )=y L, (i) =iy B [C,i Ok i | X, X ) :
Thus,

I [(i B [Yn,iYé,i\fnw]> ] <A(E[By | +E[B,] +E (B 5] +E (B 4]) (52)

Convergence of | [B? || and E B2 ,].

BB = o Y%

1<j<i<n 1<I<k<n

1
= = > D Elme-plumm-n] B o= lanw-n] B[E [CF|X] E[CF]Xi]]

1<j<i<n 1<I<k<n

1
< = > Y Bllma-plmm-n] B [B[CL]X] B [CF]X)]].

1<j<i<n 1<I<k<n

(L, =) Lo, (9= B [CF5| X5]) (T, =0 Ly, () =n E [Cﬁ,z!Xl])]

Then, with the same computations as for the convergence of & [Ai 1] above, we prove that:

n—1 h 2
E[B2,] < 55 B [(E [CF 4] X2]) } +C’—i?P — 0

n— o0

In the same way, we also prove that:

E[B.,] — 0

n—r oo

Convergence of E [ - 3}

EB, < — > > E

1<]<z<n 1<I<k<n

(Lqmn, (1)=j3 Ly, ()= B [Ci 5 Cial X51) (L, oy=3 Lirr, ()=} B [Cra Cre| X0])

= > Y Elmm=nlimm=n] E [T =i Ly, o=k] EE[Ci;Cpil X;) B [CriCiel Xi]] -

1<j<z<n 1<I<k<n
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Now, with similar computations as for the convergence of It [A%jl] above again, we prove that:

n—1 E[C12C51])
E[B2,] < 2" LB (B0 o0 xa))?] + ¢ B2
’ n n—1 n—00
Convergence of E [B? ,].
Setting
1
Bpai= - Z Lo, (=i L, )=k B [Ci i Ci k| X5, Xi]
1<jAk<i<n
1
Bnao=— Z L, (iy=jy Lo, (k)= I [Ci j Ori| X5, X,
1<jAk<i<n
1
Bnas=— Z Ly, gy=iy Lo, )=k E [C,iCi k| X5, X,
n
1<jAk<i<n
1
Bna=— Z Ly, =iy L, (k)=i) B [C,iCr il X5, X,
n
1<jAk<i<n
then B, 4 = By a1+ Bpa2+ Bpas+ Bpaa.
1
2
E[Bia] = — ) Y. Blma=ntimo-n] B L o-nLm,o-g] X
1<j#k<i<n 1<p#q<I<n
E [E [Ci,jci,k |Xja Xk] E [Ol,pcl,q|Xpa Xq]] :
Let us consider all the cases where 1 <j#k<i<nand 1 <p#g<Il<n.
If #{j, k,p,q} = 3, using a similar argument as in (51), we obtain that:
E[E[C;;Ci k| X;, Xp] E[C1pCugl Xp, Xq]] = 0.
If j =p, k=gq, and i = [, then,
1

E [, =1 L =] B (L 0=m L, w=a] = 5
and

E[E[C; ;C; k| X, Xk] E[C1pClql Xp, Xg]] = E[(E[Ci,jCiMXj,Xk])Q]

E {(E [C3,1C3,2]| X1, X2])2}

< +oo under (Au rmt)-
Ifj=p, k=g andi#1l, orif j =gq, k=p,and i =1, then Ly, =5} L, 1)=p} = 0, s0

E [, ()= L, =p}) B (L, (=13 L, 9=qy ] = 0.
If j=q, k=p, and i # [, then
1
E (L =nLinao=p] B [T, =0 L o=0] = 20—

and
E[E[Ci;Cik| X, Xpl E[CrpCrglXp, Xql] = BE[C;Ci k| X;, Xp] E[CrCri| X, Xi]]
E[E[C;;CixCirCijil X, Xkl
= E[C14C1 30230 4]
< 400 under (Ag prmt)-
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By combining these results, we obtain that:

2
E [(]E [C3,1C3,2| X1, X2]) } JrC/E[ClACLBCZBC?A] o

I [32,4,1] <C o (n—1)2 oo

Following the same lines of proof, we furthermore obtain that It [Bn 4 2} E [B,QL 4,3] and E [ 4 4] also converge
towards 0.
As a consequence,

E[B.,] — 0.

n— oo

From (52), and the convergence towards 0 for E [B? ], E [B2,], E[B2 3], and E [B? 4], we derive that:

(ZE [Yn,iY/ “Fn 1— 1 n—)oo
=2

which finally allows to conclude that assumption (4) is satisfied.

Assumption (ii). Given € > 0, let us prove that

n

2
D (@Yo 40V Wy, vy o] 2

n—o0

Since ]l{|aYn,i+b

n

Y E [(ayn,i+by7;1i)2]1{|aym+by,_ } < E%Z]E {(aYm—i—bYé 1)4}
i—2 * i—2
< 2§ R YvA] + R Y2
= E_QZ(G’ [n,z]+ |:nz:|)
1=2
23(a4+b4) n
< ——=— ) B
1=2

But it is easy to see that

Yoi= 7 ( w11, () L, (< + Oy ,iﬂ{ngl(i)a‘}) :

Hence,
4 23
ElVi] = —3E (Ol Tma<i + G L <1} -
3 i—1
< HQZ( (G, )=y +E[ ﬁiﬂ{H;I(i):j}})
4
< SE[Ch).

We thus obtain that:

n

2
Y E [(aYm +0Y;,) Lejav, oy, |>s}:|

=2

27 (a +b4)
’n

[CiQ} )

where the right-hand side tends to 0 as soon as It [Cfg} < +o0.
This last condition is ensured by (Ag, arm¢), which allows to check that assumption (i7) is also checked, and that

c (aM,?n (X)) + b (Xn)) =N (0, (a% + b2) aiwpl®m) .
This ends the proof of Lemma 1.
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Recall that we aim at proving that

dpr (£ (M (X0)[X0) N (0,02 prgpz)) o 0.

n—oo

From Lemma 1, we deduce that for every ¢ in R,

P (M (X <1) o P (1)

he,PleP2

IP(M}}n (X,) < t, Mi (Xn)gt) — P2 (t).

0,02
n—-+oo "“he,Plo P2

Setting M,, = M (X,,), and M/ = MTI;I/" (X,,) for the sake of simplicity, this leads to

B[ [, <n[Xa]] — o0z

E|(E [Lir,<n]Xa])?] — @2

0,02
n—+oo " he,PleP2

(53)

It is well-known (see [14, Th. 9.2.1] for instance), that in a separable metric space, convergence in probability is

metrizable, and therefore is equivalent to almost-sure convergence of a sub-sequence of any initial subsequence.

So, let us fix an initial extraction ¢ : IN — IN, which defines a sub-sequence (M¢0(n))n61N of (My),cn-

Let us denote by (gm)men a sequence such that {g,,,m € N} = Q. For any m in IN, from (53), we derive that
I [E []l{M%(n)gqm}}X%(n)” — Py (gm),

n—-+oo T hy,PleP2

2
B |:(E |:]l{IV[¢o(n)SQm}‘X¢O(n):| ):| - (Daoj (qm)’

n—-4oo he,PLl@P2

which leads (by Chebychev’s inequality) to

P
= []l{M«oo(n)Sqm}‘X%(”)} =2 Poo (gm)- (54)

n—00 " hy,PleP?

Therefore, there exists an extraction ¢; and a subset  of Q such that: P (€;) = 1, and for every w € Qy,

B

me(n)} (W) — @ 52 (q1)-

1
{M¢10¢(ﬂ)S‘J1} n—00 ’o-hkpypl®p‘2

Now, let m > 1 for which there exists an extraction ¢, and a subset €2, of Q such that: P (€,,) = 1, and for

every w € Qyp,

= []l{M«omwmflo---wo(n)Sqm}‘X‘bmod’m*lo'“od"’(")} (@) =2, Poo? (gm)-

n—00 " hy,PleP?

Then, from (54), there also exist an extraction ¢,,+1 and a subset Q,,11 of Q such that: P (,,,41) = 1, and for
every w € Qp41,

B

X¢m+10¢m0m0¢o(n)} (w) — (I)O o? (qm+1)'

1
{M¢m+1°¢m°¢m—1°---°¢0(n)§qm+1} n—o00 "“hy,PlopP2

Setting = Nnen m and for every n in IN, &(n) =¢po0...0¢030¢p1(n), then P (Q) =1, and for every w in
Q, and m in N,

= |:]1{I\/[<Bo¢0(n)<qm} quod’o(")] (UJ) n:Zo (I)O’Ui2z<p,P1®P2 (Qm)-
Since g ,2 is a continuous distribution function, this means that:
" he,PleP
2 a.s,
dpr, (E (M<l§0¢0(n) Xd;oqbo(n)) ,N(O,O’hwp1®p2)) njo 0.

To conclude, we actually proved that

o (£ (VM (CI) N (0,07, o)) 2 0

n—oo

which, combined with (46), leads to:

dpr (£ (Vilun, (XI)[Xa) N (0,02 prgpe)) 0.

n—r oo
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Third step: convergence of conditional second order moments.

Recall that from (42), Uy, 5, (XI) = LU where

U = e (XLXE ) - Y e (XL X2)
i=1 ij=1
- 1
Z_ (]1{11 (=1} 5)@()(},)(;).
Therefore, )
E [(ViUn, (X))’ [Xa] = (ni71)2 <%1E {(UE")Q‘XHD . (55)

I EREN

I - 1 1
S22 E Kﬂ{nn(i)—j} - g) (11{Hn<k>—l} - 5)} o (X1 XT) o (X0, XT)

ij=1k,l=1

1 & 1
= 22> (E (L, =5y L y=ny] — ;) v (X5 X7) @ (X, X7) -

ij=1k,l=1
Firstly,
. 1 1 yv2 1 v2 (n—2)(n—23)
n Z (E []l{nn(i):j}]l{n"(k):l}] B F) . (Xi ’Xj) ¥ (kaXl ) = TUn,lv
W4,k l€{1,...,n}
#{i.j,k,1}=4
where

—4)!
=02 S (LX) e (5 x).
’ i,5,k,0€{1,...,n}
#{i.4,k,1}=4

is clearly a U-statistic of order 4. From the strong law of large numbers of Heeffding [32], we thus have that

1 1 a.s, 2
LY (Blmomatmenn] - p) e (6L XD ¢ (5L XF) 2 (8o (x1xD)’.

n— o0
ik le{1,...n}

#{i,5.k,1}=4
Secondly,

1 1 2(n — 2)

~ (E [T, =y L w=n] = ﬁ) v (X1 X7) ¢ (X, X7) = === Uns,

i,5,k,le{l,...,n}
#{i,5,k,1}=3
=j,i=l,j=k, or k=l
where ( 3!
n—3)!
Un =~ S (e (XL XD o (X4 XP) + o (X)L, X7) o (X, X7)),
’ i,k,le{l,...,n}
#{i,k,1}=3
is a U-statistic of order 3, so 2(:?2) Una 25 0.
n—r 00
Thirdly,
1 1 1 2 1 2 n(n—1)(n —2)
- > <E [T, =5y L y=ny] = ;) o (X X5) ¢ (X, XP) = ———5 w8,
iygok,le{1,...,n}
#{i,5,k,1}=3
i=k, or j=I

where

—3)!
Ups= "= ST (o (X XR) 0 (XD XP) 4 (XD XP) o (X}, XP))
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is a U-statistic of order 3. So,

- 1 - 2 a.s,
= DBy s B[ e, xD)1x)] B [(B e x3)|x))]
Fourthly,
1 1 2n — 1)
~ (E [T, )=y L oy=ny] = ﬁ) v (X3, X7) ¢ (X0, X7) = ==—5—Una,

i3,k lE{L,....,n}
#{i,5,k,1}=2
i:j:k,i:j:l,

i=k=l, or j=k=I

where

1
Upa=——= Y. (p(XLX7) 0 (XLX7) +0 (X X7) 0 (X, X7))
nln =1, 7,
is a U-statistic of order 2, so —%UM :—S> 0.
Fifthly,
1 1 1
" > (E [, =y L=y ] = ;) v (X3, X7) ¢ (X5, X7) = —5Unss,
ij,kle{1,...,n}
H#{i,5,k,1}=2
i=j#k=l, or i=l#j=k
where i
Uns=—= > (o(X,X7) o (X}, X7) +¢ (X}, X]) o (X],X7)),
nln =1, 7,
is a U-statistic of order 2, so # n,5 ajs> 0.
Sixthly,
1 1 (n—1)2
DS (E (L= Lmam=n] - ﬁ) o (X1, X7) o (XL XT) = ——5"Uns,
ij,k,le{l,...,n}
{05,k 1} =2
i=k#£j=l
where

Z 502 (levXJQ)a

n(n =1 Fen

is a U-statistic of order 2, so (";21)2 Une — E[o? (X}, X3)].

n—r00

Seventhly,

1 1 ~1¢
=D <E (L= L anm=n] — g) @ (XLX7) o (XL XP) = = D p (X XD),
=1

n
irj.kl€{1,...,n}
#{igk =1

which almost-surely tends to 0 thanks to the strong law of large numbers.
By combining all these results, we finally obtain that:

Lp [wmey[x] 25 (e (xh x2))) B (8 [o(x}. X3)|0])°] B [(B [}, XD x])7] 1B [ (] X2)].

n—o0

Noticing that
(B o (X1, X3)])" — B[(B[p(X}, X3)|X1]))*] — B [(B [o(X}, X3)| Xa])*] + B [® (X}, X2)] = 0F_prgpe;
from (55), we deduce that
2 a.s,
E | (ViUnn, (X3))’[X0] 25 02 pagpe.
Since b
s (,c (VAU p, (XH7)[X,) ,N(o,ozwp@m)) N

this allows to conclude that:

dz (£ (ViU n, (X3)[X0) N (0,03 prgpe) ) 22 0.
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5.10 Proof of Corollary 2

Let us fix 7 in (0,1), and recall that we aim at proving that, under the same assumptions as in Theorem 3,

(Xp) — @ L, (1),

*
qn,cp,’r] n—+oc 00 hP1®P2

where q;, , (X,,) denotes the 7-quantile of \/nUp s, (XE”) given X,,.

Here, unlikely for the bootstrap approach, we only have in Theorem 3 a consistency result in probability. Thus,
we use the same argument of sub-sequences as in the proof of the Theorem itself, in order to come down to an
almost-sure convergence.

So let us consider an extraction ¢g : IN — IN which defines a sub-sequence.

Then, by Theorem 3, there exists an extraction ¢; such that

dpr (ﬁ (\/ $10 G0 (n)Us, 060 (n), .y (Xq{’;;j";’;)) ’X¢10¢0(n)) N (07‘7;21%,,191@132)) n%; 0. (56)

In particular, applying [59, Lemma 21.2] on the event where the convergence above is true, we directly obtain
that

a.s, 1
oroso(m)om (Xorosom) 2 Lo (),

n—+oo h Plgp2

which ends the proof.

5.11 Proof of Theorem 4

As for the bootstrap approach, we focus on the case A* = A;Ta (X.,), the proof in the other cases being similar.
Given « in (0, 1), we deduce from Corollary 2 that
N P _
qn,:,a,l—a (Xn) — @

oo 00 2 e (1-a) (57)
Then, from Proposition 4 and Slutsky’s lemma, under (Ho), (v/nUnn(Xn), ¢} 41— (Xn)) converges in distri-
bution towards (Z,®; . (1 — «)), where Z ~ N (0, Uzw pigp2)- Therefore, under (Ho),

" he, P ’

1gp2

P (\/ﬁUn,h¢ (Xn) > q:;,cp,l—oz (Xn)) A

n—-+o0o

As for the consistency under (H;), we can argue exactly in the same way as for the bootstrap, to end the proof.

5.12 Proof of Proposition 8

In order to obtain the asymptotic results in Proposition 8, it is sufficient to prove that

V(=) Bt D)) By g1 (1—a). (58)

n—oo Us Uh plgp2
Then, we conclude using exactly the same arguments as in the proof of Theorem 4.

To obtain (58), we follow the proof of [59, Lemma 21.2].
Let us introduce some more notations.

e Let F)yx be the conditional cumulative distribution function (c.d.f) of £ (vVnUn n,, P;[X;), and let us
first show that b
— 0. (59)

n—r oo

sup Fﬁxn( z) — (I)OG' (2)

1 2
2€R ’ h,P1®@P

As Theorem 3 provides only a convergence in probability, similar arguments of subsequences as in the
proof of Corollary 2, have to be used. Let ¢y be an initial extraction and ¢; be the extraction such that
(56) is satisfied. As convergence in the dpy, metric is equivalent to a weak convergence, and as the limit is

a.s,
continuous, by [59, Lemma 2.11] we obtain that supzeR’ 31060(n), meo(n)( z) — ®070i1p1®p2 (2) 7 0.

This being true for any initial subsequence ¢g, we obtain (59).
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e Let F;g& denote the empirical c.d.f of £ (y/nUy,p,, P}|X,;,) associated to the sample (II}, ..., II5"), that
is

1 &

Vz € R, F;g{;(z) = B, gﬂ{ﬁm,hw(xfg)é%.

Then, by the DKW inequality (see [59] p.268 for instance), we obtain as in the proof of Proposition 5,

sup F;;g:(z) - Frx, (2) L. (60)
z€R n—r 00

e Finally, let
Bn+1

1
* B, .
Gn,Xn(z) = 7371 11 bE ]l{\/ﬁU*bgz}'

=1

. *B, o *x B,
Since G352 (2) = 5ty (Lymon. cenyee) + BFuie, ()

2
G*Br (z) — FrBr ‘ < a3 61
2161111; n,Xp, (Z) n,Xp (Z) — B, +1 n— ( )
Finally, combining (59), (60) and (61), we obtain that
* B, o 5 P
2161]11:){ G ¥ (2) (I)O’ah,P1®P2 (2) = 0. (62)

Since )

\/EU*(f(l—Oz)(Bn,-i'lﬂ) = (G;ggn) (1-a),

we conclude in the same way as in the proof of Proposition 5.

5.13 Proof of Proposition 9

1 B
Under (Hy), from Proposition 6, we deduce that Xn",...,Xn",X,, and hence also U*L,... U*B+D  are
exchangeable real-valued random variables. Then,

B+1
P (U*(B—i-l) - U*(((l_axmn])) - P <; Ligncguminy = (B+1) = (B + 1)J>
B+1
= P <Z H{U*bZU*(B+1)} S LQ(B + 1)J>
b=1

Bt1
= P <Z Legosyaminy < (B + 1))

b=1

By exchangeability of U*!, ..., U*B+D applying Lemma 1 in [51], whose proof is given in [2], we finally obtain
that:
P (U*(BJrl) > U*(]’(lfa)(BJrl)])) <o

5.14 Proof of Proposition 1

Let us prove that i = hecoine 1s continuous for the topology induced by d in any (x0,y0) € Cs satisfying

{ab} U{d ) n ({22 £ 6} U {2 £6)) =0

Consider a sequence {(n, yn)}, e Of elements of X% x X2, where x,, = (z},22) and y,, = (y2,y2) such that
d ((Zn,yn), (Xo,y0)) — 0 and (zg, yo) belongs to Cs.
n—r oo

We want to show that |h (2, y,) — h (zo,y0)] — 0.
n— o0
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For an element z in X', we denote by N, the count function defined by:

Nz(t) = /]l{ugt}sz(u).

Since (20, yo) is in Cs, for any to in {2 £} U {y§ £ 6}, to ¢ xf, which means that N, is continuous in to:
377,50 >0 / Vit € [0, 1], |f — t0| < Mt = Nxé(t) = Nm (to)

1
0

As {x% + (5} U {y% + 6} is finite, Mol = mintoe{mgié}u{ygié} M, > 0 is well defined, and satisfies

Yu € {z%:l:é}U{y%:l:(S}, vt € [0,1], |t7u|§nl[1) = Nmé(t):]\fmé(u).
By the same argument using continuity of Ny over {3 6} U {yd £}, we can find Nys > 0 such that
Vue {zf £6}U{ys £}, Vte[0,1], t—ul<my = Nu(t)=Nyu(u).

Since saying that (zo,y0) belongs to Cs is equivalent to saying that ({3} U {y3}) N ({z§ 0} U {ys £d}) =10,
we can construct 7,2 and 7,2 satisfying

t—u|§nz = Nz(t):Nz(u),
Vu e {ap 5V Uiyl £6), vt e0,1], {' o o o
Finally, if n = min {nzé,nyg,nmg,nyg} >0,
N, (t) = Ny (s),
Vse{af£6}U{yi£6}, Vte[0,1], |t—s/<n = { Nyf(t) :Nyf(s), (63)
0 0
e (t) = Noa(s)
N _2(t) = N 2(s
1 1 _ x x )
Vse{zg£6}U{yg+d}, vte[0,1], [t—s|<n = { Nyg(t) :Nyg(s). (64)

From the definition of d, we deduce that:

Il e / SUP¢e(o,1] /\'}z(t) - t‘ < %11
" SUP¢e(0,1] Npi(t) = N,

wnd su A2(t) —t| <
12 e Piecio,1] |[Mn R
" Subyefo 1) |Nez (6) = Nog (A3 (0))| < 4. (2-0)

Notice that similar results occur for ¥, and yg, but there are not detailed here since we will not use them
explicitly.

By definition of h,

1
h(@n,yn) = h(@0,50) = 3 //ﬂ{\uw\s(s} {dN,1dN,2 + dN,1dNy2 — dN,1dN,2 — dN,1dN,z2 } (u,v)
1
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Then,
1
B (@nya) = h @o.90) = 5 [ [ Lgu-vizo) | ANy () (dNag — AN,z ) (0) + dNyy (u) (dN,2 — ANz ) (0)

— AN, (u) (dNy% - dNyg) (v) — dN, (u) (degy - szg) (v)

+ (sza - dNI[l)) (u) dN,z (v) + (dNy}L - dNyé) (u) AN,z (v)

- (dNI; - szé) (u) ANz (v) + (dNy% - dNyé) (u) dN,3 @)) . (65)

By symmetry of the problem, we just need to study the terms A, := [[ Lfj,_y|<s} (de}l - dNIé) (u) dN,z (v),
and By = [ 1gju_vj<s1dNp1 (1) (sz% _ deg) (v).
Study of A,.
A = //ﬂ{\ufv@} (sz; _deg) (u) dNg3(v)
// (Tucorsy = Liuco—sy) (de; - ng,-g,) (u) AN,z (v)

= //ll{ugv-i-é} (djvz}l - deé) (u) deg(’U) - //]l{u<v—6} (djvz}l - deé) (u) sz% (’U)

We have that:

}//]l{ugvﬂ} (ng,-; - sz(l)) (u) AN,z (v)

_ }/ (v +6) — (v+5)) 2 (0)

(T+5)‘

A
g R
?
’ﬂ
+
>

AN
=
N
+
>,
=
=
+
&)

Now, using the notation N, = [ T{u<tydNg1 (u),

'//]l{u@_a} (dNI}l . dN%) (u) dN,2

Tex?
Therefore,
|4, < (’N (T +6) = Ny (AL(T +9)) ‘+’Nzé T +6)) — (T+5)’
Tex?
+‘NEI(T_5)_N$1(T_5)}>. (66)
n 0
Let us study individually each term in the sum.
Fix T in 23. By (1-ii),
‘N (T+6) = Ny (AL (T+6))’ l<e (67)

From (1-i), we derive that |A,(T + 6) — (T'+6)| < % < n which, with (63), implies that

‘Nzé (AL(T +8)) — Ny (T + 5)‘ = 0. (68)
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As N, (T'—6) = lim N, (u), there exists ur € [T'— 6 —n/4,T — o[ such that

u—T—9
u<T—6
[N (T =8) = Ny (ur)| <,
" ‘N (T —8) = N (T - 5)‘<5+\N11 (ur) = Nyy (AL (ur)) ‘ ‘N M(ur)) = N (T —8). (69)

From (1-ii), one has ’Nz}l (ur) — N (A%(UT))‘ <I<e
Then, by continuity of N1 in 7' — 4, first remark that N_,(T' — §) = N, (T — §). Moreover, by (1-i) and
9

construction of ur,

n

M(ur) = (T = 8)] < [N (ur) = ur| + |ur = (T =8| < T+ 7 <,
hence, using (63), ’Nzé (AL (ur)) — N (T — 5)‘ -
So finally, (69) gives
’N (T —8) = N (T - 5)‘ < 2. (70)
Combining (66), (67), (68), and (70), we obtain that:
|An| < 3e#tas, (71)

for any n > nyg.

Study of By. Recall that By = [ 1ju—uj<s)dNay (u) (dNoz — dNyz ) (0).
As for A,,, we can upper bound B,, by a sum of several terms, that can be studied separately.

//n{ugv-l-é}de}L (u) (dNaci - deg) (U) - //ﬂ{u<v—6}de}L (u) (dNaci - deg) (U)

3 (N (T +6) — (T+6)) 3 (N (T —6) = Ny, (T - 5))

B,

Tex) Tex}
So
Bn < |Bn,1| + |Bn,2| + |Bn,3| =+ |Bn,4|a (72)

with:

Bui = 3 (N (T46) = Ny (2 (T +9)))

Tex)

Bns = Z (Nag (02 (T +8)) = Nog (T +9))

Bns = Z (Nx =N (X (T - 5))) :

Bpa = (NZZ (A2 (T = 8)) + N (T 5)) .

The control of B,, is quite similar as the one of A, except that the sums are over T' € z instead of T' € x{,
which prevents us to use (64) and (63) directly.

Control of B,, ;.

From (2-ii), we first deduce that |N,2 (T'+6) — N,z (N2 (T + 5))‘ <eg,so

|Bpa| < e#tal. (73)
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Control of B, ».

One can easily see that:

Bn,2 //ﬂ{vgk%(u-i-&)} - ﬂ{vﬁu-ﬁ-é}deg(v) dNZ}L (u)

// (1= T ucon)rw-sy) = (1= Luzomsy) ANz (v) AN ()
S (N @ =8 =N, () (1) - 9).

Tex?

Fix now T in x%.

N (T —68)— N (A2) 7

1 1
n ZTL

(T) — 5)‘ < ‘N; (T =) = Ny (T — 5)‘ + ’Nzé(T—é) - N () ) _5)’.

= 1
n

As shown in (69),

NG (T = 8) = Ny (T — 5)‘ < 2.
Furthermore, take vy € [()\%)_1 (T)—6 —n/4, (A%)_l (T) — 5{ such that
[NV ((32) 7 (1) = 6) = No (vr)| < e,

So,

Ny (T = 8) = N3 (02) 7 (1) = 0)| < & [Ny (0r) = Nyg (M (0r))| + | Ny (Mh(0r)) = Noa (T = )]

1
0

By construction of vr and A}, (see (1-i7)), | Nyt
Because of (63) which is feasible as [A}(vr) — (T — 6)| < [AL(vr) —vr| + |vr — (T = 0)| < 2+ 4 < n by (1-i)
Noy (A (vr)) = Noy (T = 8)| = 0.

_ -1
Hence, ’Nxé(T —8) = N (X)) (1) - 5)] < 2.
Finally,

Noi (vr) = Ny (A;(vT))‘ <e.

and the construction of vp,

NG (7= 8) = N (02) 71 (1) - 6)| < 4

and
|Bpo| < dedtag. (74)

Control of B, 3.

First, for all T in 2}, we find some v,, 1 €]0,71/4] such that
Vue [l —0—vnr, T -0, ‘Nz} (T —6)— N, (u)‘ <e.
Setting v, = minpe,1 Vp,r,

Bagl < Y [Np (T=0)=Noa (T =5 —va)| + 3 [Naz (T =6 = v) = Nog (02 (T = 6 = )|

Texl, Texl,

30 (Nag 02 (T = 6= w)) = N (02 (T =) )|

Texl

For each T,

Therefore,

N (T =6) = Ny (T =5 —vy)

< eand ‘Nzi (T =8 —vo) = Nyz (A2 (T — 5 — un))‘ < & by (2-ii).

|Busl < 2epal + | S (Nzg (A2 (T =6 —vn) = Nz (A2 (T — 5))) .

Texl
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Now,

3 (ng()\i(T—(S—un)) - N (22 (T—é)))

Texl
= //]l{vg)\%(u,g, DY — Loz 2 (y— 5)}dNX1 (u) deg(’U)

=2 (Nx; (()\ (T )+6) (()\2) Y1 )+6+1/n)).
For each T in z3,

N (02) (T ) S (0T @) o+ w)

)
Nay ((2)7H )+ ) o (n (02) @) +9))
‘N () )) 3 (A (0D @+ 0+ ))
‘N (027« +5+1/n)) N ((82) 1(T)+5+yn)
<2+

(0 (0T @ +04v)) = NG () (@) + 5+ )|
3).

where the last line comes from (1-i7), and (6
We now find some wy € {()\%)_1 (T)+ 6 +vn—n/4, (A%)_l (T)+6 + l/n[ such that

Ny ((2) 7 (1) +6 4 w) = Ny (wr)| <
‘Nzé (A}l ((Ai)‘l (T) + 6 + un)) -N; ((Ai)‘l (T) + 6 + yn)
< \Nwé (M () @+ 0+ v)) = Ny (A (wT))\ + \Nwé (AL (wr)) = Ny (wr)| +e.

From (1-ii), we deduce that ‘N (An (wr)) = Na1 (wT)} <e.
Due to (63), (1-i), and the construction of wr,

(A () @ 464m)) - @0 <2<,

and

| (A (wr)) = (T = 9)] |(A (wr) = wr) | + [wp — (T = 0)]

VAN VAN VAN

SO

‘Nm(g ()\711 (()\,21)*1 (T)+ 0+ un)) — Ny (AL (wT))‘ 0.
As a consequence,
< 4e,

N (02)7 @)+ 0) - N5 (02)7 @) 464 0m)

and

|Bn.a| < 2e#tx;, + deftay. (75)
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Control of B, 4.

Bn,4 = // (n{v<)\i(u—6)} - ]l{v<u—6}) sz% (’U) sz}l (u)
- ¥ (Nmi(TJrcS) ~ N ((/\,2,)‘1 (T)+5))
Tex?

Let us fix 7" in 3. We have

Ny (T+8) = Noy (2) 7 (D) +6)| < [Nay (T +6) = Ny (AL (T +9))|
[Noy T+ 8)) = Ny (M (02) 71 () +9))|
Ny (0 ()7 @) +0)) = Vo (2) 71 () +9))

The first and the last terms are upper bounded by € due to (1-i).
Furthermore, since

+

+

N, (A}l ((Ai)’l (T) + 5)) = Ny (T +38) = Ny (AL (T +9)),
by applying (63) and using (1-i) and (2-).

[Ny (4 (T4 8)) = Ny (01 (02) 7 (1) +6) ) | =0,

So finally,
|Bpal| < 2e#ap. (76)

Combining (72), (73), (74), (75), and (76), we can conclude that:
|B,| < 3e#tal + 10e#ta?. (77)

We now just need to remark that (#x}l)n>n0 is bounded because it converges to #z}. Indeed, since #zl =
Ny (1), #x5 = Ny (1) and for every n, A, (1) = 1,

[y = b = [Nay () = Ny
= [V - Ny (L)
v 0.

With (65), (71), and (77), this concludes the proof of Proposition 1.

Acknowledgments

We are grateful to F. Grammont for fruitful discussions. This research is partly supported by the french Agence
Nationale de la Recherche (ANR 2011 BS01 010 01 projet Calibration) and by the PEPS BMI 2012-2013
Estimation of dependence graphs for thalamo-cortical neurons and multivariate Hawkes processes.

References

[1] M. A. Arcones and E. Giné. On the bootstrap of U and V statistics. The Annals of Statistics, 20(2):655-674,
1992.

[2] S. Arlot, G. Blanchard, and E. Roquain. Some nonasymptotic results on resampling in high dimension, i:
Confidence regions. The Annals of Statistics, pages 51-82, 2010.

[3] S. Arlot, G. Blanchard, and E. Roquain. Some nonasymptotic results on resampling in high dimension, ii:
Multiple tests. The Annals of Statistics, pages 83-99, 2010.

45



4]

[5]
(6]

7]
8]
19]

[10]

[11]

[12]

[13]
[14]

[15]
[16]
[17]

18]
19]
[20]
[21]
[22]
23]
[24]
[25]

[26]

P. J. Bickel and D. A. Freedman. Some asymptotic theory for the bootstrap. The Annals of Statistics,
9(6):1196-1217, 1981.

P. Billingsley. Convergence of probability measures, volume 493. Wiley-Interscience, 2009.

J. R. Blum, J. Kiefer, and M. Rosenblatt. Distribution free tests of independence based on the sample
distribution function. The Annals of Mathematical Statistics, 32(2):485-498, 1961.

P. Brémaud and L. Massoulié. Stability of nonlinear Hawkes processes. The Annals of Probability,
24(3):1563-1588, 1996.

J. Bretagnolle. Lois limites du bootstrap de certaines fonctionnelles. Annales de lVinstitut Henri Poincaré
(B) Probabilités et Statistiques, 19(3):281-296, 1983.

B. M. Brown. Martingale central limit theorems. The Annals of Mathematical Statistics, pages 59-66,
1971.

L. Carstensen, A. Sandelin, O. Winther, and N. R. Hansen. Multivariate Hawkes process models of the
occurrence of regulatory elements and an analysis of the pilot ENCODE regions. BMC' Bioinformatics,
11(456), 2010.

E. Chung and J. P. Romano. Exact and asymptotically robust permutation tests. The Annals of Statistics,
41(2):484-507, 2013.

D. J. Daley and D. Vere-Jones. An introduction to the theory of point processes. Vol. I. Probability and
its Applications (New York). Springer-Verlag, New York, second edition, 2003. Elementary theory and
methods.

H. Dehling and T. Mikosch. Random quadratic forms and the bootstrap for U-statistics. Journal of
Multivariate Analysis, 51(2):392-413, 1994.

R. M. Dudley. Real Analysis and Probability. Number 74 in Cambridge studies in advanced mathematics.
Cambridge University Press, 2nd edition, 2002.

B. Efron. Bootstrap methods: another look at the jackknife. The Annals of Statistics, 7(1):1-26, 1979.
R. A. Fisher. The design of experiments. 1935.

M. Fromont. Model selection by bootstrap penalization for classification. Machine Learning, pages 165-207,
2007.

M. Fromont, B. Laurent, and P. Reynaud-Bouret. The two-sample problem for poisson processes: Adaptive
tests with a nonasymptotic wild bootstrap approach. The Annals of Statistics, pages 1431-1461, 2013.

G. L. Gerstein and D. H. Perkel. Simultaneous recorded trains of action potentials: analysis and functional
interpretation. Science, 164:828-830, 1969.

A. Gretton, K. Fukumizu, C. H. Teo, L. Song, B. Schélkopf, and A. J. Smola. A kernel statistical test of
independence. NIPS Proceedings, 20:585-592, 2007.

A. Gretton and L. Gyorfi. Consistent nonparametric tests of independence. The Journal of Machine
Learning Research, 11:1391-1423, 2010.

A. Gretton, R. Herbrich, A. J. Smola, O. Bousquet, and B. Scholkopf. Kernel methods for measuring
independence. The Journal of Machine Learning Research, 6:2075-2129, 2005.

S. Griin. Unitary joint-events in multiple-neuron spiking activity: Detection, significance and interpretation.
PhD thesis, Thun: Verlag Harri Deutsch, 1996.

S. Griin. Data-driven significance estimation for precise spike correlation. Journal of Neurophysiology,
101:1126-1140, 2009.

S. Griin, M. Diesmann, and A. M. Aertsen. Analysis of parallel spike trains, chapter Unitary Events
analysis. Springer Series in Computational Neuroscience, 2010.

S. Griin, M. Diesmann, F. Grammont, A. Riehle, and A. M. Aertsen. Detecting unitary events without
discretization of time. Journal of Neuroscience Methods, 93:67-79, 1999.

46



27]

28]
29]
[30]
31]
32]
[33]
[34]

[35]
[36]

37]

[38]

139]
j40]
ja1]
j42]
j43]
j44]
J45]
J46]

[47]

(48]

G. Gusto and S. Schbath. FADO: a statistical method to detect favored or avoided distances between
occurrences of motifs using the Hawkes” model. Statistical Applications in Genetics and Molecular Biology,
4:Art. 24, 28 pp. (electronic), 2005.

N. R. Hansen, P. Reynaud-Bouret, and V. Rivoirard. Lasso and probabilistic inequalities for multivariate
point processes. To appear in Bernoulli, 2014. http://arxiv.org/abs/1208.0570.

W. Hoeffding. A class of statistics with asymptotically normal distribution. The Annals of Mathematical
Statistics, 19(3):293-325, 1948.

W. Hoeffding. A non-parametric test of independence. The Annals of Mathematical Statistics, 19(4):546—
557, 1948.

W. Hoeffding. The large-sample power of tests based on permutation of the observations. The Annals of
Mathematical Statistics, 23(2):169-192, 1952.

W. Hoeffding. The strong law of large numbers for U-statistics. Institute of Statistics, Mimeograph Series
No. 302, 1961.

L. Horvéath and M. Huskové. Testing for changes using permutations of U-statistics. Journal of Statistical
Planning and Inference, 128(2):351-371, 2005.

H. Hotelling and M. R. Pabst. Rank correlation and tests of significance involving no assumption of
normality. The Annals of Mathematical Statistics, 7(1):29-43, 1936.

M. G. Kendall. A new measure of rank correlation. Biometrika, 30(1-2):81-93, 1938.

A. Leucht and M. H. Neumann. Consistency of general bootstrap methods for degenerate U-type and
V-type statistics. Journal of Multivariate Analysis, 100(8):1622-1633, 2009.

Y. Ogata. On Lewis’ simulation method for point processes. IEEE Transactions on Information Theory,
27(1):23-31, 1981.

K. Pearson. On the criterion that a given system of deviations from the probable in the case of a correlated
system of variables is such that it can be reasonably supposed to have arisen from random sampling. The
London, Edinburgh, and Dublin Philosophical Magazine and Journal of Science, 50(302):157-175, 1900.

K. Pearson. On the probability that two independent distributions of frequency are really samples from
the same population. Biometrika, 8:250-254, 1911.

V. Pernice, B. Staude, S. Cardanobile, and S. Rotter. How structure determines correlations in neuronal
networks. PLoS Computational Biology, 7(5):¢1002059, 2012.

G. Pipa, M. Diesmann, and S. Griin. Significance of joint-spike events based on trial-shuffling by efficient
combinatorial methods. Complexity, 8(4):1-8, 2003.

G. Pipa and S. Griin. Non-parametric significance estimation of joint-spike events by shuffling and resam-
pling. Neurocomputing, 52—-54:31-37, 2003.

E. J. Pitman. Significance tests which may be applied to samples from any populations. Suppl. Jjournal
of the Royal Sstatistical Ssociety, 4:117-130, 1937.

E. J. Pitman. Significance tests which may be applied to samples from any populations: II. The correlation
coefficient test. Suppl. Jjournal of the Royal Sstatistical Ssociety, 4:225-232, 1937.

E. J. Pitman. Significance tests which may be applied to samples from any populations: III. The analysis
of variance test. Biometrika, 29:322-335, 1938.

C. Pouzat and A. Chaffiol. Automatic spike train analysis and report generation. an implementation with
r, r2html and star. Journal of Neuroscience Methods, pages 119-144, 2009.

P. Reynaud-Bouret, V. Rivoirard, F. Grammont, and C. Tuleau-Malot. Goodness-of-fit tests and nonpara-
metric adaptive estimation for spike train analysis. Technical report, http://hal.archives-ouvertes.fr/hal-
00789127, 2013.

P. Reynaud-Bouret, V. Rivoirard, and C. Tuleau-Malot. Inference of functional connectivity in neuro-
sciences via Hawkes processes. In 1st IEEE Global Conference on Signal and Information Processing, 2013,
Austin Texas.

47



[49]
[50]
[51]
52|
53]
[54]

[55]
[56]

[57]

[58]
[59]
[60]
[61]

[62]

J. P. Romano. Bootstrap and randomization tests of some nonparametric hypotheses. Technical Report
270, Dept. Statistics, Standford Univ., 1987.

J. P. Romano. Bootstrap and randomization tests of some nonparametric hypotheses. The Annals of
Statistics, 17(1):141-159, 1989.

J. P. Romano and M. Wolf. Exact and approximate stepdown methods for multiple hypothesis testing.
Journal of the American Statistical Association, 100(469):94-108, 2005.

H. Rubin and R. A. Vitale. Asymptotic distribution of symmetric statistics. The Annals of Statistics,
pages 165170, 1980.

L. Sansonnet and C. Tuleau-Malot. A model of Poissonian interactions and detection of dependence.
Technical report, http://hal.archives-ouvertes.fr /hal-00780598, 2013.

H. Scheffe. Statistical inference in the non-parametric case. The Annals of Mathematical Statistics,
14(4):305-332, 1943.

R. L. Schilling. Measures, integrals and martingales, volume 13. Cambridge University Press, 2005.

W. Singer. Synchronization of cortical activity and its putative role in information processing and learning.
Annual Review of Physiology, 55:349-374, 1993.

C. Tuleau-Malot, A. Rouis, F. Grammont, and P. Reynaud-Bouret. Multiple tests based on a Gaussian ap-
proximation of the Unitary Events method. Technical report, http://hal.archives-ouvertes.fr /hal-00757323,
2012.

A. W. Van der Vaart and J. A. Wellner. Weak Convergence and Empirical Processes. Springer, New York,
1996.

A.W. Van der Vaart. Asymptotic statistics. Cambridge series in Statistical and Probabilistic Mathematics,
1998.

V. S. Varadarajan. On the convergence of sample probability distributions. Sankhya: The Indian Journal
of Statistics (1933-1960), 19(1-2):23-26, 1958.

V. Ventura. Analysis of parallel spike trains, chapter Bootstrap tests of hypotheses. Springer Series in
Computational Neuroscience, 2010.

J. Wolfowitz. Additive partition functions and a class of statistical hypotheses. The Annals of Mathematical
Statistics, 13(3):247-279, 2042.

48



