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SAMPLING, INTERPOLATION AND RIESZ BASES IN SMALL FOCK
SPACES

A. BARANOV, A. DUMONT, A. HARTMANN, K. KELLAY

ABSTRACT. We give a complete description of Riesz bases of reproducing kernels in small
Fock spaces. This characterization is in the spirit of the well known Kadets—Ingham 1/4
theorem for Paley—Wiener spaces. Contrary to the situation in Paley—Wiener spaces, a
link can be established between Riesz bases in the Hilbert case and corresponding complete
interpolating sequences in small Fock spaces with associated uniform norm. These results
allow to show that if a sequence has a density stricly different from the critical one then
either it can be completed or reduced to a complete interpolating sequence. In particular,
this allows to give necessary and sufficient conditions for interpolation or sampling in
terms of densities.

Résumé. Nous donnons une description complete des bases de Riesz de noyaux repro-
duisants dans les espaces de Fock pondérés par un poids radial & croissance lente. Cette
caractérisation est de méme nature que celle du Théoreme 1/4 de Kadets—Ingham pour les
espaces de Paley—Wiener. Contrairement a la situation dans les espaces de Paley—Wiener,
on peut établir un lien entre les bases de Riesz dans le cadre Hilbertien et les suites
d’interpolation completes dans les petits espaces de Fock munis de la norme uniforme
associée. Ces résultats permettent de montrer que si une suite a une densité stricte-
ment différente de la densité critique alors elle peut étre soit complétée soit réduite a une
suite d’interpolation complete. En particulier, cela nous permet de donner des conditions
nécessaires et suffisantes en termes de densité pour qu’une suite soit d’interpolation ou
d’échantillonnage.

1. INTRODUCTION AND MAIN RESULTS.

Interpolation and sampling problems are well studied objects. Complete results for
corresponding sequences are known for broad classes of spaces of analytic functions. We
refer the reader to the monograph by Seip for an account on these problems [25]. Two
prominent examples here are the Fock spaces and the Bergman spaces. For these, interpo-
lating and sampling sequences have been studied by Seip in the classical situation. More
general weights have been discussed in the 1990s by Berndtsson and Ortega-Cerda [4],
Lyubarskii and Seip [15], later by Marco, Massaneda and Ortega-Cerda [17] for weights
whose Laplacian is a doubling measure, and in [6] for radial weights growing more rapidly
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than polynomially. More recently, a series of results was obtained for ”small” (i.e., with
slowly growing weights) versions of these spaces. In this case the geometric properties of
sampling/interpolating sequences change significantly. Seip showed that in small Bergman
spaces, locally, interpolating sequences look like interpolating sequences in Hardy spaces
[26]. In small Fock spaces, Borichev and Lyubarskii recently exhibited Riesz bases of re-
producing kernels [7]. In this paper we will investigate further the situation of small Fock
spaces JFE for the weight (2) = a(log™ r)2. We focus on the Hilbert situation p = 2 and on
the case p = oco. As it turns out, no density characterization can be expected for interpola-
tion or sampling. There are actually sequences which are simultaneously interpolating and
sampling, also called complete interpolating sequences. Note that complete interpolating
sequences necessarily have critical density (as defined below). We also provide sequences
with critical density which are neither interpolating nor sampling for p = 2, co.

The central result of this paper is a characterization of complete interpolating sequences
when p = 2 which is in the spirit of the famous 1/4 Kadets—Ingham theorem in the
Paley—Wiener space [12, 14] and its more general version due to Avdonin [1]. A different
characterization using in particular a Muckenhoupt type condition and based on different
techniques is discussed by Belov, Mengestie and Seip for more general spaces in [3]. The
novelty of our approach is the use of a rather elementary Hilbert space result, namely Bari’s
Theorem, adapted to our situation. Moreover, we will show that, surprisingly, the same
characterization applies to complete interpolating sequences in F2°, the L*>-counterpart
of the Fock space .7-"3;. From our characterization, we will also deduce sufficient density
conditions for interpolation and sampling.

We also would like to emphasize the connection between these spaces and the de Branges
spaces [8]. The complete interpolating sequence introduced by Borichev and Lyubarskii in
[7] defines a generating function G which, when p = 2, allows to identify the Fock spaces we
are interested in with the de Branges space H(G). Consequently, the measure dz/|G(z)[?
is a sampling measure for our Fock spaces, which answers a question raised in [19, Section
4.3 p.142]. Note that in [18], the authors consider sampling and interpolation in the class
of de Branges spaces for which the phase function defines a doubling measure. Our space
corresponds to the situation when the phase function is locally but not globally doubling
so that their results apparently do not apply here. Still it can be observed that these
authors obtain a similar kind of density characterization as ours when p = 2 (at least for
real sequences they consider).

1.1. Definition of small Fock spaces. We now introduce the necessary notation. Let
¢(2) = a(log’ |2])?, @ > 0, which is a subharmonic radial function with ¢(r)  +oo,
r — 400, and define the associated Fock space,

~{FERa(©): fI2, = [ IR dm(z) < oo},

In [7] Borichev and Lyubarski have shown the existence of complete interpolating sequences
in .7-"3 (i.e., simultaneously interpolating and sampling for .7-"5, see precise definitions below).
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The sequence they introduced will be the reference sequence for our considerations:

n+1

=T,={e%e},5, 0,€R (1)

In order to define sampling and interpolating sequences for ]:3,, we consider first k,, the
reproducing kernel of F2:

(f.k:)z2 = f(2), feFl, zeC

According to [7, Lemma 2.7], the kernel admits the following estimate:
e20(z)

k|2, =k,(2) < ——,
" H,2 (Z) 1‘+|ZP

z e C. (2)

The sequence A C C is called sampling for .7:3, if

A 2
R = 1P = 3 'f<<;') L fer

k
xen A

and interpolating if for every v = (va)xea € €54 , 1€, |[v]lp2,a < 00, there exists f € F
such that

UZZ‘ﬂA.

Let k) = ky /|| k» |2 be the normalized reproducing kernel at A\. Let A C C. We say that
{kx}rea is a Riesz sequence in .7-"; if for some C' > 0 and for each finite sequence {a,}, we

have
1
a2 lal <Y akll,, <CY laf

A€A AEA A€A

and a Riesz basis if it is also complete. It is well known that A is interpolating if and only
if {ky}rea is a Riesz sequence, and A is complete interpolating if and only if {ky},ca is a
Riesz basis in ]:3,.

It should be mentioned that our case ¢(r) = a(log™ 7)? corresponds to the critical growth
of the weight for which Riesz bases of reproducing kernels exist. Recall that, by the results
of Seip and Seip—Wallstén [22, 27] there are no complete interpolating sequences for the
classical Fock space (i.e., for ¢(r) = r?). For more general (in particular, rapidly growing)
weights the same was shown in [6, 17, 15] (see also [25] as a general source). Some examples
of slowly growing weights such that no complete interpolating sequences exist were given
in [13]. Finally, Borichev and Lyubarskii [7, Theorem 2.5] have shown that, under some
regularity conditions, if (log" r)? < (r) < r?, then the corresponding Fock space does
not possess a Riesz basis of reproducing kernels.

On the contrary, if p(r) = a(log™r)?, 1 < B < 2, then in the space .7-"; there exist
Riesz bases of reproducing kernels corresponding to real points [7]. Note that if a Fock
type space contains a Riesz basis {ky}ea with A C R, then it coincides with a de Branges
space with equivalence of norms (see, e.g., [3, Section 2.3]). All de Branges spaces which
are Fock spaces were explicitly described in [2].



4 BARANOV, DUMONT, HARTMANN, KELLAY

1.2. Description of complete interpolating sequences in .7-"3. Our central result is a
characterization of complete interpolating sequences in terms of their deviation from the
sequence I' =T, defined in (1).

Before stating the theorem we need to define separation as in [17, 7]. Set

p(z) = (Dp(2) 772,
where Ap(r) = ¢"(r) + ¢'(r)/r, r > 0. We associate with p a “distance” (a semi-metric):
|2 — wl
1+ min(p(z), p(w))

Note that when z, w are in a fixed disk, this distance is comparable to Euclidean distance.
The sequence A C C is said to be d,-separated if there is dy > 0 such that

inf{d,(z,w) : z,w € A, z# w} > dj.
In the specific situation (1) = a(log™ )2, we have p(r) = r/v/2a, r > 1. Hence

zZ,w) = =
Doz w) = V20 Tl

In particular, for § < 1 and 0 # X € C the ball corresponding to this distance is given by
D,(\,B) :={2€C:d,(z,\) < p}.

When f is small, D,(), 3) is comparable to a Euclidean disk D(A, ¢|A|) with a suitable
constant ¢ depending on 3. From this we deduce that A is d,-separated if and only if there
exists ¢ > 0 such that the Euclidean disks D(A, c|\|), A € A, are disjoint.

d,(z,w) = , z,w € C.

n+1

Theorem 1.1. Let a > 0, ¢(r) = a(log™r)?, let T = {y,}ns0 = {€20 }n>0 and let
A = { N\ aso with Ay = Y€ (N, | < [Ansil, 0, € R. Then {ky}rea is a Riesz basis for
.7:2 if and only if the following three conditions hold.

(a) A is d,-separated,
(

b) (6n) € €°°
(c) there exists N > 1 and § > 0 such that
n+N
sup } Z 54 5<—a.
k=n+1

For N = 1, condition (c) of Theorem 1.1 becomes sup,, |6,| < 1/4, which resembles a
well-known stability result for complete interpolating sequences in the Paley—Wiener space
(equivalently, Riesz bases of exponentials) — the famous 1/4-Theorem due to Ingham and
Kadets (see, e.g., [12, 20]). Also, for arbitrary N, Avdonin considers the sufficiency of that
condition in the Paley—Wiener space [1]. However, there is an essential difference since
complete interpolating sequences in the Paley—Wiener space can not be described in terms
of perturbations and more subtle characteristics (e.g., the Muckenhoupt condition) appear
[12], while in the case of spaces of very slow growth such a characterization turns out to be
possible. As already mentioned, very close results were obtained by Belov, Mengestie and
Seip in [3] where the boundedness and invertibility problem of a discrete Hilbert transform
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on lacunary sequences was solved. Though Theorem 1.1 is not formally covered by the
results stated in [3] (see Remark 3.1), it seems that one can obtain our characterization
using the methods of that paper. However, as mentioned earlier, our proof being based on
Bari’s theorem is essentially elementary. Note also that (c¢) implies (b) but we prefer to
state condition (b) separately.

As an immediate consequence of Theorem 1.1, the reader should note that if a sequence
{A\.} is complete interpolating then any d,-separated sequence of the form {\,e*"} will be
complete interpolating (as is the case for T'y,).

1.3. Weighted Fock spaces with uniform norm. We also deal with the case p = co.
The corresponding weighted Fock space is defined by

F;o = {f € HOl(C) : ”f”tp,oo = Sug ‘f(z)‘efﬂo(z) < OO}
zE€
A sequence A C C is called sampling for F2°, if there exists L > 0 such that

1£llg0 < Ll fllo0,0 := Lsup [fNle™?™, feFx.
S

A sequence A is called interpolating for F2° if for every sequence v = (vx)rea in C2hs
i.e., such that [|v][,00n < 00, there is a function f € F3° such that v = f|4.

It turns out that there exist complete interpolating sequences for F2° (i.e., as in f;,
simultaneously interpolating and sampling sequences for F2° ), which differs in this respect
from most other known spaces of entire functions (e.g., complete interpolating sequences
exist for the Paley-Wiener space PWP for 1 < p < oo [16], but not for p = 00).

Our second main result is as follows:

Theorem 1.2. Let o(r) = a(log™ )%, a > 0. Then a sequence A is a complete interpolat-
ing sequence for F2° if and only if for some (any) A € A the sequence A\{A} is a complete
interpolating sequence for .7-"3,.

Thus, any complete interpolating sequence for F2° is a small (in the sence of conditions
(a)—(c) of Theorem 1.1) perturbation of the sequence I' = I'U {1}.

We derive from Theorems 1.1 and 1.2 several density conditions for interpolation and
sampling in F2, p = 2, 00. Before stating these results, we need some more notation.

Let A(r, R) be the annulus centered at the origin with inner and outer radii » and R:
A(r,R) := {2 € C: r < |z| < R}. For a d,-separated sequence A we define the lower and
upper densities respectively by

D~ (A) = lim inf inf SX4A DA Br)
R—+o0 >0 log R
and o
N
D+(A) = lim sup sup ar ( (T, r)) .
R—+o00 >0 logR
These densities do not change when we remove or add a finite number of points to A.
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1.4. Density criteria for sampling and interpolation. As an application of our re-
sult on Riesz bases, Theorem 1.1 (as well as Theorem 1.2) we can show that each set
with D' (A) < 2a (respectively D~ (A) > 2a) can be completed (reduced) to a complete
interpolating sequence. More precisely:

Theorem 1.3. Let p(r) = a(log™ r)?, let p= 2,00, and let A be a d,-separated sequence.
Then
(i) if DT (A) < 2a, then A is a subset of some complete interpolating sequence in FPb;
(ii) if D=(A) > 2a, then A contains a complete interpolating sequence in FP.

This result, together with a classical comparison method by Ramanathan-Steger [17, 21],
allows us to deduce our density results.

Theorem 1.4. (Sampling, p = ) Let ¢(r) = a(log” r)?, a > 0. Then
(i) every d,-separated sequence A with D~(A) > 2a, is a set of sampling for F2°;
(ii) if the sequence A s ciset of sampling for F7° then it contains a d,-separated sub-
sequence A with D~ (A) > 2av.

Theorem 1.5. (Sampling, p = 2) Let p(r) = a(logt r)?, a > 0. Then
(i) every d,-separated sequence A with D™(A) > 2a, is a set of sampling for ]:3,;
(ii) if the sequence A is a set of sampling for .7:5, then it is a finite union of d,-separated

subsequences and A contains a d,-separated sequence A such that D=(A) > 2.

Theorem 1.6. (Interpolation, p = 2,00) Let o(r) = a(log” )%, a > 0. Then

i) every d,-separated sequence A wi < 2a is a set of interpolation for FE,

| d,-separated A with D¥(A) < 2a is a set of interpolation for F2
p = 2,00,

ii) if the sequence A is a set of interpolation for FP, p = 2,00, then it is a d,-separate

ii) if th A t of int lati fg 2 then it is a d, ted
sequence with Dt (A) < 2a.

In the case when the density is critical, i.e., DT(A) = D~ (A) = 2a, any of the following
situations may occur: a system may be complete interpolating, either complete or interpo-
lating, and, finally, neither complete nor interpolating (see Section 6 for the corresponding
examples). Thus, there are no density characterizations for sampling or interpolating se-
quences for p = 2, co.

The paper is organized as follows. In the next section, we present some elementary
results on sampling and interpolation in our spaces. Some of them follow from a Bernstein
type inequality that we will also give in this section. Furthermore, we show that the lower
density of a zero sequence has to be less than or equal to the critical density. Sections 3
and 4 are devoted to the proof of our main results (Theorems 1.1 and 1.2), from which
we deduce the density results on sampling and interpolation in Section 5. Examples of
sequences of critical density which are neither sampling nor interpolating are discussed in
Section 6. There we will also show that it is not possible to switch from an interpolating
sequence to a sampling sequence by adding one point without one of the sequences being
complete interpolating. We finish this section by stating two open problems.
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A final word on notation: A < B means that there is a constant C' independent of the
relevant variables such that A < CB. We write A < B if both A < B and B S A.

Acknowledgements. Alexander Borichev has read the first draft of the paper and sug-
gested many simplifications and improvements. The authors are grateful to him and also
to Yurii Belov, Yuri Lyubarskii, Pascal Thomas and Kristian Seip, for helpful discussions,
as well as to the referee for his valuable remarks and suggestions.

2. PRELIMINARY RESULTS

2.1. d,-separated sequences. Recall that ¢(r) = a(log* r)?

Lo _ |z — w| '
oz w) V20 + min(|2], [w])

A central tool in our discussion is the following Bernstein type result whose proof can
be found in [6, Lemma 4.1].

, and

Lemma 2.1. Let f be a holomorphic function.

(i) If || fllp00 = 1, then for every ¢ > 0 there exists 0 < [ < 1 such that whenever
20)|e=?0) > ¢ for some zy € C, then for every z € D,(zy, B) we have
p

2

SR = S,
(ii) There is By > 0, such that if 0 < B < By, then for z € C with d,(z, zp) < B we have

1/ ()™ = [ (20)|e™?*)| S dy(2,20) max |fle™.

»(20,8)

(i) [f(2)]e ) < ﬁ /D e

From Lemma 2.1 we can deduce the following immediate corollaries (proofs can be found
for instance in [11, Chapter 5] or [28, Chapter 4]).

Corollary 2.2. If A is sampling for FY, p = 2, 00, then there exists a d,-separated sequence
A C A which is sampling for FP.

Corollary 2.3. Every set of interpolation for FL, p = 2,00, is d,-separated.

We also need a uniform control of the sampling constant for small perturbations.
Corollary 2.4. Let A = {\,} be a separated sampling sequence. Then there is a § > 0
and C > 0 depending only on § such that for every A = {\,} with d,(\,, \n) < 6, we have

1
cllfllze S Szl 5
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Proof. First note that when d,(\,, \,) < 6, then 14|\, |? < 1+|\,|? (constants are uniform
for 6 < dp). Now

171, =< D0+ )l Pem260)
< 200+ PGP 4 320+ 0 )
<00+ BP0 4 504 i ) (e 25,

2€D,(An,0)

FOPe220) — | f(A,) e )

where we have used Lemma 2.1 (constants only depend on d). Let dy be such that the disks
D(\,, 0| \s|) are disjoint. Then, when ¢ > 0 is sufficiently small and z € D(\,, §|\,|),
every disk D(z,dp|2|/2) is contained in D(\,,do|A,|). Now, by Lemma 2.1, for every
z € D(An, 6| Anl),

|[f(2)Pe®) < w)[Pe” ) dm(w) <

|f(w)Pe ¢ dm(w).

55 \Z| D(An,60|An)

Since d,(z, A,) < 28, we have 1+ |\, |* < 1+ |z|?, and hence

1155 S D+ M) Qn)lPe ‘2“"(”+5Z/ w) P2 dm(w),

Dp(An,26)

~ 0% |Z\ zéo\z\/2

where the constants only depend on §. It remains to choose ¢ sufficiently small. U

Recall that I' =T, = {e%ew"}nzo, 0, € R, is a complete interpolating sequence for
F2. We will need the following simple estimates from [7].

Lemma 2.5. [7, Lemma 2.6]. Let ¢(r) = a(log® r)* and ' =T,. The product
aiz) =] (1 . 3)
~yel' fy

converges uniformly on compact sets in C and satisfies

G(2)] = 2 ydist(z,I)

1+ [z]3/27
where the constants are independent of the choice of 6,,. Here dist(z,I") denotes the Eu-
clidean distance between z and I'. Also

z€C,

e?()

0=

vel.

Lemma 2.6. Let A C C. Then
[ fll2.08 < (M) fll205 ferF, (3)

if and only if A is a finite union of d,-separated subsets.
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Proof. If A is a finite union of d,-separated subsets, then (3) follows from Lemma 2.1 (iii).
In the opposite direction, let I' and GG be as in Lemma 2.5, and put

G(2) e ()

G.(z) =
%) (z=7G"() v
Then
- |’7/|1/2 p(z) dlSt(Z,F)
|G’Y(Z)‘ - 1+|Z|3/2€ |Z_7| :

The function G belongs to F? and sup, [|G,[l2, < 1 (see [7, Proof of Theorem 2.5]).
Hence, by Lemma 2.5, we have

121G e 2 G laen > Y 1GNP P (1 + AP
AXeAND,(v,8)

> cCard(AND,(v,0))

(note that dist(A,I') < |\ —~| since I is separated and we can choose [ such that D,(v, )
stays sufficiently far from '\ {7}). So

sup Card(A N D,(v, 5)) < oo

yel’

for arbitrary real numbers 6,, (we can pick /5 such that that D,(, ) covers C when ~ runs
through I' and 6,, through R). Hence A is a finite union of d,-separated sequences. O

Lemma 2.7. If A is d,-separated and sampling for .F(Cfﬁw for some € > 0, then A s
sampling for F2.

Proof. We are going to use the same Beurling duality argument as in [17, Theorem 36] (see
also [5, pp. 348-358], [23, pp.36-37]). Let

Faihe ={f e 7z m [f(2)le” 1979 — 0},
By the sampling property, the operator family T, : {f(\)}aea — e~ (199G f(2), 2 € C,
is uniformly bounded from {f|, : f € .F(Cﬁi)@} C ¢p to C. Hence, by duality, there exists
a family (g(z, A))aea such that

e—(l—l—a)cp(z)f(z) _ Z e‘(”’f)“"(”f()\)g(z, A), fe Fo0

(I+e)p:
AEA

and sup, Y, |g(z,A)] < co. Let now I' = 'y, = {e%z e}, and consider the function

G € F2; of Lemma 2.5 vanishing on I'. When e%r < |z| < efar, let 4, = % €7 s0 that

671/(2045) < |Z/’Yz| <1.

Set )
G(w w?
PO W e 7
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For w € C we have

() (7)) lw['/? dist(w, T) < lp(w)—p(=)) ) [w] 172 dist (w, T)

e R (e ™ 22w = 72]

|Po(w)] < e

(4)

Given f € F2, by Lemma 2.1 (iii) and (4) we have w — f(w)P.(w) € Fofﬁ_ and hence

ef(lJrs)go(z)f(z)PZ(Z) _ Z e*(1+e)e0(>\)f(>\)Pz()\)g(z, A).
A€A

Since |P,(z)| < 1, again by (4) we obtain that

@ < 3 e RIZ D) )

EREE—

Since ), |g(z, A)| < oo, Hélder’s inequality and (2) give us that

)AL di (AT
FRPe) < <Z|f(k)|262“" RO (5 gt 0P )

AEA AEA
|2 1 dist(A,T) ) ( )
N lg(z,\)|
( A) Az I = AGZA
|2 1 dist(A\,T)?
< . 5
S Z N ] Tl ©)

Ae
It remains to verify that

1 dist(), r)?
Al Je [A =2

uniformly in A, since by (5), we then obtain the sampling inequality

I£156 S sup (A M 1z0a-

I\ = dm(z) < o0 (6)

We will now show (6). Since dist(\, ') < |A — .| and |v,| < |z|, we have
dist(A\, T 1 1
/ ist(A, I)° R g(z) < ~dm(z) < 1.
|)\‘ Iy |<2| Al A — ’Yz‘ 2| Al 12| <|Al |2|
If |7.| > 2|Al, then |A —7,| > |7.|/2 < |z| and dist(\,T") < ||, so that
1 di )2
/ dist(A, I') dm(2) < )

: 2IA <72 ] IAll2] A =722

idm( )< 1.

NEERE ~

Hence (6) is established and the proof is complete. O
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2.2. De Branges spaces. We will identify the Fock space .7:3, with a de Branges space.
Let G be the generating function associated with the sequence I' defined by (1) with
0, = —m/2. Then G is a Hermite-Biehler function, which means that |G(2)| > |G(Z)|,
z € C* (where C* is the upper half-plane). Recall that the de Branges space associated
with G (see [8]) is given by

H(G) := {f entire : f/G € H*(C") and f*/G € H*(C")},

where f*(z) = f(z) and H?*(C") stands for the standard Hardy space. The space H(G) is

normed by
1= [ |
R

We have the following result.

2

@ g Fen@)

f
G(z)

Proposition 2.8. The space ]-"f, is a de Branges space: ]-"3, =H(G).

Proof. We know that the normalized reproducing kernels {k,},er = {k, /|| k, |lp2}qer
form a Riesz basis in 2. Then the biorthogonal family

¥y [lo2 | G(2)
CUCIEE

is a Riesz basis in F2. By formula (2) and the estimate for |G’(v)| in Lemma 2.5 we

vel,

conclude that the above biorthogonal system is of the form a,|y|*/? - G(z)/(z — ), where
la,| < 1. Hence, any function f in the space ]:3; can be written as

16 =L ehe 22, )

where {c,} € 2 and || f||y2 =< [[{c,}|l2. Writing for simplicity v, = —iy,, we have
/2

f(z) _ Z Cnyrlb

G(2) Z 4 iy,

n

and the series converges in the Hardy space H? = H?(C"), since v satisfies the Carleson
condition and so is an H’-interpolating sequence. Analogously, if we put © = G*/G, we
get

f1(z) 7 /2 O(z)
G(z) _Z T — iy

again the series converges in H?, since © is an interpolating Blaschke product (with zeros
iyn). We conclude that f/G and f*/G are in H?. Conversely, any function in H(G) can be
written as a series of the form (7), since the functions (Im~)/2G(2)/(z — 7) form a Riesz
basis in H(G) whenever the zero set of G is an interpolating sequence. U

In [3] a class of spaces H(I", i) (Cauchy transforms of discrete measures) was introduced.
Note that (7) means that f/G € H(I',u) where p = > _|v| 05, where ¢, is the Dirac

vel’
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measure at 7.

It is also possible to have the comparison with the integral over the positive or negative
rays.

Corollary 2.9. Let G be the generating function of the sequence (1) with 0, = —n/2.
Then the measure dx/|G(z)|? is sampling on Ry, R_ or R for ]-"3;: for every f € .7-"3;,

||f||i’2x/R+ f(x) x/_ f(z) dex/R f(z)

G(x) G(x) G(x)
This answers a question appearing in equation (4.3.1) in [19].

2 2

dz.

2
Proof. Since || flly2 < [5 é(é)) dx, it is sufficient to prove that
f(@) [ / f(@) [
dr S dx.
Llew o= [l

The sequence IT" given by (1) (with #,, = 0) is sampling, and hence, according to Corollary
2.4 there exists 6 > 0 and C' depending only on ¢ such that for every perturbation I' of I
with d, (7, n) < 0 we have

1
clfllez < Ifll; 25

Consider now the sequence A = {\,},>0 such that A\, > v, and d,(y,, \,) = 0. We set
I, = [Vn, \n), n > 0. Clearly, the intervals I, are disjoint if ¢ is sufficiently small. By the
mean value theorem, there exists x,, € I,, such that

/In é((?) de = |I,| x 'éﬁﬁj

It is also clear that |I,| < 1 4 z,. Since z,, € R*, using the estimate in Lemma 2.5 and
taking into account that dist(z,, —il") < 1+ z,,, we get

2 2

2

f@) | f@ |, f(@n)
/]R+ G() de > %%/In Gl) dx =< ;Z%(l+xn) G
- Y 22)e20(@n) — |f<1’n)‘2

Since d,(x,,v,) < 6, the sequence = {Zn}n>0 is sampling for .7-"3;, and we get

/ f (=)

G(x)

2

1
dz 2 [ fllp25 = Fl e
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2.3. Density results.
Lemma 2.10. If A is d,-separated then D~ (A) < D*(A) < 0.

Proof. As already mentioned in the beginning of Section 2, when A is d,-separated, then
there exists ¢ such that the Euclidean disks D(\, ¢|A|), A € A, are disjoint. A standard
argument, based for instance on the consideration of the Euclidean area of A(x, Rz) and
that of the disks D(A,c|A]), A € AN A(z, Rx), shows that this implies in particular that
for fixed n > 0 every annulus A(z, nx) contains a uniformly bounded number of points of
A (this number depends on 7):

Card(ANA(z,nx)) < M, x>0.

Suppose now that R > Ry and r > ry with Ry, rg big enough. Let N be the least integer
such that rn™ > rR so that N =< log R/logn. Then

N
M
C A = 1< A ™)) < 1 )
ard(A N A(r, Rr)) Z < ZCard( NA(rg" 5, rn")) < g ogR
AEANA(r,Rr) n=1

Proposition 2.11. If A is a zero sequence for F.° then

lim inf Card(A N D(O, B)) < 2. (8)
R—+o00 log R

Proof. Suppose there is a function g that vanishes on A with
lim inf Card(AN D(0, R))
R—+00 log R

> 20 (9)

Assuming ¢(0) # 0 (otherwise divide by a suitable power of z which does not change the
other zeros of g and gives a function still in F°), Jensen’s formula yields for every R > 0,

R 1 2m ]
Z log N / log |g(Re)| df — log |g(0)| < a(log R)* + C.
AEA:N<R ‘ | T Jo

Denote now by ny4(R) the number of zeros of g in D(0, R). Then

R Bong(t)
log — = J )
Z og‘)\| /o " dt

AEA:N<R

From (9) we deduce that for ¢ > 0 small enough there exists Ry > 0 such that for every
R Z R07

ng(R) = Card(AN D(0, R)) > 2a(1 +¢) log R.
Then for every R > Ry,

Z IOgﬁ > /R ”g(t)dt > 2a(1+¢) /R lngtdt > 2a(1+¢) <(logR)2 — (lOgRO)Q) .

AEA:N <R Al R ! Ro 2 2
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It follows that
a(l+¢) ((log R)? — (log R0)2> <a(logR)* +C
which is impossible when R is big. OJ

We may deduce the following corollary.
Corollary 2.12. If A satisfies (8) then D~ (A) < 2a.

Proof. By contraposition, suppose that D~ (A) > 2a. Then there are Ry and 7 such that
for every R > Ry and r > ry we have
Card(A N A(r, Rr))
log R

> 2(1+¢)a,

for a suitable fixed €. Set n = max(Ry,70) and let z = n™** € [V, n*1) (k € [0,1)) be
big, then

Card(A N D(0, z)) N Card(A N A(F, )
log - log x
2(1+¢e)a(N —1)logn
2(1 N
> N T ) oz — 2(1 + ¢)a, — 00,
i.e., A does not satisfy (8). O

The two preceding results together team up in:

Corollary 2.13. If A is a zero sequence for F2°, then D~ (A) < 2a.

3. PROOF OF THE RESULT ON RIESZ BASES

We recall Bari’s Theorem [20, p.132] which will be used in the proof of our Theorem
1.1. Let H be a Hilbert space H and let X = {z,, : n € N} be a family of elements
of H. The family X is called minimal if x, & \/{z;, i # n}, and is called complete if

Note that X is minimal if and only if X admits a biorthogonal family X”. Let x € X
and let X' = {z/, : n € N} be the corresponding biorthogonal system. We set

Jxx = {(x,2)) : n € N}
Bari’s Theorem. Let X = {z,, : n € N} be a minimal family in H and let X' be the

corresponding biorthogonal system. Then the following statements are equivalent
(1) X is a Riesz basis in H;
(2) X is complete in H and JxH C 02, ToH C (2.



SAMPLING, INTERPOLATION AND RIESZ BASES IN SMALL FOCK SPACES 15

Proof of Theorem 1.1. “<=": As in the introduction, let k) be the reproducing kernel
of 72 and let ky =k /|| k [|,,2 be the normalized kernel at X. Let F' be an entire function
with simple zeros at each \ € A,

and set

g(z) = %H ky [lg.2, z€eC.

If the functions g, are in ]—"3, then the family {gx}aea is biorthogonal to Ky := {ky}rea-
We use Bari’s Theorem, to show that K is Riesz basis it suffices to prove

(i) F/(- =) € FZfor X € A;
(i) KCy is complete Viky, A€ A} =
(iii) > [(F 1) S NF1%2:

AEA
. 2
(i) Y 1(fo0] Sz
AEA
To prove (i), let |z| = € with |A\,_1]| < |z| < |\.| and suppose that dist(z, A) = |z —\,_1].
Let m € N be such that

m 1 < m

20 4o T < 2a * 4o
Then, since |\,| = 7,€’ < 7,, by the above, and §,, is uniformly bounded, we have that
|m — n| is uniformly bounded in |z|, and log|As| — ¢ is bounded uniformly in z and s
between m and n. We use that for d,-separated sequences the behavior of the function F
is essentially given by the first n terms. We have

log|[F(z)] = Y  logi— IA log|1 =+ +0(1) (10)
0<k<n—2 An—1
= Z (t—kQL)+10ngStZA—t— Z o+ O(1
0<k<n—1 o 0<k<n—1
k+1
= Z (t—%)jtlogdlstzA—t— Z dr + O(1
0<k<m—1 @ 0<k<m—1
1
= mt—%— Z O + logdist(z,A) —t + O(1)
@ 0<k<m—1
3
= at? —§t+logdlstz/\ Z dr + O(1 t — 0.

0<k<m-—1
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Next, if m =IN +r, 0 <r < N, then

m—1 -1 N-1 r—1
)Z 54 < Z]Z Sinei| + ]Z Sinss| < ING + O(1) = 206t + O(1). (11)
k=0 j=0 =0 i=0
Therefore, for some n > 0,
o(z) dist(z,A) dist(z, A)

SF(2)| S e?(?) z € C. (12)

(14 [2)*7" (14 [z)r*°

This proves (i).
Next we pass to property (iii). By assumption, A is d,-separated, and so by Lemma 2.1

we have
AN §jwf|P <1712

AEA AEA

Property (iii) also follows from [3, Theorem 3.1].
Let us turn to (ii). By Lemma 2.5 we have

e dist(z, A)
14 |z|3/2

If f € F2, then by Lemma 2.1 (iii), |f(2)| = 0(e#) /(14 |2|)) and so

F(:)/G(2)] = (1*“_> sec (13

dist(z,T")

|G(2)] < z e C.

Let |z] = €' and let n be such that

200 4o T 200 4o

If we denote by k(n) the integer such that the point Ay, € A is the closest to z, then, by
condition (b), |k(n) —n| is uniformly bounded. Hence, keeping in mind that A is separated
and |\,| < |z], |[m — n| < |k(n) — n|, we have

k(n) . n—1
z dist(z, A) ||
F(z)| < - —Ix . 14
= =5 = = 1L <>

Thus,

F(z "z | dist(z, A) — dist(z, A)
) T 12/ . §:
|G(2)] HZ;S 2/ dist(z,T) - dist(z F)

As in (11), and recalling that |m — n| is uniformly bounded, we have | Zk:o 0| < 2a0t +
O(1), where 2ad < 1/2. Therefore,

1 dist(z, A) < |F(2)]

|z]209 dist(2,T) ~ |G(2)]

z¢T.
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If z is d,-far from A, we have dist(z, A)/|z|**° =< [2|'72* >> /|2 so that with (13) in
mind we see that F' ¢ ]—"3,. Now, if K is not complete, then there exists a nonzero f € .7:3
vanishing on A. So f = F'S for some entire function S, and

1/242a6
51 = |75 (i)

Now, for every R > 0, we can find a closed contour Cy surrounding D(0, R) which is d,-
separated from A (and not meeting I'). We have max.cc,, [S(2)] = o(1), R — o0, so that
sup|,<p [9(2)| = o(R), and hence S vanishes identically, which is impossible. Statement
(ii) is proved.

It remains to show (iv). Let us estimate F'(,,) and F’'(),). As above, we only need to
consider the terms k£ < n — 1. By (14),

B ‘ /(=) G(2)
G(2) F(2)

dist (v, A) Y
|Flm)| = —= [] o5 (15)
Tm 0<k<m—1 [ Ak
and
1 A
F'(\)] =< = 16
Fol=og 113 (16

Since the family {k, }.er is a Riesz basis, we can write

f = Z A, k'yma (am)mZO S 627

m>0
and the sum in (iv) becomes
2
D] D e L8
n>0 | m>0 F'An)(ym = M) [ Ky, ij

An,m

It remains to check that the matrix [A, ] defines a bounded operator in ¢2.
It follows from (15), (16) and (2) that

-1
dist(ym, A) v 2_ 2
Ayl < M _Jm - ” A\ . pe(log [An )2 —a(log ym)
ik Wi el 9 QY M) e

0<k<n—1 0<k<m—1

nvm)
Y

' A
_ dist (Y, )ec(
[V — Anl
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where
~ m(m+1) n+1 k41
c(n,m) a 2a B ( 200 + 5n>n B < 2a + 5k>
k=0
n—1
k+1 1 2 1)?
- <—+ —|—(5k>—|—04<n+ +5n) —7(m+ )
2a 2a 4o
k=0
m—n n—1 m—1
= — 1o + O0p — O + O(l)
k=0 k=0

By condition (b) there exists M such that |, —A,| < |\,| when n > m+ M, |7, — A\,| <
|Ym| when m > n 4+ N, and |v,,,| < |\,| for |m —n| < M.

e Let |m —n| < M. Then it is clear that |4, ,| < 1 with a bound independent of n and
m.

o I[f m >n-+ M, then

_ dist(y, A) m-n e
o If n > m+ M, then |y, — A,| < [\,| and so

dist(Ym, A)  Ym n—m e

Apm| = 2 exp (S 3 6 0(1)

[Anim| Yim Ml P\ e +§k+ M)
dist (Y, A) n—m e

it ) )
- exp( 1o +l;n5k+0( )
since Y /| An] < exp (Z2).

Thus,

. A . n—1
Mexp(— ‘mmn‘ +Z(5k+0(1)), (17)
k=m

where the sum is taken with negative sign if m > n. It follows from (c) that |4, | <
exp(—d|n —m|) for some § > 0, and so the matrix [4,,,,] defines a bounded operator in ¢2.
Statement (iv) is proved.

[ Anm| =

m

“:>77 :

(a) By Corollary 2.3, A is d,-separated.

(b) Suppose that (8,) ¢ £>°. Then there exists an infinite subsequence of indices N =
{n} such that for each £ there exists my, such that d,(\,,, Ym,) S 1, but |ng —my| — oo as
k — oo. Passing possibly to another subsequence (also denoted by A, to not overcharge
notation) we can suppose that this subsequence is in an angle. Now, since .7-"3, is rotation
invariant, {e?),} is also a complete interpolating sequence for any § € R for which the
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subsequence (A, ) is d, separated from I'. Thus, we may assume without loss of generality
that
dy(\n,,, T) < 1,

that is, [A,, — 7] > ¢|An, |, v € T’ (with constants independent of k) and also that
dp(Ym,, A) =< 1.
To simplify the notations we write n and m in place of n; and my, Now let us consider

_ F(ym) e g2
F'(A)(vm = An) [T kg (2
Observe that we have assumed conditions (a) and (c) which ensure that gy € F7 (cf. proof

of (i) in Bari’s theorem in the beginning of this section). As in (15)—(16) and taking into
account that dist(y,,, A) < Y,

Anym = <g>\n7 k7m>

n

Tm

F(m)] = ——m
ECm)l = S

Analogously,
| )\n |n71

|AoA1 - Anoa]
Thus, using the estimate (2) for the norm of the reproducing kernel as well as the estimates
Yo = Pl X [ — An], we get

[F'(An)] =

n
| N m| — | f}/'n’i, ea(log2 |)\n\flog2 'ym).
) )\n n

Note that log v, = ”;—1’{1 and log |\, | = "Q—J;l+5n. Let us write [\,| = Ve’ with [0,,] < 1.

Hence exp(%E + 6,) = exp(%EE + 6,,,,) and so
n—m

2a
Without loss of generality, let §, — 4o0o0. Moreover, we may assume that d,, > 1.
Otherwise, we may replace m by m — myq for some sufficiently large mq that can be chosen
to be independent of k. (If §,, — —oo then we may assume that d,,, > 1. Otherwise, we

may replace m by m + mq for some sufficiently large my)
Then by (18) we have

m+1 <n—|—1
-n
200 200

= —0,, + Opm- (18)

(m+1)2+a<n+1

2
- - +5n) +0(1)

log |Apnm| =n + 5n> —

o2
__(n 4&m) + nmm + 3, + ad + O(1)

= 200, 0mm + O(1)

Thus, |Ap | 2 €% Repeating this estimate for each k (note that all asymptotic es-
timates < and 2 hold uniformly with respect to k) we conclude that limg_,o0 | A, m, | = 0.
Since Ayn = (9., Ky, ), we conclude that [|gy, [l,2 — 00, k — oo, and so {kj}rea is not
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uniformly minimal (in particular, it is not a Riesz basis).

Since we already have shown that (4,,) is bounded, the sequence (ex) is bounded. If for
some N we have ey < 0, then (c) is proved. Assuming the converse, we have ey > 0.
Replacing, if necessary, A by €A we may assume that dist(y,,, A) < Y.
Suppose first that there is a subsequence (IV;) such that ey, is bounded from below by
€ > 0. Then there exists n; such that

1 " 1 1
_ > 2> — 2.
Nl‘ > 5k‘_4o¢+8Nl/ > 10 T

k=n;+1

It follows from (17) that the sum |A,, »,+~,| +|An,+n5,.n,| is unbounded and so a fortiori the
matrix [A,.,]. Suppose now that (ey) is a sequence of positive numbers tending to zero.
Then for every N there exists ny such that

ny+N

3 54 2N(£+5N> 1

k=ny—+1

By definition
ny+K 1
%"
k=ny-+1
for every 1 < K < N. Then

N-K
’ 3 542 o+ New — Kex — 1. (20)

«

Two cases may occur.

Case (1): If (Ney) has a subsequence which tends to +oo, then for fixed K and N in
this subsequence, the expression Ney — Ke is positive and unbounded. Thus, again by
(17), the sum of matrix entries |Ay/4 x vr+n|+|Arsn m+x| is unbounded and so the matrix
[A,..m] can not define a bounded operator in £2.

Case (2): Assume that the sequence (Ney) is bounded. If there exist arbitrarily large
N such that )~ :;Iivﬂ 0 > 0 then for these values of N and every 1 < K < N we have by
(20)

ny+N
Z 5k2N4aK+N8N—K€K—1.
k=nny+K+1
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Hence, by (17),

ny+N

N —-K
|Any+Nny+K+1| < exp ( Z O — ) =L

4o
k=nny+K+1

Analogously, if there exist arbitrarily large N such that )~ :}i\;l 0, < 0, then by (20) for
1 < K < N we have

and so, by (17),

N . K ny+N—-K
|AnN+1,nN+N—K| = exp ( - - Z 519) = 1.

4o
k=nn-+1

In each of these two situations we conclude that the matrix [4,, ,,,] has an increasing number
of entries in one line which are bounded away from zero, and, thus, cannot define a bounded
operator. ]

Remark 3.1. Now we compare in more detail Theorem 1.1 with the results of Belov,
Mengestie and Seip [3]. By Proposition 2.8 (see formula (7)) any function f € F2 may be
represented as

1/2

flo) =Gy 2

)
Z —
yel’ v

where (c))yer € £ and || fllp2 < |[(¢y)[le. Thus, the space F is a special case of the
spaces H(I',v) introduced in [3, Section 2| and which consist of entire functions of the

form f(z2) = G(z) Z ———. The space JF corresponds to the choice of weights v, = |7,|
Z=7
~yel'
(we write v, in place of v,,).
In [3, Theorems 5.1, 5.2] a description of Riesz bases in the spaces H(I', v) was obtained
under two additional restrictions:

either vn:0<ka) or Un :0<Z vk) (21)

as n — o0o. The criteria in [3] are also of the perturbative nature and are very close to
our result. However, for the choice of the weight v,, = |v,| neither of conditions in (21) is
satisfied. Thus, the results stated in [3] do not cover Theorem 1.1. It seems very probable
that Theorem 1.1 can be proved using the powerful methods developed in [3] (in particular,
Theorem 1.3), however our feeling is that such a proof will the not be shorter and more
transparent than the one presented in this section.
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4. COMPLETE INTERPOLATING SEQUENCES IN JF.*
In this section we prove Theorem 1.2. The proof is in many ways similar to the proof of
Theorem 1.1. Put B
=TU{7} ={mtnzo U {7},
where I =T, = {e2 e?n},>0 is our reference sequence (1) and 5 ¢ T.

Proposition 4.1. The sequence T isa complete interpolating sequence for F2° for any
yeC\T.

Proof. Let G(z) = [T, (1 —2/7), that is G(z) = (1 — 2/7)G(z) where G is the associated
function of Lemma 2.5 vanishing exactly on I' (without loss of generality assume that
¥ # 0). For every sequence v = (v,) ¢ with [|v|| 7 < 00, we construct the corresponding
interpolating function and estimate its norm:

G
%“) )

By the estimates of Lemma 2.5 we have, for any z € C,

ydist (2 F) lz| 14 |y]3?

w(z . S N N
‘fv(z)‘ ~ § ‘v| 1+|2|3/2 y eso(v)|z_7|
'yEI‘

dist(z,T) 1+4"2 _
(2) )
S 680 Hv”oogo, Z |Z—’Y| 1—|—‘Z|1/2 ~ || ||goooF

e#(2)
~ver
and we deduce that [ is an interpolating sequence for which we can construct a linear

operator of interpolation. N
We now show that I' is a uniqueness sequence. For this, let f € F2° vanish on I'.

Consider the holomorphic function g = f/ G. Then, again by Lemma 2.5,

1+ |22
9 S ——=
dist(z,T')
and, by the maximum modulus principle, g = 0.
As a conclusion the sequence I is an interpolating sequence which is also a uniqueness
sequence and thus a sampling sequence. O

Proof of Theorem 1.2. Let A = (\,)n>0 be a sequence of complex numbers tending to
infinity, with [An| < [Ania]. As before, we write A, = yye enetn 9, € R, n > 0. Now let
A =AU{)\}. We can also write A = (An)n>—1 With A_; = X, and analogously for I.

To prove Theorem 1.2 we need to show that Ais a complete interpolating sequence for
Fg2 if and only if A is complete interpolating for ]:3, that is, A satisfies the conditions
(a)—(c) of Theorem 1.1.
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A is complete interpolating for .7:3 = A 1s a complete interpolating sequence for F;°.

By Theorem 1.1, A satisfies the conditions (a)—(c). Hence, the infinite product F(z) =
[Lez(1 —2/X) converges uniformly on compact sets and, by (12), there exists 7 > 0 such
that B B

o(z dist(z, A) ydist (2, A)
(14 [z)= (1+ |z

Thus, F ¢ F, while F/(- = \) € F®, A € A. Also, if Fg € F, then [g(2)] <

~

< |F(2)] < e*© zeC.

2|17/ dist(z, A), whence g = 0. Thus, A is a uniqueness set for F.
It remains to show that A is an interpolating sequence for F2°. Let (v,),>0 be a finite
sequence and put
F(z)
folz) = Z Up= :
w Fn)(z =)

Since we already know that [isa sampling sequence for F2°, we have

v F(%ﬂ)
; "F ) (Y — An)

1follc = sup €70

el (22)
= sup Zvne’“’()‘")Bmm ,
ym€l " p
where B
By = e —etum)___F(m)

F/O‘n)(’ym - )‘n>.
Note that [F(vm)| = Y| F(7m)| and |F'(An)] = [AuF'(An)], and so
’ SR PV B | SV P ’

where A, ,,, are defined in the previous section. By (17) and (c), |Apm| S exp(—=d|n —m|)
for some § > 0. Hence,

follpoe S 100,00z SUP D [Buml S 10/l 00 5-
ym€l \ ek
n

By a normal family argument, we can find an interpolating function f, for any sequence v
with [|o]| < o0.

A is a complete interpolating sequence for F2° = A is complete interpolating for .7-";.
We need to show that the sequence A satisfies the conditions (a)-(c). By Corollary 2.3,

A is d,-separated. Also, if the sequence (d,,) is unbounded, then, as in the proof of necessity
part of Theorem 1.1, there exists a subsequence |A,,, ,,,, | — 00. Since [Ay, m, | < |Bnymy |, it



24 BARANOV, DUMONT, HARTMANN, KELLAY

follows from (22) that the interpolation operator is unbounded (choose the data vy = e#™
for A = \,, and vy = 0 otherwise).

It remains to prove (c). As in Section 3 define ey by (19). If the sequence Ney is
unbounded then again there exists a subsequence |A,, ,,, | — co. Finally, if the sequence
Ney is bounded, then, analogously to the proof of (c) in Section 3 we can show that there
exist arbitrary large N, my and ny such that for 1 < K < N we have |B,ixmy| <
| Ayt kmy| 2 1. It is clear from (22) that in this case the interpolation operator is
unbounded (choose the data v,e=?*) € (> such that v,e ™ ?*) B, . < | B,y for ny +
1 <n<ny-+N). O

5. PROOF OF THE DENSITY RESULTS

5.1. Sufficient conditions. First we deduce the sufficient conditions of Theorems 1.4-1.6
from Theorems 1.1 and 1.2.
These conditions follow immediately from Theorem 1.3 which we recall and prove here.

Theorem. Let p(r) = a(log” r)?, let p = 2,00, and let A be a d,-separated sequence. Then
(i) if DT (A) < 2a, then A is a subset of some complete interpolating sequence in FP;
(ii) if D=(A) > 2a, then A contains a complete interpolating sequence in FP.

We give a proof for the case p = 2; the proof for the case p = oo is completely analogous.
To simplify the notations, we choose a = 1/2. Recall that with our choice of « the set
' = {7y} = {€"}nen becomes a complete interpolating sequence for the space.

Proof of (i). Tt follows from the condition D*(A) < 1 that for sufficiently large M > 0,
every annulus

A ={z: Mty < |2 < eM(m“)*%}, m > 0,

contains at most M — 1 points from A. Fix such M. Furthermore, there exists an n > 0
such that each A,, contains an annulus B,, of width 1 which contains no points of A.

Our goal is to add some sequence A’ to A so that the new sequence A U A’ could be
written as y,e’ e and for some N we would have

n+N

1 1 1
—1>76 ‘ <i<—=-. 2
SQPNER— “la 2 (23)
Let us denote the points from A N A, by AT",..., A" (we of course assume that \; are

ordered so that the modulus is nondecreasing), and let us associate with each of them some
point from I' N A,,. E.g., let us write

)\;n _ eMm‘f‘le&]VIm-Heie]Mm-H’ 1<1<1,.

In each annulus A,, we still have at least one point from I' N A,, to which nothing is
associated.
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We now take a large number N (the choice will be specified later) and consider the
groups of the annuli A,,, namely put

EN+N
A= |J 4w k>0
m=kN-+1
Now in the whole group of annuli Ay, there are at least N free points of I' to which we need

to assign some element of the sequence A’ that we want to construct. We will do this in
such a way that for any k£ we have

(kN+N+1)M

> s

n=(kN+1)M+1

<CM, (24)

for some absolute constant C' whence for sufficiently large N, (23) will be satisfied. Thus,
from now on, k£ will be fixed.

We use an idea from the paper [24] by Seip. The points of A’N A,,, will be chosen within
the annuli B,, (of the width 7). Note that we can even put all missing points in one annulus
B,,, if we want, and still have p-separation, but, of course, the separation constant will
depend on n, M and N and may be rather small. Let us consider all possible sequences
N C Uﬁi\i };% 1By with separation constants uniformly bounded away from zero, and let us
write the elements of AUA’ as y,e% €. Note that for any m and n = Mm+1,..., Mm+1,,
the values ¢, are already fixed. Moreover, since for these n the corresponding A-s are in
the same annulus A,, we have |J,,| < M, whence

kN+N Mm+ly

—M?N < Z Z 5, < M?N.

m=kN+1n=Mm+1

Now assume that we chose all the points of A’ in the annulus Byy1 (the smallest of all
By, in our group). Then for

ENM +jM + gy +1 <n <kNM+ (j +1)M, 2<j<N-1,
we have
whence (using the fact that we have at least N free indices in each A,,)

N-1 ENM+(j+1)M 1

, MN?
> > by < =D (1= DMN < ===,

=

[|
N

when N is sufficiently large. Thus, with this choice of A" we have
(KN+N+1)M 5
MN

Yo s <- ; + O(M?N) <0,

n=(kN+1)M+1

it N> M.
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Analogously, if we choose all the points of A’ in the annulus Byy,n (the largest of all
B,, in our group), we will have 6, > (N — 2 — j)M for kNM + jM + lyy+; +1 <n <
ENM + (j+1)M,0<j <N — 3, whence

(kN+N+1)M

Y 2

n=(kN+1)M+1

MN?
— O(M?N) > 0.

Finally, note that if two choices of A’ coincide up to one point which is in some B,, for
one choice and which is in B,, ;1 for the other choice, then the corresponding sums

(kN+N+1)M

2.

n=(kN+1)M+1

considered for these two choices of A’ will differ by at most 2M. Since the two configurations
of A’ described above may be obtained from the other by changing only one point and
moving it to a neighboring annulus B,,, we conclude that there exists some intermediate
choice of A" with the property (24) (with C' = 2). O

Proof of (ii). The idea is the same and so we may omit some details. Let M, N be as
above, but now we assume that each A,, contains at least M + 1 points for some fixed M.
Let us assume that N > M and choose j, € N so that 3joM < N < 3(jo+ 1)M.

For jo < j < N —joand kNM + jM +1 <n < kNM + (j + 1)M we choose in an
arbitrary way A, € AN A; and write them as

~ €5n ewn
n .

Then |6,| < M and

N—jo kNM+(+1)M

—(N=2)M> < )~ Y < (N-2)M

j=jo n=kNM+jM+1

Note that we did not assign any point from A to m-s in the first and in the last interval,
namely, for ENM+1 < n < kNM+joM and for EkNM+(N —jo)M+1 <n < kNM+NM.

Recall that we still have N free points of A in each A,,. Now consider two choices
of A, for these values of n. For the first choice let us assign some points A\, € AN A;
to kNM +iM+1<n<kNM+ (j+1)M and N — jo < j < N — 1. However,
for ENM +1 < n < ENM + joM let us choose joM points A, in Ujson/zA;. This is
possible, since we have at least N/3 > joM free points from A in Ujson/3A;. Then, for
ENM+1<n<kENM+ joM, we have

< MY
3
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and hence,
(kN+N+1)M NM+(G+1)M —1 ENM+(j+1)M
)3 Z > +Z >
n=(kN+1)M+1 =0 n=kNM+jM+1 =jo n=kNM+jM+1
M?N
< + O(M2N) < 0.

Analogously, choosing the points A\, € ANA; for ENM+jM+1<n < kNM+(j+1)M
and 0 < j < jo—1, and taking A, in U< n/3A4; for ENM+(N—jo)M+1 <n < ENM+NM,
we see that the corresponding sum of 9,, is positive.

The proof is completed as in (i): each configuration A, may be obtained from the other
by changing exactly on point at each step, and, moreover, these points can be chosen at
the distance (with respect to the logarithm) at most 2M. Thus, the corresponding sum
will be at most 4M for some choice of {\,} C A. O

5.2. Necessary conditions for sampling/interpolation, p = 2,00, Theorems 1.4,
1.5 and 1.6. To obtain the necessary conditions for the sequence to be sampling /interpolating,
we use the technique developed by Ramanathan and Steger [21, 17]. We follow the scheme

of proof proposed in [17, Lemma 40] and concentrate mainly on the places where the proofs
differ.

Lemma 5.1. Let ¢ > 0. Assume A to be interpolating for F. (1 et P = 2,00, and S to be
sampling for ]:3;, and d,-separated. Then for small 6 > 0 we have for sufficiently big R,

(1 —6?) Card(A N A(z, Rr)) < Card(S N A(dz, Rz/9)).

Proof. Let p = 2. Since A is interpolating for F?
f)\ c F?

(1—e)> for every A € A there exists
(1—e)p? such that f(A) =1, fA| A\{A\} =0 and Hf,\H(l o2 S < [ Ae” (1=)¢(N) By (2),

[fa(2)] = [ k)] S emDEETPDIN /(1 4 [2]). (25)

Let G be the function from Lemma 2.5 associated to I' := I'., = {e%a Sacifn o > 0}, and
let v, € T' be a point such that dist(A,I') = |\ — v,|. Then |A| < v,. With an appropriate
choice of 6, we can assume that d,(A,I") > 0. Define

iz )z_(fz)\ AG( )’\§||k)\||s072 if z€ C\ {},

A :
G'(A) G(;)A [ Kx [[g,2 if z=,.

K(z,\) :==

By construction, x(-,A) € F2, X € A, and the system {(-,A)} ea is biorthogonal to
{kx}rea. Moreover ||k(-, A)||y,2 is uniformly bounded. To verify this, it suffices to estimate
this norm on the Borichev-Lyubarskii sampling sequence I', with dist(y,T..) < |7v], v €
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I',, using Lemma 2.5 and (25):

1222 3 163, P01+ )
"/GFQ
S A6 |262€“"(”) dist®(7, Tea) [A = m* (L +[AP) " ’7 2 2 2600 (1 4 ||?)
= — ——=€
T RER =P e dist?(x, To) ~ IX| T+ 1P !

Y€l

< Z dist?(y,T.q) 1+ |>\| Z 1+l + Z 1+ |)\| (26)

2 ] S 14| 1
Y€lq v =l + 1l YEL o, [Y[<IAl + A YE o, [v[> Al 1

Both sums are majorized by the sum of a geometric progression, and, hence, are uniformly

bounded.
Let now {k(-, s)ses} be the dual frame (see, for example, [9]) for {k; /|| ks ||42}ses in
]:3,. Consider the following finite dimensional subspaces of .7-"3,:

Ws = {k(-,s) : s € SN A6z, Rz/8)} and W, = {k(-,\): A € AN A(z, Rz)}.

We define Ps and P, as the orthogonal projections of .7-"3, onto Ws and Wy, respectively.
Consider the operator T' = Py Ps defined from Wy to Wj. Clearly

tr(7) < rankPs < Card(S N A(dz, Rz/d)).
Since (Pxky)y is biorthogonal to (k(-, it))ueana(z,rz) in Wi, we have
tr(T)= Y (Ts(-, ), Prky).
AEANA(x,Rz)
Hence, since (T'k(-, A), Paky) = (k(-, A) + (Ps — Id)k(+, ), Py ky), we also get
(7) 2 Card(A 0 AGs, Re))[1 = sup | Ps(a( ) = (- Vo

It remains to verify that ||Ps(k(-,A)) — &(-, A)||42 are small for sufficiently small § inde-
pendently of A\. By Lemma 2.5 we have

|/<J(s,)\)|2< IA]  dist(s,Toq)?
Ik llZ2 ~ 1+ 1sl |5 =l

(27)

Since S is sampling and d,-separated, and since A € A(z, Rx), we have, using also || <
7l

IPsh() — kN < S AR

s¢ A(dxz,Rx/d) H ks H‘p’2

Z h/)\‘ diSt<S7F€a>2

L+s| s =mlf?

AN

s¢ A(éx,Rx /)

> o He oy o

si<ial oga@eress) P izl g AGr R /o)

N
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For R big enough, we can suppose v, € A(x, Rx). Since S is separated, each annulus
Ay, := A(2F, 2k+1) contains a uniformly bounded number of points of S. Let M be an upper
bound of these numbers. Let N, K be such that 2V < §z < 2V*! and 25 < Rz /6 < 25+1,
Then an estimate analogous to the above yields:

N
El 1
> il S 722' |<
[s|<|val, s¢A(dz,Rx/d) =1 s€Ay

DI SEEAD D) DT '”'Na,

|s|>|yal, s¢A(6, R /5) i e, |

and we are done.
Now let p = co. Since A is interpolating for Feyp then for every A € A, there exists

fr € FY such that fi(A) = 1, AJA\{A} = 0 and || fillg—ope S e 799N e,

(1—e)p> ~
()] < : c(1-9)(0(2)—¢(N)  Get

5 ) = ) T

(Observe that we do not need the factor z/\ in this case.) Asin (26) it can be shown that
k(-, A) is in F7 with uniformly bounded norms. Again by Lemma 2.5 we have (27) and
applying the same arguments as above (note that S is again assumed sampling in .7:3,), we
get our result.

| kx {62, z e C.

e Let us first deduce from this lemma the necessary condition for sampling in Theorem
1.5 (p = 2). Suppose that A is a sampling sequence for ]—"3,. By Corollary 2.2 and Lemma
2.6, A is a finite union of d,-separated subsets and contains a d,-separated subset A* which

is also a sampling set for ]-"2 Let I' = I'1—¢)a {62(1 Sw et : > 0} for some € > 0. We

have D—(T') = D*(T") = 2(1 —¢&)a. By [7, Theorem 2.8], T" is an interpolating sequence for
]:(2175)@ and the comparison Lemma 5.1 gives D~ (A*) > 2a.

e The necessary condition for sampling in Theorem 1.4 (p = co) follows from Corollary
2.2, Lemma 2.7, and the necessary condition for sampling in Theorem 1.5.

e Next we consider the necessary condition for interpolation in Theorem 1.6. Consider
I' = Ti4e)a = {e%ew" :n > 0} for some ¢ > 0. We have D~ (I') = D) =
2(1 4+ €)ae and by [7, Theorem 2.8, I' is a sampling sequence for .7:(1+€ If Ais an
interpolating sequence for FL, p = 2,00, then by Lemma 5.1, comparing the densities

between interpolating and sampling sequences, we obtain D(A) < 2a.

6. EXAMPLES AND PROBLEMS

6.1. Examples. In this section we give explicit examples of d,-separated sequences of
critical density which are uniqueness sets for F2 but are neither sampling nor interpolating.
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We will also show that it is not possible to switch from a sampling sequence to an inter-
polating sequence by removing a point without one being already complete interpolating.

For the first of these examples we will need a two-sided version of the function from
Lemma 2.5, which we estimate using essentially the same argument. As before, p(z) =
a(log™ |2])%, a > 0.

Lemma 6.1. Let a > 0 and consider Tt = {—eaen eaen}, s =: {ntnezv(oy, where 6,
are arbitrary real numbers. Then the infinite product

Eiz) =[] (1—3)

~er: v
converges on every compact subset of C,
dist(z, T'F)
E(z)| x B 222 eC 28
B = e (28)

and

e?()
|E'(7)] = ERA r=.

Proof. For every t > 0 there exists a unique m such that

1 1 <t<1 +1
—m-= —(m4+=].
a 2) — a 2

We consider z with |z| = e'. Then

log|E(z)] = ) log ‘1 ~Zl+o0)
1<|k|<m T
= Z (t—@> + logdist(z,T') — t + O(1)
1<[k[<m—1 “
2 —1
= 2(m—1)t— —w + logdist(z, I'*) —t + O(1)
a

= at® — 2t + logdist(z,I'*) + O(1),

which gives the first estimate. The second estimate can be immediately deduced from the
first. 0

Example 6.2. Let I'* be the sequence from Lemma 6.1. In view of Theorem 1.1, this
sequence cannot be complete interpolating for .7:3, since the points v,, n < 0, are too far
from the reference sequence. Clearly, the upper and lower densities of this sequence are
equal to 2. Let E be the function of Lemma 6.1. Hence the functions g, := E/E'(v,)(- —
Vn) are in F* and F2.

Let us prove that it is neither sampling nor interpolating for .7-"3,.



SAMPLING, INTERPOLATION AND RIESZ BASES IN SMALL FOCK SPACES 31

Suppose first that it is sampling. Then for every finite sequence v = (v )nez)\ (0} € £¢ rt
the function f, = ., v,9, would interpolate v on I'*, and by the sampling property of

T+
1£oll52 = 1 folrs 13 o re = Z [vn"e” L+ [7al®) = [vllpzrs-

In other words, the interpolation operator v — f, would be continuous from €2 r to ]:2
and the sequence would be interpolating. Since it was supposed sampling it Would thus be
complete interpolating, and we would get a contradiction.

Suppose next that it is interpolating. Since the function E vanishes on I'* and satisfies
(28), T'* is a uniqueness sequence (see, for example, [10, Theorem 3]). Since it is also
interpolating, it is complete interpolating, and again we obtain a contradiction.

Example 6.3. Let 'y := T* U {—1,1} = {+e"*},50 = {7V }nez where I't is again the
sequence from Lemma 6.1 and v_,, = —7,,. Then I's is neither sampling nor interpolating
for 72°. Clearly, by (28), I'; is a uniqueness set for F2°.

Set Ey(z) = (2* — 1)E(2). Then, in view of (28), I'; is a uniqueness sequence for F°
and g, = Fy/Fy(v)(- —v) with v € T'y defines a function in F2°. Next, let the family of
functions (fy)n>0 € F° be given by

= Z €+9+(2), z e C,
"Y‘S'Yn
where €, := e iar89y(2n) P (1) and 2, = 1Vne1. We have
. dist(z,, ) ;
(Zn) = Z ‘C:’Yg“/(zn) = Z ecp(ﬂ/)|g’Y(Zn) = 690( n) Z 27 = TLGSO( ").
[v]<yn [v]<yn [v|<yn

As a consequence, || fnllp0 — 00, While || fu|r,]lp00r, = 1. Hence the sequence is not
sampling, and since it is uniqueness it can neither be interpolating (otherwise it would be
complete interpolating and hence sampling).

Next we give an example of a one-sided sequence of critical density which is neither
sampling nor interpolating for F2. Let 0 < § < 5- and let
n+1

A={N}nzo = {e2 M}z

Then, by the estimates analogous to Lemma 6.1, the generating function F' of the sequence
A satisfies

dist(z, A)

- o¥(2)
‘F<Z) ~e€ 1+ |Z|3/2+2a6’

z e C. (29)
It is clear that F' € .7-"3, if and only if § > t. Moreover, by Theorem 1.1, A is a complete
interpolating sequence for .7-"; if0 <o < ﬁ and AU{1} is a complete interpolating sequence
if L <<+

4a 2a
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Example 6.4. If § = ﬁ, then A is neither sampling nor interpolating for .7-"3. First, it
follows from (29) that A is a uniqueness set for F2. Indeed, if SF € F2 for an entire
function S, then S should be constant, but F' ¢ ]:3, (a detailed proof can be found in [10,
Theorem 3]). Hence, A is not an interpolating sequence (otherwise, it would be complete
interpolating which is not true).

Assume now that A is sampling for .7-"5;. Then, by the stability result of Corollary 2.4,
the sequence

A= {€n2tl+4a+ Fn>o0

also is sampling for sufficiently small € > 0. However, it follows from (29) that A is the
zero set of some nontrivial function in ]:;, a contradiction.

As mentioned in the introduction we finish this section showing that it is not possible to
switch from a sampling sequence to an interpolating sequence by removing a point without
one being already complete interpolating.

Proposition 6.5. Suppose A is an interpolating sequence for F2° and A U {A} is not
interpolating for a A ¢ A. Then A is complete interpolating for F3°.

Proof. The assertion of the theorem is clearly true when A is complete interpolating.
Suppose now that A is an interpolating sequence which is not a uniqueness set. Then

there exists h vanishing on A and such that h(\) = 1 which implies that A U {A} is

interpolating. 0

Lemma 6.6. If A is sampling for F* and A\ {A} is a zero set for F2°, then A\ {A\} is
interpolating.

Proof. By assumption there exists a function f € F2° vanishing on A\ {\}, and f(A) =
For pn € A\ {\} define the entire function

D V(O =N EE
nl2) {f’(u)(ufh) if 2 = p,

which is in F°. Clearly g, vanishes on {A\} UA\ {u}.
Pick now a finite sequence (v,),-\ and set

gu(2)
fu(z) = v, )
By construction f, € F2° as a finite sum of functions in F2°, and f, interpolates v, in

i # A. Let us estimate the norm of f,. Observe that f,(\) = 0 since g,(A) = 0 for every
i # A. Using the fact that A is sampling we have

||fv||<p00/“sup|fv( )|6_¢(M) = sup |[fu(p)le” o) = sup |Uu|6_¢(u) = HUHtp,OO,A\{)\}'
HEA pEAN{A} pEAN{A}

Hence we can define a bounded interpolation operator v — f, and A\ {A} is an interpo-
lating sequence. 0
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Corollary 6.7. If A is sampling for F° and A\ {\} is a zero set for F°, then A is
complete interpolating.

Proof. We already know from the preceding lemma that A\ {A} is interpolating. Two
cases may occur. Either the sequence A is interpolating, in which case nothing has to be
proved, or A is not interpolating. In the latter case, A \ {\} is interpolating and A is not,
so that from Proposition 6.5 we conclude that A \ {\} is complete interpolating which is
impossible since A \ {\} is a zero set. O

Corollary 6.8. If a sequence A is interpolating for F2° and AU {\} is sampling for F2°,
then either A or AU {\} is complete interpolating.

The reader might have noticed that these last results work in a quite general setting. In
particular, if there are no complete interpolating sequences in such a general space, then it
is not possible to switch from an interpolating sequence to a sampling sequence by adding
a sole point.

6.2. Problems. In Theorems 1.1 and 1.2 we described complete interpolating sequences
for 78, p = 2,00. The case of other values of p remains open. For ¢(r) = a(log™ r)?,

1<p<oo,let

Fr = {f € Hol(C) : [IfIL, = /C F(2)Pe PP dm(z) < oo).
The sequence A C C is called sampling for FP if

LI, = 1150 = D IF ) PePees™ P51 4 N2), f e F2,
AEA

and interpolating if for every v = (vy)xea € E?A ; 1, o]l pa < 00, there exists f € FP

such that v = f|4.

Problem 1. Describe complete interpolating sequences for Ft, p # 2, 00.

We believe the sequence I' = {e%}nzo is still complete and interpolating for 1 < p < oo
and all complete interpolating sequences can be described in terms of their perturbations
from the sequence I'. Namely, one may suggest that A is a complete interpolating sequence
in F? if and only if conditions (a)-(c) from Theorem 1.1 hold with one change : 1/4a in
(c) should be replaced by 1/(2p'a), where p’ = max(p, q) and ¢ is the conjugate exponent |
1/p+1/q =1 (compare with [16, Theorem 2| for the Paley—Wiener space PW?). However,
the case p # 2 requires probably new techniques.

As we mentioned in the Introduction, in the case ¢(r) = a(logt r)?, 1 < B < 2, there
also exist Riesz bases of reproducing kernels [7]. We believe that the methods of our paper
(as well as those of [3]) apply to this situation also though the estimates become much
more technical.

Problem 2. Describe complete interpolation sequences for .7-"3 where o(r) = a(log® r)~.
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