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SAMPLING, INTERPOLATION AND RIESZ BASES IN SMALL FOCK SPACES
A.BARANOV, A. DUMONT, A. HARTMANN, K. KELLAY

AssTrRACT. We give a complete description of Riesz bases of reproducing kernels in small
Fock spaces. This characterization is in the spirit of the well known Kadets-Ingham 1/4
theorem for Paley—Wiener spaces. Contrarily to the situation in Paley—Wiener spaces,
a link can be established between Riesz bases in the Hilbert case and corresponding
complete interpolating sequences in small Fock spaces with associated uniform norm.
These results allow to show thatif a sequence has a density stricly different from the critical
one then either it can be completed or reduced to a complete interpolating sequence. In
particular, this allows to give necessary and sufficient conditions for interpolation or
sampling in terms of densities.

1. INTRODUCTION AND MAIN RESULTS.

Interpolation and sampling problems are well studied objects. Complete results for
corresponding sequences are known for broad classes of spaces of analytic functions.
We refer the reader to the monograph by Seip for an account on these problems [25]. Two
prominent examples here are the Fock spaces and the Bergman spaces. For these, inter-
polating and sampling sequences have been studied by Seip in the classical situation.
More general weights have been discussed in the 1990s by Berndtsson and Ortega-Cerda
[3], Lyubarskii and Seip [15], and later Marco, Massaneda and Ortega-Cerda [17]. More
recently, a series of results was obtained for "small" (i.e., with slowly growing weights)
versions of these spaces. In this case the geometric properties of sampling/interpolating
sequences change significantly. Seip showed that in small Bergman spaces, locally, inter-
polating sequences look like interpolating sequences in Hardy spaces [26]. In small Fock
spaces, Borichev and Lyubarskii recently exhibited Riesz bases of reproducing kernels
[6]. In this paper we will investigate further the situation of small Fock spaces ¥, for the
weight ¢(z) = a(log” r)*>. We focus on the Hilbert situation p = 2 and on the case p = co.
Asitturns out, no density characterization can be expected for interpolation or sampling.
There are actually sequences which are simultaneously interpolating and sampling, also
called complete interpolating sequences. Note that complete interpolating sequences nec-
essarily have critical density (as defined below). We also provide sequences with critical
density which are neither interpolating nor sampling for p = 2, co.
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The central result of this paper is a characterization of complete interpolating se-
quences when p = 2 which is in the spirit of the famous 1/4 Kadets-Ingham theorem
in the Paley—Wiener space and its more general version due to Avdonin [1]. A differ-
ent characterization using in particular a Muckenhoupt type condition and based on
different techniques is discussed by Belov, Mengestie and Seip for more general spaces
in [2]. The novelty of our approach is the use of a rather elementary Hilbert space
result, namely Bari’s Theorem, adapted to our situation. Moreover, we will show that,
surprisingly, the same characterization applies to complete interpolating sequences in
F°, the L*-counterpart of the Fock space #. From our characterization, we will also
deduce sufficient density conditions for interpolation and sampling.

We also would like to emphasize the connection between these spaces and the de
Branges spaces [7]. The complete interpolating sequence introduced by Borichev and
Lyubarskii in [6] defines a generating function G which, when p = 2, allows to identify
the Fock spaces we are interested in with the de Branges space H(G). Consequently, the
measure dx/|G(x)[* is a sampling measure for our Fock spaces, which answers a question
raised in [19]. Note that in [18], the authors consider sampling and interpolation in the
class of de Branges spaces for which the phase function defines a doubling measure. Our
space corresponds to the situation when the phase function is locally but not globally
doubling so that their results apparently do not apply here. Still it can be observed that
these authors obtain a similar kind of density characterization as ours when p = 2 (at
least for real sequences they consider).

1.1. Definition of small Fock spaces. We now introduce the necessary notation. Let
¢(z) = a(log” |z|)?, which is a subharmonic radial function with @(r) ,/ +oo, r — +co,
and define the associated Fock space,

?§={fe}kmcynfﬁl:iﬁlﬂ@p[mwdm@)<a*

In [6] Borichev and Lyubarski have shown the existence of complete interpolating se-
quences in 7 (i.e., simultaneously interpolating and sampling for 7, see precise defi-
nitions below).

The sequence they introduced will be the reference sequence for our considerations:

I=T,={e%e%),5,  O,cR 1)

In order to define sampling and interpolating sequences for ¥ 2, we consider first k;,
the reproducing kernel of ¥

(fl)p2=f), feF, zeC
According to [6, Lemma 2.7], the kernel admits the following estimate:
eZq)(z)

2 _ -
Il =te@ = s 2€C )
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The sequence A C C is called sampling for F if

[FLP
2 <P, o= —, € F2,
1112 = A1 50 L3I0 f

and interpolating if for every v = (v))jen € 55)’ A 1€, [0llp2a < oo, there exists f € (qu such
that
0= flA

Let k, = k, /I[k; ||y be the normalized reproducing kernel at A. Let A C C. We say that
{ka}aen is a Riesz sequence in T(Pz if for some C > 0 and for each finite sequence {a,}, we

have
% Z |a/\|2 < ” Za/\ ]k)\ “;(P < CZ |ﬂ)\|2,

AEA AEA AeA
and a Riesz basis if it is also complete. It is well known that A is interpolating if and only
if {1} en is a Riesz sequence, and A is complete interpolating if and only if {lkk})cs is a
Riesz basis in .

It should be mentioned that our case ¢(r) = a(log” r)* corresponds to the critical
growth of the weight for which Riesz bases of reproducing kernels exist. Recall that,
by the results of Seip and Seip—Wallstén [22, 27] there are no complete interpolating
sequences for the classical Fock space (i.e., for ¢(r) = r?). For more general (in particular,
rapidly growing) weights the same was shown in [5, 17, 15] (see also [25] as a general
source). Some examples of slowly growing weights such that no complete interpolating
sequences exist were given in [12]. Finally, Borichev and Lyubarskii [6, Theorem 2.5]
have shown that, under some regularity conditions, if (log” r)* < ¢(r) < %, then the
corresponding Fock space does not possess a Riesz basis of reproducing kernels. We
mention that there is no known weight for Bergman spaces for which there are Riesz
bases of reproducing kernels.

1.2. Description of complete interpolating sequences in T(g. Our central result is a
characterization of complete interpolating sequences in terms of their deviation from
the sequence I' = I', defined in (1).
Before stating the theorem we need to define separation as in [17, 6]. Set
p(2) = (Ap(2)71,
where Agp(r) = ¢”(r) + ¢’ (r)/r, r > 0. We associate with p a “distance” (a semi-metric):
|z — wl
1+ min(p(z), p(w))’

Note that when z, w are in a fixed disk, this distance is comparable to Euclidean distance.
The sequence A C C is said to be d,-separated if there is d, > 0 such that

dp(z, w) = z,w € C.

inf{d,(z,w): z,w € A,z # w} > dy.
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In the specific situation ¢(r) = a(log* r)?, we have p(r) = r/ V2a, r > 1. Hence
|z — wl
V2 -+ min((zl fwl)
In particular, for f <1 and 0 # A € C the ball corresponding to this distance is given by
D,(A,B):=={z€C:d,(z,A) <B}.

When f is small, D,(A, B) is comparable to a Euclidean disk D(A, g|A|) with a suitable
constant g depending on . From this we deduce that A is d,-separated if and only if
there exists ¢ > 0 such that the Euclidean disks D(A, c|A]), A € A, are disjoint.

dy(z, w) = V2a

Theorem 1.1. Let a > 0, p(r) = a(log™ r)?, let T = {y,}us0 = {5 )0 and let A = {A,)uso
with Ay = y,e%€%, |A;| < |Apsal, 6, € R. Then {ky} en is a Riesz basis for T(g if and only if the
following three conditions hold.

(a) Aisd,-separated,

(b) (64) € €%,

(c) there exists N > 1 and 6 > 0 such that

For N = 1, condition (c) of Theorem 1.1 becomes sup, [6,| < 1/4, which resembles a
well-known stability result for complete interpolating sequences in the Paley—Wiener
space (equivalently, Riesz bases of exponentials) — the famous 1/4-Theorem due to In-
gham and Kadets (see, e.g., [11, 20]). Also, for arbitrary N, Avdonin considers the
sufficiency of that condition in the Paley—Wiener space [1]. However, there is an essen-
tial difference since complete interpolating sequences in the Paley—Wiener space can not
be described in terms of perturbations and more subtle characteristics (e.g., the Muck-
enhoupt condition) appear [11], while in the case of spaces of very slow growth such a
characterization turns out to be possible. As already mentioned, very close results were
obtained by Belov, Mengestie and Seip in [2] where the boundedness and invertibility
problem of a discrete Hilbert transform on lacunary sequences was solved. Though
Theorem 1.1is not formally covered by the results stated in [2] (see Remark 3.1), it seems
that one can obtain our characterization using the methods of that paper. However, as
mentioned earlier, our proof being based on Bari’s theorem is essentially elementary.

As animmediate consequence of Theorem 1.1, the reader should note thatif a sequence
{A,} is complete interpolating then any sequence {A,¢""} will be complete interpolating
(as is the case for I',).

1.3. Weighted Fock spaces with uniform norm. We also deal with the case p = co. The
corresponding weighted Fock space is defined by

Fo> = {f € HOI(©) : [|fllpeo = sup |f(2)le " < oo},
zeC
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A sequence A c Cis called sampling for F 7, if there exists L > 0 such that

Ifllpo < Lllfllg0, := Lsup [f(D)le™™,  feFr.

AEA
A sequence A is called interpolating for ¥ if for every sequence v = (va)jea in £,
i.e., such that [[v]|, e, < oo, there is a function f € T(;" such that v = f|,.
It turns out that there exist complete interpolating sequences for ¥.° (i.e., as in ¥,
simultaneously interpolating and sampling sequences for #;°), which differs in this
respect from most other known spaces of entire functions (e.g., complete interpolating

sequences exist for the Paley-Wiener space PW! for 1 < p < o0 [16], but not for p = o).
Our second main result is as follows:

Theorem 1.2. Let ¢(r) = a(log” r)?, a > 0. Then a sequence A is a complete interpolating
sequence for F;° if and only if for some (any) A € A the sequence A\{A}isa complete interpolating

sequence for F.
Thus, any complete interpolating sequence for # * is a small (in the sence of conditions

(a)—(c) of Theorem 1.1) perturbation of the sequence T=TuU {1}.

We derive from Theorems 1.1 and 1.2 several density conditions for interpolation and
sampling in F/, p = 2, c0. Before stating these results, we need some more notation.

Let A(r, R) be the annulus centered at the origin with inner and outer radii r and R:
A(r,R) :={z € C:r < |z| < R}. For a d,-separated sequence A we define the lower and
upper densities respectively by

N
D~ (A) = lim inflim inf Card(A N A(r, Rr)
R—+400  r—+400 log R

and

_ _ Card(A N A(r, Rr))
D*(A) =1 1 .
() = limsuplimsup ===
These densities do not change when we remove or add a finite number of points to A.

1.4. Density criteria for sampling and interpolation. As an application of our result on
Riesz bases Theorem 1.1 (as well as Theorem 1.2) we can show that each set with D (A) <
2a (respectively D™(A) > 2a) can be completed (reduced) to a complete interpolating
sequence. More precisely:

Theorem 1.3. Let ¢(r) = a(log”’ r)?, let p = 2,00, and let A be a d,-separated sequence. Then
(i) if D*(A) < 2a, then A is a subset of some complete interpolating sequence in FJ;
(ii) if D™(A) > 2a, then A contains a complete interpolating sequence in .

This result, together with a classical comparison method by Ramanathan-Steger [17,
21], allows us to deduce our density results.

Theorem 1.4. (Sampling, p = o) Let ¢(r) = a(log’ r)?, a > 0. Then
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(i) every d,-separated sequence A with D™(A) > 2a, is a set of sampling for F,°;
(ii) if the sequence A is a set of sampling for F° then it contains a d ,-separated subsequence

A with D~(A) > 2a.
Theorem 1.5. (Sampling, p = 2) Let ¢(r) = a(log” r)?, & > 0. Then
(i) every d,-separated sequence A with D~(A) > 2a, is a set of sampling for F2;
(ii) if the sequence A is a set of sampling for F7, then it is a finite union of d,-separated
subsequences and A contains a d,-separated sequence A such that D™(A) > 2a.

Theorem 1.6. (Interpolation, p = 2,00) Let ¢(r) = a(log” r)?, a > 0. Then
(i) everyd,-separated sequence A with D*(A) < 2w is a set of interpolation for F), p = 2, oo;
(ii) if the sequence A is a set of interpolation for F), p = 2,00, then it is a d,-separated
sequence with D*(A) < 2a.

In the case when the density is critical, i.e., D*(A) = D (A) = 2a, any of the fol-
lowing situations may occur: a system my be complete interpolating, either complete
or interpolating, and, finally, neither complete nor interpolating (see Section 6 for the
corresponding examples). Thus, there are no density characterizations for sampling or
interpolating sequences for p = 2, co.

The paper is organized as follows. In the next section, we present some elementary
results on sampling and interpolation in our spaces. Some of them follow from a Bern-
stein type inequality that we will also give in this section. It is an interesting remark that
we can consider our Fock spaces as subspaces of a suitable H* from which we deduce
that half-lines are sampling for p = co. Furthermore, we show that the lower density of
a zero sequence has to be less than or equal to the critical density. Sections 3 and 4 are
devoted to the proof of our main results (Theorems 1.1 and 1.2), from which we deduce
the density results on sampling and interpolation in Section 5. Examples of sequences of
critical density which are neither sampling nor interpolating are discussed in Section 6.
There we will also show that it is not possible to switch from an interpolating sequence to
a sampling sequence by adding one point without one of the sequences being complete
interpolating.

A final word on notation: A < B means that there is a constant C independent of the
relevant variables such that A < CB. We write A < B if both A < Band B < A.

Acknowledgements. Alexander Borichev has read the first draft of the paper and sug-
gested many simplifications and improvements. The authors are grateful to him and also
to Yurii Belov, Yuri Lyubarskii, Pascal Thomas and Kristian Seip, for helpful discussions.

2. PRELIMINARY RESULTS
2.1. d,-separated sequences. Recall that ¢(r) = a(log” r)?, and
|z — w]

dy(z,w) = V2 |
o(z, W) \/_asz_a+min(|z|,|w|)
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A central tool in our discussion is the following Bernstein type result whose proof can
be found in [5, Lemma 4.1].

Lemma 2.1. Let f be a holomorphic function.
@) If lfllpo = 1, then for every ¢ > O there exists 0 < f < 1 such that whenever
|f (zo)le=?®) > ¢ for some zy € C, then for every z € D,(zo, ) we have

(@)@ > %e—aﬂz.
(ii) Thereis py > 0, such that if 0 < B < o, then for z € C with d,(z, zo) < p we have

£ (2)le™ — |f(20)le™ | < dy(z, 0) [max |fle™®.

p ZO/,B

—-9(2) L —p(w)
) o < g [ e )

From Lemma 2.1 we can deduce the following immediate corollaries (proofs can be
found for instance in [10, Chapter 5] or [28, Chapter 4]).
Corollary 2.2. If A is sampling for !, p = 2, co, then there exists a d,-separated sequence
A C A which is sampling for F.
Corollary 2.3. Every set of interpolation for F,, p = 2, 0, is d ,-separated.

We also need a uniform control of the sampling constant for small perturbations.

Corollary 2.4. Let A = {A,} be a separated sampling sequence. Then thereisa 6 > 0and C > 0
depending only on & such that for every A = {A,} with d,(A,, A,) < 6, we have

1

Zflla < N5l 5

Proof. First note that when d,(A,, Ap) <6, then 1+ A, < 1+]|A,? (constants are uniform
for 6 < 6p). Now

115, = Z(l + APIF(A,) e 200

< Y U+ IPIF@IPD + 3 (14 AR [ f (AP0 — [F(A, )2

2 3 \12,-20(Ay) 2 3 2 ,-2¢(z)
S L RPIFADE )0+ M)A, L) _max, IF@F0,

where we have used Lemma 2.1 (constants only depend on 0). Let 6 such that the disks
D(A,, 60lAy]) are disjoint. Then, when 6 > 0 is sufficiently small and z € D(A,, 6|A,),
every disk D(z, 6olz|/2) is contained in D(A,, 6o|A,]). Now, by Lemma 2.1, for every
z € D(Ay, O1A4),

1

1
@R s oo [ e ) < o [ e i)
012> Ipesok) 012 b0l
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Since d,(z, A,) < 26, we have 1 + A% < 1+ |z?, and hence
IF1B,, < Y (A +ILPIF(A)Pe>D +5 f |f(@)Pe " dm(w),
e, < 2 f 2
where the constants only depend on 6. It remains to choose 6 sufficiently small. |

Recall thatT' =T, = {e% ¢%},50, 0, € R, is a complete interpolating sequence for 77(;".
We will need the following simple estimates from [6].

Lemma 2.5. [6, Lemma 2.6]. Let ¢(r) = a(log” r)? and T = T,. The product
G =[]1-2)
yer V
converges uniformly on compact sets in C and satisfies
dist(z, I

where the constants are independent of the choice of 0,. Here dist(z,I') denotes the Euclidean
distance between z and I'. Also

G(z)| = 7@ zeC,

o e(l)()/) -
IG'(n)l = T+ pP? vy el

Lemma 2.6. Let A C C. Then
Ifllpa < clifllp, €T, ©)
if and only if A is a finite union of d ,-separated subsets.

Proof. If A is a finite union of d,-separated subsets, then (3) follows from Lemma 2.1 (iii).
In the opposite direction, let I' and G be as in Lemma 2.5, and put

G(Z) eP)
-Gy v

Gy (Z) =

Then
1" e dist(z, D)

1+ |23 z—yl
The function G, belongs to T(Pz and sup,, IG,ll2o < 1 (see [6, Proof of Theorem 2.5]).
Hence, by Lemma 2.5, we have
120Gy 2 IGlhpaz Y,  IGMP>D(+[AP)
AeAND,(y,B)
> cCard(AND,y(y,p))

(note that dist(A, I') < |A — /| since I is separated and we can choose 8 such that D,(y, )
stays sufficiently far from I"\ {y’}). So

sup Card(A ND,(y,B)) < o
yel

G, (2)] =
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for arbitrary real numbers 0, (we can pick 8 such that that D,(y, ) covers C when y runs
through I' and 0, through RR). Hence A is a finite union of d, -separated sequence. = O

Lemma 2.7. If A is d,-separated and sampling for F,
for F.

(el for some € > 0, then A is sampling

Proof. We are going to use the same Beurling duality argument as in [17, Theorem 36]
(see also [4, pp. 348-358], [23, pp.36-37]). Let

Fol={feFy: lim |f(z)]e ) = 0}.

By the sampling property, the operator family T : {f(A)} en F— e 9@ f(2), z € C, is
uniformly bounded from {f[, : f € F;° ) ¢ ¢y to C. Hence, by duality, there exists a
tamily (g(z, A))1ea such that

WO f(2) = Y e ND g A, fETT

AEA

and sup, )., 18(z,A)| < 0. Letnow I' =T, = {e%al- ¢}, and consider the function G € ﬁ"(;
of Lemma 2.5 vanishing on I'. When et < |z| < e%c, let V. = e ei% 5o that

e V) < z/y, | < 1.

Set
G(w) w_2

P = 0600 2

For w € C we have

e(p(w)=p(y2)) |ZU|1/2 diSt(w’ F) a(q)(w) ©(2)) |ZU| 1z dlSt(w I-_‘)
z[V2 fw = | s 212w =yl

IP-(w)] = e (4)

Given f € F2, by Lemma 2.1 (iii) and (4) we have w — f(w)P,(w) € ?"(‘;10) and hence

e IDfRP.2) = ) eIV FP.(N)g(z, D)

AEA

Since |P,(z)| < 1, again by (4) we obtain that

F@Ie 5 ) If (Ve Ml'll/zz i}sm ?l (z, ).

AEA
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Since ), 1g(z, A)| < oo, Holder’s inequality and (2) give us that

(;\lf(/mz ~2¢(A) ||/\|| <31|;\St(/\yZI|‘2)2)(Z|g(Z A)|2)

FOP 1 dist(A, T)
(;\; k() 1Azl |;\s—yz|2 )(A;g(z,w)

Z If(D)PF 1 dist(A,T)?

f2)Pe @

A

A

< — . 5
RO E R ©
It remains to verify that
dist(A, T)?
I(A ————dm(z) < 6
O =3 J iy ©
uniformly in A, since by (5), we then obtain the sampling inequality
15, < sup IVIfIE
We will now show (6). Since dist(A,T) < |A — )/z| and |y.| < |z|, we have
dist(A,T)? 1
————dm(z) < —dm(z) < 1.
i f e A= Pl ) S i s A S
If [y.| > 2|A|, then |A = y.| > |y.]/2 < |z| and dist(A, T') < |A|, so that
. r 2
f L DSV gy sl [ Sdm) < 1
2 21A|<ly| IAllz] A =] A<l |zl
Hence (6) is established and the proof is complete. m|

2.2. De Branges spaces. In order to investigate the Hilbertian counterpart of the above
result we will identify the Fock space with a de Branges space. Let G be the generating
function associated with the sequence I' defined by (1) with 0, = —m/2. Recall that the
de Branges space associated with G (see [7]) is given by

H(G) := {f entire : f/G € H*(C") and f*/G € H*(C")},
where f*(z) = j@ and H*(C") stands for the standard Hardy space. The space H(G) is

normed by
T f(x) 2
HE) T ) |G

We have the following result.

dx, feH@G).

Proposition 2.8. The space 7 is a de Branges space: ¥ = H(G).
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Proof. We know that the normalized reproducing kernels {k, },er = {k, /IIky [lp2},er form
a Riesz basis in 7. Then the biorthogonal family

” k)/ ||(p,2 ) G(Z)
Gy z-y’
is a Riesz basis in (qu By formula (2) and the estimate for |G’(y)| in Lemma 2.5 we

conclude that the above biorthogonal system is of the form a,|y['/? - G(z)/(z — y), where
la,| < 1. Hence, any function f in the space 7 can be written as

f@=Y e 22,

yer Z-Y

yerl,

(7)

where {c,} € *and ||f llp2 < Il{c, }l2. Writing for simplicity ), = —iy,, we have

f@ o oy’
Gz) ~ Z z+iy,’

n

and the series converges in the Hardy space H? = H*(C"), since ) satisfies the Carleson
condition and so is an H*-interpolating sequence. Analogously, if we put ® = G*/G, we

get

f @) _ Z c) )17/2 ®(Z) )

G(2) ~ Z—=1Yn

again the series converges in H?, since © is an interpolating Blaschke product (with zeros
iy,). We conclude that f/G and f*/G are in H2. Conversely, any function in H(G) can be

written as a series of the form (7), since the functions (Imy)'/2G(z)/(z — y) form a Riesz
basis in H(G) whenever the zero set of G is an interpolating sequence. ]

Itis also possible to have the comparison with the integral over the positive or negative
rays.

Corollary 2.9. Let G be the generating function of the sequence (1) with 0, = —1t/2. Then the
measure dx/|G(x)| is sampling on R,, R_ or R for F: for every f € F7,

P, f@F ., (f®
s [ 20 aex [ |20 e |

G(x) G(x) G(x)
This answers a question appearing in equation (4.3.1) in [19].

2

2
Proof. Since ||f|l,2 < f]R % dx, it is sufficient to prove that
2 2
f & dx < f & dx.
r|G(x) R, 1G()
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The sequence I given by (1) (with 6, = 0) is sampling, and hence, according to Corollary

2.4 there exists 6 > 0 and C depending only on 6 such that for every perturbation I of I'
with d,(y,, 7,) < 6 we have

1
E”f”(p,Z < ||f||q),2,f'

Consider now the sequence A = {A,},50 such that A, >y, and d,(y,, A,) = 6. We set
I, = [yn, An), n > 0. Clearly, the intervals I, are disjoint if 6 is sufficiently small. By the
mean value theorem, there exists x,, € I, such that

fean) |

fzn_z G(x,)

It is also clear that |I,| < 1 + x,. Since x, € R", using the estimate in Lemma 2.5 and
taking into account that dist(x,, —i') < 1 + x,,, we get

f& fOF 1 s Zf o AZ(l fen)

G(x) L 166

Y P+ 30 < Y |l{(x(1;)|)‘

n>0 n>0

= [In| X

G(x)

X

Since d,(x,, yx) < 0, the sequence T:= {x,}uz0 is sampling for 2, and we get
f f0 [
IG(x

The following result shows that we have a similar situation in "

2 Wflly25 2 ”f”(pZ

Proposition 2.10. Every half-line starting from the origin is sampling for F°.
Proof. Pick f € ;> with [|fll, = 1. Define

F(z) = f(z)e 87,

cutting the plane at the positive real axis. Then F is an analytic function in C \ R}.
Moreover,

IF(z)] = | f (z)]e 08" =g ") | £(z)[emelos”, @)
Hence F € H*(C \ R}) implying that

_ 2
sup |f(z)le*®8F" < sup |F(z)] = sup IF(2)| = I fllp,cor..,
zeC zeC\Rf zeR4

which proves the claim. O
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2.3. Density results.
Lemma 2.11. If A is d-separated then D™(A) < D*(A) < oo.

Proof. As already mentioned in the beginning of Section 2, when A is d -separated, then
there exists ¢ such that the Euclidean disks D(A, c|A]), A € A, are disjoint. A standard
argument, based for instance on the consideration of the Euclidean area of A(x, Rx) and
that of the disks D(A, c|A]), A € A N A(x, Rx), shows that this implies in particular that
for fixed 1 > 0 every annulus A(x, nx) contains a uniformly bounded number of points
of A (this number depends on 7):

Card(ANA(x,nx)) <M, x>0.

Suppose now that R > Ry and r > ry with Ry, 7y big enough. Let N be the least integer
such that rn™ > 7R so that N < log R/ log 7. Then

N
M
— n—1 n
CardANA(,R) = Y. 1<) Card(ANAr"™,m") ogT log R.
AeANA(r,Rr) n=1
o
Proposition 2.12. If A is a zero sequence for F;° then
N
lim inf SAANDOR) )
R—+00 log R
Proof. Suppose there is a function g that vanishes on A with
ANDQO,R
lim inf S OR) S 50 (10)
R—+00 log R

Assuming ¢(0) # 0 (otherwise divide by a suitable power of z which does not change
the other zeros of ¢ and gives a function still in #°), Jensen’s formula yields for every
R>0,

271
Z 108% B % f log |g(Re"”)|d6 — log |3(0)| < a(log R)* + C.
0

AeA:JAI<R
Denote now by 7,(R) the number of zeros of ¢ in D(0, R). Then

R K ng(t)
A€/§1<R log m = L — dt

From (10) we deduce that for ¢ > 0 small enough there exists Ry > 0 such that for every
R > Ry,
1g(R) = Card(A N D(0,R)) > 2a(1 + ¢) log R.

Then for every R > Ry,

gt ®logt logR)?  (logRy)?
tog X2 [ 28O0 5 00146y [ 1841 2 2001+ o (L8RS Lo8RIY
5T ot

AeA|A|<R Ryt 2 2
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It follows that
a(1 + €)((log R)* - (log Ro)?) < a(log R)? + C
which is impossible when R is big. O
We may deduce the following corollary.

Corollary 2.13. If A satisfies (9) then D™(A) < 2a.

Proof. By contraposition, suppose that D™(A) > 2a. Then there are R, and ry such that
for every R > Ry and r > ry we have

Card(A N A(r, Rr))
log R
for a suitable fixed ¢. Set 7 = max(Ry, rp) and let x = nN** € [V, nN*1) (x € [0, 1)) be big,
then

>2(1+ ¢)a,

Card(AND@O,%) i Card(A N A, 1)

log x - log x
2(1 N-1)1
> (1 + e)af Jlog —2(1+¢e)a, N — oo,
(N +x)logn
i.e., A does not satisfy (9). O

The two preceding results together team up in:

Corollary 2.14. If A is a zero sequence for F°, then D™(A) < 2a.

3. PROOF OF THE RESULT ON RIESZ BASES

“«=": We use Bari’s Theorem [20, p. 132]. As in the introduction, let k, be the
reproducing kernel of T(PZ and let k; = k, /|[k, ||, be the normalized kernel at A. Let F
be an entire function with simple zeros at each A € A,

F(z) := l_[ (1 - /\i), ze(,

n>0

and set
F(z)

F(A)(z—=A)
If the functions g, are in T(g, then the family {g)}ica is biorthogonal to Ky = {ku}sen-
Hence to show that K, is Riesz basis it suffices to prove
(i) F/(- = A) e 7 for A € A;
(ii) Ky is complete : \/{k,, A€ A} = T(PZ;
2
i) Y [F k0| S AR

AeA

) Y [f gl < IFIE

AeA

81(z) = Ikillp2,  z€C.
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To prove (i), let |z| = ¢' with |A,_4] < |z| < |A,] and suppose that dist(z, A) = |z — A,_4].

Let m € IN be such that
m 1 m 1

RN — _+_

20 4o T 20 4o
Then, since |A,| = y,¢°* < y,, by the above, and 0,, is uniformly bounded, we have that
lm — n| is uniformly bounded in |z|, and log|A| — ¢ is bounded uniformly in z and s
between m and n. We use that for d,-separated sequences the behavior of the function F
is essentially given by the first n terms. We have

log |E(z)] = 1 1 11
og|F(z)l 0;2 Ogm* og| ()
= Z (t- k+—1)+logdist(z A)—t— Z 5+ O(1)
2a ’
0<k<n-1 0<k<n-1
= Z (t- k+—1)+logdlst(z A)—t— Z 5+ O(1)
2a
0<k<m-1 0<k<m-1
1
- mt—@— Y o+ logdist(z, A) — £ + O(1)
a 0<k<m-1
3
_ 2 _ v : _
= at 2t + log dist(z, A) 0<;;_1 O+ O(1), t — oo,
Next,if m =IN +r,0 <r <N, then
I-1 N-1
|Z 5k| Z‘Z Onei] + ‘Z S| < ING +0O(1) = 2a6t + O(1). (12)
j=0 i=0
Therefore, for some n > 0,
dist(z, A) dist(z, A)
P 2" o \F < o) T2 T . 1
e i A T = (19

This proves (i).
Next we pass to property (iii). By assumption, A is d,-separated, and so by Lemma

2.1 we have 5
Ykl = Y R <t

||q)2

AeA AEA
Let us turn to (ii). By Lemma 2.5 we have

dist(z, A)

~ ol AStE A)

IG(z)| < e T+ 2p? zeC.
If f € F2, then by Lemma 2.1 (iii), |f(z)| = 0(¢*® /(1 + |z])) and so
(144 )
F@ICEN =0y €€ 14)
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Let |z| = ¢! and let 1 be such that
n 1
< )
20 4a 20 4o

If we denote by k(n) the integer such that the point Ay, € A is the closest to z, then,
by condition (b), k(1) — n| is uniformly bounded. Hence, keeping in mind that A is
separated and |A,,| < |z, [m — n| < |k(n) — n|, we have

dlst(z A) H ||/\z|| (15)
k

k(n)

IF(2)| = H 1

k=1

z
Al ™

Thus,

F) _ TIi élz//\kl dist(z, A) _ le 5 dist(z, A)
IG(z)| ~ i Nz /il dist(z,T) ~ — dlst(z I’

Asin (12), and recalling that |[m—n| is uniformly bounded, we have | Y /-, 38kl < 2a0t+0(1),
where 2a6 < 1/2. Therefore,

1 dist(z, A) |F(2)]
|z|220 dist(z, ') ~ IG(z)I

If z is d,~far from A, we have dist(z, A)/[z**® < [z]'* >> 4/|z] so that with (14) in mind
we see that F ¢ 7. Now, if K, is not complete, then there exists a nonzero f € ¥
vanishing on A. So f = FS for some entire function S, and

f@)| | f(2) GE)| (1+|Z|1/2+2a6
ol oo | =\ asie )

Now, for every R > 0, we can find a closed contour Cr surrounding D(0, R) which is
d,-separated from A (and not meeting I'). We have max.c, |S(z)| = o(1), R — oo, so that
sup,x IS(z)] = 0(R), and hence S vanishes identically, which is impossible. Statement
(ii) is proved.

It remains to show (iv). Let us estimate F(y,,) and F’(A,). As above, we only need to
consider the terms k < n — 1. By (15),

z¢!l.

15(2)] =

dist(y,,, A) m
FOl < —2= T 2= (16)
" 0<k<m~1 A
and
1 A
F'(Ay) < — =1l 17
F (A0 Mnlog_l = (17)

Since the family {k, },¢r is a Riesz basis, we can write

f = Z Am ]'k)/m’ (am)mZO € 62/

m=>0
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and the sum in (iv) becomes

)3

n>0

2

Z . F()/m) ) “ k/\n ||q),2
"FA)Gm—An) Tk, e

m>0

An/m

It remains to check that the matrix [A,, ] defines a bounded operator in £2.
It follows from (16), (17) and (2) that

-1
dist(ym, A) v, alog sl -a(log y)?
Al = = [T wal-| T] | e

0<k<n-1 0<k<m-1
dist(y,,, A
_ Mecm,m),
|Vm - Anl
where
_mm+1) m+1 © k+1
c(n,m) = 7 ( 7 + 6n)n L ( 7 + 6k)
n—-1
k+1 n+1 2 (m+1)>2
_k: (2a 6k)+a( 2a +6n)  4a
—— n—1 m—1
=0 +Zék—26k+0(1)
k=0 k=0

17

By condition (b) there exists M such that [y,,—A,| < |1,/ whenn > m+M, [y, — A, < [l

whenm >n+ N, and |y,| < |A,| for [m —n| < M.

e Let [m —n| < M. Then it is clear that |A, ,| < 1 with a bound independent of n and m.

e Ifm > n+ M, then

dist(ym, A) exp ( m

m—1
Ayl = 4;” +Y 6+ 0()
k=n

m

o If n > m+ M, then |y, — A,| < |A,| and so

dist(y, A)  Vm n—m =
Apu = —— . L 1
Al = —— = - (- exp (o +k§:mf ¢ +O(1)

dist(yy, A) —m -
= %-exp(— n4am +;:6k+0(1)),

since V. /|A,| < exp (%)
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Thus,
n-1

- dlSt(sz A) |m B n'
Al = == exp(— =+ )0+ 0()), (18)

where the sum is taken with negative sign if m > n. It follows from (c) that |A,, .| <
exp(—6ln — m|) for some 6 > 0, and so the matrix [A, ,,] defines a bounded operator in 2.
Statement (iv) is proved.

“

="

(a) By Corollary 2.3, A is d,-separated.

(b) Suppose that (6,) ¢ . Then there exists an infinite subsequence of indices N' = {n;}
such that for each k there exists n1; such thatd,(A,,, yu,) < 1, but [ —my| — coask — oo.
Passing possibly to another subsequence (also denoted by A,, tonot overcharge notation)
we can suppose that this subsequence is in an angle. Now, since ¥ is rotation invariant,

{eA,.} is also a complete interpolating sequence for any 0 € R for which the subsequence
(An )k is d, separated from I'. Thus, we may assume without loss of generality that

dp(Ank/ r) = 1/
that is, |A,, —y| > c|A,, |, ¥ € I (with constants independent of k) and also that
AoV, N) =< 1.

To simplify the notations we write n and m in place of 7, and my,
Now let us consider

Fow) Il llpa
F’(/\n)(ym - /\n) ” kym ”(p,z.
Observe that we have assumed conditions (a) and (c) which ensure that g, € T(g (cf.

proof of (i) in Bari’s theorem in the beginning of this section). As in (16)—(17) and taking
into account that dist(y,,, A) < Y,

An,m = <g/\,,/ Ik)/m> =

n

Vm

Fly)l = —2m
O~ o Al

Analogously,
Al
AoAr ... Ayl

Thus, using the estimate (2) for the norm of the reproducing kernel as well as the
estimates y,, < |A,| < [y — Aul, we get

[F'(An)l <

n 2 2
A, | = 1 pal0g” Nal-log” y)
G
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Note that logy,, = % and log|A,| = ”Z—J;l + 6,. Let us write |A,| = y,,e> with |6,,,] < 1.

- 2a

Hence exp(& + 6,,) = exp(%H + 6,,,) and so

n—m
2u

Without loss of generality, let 6, — +c0. Moreover, we may assume that 0,, > 1.
Otherwise, we may replace m by m —mj for some sufficiently large m, that can be chosen
to be independent of k. (If 6, — —oo then we may assume that 6,,, > 1. Otherwise, we
may replace m by m + my for some sufficiently large )

= =0, + Oum- (19)

Then by (19) we have
_ om+1 n+1 (m+1)? n+1 2
log | Al = n—— n( o o) . af o+ 5,) +0(1)
— )2 _
_ 4am) + nzam +06, +ad> + O(1)

= 206,0,m + O(1)

Thus, |A,, | 2 €200, Repeating this estimate for each k (note that all asymptotic es-
timates < and > hold uniformly with respect to k) we conclude that limy_,c |Ay, m| = 0.
Since A, = (ga,,k,,), we conclude that ||g)tnk||<p,2 — 00, k — 00, and so {k,},ea is not
uniformly minimal (in particular, it is not a Riesz basis).

(c) Given N, set

sup %| Zl 6k| = + en- (20)

Since we already have shown that (6,) is bounded, the sequence (¢y) is bounded. If for
some N we have ¢y < 0, then (c) is proved. Assuming the converse, we have ey > 0.
Replacing, if necessary, A by ¢ A we may assume that dist(y,,, A) < y,,.
Suppose first that there is a subsequence (N;) such that ¢y, is bounded from below by
& > 0. Then there exists n; such that
1 | n;+Nj

1 1
- > - 2> — 4 e/2.
N 5k|_ e /22 - +el

k=1’l[+1 4“
It follows from (18) that the sum |A,, ,,+n,| + |Ay 48,4, is unbounded and so a fortiori the
matrix [A; ]

Suppose now that (ey) is a sequence of positive numbers tending to zero. Then for
every N there exists ny such that

ny+N

‘ Y 642N($+5N)—1

k=ny+1
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By definition
ny+K 1
| Y. 5k| < K(z- +ex)
k=ny+1
tfor every 1 < K < N. Then
nN+N
-K
‘ Y 5,(‘ N4 + Ney — Kex — 1. 1)
k=nn+K+1

Two cases may occur.

Case (1): If (Ney) has a subsequence which tends to +oo, then for fixed K and N in this
subsequence, the expression Ney — Keg is positive and unbounded. Thus, again by (18),
the sum of matrix entries |Apk van| + [Ar+n M1k is unbounded and so the matrix [A,, ;]
can not define a bounded operator in ¢2.

Case (2): Assume that the sequence (N¢y) is bounded. If there exist arbitrarily large

N such that ¥/¥*N 5, > 0 then for these values of N and every 1 < K < N we have by

k=ny+1
(21)
nN+N
N -K
(SkZ + Ney — Keg — 1.
k=nn+K+1
Hence, by (18),
nN+N
N -K
|AnN+N,nN+K+1| = eXP( Z Ok — 4o ) =< 1.
k=nn+K+1

Analogously, if there exist arbitrarily large N such that ZkN;I\_’H or < 0, then by (21) for

1 < K < N we have
ny+N—-K

N-K
< —
O < ——— + 0Q1),
k=nn+1
and so, by (18),
N _ K ny+N—-K
|A7’1N+1,7’ZN+N—K| = exp( - 4:0( - Z 61{) = 1'

k=ny+1

In each of these two situations we conclude that the matrix [A,,,] has an increasing
number of entries in one line which are bounded away from zero, and, thus, cannot
define a bounded operator. ]

Remark 3.1. Now we compare in more detail Theorem 1.1 with the results of Belov,
Mengestie and Seip [2]. By Proposition 2.8 (see formula (7)) any function f € ¥ may be
represented as

|V|1/2

o) =6 ) L

yel
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where (¢, ),cr € ¢ and ||f llp2 < ll(c))ll2. Thus, the space Tq‘f is a special case of the spaces

H(T,v) introduced in [2, Section 2] and which consist of entire functions of the form
1/2

c,0
(2) =GR ) ——
f Z -
write v, in place of v,,).
In[2, Theorems 5.1, 5.2] a description of Riesz bases in the spaces H (I, v) was obtained
under two additional restrictions:

either v, = O(ka) or |)/ |2 = Z |)/k|2 (22)

k<n k>n

, corresponds to the choice of weights v, = |y,| (we

as n — oo. The criteria in [2] are also of the perturbative nature and are very close to
our result. However, for the choice of the weight v, = |y,| neither of the conditions in
(22) is satistied. Thus, the results stated in [2] do not cover Theorem 1.1. It seems very
probable that Theorem 1.1 can be proved using the powerful methods developed in [2]
(in particular, Theorem 1.3), however our feeling is that such a proof will not be shorter
and more transparent than the one presented in this section.

4. COMPLETE INTERPOLATING SEQUENCES IN T;"

In this section we prove Theorem 1.2. The proof is in many ways similar to the proof
of Theorem 1.1. Put

f =T'vu {)7} = {yn}nzo U {77}/

where ' =T, = {0 e'%},-0 is our reference sequence (1) and y ¢ I
Proposition 4.1. The sequence Tisa complete interpolating sequence for F° for any y € C\T.

Proof. Let E(z) = Hyef(l —z/y), that is E(z) = (1 — z/7)G(z) where G is the associated
function of Lemma 2.5 vanishing exactly on I' (without loss of generality assume that
y # 0). For every sequence v = (ZJ),)V G with ||7J|| 7 < 0o, we construct the corresponding
interpolating function and estimate its norm:

G(2)
foz) = —
72 REOIEESY)

By the estimates of Lemma 2.5 we have, for any z € C,
dist(z,T) |z| 1+ P?
£ s Yol T diste D) B 1+ PP

1+zP2  y erOz -y
yel"

dist(z, ') 1 +
ool Y SED TR o,
w0f Ly Tyl T4 < Pt

A

yel
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and we deduce that T is an interpolating sequence for which we can construct a linear
operator of interpolation.

We now show that I is a uniqueness sequence. For this, let f € ¥ vanish on T.

Consider the holomorphic function g = f/ G. Then, again by Lemma 2.5,

1+ |z|'/?

1g(2)I < m

and, by the maximum modulus principle, g = 0.

As a conclusion the sequence I is an interpolating sequence which is also a uniqueness
sequence and thus a sampling sequence. ]

Proof of Theorem 1.2. Let A = (A,)n=0 be a sequence of complex numbers tending to in-
finity, with |A,| < [A41]. As before, we write A, = y,e™¢%, 0, € R, n > 0. Now let
A=AU {A}. We can also write A= (A)ns—1 with A_; = A, and analogously for T.

To prove Theorem 1.2 we need to show that Ais a complete interpolating sequence
for 77 if and only if A is complete interpolating for F, that is, A satisfies the conditions

(a)—(c) of Theorem 1.1.

A is complete interpolating for F; = Aisa complete interpolating sequence for F°.

By Theorem 1.1, A satisfies the conditions (a)—(c). Hence, the infinite product f(z) =
[1,5(1 —z/A) converges uniformly on compact sets and, by (13), there exists 17 > 0 such
that

dist(z, A)

dist(z, A)
(1 + |zt (1 + Iz’
Thus, F ¢ 7, while F/(-— 1) € F°, A € A. Also, if Fg € F.°, then [g(2)] < |21/ dist(z, A),

whence ¢ = 0. Thus, Aisa uniqueness set for ?’"qf’.

@) < [F@z)| < @ zeC.

It remains to show that A is an interpolating sequence for #;°. Let (v,)u0 be a finite
sequence and put

~ F(z)
fo&) = Z B A

Since we already know that I" is a sampling sequence for F, . we have

F(m
Il foll o = sUp ™0™ Z Vy— m)
T F’(/\n)(Vm - /\n)

Ym€l n

= Sup | Z vne_(P(/\n)Bn,m‘,

ym€l  n

(23)
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where _

B, ,, = ePPn=elm _ FQm) )
' F'(An)(ym — An)
Note that [E(y,)| < VulF(7m)l and |F'(Ay)] < 1A.F'(A,)], and so
Al [l

where A, , are defined in the previous section. By (18) and (c), |A,xl < exp(=0ln — m|)
for some 6 > 0. Hence,

1follpes < loll, oo z5up Y 1Bl < ol 5

ym€l ) en

Byl = e?070m|A, |- = |Anml,

so that an interpolating function f, exists for every finitely supported sequence v with
uniform control depending on |[v]| _ . It remains to apply a normal family argument

@,00,A"

to show that such an interpolating function f, exists for arbitrary v with |[v]| _ + < co.

@,00,A

Aisa complete interpolating sequence for F > = A is complete interpolating for T(g.

We need to show that the sequence A satisfies the conditions (a)—(c). By Corollary 2.3, A
is d-separated. Also, if the sequence (6,) is unbounded, then, as in the proof of necessity
part of Theorem 1.1, there exists a subsequence |A,, ,, | — oo. Since |A,, | < |By m,l, it
follows from (23) that the interpolation operator is unbounded (choose the data v, = V)
for A = A, and v, = 0 otherwise).

It remains to prove (c). As in Section 3 define ¢y by (20). If the sequence Ney is
unbounded then again there exists a subsequence |A,, ,,| — oo. Finally, if the sequence
Ney is bounded, then, analogously to the proof of (c) in Section 3 we can show that there
existarbitrarylarge N, my and ny such thatfor1 < K < Nwehave|B,, +xmy| < [Any+kmyl 2
1. Tt is clear from (23) that in this case the interpolation operator is unbounded (choose
the data v,e~?*) € = such that v,e B, . < |B, .| for ny +1 < n < ny + N). O

5. PROOF OF THE DENSITY RESULTS

5.1. Sufficient conditions. First we deduce the sufficient conditions of Theorems 1.4-1.6
from Theorems 1.1 and 1.2.

These conditions follow immediately from Theorem 1.3 which we recall and prove
here.

Theorem. Let ¢(r) = a(log™ r)?, let p = 2,00, and let A bea d,-separated sequence. Then
(i) if D*(A) < 2a, then A is a subset of some complete interpolating sequence in FJ;
(ii) if D~(A) > 2a, then A contains a complete interpolating sequence in 9’{5

We give a proof for the case p = 2; the proof for the case p = oo is completely analogous.
To simplify the notations, we choose @ = 1/2. Recall that with our choice of a the set
I' = {y,} = {€"},en becomes a complete interpolating sequence for the space.
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Proof of (i). It follows from the condition D*(A) < 1 that for sufficiently large M > 0,
every annulus

A, = {z L MmEE < 7] < eM<m+1>+%}, m >0,

contains at most M — 1 points from A. Fix such M. Furthermore, there exists an 7 > 0
such that each A,, contains an annulus B,, of width n which contains no points of A.

Our goal is to add some sequence A’ to A so that the new sequence A U A’ could be
written as y,e%¢%" and for some N we would have

sup%]|kz“6k|gé<£:%. (24)

Let us denote the points from AN A, by AT, ..., A" (we of course assume that A, are
ordered so that the modulus is nondecreasing), and let us associate with each of them
some point from I' N A,,. E.g., let us write

A;n = eMm+leéMm+leleMm+l, 1< I < lm

In each annulus A,, we still have at least one point from I' N A,, to which nothing is
associated.

We now take a large number N (the choice will be specified later) and consider the
groups of the annuli A,,, namely put

kKN+N

A, = U A, k>0.

m=kN+1

Now in the whole group of annuli A; there are at least N free points of I to which we
need to assign some element of the sequence A’ that we want to construct. We will do
this in such a way that for any k we have

(kKN+N+1)M
<CM, (25)

n=(kN+1)M+1

for some absolute constant C whence for sufficiently large N, (24) will be satisfied. Thus,
from now on, k will be fixed.

We use an idea from the paper [24] by Seip. The points of A’ N A,, will be chosen
within the annuli B,, (of the width n). Note that we can even put all missing points in
one annulus B,,, if we want, and still have p-separation, but, of course, the separation
constant will depend on 1, M and N and may be rather small. Let us consider all
possible sequences A’ ¢ UMN B, with separation constants uniformly bounded away
from zero, and let us write the elements of A U A’ as y,¢>¢%. Note that for any m and
n=Mm+1,...,Mm+ I, the values 6, are already fixed. Moreover, since for these n the
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corresponding A-s are in the same annulus A,, we have |6,| < M, whence

KN+N  Mm+l,

_MN < Z Z 6, < M2N.

m=kN+1 n=Mm+1

Now assume that we chose all the points of A" in the annulus By (the smallest of all
B,, in our group). Then for

KNM + jM + linsj +1 <n <kKNM + (j + 1)M, 2<j<N-1,
we have
o, < —(j — 1M,
whence (using the fact that we have at least N free indices in each A,,)

N-1 KNM+(j+1)M

Z Z 6ns—E(j—1)MNS—M;\]2,
j=2

J=2 n=kNM+jM+In,j+1

when N is sufficiently large. Thus, with this choice of A’ we have

(KN+N+1)M N2
Op < — 3+ O(M?N) < 0,
n=(kN+1)M+1

if N> M.

Analogously, if we choose all the points of A’ in the annulus By (the largest of all B,,
in our group), we willhave 6, > (N-2—j)M for KNM+ jM+Iin,j+1 < n < KNM+(j+1)M,
0 <j< N -3, whence

(KN+N+1)M
On
n=(kN+1)M+1

MN?
>

>— — O(M?N) > 0.

Finally, note that if two choices of A’ coincide up to one point which is in some B,, for
one choice and which is in B,,;; for the other choice, then the corresponding sums

(KN+N+1)M
On

n=(kN+1)M+1

considered for these two choices of A" will differ by at most 2M. Since the two config-
urations of A’ described above may be obtained from the other by changing only one
point and moving it to a neighboring annulus B,, we conclude that there exists some
intermediate choice of A’ with the property (25) (with C = 2). O

Proof of (ii). The idea is the same and so we may omit some details. Let M, N be as above,
but now we assume that each A,, contains at least M + 1 points for some fixed M. Let us
assume that N > M and choose j, € N so that 3j)M < N < 3(jo + 1)M.
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For jo < j<N-joand kNM + jM+1 < n < kNM + (j + 1)M we choose in an arbitrary
way A, € AN A; and write them as

Vi ebn el@,, .

Then [6,] < M and
N—jo KNM+(j+1)M
~(N-9MP< Y Y S S(N-2)M2

j=jo n=kNM+jM+1

Note that we did not assign any point from A to n-s in the first and in the last interval,
namely, for KNM +1 <n < kNM + joM and for kNM + (N — jo)M +1 <n < kNM + NM.

Recall that we still have N free points of A in each A,,. Now consider two choices of
Ay for these values of n. For the first choice let us assign some points A, € AN A; to
kKNM+ jM+1<n <kNM+ (j+1)Mand N — j, < j < N — 1. However, for kNM + 1 <
n < kNM + joM let us choose joM points A, in U;.on/3A;. This is possible, since we have
at least N/3 > joM free points from A in U;.on/34;. Then, for KNM +1 < n < kNM + joM,
we have

MN
6)/1 S _TI
and hence,
(kN+N+1)M jo—1 KNM+(j+1)M N-1 KkNM+(j+H)M
)IED DD PR DD D
n=(kN-+1)M-+1 j=0 n=kNM+jM+1 j=jo n=kNM+jM+1
jOMZN

< —=5— +O(M’N) <.

Analogously, choosing the points A, € ANA; for kNM+ jM+1 <n <kNM+ (j+1)M
and 0 < j < jo — 1, and taking A, in U;on3A; for kKNM + (N — jo)M + 1 < n < kNM + NM,
we see that the corresponding sum of 6, is positive.

The proof is completed as in (i): each configuration A, may be obtained from the other
by changing exactly on point at each step, and, moreover, these points can be chosen at
the distance (with respect to the logarithm) at most 2M. Thus, the corresponding sum
will be at most 4M for some choice of {A,,} C A. O

5.2. Necessary conditions for sampling/interpolation, p = 2, oo, Theorems 1.4, 1.5 and
1.6. To obtain the necessary conditions for the sequence to be sampling/interpolating, we
use the technique developed by Ramanathan and Steger [21, 17]. We follow the scheme
of proof proposed in [17, Lemma 40] and concentrate mainly on the places where the
proofs differ.

Lemma 5.1. Let ¢ > 0. Assume A to be interpolating for ?‘(’i_w, p =2,00,and S to be sampling
for F and d,-separated. Then for small 6 > 0 we have for sufficiently big R,

(1 - 6%) Card(A N A(x, Rx)) < Card(S N A(5x, Rx/0)).
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Proof Let p = 2. Since A is interpolating for 7—3 o7 for every A € A there exists

fa € (1 O such that fi(A) = 1, fLIA\{A} = 0 and || flla-e)p2 < [Ale” 799N By (2),

/@) =K, ko)l s e CO DA /(1 + [2)). (26)

Let G be the function from Lemma 2.5 associated toI' :=T,, = {e% e . n >0}, and let
vy € T be a point such that dist(A,I') = |1 — y,|. Then |A| < y,. With an appropriate
choice of 6, we can assume that d,(A,I') > 0. Define
G(Z) A— ‘}/}\ z .
f@)z=5~ Ikallp2 ifzeC\{yal,
K(z, A) = Z V)L “G(A) A ¢
G’(/\) G(A) ” k, ||<p2 ifz = Ya-

By construction, x(-, A) € T(g, A € A, and the system {x(-, A)} e is biorthogonal to {lk,}1ea-
Moreover [|x(:, A)l|,,2 is uniformly bounded. To verify this, it suffices to estimate thisnorm
on the Borichev-Lyubarskii sampling sequence I', with dist(y,I'.,) < |y|, ¥ € I',, using
Lemma 2.5 and (26):

I, B, = Y Iy, AP0+ [yP)

y€ly

e (1 +[yP)

~ Z T )lzezw‘” dist’(y, Tea) 1A = 7221 + 1AP) |y|
PR A+1yB)ly = yaP e2e00) dist?(A, T.,) 1+ |A|2

€l

s 42
< Z dist ()/, rea) 1+ |/\| < Z 1+—b/| + 1+ |/\|

) . @)
_ 2
b/ %\| 1+ |V| yel o yI<IAl L+ |/\| YelalyI>IAl 1+ D/l

yela

Both sums are majorized by the sum of a geometric progression, and, hence, are uni-
formly bounded.

Let now {Fl;(-,s)ses} be the dual frame (see, for example, [8]) for {k; /|| K [ly2}ses in ?—;&
Consider the following finite dimensional subspaces of 7
Ws = {E(-, s):s e SNAMx,Rx/6)} and Wy ={x(-,A): A € AN A(x, Rx)}.

We define Ps and P, as the orthogonal projections of F onto Ws and W, respectively.
Consider the operator T = P,Ps defined from W, to W,. Clearly

tr(T) < rankPg < Card(S N A(6x, Rx/0)).
Since (P ky), is biorthogonal to (k(-, 1)) eansry) in Wa, we have

(M= Y. (Tx(,A), Paky).

AeANA(x,Rx)
Hence, since (T«(:, A), Pxky) = (x(-, A) + (Ps — Id)x(-, A), PA k,), we also get
tr(T) > Card(A N A(x, Rx))[1 = sup |[Ps(x(:, A)) — x(, Allp2]
A
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It remains to verify that |[Ps(x(-, A)) — x(-, A)ll,,2 are small for sufficiently small 6 indepen-
dently of A. By Lemma 2.5 we have
(s, D 1Al dist(s, Tuo)?
kI, ~ L+Isl Is—yal

(28)

Since S is sampling and d,-separated, and since A € A(x, Rx), we have, using also
Al =< [yal,

IPs(e(, 1)) = (Al S s, P

s¢A(0x,Rx/0) ”k ”q)2
lyal dist(s, Ta)?
+ls| Is—yal

S A
sl yal

S 1
s¢ A(Ox,Rx/0)

A

Is| -

For R big enough, we can suppose y, € A(x, Rx). Since § is separated, each annulus
Ay = A2F, 241 contains a uniformly bounded number of points of S. Let M be an upper
bound of these numbers. Let N, K be such that 2V < 6x < 2¥*! and 2X < Rx/6 < 2K+,
Then an estimate analogous to the above yields:

ﬂ LiZH Ve
< il A < <

Isl<lyal, SEA(Bx,Rx/) al

[val Mb//\l
8 < E E

S
[s|=y 1], s¢A(6x,Rx/5) k>K SEﬂk

IsI<lyal, sgA(0x,Rx/06) b//\l IsIZlyal, sgA(6x,Rx/0)

and we are done.

Now let p = oo. Since A is interpolating for (f(‘f’ o7 then for every A € A, there
exists fy € 7, such that fi(1) = 1, fLIA{A} = 0 and [|filla-pe < e~(1-aeW) je

112)| < e(1-8)@@)-9¢() Get

Kz, A) = falz)- G(A)

(Observe that we do not need the factor z/A in this case.) As in (27) it can be shown that
k(-, A) is in (qu with uniformly bounded norms. Again by Lemma 2.5 we have (28) and

applying the same arguments as above (note that S is again assumed sampling in ),
we get our result. |

G(Z) zeC.

e Let us first deduce from this lemma the necessary condition for sampling in Theorem
L5 (p = 2). Suppose that A is a sampling sequence for 7. By Corollary 2.2 and Lemma
2.6, A is a finite union of d,-separated subsets and contains a d,-separated subset A”
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which is also a sampling set for 7. Let T’ = T(1_¢), = e T ei% : 1 > 0} for some & > 0.
We have D™(I') = D*(I') = 2(1 — ¢)a. By [6, Theorem 2.8], I is an interpolating sequence
for ?d(%—f)w and the comparison Lemma 5.1 gives D~(A") > 2a.

e The necessary condition for sampling in Theorem 1.4 (p = o) follows from Corollary
2.2, Lemma 2.7, and the necessary condition for sampling in Theorem 1.5.

¢ Next we consider the necessary condition for interpolation in Theorem 1.6. Consider
I =Tsepn = {eﬁeien : n > 0} for some ¢ > 0. Wehave D™(I') = D*(I') = 2(1 + ¢)a and by
[6, Theorem 2.8], I' is a sampling sequence for Té oy If A is an interpolating sequence
for ?‘5 ,p = 2,00, then by Lemma 5.1, comparing the densities between interpolating and
sampling sequences, we obtain D*(A) < 2a.

6. ExaMPLES

In this section we give explicit examples of d,-separated sequences of critical density
which are uniqueness sets for 7, but are neither sampling nor interpolating.

We will also show that it is not possible to switch from a sampling sequence to
an interpolating sequence by removing a point without one being already complete
interpolating.

For the first of these examples we will need a two-sided version of the function
from Lemma 2.5, which we estimate using essentially the same argument. As before,
@(z) = a(log™ |z|)?, a > 0.

Lemma 6.1. Let a > 0 and consider T* = {—eae%, eieOn},oq =: Vntnez\j0y, where 0, are
arbitrary real numbers. Then the infinite product

E=[[(1-7)
it Y

converges on every compact subset of C,

dist(z, T*)

E(z)| < @ ,
E) < 0=

z € (C, (29)

and
|E’( )l e(l)()/) 1"+
= —, el.
e 7

Proof. For every t > 0 there exists a unique m such that

1(m-l)<t<1(m+1)
a 2]~ a 2)
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We consider z with |z| = ¢'. Then

loglE@)| = ). log|l- 21y om
1<kl<m Vi
- Z (t- M) +log dist(z, T) — t + O(1)
1<lkl<m-1 a
= 2(m—1)i - %(m_—l)m +log dist(z, I*) —  + O(1)

= at* — 2t + log dist(z, ) + O(1),

which gives the first estimate. The second estimate can be immediately deduced from
the first. m|

Example 6.2. Let I be the sequence from Lemma 6.1. In view of Theorem 1.1, this
sequence cannot be complete interpolating for 7 since the points y,, n < 0, are too far
from the reference sequence. Clearly, the upper and lower densities of this sequence are
equal to 2a. Let E be the function of Lemma 6.1. Hence the functions g, := E/E'(,)(-— V)
are in F;° and 7.

Let us prove that it is neither sampling nor interpolating for 7.
Suppose first that it is sampling. Then for every finite sequence v = (v,,),ez\(0} € fg),ri
the function f, = }_, v,¢, would interpolate v on I'*, and by the sampling property of I'*,

2 -2
AIR > = folrslB o e = ) loulPe (1 + 1yaf?) = llolly o=
n

In other words, the interpolation operator v — f, would be continuous from é’?) r to
¥, and the sequence would be interpolating. Since it was supposed sampling it would
thus be complete interpolating, and we would get a contradiction.

Suppose next that it is interpolating. Since the function E vanishes on I'* and satisfies
(29), T'* is a uniqueness sequence (see, for example, [9, Theorem 3]). Since it is also

interpolating, it is complete interpolating, and again we obtain a contradiction.

Example 6.3. Let I, := T* U {-1,1} = {£e"/*},50 = {Vu}uez where ['* is again the sequence
from Lemma 6.1 and y_, = —y,. Then I’ is neither sampling nor interpolating for ¥°.
Clearly, by (29), I'; is a uniqueness set for °.

Set E;(z) = (z2 — 1)E(z). Then, in view of (29), T, is a uniqueness sequence for Fo
and g, = E»/E}(y)(- — y) with € I'; defines a function in #;°. Next, let the family of
functions (f,)u=0 € ¥, be given by

fu(2) = Z &,8,(2), z€C,

[yI<yn
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where ¢, := ¢7@88@)e?0) and z, = iy,,1. We have

; . dist(z,, I) ,
fn(zn) = Z 6)/g)’(zn) = Z e(P())lg)/(Zn)l = e(P( 2 Z |Z+ = ne(p( n).

[YI<yn [YI<yn [VI<yn 7/|

As a consequence, |[fyllyo — ©0, while ||f,lr,llpor, = 1. Hence the sequence is not
sampling, and since it is uniqueness it can neither be interpolating (otherwise it would
be complete interpolating and hence sampling).

Next we give an example of a one-sided sequence of critical density which is neither
sampling nor interpolating for 7. Let 0 < 6 < 5 and let

A= {Aubizo = {5} 0.
Then, by estimates analogous to Lemma 6.1, the generating function F of the sequence

A satisfies
dist(z, A)

= P27
[F@) = e 1 + |z[3/2+2a0”

zeC. (30)

It is clear that F € (f(g if and only if 6 > ﬁ. Moreover, by Theorem 1.1, A is a complete

interpolating sequence for 7 if 0 < 6 < + and A U {1} is a complete interpolating

if L 1
sequence if ;- <6 < 5.

Example 6.4. If 5 = I, then A is neither sampling nor interpolating for F,. First, it
follows from (30) that A is a uniqueness set for T(PZ. Indeed, if SF € (qu for an entire
function S, then S should be constant, but F ¢ T(g (a detailed proof can be found in [9,
Theorem 3]). Hence, A is not an interpolating sequence (otherwise, it would be complete
interpolating which is not true).

Assume now that A is sampling for 7. Then, by the stability result of Corollary 2.4,
the sequence

n+l 1

A=),

also is sampling for sufficiently small ¢ > 0. However, it follows from (30) that A is the
zero set of some nontrivial function in T(PZ, a contradiction.

As mentioned in the introduction we finish this section showing that it is not possible
to switch from a sampling sequence to an interpolating sequence by removing a point
without one being already complete interpolating.

Proposition 6.5. Suppose A is an interpolating sequence for F ;> and AU{A} is not interpolating
fora A ¢ A. Then A is complete interpolating for ;.

Proof. The assertion of the theorem is clearly true when A is complete interpolating.
Suppose now that A is an interpolating sequence which is not a uniqueness set. Then

there exists i vanishing on A and such that (1) = 1 which implies that A U {A} is

interpolating. O

Lemma 6.6. If Ais sampling for ¥ ;> and A\{A} isa zero set for F;°, then A\{A} is interpolating.
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Proof. By assumption there exists a function f € #;° vanishing on A\ {A}, and f(A) = 1.
For u € A\ {A} define the entire function

z=A :
R
frWp—A) ifz=y,
which is in F°. Clearly g, vanishes on {A} U A\ {u}.
Pick now a finite sequence (v,),1 and set

fv(z) - ‘ui/\ U;t gru(‘u) .

By construction f, € T(;" as a finite sum of functions in T(f‘,"’, and f, interpolates v, in
p # A. Let us estimate the norm of f,. Observe that f,(1) = 0 since g,(A) = 0 for every
u # A. Using the fact that A is sampling we have

follg.eo < sup |fo(le™™® = sup [f(wle™* = sup [oule™* = [[vllg00,n11)-
UEA ueA\{A} ueA\{A}
Hence we can define a bounded interpolation operator v + f, and A \ {1} is an
interpolating sequence. O

Corollary 6.7. If A is sampling for F° and A\ {A} is a zero set for F°, then A is complete
interpolating.

Proof. We already know from the preceding lemma that A \ {A} is interpolating. Two
cases may occur. Either the sequence A is interpolating, in which case nothing has to be
proved, or A is not interpolating. In the latter case, A \ {1} is interpolating and A is not,
so that from Proposition 6.5 we conclude that A \ {1} is complete interpolating which is
impossible since A \ {A} is a zero set. O

Corollary 6.8. If a sequence A is interpolating for F;° and A U {7} is sampling for F°, then
either A or A U {A} is complete interpolating.

The reader might have noticed that these last results work in a quite general setting.
In particular, if there are no complete interpolating sequences in such a general space,
then it is not possible to switch from an interpolating sequence to a sampling sequence
by adding a sole point.

REFERENCES

[1] S. A. Avdonin, On the question of Riesz bases of exponential functions in L?, Vestnik Leningrad. Univ. No.
13 Mat. Meh. Astronom. Vyp. 3 (1974), 5-12, in Russian.

[2] Y. Belov, T. Mengestie, and K. Seip, Discrete Hilbert transforms on sparse sequences, Proc. London Math.
Soc. 103 (2011), 73-105.

[3] B. Berndtsson and J. Ortega Cerda, On interpolation and sampling in Hilbert spaces of analytic functions,
J. Reine Angew. Math. 464 (1995), 109-128.

[4] A.Beurling, The Collected Works of Arne Beurling 2, Harmonic Analysis (L. Carleson, P. Malliavin,
J. Neuberger, ]. Wermer, eds.), Birkhduser Boston Inc., Boston, MA, 1989.



SAMPLING, INTERPOLATION AND RIESZ BASES IN SMALL FOCK SPACES 33

[5] A. Borichev, R. Dhuez, and K. Kellay, Sampling and interpolation in large Bergman and Fock spaces, ].
Funct. Anal. 242 (2007), 563-606.

[6] A.Borichev, Yu. Lyubarskii, Riesz bases of reproducing kernels in Fock type spaces, Journal of the Institute
of Mathematics of Jussieu 9 (2010) 449-461.

[7] L. de Branges, Hilbert Spaces of Entire Functions, Prentice-Hall, Englewood Cliffs, 1968.

[8] O. Christensen, Frames and Bases. An Introductory Course, Birkhduser, Boston, 2008.

[9] A. Dumont, K. Kellay, Convergence of Lagrange interpolation series in the Fock spaces, Publ. Mat. 58
(2014), 121-132.

[10] H. Hedenmalm, B. Korenblum, K. Zhu, Theory of Bergman Spaces, Springer-Verlag, New York, 2000.

[11] S. Hruscev, N. Nikolski, and B. Pavlov, Unconditional bases of exponentials and of reproducing kernels.
Complex Analysis and Spectral Theory, 214-335, Lecture Notes in Math. 864, Springer—Verlg, Berlin
(1981).

[12] K. Isaev, R. Yulmukhametov, The absence of unconditional bases of exponentials in Bergman spaces on
non-polygonal domains, Izv. Math. 71 (2007), 69-90.

[13] M. Kadets, The exact value of the Paley—Wiener constant, Sov. Math. Dokl. 5 (1964), 559-561.

[14] B.Ya. Levin, Lectures on Entire Functions, Translation of Mathematical Monographs 150, American
Mathematical Society (1996).

[15] Yu. Lyubarskii, K. Seip, Sampling and interpolation of entire functions and exponential systems in convex
domains, Ark. Mat. 32 (1994), 157-193.

[16] Yu. Lyubarskii, K. Seip, Complete interpolation sequences for Paley—Wiener spaces and Muckenhoupt’s (Ap)
condition, Revista Mat. Iberoam. 13 (1997), 361-376.

[17] N. Marco, X. Massaneda, ]. Ortega—Cerda, Interpolating and sampling sequences for entire functions,
Geom. and Funct. Anal. 13 (2003), 862-914.

[18] J. Marzo, S. Nitzan, J.-F. Olsen, Sampling and interpolation in de Branges spaces with doubling phase, ].
Anal. Math. 117 (2012), 365-395.

[19] T. Mengestie, Two weight discrete Hilbert transforms and systems of reproducing kernels,
PhD thesis, Norwegian University of Science and Technology, 2011. http://www.diva-
portal.org/smash/get/diva2:433668/fulltext01.pdf

[20] N. Nikolski, Treatise on the Shift Operator. Spectral Function Theory, Springer-Verlag, Berlin, 1986.

[21] J. Ortega-Cerda, K. Seip, Beurling-type density theorems for weighted LP spaces of entire functions, J. Anal.
Math. 75 (1998), 247-266.

[22] K. Seip, Density theorems for sampling and interpolation in the Bargmann—Fock space I, ]. Reine Angew.
Math. 429 (1992), 91-106.

[23] K. Seip, Beurling type density theorems in the unit disk, Invent. Math. 113 (1993), 21-39.

[24] K. Seip, A simple construction of exponential bases in L? of the union of several intervals, Proc. Edinburgh
Math. Soc. 38 (1995), 171-177.

[25] K. Seip, Interpolating and Sampling in Spaces of Analytic Functions, American Mathematical Society,
Providence, 2004.

[26] K. Seip, Interpolation and sampling in small Bergman spaces, Collect. Math. 64 (2013), 61-72.

[27] K. Seip, R. Wallstén, Density theorems for sampling and interpolation in the Bargmann—Fock space I1, J.
Reine Angew. Math. 429 (1992), 107-113.

[28] K. Zhu, Analysis on Fock spaces, Graduate Texts in Mathematics 263, Springer, New York 2012.

A. BARANOV, DEPARTMENT OF MATHEMATICS AND MECHANICS, ST. PETERSBURG STATE UNIVERSITY, ST.
PETERSBURG, Russia
E-mail address: anton.d.baranov@gmail.com

A.Dumont, LATP, CMI, Aix—-MARSEILLE UNIVERSITE, 39, RUE F. JoL1oT-CURIE, 13453 MARSEILLE, FRANCE
E-mail address: dumont@cmi .univ-mrs. fr



34 BARANOV, DUMONT, HARTMANN, KELLAY

A. HaArTMANN & K. KeLLAy, IMB, UN1vERSITE BorRDEAUX I, 351 cOURS DE LA LiBERATION, 33405 TALENCE,
France

E-mail address: Andreas.Hartmann@math.u-bordeauxl. fr

E-mail address: kkellay@math.u-bordeauxl. fr



