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❈♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ♣♦✇❡rs ♦❢ ❛♥ ♦♣❡r❛t♦r✳

❆♣♣❧✐❝❛t✐♦♥s t♦ st♦❝❤❛st✐❝ s②st❡♠s

❇❡r♥❛r❞ ❉❡❧②♦♥ ∗

❏✉♥❡ ✹✱ ✷✵✶✹

❆❜str❛❝t

❲❡ ❡①t❡♥❞ t❤❡ tr❛❞✐t✐♦♥❛❧ ♦♣❡r❛t♦r t❤❡♦r❡t✐❝ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ st✉❞② ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✐♥ ♦r❞❡r t♦
❤❛♥❞❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♥♦♥✲❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ tr❡❛t♠❡♥t ❞❡✈❡❧♦♣❡❞ ❛♥❞
♣♦♣✉❧❛r✐③❡❞ ✉♥❞❡r ❘✐❝❤❛r❞ ❚✇❡❡❞✐❡✬s ✐♠♣✉❧s✐♦♥✱ ❝❛♥ ❜❡ ♣❧❛❝❡❞ ✐♥t♦ ❛♥ ♦♣❡r❛t♦r ❢r❛♠❡✇♦r❦ ✐♥ t❤❡ s♣✐r✐t
♦❢ ❨♦s✐❞❛✲❑❛❦✉t❛♥✐✬s ❛♣♣r♦❛❝❤✳ ●❡♥❡r❛❧ ❚❤❡♦r❡♠s ❛s ✇❡❧❧ ❛s s♣❡❝✐✜❝ r❡s✉❧ts ❢♦r ▼❛r❦♦✈ ❝❤❛✐♥s ❛r❡ ❣✐✈❡♥✳
❆♣♣❧✐❝❛t✐♦♥ ❡①❛♠♣❧❡s t♦ ❣❡♥❡r❛❧ ❝❧❛ss❡s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ❛♥❞ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛r❡ ♣r❡s❡♥t❡❞✳

❑❡②✇♦r❞s✿ ▼❛r❦♦✈ ❝❤❛✐♥s
❆▼❙ s✉❜❥❡❝t ❝❧❛ss✐✜❝❛t✐♦♥✿ ✻✵❏✵✺

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ♣❛♣❡r ✐s ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈ ❝❤❛✐♥s✱ ✐✳❡✳ ♣r♦✲
❝❡ss❡s ♦❢ t❤❡ ❢♦r♠

Xn+1 = ϕ(Xn, Un) ✭✶✮

✇❤❡r❡ Un ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ❛♥❞ ϕ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥❀ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X0 ✐s ❞❡t❡r♠✐♥✐st✐❝ ♦r r❛♥❞♦♠✳
❚❤❡r❡ ❡①✐st ❡ss❡♥t✐❛❧❧② t✇♦ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ s✉❝❤ s②st❡♠s✿
t❤❡ ♦♣❡r❛t♦r t❤❡♦r❡t✐❝ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ ❢♦❝✉s❡s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r T ❞❡✜♥❡❞ ❛s

Tf(x) = E[f(Xn+1)|Xn = x] = E[f(ϕ(x, Un))] =

∫

f(ϕ(x, u))µ(du) ✭✷✮

✇❤❡r❡ µ ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Un✳ ❚❤❡ s❡❝♦♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✜♥❡ st✉❞② ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ Xn✱ ❡s♣❡❝✐❛❧❧②
t❤❡ r❡❝✉rr❡♥❝❡ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ♠♦st t②♣✐❝❛❧ ♦❜❥❡❝t✐✈❡ ✐s t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ ❢✉♥❝t✐♦♥

Tnf(x) = E[f(Xn)|X0 = x] ✭✸✮

♣♦ss✐❜❧② ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❧✐♠✐t✱ ❛♥❞ ❛t ✇❤✐❝❤ r❛t❡✳ ❲❡ ❦♥♦✇ t❤❛t t❤✐s ❧✐♠✐t ✇♦✉❧❞ ❜❡ π(f)✱ ✇❤❡r❡ π ✐s t❤❡
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡✳ ❚❤✐s ✐♥ ♣❛rt✐❝✉❧❛r ❛❧❧♦✇s t♦ st✉❞② ❛r❜✐tr❛r② ❝♦rr❡❧❛t✐♦♥s

E[f(Xn)g(X0)] = E[g(X0)T
nf(X0)]. ✭✹✮

∗■❘▼❆❘✱ ❈❛♠♣✉s ❞❡ ❇❡❛✉❧✐❡✉✱ ✸✺✵✹✷ ❘❡♥♥❡s ❝❡❞❡①✱ ❋r❛♥❝❡

✶



■♥ t❤❡ ❝❛s❡ ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✐✳❡✳ Un = 0✱ t❤❡r❡ ✐s ♥♦ ♣♦✐♥t✇✐s❡ ❧✐♠✐t t♦ ✭✸✮ ✇❤❡r❡❛s ✭✹✮ ♠❛② ❝♦♥✈❡r❣❡❀
t❤✐s ♠❡❛♥s t❤❛t ✭✸✮ ❝♦♥✈❡r❣❡s ❛❝t✉❛❧❧② ✐♥ s♦♠❡ ✇❡❛❦ s❡♥s❡✳ ❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ t❤✉s ❜❡ s✉♠♠❛r✐③❡❞ ❛s✿ ■♥
✇❤✐❝❤ s❡♥s❡ ❞♦❡s Tnf ❝♦♥✈❡r❣❡s✱ ❢♦r ✇❤✐❝❤ ❢✉♥❝t✐♦♥s f ✱ ❛♥❞ ❛t ✇❤✐❝❤ r❛t❡❄

❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ t❤❡ ✜rst ❛♣♣r♦❛❝❤✱ ❛❧t❤♦✉❣❤ s♦♠❡ ❢r✉✐t❢✉❧ ✐❞❡❛s ❤❛✈❡ ❜❡❡♥ ❜♦rr♦✇❡❞ ❢r♦♠ t❤❡
s❡❝♦♥❞ ♦♥❡✱ ❡s♣❡❝✐❛❧❧② ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ s♣❡❝tr❛❧ ❣❛♣✳

❆ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ❧✐t❡r❛t✉r❡ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❜♦t❤ ♦❢ t❤❡s❡ ♣♦✐♥ts ♦❢ ✈✐❡✇s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ✜rst
❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♠❛✐♥ ✐❞❡❛s ✇✐t❤ t②♣✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ t❤❡ s✐♠♣❧❡st s✐t✉❛t✐♦♥s✱ ❛♥❞ t❤❡♥ ✇❡ s❤❛❧❧ ♣r❡s❡♥t
♦✉r ♣❧❛♥ ♦❢ ❛❝t✐♦♥✳

✶✳✶ ❚❤❡ ❨♦s✐❞❛✕❑❛❦✉t❛♥✐ ❚❤❡♦r❡♠ ❛♥❞ t❤❡ ■♦♥❡s❝✉✲❚✉❧❝❡❛✕▼❛r✐♥❡s❝✉ ❚❤❡♦✲

r❡♠ ❢♦r q✉❛s✐✲❝♦♠♣❛❝t♥❡ss

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐♥ t❤❡ ✜♥✐t❡ ❝❛s❡ ✭✐✳❡✳ ✇❤❡♥ Xn t❛❦❡s ✈❛❧✉❡s ✐♥ ❛ ✜♥✐t❡ st❛t❡ s♣❛❝❡✮✱ T ✐s ❛❝t✉❛❧❧② ❛
♠❛tr✐①✱ ❛♥❞ ✇❤❡♥ Tn ❝♦♥✈❡r❣❡s✱ t❤❡ r❛t❡ ✐s ❛❧✇❛②s ❣❡♦♠❡tr✐❝✳ ■t ✐s ❣✐✈❡♥ ❜② ρn✱ ✇❤❡r❡ ρ ✐s t❤❡ ♠♦❞✉❧✉s ♦❢
t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ T ✳ ❚❤❡ ❣❛♣ ❜❡t✇❡❡♥ 1 ✭✜rst ❡✐❣❡♥✈❛❧✉❡✮ ❛♥❞ ρ✱ ✐s t❤❡ s♣❡❝tr❛❧ ❣❛♣✳ ■❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡
✶ ✐s ♥♦t s✐♠♣❧❡ ♦r ✐❢ ♦t❤❡r ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠♦❞✉❧✉s ♦♥❡ ❛r❡ ♣r❡s❡♥t✱ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ Tn ✐s st✐❧❧
❣✐✈❡♥ ❜② t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠♦❞✉❧✉s ♦♥❡ ❛♥❞ t❤❡✐r ❡✐❣❡♥s♣❛❝❡s✱ ✉♣ t♦ ❛ r❡♠❛✐♥❞❡r ♦❢ ♦r❞❡r ρn✳ ❲❡ ♣r❡s❡♥t
♥♦✇ t❤❡ ❝❧❛ss✐❝❛❧ ♦♣❡r❛t♦r ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ st❛t❡ s♣❛❝❡✱ ✇❤✐❝❤ ♠❛② ❜❡ s❡❡♥ ❛s t❤❡ ✐♥✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ♠❛tr✐① tr❡❛t♠❡♥t✳ ❲❤❛t ✐s ❡①♣❡❝t❡❞ ❤❡r❡ ✐s t❤❛t ❢♦r s♦♠❡ ♥♦r♠ . ❛♥❞ ❛♥②
❢✉♥❝t✐♦♥ f ✇✐t❤ f <∞

Tnf − π(f) ≤ Cρn f ✭✺✮

❢♦r s♦♠❡ C > 0 ❛♥❞ 0 < ρ < 1✳ ❊①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ ❜❡❧♦✇✳

❆♥ ♦♣❡r❛t♦r T ♦♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ (E, . ) ✐s s❛✐❞ q✉❛s✐✲❝♦♠♣❛❝t ✐❢ s♦♠❡ ♣♦✇❡r ♦❢ T ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Tn = K + V ✭✻✮

✇❤❡r❡ V ❤❛s s♣❡❝tr❛❧ r❛❞✐✉s < 1 ❛♥❞ K ✐s ❝♦♠♣❛❝t✳ ◗✉❛s✐✲❝♦♠♣❛❝t♥❡ss ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❬✼❪✳
❚❤❡ ❨♦s✐❞❛✲❑❛❦✉t❛♥✐ ❚❤❡♦r❡♠ ❬✶✽❪ s❛②s t❤❛t ✐❢ ✐♥ ❛❞❞✐t✐♦♥ t❤❡ s❡q✉❡♥❝❡ T k ✐s ❜♦✉♥❞❡❞ t❤❡♥ E s♣❧✐ts ❛s
E = Ec

⊕

E0 ✇❤❡r❡ Ec ✐s t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s ♦❢
♠♦❞✉❧✉s ✶✱ E0 ✐s ❝❧♦s❡❞ ✇✐t❤ TE0 ⊂ E0 ❛♥❞ t❤❡ r❡str✐❝t✐♦♥ ♦❢ T t♦ E0 ❤❛s s♣❡❝tr❛❧ r❛❞✐✉s < 1✳ ❉❡♥♦t✐♥❣
❜② λi✱ i = 1, ...p t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ T ✇✐t❤ ♠♦❞✉❧✉s ♦♥❡✱ ❜② Ei t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥s♣❛❝❡s✱ ❜② Pi t❤❡
♣r♦❥❡❝t✐♦♥ ♦♥ Ei ♣❛r❛❧❧❡❧

⊕

j 6=iEj ✱ ♦♥❡ ❤❛s t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥

T =

p
∑

i=1

λiPi +Q, Q = TP0 = P0T ✭✼✮

✇❤❡r❡

|λ1| = · · · = |λp| = 1 ✭✽✮

❡❛❝❤ Pi ✐s ❛ . ✲❝♦♥t✐♥✉♦✉s ♣r♦❥❡❝t✐♦♥✱ ✇✐t❤ ✜♥✐t❡ r❛♥❦ ✐❢ i > 0 ✭✾✮
p
∑

i=0

Pi = Id ✭✶✵✮

PiPj = PjPi = 0, 0 ≤ i < j ≤ p ✭✶✶✮

Qn → 0. ✭✶✷✮

❚❤❡ ❧❛st ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s ♦❢ ❝♦✉rs❡ t❤❛t Qn ≤ Cρn ❢♦r s♦♠❡ C > 0✱ 0 < ρ < 1❀ ❛♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡s❡ ❡q✉❛t✐♦♥s ✐s t❤❛t ❢♦r ❛♥② k ≥ 1

T k =

p
∑

i=1

λki Pi +Qk. ✭✶✸✮

✷



❆ ❞❡❝❛❞❡ ❧❛t❡r✱ ■♦♥❡s❝✉✲❚✉❧❝❡❛ ❛♥❞ ▼❛r✐♥❡s❝✉ ♣r♦✈✐❞❡❞ ❛ ❚❤❡♦r❡♠ ❬✽✱ ✶✵✱ ✾❪ ✉s❡❢✉❧ ❢♦r ❝❤❡❝❦✐♥❣ t❤❛t q✉❛s✐✲
❝♦♠♣❛❝t♥❡ss ❤♦❧❞s ✇❤❡♥ Tn ✐s ❜♦✉♥❞❡❞✶✿ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✇❡❛❦❡r ♥♦r♠ ‖.‖ ♦♥ E✱ ❢♦r
✇❤✐❝❤ {Tf : f ∈ E, f ≤ 1} ✐s ‖.‖✲❝♦♠♣❛❝t ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥✱ ❢♦r s♦♠❡ γ < 1✱ c ≥ 0 ❛♥❞ k > 0✱ ❛♥❞ ❛❧❧ f ∈ E

T kf ≤ γ f + c‖f‖. ✭✶✹✮

■t t✉r♥s ♦✉t t❤❛t ❝♦♥❞✐t✐♦♥s ✭✻✮ ❛♥❞ ✭✶✹✮ ❤❛✈❡ ❞✐✛❡r❡♥t ♥❛t✉r❛❧ ❞♦♠❛✐♥s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❛♥ ✐❧❧✉str❛t✐✈❡
♣✉r♣♦s❡✱ ✇❡ ❣✐✈❡ ❜❡❧♦✇ t✇♦ s✐♠♣❧❡ ❜✉t t②♣✐❝❛❧ ❡①❛♠♣❧❡s ❝♦♥❝❡r♥✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ◆❛♠❡❧②✱ ✇❡ s❤♦✇ t❤❛t
✭✻✮ ✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ ❍❛rr✐s ❝❤❛✐♥ ✇✐t❤ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
✈❛r✐❛❜❧❡✱ ✇❤❡r❡❛s ✭✶✹✮ ✐s ♠♦r❡ ❛❞❛♣t❡❞ t♦ ♥♦♥ ♥❡❝❡ss❛r✐❧② ✐rr❡❞✉❝✐❜❧❡ ❝❤❛✐♥s ✇❤❡r❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
tr❛♥s✐t✐♦♥ ❤❛s ❛ ❝♦♥tr❛❝t✐♦♥ ❡✛❡❝t ♦♥ t❤❡ ✈❛r✐❛❜❧❡✳

❊①❛♠♣❧❡ ✶✳ ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ♦♥ ❛ ♠❡❛s✉r❡❞ s♣❛❝❡ S✱ ✇❤✐❝❤ s❛t✐s✜❡s ❛ ❉♦❡❜❧✐♥ ❝♦♥❞✐t✐♦♥
✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ν(dx) s✉❝❤ t❤❛t ✐ts tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ s❛t✐s✜❡s ❢♦r ❛❧❧ x ∈ S

p(x, dy) ≥ ν(dy).

❚❤❡♥ ♦♥❡ ❝❛♥ ✇r✐t❡

Tf(x) =

∫

f(y)ν(dy) +

∫

f(y)(p(x, dy)− ν(dy))

❛♥❞ ✭✻✮ ❛♣♣❧✐❡s ✇✐t❤ f = ‖f‖∞✱ ♦♥ t❤❡ s♣❛❝❡ E ♦❢ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ‖V ‖ ≤ 1− ν(S)✳ ❲✐t❤
s♦♠❡ ❡①tr❛ ❡✛♦rt✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t Ec ✐s t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✳ ■❢ π ✐s t❤❡
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡✱ ♦♥❡ ❣❡ts

Tnf − π(f) ≤ Cρn f ✭✶✺✮

♦r ❜② ❞✉❛❧✐t②✱ ❢♦r ❛♥② ✐♥✐t✐❛❧ ♠❡❛s✉r❡ µ

‖T ∗nµ− π‖TV ≤ Cρn‖µ‖TV

✇❤❡r❡ ‖.‖TV ✐s t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠✳

❊①❛♠♣❧❡ ✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r ♥♦✇ ❛ ❝❤❛✐♥ ✇✐t❤ t❤❡ ❢♦r♠

Xn+1 = ϕ(Xn, Un)

✇❤❡r❡ Un ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ µ✳ ❍❡♥❝❡

Tf(x) =

∫

f(ϕ(x, u))µ(du).

❚❤❡ ❢✉♥❝t✐♦♥ ϕ ✐s s✉♣♣♦s❡❞ t♦ s❛t✐s❢② ❛❞❡q✉❛t❡ ♠❡❛s✉r❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥s ❛♥❞ ❛ ✉♥✐❢♦r♠ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt②
♦♥ t❤❡ ♠❡tr✐❝ s♣❛❝❡ (S, d)✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t

|ϕ(x, u))− ϕ(y, u)| ≤ γd(x, y)

❢♦r s♦♠❡ γ < 1 ❛♥❞ ❛❧❧ x, y, u✳ ■♥ t❤✐s ❝❛s❡ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✭✶✹✮ ❛♣♣❧✐❡s ✇✐t❤

‖f‖ = ‖f‖∞
f = ‖f‖+ [f ]

[f ] = sup
x 6=y

f(x)− f(y)

d(x, y)
. ✭✶✻✮

■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ‖.‖✲❝♦♠♣❛❝t♥❡ss ♦❢ B = {Tf : f ∈ E, f ≤ 1}✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ st❛t❡ s♣❛❝❡ ✐s
❝♦♠♣❛❝t✳ ❈♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✇✐❧❧ ♥♦t ❤♦❧❞ ✐♥ ❣❡♥❡r❛❧ ✭❡✳❣✳ t❤❡ ❝❤❛✐♥ Xn+1 = (Xn + Un)/2✱
Un ∼ B(1, 1/2)✮✳ ❇✉t ✇❡ st✐❧❧ ❤❛✈❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ str♦♥❣❡r ♥♦r♠ f 7→ f ✳

✶❚❤❡ ♣♦✐♥t ❤❛❞ ❜❡❡♥ ❛❝t✉❛❧❧② ✐♥tr♦❞✉❝❡❞ ♠✉❝❤ s♦♦♥❡r ❜② ❉♦❡❜❧✐♥ ❛♥❞ ❋♦rt❡t ✐♥ ❬✹❪✱ ❊q✳✭✷✮ ❛♥❞ ✭✸✮ ♣✳ ✶✹✸✱ ❜✉t ✐♥ ❛ ♠♦r❡
s♣❡❝✐✜❝ ❝♦♥t❡①t✳

✸



✶✳✷ ❚❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤

▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❛♣❡r✐♦❞✐❝ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ π✳ ■♥t❡r❡st✐♥❣❧②✱ ✐t ❛♣♣❡❛rs
t❤❛t ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ ❧✐❦❡ ✭✶✺✮ ❞♦❡s ♥♦t ♦❝❝✉r✱ ❜✉t ♥❡✈❡rt❤❡❧❡ss ❢♦r ♠❛♥② f ∈ E✱
Tnf − π(f) ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st t♦ ✵✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t . ✲✉♥✐❢♦r♠✱ ❛♥❞
s♦♠❡t✐♠❡s t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❞♦❡s ♥♦t ❢♦❧❧♦✇ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✱ ❜✉t ✐s s❧♦✇❡r✳ ❚❤✐s s✐t✉❛t✐♦♥ ❤❛s ❜❡❡♥
tr❡❛t❡❞ q✉✐t❡ s✉❝❝❡ss❢✉❧❧② ✇✐t❤ ❛ ✈❡r② ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤✱ ✇❤❡r❡ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s r❡❧❛t❡❞ t♦
t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ r❡❝✉rr❡♥❝❡ t✐♠❡s✳ ❚❤❡ r❡❢❡r❡♥❝❡ ❬✶✸❪✱ ❛♥❞ ♠♦r❡ s♣❡❝✐✜❝❛❧❧② ❬✶✶❪✱ ❞❡❛❧s ✇✐t❤ t❤❡s❡ s✐t✉❛t✐♦♥s✳
❚✇♦ ❦❡② ❝♦♥❝❡♣ts ❛r❡ ✉s❡❞✿ t❤❡ ψ✲✐rr❡❞✉❝✐❜✐❧✐t②✱ ❛♥❞ ❛ ❞r✐❢t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥tr♦❧❧✐♥❣ ♠♦♠❡♥ts ♦❢ r❡❝✉rr❡♥❝❡
t✐♠❡s✳ ❆ s✐♠♣❧❡ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ♦❢ t❤✐s ❛❜s❡♥❝❡ ♦❢ s♣❡❝tr❛❧ ❣❛♣ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r ♦♥ (RN, ‖.‖∞)✿

Tf(x) =
1

2
(f(x) + f((x− 1)+), x ∈ N.

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦♥ N

Xn+1 = (Xn − Un+1)+, P (Un = 0) = P (Un = 1) = 1
2 .

❚❤❡ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡ Tnf(x) → π(f) = f(0) ✐s ✈❡r② ❢❛st✱ ❜✉t t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t ✉♥✐❢♦r♠✳ ■♥
♣❛rt✐❝✉❧❛r t❤✐s ♠❛❦❡s ✭✶✺✮ ✐♠♣♦ss✐❜❧❡ t♦ ♦❝❝✉r ✇✐t❤ f = ‖f‖∞✳ ❆ ♣♦ss✐❜❧❡ ♦♣❡r❛t♦r t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤
✐s t❤❛t ♦♥❡ ❤❛s ❢♦r s♦♠❡ ✇❡❛❦❡r ♥♦r♠ ‖.‖

‖Tnf − π(f)‖ < ρn f ✭✶✼✮

❢♦r ❛♥② f ∈ E✱ ❛♥❞ s♦♠❡ ✜①❡❞ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ρn✳ ❚❤❡ ♥♦r♠ ‖.‖ ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❤❛s ❛❝t✉❛❧❧② str♦♥❣
❝♦♥♥❡❝t✐♦♥s ✇✐t❤ t❤❡ ♦♥❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ■♦♥❡s❝✉ ❚✉❧❝❡❛✲▼❛r✐♥❡s❝✉ ❛♣♣r♦❛❝❤✳ ❚❤❡ r❛t❡ ♦❢ ❞❡❝r❡❛s❡ ♦❢ ρn
❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ‖.‖✳ ◆♦t✐❝❡ t❤❛t ✐❢ ✐♥ ✭✶✼✮ t❤❡ ♥♦r♠s ✇❡r❡ ❡q✉❛❧✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ρn t♦ ③❡r♦
✇♦✉❧❞ ✐♠♣❧② t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡❀ ❤♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥② ♠♦r❡ ✇❤❡♥ t❤❡ ♥♦r♠s ❛r❡ ❞✐✛❡r❡♥t✳

✶✳✸ ❆✐♠ ♦❢ t❤❡ ♣❛♣❡r

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ s❤♦✇ t❤❛t t❤❡s❡ ✐❞❡❛s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ s✉❝❝❡ss❢✉❧❧② ❛♥❞ t❤❛t t❤❡② ❧❡❛❞ t♦ ❛♥
♦♣❡r❛t♦r t❤❡♦r❡t✐❝ ❛♣♣r♦❛❝❤ ✇❤❡r❡ ♥♦♥ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ t❤✐s t❤❡♦r②
✐s t♦ ✇♦r❦ s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ t✇♦ ♥♦r♠s ❛♥❞ t♦ ✉s❡ t❤✐s ❢♦r ♠❡❛s✉r✐♥❣ ♥♦♥ ❣❡♦♠❡tr✐❝ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳

❖✉r ❛♣♣r♦❛❝❤ ❤❛s ❡ss❡♥t✐❛❧❧② t✇♦ st❡♣s✿ ✇❡ ✜rst ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ✭✼✮ t♦ ✭✶✶✮ ❤♦❧❞ ✇✐t❤

‖Qnf‖ ≤ ρn f , ρn → 0 ✭✶✽✮

✐♥st❡❛❞ ♦❢ ✭✶✷✮✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ ❙❡❝t✐♦♥ ✷ ✭s❡❡ ❚❤❡♦r❡♠ ✶✮✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥
t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ✐s (E, . )✱ ❛♥❞ t❤❡ ♥♦r♠ ‖.‖ ♦♥❧② ❛♣♣❡❛rs ✐♥ ✭✶✽✮❀ ✐♥ ♣❛rt✐❝✉❧❛r ♥♦t❤✐♥❣ ❣✉❛r❛♥t❡❡s t❤❛t
Qnf t❡♥❞s t♦ ③❡r♦✳

❙❡❝t✐♦♥ ✸ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡✱ ✐✳❡✳ ρn = Cρn✳ ❙♣❡❝✐✜❝❛❧❧② ❚❤❡♦r❡♠ ✸ s❤♦✇s ❤♦✇ t❤❡
❨♦s❤✐❞❛✲❑❛❦✉t❛♥✐ ❛♥❞ ■♦♥❡s❝✉ ❚✉❧❝❡❛✲▼❛r✐♥❡s❝✉ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ st❛t❡♠❡♥t✳ ❚❤✐s
❛❧❧♦✇s ❛♥ ❡❛s② tr❡❛t♠❡♥t ♦❢ ❝❤❛✐♥s ❤❛✈✐♥❣ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ❛♥❞ ❛♥♦t❤❡r ❝♦♠♣♦♥❡♥t ❜❡❤❛✈✐♥❣ ❧✐❦❡
❊①❛♠♣❧❡ ✷ ❛❜♦✈❡✳

❙❡❝t✐♦♥ ✹ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ s✉❜✲❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡♦r❡♠ ✼ ♣r♦♣♦s❡s ❛ ✇❛② t♦ ❡st✐♠❛t❡ t❤❡ ❞❡❝❛②
r❛t❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ρn✳

●❡♥❡r❛❧ t❤❡♦r❡♠s ❝♦♥❝❡r♥✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥s ❛♥❞ ❡①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✐♥ ♦r❞❡r t♦
♣♦✐♥t ♦✉t t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ✈❡r② ✈❡rs❛t✐❧❡ ❢♦r t❤❡ st✉❞② ♦❢ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r
❢♦r ✐rr❡❞✉❝✐❜❧❡ ❛s ✇❡❧❧ ❛s ❢♦r ♥♦♥✲✐rr❡❞✉❝✐❜❧❡ ▼❛r❦♦✈ ❝❤❛✐♥s✳

✹



✷ ●❡♥❡r❛❧ r❡s✉❧ts

■♥ t❤❡ ✇❤♦❧❡ ♣❛♣❡r✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❛♥ ♦♣❡r❛t♦r T ♦♥ ❛ ✈❡❝t♦r s♣❛❝❡ (E, . ) ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥♦t❤❡r ♥♦r♠
‖.‖✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② B0✱ B t❤❡ ✉♥✐t ❜❛❧❧s ❢♦r t❤❡s❡ ♥♦r♠s✿

B0 = {f ∈ E : ‖f‖ ≤ 1}, ✭✶✾✮

B = {f ∈ E : f ≤ 1}. ✭✷✵✮

❲❡ s❤❛❧❧ ✇♦r❦ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s

✭❆✵✮ (E, . ) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ B ✐s ❝♦♠♣❧❡t❡ ❢♦r t❤❡ ♠❡tr✐❝ ✐♥❞✉❝❡❞ ❜② ‖.‖✱ ❛♥❞ ❢♦r s♦♠❡ C0

∀f ∈ E, ‖f‖ ≤ C0 f . ✭✷✶✮

✭❆✶✮ ❚❤❡ ♥✉♠❜❡r CT = supn Tn ✐s ✜♥✐t❡✳

(E, ‖.‖) ✐s t②♣✐❝❛❧❧② ♥♦t ❝♦♠♣❧❡t❡✳ ❋♦r ✐♥st❛♥❝❡ ♦♥❡ ❝❛♥ ❤❛✈❡ E = Cb(R)✱ f = ‖f‖∞ ❛♥❞ ‖f‖ = supx
|f(x)|
1+|x|2 ✳

❚❤❡♦r❡♠ ✶✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭❆✵✮ ❛♥❞ ✭❆✶✮✱ T ✐s ❛ s✉♠ ♦❢ t✇♦ ♦♣❡r❛t♦rs

T = K + V ✭✷✷✮

❜♦t❤ . ✲❝♦♥t✐♥✉♦✉s ❛♥❞ ‖.‖✲❝♦♥t✐♥✉♦✉s✱ ✇❤✐❝❤ s❛t✐s❢② ❢♦r s♦♠❡ CK > 0 ❛♥❞ ❢♦r ❛♥② n ❛♥❞ ❛♥② f ∈ E

KTnKB ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞, ✭✷✸✮

‖V nf‖ ≤ ε′n f , ε′n → 0, ✭✷✹✮
∑

k≥0

KV k <∞, ✭✷✺✮

Kf ≤ CK‖f‖, ✭✷✻✮

t❤❡♥ ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞ tr✉❡✳
■❢ T ✐s . ✲❝♦♥t✐♥✉♦✉s ❛♥❞ ‖.‖✲❝♦♥t✐♥✉♦✉s✱ ❛♥❞ T k s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ❢♦r s♦♠❡ k > 0✱ t❤❡♥

✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞ tr✉❡✳

❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❆✳ ❚❤✐s ♣r♦♦❢ ✉t✐❧✐③❡s t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❚❤❡♦r❡♠ ✶✵ st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✶✱
❛♥❞ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡♥s✐✈❡ ✉s❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✿

Tn =

n
∑

i=1

Tn−i(T − V )V i−1 + V n =

n
∑

i=1

Tn−iKV i−1 + V n. ✭✷✼✮

❱❡r② ❝♦❛rs❡❧② t❤❡ ❛ss✉♠♣t✐♦♥s ✐♠♣❧② t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ fk ∈ B✱ t❤❡ s❡q✉❡♥❝❡ T kfk ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞✳
❚❤✐s ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ t❤❛t E ✐s t❤❡ ❞✐r❡❝t s✉♠ ♦❢ t✇♦ . ✲❝❧♦s❡❞✱ T ✲st❛❜❧❡ s♣❛❝❡s

E = {f : ‖Tnf‖ → 0} ⊕ {f : lim inf
n

‖f − Tnf‖ = 0} = E0 ⊕ Ec. ✭✷✽✮

◆❡①t ✇❡ ♣r♦✈❡ t❤❛t Ec ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✭❜② ♣r♦✈✐♥❣ t❤❛t ✐ts ✉♥✐t ❜❛❧❧ ✐s ❝♦♠♣❛❝t✮ ✇✐t❤ ❛ ❜❛s✐s ♦❢
❡✐❣❡♥✈❡❝t♦rs✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ P0 ♦❢ ❊q✉❛t✐♦♥ ✭✼✮ ✐s t❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ E0 ♣❛r❛❧❧❡❧ t♦ Ec✳

❆♣♣❧✐❝❛t✐♦♥ t♦ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❛ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡ (S,F ) ✇✐t❤ ❛ ♠❡❛s✉r❛❜❧❡ ✇❡✐❣❤t
❢✉♥❝t✐♦♥ v ≥ 1 ❛♥❞ ✇❡ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥

‖f‖v = ‖f/v‖∞. ✭✷✾✮

❲❡ ❞❡♥♦t❡ ❜② E t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ (S,F )✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ tr❛♥s✐t✐♦♥
♦♣❡r❛t♦r ♦♥ (S,F ) ✐s ❛ ❢✉♥❝t✐♦♥ (x,A) 7→ T (x,A) s✉❝❤ t❤❛t ❢♦r ❛♥② x ∈ S✱ A → T (x,A) ✐s ❛ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡✱ ❛♥❞ ❢♦r ❛♥② A ∈ F ✱ x→ T (x,A) ✐s ♠❡❛s✉r❛❜❧❡✳

✺



❚❤❡♦r❡♠ ✷✳ ▲❡t T ❜❡ ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r✿

(Tf)(x) =

∫

y

f(y)T (x, dy).

❆ss✉♠❡ t❤❛t ❢♦r s♦♠❡ s❡t K0 ❛♥❞ s♦♠❡ cv > 0

Tv(x) ≤ v(x)− cv, ∀x /∈ K0 ✭✸✵✮

Tv ✐s ❜♦✉♥❞❡❞ ♦♥ K0 ✭✸✶✮

❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❦❡r♥❡❧ K(x, dy) s✉❝❤ t❤❛t 0 ≤ K(x, dy) ≤ T (x, dy)✱ ❛♥❞ s✉❝❤ t❤❛t ❢♦r s♦♠❡
ε > 0✱ ❛♥❞ s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ ν ♦♥❡ ❤❛s

K(x, S) ≥ ε, ∀x ∈ K0 ✭✸✷✮

K(x, S) = 0, ∀x /∈ K0 ✭✸✸✮

‖Kf‖∞ ≤ ν(|f |), ∀f ∈ E ✭✸✹✮

ν(v) <∞. ✭✸✺✮

❙❡t

f = ‖f‖∞ ✭✸✻✮

‖f‖ = ‖f‖v. ✭✸✼✮

❚❤❡♥ ❚❤❡♦r❡♠ ✶ ❛♣♣❧✐❡s ✇✐t❤ K ❛♥❞ V = T −K✳ ■♥ ♣❛rt✐❝✉❧❛r ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞ tr✉❡✳
■❢ ✐♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ✐s ♥♦ ♠❡❛s✉r❛❜❧❡ s❡t A s✉❝❤ t❤❛t x 7→ T (x,A) ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✷

t❤❡♥ t❤❡r❡ ❡①✐st ❛ ♠❡❛s✉r❡ π ❛♥❞ ❛ s❡q✉❡♥❝❡ ρn → 0 s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ E

‖Tnf − π(f)‖v ≤ ρn‖f‖∞. ✭✸✽✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❇✳

❘❡♠❛r❦✳ ❊q✉❛t✐♦♥ ✭✸✵✮ ✐s ❦♥♦✇♥ ❛s t❤❡ ✧❞r✐❢t ❝♦♥❞✐t✐♦♥✧ ✭❝❢ ❚❤❡♦r❡♠ ✶✶✳✵✳✶ ♦❢ ❬✶✸❪ ♦r Pr♦♣♦s✐t✐♦♥ ✺✳✶✵
✐♥ ❬✶✹❪✮✳ ❊q✉❛t✐♦♥s ✭✸✷✮ t♦ ✭✸✺✮ ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ T ✲❝❤❛✐♥ ♣r♦♣❡rt② ✭❝❢ ❬✶✸❪ ❚❤❡♦r❡♠ ✻✳✵✳✶✮✱ ✉s❡❞ t♦
❝❤❡❝❦ t❤❡ ✐rr❡❞✉❝✐❜✐❧✐t② ❛ss✉♠♣t✐♦♥ ✭❝❢✳ ❬✶✸❪ ♣✳ ✽✼✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❋❡❧❧❡r ♣r♦♣❡rt② ✐s ♥♦t r❡q✉✐r❡❞ ❤❡r❡✳
❊q✉❛t✐♦♥ ✭✸✸✮ ✐s ♥♦t ❛ r❡str✐❝t✐♦♥✱ s✐♥❝❡ ❝❛♥❝❡❧❧✐♥❣ K ♦✉ts✐❞❡ K0 ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♦t❤❡r ❛ss✉♠♣t✐♦♥s✳ ❚❤❡
❡ss❡♥t✐❛❧ ❞✐✣❝✉❧t② ✇✐t❤ t❤❡ ♣r❡s❡♥t ❛ss✉♠♣t✐♦♥s ✐s t❤❛t t❤❡ s❡t K0 ❤❛s t♦ ❜❡ t❤❡ s❛♠❡ ✐♥ ✭✸✵✮ ❛♥❞ ✐♥ ✭✸✷✮✳
◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t t❤❡ s❡ts K0 s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✭✸✷✮ ❛♥❞ ✭✸✸✮ ❛r❡ st❛❜❧❡ ❜② ✜♥✐t❡ ✉♥✐♦♥✳

❊①❛♠♣❧❡✳ ❈♦♥s✐❞❡r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦♥ R+ ❞❡✜♥❡❞ ❜②

Xn+1 = Xn + 1 +Xα
nWn+1

✇❤❡r❡ Wn ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲③❡r♦ ❝❡♥tr❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ [−1, 1]✱ ✇✐t❤ ❛ ♥♦♥ ③❡r♦
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t

1/2 < α < 1.

❚❛❦❡

v(x) = xp + 1

❢♦r s♦♠❡ p ≤ 1 ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛t❡r ❛s 2(1− α)✳ ❚❤❡♥

Tv(x) = 1 + E[(x+ 1 + xαW1)
p].

✷❚❤✐s ✇♦✉❧❞ ♠❡❛♥ t❤❛t 1X1∈A ✇♦✉❧❞ ❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥✲❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ X0✳

✻



❇② t❤❡ s❡❝♦♥❞ ♦r❞❡r ❚❛②❧♦r ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥ v ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x + 1✱ t❤❡r❡ ❡①✐st ❛
r❛♥❞♦♠ ♥✉♠❜❡r 0 < θ < 1 s✉❝❤ t❤❛t

Tv(x) = 1 + (x+ 1)p − p(1− p)

2
x2αE[(x+ 1 + θxαW1)

p−2W 2
1 ]

≤ 1 + (x+ 1)p − p(1− p)

2
x2α(x+ 1− xα)p−2σ2

✇❤❡r❡ σ2 ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ W1✳ ❚❛❦✐♥❣ p = 2(1− α)✱ ✇❡ ❤❛✈❡ 0 < p < 1 ❛♥❞

Tv(x) ≤ 1 + (x+ 1)p − p(1− p)

2

( x

x+ 1− xα

)2α

σ2

≤ 1 + xp − p(1− p)

3
σ2 ❢♦r x ❧❛r❣❡ ❡♥♦✉❣❤✳

❊q✉❛t✐♦♥ ✭✸✵✮ ✐s s❛t✐s✜❡❞ ❢♦r s♦♠❡ ✐♥t❡r✈❛❧K0 = [0,M ]✳ ❊q✉❛t✐♦♥ ✭✸✶✮ ✐s ♦❜✈✐♦✉s✳ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ ❊q✉❛t✐♦♥s
✭✸✷✮ t♦ ✭✸✺✮✱ ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t ♦❢ W1 ❤❛s ❛ ❞❡♥s✐t② ≥ ε ♦♥ ❛ s✉❜s❡t A ♦❢
[−1, 1] ✇✐t❤ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✱ K(x, dy) ❝❛♥ ❜❡ t❛❦❡♥ ❛s ελ(A) t✐♠❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ x+1+xαW̃1✱ ✇❤❡r❡
W̃1 ❤❛s ❞❡♥s✐t② 1A/λ(A)✱ ν ✐s s♦♠❡ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ ♠❡❛s✉r❡ ♦♥ [0,M +Mα +1]✳ ❚❤❡r❡❢♦r❡ t❤❡♦r❡♠
❛♣♣❧✐❡s✳ ■♥ ♦r❞❡r t♦ ❣❡t ✭✸✽✮ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t T1A = 1B ✐s ✐♠♣♦ss✐❜❧❡ ✉♥❧❡ss B = R+ ♦r B = ∅✳ ■❢ B
✐s ♥♦♥ tr✐✈✐❛❧ ♦♥❡ ❝❛♥ ✜♥❞ t✇♦ s❡q✉❡♥❝❡s xn ❛♥❞ yn ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❧✐♠✐t s✉❝❤ t❤❛t xn ∈ B ❛♥❞ yn /∈ B✳ ❚❤❡
r❡❧❛t✐♦♥ T1A = 1B ✇♦✉❧❞ ♠❡❛♥ t❤❛t ❢♦r ❡❛❝❤ n✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ xn + 1 + xαnW1 ❛♥❞ yn + 1 + yαnW1 ❛r❡
♠✉t✉❛❧❧② s✐♥❣✉❧❛r ✭s✉♣♣♦rt❡❞ ♦♥ A ❛♥❞ Ac✮✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❢♦r n ❧❛r❣❡ ❜❡❝❛✉s❡ W1 ❤❛s ❛♥ ❛❜s♦❧✉t❡❧②
❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ B ✐s ♥❡❝❡ss❛r✐❧② tr✐✈✐❛❧ ❛♥❞ ✭✸✽✮ ❤♦❧❞s✳

◆♦t✐❝❡ t❤❛t ♥❡✈❡rt❤❡❧❡ss E[Xn] = E[X0] + n✳

✸ ●❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡✿ ◗✉❛s✐✲❝♦♠♣❛❝t♥❡ss

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ t❤❡♦r❡♠ ✇❤✐❝❤ ❡♥❝♦♠♣❛ss❡s ❜♦t❤ ❨♦s✐❞❛✲❑❛❦✉t❛♥✐ ❛♥❞ ■♦♥❡s❝✉✲❚✉❧❝❡❛✲▼❛r✐♥❡s❝✉
❚❤❡♦r❡♠s✱ ❛♥❞ ♣r❡s❡♥t ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ▼❛r❦♦✈ ❝❤❛✐♥s ✇❤✐❝❤ ♠✐①❡s ❜♦t❤ ❦✐♥❞s ♦❢ s✐t✉❛t✐♦♥s ♣r❡s❡♥t❡❞
❛❜♦✈❡✳ ❆ s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s ✇✐t❤ ▼❛r❦♦✈ s✇✐t❝❤✐♥❣ ✐s ✜♥❛❧❧② st✉❞✐❡❞✳ ❲❡ r❡❝❛❧❧
t❤❛t B ❞❡♥♦t❡s t❤❡ ✉♥✐t ❝❧♦s❡❞ ❜❛❧❧ ❢♦r t❤❡ ♥♦r♠ . ✳

❚❤❡♦r❡♠ ✸✳ ▲❡t T ❜❡ ❛♥ ♦♣❡r❛t♦r ♦♥ (E, . ) s❛t✐s❢②✐♥❣ ✭❆✵✮✱ ✭❆✶✮ ❛♥❞

✭❆✷✮ T ✐s ‖.‖✲❝♦♥t✐♥✉♦✉s✳ ❋♦r s♦♠❡ ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞ s❡t KB✱ γ < 1✱ c > 0 ❛♥❞ q > 0

T qB ⊂ γB +KB ✭✸✾✮

T qf ≤ γ f + c‖f‖. ✭✹✵✮

❚❤❡♥ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✷✮ ❤♦❧❞✳

▲✐❦❡ ❚❤❡♦r❡♠ ✶✱ t❤✐s t❤❡♦r❡♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❚❤❡♦r❡♠ ✶✵ st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✶❀ ✐ts ♣r♦♦❢ ✐s
♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❈✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♠❛② s❡❡♠ ✈❡r② ❣❡♥❡r❛❧ ❛♥❞ ✉♥❝❧❡❛r ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ s❤♦✉❧❞ ♣♦✐♥t ♦✉t t❤❛t
✇❡ ✐♥t❡♥❞ t♦ ❜r✐❞❣❡ ❛ ❝♦♥t✐♥✉✉♠ ♦✈❡r t✇♦ ❡①tr❡♠❡ ❝❛s❡s✿ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♥ ❲❛ss❡rst❡✐♥
❞✐st❛♥❝❡ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛❧ ✈❛r✐❛t✐♦♥✳ ❚❤✐s ✇✐❧❧ ❜❡ ❡①❡♠♣❧✐✜❡❞ ✐♥ ❚❤❡♦r❡♠ ✻✳

▲❡t ✉s ❥✉st ♠❡♥t✐♦♥ t❤❛t [.] ❜❡❧♦✇ ✐s t②♣✐❝❛❧❧② ❛ ▲✐♣s❝❤✐t③ ♥♦r♠ ❧✐❦❡ ✐♥ ❊q✉❛t✐♦♥ ✭✶✻✮✱ ❛♥❞ t❤❛t t❤❡
r❡str✐❝t✐♦♥ t♦ s❡ts Sx ✐♥ ✭✹✺✮ t♦ ✭✹✼✮ ❛❧❧♦✇s t♦ ❣❡t ♠♦r❡ ❧♦❝❛❧ ❛ss✉♠♣t✐♦♥s ✭✐✳❡✳ ❧❡ss ✉♥✐❢♦r♠✐t②✮✳ ❚❤❡ t❤❡♦r❡♠
s❛②s t❤❛t ✐❢ ❧♦❝❛❧❧② T ❝❛♥ ❜❡ ❧♦✇❡r ❜♦✉♥❞❡❞ ❜② ❛♥ ♦♣❡r❛t♦r ✇✐t❤ ♥✐❝❡ ♣r♦♣❡rt✐❡s✱ t❤❡♥ q✉❛s✐✲❝♦♠♣❛❝t♥❡ss
❤♦❧❞s✳

✼



❚❤❡♦r❡♠ ✹✳ ▲❡t (S, d) ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ B ✐ts ❇♦r❡❧ σ✲✜❡❧❞✳ ❲❡ ❛ss✉♠❡ t❤❛t ✐s ❣✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ v(x) ≥ 1 ♦♥ S s✉❝❤ t❤❛t ❢♦r ❛♥② A > 0✱ {x : v(x) ≤ A} ✐s ❝♦♠♣❛❝t✳ ❈♦♥s✐❞❡r ❛ ✈❡❝t♦r s♣❛❝❡ E ♦❢
B✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ S ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✳ ❖♥ E ✐s ❞❡✜♥❡❞ ❛
s❡♠✐✲♥♦r♠ f 7→ [f ] ❛♥❞ ✇❡ s❡t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ♦♥ S✿

f = ‖f‖+ [f ], ✭✹✶✮

‖f‖ = sup
x

|f(x)|
v(x)

. ✭✹✷✮

❲❡ ❛ss✉♠❡ t❤❛t (E, . ) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ t❤❛t ✭❆✵✮ ❤♦❧❞s✳
▲❡t T ❜❡ ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ♦♥ E✳ ❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ 0 < γb, γv < 1 ❛♥❞

cv > 0 s✉❝❤ t❤❛t

[Tf ] ≤ γb[f ], f ∈ E, ✭✹✸✮

Tv(x) ≤ γvv(x) + cv. ✭✹✹✮

❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s εd > 0 ❛♥❞ cd > 0✱ ❛♥❞ ❢♦r ❛♥② x ∈ S✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥✲♥❡❣❛t✐✈❡
❦❡r♥❡❧ Kx(y, dz) ❛♥❞ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ Sx ♦❢ x✱ s✉❝❤ t❤❛t ❢♦r ❛♥② y ∈ Sx ❛♥❞ f ∈ E✱

Kx(y, dz) ≤ T (y, dz), ✭✹✺✮

Kx(y, S) ≥ εd(x), ✭✹✻✮

|Kxf(y)−Kxf(x)| ≤ cd(x, y)[f ]. ✭✹✼✮

▼♦r❡♦✈❡r t❤❡ ❢✉♥❝t✐♦♥ cd(., .) ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ S × S✱ ❛♥❞ εd(x) ✐s ♣♦s✐t✐✈❡
❛♥❞ s❛t✐s✜❡s

lim
v(x)→∞

εd(x)v(x) = +∞, ✭✹✽✮

∀ A, min
v(x)≤A

εd(x) > 0. ✭✹✾✮

❚❤❡♥ ❚❤❡♦r❡♠ ✸ ❤♦❧❞s ✇✐t❤ ❛ ♣❛✐r ♦❢ ♥♦r♠s ( . ′, ‖.‖′) r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦ . ❛♥❞ ‖.‖✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✐❢ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ ♦♥❧② ❡✐❣❡♥✈❡❝t♦rs ♦❢ T ✇✐t❤ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠♦❞✉❧✉s ✶✱ t❤❡r❡ ❡①✐st C > 0✱
0 < ρ < 1 ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ π s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ E✱

π(f)1− Tnf ≤ Cρn f ✭✺✵✮

❛♥❞ π(v) <∞✳

❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❉✳ ❲❡ ✉s❡ ❚❤❡♦r❡♠ ✸ ✇✐t❤ q = 1✳ ❚❤❡ ✐❞❡❛ ✐s t♦ s❡t

Kf(x) =
n
∑

i=1

θi(x)Kxi
f(xi)

✇❤❡r❡ θ1, . . . θn ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✉♥✐t② ♦❢ ❛ ❧❛r❣❡ ♣♦rt✐♦♥ ♦❢ t❤❡ s♣❛❝❡✱ ❡❛❝❤ xi ❜❡✐♥❣ ❛ ♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt
♦❢ θi✳ ❈❧❡❛r❧② K(B) ✐s ❝♦♠♣❛❝t✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ‖(T −K)f‖ ≤ γ‖f‖ ✭✇❤✐❝❤ ✐♠♣❧✐❡s ✭✸✾✮✮ ❛♥❞ t❤❛t
✭✹✵✮ ❤♦❧❞s tr✉❡✳

❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r t✇♦ ❡①❛♠♣❧❡s✱ ♦♥❡ ✇❤❡r❡ [f ] = 0 ❛♥❞ ✇❡ ❣❡t ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ‖.‖ ♥♦r♠ ✭✇❤✐❝❤✱
❜② ❞✉❛❧✐t②✱ ❝♦rr❡s♣♦♥❞s t♦ ❣❡♦♠❡tr✐❝ ✇❡✐❣❤t❡❞ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈
❝❤❛✐♥✮✱ ❛♥❞ ❛♥♦t❤❡r ❝❛s❡ ✇❤❡r❡ [.] ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳

✽



❆♣♣❧✐❝❛t✐♦♥ t♦ ❣❡♦♠❡tr✐❝ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ t❤❡ ❝❛s❡ [f ] = 0✱ t❤❡ ❦❡r♥❡❧ Kx(y, dz)
s❤♦✉❧❞ ♥♦t ❞❡♣❡♥❞ ♦♥ y✱ ❛♥❞ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✿

❈♦r♦❧❧❛r② ✺✳ ✭❲❡✐❣❤t❡❞ ❧♦❝❛❧ ❉♦❡❜❧✐♥ ❝♦♥❞✐t✐♦♥✮ ▲❡t (S, d) ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ B ✐ts ❇♦r❡❧ σ✲✜❡❧❞✳
❲❡ ❛ss✉♠❡ t❤❛t ✐s ❣✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ v(x) ≥ 1 ♦♥ S s✉❝❤ t❤❛t ❢♦r ❛♥② A > 0✱ {x : v(x) ≤ A} ✐s
❝♦♠♣❛❝t✳ ❈♦♥s✐❞❡r ❛ ✈❡❝t♦r s♣❛❝❡ E ♦❢ B✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ S ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞
▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✳ ❲❡ s❡t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ♦♥ S✿

f = sup
x

|f(x)|
v(x)

. ✭✺✶✮

❲❡ ❛ss✉♠❡ t❤❛t (E, . ) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ t❤❛t ✭❆✵✮ ❤♦❧❞s✳
▲❡t T ❜❡ ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ♦♥ E✳ ❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ 0 < γv < 1 ❛♥❞ cv > 0

s✉❝❤ t❤❛t

Tv(x) ≤ γvv(x) + cv. ✭✺✷✮

❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ εd > 0✱ ❛♥❞ ❢♦r ❛♥② x ∈ S ♦❢ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❦❡r♥❡❧ Kx(dz) ❛♥❞ ❛
♥❡✐❣❤❜♦✉r❤♦♦❞ Sx ♦❢ x✱ s✉❝❤ t❤❛t

Kx(dz) ≤ T (y, dz), y ∈ Sx ✭✺✸✮

Kx(S) ≥ εd(x). ✭✺✹✮

❚❤❡ ❢✉♥❝t✐♦♥ εd(x) ✐s ♣♦s✐t✐✈❡ ❛♥❞ s❛t✐s✜❡s

lim
v(x)→∞

εd(x)v(x) = +∞, ✭✺✺✮

∀ A, min
v(x)≤A

εd(x) > 0. ✭✺✻✮

❚❤❡♥ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✷✮ ❤♦❧❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ ♦♥❧② ❡✐❣❡♥✈❡❝t♦rs ♦❢ T ✇✐t❤
❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠♦❞✉❧✉s ✶✱ t❤❡r❡ ❡①✐st C > 0✱ 0 < ρ < 1 ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ π s✉❝❤ t❤❛t ❢♦r ❛♥②
f ∈ E✱

π(f)− Tnf ≤ Cρn f ✭✺✼✮

❛♥❞ π(v) <∞✳

■♥ ♠❛♥② ❝❛s❡s εd(x) = 1/2 ✇✐❧❧ ❞♦ t❤❡ ❥♦❜✱ ❜✉t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ t❤❡ s✐t✉❛t✐♦♥ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✿

Xn+1 =

{

1
2Xn ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− p(Xn)
Vn ✇✐t❤ ♣r♦❜❛❜✐❧✐t② p(Xn)

✇❤❡r❡ Vn ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ❛♥❞ p ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ x❀ Vn ❝❛♥ ❜❡ ❝♦♥st❛♥t✳ ❲❡ s❡❡ t❤❛t
♦♥❧② t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ tr❛♥s✐t✐♦♥ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛❧ ✈❛r✐❛t✐♦♥✱ ❡✈❡♥ ✐❢ Vn ≡ 0✱ t❤✐s ✐s
✇❤② ✇❡ s❤❛❧❧ ♥❡❡❞ p(x) ♥♦t t♦ ❜❡ t♦♦ s♠❛❧❧✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ❢♦r s♦♠❡ 0 < α < 1

E[|Vn|α] <∞
lim
x→∞

p(x)|x|α = +∞

p ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s

t❤❡♥ ❊q✉❛t✐♦♥s ✭✺✷✮ t♦ ✭✺✻✮ ❛r❡ ❝❧❡❛r❧② s❛t✐s✜❡❞ ✇✐t❤

v(x) = |x|α + 1

Kx(f) =
1
2p(x)E[f(V1)]

εd(x) =
1
2p(x)

Sx = {y : p(y) > p(x)/2}
❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ p ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ♥❡❝❡ss❛r② s✐♥❝❡ ✇❤❛t
✇❡ ♥❡❡❞ ✐s ♦♥❧② t❤❛t Sx ✐s ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x✱ ❛♥❞ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ p ♦♥ ❛♥② ❜♦✉♥❞❡❞ s❡t ✐s > 0✳

✾



❆♣♣❧✐❝❛t✐♦♥ t♦ ❢✉♥❝t✐♦♥❛❧ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s ✇✐t❤ ▼❛r❦♦✈ s✇✐t❝❤✐♥❣✳ ❲❡ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ ♠✐①❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss (In, Xn) ∈ S ✇❤❡r❡ S = {1, . . . s} × R

d ✿

P (In+1 = j|In = i) = pij , 1 ≤ i, j ≤ s ✭✺✽✮

Xn+1 = α(In)ϕ(Xn) + ψ(In, Vn) ✭✺✾✮

✇❤❡r❡ α ✐s ❛ ♠❛tr✐① ✈❛❧✉❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✱ ϕ ❛♥❞ ψ ❛r❡ ✈❡❝t♦r ✈❛❧✉❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ Vn ✐s
❛♥ ✐♥❞❡♣❡♥❞❡♥t ✐✳✐✳❞✳ s❡q✉❡♥❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s

Tf(i, x) =
∑

k

pikE[f(k, α(i)ϕ(x) + ψ(i, V1))].

■❢ ❢♦r ❛❧❧ i t❤❡ ✈❛r✐❛❜❧❡ ψ(i, V1) ❤❛s ❛ ❞❡♥s✐t②✱ ✇❡ ❝❛♥ ❛♣♣❧② ❈♦r♦❧❧❛r② ✺ ❛t t❤❡ ♣r✐❝❡ ♦❢ ❡①tr❛ r❡❛s♦♥❛❜❧❡
❛ss✉♠♣t✐♦♥s ❜❡❝❛✉s❡ ✭✺✸✮ ❛♥❞ ✭✺✹✮ ✇♦✉❧❞ ❜❡ s❛t✐s✜❡❞ ❢♦r s♦♠❡ ❦❡r♥❡❧ Kx ✐♥❞❡♣❡♥❞❡♥t ♦❢ y ✭t❤❡ ❝♦♥t✐♥✉✐t②
♦❢ ϕ ✐s ✐♠♣♦rt❛♥t ❤❡r❡✮❀ ♦✉r ♣♦✐♥t ✐s t♦ ❞❡❛❧ ✇✐t❤ s✐♥❣✉❧❛r ♠❡❛s✉r❡s✳ ❆s ✐♥ ❬✷❪✱ ❚❤✳✶✳✹✱ ✇❡ ❤❛✈❡ ♠❛❞❡ ❡✛♦rts
t♦ ❤❛✈❡ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛❧❧♦✇ ❢♦r ♥♦♥✲❝♦♥tr❛❝t✐♥❣ ✈❛❧✉❡s ❢♦r α✱ ❛s ❝❛♥ ♦♥❡ s❡❡ ✐♥ ❊q✉❛t✐♦♥ ✭✻✶✮✿

❚❤❡♦r❡♠ ✻✳ ❈♦♥s✐❞❡r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❞❡✜♥❡❞ ❜② ✭✺✽✮ ❛♥❞ ✭✺✾✮✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❤❛✐♥ In ✐s ✐rr❡❞✉❝✐❜❧❡
❛♥❞ ❛♣❡r✐♦❞✐❝ ✇✐t❤ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ π ♦♥ ✐ts ✜♥✐t❡ st❛t❡ s♣❛❝❡✱ ❛♥❞ t❤❛t ❢♦r s♦♠❡ q > 0

|ϕ(y)− ϕ(z)| ≤ |y − z| ✭✻✵✮
∑

i

πi log(‖α(i)‖) < 0 ✭✻✶✮

sup
i
E[|ψ(i, V1)|q] < +∞ ✭✻✷✮

✇❤❡r❡ ‖.‖ ✐s t❤❡ ✉s✉❛❧ ♠❛tr✐① ♥♦r♠ ❛♥❞ |.| t❤❡ ❡✉❝❧✐❞❡❛♥ ♥♦r♠✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✹ ❛♣♣❧✐❡s ❛♥❞ ✭✺✵✮ ❤♦❧❞s ✇✐t❤
t❤❡ ♥♦r♠

f ′ = sup
i,x,x′

|f(i, x)− f(i, x′)|
|x− x′|η + sup

i,x

|f(i, x)|
|x|η + 1

❢♦r η s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② r❡❛❧✐③❛t✐♦♥ (In, Xn) ♦❢ t❤❡ ❝❤❛✐♥ ❛t t✐♠❡ n ✇✐t❤ ❛♥ ❛r❜✐tr❛r②
✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❝♦✉♣❧✐♥❣ ✇✐t❤ ❛ ♣❛✐r (I ′, X ′) ❤❛✈✐♥❣ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✱ s✉❝❤ t❤❛t

P (In 6= I ′) + E[|Xn −X ′|η] < Cρn(1 + E[|X0|η]).

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ❝❤♦♦s❡

[f ] =
∑

i

νi[f ]i, [f ]i = sup
x,y

|f(i, x)− f(i, y)|
|x− y|η

v(i, x) = |x|εeελ(i) + 1

d((i, x), (j, y)) = 1i 6=j + |x− y|η.

❢♦r s♦♠❡ ❝♦♥st❛♥ts νi ❛♥❞ λ(i) ✇❤✐❝❤ ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✳ ❈♦♥❝❡r♥✐♥❣ K ❛♥❞ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞s Si,x ✇❡
s✐♠♣❧② s❡t✿

K = T

Si,x = {i} × R
d

■♥ t❤❛t ❝❛s❡ ✭✹✺✮ ❛♥❞ ✭✹✻✮ ❛r❡ ♦❜✈✐♦✉s ✭εd = 1✮✱ ❛♥❞ ✭✹✼✮ ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✹✸✮✳ ❚❤❡ t❡❝❤♥✐❝❛❧ ♣❛rt
✐s t♦ ♣r♦✈❡ t❤❛t ✭✹✸✮ ❛♥❞ ✭✹✹✮ ❤♦❧❞ tr✉❡✳ ❲❡ ♥♦✇ ❢♦❝✉s ♦♥ ✭✹✹✮✳ ❲❡ ✜rst ♥♦t❡ t❤❛t s✐♥❝❡

Xn+1 = α(In)(ϕ(Xn)− ϕ(0)) +
(

α(In)ϕ(0) + ψ(In, Vn)
)

✶✵



✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ϕ(0) = 0✳ ❯♥s✉r♣r✐s✐♥❣❧②✱ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt② ✭✹✹✮ ✐s r❡❧❛t❡❞ t♦ t❤❡ r❛t❡ ❛t ✇❤✐❝❤
t❤❡ ♣r♦❞✉❝t ♦❢ α(Ik)✬s ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ t❤✐s ♦♥❡ ❜❡✐♥❣ ✐ts❡❧❢ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ t❤❡ ❧❛✇ ♦❢
❧❛r❣❡ ♥✉♠❜❡rs ❛❝ts ♦♥ t❤❡ s✉♠s ♦❢ log(‖α(Ik)‖)✬s✳ ❚❤✐s ✉s❡s ❝❧❛ss✐❝❛❧❧② t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✿ ❙✐♥❝❡ t❤❡ ❝❤❛✐♥
In ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♣❡r✐♦❞✐❝ ♦♥ ❛ ✜♥✐t❡ st❛t❡ s♣❛❝❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✭✉♣ t♦ ❛ ❝♦♥st❛♥t✮ s♦❧✉t✐♦♥ λ t♦ t❤❡
P♦✐ss♦♥ ❡q✉❛t✐♦♥

E[λ(I1)|I0 = i] = λ(i)− l(i) + π(l), l(i) = log(‖α(i)‖)

✭✐t ✐s s✐♠♣❧② λ =
∑∞

k=0(T
k
0 − π)l ✇❤❡r❡ T0 = (pij)1≤i,j≤s ✐s t❤❡ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ♦❢ t❤❡ ❝❤❛✐♥ In✮✳ ❚❤❡

♣r♦❝❡ss

Zn = |Xn|εeελ(In)

s❛t✐s✜❡s✱ t❤❛♥❦s t♦ ✭✺✾✮ ✱✭✻✵✮✱ ❛♥❞ ϕ(0) = 0✿

Zn+1 ≤ (‖α(In)‖ |ϕ(Xn)|+ |ψ(In, Vn)|)εeελ(In+1)

≤ ‖α(In)‖ε |Xn|εeελ(In+1) + |ψ(In, Vn)|εeελ(In+1)

= Zne
ε{log ‖α(In)‖+λ(In+1)−λ(In)} + eελ(In+1)|ψ(In, Vn)|ε.

❆♥❞ s✐♥❝❡ t❤❡ ❢❛❝t♦r ♦❢ ε ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❤❛✈❡ ❢♦r s♦♠❡ c

Zn+1 ≤ Zn

(

1 + ε(λ(In+1)− λ(In) + log ‖α(In)‖) + cε2
)

+ eελ(In+1)|ψ(In, Vn)|ε

E[Zn+1|Fn] ≤ Zn

(

1 + επ(l) + cε2
)

+ eε supi λ(i) sup
i
E[|ψ(i, V1)|ε],

✇❤❡r❡ Fn st❛♥❞ ❢♦r t❤❡ σ✲✜❡❧❞ σ(Ii, Xi, 0 ≤ i ≤ n)✳ ❍❡♥❝❡✱ ✐❢ ✇❡ t❛❦❡ ε ≤ q s✉❝❤ t❤❛t επ(l) + cε2 < 0✱ ✇❡
♦❜t❛✐♥ ✭✹✹✮✳ ❈♦♥❝❡r♥✐♥❣ ✭✹✸✮✿

|Tf(i, y)− Tf(i, x)| ≤
∑

k

pikE[|f(k, α(i)ϕ(y) + ψ(i, V1))− f(k, α(i)ϕ(x) + ψ(i, V1))|]

≤ |ϕ(y)− ϕ(x)|η‖α(i)‖η
∑

k

pik[f ]k

[Tf ]i ≤ ‖α(i)‖η
∑

k

pik[f ]k

∑

i

νi[Tf ]i ≤
∑

i,k

νi‖α(i)‖ηpik[f ]k.

❲❡ s❡❡ t❤❛t ✐❢ ✇❡ ❝❛♥ ✜♥❞ ν s✉❝❤ t❤❛t

∀ k,
∑

i

‖α(i)‖ηνipik < νk ✭✻✸✮

t❤❡♥ ❊q✉❛t✐♦♥ ✭✹✸✮ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ❞❡✜♥❡

ν = π + η
∑

k≥1

(π.l − π(l)π)P k

✇✐t❤ t❤❡ ♥♦t❛t✐♦♥

(π.l)(i) = πil(i).

❙❡t τi = ‖α(i)‖η❀ s✐♥❝❡

τi = 1 + ηl(i) +O(η2)

✶✶



✇❡ ❣❡t

ν.τ = π + η
∑

k≥1

(π.l − π(l)π)P k + ηπ.l +O(η2)

❤❡♥❝❡

ν.τP = π + η
∑

k≥1

(π.l − π(l)π)P k + ηπ(l) +O(η2)

= ν + ηπ(l) +O(η2).

❚❤✐s ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❢♦r η s♠❛❧❧ ❡♥♦✉❣❤✱ ❊q✉❛t✐♦♥ ✭✻✸✮ ✐s s❛t✐s✜❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ s❤❛❧❧ ✐♠♣♦s❡ η ≤ ε✳
❲❡ ❤❛✈❡ ♥♦✇ ♣r♦✈❡❞ ✭✹✸✮ t♦ ✭✹✽✮✳

❆s ❛ ❜②♣r♦❞✉❝t✱ ❊q✉❛t✐♦♥ ✭✹✸✮ ✐♠♣❧✐❡s t❤❛t ❛♥② ❡✐❣❡♥❢✉♥❝t✐♦♥ f ✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡ |λ| = 1✱ ❞♦❡s
♥♦t ❞❡♣❡♥❞ ♦♥ x✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ In ✐s ✐rr❡❞✉❝✐❜❧❡✱ f ✐s ♥❡❝❡ss❛r✐❧② ❝♦♥st❛♥t✳

❚❤❡♦r❡♠ ✹ ❛♣♣❧✐❡s ❛♥❞ ✭✺✵✮ ❤♦❧❞s ✇✐t❤

f = sup
x,i

|f(i, x)|
|x|εeελ(i) + 1

+
∑

i

νi[f ]i.

❙✐♥❝❡ ❜② ✐rr❡❞✉❝✐❜✐❧✐t②✱ νi > 0 ❢♦r ❛❧❧ i✱ t❤✐s ♥♦r♠ ✐s ❡q✉✐✈❛❧❡♥t t♦

N(f) = sup
i,x

|f(i, x)|
|x|ε + 1

+ sup
i,x,y

|f(i, x)− f(i, y)|
|x− y|η .

❚❤✐s ♥♦r♠ ✐s ❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦ f ′ ❜❡❝❛✉s❡✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ η ≤ ε✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

sup
i,x

|f(i, x)|
|x|η + 1

≤ sup
i,x

|f(i, x)− f(i, 0)|+ |f(i, 0)|
|x|η + 1

≤ sup
i,x

|f(i, x)− f(i, 0)|
|x|η + sup

i
|f(i, 0)|

≤ N(f).

❇② t❤❡ ❞✉❛❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ✭❝❢ ❬✶✼❪ ❚❤❡♦r❡♠ ✺✳✶✵ ❛♥❞ ❊q✉❛t✐♦♥ ✭✺✳✶✶✮✮

inf
In,I′,Xn,X′

P (In 6= I ′) + E[|Xn −X ′|η] = sup
f ▲✐♣s❝❤✐t③

E[f(In, Xn)− f(I ′, X ′)]

✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ t❤❡ ♣❛✐rs ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (I ′, X ′) ❛♥❞ (In, Xn) ❤❛✈✐♥❣ r❡s♣❡❝t✐✈❡❧②
t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❝❤❛✐♥ ❞✐str✐❜✉t✐♦♥ ❛t t✐♠❡ n✱ ❛♥❞ f ✐s ✶✲▲✐♣s❝❤✐t③ ✇✳r✳t✳ t❤❡ ❞✐st❛♥❝❡ d✳
❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❥✉st E[(Qnf)(I0, X0)]✱ ✇❤✐❝❤ ✐s s♠❛❧❧❡r t❤❛♥ Cρn(1+E[|X0|η])✳

✹ ❙✉❜❣❡♦♠❡tr✐❝ r❛t❡s

■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ s❤❛❧❧ ✜♥❞ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ V n t♦ ✵ ✇✐❧❧ ❣✐✈❡ ✉s
❛♥ ✐♥s✐❣❤t ❛❜♦✉t t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ Qn t♦ ✵✳ ❲❡ s❡t ❢♦r ❛♥② ♦♣❡r❛t♦r S ♦♥ E

‖S‖E0 = sup
f ≤1

‖Sf‖

‖S‖0E = sup
‖f‖≤1

Sf .

✶✷



❲✐t❤ t❤✐s ❝♦♥✈❡♥t✐♦♥✱ ♦♥❡ ❤❛s

‖UV ‖ ≤ ‖U‖E0‖V ‖0E
UV ≤ ‖U‖0E‖V ‖E0.

❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r ♣♦s✐t✐✈❡ r❛t❡ s❡q✉❡♥❝❡s αn✱ n ≥ 1✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✭❘✶✮ t♦ ✭❘✸✮ ❜❡❧♦✇✳ ❋♦r
✐♥st❛♥❝❡✱ s❡q✉❡♥❝❡s ❧✐❦❡ αn = (n + 1)−p✱ p > 1✱ ♦r αn = exp−√

n✱ ♦r αn = (n + 1)−1(log(n + 1))−2 s❛t✐s❢②
t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✭♥♦t✐❝❡ t❤❛t t❤❡ ✜rst ♣❛rt ♦❢ ✭❘✷✮ ❤♦❧❞s ✐❢ x 7→ logαx ✐s ❝♦♥✈❡①✮✳ ❚❤❡s❡ s❡q✉❡♥❝❡s ♠❛❦❡
✐t ❡❛s② t♦ s♦❧✈❡ s♦♠❡ r❡❝✉rs✐✈❡ ❡q✉❛t✐♦♥s ✭❝❢✳ ❆♣♣❡♥❞✐① ❋✮✳

❚❤❡♦r❡♠ ✼✳ ▲❡t ✭❆✵✮ ❜❡ s❛t✐s✜❡❞ ❛♥❞ T ❜❡ ❛ . ✲ ❛♥❞ ‖.‖✲❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ♦♥ E s❛t✐s❢②✐♥❣ ✭❆✶✮✱
❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮✳ ▲❡t αn ❜❡ ❛ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣

✭❘✶✮ n 7→ αn ✐s ❞❡❝r❡❛s✐♥❣

✭❘✷✮ n 7→ αn+1

αn
✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ✶

✭❘✸✮
∑

n≥1

α2
n

α2n
<∞.

❲❡ ❛ss✉♠❡ t❤❛t T ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s T = K + V ✇✐t❤

‖V k‖E0 ≤ C1αk, k > 0, ✭✻✹✮

KV k ≤ C2αk, k > 0, ✭✻✺✮

KQk → 0 ❛s k → ∞ ✭✻✻✮

✭❊q✉❛t✐♦♥s ✭✻✺✮ ❛♥❞ ✭✻✻✮ ❛r❡ ❝❧❡❛r❧② s❛t✐s✜❡❞ ✐❢ ✭✻✹✮ ❛♥❞ ✭✷✻✮ ❤♦❧❞ tr✉❡✮✳ ❚❤❡♥ ♦♥❡ ❤❛s ❢♦r s♦♠❡ C > 0 ❛♥❞
❛❧❧ n > 0

‖Qn‖E0 ≤ C
∑

k≥n

αk.

■❢ ✐♥ ❛❞❞✐t✐♦♥ supn ‖Tn‖ <∞✱ t❤❡♥

‖Qn‖E0 ≤ Cαn. ✭✻✼✮

❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ✭✷✼✮ ❛♥❞ ♦♥ t❤❡ ❦❡② r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✷✳ ■t ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❊✳

❘❡♠❛r❦s✳ ✶✴ ■❢ ❚❤❡♦r❡♠ ✶ ✐s ✉s❡❞ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❝❤❡❝❦ ✭✷✺✮✱ ✇❤✐❝❤
✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ t❤❛♥❦s t♦ ✭✷✹✮✱ ✭✷✻✮ ❛♥❞ t❤❡ s✉♠♠❛❜✐❧✐t② ♦❢ αn ✭❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭❘✶✮ ❛♥❞ ✭❘✸✮✮✳
✷✴ ❈♦♥❞✐t✐♦♥ ✭❘✷✮ ❡①❝❧✉❞❡s ❣❡♦♠❡tr✐❝ r❛t❡s✳ ❚❤❡ t❤❡♦r❡♠ ✐s ✐♥❞❡❡❞ ✇r♦♥❣ ✐♥ t❤✐s ❝❛s❡✿ ❋♦r ❡①❛♠♣❧❡ ✐♥ t❤❡
✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ❚❤❡♦r❡♠ ✶ ❤♦❧❞s ✇✐t❤ V = 0✱ ❛♥❞ ✭✻✼✮ ♦♥❧② ❤♦❧❞s ✇✐t❤ s♦♠❡ ❣❡♦♠❡tr✐❝ r❛t❡✳

❆♣♣❧✐❝❛t✐♦♥ t♦ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ❚❤❡♦r❡♠ ✷ ❜✉t ✭✸✵✮ ✐s str❡♥❣t❤✲
❡♥❡❞ ❛s

Tv(x) ≤ v(x)− θ(v(x)), x /∈ K0 ✭✻✽✮

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ θ✱ ❡✳❣✳ θ(u) = uq✱ 0 < q < 1✳ ❖✉r ❣♦❛❧ ❤❡r❡ ✐s t♦ ✉s❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❜♦✉♥❞✐♥❣ t❤❡
s❡q✉❡♥❝❡ ρn ✐♥ ✭✸✽✮✳

❲❡ ♥❡❡❞ ❛ ♣r❡♣❛r❛t♦r② ❧❡♠♠❛ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧ ❢♦r ✇♦r❦✐♥❣ ✇✐t❤ ✭✻✽✮❀ t❤❡ ♣♦✐♥t ♦❢ t❤✐s ❧❡♠♠❛ ✐s
t♦ ❜r✐♥❣ ♦✉t ❛ ❢✉♥❝t✐♦♥ ζ ✇❤✐❝❤ s❛t✐s✜❡s ✭✼✶✮✱ ✐s s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ ζ(x) = x ❛♥❞ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧②
✐t❡r❛t❡❞ ✭❊q✉❛t✐♦♥ ✭✼✵✮ ✐♠♣❧✐❡s ζ(n)(x) = ψ(−1)(ψ(x) + n)✮✿

✶✸



▲❡♠♠❛ ✽✳ ▲❡t θ ❜❡ ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♥❝❛✈❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ [0,+∞) ✇✐t❤ ❛ ❞❡r✐✈❛✲
t✐✈❡ ✇❤✐❝❤ t❡♥❞s t♦ ③❡r♦ ❛t ✐♥✜♥✐t②✱ ❛♥❞ ❞❡✜♥❡ ❢♦r x ≥ 0

ψ(x) =

∫ x

0

1

θ(y)
dy ✭✻✾✮

ζ(x) = ψ(−1)(ψ(x) + 1). ✭✼✵✮

❲❡ ❛ss✉♠❡ t❤❛t ψ ✐s ✜♥✐t❡ ❛♥❞ t❡♥❞s t♦ ✐♥✜♥✐t②✳ ▲❡t θ1 ≥ 0 ❜❡ s✉❝❤ t❤❛t ❢♦r x ≥ θ1

θ(x) ≤ x.

❚❤❡♥ ζ ✐s ❝♦♥❝❛✈❡ ❛♥❞ ❢♦r x ≥ θ1

ζ(x− θ(x)) ≤ x. ✭✼✶✮

❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ●✳

❚❤❡♦r❡♠ ✾✳ ▲❡t ❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ❤♦❧❞ ❛♥❞ ❛ss✉♠❡ t❤❛t ✭✸✵✮ ✐s str❡♥❣t❤❡♥❡❞
❛s

Tv(x) ≤ v(x)− θ(v(x)), x /∈ K0 ✭✼✷✮

❢♦r s♦♠❡ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ θ s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✽ ✇✐t❤ θ1 = minx(v(x))✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡
❛ss✉♠❡ t❤❛t minx≥θ1 x− θ(x) > 0 ❛♥❞ t❤❛t t❤❡ s❡q✉❡♥❝❡

αn =
1

ψ(−1)(n)

✭ψ ✐s ❣✐✈❡♥ ❜② ✭✻✾✮✮ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✭❘✶✮ t♦ ✭❘✸✮ ♦❢ ❚❤❡♦r❡♠ ✼✳ ❚❤❡♥ ❢♦r s♦♠❡ c > 0 ❛♥❞ ❛♥②
❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f

sup
x

∣

∣

∣

Qnf(x)

v(x)

∣

∣

∣
≤ cρn‖f‖∞, ρn =

∑

k≥n

αk ✭✼✸✮

π(|Qnf |) ≤ cαn‖f‖∞. ✭✼✹✮

❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❍✳
❲❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛t❝❤✐♥❣s ❜❡t✇❡❡♥ ❞r✐❢t ❢✉♥❝t✐♦♥ ❛♥❞ r❛t❡s

θ(t) αn ρn

log(t+ 1)2 ∼ n−1(log n)−2 ∼ (log n)−1

tq✱ 0 < q < 1 ∼ n−1/(1−q)✱ ∼ n−q/(1−q)

ct
log(t+1) ∼ e−

√
2cn ∼ e−

√
2cn

√
n✳

❆♣♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❦✐♥❞ ♦❢ r❡s✉❧t ✐♥ t❤❡ ✜❡❧❞ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ❛r❡ ♥♦t ✉♥❝♦♠♠♦♥✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ ❬✶✶❪
✭❊①❛♠♣❧❡

Xn+1 = (Xn +Wn+1)+

✇❤❡r❡ Wn ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ✇✐t❤ E[W1] < 0✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r m ≥ 2
s✉❝❤ t❤❛t

E[Wm
1 ] <∞

✶✹



t❤❡② ♣r♦✈❡ t❤❛t t❤❡ ❞r✐❢t ❝♦♥❞✐t✐♦♥ ✭✼✷✮ ✐s s❛t✐s✜❡❞ ✇✐t❤

v(x) = (x+ 1)m

θ(x) = xα, α =
m− 1

m
.

■♥ ❚❤❡♦r❡♠ ✸✳✻ t❤❡② st❛t❡ t❤❛t ❢♦r ❛♥② x✱ sup‖f‖∞≤1 |Qnf(x)| = o(n−α/(1−α))✱ ✇❤✐❝❤ ✐s s♦♠❡✇❤❛t ✐♥t❡r♠❡✲
❞✐❛r② ❜❡t✇❡❡♥ ✭✼✸✮ ❛♥❞ ✭✼✹✮✳ ❖♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❝❧❡❛r❧② s❡❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ r❛t❡s
❜❡t✇❡❡♥ ✭✼✸✮ ❛♥❞ ✭✼✹✮✿ ✐❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ X0 = x0 ✐s ✈❡r② ❧❛r❣❡✱ ✐t t❛❦❡s ❛ ❧♦♥❣ t✐♠❡ t♦ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ✭t❤✐s t✐♠❡ ✐s ❝❡rt❛✐♥❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ x0✮✱ ❜✉t ✐❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ❞r❛✇♥ ❢r♦♠ π✱ ✐t ✇♦♥✬t
❜❡ ❧❛r❣❡ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ✐♥❝r❡❛s❡❞✳

❚❤❡② ❛❧s♦ ❣✐✈❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ▼♦♥t❡ ❈❛r❧♦ ▼❛r❦♦✈ ❈❤❛✐♥s✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ ♥♦✇ t♦ ❝♦♥✈✐♥❝❡ t❤❡ r❡❛❞❡r
t❤❛t ❚❤❡♦r❡♠ ✼ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳

❆♣♣❧✐❝❛t✐♦♥ t♦ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ❞❡✜♥❡❞ ♦♥ [0, 1]

v(x) =

{

x(1 + 2γxγ) 0 ≤ x < 1/2
2x− 1 1/2 ≤ x ≤ 1

✭✼✺✮

✇❤❡r❡ 0 < γ < 1 ✐s ✜①❡❞✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t♦r

Tf(x) = f(v(x)). ✭✼✻✮

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝s ♦❢ Tn✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ s✉❜❥❡❝t ❬✶✷✱ ✻❪ ❛♥❞
t❤❡ r❡s✉❧t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r❡s❡♥t ❤❡r❡✱ ❊q✉❛t✐♦♥ ✭✽✵✮✱ ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ❬✶✾❪❀ ♦✉r ♣♦✐♥t ✐s t♦ ❣✐✈❡ ❛ ♥❡✇ ❛♥❞
❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤✐s ❡st✐♠❛t❡ ✇❤✐❝❤ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ♦❜t❛✐♥♠❡♥t ♦❢ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠s ✭t❤r♦✉❣❤
t❤❡ ●♦r❞✐♥✲▲✐✈❡r❛♥✐ ❚❤❡♦r❡♠✮✱ ❛♥❞ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ ♦♣t✐♠❛❧ ❬✶✻❪✳ ◆♦t✐❝❡ t❤❛t t❤✐s ♣r♦♦❢ ❞♦❡s ♥♦t
r❡q✉✐r❡ ❛♥② ❡①♣❧✐❝✐t ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ✭s❡❡ ❊q✉❛t✐♦♥ ✭✺✳✷✮ ✐♥ ❬✶✷❪✮✳ ❲❡ ❞❡t❛✐❧ ♦♥❧② ❤❡r❡
t❤❡ ❡①❛♠♣❧❡ ✭✼✺✮ ❜✉t ✐t ✇✐❧❧ ❛♣♣❡❛r ❝❧❡❛r❧② t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ❡①t❡♥❞s t♦ ♠❛♥② ♦t❤❡r ❝❛s❡s✳
◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❢❡❡❧ t❤❛t s✉❝❤ ❡①t❡♥s✐♦♥s ❢❛❧❧ ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳

❋♦r ❛♥② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ f ♦♥ [0, 1]✱ ✇❡ s❡t

F (x) =

∫ x

0

f(t)dt− xf̄ , f̄ =

∫ 1

0

f(t)dt.

❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ✇❤✐❝❤ ✇❡ ♣r♦✈❡ ❜❡❧♦✇✿

Tf(x) =
(

v′(x)−1F (v(x))
)′

+

(

f̄ −
(

v′(x)−1
)′
F (v(x))

)

✭✼✼✮

= V f(x) +Kf(x)

✇❤❡r❡ t❤❡ ♣r✐♠❡ ❞❡♥♦t❡s ✐♥ t❤❡ ✇❤♦❧❡ ♣r❡s❡♥t s❡❝t✐♦♥ t❤❡ ❛✳❝✳ ♣❛rt ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✳ ❲❡
s❤❛❧❧ t❛❦❡ E = L∞([0, 1])✿

f = ‖f‖∞.

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✼✼✮✱ ♥♦t❡ t❤❛t v′(x)−1F (v(x)) ✐s ❝❧❡❛r❧② ▲✐♣s❝❤✐t③ ❜❡❝❛✉s❡ F (v(x)) ❝❛♥❝❡❧s ❛t t❤❡ ❞✐s❝♦♥✲
t✐♥✉✐t② ♣♦✐♥t ♦❢ v′✱ ✐♠♣❧②✐♥❣ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ❛s ✇❡❧❧ ❛s ✐ts ❞✐str✐❜✉t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ❜❡❧♦♥❣s t♦ E ✇✐t❤

(

v′(x)−1F (v(x))
)′

= f(v(x))− f̄ +
(

v′(x)−1
)′
F (v(x))

✇❤✐❝❤ ♣r♦✈❡s ✭✼✼✮✳ ❲❡ ♦❜t❛✐♥ ❛❧s♦ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n t❤❛t

V nf(x) =
(

v′n(x)
−1F (vn(x))

)′
✭✼✽✮

✶✺



✇❤❡r❡ vn ✐s t❤❡ n✲t❤ ✐t❡r❛t❡ ♦❢ v✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t v′n(x)
−1F (vn(x)) ❜❡✐♥❣ ▲✐♣s❝❤✐t③✱ ✐t ✐s

t❤❡ ✐♥t❡❣r❛❧ ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡ ❛♥❞ ✭✼✽✮ ❧❡❛❞s t♦

V n+1f(x) =
(

v′(x)−1
(

v′n(.)
−1F (vn(.))

)

(v(x))
)′

=
(

v′n+1(x)
−1F (vn+1(x))

)′
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ✐♥ ❛♣♣❡♥❞✐① ■ t❤❛t

v′n(x) ≥ c1n
1/γvn(x) ✭✼✾✮

✇✐t❤ c1 = (2γ − 1)1/γ ✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥♦r♠ ‖f‖ = ‖
∫ .

0
f(t)dt‖∞✱ ✇❡ ❛r❡ ❧❡❞ t♦

‖V nf‖ = ‖v′n(x)−1F (vn(x))‖∞
≤ c−1

1 n−1/γ‖x−1F (x)‖∞

≤ c−1
1 n−1/γ sup

0≤x≤1
x−1

∫ x

0

|f(y)|dy

≤ c−1
1 n−1/γ f .

❇❡❝❛✉s❡ B = {f ∈ E : f ≤ 1} ✐s ‖.‖✲❝♦♠♣❛❝t ✭F ✐s ✶✲▲✐♣s❝❤✐t③ ✐❢ f ∈ B✮✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛♥❞
♦❢ ❚❤❡♦r❡♠ ✼ ❛r❡ ❛❧❧ s❛t✐s✜❡❞ ✭❜✉t ❤❡r❡ ‖Tn‖ ✐s ♥♦t ❜♦✉♥❞❡❞✮✳ ❚❤❛♥❦s t♦ ❝❧❛ss✐❝❛❧ ❞✐st♦rt✐♦♥ ❛r❣✉♠❡♥ts ✭s❡❡
❢♦r ✐♥st❛♥❝❡ ❬✶✾❪ ❚❤❡♦r❡♠ ✶✮✱ ♦♥❡ ❦♥♦✇s t❤❛t T ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✐♥✈❛r✐❛♥t ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐s ❡r❣♦❞✐❝ ❛♥❞ ♠✐①✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ♥♦ ♥♦♥tr✐✈✐❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❢♦r ❛♥② ❡✐❣❡♥✈❛❧✉❡
♦❢ ♠♦❞✉❧✉s 1 ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

‖Tnf − ν(f)‖ ≤ Cn1−1/γ f . ✭✽✵✮

❆ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ r❡q✉✐r❡s t✇♦ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ✇❤✐❝❤ ❛r❡ t❤❡ s✉❜❥❡❝t ♦❢ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s❡❝t✐♦♥✳

❆✳✶ ❆s②♠♣t♦t✐❝❛❧❧② ❛❧♠♦st ♣❡r✐♦❞✐❝ ♣♦✇❡rs ♦❢ ❛♥ ♦♣❡r❛t♦r

❚❤❡♦r❡♠ ✶✵ ❜❡❧♦✇ ❣✐✈❡s ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤✱ ✐♥ s♦♠❡ s❡♥s❡✱ t❤❡ ♣♦✇❡rs ♦❢ ❛♥ ♦♣❡r❛t♦r T ❝❛♥ ❜❡ r❡✇r✐tt❡♥

Tn =
∑

i≥1

λni Pi + TnP0

✇❤❡r❡ ❡❛❝❤ Pi ✐s ❛ ♣r♦❥❡❝t✐♦♥✱ PiPj = 0✱ i 6= j✱ ❛♥❞ TnP0 t❡♥❞s t♦ ③❡r♦ ✐♥ s♦♠❡ s❡♥s❡✳ ❍♦✇❡✈❡r✱ ✐❢ ❡❛❝❤
t❡r♠ ♦❢ t❤❡ s❡r✐❡s ✇✐❧❧ ❜❡ ✇❡❧❧ ❞❡✜♥❡❞ ✭❡✐❣❡♥s♣❛❝❡ ❛♥❞ ❡✐❣❡♥✈❛❧✉❡✮✱ t❤❡ s❡r✐❡s ♠❛② ❢❛✐❧ t♦ ❝♦♥✈❡r❣❡✱ ❛s ✐♥ t❤❡
❝❛s❡ ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡s❀ ❜✉t s✐♥❝❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts x ❢♦r ✇❤✐❝❤ Pix = 0 ❡①❝❡♣t ❢♦r ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ✐♥❞✐❝❡s i ✇✐❧❧ ❛♣♣❡❛r t♦ ❜❡ ❞❡♥s❡✱ t❤❡ s❡r✐❡s

∑

i≥1 λ
n
i Pix ✇✐❧❧ ❝♦♥✈❡r❣❡ ❛t ❧❡❛st ♦♥ ❛ ❞❡♥s❡ s✉❜s♣❛❝❡ ♦❢ E✳

▲❡♠♠❛ ✶✶ ✇✐❧❧ ❣✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ t❤❡r❡ ✐s ♦♥❧② ❛ ✜♠✐t❡ ♥✉♠❜❡r ♦❢ ♥♦♥ ③❡r♦ λi✬s✳
▲❡t ✉s s❛② ❛ ❢❡✇ ✇♦r❞s ❝♦♥❝❡r♥✐♥❣ ❆ss✉♠♣t✐♦♥s ✭❇✶✮ ❛♥❞ ✭❇✷✮ ❜❡❧♦✇✱ s✐♥❝❡ t❤❡② ❛r❡ t❤❡ ❦❡② ❛ss✉♠♣t✐♦♥s

❛♥❞ ♠❛② ❛♣♣❡❛r s♦♠❡❤♦✇ ❝♦♠♣❧✐❝❛t❡❞❀ ✐t ✐s ❡❛s✐❧② s❤♦✇♥ t❤❛t ✉♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ❢♦r ❛♥② x ∈ E t❤❡
s❡q✉❡♥❝❡ Tnx ❤❛s ‖.‖✲❝♦♠♣❛❝t ❝❧♦s✉r❡✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❡ss❡♥t✐❛❧❧② ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ t♦t❛❧ ❜♦✉♥❞❡❞♥❡ss
♦❢ t❤❡ s❡q✉❡♥❝❡ (Tn)n>0 ❢♦r ❛ ❝❡rt❛✐♥ ♥♦r♠ ✭❙t❡♣ ✶ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✵✮✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡
r❡♠✐♥✐s❝❡♥t ♦❢ t❤❛t ♦❢ t❤❡ ❉❡ ▲❡❡✉✇✲●❧✐❝❦s❜❡r❣ t❤❡♦r❡♠ ❬✸❪✱ ❜✉t ❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ‖.‖✲t♦t❛❧ ❜♦✉♥❞❡❞♥❡ss
r❛t❤❡r t❤❛♥ . ✲✇❡❛❦ t♦t❛❧ ❜♦✉♥❞❡❞♥❡ss ✭✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ♥♦t ❛ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥✮✳

❋♦r t❤❡ st❛t❡♠❡♥t ♦❢ t❤✐s t❤❡♦r❡♠✱ ✇❡ r❡❢❡r t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✶✾✮ t♦ ✭✷✶✮

❚❤❡♦r❡♠ ✶✵✳ ▲❡t T ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ♦♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ (E, . ) s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✭❆✵✮✱
✭❆✶✮ ❛♥❞

✶✻



✭❇✶✮ ❚❤❡ s❡q✉❡♥❝❡ Tn ✐s ✉♥✐❢♦r♠❧② ‖.‖✲❡q✉✐❝♦♥t✐♥✉♦✉s ♦♥ . ✲❜♦✉♥❞❡❞ s❡ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

lim
x∈B,‖x‖→0

sup
n

‖Tnx‖ = 0 ✭✽✶✮

✭❇✷✮ TnB ✐s ❛s②♠♣t♦t✐❝❛❧❧② ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ❚❤❡r❡ ❡①✐st ❛ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ s❡ts
Kn ⊂ E✱ ❛♥❞ ❛ s❡q✉❡♥❝❡ εn → 0 s✉❝❤ t❤❛t ❢♦r ❛♥② n ≥ 0

TnB ⊂ Kn + εnB0. ✭✽✷✮

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts ❤♦❧❞ tr✉❡✿ ❚❤❡ s♣❛❝❡ E ✐s t❤❡ ❞✐r❡❝t s✉♠ ♦❢ t✇♦ . ✲❝❧♦s❡❞ s♣❛❝❡s

E = {x : ‖Tnx‖ → 0} ⊕ {x : lim inf
n

‖x− Tnx‖ = 0} = E0 ⊕ Ec. ✭✽✸✮

❚❤❡ ♣r♦❥❡❝t✐♦♥ Pc ♦♥ Ec ♣❛r❛❧❧❡❧ t♦ E0 s❛t✐s✜❡s Pc ≤ CT ✳ ❚❤❡r❡ ❡①✐st ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡ ρn ❝♦♥✈❡r❣✐♥❣
t♦ 0 s✉❝❤ t❤❛t

‖Tnx‖ ≤ ρn x , x ∈ E0, n ≥ 0. ✭✽✹✮

❚❤❡ s♣❛❝❡ Eu ♦❢ t❤❡ ✜♥✐t❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❡✐❣❡♥✈❡❝t♦rs ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠♦❞✉❧✉s ♦♥❡ ✐s ‖.‖✲❞❡♥s❡
✐♥ Ec✳

❚❤❡ s❡t Λ ♦❢ t❤❡s❡ ❡✐❣❡♥✈❛❧✉❡s ✐s ❛t ♠♦st ❝♦✉♥t❛❜❧❡✱ ❛♥❞ ❢♦r ❡❛❝❤ λ ∈ Λ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❥❡❝t✐♦♥
Pλ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥s♣❛❝❡ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♦t❤❡rs ❛♥❞ t♦ E0✳ ■t s❛t✐s✜❡s Pλ ≤ CT ❛♥❞

lim
n→∞

‖Pλx− 1

n

n−1
∑

i=0

λ−iT ix‖ = 0, x ∈ E. ✭✽✺✮

❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ki s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ Pc ♦♥ Ec s❛t✐s✜❡s

lim
i→∞

sup
x∈B

‖Pcx− T kix‖ = 0. ✭✽✻✮

❚❤❡ ✉♥✐t ❜❛❧❧ ♦❢ Ec✱ B ∩ Ec✱ ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞✳

■❢ t❤❡ ✐♥t❡❣❡r ♣♦✇❡rs ♦❢ T ❡①t❡♥❞ t♦ ❛ ‖.‖✲C0✲s❡♠✐✲❣r♦✉♣ (T t)t≥0✱ ✐✳❡✳

∀x ∈ E, lim
t→0

‖T tx− x‖ = 0 ✭✽✼✮

t❤❡ s♣❛❝❡ Ec ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❡❝t♦rs x s✉❝❤ t❤❛t ❢♦r s♦♠❡ ωx✱ T
tx = eiωxtx ❢♦r ❛♥② t ≥ 0✳

Pr♦♦❢✳ ❙t❡♣ ✶✿ ❚❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♣♦✇❡rs ♦❢ T ❢♦r♠ ❛ t♦t❛❧❧② ❜♦✉♥❞❡❞ s❡t ❢♦r t❤❡ ❞✐st❛♥❝❡

d(f, g) = sup
x ≤1

‖f(x)− g(x)‖

♦♥ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ♦♥ B✳ ❆♥② ❧✐♠✐t ♣♦✐♥t ♦❢ ✐ts ❝❧♦s✉r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ♦♥ (E, . )✱ ✇✐t❤ ♥♦r♠
≤ CT ✳

❲❡ st❛rt ✇✐t❤ ❛ s✐♠♣❧❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ Kn ✐♥ ♦r❞❡r t♦ ✐♠❜❡❞ ✐t ✐♥ CTB✳ ❋✐① n > 0✱ ❞❡♥♦t❡ ❜② yk, 1 ≤
k ≤ Nn t❤❡ ♣♦✐♥ts ♦❢ Kn✱ ❝❤♦♦s❡ ❛r❜✐tr❛r② Nn ♣♦✐♥ts xk ∈ TnB s✉❝❤ t❤❛t ‖xk − yk‖ ≤ εn ❛♥❞ ❞❡✜♥❡
K̃n = {xk, 1 ≤ k ≤ Nn}✳ ❆ss✉♠♣t✐♦♥ ✭❇✷✮ ✐s st✐❧❧ s❛t✐s✜❡❞ ✇✐t❤ K̃n ❜✉t εn ✐s ♥♦✇ t✇♦ t✐♠❡s ❧❛r❣❡r❀ ✐♥
❛❞❞✐t✐♦♥ K̃n ⊂ CTB✳

❍❡♥❝❡ t❤❡r❡ ❡①✐st t✇♦ ❢✉♥❝t✐♦♥s un ❛♥❞ vn s✉❝❤ t❤❛t ❢♦r x ≤ 1

Tnx = un(x) + vn(x), un(x) ∈ K̃n,

✶✼



❛♥❞

‖vn(x)‖ ≤ 2εn, vn(x) ≤ 2CT . ✭✽✽✮

❋✐① n ❧❛r❣❡❀ ❢♦r ❛♥② p✿

T 2n+px = CTT
n(C−1

T T pun(x)) + Tn+pvn(x)

= CTun(C
−1
T T pun(x)) + CT vn(C

−1
T T pun(x)) + Tn+pvn(x)

= αp(x) + βp(x) + γp(x).

❚❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s {αp(.), p ≥ 0} ❤❛s ❛t ♠♦st NNn
n ❡❧❡♠❡♥ts❀ ❝❧❡❛r❧② ‖βp(x)‖ ≤ 2CT εn❀ ❛♥❞ ❆ss✉♠♣t✐♦♥

✭❇✶✮ ✇✐t❤ ❊q✉❛t✐♦♥ ✭✽✽✮ ✐♠♣❧✐❡s t❤❛t ‖γp(x)‖ ≤ ηn✱ ❢♦r ❛❧❧ p ≥ 0 ❛♥❞ s♦♠❡ s❡q✉❡♥❝❡ ηn → 0✳ ❲❡ ❤❛✈❡ ❥✉st
♣r♦✈❡❞ t❤❛t t❤❡ s❡t {T k, k ≥ 2n} ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ✇✐t❤ NNn

n d✲❜❛❧❧s ♦❢ r❛❞✐✉s 2CT εn + ηn❀ ❤❡♥❝❡ {T k, k ≥ 0}
✐s t♦t❛❧❧② ❜♦✉♥❞❡❞ ❢♦r t❤❡ ❞✐st❛♥❝❡ d✳

❋♦r ❛♥② x ∈ B✱ t❤❡ s❡q✉❡♥❝❡ Tnx ❜❡❧♦♥❣s t♦ CTB✱ ❤❡♥❝❡ ❛♥② ‖.‖✲❝❧✉st❡r ♣♦✐♥t ♦❢ t❤✐s s❡q✉❡♥❝❡ ❜❡❧♦♥❣s
t♦ CTB ✭❜❡❝❛✉s❡ ♦❢ ✭❆✵✮✮✱ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ❢♦❧❧♦✇s✳

❙t❡♣ ✷✿ ❋♦r ❛♥② ❧✐♠✐ts d(Tuk , U) → 0 ❛♥❞ d(T vk , V ) → 0✱ ♦♥❡ ❤❛s d(Tuj+vk , UV ) → 0 ✐❢ min(j, k) → +∞✳
■♥ ♣❛rt✐❝✉❧❛r UV = V U ❛♥❞ ❢♦r ❛♥② t❤✐r❞ s✐♠✐❧❛r ❧✐♠✐t ♦♣❡r❛t♦r W ✱ d(WU,WV ) ≤ CT d(U, V )✳

❖♥❡ ❤❛s ✐♥❞❡❡❞✿

d(Tuj+vk , UV ) ≤ d(Tuj+vk , TujV ) + d(TujV, UV )

≤ sup{‖Tujx‖ : ‖x‖ ≤ d(T vk , V ), x ≤ 2CT }+ d(Tuj , U) V .

❚❤❡ s❡❝♦♥❞ t❡r♠ ♦❜✈✐♦✉s❧② ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ ❛♥❞ t❤❡ ✜rst ♦♥❡ ❛❧s♦ ❜❡❝❛✉s❡ ♦❢ ❆ss✉♠♣t✐♦♥ ✭❇✶✮✳ ❋♦r t❤❡
❧❛st ❛ss❡rt✐♦♥

d(WU,WV ) = d(UW,VW ) ≤ d(U, V ) W .

❙t❡♣ ✸✿ Pr♦♦❢ ♦❢ ❊q✉❛t✐♦♥s ✭✽✸✮ ❛♥❞ ✭✽✻✮✳

▲❡t nk ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t Tnk d✲❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❧✐♠✐t S✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t nk − nk−1 → ∞✳
❋r♦♠ t❤❡ s❡q✉❡♥❝❡ nk−nk−1 ♦♥❡ ❝❛♥ ❡①tr❛❝t ❛ s❡q✉❡♥❝❡ pi = nki+1−nki

s✉❝❤ t❤❛t T pi ❛♥❞ T pi−1 d✲❝♦♥✈❡r❣❡
t♦ s♦♠❡ ❧✐♠✐t Pc ❛♥❞ R✳ ❙❡t mi = nki

✳

S = d✲ limTmi+pi = SPc.

❙✐♥❝❡ pi → ∞✱ t❤❡r❡ ❡①✐sts qi → ∞ s✉❝❤ t❤❛t Pc = d✲ limTmi+qi ❛♥❞ ✇❡ ❣❡t

Pc = d✲ limTmiT qi = d✲ limST qi = d✲ limPcST
qi = P 2

c .

Pc ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ PcE ❛♥❞ ❊q✉❛t✐♦♥ ✭✽✻✮ ❤♦❧❞s✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ ♥♦✇ t❤❛t PcE ✐s ✐♥❞❡❡❞ Ec ❛♥❞ t❤❛t ✭✽✸✮
❤♦❧❞s tr✉❡✳

❈❧❡❛r❧② PcE ⊂ Ec✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛♥② x ∈ Ec t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ rk s✉❝❤ t❤❛t ‖x −
T rkx‖✳ ❝♦♥✈❡r❣❡s t♦ ✵✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t rk > pk ❛♥❞ t❤❛t d(T rk−pk , U) → 0 ❢♦r s♦♠❡ U ❀ ✐♥ ♣❛rt✐❝✉❧❛r
d(T rk , PcU) → 0✳ ❍❡♥❝❡ x = PcUx ∈ PcE✳ ❋✐♥❛❧❧② PcE = Ec✳ ❚❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ Pc ❝❧❡❛r❧② ❝♦♥t❛✐♥s E0✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r ❛♥② ♣♦✐♥t x /∈ E0✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ rk s✉❝❤ t❤❛t ‖T rkx‖ ≥ ε ❛♥❞ T rk−pk d✲❝♦♥✈❡r❣❡s
t♦ s♦♠❡ ❧✐♠✐t V ❀ t❤❡ ❜♦✉♥❞ ‖V Pcx‖ ≥ ε ❧❡❛❞s t♦ Pcx 6= 0✳ ❚❤✐s ✐♠♣❧✐❡s ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ❛♥② ♣♦✐♥t ♦❢
t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ Pc ❜❡❧♦♥❣s t♦ E0❀ ❤❡♥❝❡ t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ Pc ✐s E0 ❛♥❞ E = E0 ⊕ Ec✳

❚❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ♥♦r♠ ♦❢ Pc ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❛st ♣♦✐♥t ♦❢ ❙t❡♣ ✶✳

❙t❡♣ ✹✿ T ✐s ♦♥❡✲t♦✲♦♥❡ ♦♥ Ec✳ ❚❤❡ ♣♦✇❡rs ♦❢ T ♦♥ Ec ❣❡♥❡r❛t❡ ❛ ❝♦♠♣❛❝t G ❣r♦✉♣ ♦❢ ♦♣❡r❛t♦rs ♦♥ Ec ✇✐t❤
t❤❡ ❞✐st❛♥❝❡

dc(f, g) = sup
x ≤1,x∈Ec

‖f(x)− g(x)‖.

✶✽



❙✐♥❝❡ TPc = PcT ❛♥❞ Pc = TR = RT ✭R ✐s ❞❡✜♥❡❞ ✐♥ ❙t❡♣ ✸✮✱ Ec ✐s T ✲st❛❜❧❡ ❛♥❞ R ✐s ✐ts ✐♥✈❡rs❡ ♦♥ Ec✳
❚❤❡ ♠♦♥♦✐❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣♦✇❡rs ♦❢ T

G = {Tn, n ≥ 0}.

✐s ❛ ❣r♦✉♣ s✐♥❝❡ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t R ∈ G✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ G ❝♦♠❡s ❢r♦♠ ❙t❡♣ ✷✱ ❛♥❞
t❤❡ ❝♦♠♣❛❝t♥❡ss ❢r♦♠ ❙t❡♣ ✶✳

❙t❡♣ ✺✿ Eu ✐s ‖.‖✲❞❡♥s❡ ✐♥ Ec✳ Pr♦♣❡rt✐❡s ♦❢ Pλ✳

❊❛❝❤ ❝❤❛r❛❝t❡r χ ♦♥ G ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡ ♦❢ χ(T )✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ❛♥❞
χ(Tn) = χ(T )n✳

❋♦r ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ T ✇✐t❤ ♠♦❞✉❧✉s ✶✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝❤❛r❛❝t❡r χ s✉❝❤ t❤❛t χ(T ) = λ ✇❤✐❝❤
❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ♣✐❝❦ ❛♥ ❡✐❣❡♥✈❡❝t♦r x✱ ❛ ‖.‖✲❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ u s✉❝❤ t❤❛t u(x) = 1 ❛♥❞ s❡t
χ(S) = u(Sx)❀ χ ✐s ✐♥❞❡❡❞ ❛ ❝❤❛r❛❝t❡r s✐♥❝❡ ✐t ✐s dc✲❝♦♥t✐♥✉♦✉s ✇✐t❤ χ(Tn) = χ(T )n❀ ✐♥ ♣❛rt✐❝✉❧❛r s✐♥❝❡ t❤❡
s❡t ♦❢ ❝❤❛r❛❝t❡rs ♦❢ ❛ ❝♦♠♣❛❝t ❣r♦✉♣ ✐s ❛t ♠♦st ❝♦✉♥t❛❜❧❡✱ t❤❡r❡ ✐s ❛t ♠♦st ❛ ❝♦✉♥t❛❜❧❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s
♦❢ ♠♦❞✉❧✉s ♦♥❡✳

■♥ ♦r❞❡r t♦ s❤♦✇ ♥♦✇ t❤❛t ❢♦r ❛♥② ❝❤❛r❛❝t❡r χ✱ χ(T ) ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t µ ❜❡ t❤❡
❍❛❛r ♠❡❛s✉r❡ ♦♥ G✱ ❝♦♥s✐❞❡r ❛ ❝❤❛r❛❝t❡r χ ♦♥ G ❛♥❞ ❞❡✜♥❡

Qχ =

∫

G

χ(S)−1Sµ(dS). ✭✽✾✮

✭❛s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ G✱ f(S) = S ✐s t❤❡ ✉♥✐❢♦r♠ ❧✐♠✐t ♦❢ s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ✭❜② ❝♦♠♣❛❝t♥❡ss✮ ❛♥❞ t❤✐s
✐♥t❡❣r❛❧ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✇✐t❤ t❤❡ ✉s✉❛❧ ♣r♦♣❡rt✐❡s✱ ❝❢ ❬✺❪ ■■■✳✷✮✳ ■❢ x ✐s ❛ χ(T )✲❡✐❣❡♥✈❡❝t♦r t❤❡♥ t❤❡ r❡❧❛t✐♦♥
Tnx = χ(Tn)x ❡①t❡♥❞s t♦ G ❛s Sx = χ(S)x✱ ❛♥❞ ❝❧❡❛r❧② Qχx = x✳

❚❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ µ ✐♠♣❧✐❡s t❤❛t ❢♦r U ∈ G✿

Qχ =

∫

G

χ(SU)−1SUµ(dS) = χ(U)−1UQχ. ✭✾✵✮

■♥ ♣❛rt✐❝✉❧❛r✱ t❛❦✐♥❣ U = T ✱ ❢♦r ❛♥② x ∈ E✱ Qχx ✐s 0 ♦r ❛♥ ❡✐❣❡♥✈❡❝t♦r ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ χ(T )✳ ■♥ ❛❞❞✐t✐♦♥
✐♥t❡❣r❛t✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✇✳r✳t✳ µ(dU) ✇❡ ❣❡t t❤❛t Qχ ✐s ❛ ♣r♦❥❡❝t♦r✳ ■❢ Qχ ✐s ♥♦♥✲③❡r♦✱ Qχ ✐s t❤✉s ❛
♣r♦❥❡❝t♦r ♦♥ t❤❡ χ(T )✲❡✐❣❡♥s♣❛❝❡✳ ■❢ Qχ = 0✱ ❢♦r ❛♥② ‖.‖✲❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ u ♦♥ E ❛♥❞ y ∈ E✱ ♦♥❡ ❤❛s

∫

G

χ(S)−1u(Sy)µ(dS) = 0.

❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ S 7→ u(Sy) ❜❡✐♥❣ ✵✱ t❤✐s dc✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐s ✐ts❡❧❢ ✵✳ ❍❡♥❝❡ u(Sy) = 0 ❢♦r
❛♥② s✉❝❤ u ❛♥❞ y ❛♥❞ ❛♥② S ∈ G✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ❍❡♥❝❡ Qχ ✐s ♥♦♥✲③❡r♦✱ χ(T ) ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡✱ ❛♥ Qχ

✐s ❛ ♣r♦❥❡❝t✐♦♥ ✇❤♦s❡ r❛♥❣❡ ✐s t❤❡ χ(T )✲❡✐❣❡♥s♣❛❝❡✳
■♥ s✉♠♠❛r②✱ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❝❤❛r❛❝t❡rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ ♠♦❞✉❧✉s ♦♥❡✱

❞❡✜♥❡❞ ❜② λ = χ(T )✱ ❛♥❞ Qχ ✐s ❛ ♣r♦❥❡❝t♦r ✇❤♦s❡ r❛♥❣❡ ✐s ❡①❛❝t❧② t❤❡ ❡✐❣❡♥s♣❛❝❡✳
❙✐♥❝❡ S ≤ CT ✇❡ ❤❛✈❡ Qχ ≤ CT ✱ ❛♥❞ s✐♥❝❡ ❜② ✭✽✾✮ t❤❡② ❝♦♠♠✉t❡✱ Qχ ✐s ❛ ♣r♦❥❡❝t♦r ♣❛r❛❧❧❡❧ t♦ t❤❡

♦t❤❡r ❡✐❣❡♥s♣❛❝❡s✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t Eu ✐s ‖.‖✲❞❡♥s❡ ✐♥ Ec✱ ❝♦♥s✐❞❡r ❛ ‖.‖✲❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ u s✉❝❤ t❤❛t u(x) = 0
❢♦r ❛♥② ❡✐❣❡♥✈❡❝t♦r x✱ t❤❡♥ ❢♦r ❛♥② y ∈ Ec✱ S 7→ u(Sy) ✐s dc✲❝♦♥t✐♥✉♦✉s ❛♥❞ ❢♦r ❛♥② ❝❤❛r❛❝t❡r χ ♦♥❡ ❤❛s

∫

G

χ(S)−1u(Sy)µ(dS) = u(Qχ(y)) = 0.

❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ S 7→ u(Sy) ❜❡✐♥❣ ✵✱ t❤✐s ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐s ✐ts❡❧❢ ✵✳ ❍❡♥❝❡ u(y) = 0✳ Eu ✐s
‖.‖✲❞❡♥s❡ ✐♥ Ec✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ Pλ ✐s ✜♥❛❧❧② ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ E ❜② s❡tt✐♥❣ Pλx = Qχ(T )x ✐❢ x ∈ Ec ❛♥❞
Pλx = 0 ✐❢ x ∈ E0✳

✶✾



❲❡ ♥♦✇ ♣r♦✈❡ ✭✽✺✮✳ ❚❤✐s ❡q✉❛t✐♦♥ ❤♦❧❞s ♦♥ E0 ❛♥❞ Eu✳ ❙❡t

Pλ,n =
1

n

n−1
∑

i=0

λ−iT i.

❋♦r ❛♥② x ∈ Ec ✇❡ ❝❛♥ ♣✐❝❦ ♦✉t y ∈ Eu s✉❝❤ t❤❛t ‖x− y‖ ≤ ε ❛♥❞ ❣❡t

‖Pλ,qx− Pλ,nx‖ ≤ ‖Pλ,q(x− y)‖+ ‖Pλ,n(x− y)‖+ ‖Pλ,qy − Pλ,ny‖
≤ 2 sup

k
‖T k(x− y)‖+ ‖Pλ,qy − Pλ,ny‖.

❙✐♥❝❡ t❤✐s q✉❛♥t✐t② ❝❛♥ ❜❡ ♠❛❞❡ s♠❛❧❧❡r t❤❛♥ 3ε ❜② t❛❦✐♥❣ n ❛♥❞ q ❧❛r❣❡✱ t❤✐s ♣r♦✈❡s t❤❛t Pλ,qx ✐s ❛ ‖.‖✲❈❛✉❝❤②
s❡q✉❡♥❝❡✱ ❛♥❞ ✐ts ❧✐♠✐t Pλx s❛t✐s✜❡s ✭✽✺✮✳ ❙✐♥❝❡ ❢♦r ❛❧❧ x ∈ E✱ Pλ,nx ≤ CT x ❛♥❞ ‖Pλ,nx − Pλx‖ → 0✱
❆ss✉♠♣t✐♦♥ ✭❆✵✮ ✐♠♣❧✐❡s t❤❛t Pλx ≤ CT x ✳

❙t❡♣ ✻✿ ❊q✉❛t✐♦♥ ✭✽✹✮✳

❯s✐♥❣ ❛ s❡q✉❡♥❝❡ pk s✉❝❤ t❤❛t d(T pk , Pc) = αk → 0✱ ✇❡ ♦❜t❛✐♥ ‖T pkx‖ ≤ αk ❢♦r x ∈ B ∩E0✳ ❋♦r n ≥ pk
❧❛r❣❡✱ ♦♥❡ ❝❛♥ ✇r✐t❡ ‖Tnx‖ ≤ ‖T pk(Tn−pkx)‖ ≤ CTαk✳ ❚❤✐s ✐♠♣❧✐❡s ✭✽✹✮✳

❙t❡♣ ✼✿ Bc = Ec ∩B ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞✳

❯s✐♥❣ t❤❡ s❛♠❡ s❡q✉❡♥❝❡ pk ✇❡ ❣❡t ✇✐t❤ ✭✽✷✮

Bc ⊂ (Pc − T pk)Bc + T pkBc ⊂ αkB0 +Kpk
+ εpk

B0.

❚❤✐s ♠❡❛♥s t❤❛t Bc ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞✳

❙t❡♣ ✽✿ ❈❛s❡ ♦❢ s❡♠✐✲❣r♦✉♣ T t✳

❲❡ ❝❛♥ ❝❛rr② ♦♥ ❙t❡♣s ✶ t♦ ✹ ✇✐t❤ t ∈ R+ ✐♥st❡❛❞ ♦❢ n ∈ N✳ ❚❤❡ ❣r♦✉♣ G ✐s ♥♦✇ G = {T s, s ≥ 0}✳ ■♥
❡q✉❛t✐♦♥ (90) ✇❡ t❛❦❡ U = T t ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t y = Pχx ✐s ❛ ✈❡❝t♦r s✉❝❤ t❤❛t T ty = χ(T t)y. ■♥ ♣❛rt✐❝✉❧❛r
✐❢ y 6= 0 ✇❡ ❤❛✈❡ χ(T s+t) = χ(T s)χ(T t)✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ss✉♠♣t✐♦♥ ✭✽✼✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥
t→ ‖T ty‖ ✐s ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ s♦ ✐s t→ χ(T t)❀ ❤❡♥❝❡ χ(T t) = eiωt ❢♦r s♦♠❡ ω ∈ R✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s ❛ ❝♦♥❞✐t✐♦♥ ❢♦r ❝❤❡❝❦✐♥❣ t❤❛t Ec ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❝❤❡❝❦❡❞
s♣❡❝✐✜❝❛❧❧② ♦♥ ❡①❛♠♣❧❡s ❜✉t ✇❡ s❤❛❧❧ s❡❡ ✐♥ ❚❤❡♦r❡♠ ✶ t❤❛t t❤✐s ❤♦❧❞s ♥❛t✉r❛❧❧② ✐♥ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥s❀ ✐♥
❛❞❞✐t✐♦♥✱ t❤✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ❛ss✉♠♣t✐♦♥ ✐s ✈❡r② ✐♠♣♦rt❛♥t ✐♥ ❚❤❡♦r❡♠ ✼✳

▲❡♠♠❛ ✶✶✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭❆✵✮ ❛♥❞ ✭❆✶✮✱ T ✐s ‖.‖✲❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥

✭❇✶✬✮ ❚❤❡r❡ ❡①✐sts t✇♦ s❡q✉❡♥❝❡s ηn → 0 ❛♥❞ η′n,p → 0 ✭❛s min(n, p) → ∞✮✱ s✉❝❤ t❤❛t ❢♦r ❛♥② n, p > 0

Tn(B ∩ p−1B0) ⊂ ηnB0 + η′n,pB,

t❤❡♥ ✭❇✶✮ ✐s ❛❧s♦ s❛t✐s✜❡❞✳ ■❢ ✭❇✷✮ ✐s ❛❧s♦ s❛t✐s✜❡❞✱ t❤❡♥ ✭✼✮ t♦ ✭✶✶✮ ❤♦❧❞ tr✉❡ ❛♥❞

‖Qnx‖ ≤ ρn x , ρn → 0. ✭✾✶✮

Pr♦♦❢✳ ❲❡ st❛rt ✇✐t❤ ✭❇✶✮✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❛♥② s❡q✉❡♥❝❡ xp ♦❢ B s✉❝❤ t❤❛t ‖xp‖ → 0 s❛t✐s✜❡s
supn>0 ‖Tnxp‖ → 0✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ‖xp‖ ≤ 1/p✳ ❖♥❡ ❤❛s

‖Tnxp‖ ≤ ηn + η′n,pC0.

❙✐♥❝❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

‖Tnxp‖ ≤ ‖T‖n‖xp‖

✷✵



✇❡ ❤❛✈❡ ❢♦r ❛♥② n0

sup
n>0

‖Tnxp‖ ≤ max
n≥n0

(ηn + η′n,pC0) +
1

p
max
n<n0

‖T‖n

✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❜② t❛❦✐♥❣ n0 ❧❛r❣❡ ✜rst ❛♥❞ t❤❡♥ ❜② ✐♥❝r❡❛s✐♥❣ p✳
▲❡t ✉s ♣r♦✈❡ ♥♦✇ t❤❛t Ec ✐s ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t Bc = Ec ∩ B ✐s . ✲t♦t❛❧❧②

❜♦✉♥❞❡❞❀ s✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t Ec ∩ B ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t . ❛♥❞ ‖.‖
✐♥❞✉❝❡ t❤❡ s❛♠❡ t♦♣♦❧♦❣② ♦♥ Bc✳ ◆♦t✐❝❡ ✜rst t❤❛t ✐❢ x ∈ E ❛♥❞ ‖x− xn‖ → 0 t❤❡♥

x ≤ lim
n

xn

❜❡❝❛✉s❡ ♦❢ ✭❆✵✮ ✭t❤❡ ✐♥❡q✉❛❧✐t② ✐s ♦❜✈✐♦✉s❧② tr✉❡ ✐❢ xn ✐s ♥♦t ❜♦✉♥❞❡❞✮✳ ▲❡t x ∈ B ∩ Ec✳ ❲❡ ✇❛♥t t♦
♣r♦✈❡ t❤❛t x ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❜② t❛❦✐♥❣ ‖x‖ s♠❛❧❧ ❡♥♦✉❣❤✳ ❈♦♥s✐❞❡r ❛♥ ✐♥t❡❣❡r p s✉❝❤ t❤❛t
‖x‖ ≤ p−1✳ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ nk s✉❝❤ t❤❛t ‖x − Tnkx‖ t❡♥❞s t♦ ③❡r♦✳ ❚❤❛♥❦s t♦ ✭❇✶✬✮✱ t❤❡r❡ ❡①✐st
uk ∈ B0 ❛♥❞ vk ∈ B s✉❝❤ t❤❛t

Tnkx = ηnk
uk + η′nk,p

vk.

❙✐♥❝❡ ‖x− Tnkx+ ηnk
uk‖ t❡♥❞s t♦ ③❡r♦✱ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✿

x ≤ lim
k

Tnkx− ηnk
uk = lim

k
η′nk,p

vk ≤ lim
k
η′nk,p

✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❜② t❛❦✐♥❣ p ❧❛r❣❡✳ ❍❡♥❝❡ . ❛♥❞ ‖.‖ ❛r❡ t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ♦♥ Ec

❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ❤♦❧❞s✳
◆♦✇ t❤❛t Ec ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✾✶✮ ❛r❡ ❛♥ ✐♠♠❡❞✐❛t❡ r❡✇♦r❞✐♥❣ ♦❢ t❤❡

❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✵ ✭♥♦t✐❝❡ t❤❛t ρn ❤❛s ❝❤❛♥❣❡❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✽✹✮ ❜② ❛ ❢❛❝t♦r P0 ✮✳

❆✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

▲❡t ✉s r❡❝❛❧❧ t❤❡ ✐❞❡♥t✐t② ✭✷✼✮

Tn =

n
∑

i=1

Tn−i(T − V )V i−1 + V n =

n
∑

i=1

Tn−iKV i−1 + V n.

■♥ ♣❛rt✐❝✉❧❛r✱ ❆ss✉♠♣t✐♦♥ ✭❆✶✮ t♦❣❡t❤❡r ✇✐t❤ ✭✷✺✮ ✐♠♣❧✐❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ V n ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t
CV ✱ ❛♥❞ KV nKB ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞✳ ❲❡ s❡t αn = KV n ❛♥❞ ᾱk =

∑∞
i=k αi✳ ▲❡t x ∈ E✱ ❢♦r ❛♥②

0 ≤ k ≤ n✿

(Tn − V n)x ≤
n
∑

i=1

Tn−iKV i−1x

≤ CT

k
∑

i=1

KV i−1x + CT

n
∑

i=k+1

KV i−1x

≤ CTCK

k
∑

i=1

‖V i−1x‖+ CT ᾱk x

≤ ck‖x‖+ CT ᾱk x .

■♥ ♣❛rt✐❝✉❧❛r ✐❢ x ∈ B ∩ p−1B0 ♦♥❡ ❤❛s

(Tn − V n)x ≤ min
k≤n

(ck
p

+ CT ᾱk

)

.

✷✶



❚❤✐s ✐♠♣❧✐❡s ✭❇✶✬✮ ✇❤❡r❡ η′n,p ✐s t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ ηn = ε′n✳ ❲❡ ♣r♦❝❡❡❞ ♥♦✇
✇✐t❤ ✭✽✷✮✿

Tn =

n
∑

i=1

T i−1KV n−i + V n

=

n
∑

i=1

(

i−1
∑

j=1

T j−1KV i−j−1 + V i−1)KV n−i + V n

=
∑

1≤j<i≤n

T j−1KV i−j−1KV n−i +
n
∑

i=1

V i−1KV n−i + V n

= An +Bn + Cn.

❚❤❡ s❡t AnB ✐s ‖.‖✲t♦t❛❧❧② ❜♦✉♥❞❡❞❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

CnB +BnB ⊂ (ε′n +

n
∑

i=1

αn−iε
′
i−1)B0.

❚❤❡ s✉♠ t❡♥❞s t♦ ③❡r♦ ❛s n t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ t❤✐s ❧❡❛❞s ✜♥❛❧❧② t♦ ✭✽✷✮✳
❲❡ t✉r♥ ♥♦✇ t♦ t❤❡ ❧❛st ❛ss❡rt✐♦♥✳ ■❢ T k s❛t✐s✜❡s ✭❇✶✮ ❛♥❞ ✭❇✷✮ ❛♥❞ T ✐s . ✲❝♦♥t✐♥✉♦✉s ❛♥❞ ‖.‖✲❝♦♥t✐♥✉♦✉s✱

❝❧❡❛r❧② T ❛❧s♦ s❛t✐s✜❡s ✭❇✶✮ ❛♥❞ ✭❇✷✮✳ ❚❤❡♦r❡♠ ✶✵ ❛♣♣❧✐❡s t♦ T ✳ ❙✐♥❝❡ ❛♥② ❡✐❣❡♥✈❡❝t♦r ♦❢ T ❛ss♦❝✐❛t❡❞ ✇✐t❤
❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠♦❞✉❧✉s ♦♥❡ ✐s ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ T k ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠♦❞✉❧✉s ♦♥❡✱ Ec ✐s
✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ❛♥❞ ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦❧❞✳

❇ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

✭❆✵✮ ✐s ❝❧❡❛r❧② s❛t✐s✜❡❞✳ ■♥ ❛❞❞✐t✐♦♥ T ✐s ❛ . ✲❝♦♥tr❛❝t✐♦♥✱ ❛♥❞ ✭❆✶✮ ❤♦❧❞s tr✉❡✳ ❯♣ t♦ ❛ r❡♣❧❛❝❡♠❡♥t ♦❢ v
✇✐t❤ v/cv✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t cv = 1✳ ❙✐♥❝❡ T1 = 1✱ ❊q✉❛t✐♦♥s ✭✸✵✮✱ ✭✸✶✮ ❛♥❞ ✭✸✷✮ ✐♠♣❧②

V v ≤ Tv ≤ v − 1 + c1K0
✭✾✷✮

V 1 ≤ 1− ε1K0
✭✾✸✮

❢♦r s♦♠❡ c > 0✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ v̄ = v + c/ε s❛t✐s✜❡s

V v̄ ≤ v̄ − 1. ✭✾✹✮

▼✉❧t✐♣❧②✐♥❣ ✭✾✹✮ ❜② V k ❛♥❞ s✉♠♠✐♥❣✱ ✉♣ ✇❡ ♦❜t❛✐♥

V nv̄ +
n−1
∑

k=0

V k1 ≤ v̄. ✭✾✺✮

❊q✉❛t✐♦♥ ✭✷✻✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ ✭✸✹✮ ❛♥❞ ✭✸✺✮ ❛♥❞ ❊q✉❛t✐♦♥ ✭✷✺✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✾✺✮ ❛♥❞ ✭✸✺✮ s✐♥❝❡
KV n = ‖KV n1‖∞ ≤ ν(V n1)✳ ❋♦r ✭✷✹✮ ♥♦t✐❝❡ t❤❛t V n1 ✐s ❛ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s✱ ❜❡❝❛✉s❡
V 1 ≤ 1✱ ❤❡♥❝❡✿

V n1 ≤ 1

n

n−1
∑

k=0

V k1 ≤ v̄

n
.

❛♥❞ ✭✷✹✮ ❤♦❧❞s✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ KT pK✳ ◆♦t✐❝❡ ✜rst t❤❛t ✐♥ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❡ ❝❛♥
r❡♣❧❛❝❡ ν ✇✐t❤ ν̄ ❞❡✜♥❡❞ ❛s

ν̄(f) =
∑

i≥0

2−iν(T if),

✷✷



✇❤✐❝❤ ♠❛❦❡s T ❝♦♥t✐♥✉♦✉s ♦♥ L1(ν̄) ✇✐t❤ ♥♦r♠ ≤ 2✳ ❙❡❝♦♥❞✱ ♥♦t✐❝❡ t❤❛t ν̄(v̄) < ∞✱ t❤❛t ✐s ✭✸✺✮ st✐❧❧
❤♦❧❞s✳ ❊q✉❛t✐♦♥ ✭✸✹✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❡❛s✉r❡ µ(g) =

∫

g(x, y)K(x, dy)ν̄(dx) ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✳r✳t✳
ν̄(dx)⊗ ν̄(dy)✱ ❛♥❞ ❧❡t p(x, y) ❜❡ ✐ts ❞❡♥s✐t②❀ ✐❢ g ❤❛s t❤❡ ❢♦r♠ g(x, y) = h(x)f(y)✱ ♦♥❡ ❤❛s

∫

h(x)f(y)p(x, y)ν̄(dx)ν̄(dy) =

∫

h(x)(Kf)(x)ν̄(dx)

❤❡♥❝❡ ♦♥❡ ❤❛s ❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ❛♥❞ ❢♦r ν̄✲❛✳❡✳ x✱

Kf(x) =

∫

f(y)p(x, y)ν̄(dy).

❚❤❡ ❢✉♥❝t✐♦♥ p ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✐♥ L1(ν̄ ⊗ ν̄) ❛s

p(x, y) =

n
∑

i=1

qi(x)ri(y) + ρ(x, y),

∫

|ρ(x, y)|ν̄(dx)ν̄(dy) < ε.

❚❤✐s ✜♥✐t❡ r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t KB ✐s t♦t❛❧❧② ❜♦✉♥❞❡❞ ✐♥ L1(ν̄)✳ ❇② ❝♦♥t✐♥✉✐t②✱ t❤❡ s❛♠❡
♣r♦♣❡rt② ❤♦❧❞s ❢♦r T pKB✳ ◆❡①t✱ ❊q✉❛t✐♦♥ ✭✸✹✮ ✐♠♣❧✐❡s t❤❛t KT pKB ✐s t♦t❛❧❧② ❜♦✉♥❞❡❞ ✐♥ (E, . )✳ ❚❤❡
❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛r❡ t❤✉s s❛t✐s✜❡❞✳

❚♦ ♦❜t❛✐♥ ✭✸✽✮✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤❡ s♣❛❝❡ Ec ✐s ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧✳ ❋♦r t❤✐s✱ ❧❡t nk ❜❡ ❛ s❡q✉❡♥❝❡
s✉❝❤ t❤❛t λnk

i → λi ❢♦r ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ λi ✇✐t❤ ♠♦❞✉❧✉s ✶✱ ❛♥❞ ❞❡♥♦t❡ ❜② Pc t❤❡ ♣r♦❥❡❝t♦r ♦♥ Ec ♣❛r❛❧❧❡❧ t♦
E0✳ ❚❤❡♥ ‖Tnkf − TPcf‖ ❝♦♥✈❡r❣❡s t♦ ✵ ❢♦r ❛♥② f ∈ E✳ ❍❡♥❝❡ TPc ✐s ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ✇✐t❤
t❤❡ s❛♠❡ ♦♥❡✲♠♦❞✉❧✉s ❡✐❣❡♥✈❡❝t♦rs ❛s T ✳ ■t ✐s ❝♦♠♣❛❝t ♦♥ E ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts ♠♦r❡ t❤❛♥ ♦♥❡ ❡✐❣❡♥✈❡❝t♦r✱
♦♥❡ ❝❛♥ ✜♥❞ t✇♦ ♥♦♥ tr✐✈✐❛❧ ♠❡❛s✉r❛❜❧❡ s❡ts A ❛♥❞ B s✉❝❤ t❤❛t TPc1A = 1B ✭❬✶✺❪ ❈❤✳✻ ➓ ✸✱ ❚❤✳✸✳✼✮✳ ◆♦t✐❝❡
♥♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f = Pc1A s❛t✐s✜❡s 0 ≤ f ≤ 1 ❛♥❞ ❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②

T (fn) ≥ (Tf)n = 1B .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ fn ≤ f ✱ ✇❡ ❤❛✈❡ T (fn) ≤ Tf = 1B ✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t T (fn) = 1B ❢♦r ❛❧❧ n > 0❀
❧❡tt✐♥❣ n t❡♥❞ t♦ ✐♥✜♥✐t②✱ ✇❡ ❣❡t

T (1f=1) = 1B .

❈ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❝❛s❡ q = 1✳ ❊❧❡♠❡♥t❛r② ✐♥❞✉❝t✐♦♥s ❧❡❛❞ t♦

Tnx ≤ γn x + c‖Tn−1x‖+ γc‖Tn−2x‖+ ...+ γn−1c‖x‖
≤ γn x + cn‖x‖. ✭✾✻✮

❚❤✐s ♠❛② ❜❡ ✐♠♣r♦✈❡❞ ❛s

Tnx ≤ CT min
k≤n

T kx ≤ CT min
k≤n

(

γk x + ck‖x‖
)

.

❚❤✐s ✐♠♣❧✐❡s ✭❇✶✬✮ ♦❢ ▲❡♠♠❛ ✶✶ ✇✐t❤ ηn = 0 ❛♥❞

η′n,p = CT min
k≤n

(

γk +
ck
p

)

. ✭✾✼✮

❲❡ ❤❛✈❡ s✐♠✐❧❛r❧②

TnB ⊂ γnB + γn−1KB + γn−2TKB + · · ·+ Tn−1KB

✷✸



❛♥❞ t❤✐s ✐♠♣❧✐❡s ♥♦✇ ✭❇✷✮ ✐♥ ❚❤❡♦r❡♠ ✶✵✳
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t Q ✭❢r♦♠ ❊q✳✭✼✮✮ ❤❛s ❛ s♣❡❝tr❛❧ r❛❞✐✉s < 1✳ ◆♦t✐❝❡ t❤❛t ❢♦r ❛♥② n > 0✱ Qn =

Tn−1Q✱ t❤✐s ♣r♦✈❡s t❤❛t CQ = supn Qn ✐s ✜♥✐t❡✳ ❋♦r ❛♥② x ∈ B ✇❡ ❤❛✈❡ ❢r♦♠ ✭✼✮✱ ✭✾✻✮ ❛♥❞ ✭✶✽✮

Qn+kx = TnQkx ≤ (CQ + 1) Tn Qkx

Qkx + 1
≤ (CQ + 1)η′n,p

✇✐t❤

p−1 =
‖Qkx‖
Qkx + 1

≤ ρk.

❇② ❝❤♦♦s✐♥❣ n ❛♥❞ k ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤✐s ❡♥s✉r❡s t❤❛t s♦♠❡ ♣♦✇❡r ♦❢ Q ✐s ❛ . ✲❝♦♥tr❛❝t✐♦♥✳
■❢ ♥♦✇ q > 1✱ t❤❡ ♦♣❡r❛t♦r T q s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡ ❝❛s❡ q = 1✱ t❤✉s T q s❛t✐s✜❡s ✭❆✶✮✱ ✭❇✶✬✮

❛♥❞ ✭❇✷✮✳ ❙✐♥❝❡ T ✐s . ❛♥❞ ‖.‖✲❝♦♥t✐♥✉♦✉s✱ t❤✐s ❝❧❡❛r❧② ✐♠♣❧✐❡s t❤❛t T ❛❧s♦ s❛t✐s✜❡s t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ❜②
✇r✐t✐♥❣ Tn = T r+kq ✇✐t❤ 0 ≤ r < q✳

❉ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹

❋♦r t❤❡ ♣r♦♦❢✱ ✇❡ s❤❛❧❧ ❝❤❛♥❣❡ ‖.‖ ✐♥t♦

‖f‖′ = sup
x

|f(x)|
v′(x)

, v′(x) =
v(x) +A

1 +A

❢♦r s♦♠❡ ❝♦♥st❛♥t A ≥ 1 ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ❛♥❞ f ❛s

f ′ = ‖f‖′ + q[f ]

❢♦r ❛ s♠❛❧❧ ❝♦♥st❛♥t q✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸ ❛r❡ ❢✉❧✜❧❧❡❞✳ ◆♦t✐❝❡ t❤❛t ‖f‖ ≤ ‖f‖′✳
❋♦r ❛♥② f ∈ E✱ ❜② t❤❡ ♣♦s✐t✐✈✐t② ♦❢ T ❛♥❞ ❊q✉❛t✐♦♥ ✭✹✹✮✱

|Tf(x)| ≤ ‖f‖′Tv′(x) ≤ ‖f‖′ γvv(x) +A+ cv
1 +A

≤ ‖f‖′
(

v′(x) +
cv

1 +A

)

✭✾✽✮

❤❡♥❝❡

‖Tf‖′ ≤
(

1 +
cv
A

)

‖f‖′. ✭✾✾✮

T ✐s ‖.‖′✲❝♦♥t✐♥✉♦✉s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❊q✉❛t✐♦♥ ✭✹✹✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② n > 0

Tnv(x) ≤ γnv v(x) +
cv

1− γv
✭✶✵✵✮

❤❡♥❝❡ ‖Tn‖′ ✐s ❜♦✉♥❞❡❞✳ ❊q✉❛t✐♦♥ ✭✹✸✮ ✇✐t❤ ✭✾✾✮ ✐♠♣❧✐❡s ✭✹✵✮ ✇✐t❤ γ = γb✱ ❛♥❞ c = 1 + cd/A✳ ❲✐t❤ ✭✶✵✵✮✱
✐t ✐♠♣❧✐❡s ❛❧s♦ t❤❛t Tn ′ ✐s ❜♦✉♥❞❡❞✳ ❚❤✉s ✭❆✵✮✱ ✭❆✶✮ ❛♥❞ ✭✹✵✮ ❛r❡ s❛t✐s✜❡❞✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t ❚❤❡♦r❡♠ ✸ ❛♣♣❧✐❡s✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ✭✸✾✮ ❤♦❧❞s tr✉❡✳ ❊❛❝❤ Sx ❝♦♥t❛✐♥s ❛♥
♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ Ox ♦❢ x✳ ❈♦♥s✐❞❡r A0 > 0 ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ ❧❛t❡r❀ ✐❢ v(x) ≤ A0 t❤❡ s❡t
O′

x = Ox∩{v < 2A0} ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x ❜❡❝❛✉s❡ v ✐s ❝♦♥t✐♥✉♦✉s✳ ❈♦♥s✐❞❡r ❛ ✜♥✐t❡ s❡q✉❡♥❝❡
(xi)1≤i≤I s✉❝❤ t❤❛t v(xi) ≤ A0 ❛♥❞ {v ≤ A0} ⊂ ∪I

i=1O
′
xi
✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢

{v ≤ A0}✳ ❚❤❡r❡ ❡①✐st θ1(x), θ2(x), . . . , θI+1(x) ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✉♥✐t② ♦❢ S s✉❝❤ t❤❛t t❤❡
s✉♣♣♦rt ♦❢ ❡❛❝❤ θi✱ i ≤ I✱ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ O′

xi
✱ ❛♥❞ t❤❡ s✉♣♣♦rt ♦❢ θI+1 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ {x : v(x) > A0} ✭s❡❡

❬✶❪ ❚❤✳✷ ♣✳✶✵✮✳ ❲❡ ❞❡✜♥❡ ϕ = 1− θI+1 ✇❤✐❝❤ ✐s 0 ♦♥ {v ≥ 2A0} ❛♥❞ 1 ♦♥ {v ≤ A0}✳ ❲❡ s♣❧✐t Tf ❛s

Tf(x) =

(

I
∑

i=1

{Tf(x)− εϕ(x)Kxi
f(xi)} θi(x) + Tf(x)θI+1(x)

)

+ εϕ(x)

I
∑

i=1

Kxi
f(xi)θi(x)

= V f(x) + Sf(x)

✷✹



❈❧❡❛r❧②✱ ❢♦r f ≤ 1✱ Sf ❜❡❧♦♥❣s t♦ ❛ ✜①❡❞ ‖.‖✲❝♦♠♣❛❝t s❡t ❜❡❝❛✉s❡ t❤❡ s✉♠ ✐s ✜♥✐t❡✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇
t❤❛t

V f ≤ γ2 f ✭✶✵✶✮

❢♦r s♦♠❡ γ2 < 1❀ t❤✐s ✇✐❧❧ ✐♠♣❧② ✭✸✾✮✳ ◆♦t✐❝❡ t❤❛t f 7→ V f ✐s ♥♦t ❧✐♥❡❛r✱ ❜✉t t❤✐s ❞♦❡s ♥♦t ♠❛tt❡r✳ ❖♥❡ ❤❛s

[V f ] ≤ [Tf ] + ε
∑

i

|Kxi
f(xi)| [ϕθi]

≤ γb[f ] + ε‖f‖
∑

i

(γvv(xi) + cv) [ϕθi]

≤ γb[f ] + εc0‖f‖′, c0 = (A0 + cv)
∑

i

[ϕθi]. ✭✶✵✷✮

■t ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t♦ ❜♦✉♥❞ ‖V f‖′✳ ❋♦r i ≤ I ❛♥❞ θi(x) > 0 t❤❡♥ x ∈ Sxi
❛♥❞ ❊q✉❛t✐♦♥ ✭✾✽✮ ❛♥❞ ✭✹✼✮

✐♠♣❧② t❤❛t
∣

∣

∣
Tf(x)− εϕ(x)Kxi

f(xi)
∣

∣

∣
=
∣

∣

∣
(1− εϕ(x))Tf(x)

∣

∣

∣
+
∣

∣

∣
εϕ(x)(Tf(x)−Kxi

f(x))
∣

∣

∣
+
∣

∣

∣
εϕ(x)(Kxi

f(x)−Kxi
f(xi))

∣

∣

∣

≤
(

1− εϕ(x)
)(

γvv(x) + cv +A
) ‖f‖′
1 +A

+ εϕ(x)(T −Kxi
)v′(x)‖f‖′ + εc1[f ]

✇❤❡r❡ c1 ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ cd ♦♥ {ϕ > 0}✳ ❙✐♥❝❡ ϕ(x) > 0 ✐♠♣❧✐❡s v(x) ≤ 2A0✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② γ0 t❤❡
♠❛①✐♠✉♠ ♦❢ 1− εd ♦♥ {v ≤ 2A0} t❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s

(T −Kxi
)v′(x) ≤ Tv(x) +A−Kxi

(v +A)(x)

1 +A
≤ γvv(x) + cv + γ0A

1 +A
≤ γdv

′(x)

✇✐t❤ γd = max(γv, γ0 + cv/A)✳ ◆♦t✐❝❡ t❤❛t γd < 1 ❛s s♦♦♥ ❛s A > cv/(1− γ0)✳ ❖✉r ❜♦✉♥❞ ❜❡❝♦♠❡s

∣

∣

∣
Tf(x)− εϕ(x)Kxi

f(xi)
∣

∣

∣
≤ (1− εϕ(x))(γvv(x) + cv +A)

‖f‖′
1 +A

+ εγdv
′(x)‖f‖′ + εc1[f ]

■❢ ✐♥ t❤✐s ❡①♣r❡ss✐♦♥✱ ϕ(x) < 1✱ t❤❡♥ v(x) ≥ A0 ❛♥❞

(1− εϕ(x))(γvv(x) + cv +A) ≤γvv(x) + cv +A

≤
(

sup
u≥A0

γvu+ cv +A

u+A

)

(v(x) +A)

=
γvA0 + cv +A

A0 +A
(v(x) +A)

❛♥❞ ✐❢ ϕ(x) = 1✿

(1− εϕ(x))(γvv(x) + cv +A) ≤ (1− ε)
(

sup
u≥0

γvu+ cv +A

u+A

)

(v(x) +A)

= (1− ε)
(cv
A

+ 1
)

(v(x) +A).

■♥ ❛♥② ❝❛s❡✱ ✇❡ ❣❡t

|Tf(x)− εϕ(x)Kxi
f(xi)| ≤ γ1‖f‖′v′(x) + εγd‖f‖′v′(x) + εc1[f ] ✭✶✵✸✮

✇✐t❤

γ1 = max

(

γvA0 + cv +A

A0 +A
, (1− ε)

(

1 +
cv
A

)

)

.

✷✺



■♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ ❢❛❝t♦r ♦❢ θI+1 ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ V f ✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ θI+1(x) > 0✱
✇❡ ❤❛✈❡ v(x) ≥ A0 ❛♥❞

|Tf(x)| ≤ γvv(x) + cv +A

1 +A
‖f‖′

=
(

γvv
′(x) +

cv + (1− γv)A

1 +A

)

‖f‖′

≤
(

γv +
cv + (1− γv)A

A0 +A

)

‖f‖′v′(x)

≤ cv +A+ γvA0

A0 +A
‖f‖′v′(x)

≤ γ1‖f‖′v′(x). ✭✶✵✹✮

❙✐♥❝❡ ✭✶✵✸✮ ✐s tr✉❡ ✐❢ θi(x) > 0✱ ❛♥❞ ✭✶✵✹✮ ❤♦❧❞s ✐❢ θI+1(x) > 0✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧ x

|V f(x)| ≤ γ1v
′(x)‖f‖′ + εγd‖f‖′v′(x) + εc1[f ]

t❤✉s

‖V f‖′ ≤ (γ1 + εγd)‖f‖′ + εc1[f ] ✭✶✵✺✮

❛♥❞ ❝♦♠❜✐♥✐♥❣ ✭✶✵✺✮ ❛♥❞ ✭✶✵✷✮ ❧❡❛❞s t♦

‖V f‖′ + q[V f ] ≤
(

γ1 + εγd + εqc0

)

‖f‖′ +
(

qγb + εc1

)

[f ]. ✭✶✵✻✮

■♥ ♦r❞❡r t♦ ❣❡t ✭✶✵✶✮ ❢♦r s♦♠❡ γ2 < 1✱ ✇❡ ♥❡❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✿

γvA0 + cv +A

A0 +A
+ εγd + εqc0 < 1

1 +
cv
A

− ε
(

1 +
cv
A

− γd − c0q
)

< 1

γb + ε
c1
q
< 1.

■♥ ♦t❤❡r ✇♦r❞s✱ ✐t s✉✣❝❡s t❤❛t

ε
(

γd + c0q
)

<
A0 − γvA0 − cv

A0 +A

cv < εA
(

1− γd − c0q
)

ε
c1
q
< 1− γb.

❘❡♠❡♠❜❡r t❤❛t γd ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ A ❛♥❞ A0✱ ❛❝t✉❛❧❧②

1− γd = min

(

1− γv, min
v≤2A0

εd(x)− cv/A

)

.

❋♦r s♦♠❡ ❧❛r❣❡ ✈❛❧✉❡ ♦❢ A0✱ ✇❡ s❡t A = A2
0, ε = (1 − γv)/(2A0), q = (1 − γd)/2c0✳ ❚❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s

❜❡❝♦♠❡

(1− γv)(1 + γd)

4
<
A0 − γvA0 − cv

1 +A0

cv <
1
4 (1− γv)A0(1− γd)

(1− γv)c1c0
A0(1− γd)

< 1− γb.

✷✻



❙✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ ✭✹✽✮ ❛♥❞ ✭✹✾✮✱ (1− γd)A0 t❡♥❞s t♦ ✐♥✜♥✐t② ✇✐t❤ A0 t❤❡s❡ ❡q✉❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞ ❢♦r A0

❧❛r❣❡ ❡♥♦✉❣❤✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥❞✐t✐♦♥ A ≥ cv/(1− γ0) t❤❛t ❤❛s ❜❡❡♥ r❡q✉✐r❡❞ ❜❡❢♦r❡✳
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❧❛st ❛ss❡rt✐♦♥✳ ❙✐♥❝❡ ✶ ✐s t❤❡ ♦♥❧② ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠♦❞✉❧✉s ♦♥❡ ❛♥❞ s✐♥❝❡ ✐ts

♠✉❧t✐♣❧✐❝✐t② ✐s ♦♥❡✱ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r ❢♦r♠ π ♦♥ E s✉❝❤ t❤❛t ✭✺✵✮ ❤♦❧❞s✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❢♦r
f ∈ E

‖π(f)1− Tnf‖ ≤ Cρn f

❤❡♥❝❡

|π(f)| ‖1‖ ≤ sup
k

‖T k‖ ‖f‖+ Cρn f .

◆♦✇ ✇❡ ❝❛♥ ❧❡t n t❡♥❞ t♦ ✐♥✜♥✐t② ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t π ✐s ‖.‖✲❝♦♥t✐♥✉♦✉s✳ ❚❤✐s ‖.‖✲❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧
❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ❡①t❡♥❞s t♦ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ♦♥ Cc(S)✱ t❤❡
s❡t ♦❢ ❛❧❧ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥s ♦♥ S✳ ❇② t❤❡ ❘✐❡s③ ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ❇♦r❡❧ ♠❡❛s✉r❡ µ s✉❝❤
t❤❛t π(f) = µ(f) ❢♦r ❛♥② f ∈ Cc(S)❀ s✐♥❝❡ v ✐s t❤❡ ✐♥❝r❡❛s✐♥❣ ❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ Cc(S)✱
✇❡ ❤❛✈❡ π(v) = µ(v) < ∞✳ ❆♥② f ✐♥ E ❜❡✐♥❣ t❤❡ ‖.‖✲❧✐♠✐t ♦❢ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✱ ❜②
‖.‖✲❝♦♥t✐♥✉✐t② ♦❢ π ✇❡ ♦❜t❛✐♥ t❤❛t π(f) = µ(f)✱ f ∈ E✳

❊ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼

▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ ✭✷✼✮ ❜② P0 ♦♥ t❤❡ ❧❡❢t ❛♥❞ ❜② Qq ♦♥ t❤❡ r✐❣❤t ✇❡ ❣❡t

Qn+q =

n−1
∑

i=1

Qn−iKV i−1Qq + P0KV
n−1Qq + P0V

nQq. ✭✶✵✼✮

❲❡ ❝♦♥s✐❞❡r ✜rst t❤❡ s✐♠♣❧❡r ❝❛s❡ ✇❤❡♥ ‖Tn‖ ✐s ❜♦✉♥❞❡❞✱ s❛② ‖Tn‖ ≤ c✳ ■♥ t❤✐s ❝❛s❡✱ ❝♦♥s✐❞❡r✐♥❣ ❛ s❡q✉❡♥❝❡
nk s✉❝❤ t❤❛t λnk

i ❝♦♥✈❡r❣❡s t♦ ✶✱ ❢♦r i = 1, . . . p ✭t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡
λmk ♦❢ λm = (λmi , . . . λ

m
p ) ❛♥❞ t❛❦✐♥❣ nk = m2k −mk✮ ❊q✉❛t✐♦♥ ✭✶✸✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② x ∈ E

∥

∥

∥

p
∑

i=1

λnk

i Pix
∥

∥

∥
≤ ‖Tnkx‖+ ‖Qnkx‖

❛♥❞ ❧❡tt✐♥❣ k t❡♥❞ t♦ ✐♥✜♥✐t②✱ t❤❛♥❦s t♦ ✭✶✽✮✿

∥

∥

∥

p
∑

i=1

Pix
∥

∥

∥
≤ c‖x‖.

❍❡♥❝❡ ‖P0‖ ≤ 1 + c ✐s ✜♥✐t❡✱ ❛♥❞ ❊q✉❛t✐♦♥ ✭✶✵✼✮ ❧❡❛❞s ❞✐r❡❝t❧② t♦

‖Qn+q‖E0 ≤
n−1
∑

i=1

‖Qn−i‖E0 KV i−1Qq + ‖P0‖ Qq ‖KV n−1‖E0 + ‖P0‖ Qq ‖V n‖E0

❲❡ ♣❧❛♥ t♦ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✶✷ ♦❢ t❤❡ ❆♣♣❡♥❞✐① ✇✐t❤ un = ‖Qn‖E0 ❛♥❞ βi = KV i−1Qq ❢♦r s♦♠❡ q ❧❛r❣❡
❡♥♦✉❣❤✳ ❲❡ r❡♠❛r❦ t❤❛t ✭✶✶✷✮ ✐s s❛t✐s✜❡❞ s✐♥❝❡

KV iQq = KV iT qP0 ≤ αiC2CT P0 ✭✶✵✽✮

❇❡❝❛✉s❡ ♦❢ t❤❡ s✉♠♠❛❜✐❧✐t② ♦❢ αi ✭❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭❘✶✮ ❛♥❞ ✭❘✸✮✮✱ ❛♥❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ▲❡❜❡s❣✉❡
❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱ ❊q✉❛t✐♦♥ ✭✶✶✸✮ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ❢♦r q ❧❛r❣❡ ❡♥♦✉❣❤ ✐❢ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t
❢♦r ❛♥② i ≥ 0

lim
q

KV iQq = 0. ✭✶✵✾✮

✷✼



❇✉t t❤✐s ✐s ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ i s✐♥❝❡ ✐t ✐s tr✉❡ ❢♦r i = 0 ❛♥❞ ❢♦r ❛♥② i, q > 0

KV iQq = KV i−1(T −K)Qq

≤ KV i−1Qq+1 + KV i−1KQq

≤ KV i−1Qq+1 + KV i−1 KQq .

❍❡♥❝❡ Pr♦♣♦s✐t✐♦♥ ✶✷ ❛♣♣❧✐❡s ❛♥❞ ✭✻✼✮ ❤♦❧❞s✳
■❢ ♥♦✇ ‖Tn‖ ✐s ♥♦t ❜♦✉♥❞❡❞ ✇❡ ❤❛✈❡ t♦ ✇♦r❦ s❧✐❣❤t❧② ♠♦r❡ ♦♥ ❊q✉❛t✐♦♥ ✭✶✵✼✮✳ ❈♦♥s✐❞❡r

f(z) =

p
∏

i=1

(1− zλ̄i).

❙✐♥❝❡ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ✐♠♣❧② t❤❛t Tn =
∑

λni Pi + P0Q
n✱ n ≥ 0 ✭t❤✐s ❞✐✛❡rs ❢r♦♠ ✭✶✸✮ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡

t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❛s❡ n = 0✮ ✇❡ ❤❛✈❡ f(T ) = P0f(Q)✳ ❍❡♥❝❡ ❛❢t❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❧❡❢t ❜② f(Q)
❊q✉❛t✐♦♥ ✭✶✵✼✮ ❜❡❝♦♠❡s

f(Q)Qn+q =
n−1
∑

i=1

f(Q)Qn−iKV i−1Qq + f(T )KV n−1Qq + f(T )V nQq

t❤✉s

‖f(Q)Qn+q‖E0 ≤
n−1
∑

i=1

‖f(Q)Qn−i‖E0 KV i−1Qq + ‖f(T )KV n−1Qq‖E0 + ‖f(T )V nQq‖E0. ✭✶✶✵✮

❙✐♥❝❡ ‖f(T )‖ <∞✱ ✭✶✵✽✮ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

‖f(T )KV n−1Qq‖E0 + ‖f(T )V nQq‖E0 ≤ Cαn

❛♥❞ ✇❡ ♦❜t❛✐♥✱ ❛s ❜❡❢♦r❡ ✭❜❡❝❛✉s❡ ✭✶✵✽✮ ❛♥❞ ✭✶✵✾✮ st✐❧❧ ❤♦❧❞ tr✉❡✮ t❤❛t

‖f(Q)Qn‖E0 ≤ C ′αn.

❙❡t g(z) = 1/f(z) =
∑

i≥0 giz
i✳ ❚❤❡ ♣❛rt✐❛❧ ❢r❛❝t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ g ✐♠♣❧✐❡s t❤❛t supi |gi| <∞✳ ❋♦r ❛♥②

n ≥ 0

‖Qn‖E0 ≤ ‖Qng(Q)f(Q)‖E0 ≤
∑

k

‖Qn+kgkf(Q)‖E0 ≤ sup
i

|gi|
∑

k

‖Qn+kf(Q)‖E0

❤❡♥❝❡

‖Qn‖E0 ≤ C
∑

k≥n

αk.

❋ ❈♦♥✈♦❧✉t✐♦♥ ♦❢ s❡q✉❡♥❝❡s

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ▲❡t (αn)n≥1 ❜❡ ❛ ♣♦s✐t✐✈❡ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥s ✭❘✶✮ t♦ ✭❘✸✮ ♦❢ ❚❤❡♦r❡♠ ✼✱ ❛♥❞
(βi)i≥1 ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡✳ ▲❡t q ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❛♥❞ (un)n≥1 ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡
s✉❝❤ t❤❛t

un+q ≤ C0αn +

n−1
∑

i=1

un−iβi, n ≥ 1 ✭✶✶✶✮

✷✽



❢♦r s♦♠❡ C0 > 0✳ ■❢

sup
k

βk
αk

<∞, ✭✶✶✷✮

∞
∑

i=1

βi < 1 ✭✶✶✸✮

t❤❡♥

sup
n

un
αn

<∞. ✭✶✶✹✮

Pr♦♦❢✳ ❙❡t

vn =
un
αn

v∗n = sup
k≤n

vk

θn =
αn

αn+q

Cβ = sup
k

βk
αk

t❤❡♥✱ ❢♦r ❛♥② i0 ❛♥❞ n > i0

vn+q ≤ C0θn + θn

n−1
∑

i=1

vn−i
αn−iβi
αn

≤ C0θn + θnv
∗
i0

n−1
∑

i=n−i0

αn−iβi
αn

+ θnv
∗
n

n−i0
∑

i=i0

αn−iβi
αn

+ θnv
∗
n

i0
∑

i=1

αn−iβi
αn

≤ C0θn + θnv
∗
i0Cβ

n−1
∑

i=n−i0

αn−iαi

αn
+ θnv

∗
nCβ

n−i0
∑

i=i0

αn−iαi

αn
+ θnv

∗
n

αn−i0

αn

i0
∑

i=1

βi

≤ C0θn + θnv
∗
i0Cβi0

α1αn−i0

αn
+ θ′nv

∗
n

(

Cβ

n−i0
∑

i=i0

αn−iαi

αn
+

i0
∑

i=1

βi

)

✇❤❡r❡ θ′n t❡♥❞s t♦ ✶ ✭❆ss✉♠♣t✐♦♥ ✭❘✷✮✮✳ ❇② ❛ss✉♠♣t✐♦♥ ✭❘✷✮✱ ❢♦r ❛♥② i✱ t❤❡ s❡q✉❡♥❝❡ j 7→ αj−i/αj ✱ j ≥ i ✐s
❞❡❝r❡❛s✐♥❣✱ ❤❡♥❝❡ ❢♦r i ≤ n/2 ♦♥❡ ❤❛s

αn−i

αn
≤ αi

α2i

t❤✉s ❢♦r 1 ≤ i0 < n

n−i0
∑

i=i0

αn−iαi

αn
≤ 2

[n/2]
∑

i=i0

αn−iαi

αn
≤ 2

[n/2]
∑

i=i0

α2
i

α2i
≤ 2

∞
∑

i=i0

α2
i

α2i

❛♥❞ ✇❡ ❣❡t✱ ❢♦r n > i0

vn+q ≤ C ′ + θ′nρv
∗
n

ρ = 2
(

∞
∑

i=i0

α2
i

α2i

)

sup
k

βk
αk

+

i0
∑

i=1

βi

✷✾



✇❤❡r❡ C ′ ❞❡♣❡♥❞s ♦♥ ❡✈❡r②t❤✐♥❣ ❡①❝❡♣t ♦♥ n✳ ❙✐♥❝❡ θ′n → 1 ❛♥❞ i0 ❝❛♥ ❜❡ ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❤❛✈❡ ρ < 1✱
t❤✐s ♣r♦✈❡s t❤❛t ❢♦r s♦♠❡ n0 > 0 ❛♥❞ 0 < ρ′ < 1

vn+q ≤ C ′ + ρ′v∗n, n ≥ n0

■♥ ♣❛rt✐❝✉❧❛r

vn+q ≤ C ′ + ρ′v∗n+q, n ≥ n0.

❇② ✐♥❝r❡❛s✐♥❣ C ′ ✇❡ ❡✈❡♥ ❣❡t

vn ≤ C ′′ + ρ′v∗n, n ≥ 1

❛♥❞ s✐♥❝❡ t❤❡ r✳❤✳s✳ ✐s ❛❧s♦ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r vk✱ k ≤ n ✭❜❡❝❛✉s❡ v∗k ≤ v∗n✮✱ ✇❡ ❣❡t

v∗n ≤ C ′′ + ρ′v∗n, n ≥ 1

✇❤✐❝❤ ♣r♦✈❡s t❤❛t vn ✐s ❜♦✉♥❞❡❞✳

● Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽

❚❤❡ ❡q✉❛t✐♦♥

ψ(ζ(x)) = ψ(x) + 1

✐♠♣❧✐❡s t❤❛t ζ(x) > x✳ ❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ❣❡t

ζ ′(x) =
θ(ζ(x))

θ(x)
✭✶✶✺✮

❛♥❞

ζ ′′(x) =
θ′(ζ(x))ζ ′(x)θ(x)− θ(ζ(x))θ′(x)

θ(x)2
=
θ(ζ(x))

θ(x)2
(θ′(ζ(x))− θ′(x)) ≤ 0.

❲❡ t✉r♥ ♥♦✇ ❊q✉❛t✐♦♥ ✭✼✶✮❀ s✐♥❝❡ ψ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ ✭✼✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

ψ(x− θ(x)) + 1 ≤ ψ(x)

❜✉t s✐♥❝❡ θ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣

ψ(x)− ψ(x− θ(x)) =

∫ x

x−θ(x)

1

θ(y)
dy ≥ θ(x)

1

θ(x)
= 1.

❍ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾

❲❡ ♣❧❛♥ t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✼ ✇✐t❤

f = ‖f‖∞
‖f‖ = ‖f‖v.

❈❧❡❛r❧②✱ s✐♥❝❡ ❚❤❡♦r❡♠ ✷ ❛♣♣❧✐❡s✱ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❛r❡ s❛t✐s✜❡❞✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷
✇❡ s❡t V = T − K❀ ✇❡ r❡❝❛❧❧ t❤❛t K(x, S) = 0 ✐❢ x /∈ K0 ✭❝❢✳ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✮✳ ❲❡ ❤❛✈❡ t♦
❡st✐♠❛t❡ ‖V n‖E0✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡

Tv ≤ v − θ(v) + c1K0

✸✵



❢♦r s♦♠❡ c > 0✱ ❛♥❞ ❊q✉❛t✐♦♥ ✭✸✷✮ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t K(x, S) = 0 ❢♦r x /∈ K0 ✐♠♣❧② t❤❛t

V 1 ≤ 1− ε1K0
.

❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ✇❡ ❣❡t

Tv ≤ v − θ(v) + λ(1− V 1), λ =
c

ε
.

❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s ζ ❛♥❞ ψ ❢r♦♠ θ ❛s ✐♥ ▲❡♠♠❛ ✽ ❛♥❞ ✇❡ s❡t ❢♦r x ≥ 0

ζn(x) = ψ(−1)(ψ(x) + n) = ζ(ζn−1(x)). ✭✶✶✻✮

❚❤❡ ❢✉♥❝t✐♦♥ ζn ✐s ❝♦♥❝❛✈❡✱ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐♥❝r❡❛s✐♥❣ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✳ ❯s✐♥❣ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛❧✐t②
❛♥❞ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ ζk ✇❡ ♦❜t❛✐♥

T (ζk(v)) ≤ ζk(Tv)

≤ ζk(v − θ(v) + λ− λV 1)

≤ ζk(v − θ(v)) + λζ ′k(v − θ(v))(1− V 1)

≤ ζk−1(v) + λζ ′k(θ0)(1− V 1), θ0 = inf
x≥θ1

x− θ(x)

t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ζ ′k ✐s ❞❡❝r❡❛s✐♥❣✳ ❚❤✉s✱ s✐♥❝❡ v > θ0✱

V ζk(v) ≤ Tζk(v)− ζk(θ0)K1

≤ ζk−1(v)− (ζk(θ0)− λζ ′k(θ0))(1− V 1). ✭✶✶✼✮

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✶✶✻✮ ❛♥❞ ✉s✐♥❣ ✭✶✶✺✮✱ ✇❡ ♦❜t❛✐♥

ζ ′n(x) = ζ ′(ζn−1(x)) ζ
′
n−1(x) =

θ(ζn(x))

θ(ζn−1(x))
ζ ′n−1(x)

❤❡♥❝❡

ζ ′n(θ0) =
θ(ζn(θ0))

θ(θ0)
.

❙✐♥❝❡ ✐♥ ❛❞❞✐t✐♦♥ ζn(θ0) t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ θ(x)/x t❡♥❞s t♦ ③❡r♦ ✭θ ✐s ❝♦♥❝❛✈❡ ✇✐t❤ ❛ ❞❡r✐✈❛t✐✈❡ ✇❤✐❝❤ t❡♥❞s
t♦ ③❡r♦✮✱ t❤❡ s❡q✉❡♥❝❡ ζ ′n(θ0)/ζn(θ0) t❡♥❞s t♦ 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐st n0 s✉❝❤ t❤❛t λζ

′
k(θ0)−ζk(θ0) ≤ 0

❢♦r k > n0✱ ❤❡♥❝❡ ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ ✭✶✶✼✮ ❜② V k−1 ❛♥❞ s✉♠♠✐♥❣ ✉♣ ❢r♦♠ ✶ t♦ n > n0✱ ✇❡ ❣❡t

V nζn(v) ≤ v + c

❢♦r s♦♠❡ ❝♦♥st❛♥t c✳ ❙✐♥❝❡ ζn(x) ≥ ψ(−1)(n) ✇❡ ❣❡t

V n1 ≤ v + c

ψ(−1)(n)
.

❚❤❡♦r❡♠ ✼ ❛♣♣❧✐❡s ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜t❛✐♥ ✭✼✸✮✳
❋♦r ✭✼✹✮✱ ✇❡ ❝♦♥s✐❞❡r

‖f‖ = π(|f |).

❙✐♥❝❡ . ✐s ✉♥❝❤❛♥❣❡❞✱ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮✱ ✭✻✺✮ ❛♥❞ ✭✻✻✮ ❛r❡ st✐❧❧ s❛t✐s✜❡❞✱ ❛s ✇❡❧❧ ❛s ✭✶✽✮ ❜❡❝❛✉s❡
π(|f |) ≤ ‖f‖vπ(v)✳ ■♥ ❛❞❞✐t✐♦♥ ‖Tn‖ = 1✱ ❛♥❞

‖V n‖E0 = π(V n1) ≤ c′

ψ(−1)(n)
.

❚❤❡♦r❡♠ ✼ st✐❧❧ ❛♣♣❧✐❡s ❛♥❞ ✇❡ ♦❜t❛✐♥ ✭✻✺✮✳

✸✶



■ Pr♦♦❢ ♦❢ ❊q✉❛t✐♦♥ ✭✼✾✮

❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t ❢♦r 0 ≤ x < 1

v′n(x)
γ ≥ 1 + anvn(x)

γ , a = 2γ − 1. ✭✶✶✽✮

❲❡ r❡❝❛❧❧ t❤❛t

v(x) =

{

x(1 + 2γxγ) 0 ≤ x < 1/2
2x− 1 1/2 ≤ x ≤ 1

✭✶✶✾✮

❛♥❞ t❤❛t t❤❡ ♣r✐♠❡ s✐❣♥ st❛♥❞s ❢♦r t❤❡ r✐❣❤t ❞❡r✐✈❛t✐✈❡✳ ■♥ t❤❡ ❝❛s❡ n = 0 t❤❡ ✐♥❡q✉❛❧✐t② ✐s ♦❜✈✐♦✉s✳ ■♥ t❤❡
❝❛s❡ n ≥ 1✱ ✇❡ ❛ss✉♠❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ✭✶✶✽✮ ✐s s❛t✐s✜❡❞ ❛♥❞ s✐♥❝❡ v′n+1(x) = v′n(x)v

′(vn(x))✮✱ ✈❛❧✐❞ ❢♦r
n ≥ 0✱ ❊q✉❛t✐♦♥ ✭✶✶✽✮ ✇✐t❤ n+ 1 ✇✐❧❧ ❜❡ ✐♠♣❧✐❡❞ ❜②

(1 + anvn(x)
γ)v′(vn(x))

γ ≥ 1 + a(n+ 1)vn+1(x)
γ .

❚❤✐s ❤❛s t♦ ❜❡ ♣r♦✈❡❞ ❢♦r n ≥ 0✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② 0 ≤ y ≤ 1

(1 + anyγ)v′(y)γ ≥ 1 + a(n+ 1)v(y)γ ✭✶✷✵✮

✭✐✳❡✳ y = vn(x)✮✳ ❇② ❧✐♥❡❛r✐t② ♦❢ ❜♦t❤ s✐❞❡s ♦❢ ✭✶✷✵✮ ✇✳r✳t✳ n✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝❤❡❝❦ t❤✐s ❢♦r n = 0✱ ❛♥❞
n→ ∞✱ t❤❛t ✐s

{

v′(y)γ ≥ 1 + av(y)γ

yv′(y) ≥ v(y)
✭✶✷✶✮

✭t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s ✭✶✶✽✮ ✇✐t❤ n = 1✮✳ ■♥ t❤❡ ❝❛s❡ y < 1/2 t❤✐s ✐s r❡✇r✐tt❡♥ ❛s

{

(1 + (γ + 1)2γyγ)γ ≥ 1 + ayγ(1 + 2γyγ)γ

1 + (γ + 1)2γyγ ≥ 1 + 2γyγ .

❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐s ♦❜✈✐♦✉s✳ ❋♦r t❤❡ ✜rst ♦♥❡✱ s✐♥❝❡ 2y < 1✱ s❡tt✐♥❣ z = 2γyγ ✱ t❤✐s ❤♦❧❞s ✐❢

(1 + (γ + 1)z)γ ≥ 1 + az

❢♦r 0 ≤ z ≤ 1✳ ❙✐♥❝❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❜♦t❤ s✐❞❡s ✐s ❛ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ z ✇❤✐❝❤ ✈❛♥✐s❤❡s ❛t z = 0✱ ❛♥❞ ✐s
♥♦♥ ♥❡❣❛t✐✈❡ ❛t z = 1 ✭✇❡ r❡❝❛❧❧ t❤❛t a = 2γ − 1✮✱ t❤❡ ✐♥❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞✳ ■♥ t❤❡ ❝❛s❡ y ≥ 1/2✱ ✭✶✷✶✮ ✐s

{

2γ ≥ 1 + a(2y − 1)γ

2y ≥ 2y − 1

✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② s❛t✐s✜❡❞✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏❡❛♥✲P✐❡rr❡ ❆✉❜✐♥ ❛♥❞ ❆rr✐❣♦ ❈❡❧❧✐♥❛✱ ❉✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥s✱ ●r✉♥❞❧❡❤r❡♥ ❞❡r ▼❛t❤❡♠❛t✐s❝❤❡♥ ❲✐s✲
s❡♥s❝❤❛❢t❡♥ ❬❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s❪✱ ✈♦❧✳ ✷✻✹✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❙❡t✲✈❛❧✉❡❞
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❛r❳✐✈✿✶✸✵✸✳✻✾✾✾✈✶ ✭✷✵✶✸✮✳

❬✸❪ ❑✳ ❞❡ ▲❡❡✉✇ ❛♥❞ ■✳ ●❧✐❝❦s❜❡r❣✱ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❛❧♠♦st ♣❡r✐♦❞✐❝ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✱ ❆❝t❛ ▼❛t❤✳ ✶✵✺ ✭✶✾✻✶✮✱
✻✸✕✾✼✳
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