✉ • ❛t✐♦ 
  
f ) ≤ Cρ n f

   

Convergence rate of the powers of an operator.

Applications to stochastic systems

T n f -π(f ) ≤ Cρ n f ✭✶✺✮ ♦r ❜② ❞✉❛•✐t②✱ ❢♦r ❛♥② ✐♥✐t✐❛• ♠❡❛s✉r❡ µ T * n µ -π T V ≤ Cρ n µ T V ✇❤❡r❡ . T V ✐s t❤❡ t♦t❛• ✈❛r✐❛t✐♦♥ ♥♦r♠✳ ❊①❛♠♣•❡ ✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r ♥♦✇ ❛ ❝❤❛✐♥ ✇✐t❤ t❤❡ ❢♦r♠ X n+1 = ϕ(X n , U n )
✇❤❡r❡ U n ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ µ✳ ❍❡♥❝❡ T f (x) = f (ϕ(x, u))µ(du).

❚❤❡ ❢✉♥❝t✐♦♥ ϕ ✐s s✉♣♣♦s❡❞ t♦ s❛t✐s❢② ❛❞❡q✉❛t❡ ♠❡❛s✉r❛❜✐•✐t② ❛ss✉♠♣t✐♦♥s ❛♥❞ ❛ ✉♥✐❢♦r♠ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt② ♦♥ t❤❡ ♠❡tr✐❝ s♣❛❝❡ (S, d)✳ ❙♣❡❝✐✜❝❛••②✱ ✇❡ ❛ss✉♠❡ t❤❛t |ϕ(x, u))ϕ(y, u)| ≤ γd(x, y) ❢♦r s♦♠❡ γ < 1 ❛♥❞ ❛•• x, y, u✳ ■♥ t❤✐s ❝❛s❡ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✭✶✹✮ ❛♣♣•✐❡s ✇✐t❤ 

f = f ∞ f = f + [f ] [f ] = sup x =y f (x) -f (y) d(x, y) . ✭✶✻✮ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ . ✲❝♦♠♣❛❝t♥❡ss ♦❢ B = {T f : f ∈ E, f ≤ 1}✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ st❛t❡ s♣❛❝❡ ✐s ❝♦♠♣❛❝t✳ ❈♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛• ✈❛r✐❛t✐♦♥ ✇✐•• ♥♦t ❤♦•❞ ✐♥ ❣❡♥❡r❛• ✭❡✳❣✳ t❤❡ ❝❤❛✐♥ X n+1 = (X n + U n )/2✱ U n ∼ B(1, 1/2)✮✳ ❇✉t ✇❡ st✐•• ❤❛✈❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ str♦♥❣❡r ♥♦r♠ f → f ✳ ✶ ❚❤❡ ♣♦✐♥t ❤❛❞ ❜❡❡♥ ❛❝t✉❛••② ✐♥tr♦❞✉❝❡❞ ♠✉❝❤ s♦♦♥❡r ❜② ❉♦❡❜•✐♥ ❛♥❞ ❋♦rt❡t ✐♥ ❬✹(✱ ❊q✳✭✷✮ ❛♥❞ ✭✸✮ ♣✳ ✶✹✸✱ ❜✉t ✐♥ ❛ ♠♦r❡ s♣❡❝✐✜❝ ❝♦♥t❡①t✳ ✸ ✶✳✷ ❚❤❡ ♣r♦❜❛❜✐•✐st✐❝ ❛♣♣r♦❛❝❤ ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ✐rr❡❞✉❝✐❜•❡ ❛♣❡r✐♦❞✐❝ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ π✳ ■♥t❡r❡st✐♥❣•②✱ ✐t ❛♣♣❡❛rs t❤❛t ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ •✐❦❡ ✭✶✺✮ ❞♦❡s ♥♦t ♦❝❝✉r✱ ❜✉t ♥❡✈❡rt❤❡•❡ss ❢♦r ♠❛♥② f ∈ E✱ T n f -π(f ) ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛••② ❢❛st t♦ ✵✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t . ✲✉♥✐❢♦r♠✱ ❛♥❞ s♦♠❡t✐♠❡s t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❞♦❡s ♥♦t ❢♦••♦✇ ❛♥ ❡①♣♦♥❡♥
❛♥❞ ❛ ❞r✐❢t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥tr♦••✐♥❣ ♠♦♠❡♥ts ♦❢ r❡❝✉rr❡♥❝❡ t✐♠❡s✳ ❆ s✐♠♣•❡ ✐••✉str❛t✐✈❡ ❡①❛♠♣•❡ ♦❢ t❤✐s ❛❜s❡♥❝❡ ♦❢ s♣❡❝tr❛• ❣❛♣ ✐s t❤❡ ❢♦••♦✇✐♥❣ ♦♣❡r❛t♦r ♦♥ (R N , . ∞ )✿ T f (x) = 1 2 (f (x) + f ((x -1) + ), x ∈ N. ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❝❤❛✐♥ ♦♥ N X n+1 = (X n -U n+1 ) + , P (U n = 0) = P (U n = 1) = 1 2 . ❚❤❡ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡ T n f (x) → π(f ) = f (0) ✐s ✈❡r② ❢❛st✱ ❜✉t t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t ✉♥✐❢♦r♠✳ ■♥ ♣❛rt✐❝✉•❛r t❤✐s ♠❛❦❡s ✭✶✺✮ ✐♠♣♦ss✐❜•❡ t♦ ♦❝❝✉r ✇✐t❤ f = f ∞ ✳ ❆ ♣♦ss✐❜•❡ ♦♣❡r❛t♦r t❤❡♦r❡t✐❝❛• ❛♣♣r♦❛❝❤ ✐s t❤❛t ♦♥❡ ❤❛s ❢♦r s♦♠❡ ✇❡❛❦❡r ♥♦r♠ . T n f -π(f ) < ρ n f ✭✶✼✮ ❢♦r ❛♥② f ∈ E✱ ❛♥❞ s♦♠❡ ✜①❡❞ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ρ n ✳ ❚❤❡ ♥♦r♠ . ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❤❛s ❛❝t✉❛••② str♦♥❣ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ t❤❡ ♦♥❡ ✐♥✈♦•✈❡❞ ✐♥ t❤❡ ■♦♥❡s❝✉ ❚✉•❝❡❛✲▼❛r✐♥❡s❝✉ ❛♣♣r♦❛❝❤✳ ❚❤❡ r❛t❡ ♦❢ ❞❡❝r❡❛s❡ ♦❢ ρ n ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ . ✳ ◆♦t✐❝❡ t❤❛t ✐❢ ✐♥ ✭✶✼✮ t❤❡ ♥♦r♠s ✇❡r❡ ❡q✉❛•✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ρ n t♦ ③❡r♦ ✇♦✉•❞ ✐♠♣•② t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡❀ ❤♦
Q n f ≤ ρ n f , ρ n → 0 ✭✶✽✮ ✐♥st❡❛❞ ♦❢ ✭✶✷✮✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ♦❜•❡❝t✐✈❡ ♦❢ ❙❡❝t✐♦♥ ✷ ✭s❡❡ ❚❤❡♦r❡♠ ✶✮✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ✐s (E, . )✱ ❛♥❞ t❤❡ ♥♦r♠ . ♦♥•② ❛♣♣❡❛rs ✐♥ ✭✶✽✮❀ ✐♥ ♣❛rt✐❝✉•❛r ♥♦t❤✐♥❣ ❣✉❛r❛♥t❡❡s t❤❛t Q n f t❡♥❞s t♦ ③❡r♦✳ ❙❡❝t✐♦♥ ✸ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡✱ ✐✳❡✳ ρ n = Cρ n ✳ ❙♣❡❝✐✜❝❛••② ❚❤❡♦r❡♠ ✸ s❤♦✇s ❤♦✇ t❤❡ (♦s❤✐❞❛✲❑❛❦✉t❛♥✐ ❛♥❞ ■♦♥❡s❝✉ ❚✉•❝❡❛✲▼❛r✐♥❡s❝✉ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✐♥t♦ ❛ s✐♥❣•❡ st❛t❡♠❡♥t✳ ❚❤✐s ❛••♦✇s ❛♥ ❡❛s② tr❡❛t♠❡♥t ♦❢ ❝❤❛✐♥s ❤❛✈✐♥❣ ❛♥ ✐rr❡❞✉❝✐❜•❡ ❝♦♠♣♦♥❡♥t ❛♥❞ ❛♥♦t❤❡r ❝♦♠♣♦♥❡♥t ❜❡❤❛✈✐♥❣ •✐❦❡ ❊①❛♠♣•❡ ✷ ❛❜♦✈❡✳ ❙❡❝t✐♦♥ ✹ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ s✉❜✲❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡♦r❡♠ ✼ ♣r♦♣♦s❡s ❛ ✇❛② t♦ ❡st✐♠❛t❡ t❤❡ ❞❡❝❛② r❛t❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ρ n ✳ •❡♥❡r❛• t❤❡♦r❡♠s ❝♦♥❝❡r♥✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥s ❛♥❞ ❡①❛♠♣•❡s ❛r❡ ❣✐✈❡♥ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✐♥ ♦r❞❡r t♦ ♣♦✐♥t ♦✉t t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ✈❡r② ✈❡rs❛t✐•❡ ❢♦r t❤❡ st✉❞② ♦❢ ❛ •❛r❣❡ ❝•❛ss ♦❢ ❞②♥❛♠✐❝❛• s②st❡♠s✱ ✐♥ ♣❛rt✐❝✉•❛r ❢♦r ✐rr❡❞✉❝✐❜•❡ ❛s ✇❡•• ❛s ❢♦r ♥♦♥✲✐rr❡❞✉❝✐❜•❡ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ✹ ✷ •❡♥❡r❛• r❡s✉•ts ■♥ t❤❡ ✇❤♦•❡ ♣❛♣❡r✱ ✇❡ s❤❛•• ❝♦♥s✐❞❡r ❛♥ ♦♣❡r❛t♦r T ♦♥ ❛ ✈❡❝t♦r s♣❛❝❡ (E, . ) ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥♦t❤❡r ♥♦r♠ . ✳ ❲❡ s❤❛•• ❞❡♥♦t❡ ❜② B 0 ✱ B t❤❡ ✉♥✐t ❜❛••s ❢♦r t❤❡s❡ ♥♦r♠s✿ B 0 = {f ∈ E : f ≤ 1}, ✭✶✾✮ B = {f ∈ E : f ≤ 1}. ✭✷✵✮ ❲❡ s❤❛•• ✇♦r❦ ✉♥❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ✭❆✵✮ (E, . ) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ B ✐s ❝♦♠♣•❡t❡ ❢♦r t❤❡ ♠❡tr✐❝ ✐♥❞✉❝❡❞ ❜② . ✱ ❛♥❞ ❢♦r s♦♠❡ C 0 ∀f ∈ E, f ≤ C 0 f . ✭✷✶✮ ✭❆✶✮ ❚❤❡ ♥✉♠❜❡r C T = sup n T n ✐s ✜♥✐t❡✳ (E, . ) ✐s t②♣✐❝❛••② ♥♦t ❝♦♠♣•❡t❡✳ ❋♦r ✐♥st❛♥❝❡ ♦♥❡ ❝❛♥ ❤❛✈❡ E = C b (R)✱ f = f ∞ ❛♥❞ f = sup x |f (x)| 1+|x| 2 ✳ ❚❤❡♦r❡♠ ✶✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭❆✵✮ ❛♥❞ ✭❆✶✮✱ T ✐s ❛ s✉♠ ♦❢ t✇♦ ♦♣❡r❛t♦rs T = K + V ✭✷✷✮ ❜♦t❤ . ✲❝♦♥t✐♥✉♦✉s ❛♥❞ . ✲❝♦♥t✐♥✉♦✉s✱ ✇❤✐❝❤ s❛t✐s❢② ❢♦r s♦♠❡ C K > 0 ❛♥❞ ❢♦r ❛♥② n ❛♥❞ ❛♥② f ∈ E KT n KB ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞, ✭✷✸✮ V n f ≤ ε ′ n f , ε ′ n → 0, ✭✷✹✮ k≥0 KV k < ∞, ✭✷✺✮ Kf ≤ C K f , ✭✷✻✮ t❤❡♥ ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦•❞ tr✉❡✳ ■❢ T ✐s . ✲❝♦♥t✐♥✉♦✉s ❛♥❞ . ✲❝♦♥t✐♥✉♦✉s✱ ❛♥❞ T k s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ❢♦r s♦♠❡ k > 0✱ t❤❡♥ ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦•❞ tr✉❡✳ ❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❆✳ ❚❤✐s ♣r♦♦❢ ✉t✐•✐③❡s t❤❡ ♠♦r❡ ❣❡♥❡r❛• ❚❤❡♦r❡♠ ✶✵ st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✶✱ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡♥s✐✈❡ ✉s❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✿ T n = n i=1 T n-i (T -V )V i-1 + V n = n i=1 T n-i KV i-1 + V n . ✭✷✼✮ ❱❡r② ❝♦❛rs❡•② t❤❡ ❛ss✉♠♣t✐♦♥s ✐♠♣•② t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ f k ∈ B✱ t❤❡ s❡q✉❡♥❝❡ T k f k ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞✳ ❚❤✐s ❛••♦✇s ✉s t♦ ♣r♦✈❡ t❤❛t E ✐s t❤❡ ❞✐r❡❝t s✉♠ ♦❢ t✇♦ . ✲❝•♦s❡❞✱ T ✲st❛❜•❡ s♣❛❝❡s E = {f : T n f → 0} ⊕ {f : lim inf n f -T n f = 0} = E 0 ⊕ E c . ✭✷✽✮ ◆❡①t ✇❡ ♣r♦✈❡ t❤❛t E c ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• ✭❜② ♣r♦✈✐♥❣ t❤❛t ✐ts ✉♥✐t ❜❛•• ✐s ❝♦♠♣❛❝t✮ ✇✐t❤ ❛ ❜❛s✐s ♦❢ ❡✐❣❡♥✈❡❝t♦rs✳ ❚❤❡ ♣r♦•❡❝t✐♦♥ P 0 ♦❢ ❊q✉❛t✐♦♥ ✭✼✮ ✐s t❤❡♥ t❤❡ ♣r♦•❡❝t✐♦♥ ♦♥ E 0 ♣❛r❛••❡• t♦ E c ✳ ❆♣♣•✐❝❛t✐♦♥ t♦ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❲❡ s❤❛•• ❝♦♥s✐❞❡r ❛ ♠❡❛s✉r❛❜•❡ s♣❛❝❡ (S, F ) ✇✐t❤ ❛ ♠❡❛s✉r❛❜•❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ v ≥ 1 ❛♥❞ ✇❡ ❛❞♦♣t t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥ f v = f /v ∞ . ✭✷✾✮ ❲❡ ❞❡♥♦t❡ ❜② E t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s ♦♥ (S, F )✳ ❲❡ r❡❝❛•• t❤❛t ❛ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ♦♥ (S, F ) ✐s ❛ ❢✉♥❝t✐♦♥ (x, A) → T (x, A) s✉❝❤ t❤❛t ❢♦r ❛♥② x ∈ S✱ A → T (x, A) ✐s ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡✱ ❛♥❞ ❢♦r ❛♥② A ∈ F ✱ x → T (x, A) ✐s ♠❡❛s✉r❛❜•❡✳ ✺ ❚❤❡♦r❡♠ ✷✳ ▲❡t T ❜❡ ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r✿ (T f )(x) = y f (y)T (x, dy). ❆ss✉♠❡ t❤❛t ❢♦r s♦♠❡ s❡t K 0 ❛♥❞ s♦♠❡ c v > 0 T v(x) ≤ v(x) -c v , ∀x / ∈ K 0 ✭✸✵✮ T v ✐s ❜♦✉♥❞❡❞ ♦♥ K 0 ✭✸✶✮ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❦❡r♥❡• K(x, dy) s✉❝❤ t❤❛t 0 ≤ K(x, dy) ≤ T (x, dy)✱ ❛♥❞ s✉❝❤ t❤❛t ❢♦r s♦♠❡ ε > 0✱ ❛♥❞ s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❡ ν ♦♥❡ ❤❛s K(x, S) ≥ ε, ∀x ∈ K 0 ✭✸✷✮ K(x, S) = 0, ∀x / ∈ K 0 ✭✸✸✮ Kf ∞ ≤ ν(|f |), ∀f ∈ E ✭✸✹✮ ν(v) < ∞. ✭✸✺✮ ❙❡t f = f ∞ ✭✸✻✮ f = f v . ✭✸✼✮ ❚❤❡♥ ❚❤❡♦r❡♠ ✶ ❛♣♣•✐❡s ✇✐t❤ K ❛♥❞ V = T -K✳ ■♥ ♣❛rt✐❝✉•❛r ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦•❞ tr✉❡✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ✐s ♥♦ ♠❡❛s✉r❛❜•❡ s❡t A s✉❝❤ t❤❛t x → T (x, A) ✐s ❛ ♥♦♥✲tr✐✈✐❛• ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ✷ t❤❡♥ t❤❡r❡ ❡①✐st ❛ ♠❡❛s✉r❡ π ❛♥❞ ❛ s❡q✉❡♥❝❡ ρ n → 0 s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ E T n f -π(f ) v ≤ ρ n f ∞ . ✭✸✽✮ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❇✳ |❡♠❛r❦✳ ❊q✉❛t✐♦♥ ✭✸✵✮ ✐s ❦♥♦✇♥ ❛s t❤❡ ✧❞r✐❢t ❝♦♥❞✐t✐♦♥✧ ✭❝❢ ❚❤❡♦r❡♠ ✶✶✳✵✳✶ ♦❢ ❬✶✸( ♦r Pr♦♣♦s✐t✐♦♥ ✺✳✶✵ ✐♥ ❬✶✹(✮✳ ❊q✉❛t✐♦♥s ✭✸✷✮ t♦ ✭✸✺✮ ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ T ✲❝❤❛✐♥ ♣r♦♣❡rt② ✭❝❢ ❬✶✸( ❚❤❡♦r❡♠ ✻✳✵✳✶✮✱ ✉s❡❞ t♦ ❝❤❡❝❦ t❤❡ ✐rr❡❞✉❝✐❜✐•✐t② ❛ss✉♠♣t✐♦♥ ✭❝❢✳ ❬✶✸( ♣✳ ✽✼✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❋❡••❡r ♣r♦♣❡rt② ✐s ♥♦t r❡q✉✐r❡❞ ❤❡r❡✳ ❊q✉❛t✐♦♥ ✭✸✸✮ ✐s ♥♦t ❛ r❡str✐❝t✐♦♥✱ s✐♥❝❡ ❝❛♥❝❡••✐♥❣ K ♦✉ts✐❞❡ K 0 ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♦t❤❡r ❛ss✉♠♣t✐♦♥s✳ ❚❤❡ ❡ss❡♥t✐❛• ❞✐✣❝✉•t② ✇✐t❤ t❤❡ ♣r❡s❡♥t ❛ss✉♠♣t✐♦♥s ✐s t❤❛t t❤❡ s❡t K 0 ❤❛s t♦ ❜❡ t❤❡ s❛♠❡ ✐♥ ✭✸✵✮ ❛♥❞ ✐♥ ✭✸✷✮✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t t❤❡ s❡ts K 0 s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✭✸✷✮ ❛♥❞ ✭✸✸✮ ❛r❡ st❛❜•❡ ❜② ✜♥✐t❡ ✉♥✐♦♥✳ ❊①❛♠♣•❡✳ ❈♦♥s✐❞❡r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦♥ R + ❞❡✜♥❡❞ ❜② X n+1 = X n + 1 + X α n W n+1 ✇❤❡r❡ W n ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲③❡r♦ ❝❡♥tr❡❞ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ✇✐t❤ ✈❛•✉❡s ✐♥ [-1, 1]✱ ✇✐t❤ ❛ ♥♦♥ ③❡r♦ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t 1/2 < α < 1. ❚❛❦❡ v(x) = x p + 1 ❢♦r s♦♠❡ p ≤ 1 ✇❤✐❝❤ ✇✐•• ❜❡ ❝❤♦s❡♥ •❛t❡r ❛s 2(1 -α)✳ ❚❤❡♥ T v(x) = 1 + E[(x + 1 + x α W 1 ) p ]. ✷ ❚❤✐s ✇♦✉•❞ ♠❡❛♥ t❤❛t 1 X 1 ∈A ✇♦✉•❞ ❜❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥✲❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛• st❛t❡ X 0 ✳ ✻ ❇② t❤❡ s❡❝♦♥❞ ♦r❞❡r ❚❛②•♦r ❢♦r♠✉•❛ ❛♣♣•✐❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥ v ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x + 1✱ t❤❡r❡ ❡①✐st ❛ r❛♥❞♦♠ ♥✉♠❜❡r 0 < θ < 1 s✉❝❤ t❤❛t T v(x) = 1 + (x + 1) p - p(1 -p) 2 x 2α E[(x + 1 + θx α W 1 ) p-2 W 2 1 ] ≤ 1 + (x + 1) p - p(1 -p) 2 x 2α (x + 1 -x α ) p-2 σ 2 ✇❤❡r❡ σ 2 ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ W 1 ✳ ❚❛❦✐♥❣ p = 2(1 -α)✱ ✇❡ ❤❛✈❡ 0 < p < 1 ❛♥❞ T v(x) ≤ 1 + (x + 1) p - p(1 -p) 2 x x + 1 -x α 2α σ 2 ≤ 1 + x p - p(1 -p) 3 σ 2 ❢♦r x •❛r❣❡ ❡♥♦✉❣❤✳ ❊q✉❛t✐♦♥ ✭✸✵✮ ✐s s❛t✐s✜❡❞ ❢♦r s♦♠❡ ✐♥t❡r✈❛• K 0 = [0, M ]✳ ❊q✉❛t✐♦♥ ✭✸✶✮ ✐s ♦❜✈✐♦✉s✳ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ ❊q✉❛t✐♦♥s ✭✸✷✮ t♦ ✭✸✺✮✱ ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t ♦❢ W 1 ❤❛s ❛ ❞❡♥s✐t② ≥ ε ♦♥ ❛ s✉❜s❡t A ♦❢ [-1, 1] ✇✐t❤ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✱ K(x, dy) ❝❛♥ ❜❡ t❛❦❡♥ ❛s ελ(A) t✐♠❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ x + 1 + x α W1 ✱ ✇❤❡r❡ W1 ❤❛s ❞❡♥s✐t② 1 A /λ(A)✱ ν ✐s s♦♠❡ ♠✉•t✐♣•❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ ♠❡❛s✉r❡ ♦♥ [0, M + M α + 1]✳ ❚❤❡r❡❢♦r❡ t❤❡♦r❡♠ ❛♣♣•✐❡s✳ ■♥ ♦r❞❡r t♦ ❣❡t ✭✸✽✮ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t T 1 A = 1 B ✐s ✐♠♣♦ss✐❜•❡ ✉♥•❡ss B = R + ♦r B = ∅✳ ■❢ B ✐s ♥♦♥ tr✐✈✐❛• ♦♥❡ ❝❛♥ ✜♥❞ t✇♦ s❡q✉❡♥❝❡s x n ❛♥❞ y n ❤❛✈✐♥❣ t❤❡ s❛♠❡ •✐♠✐t s✉❝❤ t❤❛t x n ∈ B ❛♥❞ y n / ∈ B✳ ❚❤❡ r❡•❛t✐♦♥ T 1 A = 1 B ✇♦✉•❞ ♠❡❛♥ t❤❛t ❢♦r ❡❛❝❤ n✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ x n + 1 + x α n W 1 ❛♥❞ y n + 1 + y α n W 1 ❛r❡ ♠✉t✉❛••② s✐♥❣✉•❛r ✭s✉♣♣♦rt❡❞ ♦♥ A ❛♥❞ A c ✮✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜•❡ ❢♦r n •❛r❣❡ ❜❡❝❛✉s❡ W 1 ❤❛s ❛♥ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ❝♦♠♣♦♥❡♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ B ✐s ♥❡❝❡ss❛r✐•② tr✐✈✐❛• ❛♥❞ ✭✸✽✮ ❤♦•❞s✳ ◆♦t✐❝❡ t❤❛t ♥❡✈❡rt❤❡•❡ss E[X n ] = E[X 0 ] + n✳ ✸ •❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡✿ ◗✉❛s✐✲❝♦♠♣❛❝t♥❡ss ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ t❤❡♦r❡♠ ✇❤✐❝❤ ❡♥❝♦♠♣❛ss❡s ❜♦t❤ (♦s✐❞❛✲❑❛❦✉t❛♥✐ ❛♥❞ ■♦♥❡s❝✉✲❚✉•❝❡❛✲▼❛r✐♥❡s❝✉ ❚❤❡♦r❡♠s✱ ❛♥❞ ♣r❡s❡♥t ❛♥ ❛♣♣•✐❝❛t✐♦♥ t♦ ▼❛r❦♦✈ ❝❤❛✐♥s ✇❤✐❝❤ ♠✐①❡s ❜♦t❤ ❦✐♥❞s ♦❢ s✐t✉❛t✐♦♥s ♣r❡s❡♥t❡❞ ❛❜♦✈❡✳ ❆ s♣❡❝✐✜❝ ❛♣♣•✐❝❛t✐♦♥ t♦ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s ✇✐t❤ ▼❛r❦♦✈ s✇✐t❝❤✐♥❣ ✐s ✜♥❛••② st✉❞✐❡❞✳ ❲❡ r❡❝❛•• t❤❛t B ❞❡♥♦t❡s t❤❡ ✉♥✐t ❝•♦s❡❞ ❜❛•• ❢♦r t❤❡ ♥♦r♠ . ✳ ❚❤❡♦r❡♠ ✸✳ ▲❡t T ❜❡ ❛♥ ♦♣❡r❛t♦r ♦♥ (E, . ) s❛t✐s❢②✐♥❣ ✭❆✵✮✱ ✭❆✶✮ ❛♥❞ ✭❆✷✮ T ✐s . ✲❝♦♥t✐♥✉♦✉s✳ ❋♦r s♦♠❡ . ✲t♦t❛••② ❜♦✉♥❞❡❞ s❡t K B ✱ γ < 1✱ c > 0 ❛♥❞ q > 0 T q B ⊂ γB + K B ✭✸✾✮ T q f ≤ γ f + c f . ✭✹✵✮ ❚❤❡♥ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✷✮ ❤♦•❞✳ ▲✐❦❡ ❚❤❡♦r❡♠ ✶✱ t❤✐s t❤❡♦r❡♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❣❡♥❡r❛• ❚❤❡♦r❡♠ ✶✵ st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✶❀ ✐ts ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❈✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ♠❛② s❡❡♠ ✈❡r② ❣❡♥❡r❛• ❛♥❞ ✉♥❝•❡❛r ❢♦r t❤❡ ❛♣♣•✐❝❛t✐♦♥s✳ ❲❡ s❤♦✉•❞ ♣♦✐♥t ♦✉t t❤❛t ✇❡ ✐♥t❡♥❞ t♦ ❜r✐❞❣❡ ❛ ❝♦♥t✐♥✉✉♠ ♦✈❡r t✇♦ ❡①tr❡♠❡ ❝❛s❡s✿ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♥ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛• ✈❛r✐❛t✐♦♥✳ ❚❤✐s ✇✐•• ❜❡ ❡①❡♠♣•✐✜❡❞ ✐♥ ❚❤❡♦r❡♠ ✻✳ ▲❡t ✉s •✉st ♠❡♥t✐♦♥ t❤❛t [.] ❜❡•♦✇ ✐s t②♣✐❝❛••② ❛ ▲✐♣s❝❤✐t③ ♥♦r♠ •✐❦❡ ✐♥ ❊q✉❛t✐♦♥ ✭✶✻✮✱ ❛♥❞ t❤❛t t❤❡ r❡str✐❝t✐♦♥ t♦ s❡ts S x ✐♥ ✭✹✺✮ t♦ ✭✹✼✮ ❛••♦✇s t♦ ❣❡t ♠♦r❡ •♦❝❛• ❛ss✉♠♣t✐♦♥s ✭✐✳❡✳ •❡ss ✉♥✐❢♦r♠✐t②✮✳ ❚❤❡ t❤❡♦r❡♠ s❛②s t❤❛t ✐❢ •♦❝❛••② T ❝❛♥ ❜❡ •♦✇❡r ❜♦✉♥❞❡❞ ❜② ❛♥ ♦♣❡r❛t♦r ✇✐t❤ ♥✐❝❡ ♣r♦♣❡rt✐❡s✱ t❤❡♥ q✉❛s✐✲❝♦♠♣❛❝t♥❡ss ❤♦•❞s✳ ✼ ❚❤❡♦r❡♠ ✹✳ ▲❡t (S, d) ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ B ✐ts ❇♦r❡• σ✲✜❡•❞✳ ❲❡ ❛ss✉♠❡ t❤❛t ✐s ❣✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ v(x) ≥ 1 ♦♥ S s✉❝❤ t❤❛t ❢♦r ❛♥② A > 0✱ {x : v(x) ≤ A} ✐s ❝♦♠♣❛❝t✳ ❈♦♥s✐❞❡r ❛ ✈❡❝t♦r s♣❛❝❡ E ♦❢ B✲♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ S ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✳ ❖♥ E ✐s ❞❡✜♥❡❞ ❛ s❡♠✐✲♥♦r♠ f → [f ] ❛♥❞ ✇❡ s❡t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ♦♥ S✿ f = f + [f ], ✭✹✶✮ f = sup x |f (x)| v(x) . ✭✹✷✮ ❲❡ ❛ss✉♠❡ t❤❛t (E, . ) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ t❤❛t ✭❆✵✮ ❤♦•❞s✳ ▲❡t T ❜❡ ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ♦♥ E✳ ❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ 0 < γ b , γ v < 1 ❛♥❞ c v > 0 s✉❝❤ t❤❛t [T f ] ≤ γ b [f ], f ∈ E, ✭✹✸✮ T v(x) ≤ γ v v(x) + c v . ✭✹✹✮ ❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ε d > 0 ❛♥❞ c d > 0✱ ❛♥❞ ❢♦r ❛♥② x ∈ S✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❦❡r♥❡• K x (y, dz) ❛♥❞ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ S x ♦❢ x✱ s✉❝❤ t❤❛t ❢♦r ❛♥② y ∈ S x ❛♥❞ f ∈ E✱ K x (y, dz) ≤ T (y, dz), ✭✹✺✮ K x (y, S) ≥ ε d (x), ✭✹✻✮ |K x f (y) -K x f (x)| ≤ c d (x, y)[f ]. ✭✹✼✮ ▼♦r❡♦✈❡r t❤❡ ❢✉♥❝t✐♦♥ c d (., .) ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ S × S✱ ❛♥❞ ε d (x) ✐s ♣♦s✐t✐✈❡ ❛♥❞ s❛t✐s✜❡s lim v(x)→∞ ε d (x)v(x) = +∞, ✭✹✽✮ ∀ A, min v(x)≤A ε d (x) > 0. ✭✹✾✮ ❚❤❡♥ ❚❤❡♦r❡♠ ✸ ❤♦•❞s ✇✐t❤ ❛ ♣❛✐r ♦❢ ♥♦r♠s ( . ′ , . ′ ) r❡s♣❡❝t✐✈❡•② ❡q✉✐✈❛•❡♥t t♦ . ❛♥❞ . ✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ ♦♥•② ❡✐❣❡♥✈❡❝t♦rs ♦❢ T ✇✐t❤ ❛♥ ❡✐❣❡♥✈❛•✉❡ ♦❢ ♠♦❞✉•✉s ✶✱ t❤❡r❡ ❡①✐st C > 0✱ 0 < ρ < 1 ❛♥❞ ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ π s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ E✱ π(f )1 -T n f ≤ Cρ n f ✭✺✵✮ ❛♥❞ π(v) < ∞✳ ❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❉✳ ❲❡ ✉s❡ ❚❤❡♦r❡♠ ✸ ✇✐t❤ q = 1✳ ❚❤❡ ✐❞❡❛ ✐s t♦ s❡t Kf (x) = n i=1 θ i (x)K xi f (x i ) ✇❤❡r❡ θ 1 , . . . θ n ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✉♥✐t② ♦❢ ❛ •❛r❣❡ ♣♦rt✐♦♥ ♦❢ t❤❡ s♣❛❝❡✱ ❡❛❝❤ x i ❜❡✐♥❣ ❛ ♣♦✐♥t ♦❢ t❤❡ s✉♣♣♦rt ♦❢ θ i ✳ ❈•❡❛r•② K(B) ✐s ❝♦♠♣❛❝t✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t (T -K)f ≤ γ f ✭✇❤✐❝❤ ✐♠♣•✐❡s ✭✸✾✮✮ ❛♥❞ t❤❛t ✭✹✵✮ ❤♦•❞s tr✉❡✳ ❲❡ s❤❛•• ❝♦♥s✐❞❡r t✇♦ ❡①❛♠♣•❡s✱ ♦♥❡ ✇❤❡r❡ [f ] = 0 ❛♥❞ ✇❡ ❣❡t ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ . ♥♦r♠ ✭✇❤✐❝❤✱ ❜② ❞✉❛•✐t②✱ ❝♦rr❡s♣♦♥❞s t♦ ❣❡♦♠❡tr✐❝ ✇❡✐❣❤t❡❞ t♦t❛• ✈❛r✐❛t✐♦♥ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥✮✱ ❛♥❞ ❛♥♦t❤❡r ❝❛s❡ ✇❤❡r❡ [.] ♣•❛②s ❛♥ ✐♠♣♦rt❛♥t r♦•❡✳ ✽ ❆♣♣•✐❝❛t✐♦♥ t♦ ❣❡♦♠❡tr✐❝ t♦t❛• ✈❛r✐❛t✐♦♥ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ t❤❡ ❝❛s❡ [f ] = 0✱ t❤❡ ❦❡r♥❡• K x (y, dz) s❤♦✉•❞ ♥♦t ❞❡♣❡♥❞ ♦♥ y✱ ❛♥❞ ✇❡ ❣❡t t❤❡ ❢♦••♦✇✐♥❣ ❝♦r♦••❛r②✿ ❈♦r♦••❛r② ✺✳ ✭❲❡✐❣❤t❡❞ •♦❝❛• ❉♦❡❜•✐♥ ❝♦♥❞✐t✐♦♥✮ ▲❡t (S, d) ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ B ✐ts ❇♦r❡• σ✲✜❡•❞✳ ❲❡ ❛ss✉♠❡ t❤❛t ✐s ❣✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ v(x) ≥ 1 ♦♥ S s✉❝❤ t❤❛t ❢♦r ❛♥② A > 0✱ {x : v(x) ≤ A} ✐s ❝♦♠♣❛❝t✳ ❈♦♥s✐❞❡r ❛ ✈❡❝t♦r s♣❛❝❡ E ♦❢ B✲♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ S ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✳ ❲❡ s❡t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ♦♥ S✿ f = sup x |f (x)| v(x) . ✭✺✶✮ ❲❡ ❛ss✉♠❡ t❤❛t (E, . ) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ t❤❛t ✭❆✵✮ ❤♦•❞s✳ ▲❡t T ❜❡ ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ♦♥ E✳ ❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ 0 < γ v < 1 ❛♥❞ c v > 0 s✉❝❤ t❤❛t T v(x) ≤ γ v v(x) + c v . ✭✺✷✮ ❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ ε d > 0✱ ❛♥❞ ❢♦r ❛♥② x ∈ S ♦❢ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❦❡r♥❡• K x (dz) ❛♥❞ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ S x ♦❢ x✱ s✉❝❤ t❤❛t K x (dz) ≤ T (y, dz), y ∈ S x ✭✺✸✮ K x (S) ≥ ε d (x). ✭✺✹✮ ❚❤❡ ❢✉♥❝t✐♦♥ ε d (x) ✐s ♣♦s✐t✐✈❡ ❛♥❞ s❛t✐s✜❡s lim v(x)→∞ ε d (x)v(x) = +∞, ✭✺✺✮ ∀ A, min v(x)≤A ε d (x) > 0. ✭✺✻✮ ❚❤❡♥ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✷✮ ❤♦•❞✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ ♦♥•② ❡✐❣❡♥✈❡❝t♦rs ♦❢ T ✇✐t❤ ❛♥ ❡✐❣❡♥✈❛•✉❡ ♦❢ ♠♦❞✉•✉s ✶✱ t❤❡r❡ ❡①✐st C > 0✱ 0 < ρ < 1 ❛♥❞ ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ π s✉❝❤ t❤❛t ❢♦r ❛♥② f ∈ E✱ π(f ) -T n f ≤ Cρ n f ✭✺✼✮ ❛♥❞ π(v) < ∞✳ ■♥ ♠❛♥② ❝❛s❡s ε d (x) = 1/2 ✇✐•• ❞♦ t❤❡ •♦❜✱ ❜✉t ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡ t❤❡ s✐t✉❛t✐♦♥ ✐s ♠♦r❡ ❝♦♠♣•✐❝❛t❡❞✿ X n+1 = 1 2 X n ✇✐t❤ ♣r♦❜❛❜✐•✐t② 1 -p(X n ) V n ✇✐t❤ ♣r♦❜❛❜✐•✐t② p(X n ) ✇❤❡r❡ V n ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ❛♥❞ p ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ x❀ V n ❝❛♥ ❜❡ ❝♦♥st❛♥t✳ ❲❡ s❡❡ t❤❛t ♦♥•② t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ tr❛♥s✐t✐♦♥ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛• ✈❛r✐❛t✐♦♥✱ ❡✈❡♥ ✐❢ V n ≡ 0✱ t❤✐s ✐s ✇❤② ✇❡ s❤❛•• ♥❡❡❞ p(x) ♥♦t t♦ ❜❡ t♦♦ s♠❛••✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ❢♦r s♦♠❡ 0 < α < 1 E[|V n | α ] < ∞ lim x→∞ p(x)|x| α = +∞ p ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s t❤❡♥ ❊q✉❛t✐♦♥s ✭✺✷✮ t♦ ✭✺✻✮ ❛r❡ ❝•❡❛r•② s❛t✐s✜❡❞ ✇✐t❤ v(x) = |x| α + 1 K x (f ) = 1 2 p(x)E[f (V 1 )] ε d (x) = 1 2 p(x) S x = {y : p(y) > p(x)/2} ❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛• ❝♦♥✈❡r❣❡♥❝❡ ❤♦•❞s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ p ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ♥❡❝❡ss❛r② s✐♥❝❡ ✇❤❛t ✇❡ ♥❡❡❞ ✐s ♦♥•② t❤❛t S x ✐s ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x✱ ❛♥❞ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ p ♦♥ ❛♥② ❜♦✉♥❞❡❞ s❡t ✐s > 0✳ ✾ ❆♣♣•✐❝❛t✐♦♥ t♦ ❢✉♥❝t✐♦♥❛• ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss❡s ✇✐t❤ ▼❛r❦♦✈ s✇✐t❝❤✐♥❣✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ♠✐①❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss (I n , X n ) ∈ S ✇❤❡r❡ S = {1, . . . s} × R d ✿ P (I n+1 = j|I n = i) = p ij , 1 ≤ i, j ≤ s ✭✺✽✮ X n+1 = α(I n )ϕ(X n ) + ψ(I n , V n ) ✭✺✾✮ ✇❤❡r❡ α ✐s ❛ ♠❛tr✐① ✈❛•✉❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥✱ ϕ ❛♥❞ ψ ❛r❡ ✈❡❝t♦r ✈❛•✉❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ V n ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✐✳✐✳❞✳ s❡q✉❡♥❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s T f (i, x) = k p ik E[f (k, α(i)ϕ(x) + ψ(i, V 1 ))]. ■❢ ❢♦r ❛•• i t❤❡ ✈❛r✐❛❜•❡ ψ(i, V 1 ) ❤❛s ❛ ❞❡♥s✐t②✱ ✇❡ ❝❛♥ ❛♣♣•② ❈♦r♦••❛r② ✺ ❛t t❤❡ ♣r✐❝❡ ♦❢ ❡①tr❛ r❡❛s♦♥❛❜•❡ ❛ss✉♠♣t✐♦♥s ❜❡❝❛✉s❡ ✭✺✸✮ ❛♥❞ ✭✺✹✮ ✇♦✉•❞ ❜❡ s❛t✐s✜❡❞ ❢♦r s♦♠❡ ❦❡r♥❡• K x ✐♥❞❡♣❡♥❞❡♥t ♦❢ y ✭t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ϕ ✐s ✐♠♣♦rt❛♥t ❤❡r❡✮❀ ♦✉r ♣♦✐♥t ✐s t♦ ❞❡❛• ✇✐t❤ s✐♥❣✉•❛r ♠❡❛s✉r❡s✳ ❆s ✐♥ ❬✷(✱ ❚❤✳✶✳✹✱ ✇❡ ❤❛✈❡ ♠❛❞❡ ❡✛♦rts t♦ ❤❛✈❡ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛••♦✇ ❢♦r ♥♦♥✲❝♦♥tr❛❝t✐♥❣ ✈❛•✉❡s ❢♦r α✱ ❛s ❝❛♥ ♦♥❡ s❡❡ ✐♥ ❊q✉❛t✐♦♥ ✭✻✶✮✿ ❚❤❡♦r❡♠ ✻✳ ❈♦♥s✐❞❡r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❞❡✜♥❡❞ ❜② ✭✺✽✮ ❛♥❞ ✭✺✾✮✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❤❛✐♥ I n ✐s ✐rr❡❞✉❝✐❜•❡ ❛♥❞ ❛♣❡r✐♦❞✐❝ ✇✐t❤ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ π ♦♥ ✐ts ✜♥✐t❡ st❛t❡ s♣❛❝❡✱ ❛♥❞ t❤❛t ❢♦r s♦♠❡ q > 0 |ϕ(y) -ϕ(z)| ≤ |y -z| ✭✻✵✮ i π i log( α(i) ) < 0 ✭✻✶✮ sup i E[|ψ(i, V 1 )| q ] < +∞ ✭✻✷✮ ✇❤❡r❡ . ✐s t❤❡ ✉s✉❛• ♠❛tr✐① ♥♦r♠ ❛♥❞ |.| t❤❡ ❡✉❝•✐❞❡❛♥ ♥♦r♠✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✹ ❛♣♣•✐❡s ❛♥❞ ✭✺✵✮ ❤♦•❞s ✇✐t❤ t❤❡ ♥♦r♠ f ′ = sup i,x,x ′ |f (i, x) -f (i, x ′ )| |x -x ′ | η + sup i,x |f (i, x)| |x| η + 1 ❢♦r η s♠❛•• ❡♥♦✉❣❤✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ❢♦r ❛♥② r❡❛•✐③❛t✐♦♥ (I n , X n ) ♦❢ t❤❡ ❝❤❛✐♥ ❛t t✐♠❡ n ✇✐t❤ ❛♥ ❛r❜✐tr❛r② ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❝♦✉♣•✐♥❣ ✇✐t❤ ❛ ♣❛✐r (I ′ , X ′ ) ❤❛✈✐♥❣ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✱ s✉❝❤ t❤❛t P (I n = I ′ ) + E[|X n -X ′ | η ] < Cρ n (1 + E[|X 0 | η ]). Pr♦♦❢✳ ❲❡ ✇✐•• ❝❤♦♦s❡ [f ] = i ν i [f ] i , [f ] i = sup x,y |f (i, x) -f (i, y)| |x -y| η v(i, x) = |x| ε e ελ(i) + 1 d((i, x), (j, y)) = 1 i =j + |x -y| η . ❢♦r s♦♠❡ ❝♦♥st❛♥ts ν i ❛♥❞ λ(i) ✇❤✐❝❤ ✇✐•• ❜❡ s♣❡❝✐✜❡❞ •❛t❡r✳ ❈♦♥❝❡r♥✐♥❣ K ❛♥❞ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞s S i,x ✇❡ s✐♠♣•② s❡t✿ K = T S i,x = {i} × R d ■♥ t❤❛t ❝❛s❡ ✭✹✺✮ ❛♥❞ ✭✹✻✮ ❛r❡ ♦❜✈✐♦✉s ✭ε d = 1✮✱ ❛♥❞ ✭✹✼✮ ✇✐•• ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✹✸✮✳ ❚❤❡ t❡❝❤♥✐❝❛• ♣❛rt ✐s t♦ ♣r♦✈❡ t❤❛t ✭✹✸✮ ❛♥❞ ✭✹✹✮ ❤♦•❞ tr✉❡✳ ❲❡ ♥♦✇ ❢♦❝✉s ♦♥ ✭✹✹✮✳ ❲❡ ✜rst ♥♦t❡ t❤❛t s✐♥❝❡ X n+1 = α(I n )(ϕ(X n ) -ϕ(0)) + α(I n )ϕ(0) + ψ(I n , V n ) ✶✵ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ϕ(0) = 0✳ ❯♥s✉r♣r✐s✐♥❣•②✱ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt② ✭✹✹✮ ✐s r❡•❛t❡❞ t♦ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ ♣r♦❞✉❝t ♦❢ α(I k )✬s ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ t❤✐s ♦♥❡ ❜❡✐♥❣ ✐ts❡•❢ ❝♦♥tr♦••❡❞ ❜② t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ t❤❡ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs ❛❝ts ♦♥ t❤❡ s✉♠s ♦❢ log( α(I k ) )✬s✳ ❚❤✐s ✉s❡s ❝•❛ss✐❝❛••② t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✿ ❙✐♥❝❡ t❤❡ ❝❤❛✐♥ I n ✐s ✐rr❡❞✉❝✐❜•❡ ❛♣❡r✐♦❞✐❝ ♦♥ ❛ ✜♥✐t❡ st❛t❡ s♣❛❝❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✭✉♣ t♦ ❛ ❝♦♥st❛♥t✮ s♦•✉t✐♦♥ λ t♦ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ E[λ(I 1 )|I 0 = i] = λ(i) -l(i) + π(l), l(i) = log( α(i) ) ✭✐t ✐s s✐♠♣•② λ = ∞ k=0 (T k 0 -π)l ✇❤❡r❡ T 0 = (p ij ) 1≤i,j≤s ✐s t❤❡ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ♦❢ t❤❡ ❝❤❛✐♥ I n ✮✳ ❚❤❡ ♣r♦❝❡ss Z n = |X n | ε e ελ(In) s❛t✐s✜❡s✱ t❤❛♥❦s t♦ ✭✺✾✮ ✱✭✻✵✮✱ ❛♥❞ ϕ(0) = 0✿ Z n+1 ≤ ( α(I n ) |ϕ(X n )| + |ψ(I n , V n )|) ε e ελ(In+1) ≤ α(I n ) ε |X n | ε e ελ(In+1) + |ψ(I n , V n )| ε e ελ(In+1) = Z n e ε{log α(In) +λ(In+1)-λ(In)} + e ελ(In+1) |ψ(I n , V n )| ε . ❆♥❞ s✐♥❝❡ t❤❡ ❢❛❝t♦r ♦❢ ε ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❤❛✈❡ ❢♦r s♦♠❡ c Z n+1 ≤ Z n 1 + ε(λ(I n+1 ) -λ(I n ) + log α(I n ) ) + cε 2 + e ελ(In+1) |ψ(I n , V n )| ε E[Z n+1 |F n ] ≤ Z n 1 + επ(l) + cε 2 + e ε sup i λ(i) sup i E[|ψ(i, V 1 )| ε ], ✇❤❡r❡ F n st❛♥❞ ❢♦r t❤❡ σ✲✜❡•❞ σ(I i , X i , 0 ≤ i ≤ n)✳ ❍❡♥❝❡✱ ✐❢ ✇❡ t❛❦❡ ε ≤ q s✉❝❤ t❤❛t επ(l) + cε 2 < 0✱ ✇❡ ♦❜t❛✐♥ ✭✹✹✮✳ ❈♦♥❝❡r♥✐♥❣ ✭✹✸✮✿ |T f (i, y) -T f (i, x)| ≤ k p ik E[|f (k, α(i)ϕ(y) + ψ(i, V 1 )) -f (k, α(i)ϕ(x) + ψ(i, V 1 ))|] ≤ |ϕ(y) -ϕ(x)| η α(i) η k p ik [f ] k [T f ] i ≤ α(i) η k p ik [f ] k i ν i [T f ] i ≤ i,k ν i α(i) η p ik [f ] k . ❲❡ s❡❡ t❤❛t ✐❢ ✇❡ ❝❛♥ ✜♥❞ ν s✉❝❤ t❤❛t ∀ k, i α(i) η ν i p ik < ν k ✭✻✸✮ t❤❡♥ ❊q✉❛t✐♦♥ ✭✹✸✮ ✇✐•• ❜❡ s❛t✐s✜❡❞✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ❞❡✜♥❡ ν = π + η k≥1 (π.l -π(l)π)P k ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ (π.l)(i) = π i l(i). ❙❡t τ i = α(i) η ❀ s✐♥❝❡ τ i = 1 + ηl(i) + O(η 2 ) ✶✶ ✇❡ ❣❡t ν.τ = π + η k≥1 (π.l -π(l)π)P k + ηπ.l + O(η 2 ) ❤❡♥❝❡ ν.τ P = π + η k≥1 (π.l -π(l)π)P k + ηπ(l) + O(η 2 ) = ν + ηπ(l) + O(η 2 ). ❚❤✐s ❡q✉❛t✐♦♥ ✐♠♣•✐❡s t❤❛t ❢♦r η s♠❛•• ❡♥♦✉❣❤✱ ❊q✉❛t✐♦♥ ✭✻✸✮ ✐s s❛t✐s✜❡❞✳ ■♥ ♣❛rt✐❝✉•❛r ✇❡ s❤❛•• ✐♠♣♦s❡ η ≤ ε✳ ❲❡ ❤❛✈❡ ♥♦✇ ♣r♦✈❡❞ ✭✹✸✮ t♦ ✭✹✽✮✳ ❆s ❛ ❜②♣r♦❞✉❝t✱ ❊q✉❛t✐♦♥ ✭✹✸✮ ✐♠♣•✐❡s t❤❛t ❛♥② ❡✐❣❡♥❢✉♥❝t✐♦♥ f ✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛•✉❡ |λ| = 1✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x✱ ❛♥❞ ❝♦♥s❡q✉❡♥t•②✱ s✐♥❝❡ I n ✐s ✐rr❡❞✉❝✐❜•❡✱ f ✐s ♥❡❝❡ss❛r✐•② ❝♦♥st❛♥t✳ ❚❤❡♦r❡♠ ✹ ❛♣♣•✐❡s ❛♥❞ ✭✺✵✮ ❤♦•❞s ✇✐t❤ f = sup x,i |f (i, x)| |x| ε e ελ(i) + 1 + i ν i [f ] i . ❙✐♥❝❡ ❜② ✐rr❡❞✉❝✐❜✐•✐t②✱ ν i > 0 ❢♦r ❛•• i✱ t❤✐s ♥♦r♠ ✐s ❡q✉✐✈❛•❡♥t t♦ N (f ) = sup i,x |f (i, x)| |x| ε + 1 + sup i,x,y |f (i, x) -f (i, y)| |x -y| η . ❚❤✐s ♥♦r♠ ✐s ❛•s♦ ❡q✉✐✈❛•❡♥t t♦ f ′ ❜❡❝❛✉s❡✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ η ≤ ε✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ sup i,x |f (i, x)| |x| η + 1 ≤ sup i,x |f (i, x) -f (i, 0)| + |f (i, 0)| |x| η + 1 ≤ sup i,x |f (i, x) -f (i, 0)| |x| η + sup i |f (i, 0)| ≤ N (f ). ❇② t❤❡ ❞✉❛•✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ ✭❝❢ ❬✶✼( ❚❤❡♦r❡♠ ✺✳✶✵ ❛♥❞ ❊q✉❛t✐♦♥ ✭✺✳✶✶✮✮ inf In,I ′ ,Xn,X ′ P (I n = I ′ ) + E[|X n -X ′ | η ] = sup f ▲✐♣s❝❤✐t③ E[f (I n , X n ) -f (I ′ , X ′ )] ✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛•• t❤❡ ♣❛✐rs ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s (I ′ , X ′ ) ❛♥❞ (I n , X n ) ❤❛✈✐♥❣ r❡s♣❡❝t✐✈❡•② t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❝❤❛✐♥ ❞✐str✐❜✉t✐♦♥ ❛t t✐♠❡ n✱ ❛♥❞ f ✐s ✶✲▲✐♣s❝❤✐t③ ✇✳r✳t✳ t❤❡ ❞✐st❛♥❝❡ d✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s •✉st E[(Q n f )(I 0 , X 0 )]✱ ✇❤✐❝❤ ✐s s♠❛••❡r t❤❛♥ Cρ n (1+E[|X 0 | η ])✳ ✹ ❙✉❜❣❡♦♠❡tr✐❝ r❛t❡s ■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ s❤❛•• ✜♥❞ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ V n t♦ ✵ ✇✐•• ❣✐✈❡ ✉s ❛♥ ✐♥s✐❣❤t ❛❜♦✉t t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ Q n t♦ ✵✳ ❲❡ s❡t ❢♦r ❛♥② ♦♣❡r❛t♦r S ♦♥ E S E0 = sup f ≤1 Sf S 0E = sup f ≤1 Sf . ✶✷ ❲✐t❤ t❤✐s ❝♦♥✈❡♥t✐♦♥✱ ♦♥❡ ❤❛s U V ≤ U E0 V 0E U V ≤ U 0E V E0 . ❲❡ s❤❛•• ❝♦♥s✐❞❡r ♣♦s✐t✐✈❡ r❛t❡ s❡q✉❡♥❝❡s α n ✱ n ≥ 1✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✭|✶✮ t♦ ✭|✸✮ ❜❡•♦✇✳ ❋♦r ✐♥st❛♥❝❡✱ s❡q✉❡♥❝❡s •✐❦❡ α n = (n + 1) -p ✱ p > 1✱ ♦r α n = exp - √ n✱ ♦r α n = (n + 1) -1 (log(n + 1)) -2 s❛t✐s❢② t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✭♥♦t✐❝❡ t❤❛t t❤❡ ✜rst ♣❛rt ♦❢ ✭|✷✮ ❤♦•❞s ✐❢ x → log α x ✐s ❝♦♥✈❡①✮✳ ❚❤❡s❡ s❡q✉❡♥❝❡s ♠❛❦❡ ✐t ❡❛s② t♦ s♦•✈❡ s♦♠❡ r❡❝✉rs✐✈❡ ❡q✉❛t✐♦♥s ✭❝❢✳ ❆♣♣❡♥❞✐① ❋✮✳ ❚❤❡♦r❡♠ ✼✳ ▲❡t ✭❆✵✮ ❜❡ s❛t✐s✜❡❞ ❛♥❞ T ❜❡ ❛ . ✲ ❛♥❞ . ✲❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ♦♥ E s❛t✐s❢②✐♥❣ ✭❆✶✮✱ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮✳ ▲❡t α n ❜❡ ❛ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ✭|✶✮ n → α n ✐s ❞❡❝r❡❛s✐♥❣ ✭|✷✮ n → α n+1 α n ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ✶ ✭|✸✮ n≥1 α 2 n α 2n < ∞. ❲❡ ❛ss✉♠❡ t❤❛t T ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s T = K + V ✇✐t❤ V k E0 ≤ C 1 α k , k > 0, ✭✻✹✮ KV k ≤ C 2 α k , k > 0, ✭✻✺✮ KQ k → 0 ❛s k → ∞ ✭✻✻✮ ✭❊q✉❛t✐♦♥s ✭✻✺✮ ❛♥❞ ✭✻✻✮ ❛r❡ ❝•❡❛r•② s❛t✐s✜❡❞ ✐❢ ✭✻✹✮ ❛♥❞ ✭✷✻✮ ❤♦•❞ tr✉❡✮✳ ❚❤❡♥ ♦♥❡ ❤❛s ❢♦r s♦♠❡ C > 0 ❛♥❞ ❛•• n > 0 Q n E0 ≤ C k≥n α k . ■❢ ✐♥ ❛❞❞✐t✐♦♥ sup n T n < ∞✱ t❤❡♥ Q n E0 ≤ Cα n . ✭✻✼✮ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ✭✷✼✮ ❛♥❞ ♦♥ t❤❡ ❦❡② r❡s✉•t ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✷✳ ■t ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❊✳ |❡♠❛r❦s✳ ✶✴ ■❢ ❚❤❡♦r❡♠ ✶ ✐s ✉s❡❞ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❝❤❡❝❦ ✭✷✺✮✱ ✇❤✐❝❤ ✐s ❛✉t♦♠❛t✐❝❛••② s❛t✐s✜❡❞ t❤❛♥❦s t♦ ✭✷✹✮✱ ✭✷✻✮ ❛♥❞ t❤❡ s✉♠♠❛❜✐•✐t② ♦❢ α n ✭❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭|✶✮ ❛♥❞ ✭|✸✮✮✳ ✷✴ ❈♦♥❞✐t✐♦♥ ✭|✷✮ ❡①❝•✉❞❡s ❣❡♦♠❡tr✐❝ r❛t❡s✳ ❚❤❡ t❤❡♦r❡♠ ✐s ✐♥❞❡❡❞ ✇r♦♥❣ ✐♥ t❤✐s ❝❛s❡✿ ❋♦r ❡①❛♠♣•❡ ✐♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• ❝❛s❡✱ ❚❤❡♦r❡♠ ✶ ❤♦•❞s ✇✐t❤ V = 0✱ ❛♥❞ ✭✻✼✮ ♦♥•② ❤♦•❞s ✇✐t❤ s♦♠❡ ❣❡♦♠❡tr✐❝ r❛t❡✳ ❆♣♣•✐❝❛t✐♦♥ t♦ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ❚❤❡♦r❡♠ ✷ ❜✉t ✭✸✵✮ ✐s str❡♥❣t❤✲ ❡♥❡❞ ❛s T v(x) ≤ v(x) -θ(v(x)), x / ∈ K 0 ✭✻✽✮ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ θ✱ ❡✳❣✳ θ(u) = u q ✱ 0 < q < 1✳ ❖✉r ❣♦❛• ❤❡r❡ ✐s t♦ ✉s❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❜♦✉♥❞✐♥❣ t❤❡ s❡q✉❡♥❝❡ ρ n ✐♥ ✭✸✽✮✳ ❲❡ ♥❡❡❞ ❛ ♣r❡♣❛r❛t♦r② •❡♠♠❛ ✇❤✐❝❤ ✇✐•• ❜❡ ❡ss❡♥t✐❛• ❢♦r ✇♦r❦✐♥❣ ✇✐t❤ ✭✻✽✮❀ t❤❡ ♣♦✐♥t ♦❢ t❤✐s •❡♠♠❛ ✐s t♦ ❜r✐♥❣ ♦✉t ❛ ❢✉♥❝t✐♦♥ ζ ✇❤✐❝❤ s❛t✐s✜❡s ✭✼✶✮✱ ✐s s✐❣♥✐✜❝❛♥t•② •❛r❣❡r t❤❛♥ ζ(x) = x ❛♥❞ t❤❛t ❝❛♥ ❜❡ ❡❛s✐•② ✐t❡r❛t❡❞ ✭❊q✉❛t✐♦♥ ✭✼✵✮ ✐♠♣•✐❡s ζ (n) (x) = ψ (-1) (ψ(x) + n)✮✿ ✶✸ ▲❡♠♠❛ ✽✳ ▲❡t θ ❜❡ ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♥❝❛✈❡ ❞✐✛❡r❡♥t✐❛❜•❡ ❢✉♥❝t✐♦♥ ♦♥ [0, +∞) ✇✐t❤ ❛ ❞❡r✐✈❛✲ t✐✈❡ ✇❤✐❝❤ t❡♥❞s t♦ ③❡r♦ ❛t ✐♥✜♥✐t②✱ ❛♥❞ ❞❡✜♥❡ ❢♦r x ≥ 0 ψ(x) = x 0 1 θ(y) dy ✭✻✾✮ ζ(x) = ψ (-1) (ψ(x) + 1). ✭✼✵✮ ❲❡ ❛ss✉♠❡ t❤❛t ψ ✐s ✜♥✐t❡ ❛♥❞ t❡♥❞s t♦ ✐♥✜♥✐t②✳ ▲❡t θ 1 ≥ 0 ❜❡ s✉❝❤ t❤❛t ❢♦r x ≥ θ 1 θ(x) ≤ x. ❚❤❡♥ ζ ✐s ❝♦♥❝❛✈❡ ❛♥❞ ❢♦r x ≥ θ 1 ζ(x -θ(x)) ≤ x. ✭✼✶✮ ❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① •✳ ❚❤❡♦r❡♠ ✾✳ ▲❡t ❛•• t❤❡ ❛ss✉♠♣t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ❤♦•❞ ❛♥❞ ❛ss✉♠❡ t❤❛t ✭✸✵✮ ✐s str❡♥❣t❤❡♥❡❞ ❛s T v(x) ≤ v(x) -θ(v(x)), x / ∈ K 0 ✭✼✷✮ ❢♦r s♦♠❡ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ θ s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✽ ✇✐t❤ θ 1 = min x (v(x))✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t min x≥θ1 x -θ(x) > 0 ❛♥❞ t❤❛t t❤❡ s❡q✉❡♥❝❡ α n = 1 ψ (-1) (n) ✭ψ ✐s ❣✐✈❡♥ ❜② ✭✻✾✮✮ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✭|✶✮ t♦ ✭|✸✮ ♦❢ ❚❤❡♦r❡♠ ✼✳ ❚❤❡♥ ❢♦r s♦♠❡ c > 0 ❛♥❞ ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ f sup x Q n f (x) v(x) ≤ cρ n f ∞ , ρ n = k≥n α k ✭✼✸✮ π(|Q n f |) ≤ cα n f ∞ . ✭✼✹✮ ❚❤❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ ❆♣♣❡♥❞✐① ❍✳ ❲❡ ✜♥❞ t❤❡ ❢♦••♦✇✐♥❣ ♠❛t❝❤✐♥❣s ❜❡t✇❡❡♥ ❞r✐❢t ❢✉♥❝t✐♦♥ ❛♥❞ r❛t❡s θ(t) α n ρ n log(t + 1) 2 ∼ n -1 (log n) -2 ∼ (log n) -1 t q ✱ 0 < q < 1 ∼ n -1/(1-q) ✱ ∼ n -q/(1-q) ct log(t+1) ∼ e - √ 2cn ∼ e - √ 2cn √ n✳ ❆♣♣•✐❝❛t✐♦♥s ♦❢ t❤✐s ❦✐♥❞ ♦❢ r❡s✉•t ✐♥ t❤❡ ✜❡•❞ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ❛r❡ ♥♦t ✉♥❝♦♠♠♦♥✳ ❋♦r ❡①❛♠♣•❡ ✐♥ ❬✶✶( ✭❊①❛♠♣•❡ X n+1 = (X n + W n+1 ) + ✇❤❡r❡ W n ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ✇✐t❤ E[W 1 ] < 0✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r m ≥ 2 s✉❝❤ t❤❛t E[W m 1 ] < ∞ ✶✹ t❤❡② ♣r♦✈❡ t❤❛t t❤❡ ❞r✐❢t ❝♦♥❞✐t✐♦♥ ✭✼✷✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ v(x) = (x + 1) m θ(x) = x α , α = m -1 m . ■♥ ❚❤❡♦r❡♠ ✸✳✻ t❤❡② st❛t❡ t❤❛t ❢♦r ❛♥② x✱ sup f ∞ ≤1 |Q n f (x)| = o(n -α/(1-α) )✱ ✇❤✐❝❤ ✐s s♦♠❡✇❤❛t ✐♥t❡r♠❡✲ ❞✐❛r② ❜❡t✇❡❡♥ ✭✼✸✮ ❛♥❞ ✭✼✹✮✳ ❖♥ t❤✐s ❡①❛♠♣•❡✱ ✇❡ ❝•❡❛r•② s❡❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ r❛t❡s ❜❡t✇❡❡♥ ✭✼✸✮ ❛♥❞ ✭✼✹✮✿ ✐❢ t❤❡ ✐♥✐t✐❛• st❛t❡ X 0 = x 0 ✐s ✈❡r② •❛r❣❡✱ ✐t t❛❦❡s ❛ •♦♥❣ t✐♠❡ t♦ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ✭t❤✐s t✐♠❡ ✐s ❝❡rt❛✐♥•② ♣r♦♣♦rt✐♦♥❛• t♦ x 0 ✮✱ ❜✉t ✐❢ t❤❡ ✐♥✐t✐❛• st❛t❡ ✐s ❞r❛✇♥ ❢r♦♠ π✱ ✐t ✇♦♥✬t ❜❡ •❛r❣❡ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ✐♥❝r❡❛s❡❞✳ ❚❤❡② ❛•s♦ ❣✐✈❡ ❛♥ ❛♣♣•✐❝❛t✐♦♥ t♦ ▼♦♥t❡ ❈❛r•♦ ▼❛r❦♦✈ ❈❤❛✐♥s✳ ❲❡ ✇♦✉•❞ •✐❦❡ ♥♦✇ t♦ ❝♦♥✈✐♥❝❡ t❤❡ r❡❛❞❡r t❤❛t ❚❤❡♦r❡♠ ✼ ❝❛♥ ❛•s♦ ❜❡ ❛♣♣•✐❡❞ t♦ ❞②♥❛♠✐❝❛• s②st❡♠s✳ ❆♣♣•✐❝❛t✐♦♥ t♦ ❞②♥❛♠✐❝❛• s②st❡♠s✳ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❛♣♣•✐❝❛t✐♦♥ ❞❡✜♥❡❞ ♦♥ [0, 1] v(x) = x(1 + 2 γ x γ ) 0 ≤ x < 1/2 2x -1 1/2 ≤ x ≤ 1 ✭✼✺✮ ✇❤❡r❡ 0 < γ < 1 ✐s ✜①❡❞✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t♦r T f (x) = f (v(x)). ✭✼✻✮ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝s ♦❢ T n ✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❡①t❡♥s✐✈❡ •✐t❡r❛t✉r❡ ♦♥ t❤❡ s✉❜•❡❝t ❬✶✷✱ ✻( ❛♥❞ t❤❡ r❡s✉•t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r❡s❡♥t ❤❡r❡✱ ❊q✉❛t✐♦♥ ✭✽✵✮✱ ✐s ❛•r❡❛❞② ❦♥♦✇♥ ❬✶✾(❀ ♦✉r ♣♦✐♥t ✐s t♦ ❣✐✈❡ ❛ ♥❡✇ ❛♥❞ ❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤✐s ❡st✐♠❛t❡ ✇❤✐❝❤ ♣•❛②s ❛ ❦❡② r♦•❡ ✐♥ t❤❡ ♦❜t❛✐♥♠❡♥t ♦❢ ❝❡♥tr❛• •✐♠✐t t❤❡♦r❡♠s ✭t❤r♦✉❣❤ t❤❡ •♦r❞✐♥✲▲✐✈❡r❛♥✐ ❚❤❡♦r❡♠✮✱ ❛♥❞ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ ♦♣t✐♠❛• ❬✶✻(✳ ◆♦t✐❝❡ t❤❛t t❤✐s ♣r♦♦❢ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥② ❡①♣•✐❝✐t ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ✭s❡❡ ❊q✉❛t✐♦♥ ✭✺✳✷✮ ✐♥ ❬✶✷(✮✳ ❲❡ ❞❡t❛✐• ♦♥•② ❤❡r❡ t❤❡ ❡①❛♠♣•❡ ✭✼✺✮ ❜✉t ✐t ✇✐•• ❛♣♣❡❛r ❝•❡❛r•② t❤❛t t❤❡ ❢♦••♦✇✐♥❣ ❞❡✈❡•♦♣♠❡♥t ❡①t❡♥❞s t♦ ♠❛♥② ♦t❤❡r ❝❛s❡s✳ ◆❡✈❡rt❤❡•❡ss✱ ✇❡ ❢❡❡• t❤❛t s✉❝❤ ❡①t❡♥s✐♦♥s ❢❛•• ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳ ❋♦r ❛♥② ✐♥t❡❣r❛❜•❡ ❢✉♥❝t✐♦♥ f ♦♥ [0, 1]✱ ✇❡ s❡t F (x) = x 0 f (t)dt -x f , f = 1 0 f (t)dt. ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ✐❞❡♥t✐t② ✇❤✐❝❤ ✇❡ ♣r♦✈❡ ❜❡•♦✇✿ T f (x) = v ′ (x) -1 F (v(x)) ′ + f -v ′ (x) -1 ′ F (v(x)) ✭✼✼✮ = V f (x) + Kf (x) ✇❤❡r❡ t❤❡ ♣r✐♠❡ ❞❡♥♦t❡s ✐♥ t❤❡ ✇❤♦•❡ ♣r❡s❡♥t s❡❝t✐♦♥ t❤❡ ❛✳❝✳ ♣❛rt ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥❛• ❞❡r✐✈❛t✐✈❡✳ ❲❡ s❤❛•• t❛❦❡ E = L ∞ ([0, 1])✿ f = f ∞ . ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✼✼✮✱ ♥♦t❡ t❤❛t v ′ (x) -1 F (v(x)) ✐s ❝•❡❛r•② ▲✐♣s❝❤✐t③ ❜❡❝❛✉s❡ F (v(x)) ❝❛♥❝❡•s ❛t t❤❡ ❞✐s❝♦♥✲ t✐♥✉✐t② ♣♦✐♥t ♦❢ v ′ ✱ ✐♠♣•②✐♥❣ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ❛s ✇❡•• ❛s ✐ts ❞✐str✐❜✉t✐♦♥❛• ❞❡r✐✈❛t✐✈❡ ❜❡•♦♥❣s t♦ E ✇✐t❤ v ′ (x) -1 F (v(x)) ′ = f (v(x)) -f + v ′ (x) -1 ′ F (v(x)) ✇❤✐❝❤ ♣r♦✈❡s ✭✼✼✮✳ ❲❡ ♦❜t❛✐♥ ❛•s♦ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n t❤❛t V n f (x) = v ′ n (x) -1 F (v n (x)) ′ ✭✼✽✮ ✶✺ ✇❤❡r❡ v n ✐s t❤❡ n✲t❤ ✐t❡r❛t❡ ♦❢ v✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t v ′ n (x) -1 F (v n (x)) ❜❡✐♥❣ ▲✐♣s❝❤✐t③✱ ✐t ✐s t❤❡ ✐♥t❡❣r❛• ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡ ❛♥❞ ✭✼✽✮ •❡❛❞s t♦ V n+1 f (x) = v ′ (x) -1 v ′ n (.) -1 F (v n (.)) (v(x)) ′ = v ′ n+1 (x) -1 F (v n+1 (x)) ′ . ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ✐♥ ❛♣♣❡♥❞✐① ■ t❤❛t v ′ n (x) ≥ c 1 n 1/γ v n (x) ✭✼✾✮ ✇✐t❤ c 1 = (2 γ -1) 1/γ ✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥♦r♠ f = . 0 f (t)dt ∞ ✱ ✇❡ ❛r❡ •❡❞ t♦ V n f = v ′ n (x) -1 F (v n (x)) ∞ ≤ c -1 1 n -1/γ x -1 F (x) ∞ ≤ c -1 1 n -1/γ sup 0≤x≤1 x -1 x 0 |f (y)|dy ≤ c -1 1 n -1/γ f . ❇❡❝❛✉s❡ B = {f ∈ E : f ≤ 1} ✐s . ✲❝♦♠♣❛❝t ✭F ✐s ✶✲▲✐♣s❝❤✐t③ ✐❢ f ∈ B✮✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛♥❞ ♦❢ ❚❤❡♦r❡♠ ✼ ❛r❡ ❛•• s❛t✐s✜❡❞ ✭❜✉t ❤❡r❡ T n ✐s ♥♦t ❜♦✉♥❞❡❞✮✳ ❚❤❛♥❦s t♦ ❝•❛ss✐❝❛• ❞✐st♦rt✐♦♥ ❛r❣✉♠❡♥ts ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✾( ❚❤❡♦r❡♠ ✶✮✱ ♦♥❡ ❦♥♦✇s t❤❛t T ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✐♥✈❛r✐❛♥t ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐s ❡r❣♦❞✐❝ ❛♥❞ ♠✐①✐♥❣✳ ■♥ ♣❛rt✐❝✉•❛r✱ t❤❡r❡ ✐s ♥♦ ♥♦♥tr✐✈✐❛• ❡✐❣❡♥❢✉♥❝t✐♦♥ ❢♦r ❛♥② ❡✐❣❡♥✈❛•✉❡ ♦❢ ♠♦❞✉•✉s 1 ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ t❤❛t T n f -ν(f ) ≤ Cn 1-1/γ f . ✭✽✵✮ ❆ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ r❡q✉✐r❡s t✇♦ ♣r❡•✐♠✐♥❛r② r❡s✉•ts ✇❤✐❝❤ ❛r❡ t❤❡ s✉❜•❡❝t ♦❢ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s❡❝t✐♦♥✳ ❆✳✶ ❆s②♠♣t♦t✐❝❛••② ❛•♠♦st ♣❡r✐♦❞✐❝ ♣♦✇❡rs ♦❢ ❛♥ ♦♣❡r❛t♦r ❚❤❡♦r❡♠ ✶✵ ❜❡•♦✇ ❣✐✈❡s ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤✱ ✐♥ s♦♠❡ s❡♥s❡✱ t❤❡ ♣♦✇❡rs ♦❢ ❛♥ ♦♣❡r❛t♦r T ❝❛♥ ❜❡ r❡✇r✐tt❡♥ T n = i≥1 λ n i P i + T n P 0 ✇❤❡r❡ ❡❛❝❤ P i ✐s ❛ ♣r♦•❡❝t✐♦♥✱ P i P j = 0✱ i = j✱ ❛♥❞ T n P 0 t❡♥❞s t♦ ③❡r♦ ✐♥ s♦♠❡ s❡♥s❡✳ ❍♦✇❡✈❡r✱ ✐❢ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ s❡r✐❡s ✇✐•• ❜❡ ✇❡•• ❞❡✜♥❡❞ ✭❡✐❣❡♥s♣❛❝❡ ❛♥❞ ❡✐❣❡♥✈❛•✉❡✮✱ t❤❡ s❡r✐❡s ♠❛② ❢❛✐• t♦ ❝♦♥✈❡r❣❡✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛•♠♦st ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡s❀ ❜✉t s✐♥❝❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts x ❢♦r ✇❤✐❝❤ P i x = 0 ❡①❝❡♣t ❢♦r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐❝❡s i ✇✐•• ❛♣♣❡❛r t♦ ❜❡ ❞❡♥s❡✱ t❤❡ s❡r✐❡s i≥1 λ n i P i x ✇✐•• ❝♦♥✈❡r❣❡ ❛t •❡❛st ♦♥ ❛ ❞❡♥s❡ s✉❜s♣❛❝❡ ♦❢ E✳ ▲❡♠♠❛ ✶✶ ✇✐•• ❣✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ t❤❡r❡ ✐s ♦♥•② ❛ ✜♠✐t❡ ♥✉♠❜❡r ♦❢ ♥♦♥ ③❡r♦ λ i ✬s✳ ▲❡t ✉s s❛② ❛ ❢❡✇ ✇♦r❞s ❝♦♥❝❡r♥✐♥❣ ❆ss✉♠♣t✐♦♥s ✭❇✶✮ ❛♥❞ ✭❇✷✮ ❜❡•♦✇✱ s✐♥❝❡ t❤❡② ❛r❡ t❤❡ ❦❡② ❛ss✉♠♣t✐♦♥s ❛♥❞ ♠❛② ❛♣♣❡❛r s♦♠❡❤♦✇ ❝♦♠♣•✐❝❛t❡❞❀ ✐t ✐s ❡❛s✐•② s❤♦✇♥ t❤❛t ✉♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ❢♦r ❛♥② x ∈ E t❤❡ s❡q✉❡♥❝❡ T n x ❤❛s . ✲❝♦♠♣❛❝t ❝•♦s✉r❡✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❡ss❡♥t✐❛••② ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ t♦t❛• ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ (T n ) n>0 ❢♦r ❛ ❝❡rt❛✐♥ ♥♦r♠ ✭❙t❡♣ ✶ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✵✮✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❛t ♦❢ t❤❡ ❉❡ ▲❡❡✉✇✲••✐❝❦s❜❡r❣ t❤❡♦r❡♠ ❬✸(✱ ❜✉t ❤❡r❡ ✇❡ ❝♦♥s✐❞❡r . ✲t♦t❛• ❜♦✉♥❞❡❞♥❡ss r❛t❤❡r t❤❛♥ . ✲✇❡❛❦ t♦t❛• ❜♦✉♥❞❡❞♥❡ss ✭✇❤✐❝❤ ✐s ❛❝t✉❛••② ♥♦t ❛ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥✮✳ ❋♦r t❤❡ st❛t❡♠❡♥t ♦❢ t❤✐s t❤❡♦r❡♠✱ ✇❡ r❡❢❡r t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✶✾✮ t♦ ✭✷✶✮ ❚❤❡♦r❡♠ ✶✵✳ ▲❡t T ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ♦♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ (E, . ) s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✭❆✵✮✱ ✭❆✶✮ ❛♥❞ ✶✻ ✭❇✶✮ ❚❤❡ s❡q✉❡♥❝❡ T n ✐s ✉♥✐❢♦r♠•② . ✲❡q✉✐❝♦♥t✐♥✉♦✉s ♦♥ . ✲❜♦✉♥❞❡❞ s❡ts ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s❡♥s❡✿ lim x∈B, x →0 sup n T n x = 0 ✭✽✶✮ ✭❇✷✮ T n B ✐s ❛s②♠♣t♦t✐❝❛••② . ✲t♦t❛••② ❜♦✉♥❞❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s❡♥s❡✿ ❚❤❡r❡ ❡①✐st ❛ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ s❡ts K n ⊂ E✱ ❛♥❞ ❛ s❡q✉❡♥❝❡ ε n → 0 s✉❝❤ t❤❛t ❢♦r ❛♥② n ≥ 0 T n B ⊂ K n + ε n B 0 . ✭✽✷✮ ❚❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ❢❛❝ts ❤♦•❞ tr✉❡✿ ❚❤❡ s♣❛❝❡ E ✐s t❤❡ ❞✐r❡❝t s✉♠ ♦❢ t✇♦ . ✲❝•♦s❡❞ s♣❛❝❡s E = {x : T n x → 0} ⊕ {x : lim inf n x -T n x = 0} = E 0 ⊕ E c . ✭✽✸✮ ❚❤❡ ♣r♦•❡❝t✐♦♥ P c ♦♥ E c ♣❛r❛••❡• t♦ E 0 s❛t✐s✜❡s P c ≤ C T ✳ ❚❤❡r❡ ❡①✐st ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡ ρ n ❝♦♥✈❡r❣✐♥❣ t♦ 0 s✉❝❤ t❤❛t T n x ≤ ρ n x , x ∈ E 0 , n ≥ 0. ✭✽✹✮ ❚❤❡ s♣❛❝❡ E u ♦❢ t❤❡ ✜♥✐t❡ •✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❡✐❣❡♥✈❡❝t♦rs ✇✐t❤ ❡✐❣❡♥✈❛•✉❡ ♦❢ ♠♦❞✉•✉s ♦♥❡ ✐s . ✲❞❡♥s❡ ✐♥ E c ✳ ❚❤❡ s❡t Λ ♦❢ t❤❡s❡ ❡✐❣❡♥✈❛•✉❡s ✐s ❛t ♠♦st ❝♦✉♥t❛❜•❡✱ ❛♥❞ ❢♦r ❡❛❝❤ λ ∈ Λ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ♣r♦•❡❝t✐♦♥ P λ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥s♣❛❝❡ ♣❛r❛••❡• t♦ t❤❡ ♦t❤❡rs ❛♥❞ t♦ E 0 ✳ ■t s❛t✐s✜❡s P λ ≤ C T ❛♥❞ lim n→∞ P λ x - 1 n n-1 i=0 λ -i T i x = 0, x ∈ E. ✭✽✺✮ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ k i s✉❝❤ t❤❛t t❤❡ ♣r♦•❡❝t✐♦♥ P c ♦♥ E c s❛t✐s✜❡s lim i→∞ sup x∈B P c x -T ki x = 0. ✭✽✻✮ ❚❤❡ ✉♥✐t ❜❛•• ♦❢ E c ✱ B ∩ E c ✱ ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞✳ ■❢ t❤❡ ✐♥t❡❣❡r ♣♦✇❡rs ♦❢ T ❡①t❡♥❞ t♦ ❛ . ✲C 0 ✲s❡♠✐✲❣r♦✉♣ (T t ) t≥0 ✱ ✐✳❡✳ ∀x ∈ E, lim t→0 T t x -x = 0 ✭✽✼✮ t❤❡ s♣❛❝❡ E c ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❡❝t♦rs x s✉❝❤ t❤❛t ❢♦r s♦♠❡ ω x ✱ T t x = e iωxt x ❢♦r ❛♥② t ≥ 0✳ Pr♦♦❢✳ ❙t❡♣ ✶✿ ❚❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♣♦✇❡rs ♦❢ T ❢♦r♠ ❛ t♦t❛••② ❜♦✉♥❞❡❞ s❡t ❢♦r t❤❡ ❞✐st❛♥❝❡ d(f, g) = sup x ≤1 f (x) -g(x) ♦♥ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ♦♥ B✳ ❆♥② •✐♠✐t ♣♦✐♥t ♦❢ ✐ts ❝•♦s✉r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ♦♥ (E, . )✱ ✇✐t❤ ♥♦r♠ ≤ C T ✳ ❲❡ st❛rt ✇✐t❤ ❛ s✐♠♣•❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ K n ✐♥ ♦r❞❡r t♦ ✐♠❜❡❞ ✐t ✐♥ C T B✳ ❋✐① n > 0✱ ❞❡♥♦t❡ ❜② y k , 1 ≤ k ≤ N n t❤❡ ♣♦✐♥ts ♦❢ K n ✱ ❝❤♦♦s❡ ❛r❜✐tr❛r② N n ♣♦✐♥ts x k ∈ T n B s✉❝❤ t❤❛t x k -y k ≤ ε n ❛♥❞ ❞❡✜♥❡ Kn = {x k , 1 ≤ k ≤ N n }✳ ❆ss✉♠♣t✐♦♥ ✭❇✷✮ ✐s st✐•• s❛t✐s✜❡❞ ✇✐t❤ Kn ❜✉t ε n ✐s ♥♦✇ t✇♦ t✐♠❡s •❛r❣❡r❀ ✐♥ ❛❞❞✐t✐♦♥ Kn ⊂ C T B✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐st t✇♦ ❢✉♥❝t✐♦♥s u n ❛♥❞ v n s✉❝❤ t❤❛t ❢♦r x ≤ 1 T n x = u n (x) + v n (x), u n (x) ∈ Kn , ✶✼ ❛♥❞ v n (x) ≤ 2ε n , v n (x) ≤ 2C T . ✭✽✽✮ ❋✐① n •❛r❣❡❀ ❢♦r ❛♥② p✿ T 2n+p x = C T T n (C -1 T T p u n (x)) + T n+p v n (x) = C T u n (C -1 T T p u n (x)) + C T v n (C -1 T T p u n (x)) + T n+p v n (x) = α p (x) + β p (x) + γ p (x). ❚❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s {α p (.), p ≥ 0} ❤❛s ❛t ♠♦st N Nn n ❡•❡♠❡♥ts❀ ❝•❡❛r•② β p (x) ≤ 2C T ε n ❀ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✭❇✶✮ ✇✐t❤ ❊q✉❛t✐♦♥ ✭✽✽✮ ✐♠♣•✐❡s t❤❛t γ p (x) ≤ η n ✱ ❢♦r ❛•• p ≥ 0 ❛♥❞ s♦♠❡ s❡q✉❡♥❝❡ η n → 0✳ ❲❡ ❤❛✈❡ •✉st ♣r♦✈❡❞ t❤❛t t❤❡ s❡t {T k , k ≥ 2n} ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ✇✐t❤ N Nn n d✲❜❛••s ♦❢ r❛❞✐✉s 2C T ε n + η n ❀ ❤❡♥❝❡ {T k , k ≥ 0} ✐s t♦t❛••② ❜♦✉♥❞❡❞ ❢♦r t❤❡ ❞✐st❛♥❝❡ d✳ ❋♦r ❛♥② x ∈ B✱ t❤❡ s❡q✉❡♥❝❡ T n x ❜❡•♦♥❣s t♦ C T B✱ ❤❡♥❝❡ ❛♥② . ✲❝•✉st❡r ♣♦✐♥t ♦❢ t❤✐s s❡q✉❡♥❝❡ ❜❡•♦♥❣s t♦ C T B ✭❜❡❝❛✉s❡ ♦❢ ✭❆✵✮✮✱ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ❢♦••♦✇s✳ ❙t❡♣ ✷✿ ❋♦r ❛♥② •✐♠✐ts d(T u k , U ) → 0 ❛♥❞ d(T v k , V ) → 0✱ ♦♥❡ ❤❛s d(T uj +v k , U V ) → 0 ✐❢ min(j, k) → +∞✳ ■♥ ♣❛rt✐❝✉•❛r U V = V U ❛♥❞ ❢♦r ❛♥② t❤✐r❞ s✐♠✐•❛r •✐♠✐t ♦♣❡r❛t♦r W ✱ d(W U, W V ) ≤ C T d(U, V )✳ ❖♥❡ ❤❛s ✐♥❞❡❡❞✿ d(T uj +v k , U V ) ≤ d(T uj +v k , T uj V ) + d(T uj V, U V ) ≤ sup{ T uj x : x ≤ d(T v k , V ), x ≤ 2C T } + d(T uj , U ) V . ❚❤❡ s❡❝♦♥❞ t❡r♠ ♦❜✈✐♦✉s•② ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ ❛♥❞ t❤❡ ✜rst ♦♥❡ ❛•s♦ ❜❡❝❛✉s❡ ♦❢ ❆ss✉♠♣t✐♦♥ ✭❇✶✮✳ ❋♦r t❤❡ •❛st ❛ss❡rt✐♦♥ d(W U, W V ) = d(U W, V W ) ≤ d(U, V ) W . ❙t❡♣ ✸✿ Pr♦♦❢ ♦❢ ❊q✉❛t✐♦♥s ✭✽✸✮ ❛♥❞ ✭✽✻✮✳ ▲❡t n k ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t T n k d✲❝♦♥✈❡r❣❡s t♦ s♦♠❡ •✐♠✐t S✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t n k -n k-1 → ∞✳ ❋r♦♠ t❤❡ s❡q✉❡♥❝❡ n k -n k-1 ♦♥❡ ❝❛♥ ❡①tr❛❝t ❛ s❡q✉❡♥❝❡ p i = n ki+1 -n ki s✉❝❤ t❤❛t T pi ❛♥❞ T pi-1 d✲❝♦♥✈❡r❣❡ t♦ s♦♠❡ •✐♠✐t P c ❛♥❞ R✳ ❙❡t m i = n ki ✳ S = d✲ lim T mi+pi = SP c .
❙✐♥❝❡ p i → ∞✱ t❤❡r❡ ❡①✐sts q i → ∞ s✉❝❤ t❤❛t P c = d✲ lim T mi+qi ❛♥❞ ✇❡ ❣❡t

P c = d✲ lim T mi T qi = d✲ lim ST qi = d✲ lim P c ST qi = P 2 c . P c ✐s ❛ ♣r♦•❡❝t✐♦♥ ♦♥ P c E ❛♥❞ ❊q✉❛t✐♦♥ ✭✽✻✮ ❤♦•❞s✳ ❲❡ s❤❛•• ♣r♦✈❡ ♥♦✇ t❤❛t P c E ✐s ✐♥❞❡❡❞ E c ❛♥❞ t❤❛t ✭✽✸✮ ❤♦•❞s tr✉❡✳ ❈•❡❛r•② P c E ⊂ E c ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛♥② x ∈ E c t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ r k s✉❝❤ t❤❛t x - T r k x ✳ ❝♦♥✈❡r❣❡s t♦ ✵✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t r k > p k ❛♥❞ t❤❛t d(T r k -p k , U ) → 0 ❢♦r s♦♠❡ U ❀ ✐♥ ♣❛rt✐❝✉•❛r d(T r k , P c U ) → 0✳ ❍❡♥❝❡ x = P c U x ∈ P c E✳ ❋✐♥❛••② P c E = E c ✳ ❚❤❡ ♥✉•• s♣❛❝❡ ♦❢ P c ❝•❡❛r•② ❝♦♥t❛✐♥s E 0 ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r ❛♥② ♣♦✐♥t x / ∈ E 0 ✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ r k s✉❝❤ t❤❛t T r k x ≥ ε ❛♥❞ T r k -p k d✲❝♦♥✈❡r❣❡s t♦ s♦♠❡ •✐♠✐t V ❀ t❤❡ ❜♦✉♥❞ V P c x ≥ ε •❡❛❞s t♦ P c x = 0✳ ❚❤✐s ✐♠♣•✐❡s ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ❛♥② ♣♦✐♥t ♦❢ t❤❡ ♥✉•• s♣❛❝❡ ♦❢ P c ❜❡•♦♥❣s t♦ E 0 ❀ ❤❡♥❝❡ t❤❡ ♥✉•• s♣❛❝❡ ♦❢ P c ✐s E 0 ❛♥❞ E = E 0 ⊕ E c ✳ ❚❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ♥♦r♠ ♦❢ P c ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ •❛st ♣♦✐♥t ♦❢ ❙t❡♣ ✶✳ ❙t❡♣ ✹✿ T ✐s ♦♥❡✲t♦✲♦♥❡ ♦♥ E c ✳ ❚❤❡ ♣♦✇❡rs ♦❢ T ♦♥ E c ❣❡♥❡r❛t❡ ❛ ❝♦♠♣❛❝t G ❣r♦✉♣ ♦❢ ♦♣❡r❛t♦rs ♦♥ E c ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ d c (f, g) = sup x ≤1,x∈Ec f (x) -g(x) .

✶✽ ❙✐♥❝❡

T P c = P c T ❛♥❞ P c = T R = RT ✭R ✐s ❞❡✜♥❡❞ ✐♥ ❙t❡♣ ✸✮✱ E c ✐s T ✲st❛❜•❡ ❛♥❞ R ✐s ✐ts ✐♥✈❡rs❡ ♦♥ E c ✳ ❚❤❡ ♠♦♥♦✐❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣♦✇❡rs ♦❢ T G = {T n , n ≥ 0}. ✐s ❛ ❣r♦✉♣ s✐♥❝❡ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t R ∈ G✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠✉•t✐♣•✐❝❛t✐♦♥ ♦♥ G ❝♦♠❡s ❢r♦♠ ❙t❡♣ ✷✱ ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ❢r♦♠ ❙t❡♣ ✶✳ ❙t❡♣ ✺✿ E u ✐s . ✲❞❡♥s❡ ✐♥ E c ✳ Pr♦♣❡rt✐❡s ♦❢ P λ ✳ ❊❛❝❤ ❝❤❛r❛❝t❡r χ ♦♥ G ✐s ✉♥✐q✉❡•② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛•✉❡ ♦❢ χ(T )✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ❛♥❞ χ(T n ) = χ(T ) n ✳ ❋♦r ❛♥② ❡✐❣❡♥✈❛•✉❡ λ ♦❢ T ✇✐t❤ ♠♦❞✉•✉s ✶✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝❤❛r❛❝t❡r χ s✉❝❤ t❤❛t χ(T ) = λ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ ♣✐❝❦ ❛♥ ❡✐❣❡♥✈❡❝t♦r x✱ ❛ . ✲❝♦♥t✐♥✉♦✉s •✐♥❡❛r ❢♦r♠ u s✉❝❤ t❤❛t u(x) = 1 ❛♥❞ s❡t χ(S) = u(Sx)❀ χ ✐s ✐♥❞❡❡❞ ❛ ❝❤❛r❛❝t❡r s✐♥❝❡ ✐t ✐s d c ✲❝♦♥t✐♥✉♦✉s ✇✐t❤ χ(T n ) = χ(T ) n ❀ ✐♥ ♣❛rt✐❝✉•❛r s✐♥❝❡ t❤❡ s❡t ♦❢ ❝❤❛r❛❝t❡rs ♦❢ ❛ ❝♦♠♣❛❝t ❣r♦✉♣ ✐s ❛t ♠♦st ❝♦✉♥t❛❜•❡✱ t❤❡r❡ ✐s ❛t ♠♦st ❛ ❝♦✉♥t❛❜•❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛•✉❡s ♦❢ ♠♦❞✉•✉s ♦♥❡✳ ■♥ ♦r❞❡r t♦ s❤♦✇ ♥♦✇ t❤❛t ❢♦r ❛♥② ❝❤❛r❛❝t❡r χ✱ χ(T ) ✐s ❛♥ ❡✐❣❡♥✈❛•✉❡ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦••♦✇s✳ ▲❡t µ ❜❡ t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥ G✱ ❝♦♥s✐❞❡r ❛ ❝❤❛r❛❝t❡r χ ♦♥ G ❛♥❞ ❞❡✜♥❡ Q χ = G χ(S) -1 Sµ(dS). ✭✽✾✮ ✭❛s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ G✱ f (S) = S ✐s t❤❡ ✉♥✐❢♦r♠ •✐♠✐t ♦❢ s✐♠♣•❡ ❢✉♥❝t✐♦♥s ✭❜② ❝♦♠♣❛❝t♥❡ss✮ ❛♥❞ t❤✐s ✐♥t❡❣r❛• ✐s ✇❡•• ❞❡✜♥❡❞ ✇✐t❤ t❤❡ ✉s✉❛• ♣r♦♣❡rt✐❡s✱ ❝❢ ❬✺( ■■■✳✷✮✳ ■❢ x ✐s ❛ χ(T )✲❡✐❣❡♥✈❡❝t♦r t❤❡♥ t❤❡ r❡•❛t✐♦♥ T n x = χ(T n )x ❡①t❡♥❞s t♦ G ❛s Sx = χ(S)x✱ ❛♥❞ ❝•❡❛r•② Q χ x = x✳ ❚❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ µ ✐♠♣•✐❡s t❤❛t ❢♦r U ∈ G✿ Q χ = G χ(SU ) -1 SU µ(dS) = χ(U ) -1 U Q χ . ✭✾✵✮ ■♥ ♣❛rt✐❝✉•❛r✱ t❛❦✐♥❣ U = T ✱ ❢♦r ❛♥② x ∈ E✱ Q χ x ✐s 0 ♦r ❛♥ ❡✐❣❡♥✈❡❝t♦r ✇✐t❤ ❡✐❣❡♥✈❛•✉❡ χ(T )✳ ■♥ ❛❞❞✐t✐♦♥ ✐♥t❡❣r❛t✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✇✳r✳t✳ µ(dU ) ✇❡ ❣❡t t❤❛t Q χ ✐s ❛ ♣r♦•❡❝t♦r✳ ■❢ Q χ ✐s ♥♦♥✲③❡r♦✱ Q χ ✐s t❤✉s ❛ ♣r♦•❡❝t♦r ♦♥ t❤❡ χ(T )✲❡✐❣❡♥s♣❛❝❡✳ ■❢ Q χ = 0✱ ❢♦r ❛♥② . ✲❝♦♥t✐♥✉♦✉s •✐♥❡❛r ❢♦r♠ u ♦♥ E ❛♥❞ y ∈ E✱ ♦♥❡ ❤❛s G χ(S) -1 u(Sy)µ(dS) = 0. ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ S → u(Sy) ❜❡✐♥❣ ✵✱ t❤✐s d c ✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐s ✐ts❡•❢ ✵✳ ❍❡♥❝❡ u(Sy) = 0 ❢♦r ❛♥② s✉❝❤ u ❛♥❞ y ❛♥❞ ❛♥② S ∈ G✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜•❡✳ ❍❡♥❝❡ Q χ ✐s ♥♦♥✲③❡r♦✱ χ(T ) ✐s ❛♥ ❡✐❣❡♥✈❛•✉❡✱ ❛♥ Q χ ✐s ❛ ♣r♦•❡❝t✐♦♥ ✇❤♦s❡ r❛♥❣❡ ✐s t❤❡ χ(T )✲❡✐❣❡♥s♣❛❝❡✳ ■♥ s✉♠♠❛r②✱ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❝❤❛r❛❝t❡rs ❛♥❞ ❡✐❣❡♥✈❛•✉❡s ✇✐t❤ ♠♦❞✉•✉s ♦♥❡✱ ❞❡✜♥❡❞ ❜② λ = χ(T )✱ ❛♥❞ Q χ ✐s ❛ ♣r♦•❡❝t♦r ✇❤♦s❡ r❛♥❣❡ ✐s ❡①❛❝t•② t❤❡ ❡✐❣❡♥s♣❛❝❡✳ ❙✐♥❝❡ S ≤ C T ✇❡ ❤❛✈❡ Q χ ≤ C T ✱ ❛♥❞ s✐♥❝❡ ❜② ✭✽✾✮ t❤❡② ❝♦♠♠✉t❡✱ Q χ ✐s ❛ ♣r♦•❡❝t♦r ♣❛r❛••❡• t♦ t❤❡ ♦t❤❡r ❡✐❣❡♥s♣❛❝❡s✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t E u ✐s . ✲❞❡♥s❡ ✐♥ E c ✱ ❝♦♥s✐❞❡r ❛ . ✲❝♦♥t✐♥✉♦✉s •✐♥❡❛r ❢♦r♠ u s✉❝❤ t❤❛t u(x) = 0 ❢♦r ❛♥② ❡✐❣❡♥✈❡❝t♦r x✱ t❤❡♥ ❢♦r ❛♥② y ∈ E c ✱ S → u(Sy) ✐s d c ✲❝♦♥t✐♥✉♦✉s ❛♥❞ ❢♦r ❛♥② ❝❤❛r❛❝t❡r χ ♦♥❡ ❤❛s G χ(S) -1 u(Sy)µ(dS) = u(Q χ (y)) = 0. ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ S → u(Sy) ❜❡✐♥❣ ✵✱ t❤✐s ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐s ✐ts❡•❢ ✵✳ ❍❡♥❝❡ u(y) = 0✳ E u ✐s . ✲❞❡♥s❡ ✐♥ E c ✳ ❚❤❡ ♣r♦•❡❝t✐♦♥ P λ ✐s ✜♥❛••② ✇❡•• ❞❡✜♥❡❞ ♦♥ E ❜② s❡tt✐♥❣ P λ x = Q χ(T ) x ✐❢ x ∈ E c ❛♥❞ P λ x = 0 ✐❢ x ∈ E 0 ✳ ✶✾ ❲❡ ♥♦✇ ♣r♦✈❡ ✭✽✺✮✳ ❚❤✐s ❡q✉❛t✐♦♥ ❤♦•❞s ♦♥ E 0 ❛♥❞ E u ✳ ❙❡t P λ,n = 1 n n-1 i=0 λ -i T i . ❋♦r ❛♥② x ∈ E c ✇❡ ❝❛♥ ♣✐❝❦ ♦✉t y ∈ E u s✉❝❤ t❤❛t x -y ≤ ε ❛♥❞ ❣❡t P λ,q
x -P λ,n x ≤ P λ,q (xy) + P λ,n (xy) + P λ,q y -P λ,n y

≤ 2 sup k T k (x -y) + P λ,q y -P λ,n y . ❙✐♥❝❡ t❤✐s q✉❛♥t✐t② ❝❛♥ ❜❡ ♠❛❞❡ s♠❛••❡r t❤❛♥ 3ε ❜② t❛❦✐♥❣ n ❛♥❞ q •❛r❣❡✱ t❤✐s ♣r♦✈❡s t❤❛t P λ,q x ✐s ❛ . ✲❈❛✉❝❤② s❡q✉❡♥❝❡✱ ❛♥❞ ✐ts •✐♠✐t P λ x s❛t✐s✜❡s ✭✽✺✮✳ ❙✐♥❝❡ ❢♦r ❛•• x ∈ E✱ P λ,n x ≤ C T x ❛♥❞ P λ,n x -P λ x → 0✱ ❆ss✉♠♣t✐♦♥ ✭❆✵✮ ✐♠♣•✐❡s t❤❛t P λ x ≤ C T x ✳ ❙t❡♣ ✻✿ ❊q✉❛t✐♦♥ ✭✽✹✮✳ ❯s✐♥❣ ❛ s❡q✉❡♥❝❡ p k s✉❝❤ t❤❛t d(T p k , P c ) = α k → 0✱ ✇❡ ♦❜t❛✐♥ T p k x ≤ α k ❢♦r x ∈ B ∩ E 0 ✳ ❋♦r n ≥ p k •❛r❣❡✱ ♦♥❡ ❝❛♥ ✇r✐t❡ T n x ≤ T p k (T n-p k x) ≤ C T α k ✳ ❚❤✐s ✐♠♣•✐❡s ✭✽✹✮✳ ❙t❡♣ ✼✿ B c = E c ∩ B ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞✳ ❯s✐♥❣ t❤❡ s❛♠❡ s❡q✉❡♥❝❡ p k ✇❡ ❣❡t ✇✐t❤ ✭✽✷✮ B c ⊂ (P c -T p k )B c + T p k B c ⊂ α k B 0 + K p k + ε p k B 0 . ❚❤✐s ♠❡❛♥s t❤❛t B c ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞✳ ❙t❡♣ ✽✿ ❈❛s❡ ♦❢ s❡♠✐✲❣r♦✉♣ T t ✳ ❲❡ ❝❛♥ ❝❛rr② ♦♥ ❙t❡♣s ✶ t♦ ✹ ✇✐t❤ t ∈ R + ✐♥st❡❛❞ ♦❢ n ∈ N✳ ❚❤❡ ❣r♦✉♣ G ✐s ♥♦✇ G = {T s , s ≥ 0}✳ ■♥ ❡q✉❛t✐♦♥ (90) ✇❡ t❛❦❡ U = T t ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t y = P χ x ✐s ❛ ✈❡❝t♦r s✉❝❤ t❤❛t T t y = χ(T t )y. ■♥ ♣❛rt✐❝✉•❛r ✐❢ y = 0 ✇❡ ❤❛✈❡ χ(T s+t ) = χ(T s )χ(T t )✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ss✉♠♣t✐♦♥ ✭✽✼✮ ✐♠♣•✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ t → T t y ✐s ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ s♦ ✐s t → χ(T t )❀ ❤❡♥❝❡ χ(T t ) = e iωt ❢♦r s♦♠❡ ω ∈ R✳ ❚❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ❣✐✈❡s ❛ ❝♦♥❞✐t✐♦♥ ❢♦r ❝❤❡❝❦✐♥❣ t❤❛t E c ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛•✳ ❚❤✐s ❝♦✉•❞ ❜❡ ❝❤❡❝❦❡❞ s♣❡❝✐✜❝❛••② ♦♥ ❡①❛♠♣•❡s ❜✉t ✇❡ s❤❛•• s❡❡ ✐♥ ❚❤❡♦r❡♠ ✶ t❤❛t t❤✐s ❤♦•❞s ♥❛t✉r❛••② ✐♥ ❣❡♥❡r❛• s✐t✉❛t✐♦♥s❀ ✐♥ ❛❞❞✐t✐♦♥✱ t❤✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛•✐t② ❛ss✉♠♣t✐♦♥ ✐s ✈❡r② ✐♠♣♦rt❛♥t ✐♥ ❚❤❡♦r❡♠ ✼✳ ▲❡♠♠❛ ✶✶✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭❆✵✮ ❛♥❞ ✭❆✶✮✱ T ✐s . ✲❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ✭❇✶✬✮ ❚❤❡r❡ ❡①✐sts t✇♦ s❡q✉❡♥❝❡s η n → 0 ❛♥❞ η ′ n,p → 0 ✭❛s min(n, p) → ∞✮✱ s✉❝❤ t❤❛t ❢♦r ❛♥② n, p > 0 T n (B ∩ p -1 B 0 ) ⊂ η n B 0 + η ′ n,p B, t❤❡♥ ✭❇✶✮ ✐s ❛•s♦ s❛t✐s✜❡❞✳ ■❢ ✭❇✷✮ ✐s ❛•s♦ s❛t✐s✜❡❞✱ t❤❡♥ ✭✼✮ t♦ ✭✶✶✮ ❤♦•❞ tr✉❡ ❛♥❞ Q n x ≤ ρ n x , ρ n → 0. ✭✾✶✮ Pr♦♦❢✳ ❲❡ st❛rt ✇✐t❤ ✭❇✶✮✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❛♥② s❡q✉❡♥❝❡ x p ♦❢ B s✉❝❤ t❤❛t x p → 0 s❛t✐s✜❡s sup n>0 T n x p → 0✳ ❲✐t❤♦✉t •♦ss ♦❢ ❣❡♥❡r❛•✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t x p ≤ 1/p✳ ❖♥❡ ❤❛s T n x p ≤ η n + η ′ n,p C 0 . ❙✐♥❝❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ T n x p ≤ T n x p ✷✵ ✇❡ ❤❛✈❡ ❢♦r ❛♥② n 0 sup n>0 T n x p ≤ max n≥n0 (η n + η ′ n,p C 0 ) + 1 p max n<n0 T n ✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐•② s♠❛•• ❜② t❛❦✐♥❣ n 0 •❛r❣❡ ✜rst ❛♥❞ t❤❡♥ ❜② ✐♥❝r❡❛s✐♥❣ p✳ ▲❡t ✉s ♣r♦✈❡ ♥♦✇ t❤❛t E c ✐s ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛•✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t B c = E c ∩ B ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞❀ s✐♥❝❡ ✇❡ ❛•r❡❛❞② ❦♥♦✇ t❤❛t E c ∩ B ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t . ❛♥❞ . ✐♥❞✉❝❡ t❤❡ s❛♠❡ t♦♣♦•♦❣② ♦♥ B c ✳ ◆♦t✐❝❡ ✜rst t❤❛t ✐❢ x ∈ E ❛♥❞ x -x n → 0 t❤❡♥ x ≤ lim n x n ❜❡❝❛✉s❡ ♦❢ ✭❆✵✮ ✭t❤❡ ✐♥❡q✉❛•✐t② ✐s ♦❜✈✐♦✉s•② tr✉❡ ✐❢ x n ✐s ♥♦t ❜♦✉♥❞❡❞✮✳ ▲❡t x ∈ B ∩ E c ✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t x ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐•② s♠❛•• ❜② t❛❦✐♥❣ x s♠❛•• ❡♥♦✉❣❤✳ ❈♦♥s✐❞❡r ❛♥ ✐♥t❡❣❡r p s✉❝❤ t❤❛t x ≤ p -1 ✳ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ n k s✉❝❤ t❤❛t x -T n k x t❡♥❞s t♦ ③❡r♦✳ ❚❤❛♥❦s t♦ ✭❇✶✬✮✱ t❤❡r❡ ❡①✐st u k ∈ B 0 ❛♥❞ v k ∈ B s✉❝❤ t❤❛t T n k x = η n k u k + η ′ n k ,p v k . ❙✐♥❝❡ x -T n k x + η n k u k t❡♥❞s t♦ ③❡r♦✱ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✿ x ≤ lim k T n k x -η n k u k = lim k η ′ n k ,p v k ≤ lim k η ′ n k ,p ✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐•② s♠❛•• ❜② t❛❦✐♥❣ p •❛r❣❡✳ ❍❡♥❝❡ . ❛♥❞ . ❛r❡ t♦♣♦•♦❣✐❝❛••② ❡q✉✐✈❛•❡♥t ♦♥ E c ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ❤♦•❞s✳ ◆♦✇ t❤❛t E c ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛•✱ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✾✶✮ ❛r❡ ❛♥ ✐♠♠❡❞✐❛t❡ r❡✇♦r❞✐♥❣ ♦❢ t❤❡ ❝♦♥❝•✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✵ ✭♥♦t✐❝❡ t❤❛t ρ n ❤❛s ❝❤❛♥❣❡❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✽✹✮ ❜② ❛ ❢❛❝t♦r P 0 ✮✳ ❆✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ▲❡t ✉s r❡❝❛•• t❤❡ ✐❞❡♥t✐t② ✭✷✼✮ T n = n i=1 T n-i (T -V )V i-1 + V n = n i=1 T n-i KV i-1 + V n . ■♥ ♣❛rt✐❝✉•❛r✱ ❆ss✉♠♣t✐♦♥ ✭❆✶✮ t♦❣❡t❤❡r ✇✐t❤ ✭✷✺✮ ✐♠♣•✐❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ V n ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t C V ✱ ❛♥❞ KV n KB ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞✳ ❲❡ s❡t α n = KV n ❛♥❞ ᾱk = ∞ i=k α i ✳ ▲❡t x ∈ E✱ ❢♦r ❛♥② 0 ≤ k ≤ n✿ (T n -V n )x ≤ n i=1 T n-i KV i-1 x ≤ C T k i=1 KV i-1 x + C T n i=k+1 KV i-1 x ≤ C T C K k i=1 V i-1 x + C T ᾱk x ≤ c k x + C T ᾱk x . ■♥ ♣❛rt✐❝✉•❛r ✐❢ x ∈ B ∩ p -1 B 0 ♦♥❡ ❤❛s (T n -V n )x ≤ min k≤n c k p + C T ᾱk . ✷✶ ❚❤✐s ✐♠♣•✐❡s ✭❇✶✬✮ ✇❤❡r❡ η ′ n,p ✐s t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ η n = ε ′ n ✳ ❲❡ ♣r♦❝❡❡❞ ♥♦✇ ✇✐t❤ ✭✽✷✮✿ T n = n i=1 T i-1 KV n-i + V n = n i=1 ( i-1 j=1 T j-1 KV i-j-1 + V i-1 )KV n-i + V n = 1≤j<i≤n T j-1 KV i-j-1 KV n-i + n i=1 V i-1 KV n-i + V n = A n + B n + C n . ❚❤❡ s❡t A n B ✐s . ✲t♦t❛••② ❜♦✉♥❞❡❞❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ C n B + B n B ⊂ (ε ′ n + n i=1 α n-i ε ′ i-1 )B 0 . ❚❤❡ s✉♠ t❡♥❞s t♦ ③❡r♦ ❛s n t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ t❤✐s •❡❛❞s ✜♥❛••② t♦ ✭✽✷✮✳ ❲❡ t✉r♥ ♥♦✇ t♦ t❤❡ •❛st ❛ss❡rt✐♦♥✳ ■❢ T k s❛t✐s✜❡s ✭❇✶✮ ❛♥❞ ✭❇✷✮ ❛♥❞ T ✐s . ✲❝♦♥t✐♥✉♦✉s ❛♥❞ . ✲❝♦♥t✐♥✉♦✉s✱ ❝•❡❛r•② T ❛•s♦ s❛t✐s✜❡s ✭❇✶✮ ❛♥❞ ✭❇✷✮✳ ❚❤❡♦r❡♠ ✶✵ ❛♣♣•✐❡s t♦ T ✳ ❙✐♥❝❡ ❛♥② ❡✐❣❡♥✈❡❝t♦r ♦❢ T ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡✐❣❡♥✈❛•✉❡ ♦❢ ♠♦❞✉•✉s ♦♥❡ ✐s ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ T k ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡✐❣❡♥✈❛•✉❡ ♦❢ ♠♦❞✉•✉s ♦♥❡✱ E c ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛•✱ ❛♥❞ ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❤♦•❞✳ ❇ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✭❆✵✮ ✐s ❝•❡❛r•② s❛t✐s✜❡❞✳ ■♥ ❛❞❞✐t✐♦♥ T ✐s ❛ . ✲❝♦♥tr❛❝t✐♦♥✱ ❛♥❞ ✭❆✶✮ ❤♦•❞s tr✉❡✳ ❯♣ t♦ ❛ r❡♣•❛❝❡♠❡♥t ♦❢ v ✇✐t❤ v/c v ✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t c v = 1✳ ❙✐♥❝❡ T 1 = 1✱ ❊q✉❛t✐♦♥s ✭✸✵✮✱ ✭✸✶✮ ❛♥❞ ✭✸✷✮ ✐♠♣•② V v ≤ T v ≤ v -1 + c1 K0 ✭✾✷✮ V 1 ≤ 1 -ε1 K0 ✭✾✸✮ ❢♦r s♦♠❡ c > 0✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ v = v + c/ε s❛t✐s✜❡s V v ≤ v -1. ✭✾✹✮ ▼✉•t✐♣•②✐♥❣ ✭✾✹✮ ❜② V k ❛♥❞ s✉♠♠✐♥❣✱ ✉♣ ✇❡ ♦❜t❛✐♥ V n v + n-1 k=0 V k 1 ≤ v. ✭✾✺✮ ❊q✉❛t✐♦♥ ✭✷✻✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ ✭✸✹✮ ❛♥❞ ✭✸✺✮ ❛♥❞ ❊q✉❛t✐♦♥ ✭✷✺✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✾✺✮ ❛♥❞ ✭✸✺✮ s✐♥❝❡ KV n = KV n 1 ∞ ≤ ν(V n 1)✳ ❋♦r ✭✷✹✮ ♥♦t✐❝❡ t❤❛t V n 1 ✐s ❛ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s✱ ❜❡❝❛✉s❡ V 1 ≤ 1✱ ❤❡♥❝❡✿ V n 1 ≤ 1 n n-1 k=0 V k 1 ≤ v n . ❛♥❞ ✭✷✹✮ ❤♦•❞s✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ KT p K✳ ◆♦t✐❝❡ ✜rst t❤❛t ✐♥ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❡ ❝❛♥ r❡♣•❛❝❡ ν ✇✐t❤ ν ❞❡✜♥❡❞ ❛s ν(f ) = i≥0 2 -i ν(T i f ), ✷✷ ✇❤✐❝❤ ♠❛❦❡s T ❝♦♥t✐♥✉♦✉s ♦♥ L 1 (ν) ✇✐t❤ ♥♦r♠ ≤ 2✳ ❙❡❝♦♥❞✱ ♥♦t✐❝❡ t❤❛t ν(v) < ∞✱ t❤❛t ✐s ✭✸✺✮ st✐•• ❤♦•❞s✳ ❊q✉❛t✐♦♥ ✭✸✹✮ ✐♠♣•✐❡s t❤❛t t❤❡ ♠❡❛s✉r❡ µ(g) = g(x, y)K(x, dy)ν(dx) ✐s ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s ✇✳r✳t✳ ν(dx) ⊗ ν(dy)✱ ❛♥❞ •❡t p(x, y) ❜❡ ✐ts ❞❡♥s✐t②❀ ✐❢ g ❤❛s t❤❡ ❢♦r♠ g(x, y) = h(x)f (y)✱ ♦♥❡ ❤❛s h(x)f (y)p(x, y)ν(dx)ν(dy) = h(x)(Kf )(x)ν(dx) ❤❡♥❝❡ ♦♥❡ ❤❛s ❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ f ❛♥❞ ❢♦r ν✲❛✳❡✳ x✱ Kf (x) = f (y)p(x, y)ν(dy). ❚❤❡ ❢✉♥❝t✐♦♥ p ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✐♥ L 1 (ν ⊗ ν) ❛s p(x, y) = n i=1 q i (x)r i (y) + ρ(x, y), |ρ(x, y)|ν(dx)ν(dy) < ε. ❚❤✐s ✜♥✐t❡ r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♠♣•✐❡s t❤❛t KB ✐s t♦t❛••② ❜♦✉♥❞❡❞ ✐♥ L 1 (ν)✳ ❇② ❝♦♥t✐♥✉✐t②✱ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❤♦•❞s ❢♦r T p KB✳ ◆❡①t✱ ❊q✉❛t✐♦♥ ✭✸✹✮ ✐♠♣•✐❡s t❤❛t KT p KB ✐s t♦t❛••② ❜♦✉♥❞❡❞ ✐♥ (E, . )✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❛r❡ t❤✉s s❛t✐s✜❡❞✳ ❚♦ ♦❜t❛✐♥ ✭✸✽✮✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤❡ s♣❛❝❡ E c ✐s ♦♥❡ ❞✐♠❡♥s✐♦♥❛•✳ ❋♦r t❤✐s✱ •❡t n k ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t λ n k i → λ i ❢♦r ❡❛❝❤ ❡✐❣❡♥✈❛•✉❡ λ i ✇✐t❤ ♠♦❞✉•✉s ✶✱ ❛♥❞ ❞❡♥♦t❡ ❜② P c t❤❡ ♣r♦•❡❝t♦r ♦♥ E c ♣❛r❛••❡• t♦ E 0 ✳ ❚❤❡♥ T n k f -T P c f ❝♦♥✈❡r❣❡s t♦ ✵ ❢♦r ❛♥② f ∈ E✳ ❍❡♥❝❡ T P c ✐s ❛ ▼❛r❦♦✈ tr❛♥s✐t✐♦♥ ♦♣❡r❛t♦r ✇✐t❤ t❤❡ s❛♠❡ ♦♥❡✲♠♦❞✉•✉s ❡✐❣❡♥✈❡❝t♦rs ❛s T ✳ ■t ✐s ❝♦♠♣❛❝t ♦♥ E ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts ♠♦r❡ t❤❛♥ ♦♥❡ ❡✐❣❡♥✈❡❝t♦r✱ ♦♥❡ ❝❛♥ ✜♥❞ t✇♦ ♥♦♥ tr✐✈✐❛• ♠❡❛s✉r❛❜•❡ s❡ts A ❛♥❞ B s✉❝❤ t❤❛t T P c 1 A = 1 B ✭❬✶✺( ❈❤✳✻ ➓ ✸✱ ❚❤✳✸✳✼✮✳ ◆♦t✐❝❡ ♥♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f = P c 1 A s❛t✐s✜❡s 0 ≤ f ≤ 1 ❛♥❞ ❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛•✐t② T (f n ) ≥ (T f ) n = 1 B . ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ f n ≤ f ✱ ✇❡ ❤❛✈❡ T (f n ) ≤ T f = 1 B ✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t T (f n ) = 1 B ❢♦r ❛•• n > 0❀ •❡tt✐♥❣ n t❡♥❞ t♦ ✐♥✜♥✐t②✱ ✇❡ ❣❡t T (1 f =1 ) = 1 B . ❈ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❝❛s❡ q = 1✳ ❊•❡♠❡♥t❛r② ✐♥❞✉❝t✐♦♥s •❡❛❞ t♦ T n x ≤ γ n x + c T n-1 x + γc T n-2 x + ... + γ n-1 c x ≤ γ n x + c n x . ✭✾✻✮ ❚❤✐s ♠❛② ❜❡ ✐♠♣r♦✈❡❞ ❛s T n x ≤ C T min k≤n T k x ≤ C T min k≤n γ k x + c k x . ❚❤✐s ✐♠♣•✐❡s ✭❇✶✬✮ ♦❢ ▲❡♠♠❛ ✶✶ ✇✐t❤ η n = 0 ❛♥❞ η ′ n,p = C T min k≤n γ k + c k p . ✭✾✼✮ ❲❡ ❤❛✈❡ s✐♠✐•❛r•② T n B ⊂ γ n B + γ n-1 K B + γ n-2 T K B + • • • + T n-1 K B ✷✸ ❛♥❞ t❤✐s ✐♠♣•✐❡s ♥♦✇ ✭❇✷✮ ✐♥ ❚❤❡♦r❡♠ ✶✵✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t Q ✭❢r♦♠ ❊q✳✭✼✮✮ ❤❛s ❛ s♣❡❝tr❛• r❛❞✐✉s < 1✳ ◆♦t✐❝❡ t❤❛t ❢♦r ❛♥② n > 0✱ Q n = T n-1 Q✱ t❤✐s ♣r♦✈❡s t❤❛t C Q = sup n Q n ✐s ✜♥✐t❡✳ ❋♦r ❛♥② x ∈ B ✇❡ ❤❛✈❡ ❢r♦♠ ✭✼✮✱ ✭✾✻✮ ❛♥❞ ✭✶✽✮ Q n+k x = T n Q k x ≤ (C Q + 1) T n Q k x Q k x + 1 ≤ (C Q + 1)η ′ n,p ✇✐t❤ p -1 = Q k x Q k x + 1 ≤ ρ k . ❇② ❝❤♦♦s✐♥❣ n ❛♥❞ k •❛r❣❡ ❡♥♦✉❣❤✱ t❤✐s ❡♥s✉r❡s t❤❛t s♦♠❡ ♣♦✇❡r ♦❢ Q ✐s ❛ . ✲❝♦♥tr❛❝t✐♦♥✳ ■❢ ♥♦✇ q > 1✱ t❤❡ ♦♣❡r❛t♦r T q s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡ ❝❛s❡ q = 1✱ t❤✉s T q s❛t✐s✜❡s ✭❆✶✮✱ ✭❇✶✬✮ ❛♥❞ ✭❇✷✮✳ ❙✐♥❝❡ T ✐s . ❛♥❞ . ✲❝♦♥t✐♥✉♦✉s✱ t❤✐s ❝•❡❛r•② ✐♠♣•✐❡s t❤❛t T ❛•s♦ s❛t✐s✜❡s t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ❜② ✇r✐t✐♥❣ T n = T r+kq ✇✐t❤ 0 ≤ r < q✳ ❉ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹ ❋♦r t❤❡ ♣r♦♦❢✱ ✇❡ s❤❛•• ❝❤❛♥❣❡ . ✐♥t♦ f ′ = sup x |f (x)| v ′ (x) , v ′ (x) = v(x) + A 1 + A ❢♦r s♦♠❡ ❝♦♥st❛♥t A ≥ 1 ✇❤✐❝❤ ✇✐•• ❜❡ ❝❤♦s❡♥ •❛t❡r✱ ❛♥❞ f ❛s f ′ = f ′ + q[f ] ❢♦r ❛ s♠❛•• ❝♦♥st❛♥t q✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸ ❛r❡ ❢✉•✜••❡❞✳ ◆♦t✐❝❡ t❤❛t f ≤ f ′ ✳ ❋♦r ❛♥② f ∈ E✱ ❜② t❤❡ ♣♦s✐t✐✈✐t② ♦❢ T ❛♥❞ ❊q✉❛t✐♦♥ ✭✹✹✮✱ |T f (x)| ≤ f ′ T v ′ (x) ≤ f ′ γ v v(x) + A + c v 1 + A ≤ f ′ v ′ (x) + c v 1 + A ✭✾✽✮ ❤❡♥❝❡ T f ′ ≤ 1 + c v A f ′ . ✭✾✾✮ T ✐s . ′ ✲❝♦♥t✐♥✉♦✉s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❊q✉❛t✐♦♥ ✭✹✹✮ ✐♠♣•✐❡s t❤❛t ❢♦r ❛♥② n > 0 T n v(x) ≤ γ n v v(x) + c v 1 -γ v ✭✶✵✵✮ ❤❡♥❝❡ T n ′ ✐s ❜♦✉♥❞❡❞✳ ❊q✉❛t✐♦♥ ✭✹✸✮ ✇✐t❤ ✭✾✾✮ ✐♠♣•✐❡s ✭✹✵✮ ✇✐t❤ γ = γ b ✱ ❛♥❞ c = 1 + c d /A✳ ❲✐t❤ ✭✶✵✵✮✱ ✐t ✐♠♣•✐❡s ❛•s♦ t❤❛t T n ′ ✐s ❜♦✉♥❞❡❞✳ ❚❤✉s ✭❆✵✮✱ ✭❆✶✮ ❛♥❞ ✭✹✵✮ ❛r❡ s❛t✐s✜❡❞✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t ❚❤❡♦r❡♠ ✸ ❛♣♣•✐❡s✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ✭✸✾✮ ❤♦•❞s tr✉❡✳ ❊❛❝❤ S x ❝♦♥t❛✐♥s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ O x ♦❢ x✳ ❈♦♥s✐❞❡r A 0 > 0 ✇❤✐❝❤ ✇✐•• ❜❡ ❝❤♦s❡♥ •❛r❣❡ ❡♥♦✉❣❤ •❛t❡r❀ ✐❢ v(x) ≤ A 0 t❤❡ s❡t O ′ x = O x ∩ {v < 2A 0 } ✐s st✐•• ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x ❜❡❝❛✉s❡ v ✐s ❝♦♥t✐♥✉♦✉s✳ ❈♦♥s✐❞❡r ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ (x i ) 1≤i≤I s✉❝❤ t❤❛t v(x i ) ≤ A 0 ❛♥❞ {v ≤ A 0 } ⊂ ∪ I i=1 O ′ xi ✳ ❚❤✐s ✐s ♣♦ss✐❜•❡ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ {v ≤ A 0 }✳ ❚❤❡r❡ ❡①✐st θ 1 (x), θ 2 (x), . . . , θ I+1 (x) ❛ •♦❝❛••② ▲✐♣s❝❤✐t③ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✉♥✐t② ♦❢ S s✉❝❤ t❤❛t t❤❡ s✉♣♣♦rt ♦❢ ❡❛❝❤ θ i ✱ i ≤ I✱ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ O ′ xi ✱ ❛♥❞ t❤❡ s✉♣♣♦rt ♦❢ θ I+1 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ {x : v(x) > A 0 } ✭s❡❡ ❬✶( ❚❤✳✷ ♣✳✶✵✮✳ ❲❡ ❞❡✜♥❡ ϕ = 1 -θ I+1 ✇❤✐❝❤ ✐s 0 ♦♥ {v ≥ 2A 0 } ❛♥❞ 1 ♦♥ {v ≤ A 0 }✳ ❲❡ s♣•✐t T f ❛s T f (x) = I i=1 {T f (x) -εϕ(x)K xi f (x i )} θ i (x) + T f (x)θ I+1 (x) + εϕ(x) I i=1 K xi f (x i )θ i (x) = V f (x) + Sf (x) ✷✹ ❈•❡❛r•②✱ ❢♦r f ≤ 1✱ Sf ❜❡•♦♥❣s t♦ ❛ ✜①❡❞ . ✲❝♦♠♣❛❝t s❡t ❜❡❝❛✉s❡ t❤❡ s✉♠ ✐s ✜♥✐t❡✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t V f ≤ γ 2 f ✭✶✵✶✮ ❢♦r s♦♠❡ γ 2 < 1❀ t❤✐s ✇✐•• ✐♠♣•② ✭✸✾✮✳ ◆♦t✐❝❡ t❤❛t f → V f ✐s ♥♦t •✐♥❡❛r✱ ❜✉t t❤✐s ❞♦❡s ♥♦t ♠❛tt❡r✳ ❖♥❡ ❤❛s [V f ] ≤ [T f ] + ε i |K xi f (x i )| [ϕθ i ] ≤ γ b [f ] + ε f i (γ v v(x i ) + c v ) [ϕθ i ] ≤ γ b [f ] + εc 0 f ′ , c 0 = (A 0 + c v ) i [ϕθ i ]. ✭✶✵✷✮ ■t ✐s ♠♦r❡ ❝♦♠♣•✐❝❛t❡❞ t♦ ❜♦✉♥❞ V f ′ ✳ ❋♦r i ≤ I ❛♥❞ θ i (x) > 0 t❤❡♥ x ∈ S xi ❛♥❞ ❊q✉❛t✐♦♥ ✭✾✽✮ ❛♥❞ ✭✹✼✮ ✐♠♣•② t❤❛t T f (x) -εϕ(x)K xi f (x i ) = (1 -εϕ(x))T f (x) + εϕ(x)(T f (x) -K xi f (x)) + εϕ(x)(K xi f (x) -K xi f (x i )) ≤ 1 -εϕ(x) γ v v(x) + c v + A f ′ 1 + A + εϕ(x)(T -K xi )v ′ (x) f ′ + εc 1 [f ] ✇❤❡r❡ c 1 ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ c d ♦♥ {ϕ > 0}✳ ❙✐♥❝❡ ϕ(x) > 0 ✐♠♣•✐❡s v(x) ≤ 2A 0 ✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② γ 0 t❤❡ ♠❛①✐♠✉♠ ♦❢ 1 -ε d ♦♥ {v ≤ 2A 0 } t❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s (T -K xi )v ′ (x) ≤ T v(x) + A -K xi (v + A)(x) 1 + A ≤ γ v v(x) + c v + γ 0 A 1 + A ≤ γ d v ′ (x) ✇✐t❤ γ d = max(γ v , γ 0 + c v /A)✳ ◆♦t✐❝❡ t❤❛t γ d < 1 ❛s s♦♦♥ ❛s A > c v /(1 -γ 0 )✳ ❖✉r ❜♦✉♥❞ ❜❡❝♦♠❡s T f (x) -εϕ(x)K xi f (x i ) ≤ (1 -εϕ(x))(γ v v(x) + c v + A) f ′ 1 + A + εγ d v ′ (x) f ′ + εc 1 [f ] ■❢ ✐♥ t❤✐s ❡①♣r❡ss✐♦♥✱ ϕ(x) < 1✱ t❤❡♥ v(x) ≥ A 0 ❛♥❞ (1 -εϕ(x))(γ v v(x) + c v + A) ≤γ v v(x) + c v + A ≤ sup u≥A0 γ v u + c v + A u + A (v(x) + A) = γ v A 0 + c v + A A 0 + A (v(x) + A) ❛♥❞ ✐❢ ϕ(x) = 1✿ (1 -εϕ(x))(γ v v(x) + c v + A) ≤ (1 -ε) sup u≥0 γ v u + c v + A u + A (v(x) + A) = (1 -ε) c v A + 1 (v(x) + A). ■♥ ❛♥② ❝❛s❡✱ ✇❡ ❣❡t |T f (x) -εϕ(x)K xi f (x i )| ≤ γ 1 f ′ v ′ (x) + εγ d f ′ v ′ (x) + εc 1 [f ] ✭✶✵✸✮ ✇✐t❤ γ 1 = max γ v A 0 + c v + A A 0 + A , (1 -ε) 1 + c v A . ✷✺ ■♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ ❢❛❝t♦r ♦❢ θ I+1 ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ V f ✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ θ I+1 (x) > 0✱ ✇❡ ❤❛✈❡ v(x) ≥ A 0 ❛♥❞ |T f (x)| ≤ γ v v(x) + c v + A 1 + A f ′ = γ v v ′ (x) + c v + (1 -γ v )A 1 + A f ′ ≤ γ v + c v + (1 -γ v )A A 0 + A f ′ v ′ (x) ≤ c v + A + γ v A 0 A 0 + A f ′ v ′ (x) ≤ γ 1 f ′ v ′ (x). ✭✶✵✹✮ ❙✐♥❝❡ ✭✶✵✸✮ ✐s tr✉❡ ✐❢ θ i (x) > 0✱ ❛♥❞ ✭✶✵✹✮ ❤♦•❞s ✐❢ θ I+1 (x) > 0✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛•• x |V f (x)| ≤ γ 1 v ′ (x) f ′ + εγ d f ′ v ′ (x) + εc 1 [f ] t❤✉s V f ′ ≤ (γ 1 + εγ d ) f ′ + εc 1 [f ] ✭✶✵✺✮ ❛♥❞ ❝♦♠❜✐♥✐♥❣ ✭✶✵✺✮ ❛♥❞ ✭✶✵✷✮ •❡❛❞s t♦ V f ′ + q[V f ] ≤ γ 1 + εγ d + εqc 0 f ′ + qγ b + εc 1 [f ]. ✭✶✵✻✮ ■♥ ♦r❞❡r t♦ ❣❡t ✭✶✵✶✮ ❢♦r s♦♠❡ γ 2 < 1✱ ✇❡ ♥❡❡❞ s✐♠✉•t❛♥❡♦✉s•②✿ γ v A 0 + c v + A A 0 + A + εγ d + εqc 0 < 1 1 + c v A -ε 1 + c v A -γ d -c 0 q < 1 γ b + ε c 1 q < 1.
■♥ ♦t❤❡r ✇♦r❞s✱ ✐t s✉✣❝❡s t❤❛t

ε γ d + c 0 q < A 0 -γ v A 0 -c v A 0 + A c v < εA 1 -γ d -c 0 q ε c 1 q < 1 -γ b . |❡♠❡♠❜❡r t❤❛t γ d ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ A ❛♥❞ A 0 ✱ ❛❝t✉❛••② 1 -γ d = min 1 -γ v , min v≤2A0 ε d (x) -c v /A . ❋♦r s♦♠❡ •❛r❣❡ ✈❛•✉❡ ♦❢ A 0 ✱ ✇❡ s❡t A = A 2 0 , ε = (1 -γ v )/(2A 0 ), q = (1 -γ d )/2c 0 ✳ ❚❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ❜❡❝♦♠❡ (1 -γ v )(1 + γ d ) 4 < A 0 -γ v A 0 -c v 1 + A 0 c v < 1 4 (1 -γ v )A 0 (1 -γ d ) (1 -γ v )c 1 c 0 A 0 (1 -γ d ) < 1 -γ b . ✷✻ ❙✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ ✭✹✽✮ ❛♥❞ ✭✹✾✮✱ (1 -γ d )A 0 t❡♥❞s t♦ ✐♥✜♥✐t② ✇✐t❤ A 0 t❤❡s❡ ❡q✉❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞ ❢♦r A 0 •❛r❣❡ ❡♥♦✉❣❤✱ ❛s ✇❡•• ❛s t❤❡ ❝♦♥❞✐t✐♦♥ A ≥ c v /(1 -γ 0 ) t❤❛t ❤❛s ❜❡❡♥ r❡q✉✐r❡❞ ❜❡❢♦r❡✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ •❛st ❛ss❡rt✐♦♥✳ ❙✐♥❝❡ ✶ ✐s t❤❡ ♦♥•② ❡✐❣❡♥✈❛•✉❡ ♦❢ ♠♦❞✉•✉s ♦♥❡ ❛♥❞ s✐♥❝❡ ✐ts ♠✉•t✐♣•✐❝✐t② ✐s ♦♥❡✱ t❤❡r❡ ❡①✐sts ❛ •✐♥❡❛r ❢♦r♠ π ♦♥ E s✉❝❤ t❤❛t ✭✺✵✮ ❤♦•❞s✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐♠♣•✐❡s t❤❛t ❢♦r f ∈ E π(f )1 -T n f ≤ Cρ n f ❤❡♥❝❡ |π(f )| 1 ≤ sup k T k f + Cρ n f . ◆♦✇ ✇❡ ❝❛♥ •❡t n t❡♥❞ t♦ ✐♥✜♥✐t② ❛♥❞ ❝♦♥❝•✉❞❡ t❤❛t π ✐s . ✲❝♦♥t✐♥✉♦✉s✳ ❚❤✐s . ✲❝♦♥t✐♥✉♦✉s •✐♥❡❛r ❢✉♥❝t✐♦♥❛• ❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ❡①t❡♥❞s t♦ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥❛• ♦♥ C c (S)✱ t❤❡ s❡t ♦❢ ❛•• ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥s ♦♥ S✳ ❇② t❤❡ |✐❡s③ ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ❇♦r❡• ♠❡❛s✉r❡ µ s✉❝❤ t❤❛t π(f ) = µ(f ) ❢♦r ❛♥② f ∈ C c (S)❀ s✐♥❝❡ v ✐s t❤❡ ✐♥❝r❡❛s✐♥❣ •✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ C c (S)✱ ✇❡ ❤❛✈❡ π(v) = µ(v) < ∞✳ ❆♥② f ✐♥ E ❜❡✐♥❣ t❤❡ . ✲•✐♠✐t ♦❢ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✱ ❜② . ✲❝♦♥t✐♥✉✐t② ♦❢ π ✇❡ ♦❜t❛✐♥ t❤❛t π(f ) = µ(f )✱ f ∈ E✳ ❊ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼ ▼✉•t✐♣•②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ ✭✷✼✮ ❜② P 0 ♦♥ t❤❡ •❡❢t ❛♥❞ ❜② Q q ♦♥ t❤❡ r✐❣❤t ✇❡ ❣❡t Q n+q = n-1 i=1 Q n-i KV i-1 Q q + P 0 KV n-1 Q q + P 0 V n Q q . ✭✶✵✼✮ ❲❡ ❝♦♥s✐❞❡r ✜rst t❤❡ s✐♠♣•❡r ❝❛s❡ ✇❤❡♥ T n ✐s ❜♦✉♥❞❡❞✱ s❛② T n ≤ c✳ ■♥ t❤✐s ❝❛s❡✱ ❝♦♥s✐❞❡r✐♥❣ ❛ s❡q✉❡♥❝❡ n k s✉❝❤ t❤❛t λ n k i ❝♦♥✈❡r❣❡s t♦ ✶✱ ❢♦r i = 1, . . . p ✭t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡ λ m k ♦❢ λ m = (λ m i , . . . λ m p ) ❛♥❞ t❛❦✐♥❣ n k = m 2k -m k ✮ ❊q✉❛t✐♦♥ ✭✶✸✮ ✐♠♣•✐❡s t❤❛t ❢♦r ❛♥② x ∈ E p i=1 λ n k i P i x ≤ T n k x + Q n k x ❛♥❞ •❡tt✐♥❣ k t❡♥❞ t♦ ✐♥✜♥✐t②✱ t❤❛♥❦s t♦ ✭✶✽✮✿ p i=1 P i x ≤ c x . ❍❡♥❝❡ P 0 ≤ 1 + c ✐s ✜♥✐t❡✱ ❛♥❞ ❊q✉❛t✐♦♥ ✭✶✵✼✮ •❡❛❞s ❞✐r❡❝t•② t♦ Q n+q E0 ≤ n-1 i=1 Q n-i E0 KV i-1 Q q + P 0 Q q KV n-1 E0 + P 0 Q q V n E0 ❲❡ ♣•❛♥ t♦ ❛♣♣•② Pr♦♣♦s✐t✐♦♥ ✶✷ ♦❢ t❤❡ ❆♣♣❡♥❞✐① ✇✐t❤ u n = Q n E0 ❛♥❞ β i = KV i-1 Q q ❢♦r s♦♠❡ q •❛r❣❡ ❡♥♦✉❣❤✳ ❲❡ r❡♠❛r❦ t❤❛t ✭✶✶✷✮ ✐s s❛t✐s✜❡❞ s✐♥❝❡ KV i Q q = KV i T q P 0 ≤ α i C 2 C T P 0 ✭✶✵✽✮ ❇❡❝❛✉s❡ ♦❢ t❤❡ s✉♠♠❛❜✐•✐t② ♦❢ α i ✭❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭|✶✮ ❛♥❞ ✭|✸✮✮✱ ❛♥❞ ✇✐t❤ t❤❡ ❤❡•♣ ♦❢ t❤❡ ▲❡❜❡s❣✉❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱ ❊q✉❛t✐♦♥ ✭✶✶✸✮ ✇✐•• ❜❡ s❛t✐s✜❡❞ ❢♦r q •❛r❣❡ ❡♥♦✉❣❤ ✐❢ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② i ≥ 0 lim q KV i Q q = 0. ✭✶✵✾✮ ✷✼ ❇✉t t❤✐s ✐s ❡❛s✐•② ♦❜t❛✐♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ i s✐♥❝❡ ✐t ✐s tr✉❡ ❢♦r i = 0 ❛♥❞ ❢♦r ❛♥② i, q > 0 KV i Q q = KV i-1 (T -K)Q q ≤ KV i-1 Q q+1 + KV i-1 KQ q ≤ KV i-1 Q q+1 + KV i-1 KQ q . ❍❡♥❝❡ Pr♦♣♦s✐t✐♦♥ ✶✷ ❛♣♣•✐❡s ❛♥❞ ✭✻✼✮ ❤♦•❞s✳ ■❢ ♥♦✇ T n ✐s ♥♦t ❜♦✉♥❞❡❞ ✇❡ ❤❛✈❡ t♦ ✇♦r❦ s•✐❣❤t•② ♠♦r❡ ♦♥ ❊q✉❛t✐♦♥ ✭✶✵✼✮✳ ❈♦♥s✐❞❡r f (z) = p i=1 (1 -z λi ). ❙✐♥❝❡ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ✐♠♣•② t❤❛t T n = λ n i P i + P 0 Q n ✱ n ≥ 0 ✭t❤✐s ❞✐✛❡rs ❢r♦♠ ✭✶✸✮ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❛s❡ n = 0✮ ✇❡ ❤❛✈❡ f (T ) = P 0 f (Q)✳ ❍❡♥❝❡ ❛❢t❡r ♠✉•t✐♣•✐❝❛t✐♦♥ ♦♥ t❤❡ •❡❢t ❜② f (Q) ❊q✉❛t✐♦♥ ✭✶✵✼✮ ❜❡❝♦♠❡s f (Q)Q n+q = n-1 i=1 f (Q)Q n-i KV i-1 Q q + f (T )KV n-1 Q q + f (T )V n Q q t❤✉s f (Q)Q n+q E0 ≤ n-1 i=1 f (Q)Q n-i E0 KV i-1 Q q + f (T )KV n-1 Q q E0 + f (T )V n Q q E0 . ✭✶✶✵✮ ❙✐♥❝❡ f (T ) < ∞✱ ✭✶✵✽✮ ✐♠♣•✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t f (T )KV n-1 Q q E0 + f (T )V n Q q E0 ≤ Cα n ❛♥❞ ✇❡ ♦❜t❛✐♥✱ ❛s ❜❡❢♦r❡ ✭❜❡❝❛✉s❡ ✭✶✵✽✮ ❛♥❞ ✭✶✵✾✮ st✐•• ❤♦•❞ tr✉❡✮ t❤❛t f (Q)Q n E0 ≤ C ′ α n . ❙❡t g(z) = 1/f (z) = i≥0 g i z i ✳ ❚❤❡ ♣❛rt✐❛• ❢r❛❝t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ g ✐♠♣•✐❡s t❤❛t sup i |g i | < ∞✳ ❋♦r ❛♥② n ≥ 0 Q n E0 ≤ Q n g(Q)f (Q) E0 ≤ k Q n+k g k f (Q) E0 ≤ sup i |g i | k Q n+k f (Q) E0 ❤❡♥❝❡ Q n E0 ≤ C k≥n α k . ❋ ❈♦♥✈♦•✉t✐♦♥ ♦❢ s❡q✉❡♥❝❡s Pr♦♣♦s✐t✐♦♥ ✶✷✳ ▲❡t (α n ) n≥1 ❜❡ ❛ ♣♦s✐t✐✈❡ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥s ✭|✶✮ t♦ ✭|✸✮ ♦❢ ❚❤❡♦r❡♠ ✼✱ ❛♥❞ (β i ) i≥1 ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡✳ ▲❡t q ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❛♥❞ (u n ) n≥1 ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t u n+q ≤ C 0 α n + n-1 i=1 u n-i β i , n ≥ 1 ✭✶✶✶✮ ✷✽ ❢♦r s♦♠❡ C 0 > 0✳ ■❢ sup k β k α k < ∞, ✭✶✶✷✮ ∞ i=1 β i < 1 ✭✶✶✸✮ t❤❡♥ sup n u n α n < ∞. ✭✶✶✹✮ Pr♦♦❢✳ ❙❡t v n = u n α n v * n = sup k≤n v k θ n = α n α n+q C β = sup k β k α k t❤❡♥✱ ❢♦r ❛♥② i 0 ❛♥❞ n > i 0 v n+q ≤ C 0 θ n + θ n n-1 i=1 v n-i α n-i β i α n ≤ C 0 θ n + θ n v * i0 n-1 i=n-i0 α n-i β i α n + θ n v * n n-i0 i=i0 α n-i β i α n + θ n v * n i0 i=1 α n-i β i α n ≤ C 0 θ n + θ n v * i0 C β n-1 i=n-i0 α n-i α i α n + θ n v * n C β n-i0 i=i0 α n-i α i α n + θ n v * n α n-i0 α n i0 i=1 β i ≤ C 0 θ n + θ n v * i0 C β i 0 α 1 α n-i0 α n + θ ′ n v * n C β n-i0 i=i0 α n-i α i α n + i0 i=1 β i ✇❤❡r❡ θ ′ n t❡♥❞s t♦ ✶ ✭❆ss✉♠♣t✐♦♥ ✭|✷✮✮✳ ❇② ❛ss✉♠♣t✐♦♥ ✭|✷✮✱ ❢♦r ❛♥② i✱ t❤❡ s❡q✉❡♥❝❡ j → α j-i /α j ✱ j ≥ i ✐s ❞❡❝r❡❛s✐♥❣✱ ❤❡♥❝❡ ❢♦r i ≤ n/2 ♦♥❡ ❤❛s α n-i α n ≤ α i α 2i t❤✉s ❢♦r 1 ≤ i 0 < n n-i0 i=i0 α n-i α i α n ≤ 2 [n/2] i=i0 α n-i α i α n ≤ 2 [n/2] i=i0 α 2 i α 2i ≤ 2 ∞ i=i0 α 2 i α 2i ❛♥❞ ✇❡ ❣❡t✱ ❢♦r n > i 0 v n+q ≤ C ′ + θ ′ n ρv * n ρ = 2 ∞ i=i0 α 2 i α 2i sup k β k α k + i0 i=1 β i ✷✾ ✇❤❡r❡ C ′ ❞❡♣❡♥❞s ♦♥ ❡✈❡r②t❤✐♥❣ ❡①❝❡♣t ♦♥ n✳ ❙✐♥❝❡ θ ′ n → 1 ❛♥❞ i 0 ❝❛♥ ❜❡ ❝❤♦s❡♥ •❛r❣❡ ❡♥♦✉❣❤ t♦ ❤❛✈❡ ρ < 1✱ t❤✐s ♣r♦✈❡s t❤❛t ❢♦r s♦♠❡ n 0 > 0 ❛♥❞ 0 < ρ ′ < 1 v n+q ≤ C ′ + ρ ′ v * n , n ≥ n 0 ■♥ ♣❛rt✐❝✉•❛r v n+q ≤ C ′ + ρ ′ v * n+q , n ≥ n 0 .
❇② ✐♥❝r❡❛s✐♥❣ C ′ ✇❡ ❡✈❡♥ ❣❡t 

v n ≤ C ′′ + ρ ′ v * n , n ≥ 1 ❛♥❞ s✐♥❝❡ t❤❡ r✳❤✳s✳ ✐s ❛•s♦ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r v k ✱ k ≤ n ✭❜❡❝❛✉s❡ v * k ≤ v * n ✮✱ ✇❡ ❣❡t v * n ≤ C ′′ + ρ ′ v * n ,
T (ζ k (v)) ≤ ζ k (T v) ≤ ζ k (v -θ(v) + λ -λV 1) ≤ ζ k (v -θ(v)) + λζ ′ k (v -θ(v))(1 -V 1) ≤ ζ k-1 (v) + λζ ′ k (θ 0 )(1 -V 1), θ 0 = inf x≥θ1 x -θ(x) t❤❡ •❛st ✐♥❡q✉❛•✐t② ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ζ ′ k ✐s ❞❡❝r❡❛s✐♥❣✳ ❚❤✉s✱ s✐♥❝❡ v > θ 0 ✱ V ζ k (v) ≤ T ζ k (v) -ζ k (θ 0 )K1 ≤ ζ k-1 (v) -(ζ k (θ 0 ) -λζ ′ k (θ 0 ))(1 -V 1). ✭✶✶✼✮ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✶✶✻✮ ❛♥❞ ✉s✐♥❣ ✭✶✶✺✮✱ ✇❡ ♦❜t❛✐♥ ζ ′ n (x) = ζ ′ (ζ n-1 (x)) ζ ′ n-1 (x) = θ(ζ n (x)) θ(ζ n-1 (x)) ζ ′ n-1 (x)
❤❡♥❝❡ 

  t✐❛• r❛t❡✱ ❜✉t ✐s s•♦✇❡r✳ ❚❤✐s s✐t✉❛t✐♦♥ ❤❛s ❜❡❡♥ tr❡❛t❡❞ q✉✐t❡ s✉❝❝❡ss❢✉••② ✇✐t❤ ❛ ✈❡r② ♣r♦❜❛❜✐•✐st✐❝ ❛♣♣r♦❛❝❤✱ ✇❤❡r❡ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s r❡•❛t❡❞ t♦ t❤❡ ✐♥t❡❣r❛❜✐•✐t② ♦❢ r❡❝✉rr❡♥❝❡ t✐♠❡s✳ ❚❤❡ r❡❢❡r❡♥❝❡ ❬✶✸(✱ ❛♥❞ ♠♦r❡ s♣❡❝✐✜❝❛••② ❬✶✶(✱ ❞❡❛•s ✇✐t❤ t❤❡s❡ s✐t✉❛t✐♦♥s✳ ❚✇♦ ❦❡② ❝♦♥❝❡♣ts ❛r❡ ✉s❡❞✿ t❤❡ ψ✲✐rr❡❞✉❝✐❜✐•✐t②✱

  ✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥② ♠♦r❡ ✇❤❡♥ t❤❡ ♥♦r♠s ❛r❡ ❞✐✛❡r❡♥t✳ ✶✳✸ ❆✐♠ ♦❢ t❤❡ ♣❛♣❡r ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ s❤♦✇ t❤❛t t❤❡s❡ ✐❞❡❛s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ s✉❝❝❡ss❢✉••② ❛♥❞ t❤❛t t❤❡② •❡❛❞ t♦ ❛♥ ♦♣❡r❛t♦r t❤❡♦r❡t✐❝ ❛♣♣r♦❛❝❤ ✇❤❡r❡ ♥♦♥ ❣❡♦♠❡tr✐❝ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ t❤✐s t❤❡♦r② ✐s t♦ ✇♦r❦ s✐♠✉•t❛♥❡♦✉s•② ✇✐t❤ t✇♦ ♥♦r♠s ❛♥❞ t♦ ✉s❡ t❤✐s ❢♦r ♠❡❛s✉r✐♥❣ ♥♦♥ ❣❡♦♠❡tr✐❝ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❖✉r ❛♣♣r♦❛❝❤ ❤❛s ❡ss❡♥t✐❛••② t✇♦ st❡♣s✿ ✇❡ ✜rst ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ✭✼✮ t♦ ✭✶✶✮ ❤♦•❞ ✇✐t❤

ζ❍

  n ≥ 1 ✇❤✐❝❤ ♣r♦✈❡s t❤❛t v n ✐s ❜♦✉♥❞❡❞✳ • Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽ ❚❤❡ ❡q✉❛t✐♦♥ ψ(ζ(x)) = ψ(x) + 1 ✐♠♣•✐❡s t❤❛t ζ(x) > x✳ ❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ❣❡t ′′ (x) = θ ′ (ζ(x))ζ ′ (x)θ(x)θ(ζ(x))θ ′ (x) θ(x) 2 = θ(ζ(x)) θ(x) 2 (θ ′ (ζ(x))θ ′ (x)) ≤ 0. ❲❡ t✉r♥ ♥♦✇ ❊q✉❛t✐♦♥ ✭✼✶✮❀ s✐♥❝❡ ψ ✐s str✐❝t•② ✐♥❝r❡❛s✐♥❣✱ ✭✼✶✮ ✐s ❡q✉✐✈❛•❡♥t t♦ ψ(xθ(x)) + 1 ≤ ψ(x) ❜✉t s✐♥❝❡ θ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ψ(x)ψ(xθ(x)) Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾ ❲❡ ♣•❛♥ t♦ ❛♣♣•② ❚❤❡♦r❡♠ ✼ ✇✐t❤ f = f ∞ f = f v . ❈•❡❛r•②✱ s✐♥❝❡ ❚❤❡♦r❡♠ ✷ ❛♣♣•✐❡s✱ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮ ❛♥❞ ✭✶✽✮ ❛r❡ s❛t✐s✜❡❞✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✇❡ s❡t V = T -K❀ ✇❡ r❡❝❛•• t❤❛t K(x, S) = 0 ✐❢ x / ∈ K 0 ✭❝❢✳ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✮✳ ❲❡ ❤❛✈❡ t♦ ❡st✐♠❛t❡ V n E0 ✳ |❡❝❛•• t❤❛t ✇❡ ❤❛✈❡ T v ≤ vθ(v) + c1 K0 ✸✵ ❢♦r s♦♠❡ c > 0✱ ❛♥❞ ❊q✉❛t✐♦♥ ✭✸✷✮ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t K(x, S) = 0 ❢♦r x / ∈ K 0 ✐♠♣•② t❤❛t V 1 ≤ 1 -ε1 K0 . ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ✇❡ ❣❡t T v ≤ vθ(v) + λ(1 -V 1), λ = c ε . ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s ζ ❛♥❞ ψ ❢r♦♠ θ ❛s ✐♥ ▲❡♠♠❛ ✽ ❛♥❞ ✇❡ s❡t ❢♦r x ≥ 0 ζ n (x) = ψ (-1) (ψ(x) + n) = ζ(ζ n-1 (x)). ✭✶✶✻✮ ❚❤❡ ❢✉♥❝t✐♦♥ ζ n ✐s ❝♦♥❝❛✈❡✱ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐♥❝r❡❛s✐♥❣ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✳ ❯s✐♥❣ t❤❡ ❏❡♥s❡♥ ✐♥❡q✉❛•✐t② ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ ζ k ✇❡ ♦❜t❛✐♥

  ✐♥ ❛❞❞✐t✐♦♥ ζ n (θ 0 ) t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ θ(x)/x t❡♥❞s t♦ ③❡r♦ ✭θ ✐s ❝♦♥❝❛✈❡ ✇✐t❤ ❛ ❞❡r✐✈❛t✐✈❡ ✇❤✐❝❤ t❡♥❞s t♦ ③❡r♦✮✱ t❤❡ s❡q✉❡♥❝❡ ζ ′ n (θ 0 )/ζ n (θ 0 ) t❡♥❞s t♦ 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐st n 0 s✉❝❤ t❤❛t λζ ′k (θ 0 )-ζ k (θ 0 ) ≤ 0 ❢♦r k > n 0 ✱ ❤❡♥❝❡ ♠✉•t✐♣•②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ ✭✶✶✼✮ ❜② V k-1 ❛♥❞ s✉♠♠✐♥❣ ✉♣ ❢r♦♠ ✶ t♦ n > n 0 ✱ ✇❡ ❣❡t V n ζ n (v) ≤ v + c ❢♦r s♦♠❡ ❝♦♥st❛♥t c✳ ❙✐♥❝❡ ζ n (x) ≥ ψ (-1) (n) ✇❡ ❣❡t V n 1 ≤ v + c ψ (-1) (n) . ❚❤❡♦r❡♠ ✼ ❛♣♣•✐❡s ❛♥❞✱ ✐♥ ♣❛rt✐❝✉•❛r✱ ✇❡ ♦❜t❛✐♥ ✭✼✸✮✳ ❋♦r ✭✼✹✮✱ ✇❡ ❝♦♥s✐❞❡r f = π(|f |). ❙✐♥❝❡ . ✐s ✉♥❝❤❛♥❣❡❞✱ ❊q✉❛t✐♦♥s ✭✼✮ t♦ ✭✶✶✮✱ ✭✻✺✮ ❛♥❞ ✭✻✻✮ ❛r❡ st✐•• s❛t✐s✜❡❞✱ ❛s ✇❡•• ❛s ✭✶✽✮ ❜❡❝❛✉s❡ π(|f |) ≤ f v π(v)✳ ■♥ ❛❞❞✐t✐♦♥ T n = 1✱ ❛♥❞ V n E0 = π(V n 1) ≤ c ′ ψ (-1) (n) . ❚❤❡♦r❡♠ ✼ st✐•• ❛♣♣•✐❡s ❛♥❞ ✇❡ ♦❜t❛✐♥ ✭✻✺✮✳ ✸✶ ■ Pr♦♦❢ ♦❢ ❊q✉❛t✐♦♥ ✭✼✾✮ ❲❡ s❤❛•• ♣r♦✈❡ t❤❛t ❢♦r 0 ≤ x < 1 v ′ n (x) γ ≥ 1 + anv n (x) γ , a = 2 γ -1. ✭✶✶✽✮ ❲❡ r❡❝❛•• t❤❛t v(x) = x(1 + 2 γ x γ ) 0 ≤ x < 1/2 2x -1 1/2 ≤ x ≤ 1 ✭✶✶✾✮ ❛♥❞ t❤❛t t❤❡ ♣r✐♠❡ s✐❣♥ st❛♥❞s ❢♦r t❤❡ r✐❣❤t ❞❡r✐✈❛t✐✈❡✳ ■♥ t❤❡ ❝❛s❡ n = 0 t❤❡ ✐♥❡q✉❛•✐t② ✐s ♦❜✈✐♦✉s✳ ■♥ t❤❡ ❝❛s❡ n ≥ 1✱ ✇❡ ❛ss✉♠❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ✭✶✶✽✮ ✐s s❛t✐s✜❡❞ ❛♥❞ s✐♥❝❡ v ′ n+1 (x) = v ′ n (x)v ′ (v n (x))✮✱ ✈❛•✐❞ ❢♦r n ≥ 0✱ ❊q✉❛t✐♦♥ ✭✶✶✽✮ ✇✐t❤ n + 1 ✇✐•• ❜❡ ✐♠♣•✐❡❞ ❜② (1 + anv n (x) γ )v ′ (v n (x)) γ ≥ 1 + a(n + 1)v n+1 (x) γ . ❚❤✐s ❤❛s t♦ ❜❡ ♣r♦✈❡❞ ❢♦r n ≥ 0✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② 0 ≤ y ≤ 1 (1 + any γ )v ′ (y) γ ≥ 1 + a(n + 1)v(y) γ ✭✶✷✵✮ ✭✐✳❡✳ y = v n (x)✮✳ ❇② •✐♥❡❛r✐t② ♦❢ ❜♦t❤ s✐❞❡s ♦❢ ✭✶✷✵✮ ✇✳r✳t✳ n✱ ✇❡ ♦♥•② ❤❛✈❡ t♦ ❝❤❡❝❦ t❤✐s ❢♦r n = 0✱ ❛♥❞ n → ∞✱ t❤❛t ✐s v ′ (y) γ ≥ 1 + av(y) γ yv ′ (y) ≥ v(y) ✭✶✷✶✮ ✭t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s ✭✶✶✽✮ ✇✐t❤ n = 1✮✳ ■♥ t❤❡ ❝❛s❡ y < 1/2 t❤✐s ✐s r❡✇r✐tt❡♥ ❛s (1 + (γ + 1)2 γ y γ ) γ ≥ 1 + ay γ (1 + 2 γ y γ ) γ 1 + (γ + 1)2 γ y γ ≥ 1 + 2 γ y γ . ❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛•✐t② ✐s ♦❜✈✐♦✉s✳ ❋♦r t❤❡ ✜rst ♦♥❡✱ s✐♥❝❡ 2y < 1✱ s❡tt✐♥❣ z = 2 γ y γ ✱ t❤✐s ❤♦•❞s ✐❢ (1 + (γ + 1)z) γ ≥ 1 + az ❢♦r 0 ≤ z ≤ 1✳ ❙✐♥❝❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❜♦t❤ s✐❞❡s ✐s ❛ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ z ✇❤✐❝❤ ✈❛♥✐s❤❡s ❛t z = 0✱ ❛♥❞ ✐s ♥♦♥ ♥❡❣❛t✐✈❡ ❛t z = 1 ✭✇❡ r❡❝❛•• t❤❛t a = 2 γ -1✮✱ t❤❡ ✐♥❡q✉❛•✐t② ✐s s❛t✐s✜❡❞✳ ■♥ t❤❡ ❝❛s❡ y ≥ 1/2✱ ✭✶✷✶✮ ✐s 2 γ ≥ 1 + a(2y -1) γ 2y ≥ 2y -1 ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s•② s❛t✐s✜❡❞✳ |❡❢❡r❡♥❝❡s ❬✶( ❏❡❛♥✲P✐❡rr❡ ❆✉❜✐♥ ❛♥❞ ❆rr✐❣♦ ❈❡••✐♥❛✱ ❉✐✛❡r❡♥t✐❛• ✐♥❝•✉s✐♦♥s✱ •r✉♥❞•❡❤r❡♥ ❞❡r ▼❛t❤❡♠❛t✐s❝❤❡♥ ❲✐s✲ s❡♥s❝❤❛❢t❡♥ ❬❋✉♥❞❛♠❡♥t❛• Pr✐♥❝✐♣•❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛• ❙❝✐❡♥❝❡s(✱ ✈♦•✳ ✷✻✹✱ ❙♣r✐♥❣❡r✲❱❡r•❛❣✱ ❙❡t✲✈❛•✉❡❞ ♠❛♣s ❛♥❞ ✈✐❛❜✐•✐t② t❤❡♦r②✳ ❬✷( ❇✳ ❈•♦❡③ ❛♥❞ ▼✳❍❛✐r❡r✱ ❊①♣♦♥❡♥t✐❛• ❡r❣♦❞✐❝✐t② ❢♦r ♠❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ r❛♥❞♦♠ s✇✐t❝❤✐♥❣✱ ❛r❳✐✈✿✶✸✵✸✳✻✾✾✾✈✶ ✭✷✵✶✸✮✳ ❬✸( ❑✳ ❞❡ ▲❡❡✉✇ ❛♥❞ ■✳ ••✐❝❦s❜❡r❣✱ ❆♣♣•✐❝❛t✐♦♥s ♦❢ ❛•♠♦st ♣❡r✐♦❞✐❝ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s✱ ❆❝t❛ ▼❛t❤✳ ✶✵✺ ✭✶✾✻✶✮✱ ✻✸✕✾✼✳ ✸✷

❚❤❡♥ ♦♥❡ ❝❛♥ ✇r✐t❡ T f (x) = f (y)ν(dy) + f (y)(≤ 1ν(S)