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Abstract

We consider the solution of linear systems of equations Az = b, with A a symmetric
positive-definite matrix in R™*™  through Richardson-type iterations or, equivalently, the
minimization of convex quadratic functions (1/2)(Az,z) — (b, ) with a gradient algorithm.
The use of step-sizes asymptotically distributed with the arcsine distribution on the spectrum
of A then yields an asymptotic rate of convergence after k < n iterations, k — oo, that
coincides with that of the conjugate-gradient algorithm in the worst case. However, the
spectral bounds m and M are generally unknown and thus need to be estimated to allow the
construction of simple and cost-effective gradient algorithms with fast convergence. It is the
purpose of this paper to analyse the properties of estimators of m and M based on moments
of probability measures vy defined on the spectrum of A and generated by the algorithm
on its way towards the optimal solution. A precise analysis of the behavior of the rate of
convergence of the algorithm is also given. Two situations are considered: (i) the sequence of
step-sizes corresponds to i.i.d. random variables, (ii) they are generated through a dynamical
system (fractional parts of the golden ratio) producing a low-discrepancy sequence. In the
first case, properties of random walk can be used to prove the convergence of simple spectral
bound estimators based on the first moment of v;. The second option requires a more careful
choice of spectral bounds estimators but is shown to produce much less fluctuations for the
rate of convergence of the algorithm.
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1 Introduction and motivation

For {1} }72, a sequence of probability measures supported on a real interval [m, M], the sequence

of first moments ugk) = fi/[ t v (dt) gives obvious estimators of m and M through
mE = min ,ugj) and M), = max ,ugj). (1)
§=0,....k §=0,....k

We consider the behavior of estimators (1) and their extensions defined below when v, are prob-
ability measures associated with a gradient algorithm for the minimization of a convex quadratic
function with matrix A € R"*" (symmetric positive-definite) and ,ugk) = (Agk, 91)/ (9K, gk ), with

gk, the gradient at step k, obeying the recurrence equations

Ok+1 = 9k — WwAgr, k=0,1,2... (2)

Here, 74 > 0 is the step-size at iteration k& and is determined by some rule that charac-

terizes the algorithm. For instance, v, = 1/ ugk) for the Steepest Descent (SD) algorithm,
Y = (Agk, gr)/(A%gy, gr) for the method of Minimum Residues (MR), see [8], [18, p. 134],

and v, = 1/ ugk_l) for the method of Barzilai and Borwein [1]. The algorithms considered in
[3, 12, 20] rely on the generation of an infinite sequence of step-sizes ;. (possibly random), such
that O = 1/, € [m, M] for all k, with m and M respectively the minimum and maximum
eigenvalues of A. As shown in [16], when the sequence {f;} is asymptotically distributed with
the arcsine density in [m, M], then the asymptotic rate of convergence is competitive compared
to that of Conjugate Gradients (CG) [7], Conjugate Residuals (CR) [5, p.547], or other methods
based on Krylov spaces, like e.g. MINRES [11] (it coincides with that exhibited by CG and CR
in the worst case, in terms of choice of the starting point and locations of the n — 2 internal
eigenvalues of A in (m, M), when the algorithm is stopped before n iterations). Such algorithms,
with step-sizes generated externally, are simpler than CR and CG and thus of particular interest
in situations where n is so large that the algorithm is stopped well before n iterations (in partic-
ular, it is shown in [22] that for some sequences of step-sizes the number of scalar products to be
computed out of k iterations only grows as O(logk), see also Sect. 3.3 and 5). The generation
of suitable sequences of step-sizes i requires, however, the knowledge of the spectral bounds m
and M. Since they are usually unknown, it is suggested in [22, 16] to estimate them through
the evaluation of moments of probability measures generated by the algorithm itself. It is the
purpose of this paper to analyse the asymptotic properties of the estimators (1) of the leading
eigenvalues of A. In particular, two situations will be considered: (i) the v form a sequence of
i.i.d. random variables, (ii) they are constructed from a low discrepancy sequence. In addition, a
more precise analysis of the behavior of the rate of convergence of the algorithm than in [22, 16]
will be provided (Sect. 4).

2 A sequence of probability measures associated with a gradient
algorithm
Consider a linear system of equations
Az =b, (3)

where x € R™ is an unknown vector, A is a n X n symmetric positive-definite matrix such
that 0 < m = inf(, ;)—1(Az,2) < M = sup(; ,)=1(Az,2) < oo and b is a given vector in R".



Equivalently, one may consider the minimization of the convex quadratic function

f() = Az 2) = (b,2) . @

The gradient gy = Az — b then corresponds to the (minus) residual of the system (3) at x.
Richardson-like methods for solving (3) correspond to gradient algorithms for minimizing (4)
and obey to the following iterations

:ck+1::ck—’ykgk,k:(),l,2..., (5)

where zg € R” is a starting vector and ~; > 0 is the step-size at iteration k. The methods to
be considered are of particular interest in situations where the dimension n can be very large
(it could even be infinite, with A a self-adjoint operator in a Hilbert space, but we shall restrict
the presentation to the finite dimensional situation) and we shall assume that n is much larger
than the number of iterations k, needed to achieve the precision required (formally, k. = o(n)
with k. — oo in asymptotic considerations).

The iterations (5) can be rewritten in terms of gradients g, which gives (2), with go =
Azxg — b € R"™ the initial gradient. We define the rate of convergence of the algorithm (5)
towards the solution at iteration j as

e — (9j+1,9j+1) .
T (95,95)

the rate of convergence after k iterations is then

T (g0,90)

Other convergence rates, which are asymptotically equivalent to r; (see [14, Th. 6]), can also
considered. In particular,

o @) = f@) _ (ANgi01,9541)
T f(zg) - fa) (A~1g;,95)

is often used when minimizing a quadratic function (4), with z* = A~1b its minimizer.

The method of Steepest-Descent (SD) chooses -y, in (5) that minimizes r}, and the method of
Minimum Residues (MR) chooses 7 that minimizes 7, both are myopic and only look one-step
forward. The method of Conjugate Gradients (CG) minimizes

k—1
;o = f(xk:) - f(x*) (A_lgk:>gk)
i = ]H) 7 flzo) — f(z) (A7 go, go)

with respect to the sequence vp,71,...,7k—1 and the method of Conjugate Residuals (CR) does
the same with Ry; we shall denote RkCR = min,, . ~, , Ri. Although CR minimizes Rj, for all
k, for any k < n one may nevertheless have, in the worst case with respect to the starting point
xo and eigenvalues Mg, ..., A\p_1, RkCR = R}, where

k/2 —k/2\ 2

00 00 _ 1
R = Roo” + Roo™” — (02 P+l ’
K 2 E\p—1
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with p = M/m the condition number of A, Ci(-) the k-th Chebyshev polynomial of the first

kind, Cy(t) = cos[k arccos(t)] = (1/2)[(t + V2 — 1)* + (t — V2 — 1)¥], and

N2
Roo = lim (Rp)'/* = <\\/;)+1> : (7)

see [4, 15]. Hence, although one regularly observes values of RkCR that are significantly smaller
than R} for k < n (and although R$T = 0, that is, the solution is found exactly in n iterations
in the exact arithmetic), for any k < n one has max,, 4 R{® = R}, with (R})'/* decreasing
monotonically to R as k — oco. As shown in [16], the same asymptotic rate Ry, can be obtained
when the sequence {fr} = {1/7} is generated externally with some suitable distribution in
[m, M]; see also Sect. 4.

From (2), the gradient g after k iterations can be written as

gr = Pr(A)go, (8)

where Py denotes the polynomial Py(A) = (I — y4—1A4)(I —x—24)...(I —A).

Let m = A\ < ... < A\, = M be the eigenvalues of A and {q1,...,q,} be the set of
corresponding orthonormal eigenvectors (we assume that no information is available about the
eigenvalues \; and eigenvectors ¢;, i = 1,...,n, and that the condition number M/m may be
large). When decomposing the initial vector go in the basis {q1,...,¢.} as go = > ;"1 @igi, (8)
implies

gk = Z%Pk()\i)qz' (9)

for all k > 1. The squared Lo-norm of gy is ||go||*> = (g0, g0) = >, &? and the squared La-norm
of gy is thus ||grl|* = (gk. g9x) = Yy a?PZ();) . The convergence rate (6) after k iterations is
then given by

> a2P2(N)

R ST W Y
Z =1

Wherep —QQ/ZOz >0 and > 1p§0)

Without loss of generahty all o2 can be assumed to be strictly positive. Indeed, if o; = 0 for
some ¢ then the matrix A = Z?Zl )\jqjq;r can be replaced with A = Z#i )\jqjq]—-r; the equality
a; = 0 would mean that (Axg,q) = (b,q) (and therefore (A xy,q) = (b, ;) for all k).

From (9), (g9k, ¢i) = ;i Pr(\i). We define

) _ (ge@)* _  afPR(N)
L (gegr) Y 02PE(N)

(k) ot

and interpret this as a mass at A\;. Then, the measure v}, defined by its masses vy (\;) = p;
A=)\ (i =1,...,n) characterizes the normalized vector gi/||gx| (up to the signs of the (gx, ¢;),
which are irrelevant for analyzing the behavior of the algorithm). For any real «, define u((f) as
the a-th moment of the probability measure vy:

n

A“ )
(k) _ () = A%p (k) (A%gx, g ‘ 10
Moy 12 ( k) ; (gk’gk) ( )



Using the basic iteration (2), we obtain the following updating formula which expresses the
measure Vg1 through the measure vy:

0P2 1 (N)  a2(1—pA)2P2ON) (1 — )Y
p§k+1):Vk+1()\i): i P () :az( TAi)“ P ( ):( VeAi)“P; Li=1,...,n, (11)
(Ik+1, Grt1) (Ik+1, Get1) Tk

where k£ > 0 and

Ik+15 Gk 9k ) — 27k (Agk, g) + V2 (A% gk, gk k k
= (;11 gk;rl) = e | (9 gk; . Jo1- 2yl + 7 (12)

3 Estimation of the leading eigenvalues of A

3.1 Defining the estimators

Take any probability measure v on [m, M] with 0 < m < M < oo and denote by p, its moment
of order a, pio = pia(v) = frﬁ/l t*v(dt) (so that pa(vg) is defined by (10)). The Cauchy-Schwarz
inequality implies jas2/ta > (ftar1)? for any a. Moreover, t(M —t) > 0 for all t € [m, M] so
that fr]:[ (M —t)v(dt) = Mg — pra+1 > 05 that is, pa+1/pe < M. Similarly, m < pay1/fa-
We thus obtain the following chain of inequalities

(k) #gk) Ngk) :uz(lk)
H1 Ho H3

which are valid for all k =0, 1,...; note that ,u(()k) =1 for all &.
In what follows we shall restrict our attention to the estimators of m and M defined by

My = min ,ugj), M\]y) = max ugj)/uz@l, i>1. (14)
j:O7""k ]:0,,]{2

According to (13), the larger i in M, ,il) the more precise the estimation of M, which has a signif-
icant influence on the behavior of the algorithm, see [22]. Calculating high order moments has
some computational cost, however, and a compromise must be made. The algorithm presented
in Sect. 5 uses ¢ = 4.

Let {ay} denote a sequence in [—1, 1] with asymptotic distribution function F,(-) symmetric
with respect to zero (different types of sequences will be considered below). We shall consider
algorithms defined as follows: we initiate (5) by two SD iterations with v = 1/ u(lk), or two MR
iterations with v, = ,u,(lk) / ,u(2k); for each subsequent iteration the inverse step-size G = 1/ is
obtained by rescaling the k-th element oy of the sequence {ay} into [my, J\/Zk], that is,

B = ap(My, — ) /2 + (My + ) /2. (15)

The assumption that the fj are generated by symmetric pairs in [m, M], that is, Baj11 =
M + m — By, is used in [16] to derive the expression for the asymptotic convergence rate R of

the algorithm, R = limg_, R,i/ k; see also Sect. 4. This is why we shall also consider the case
when (15) is replaced by

= %) (16)

Baj = aj(Maj — a;) /2 + (Mo + ig;) /2,
Bojy1 = —oj(Majr1 — Mojy1)/2 + (Majr1 + Mmaojy1)/2.



As shown in [22], using the largest § first in a pair (825, f2;+1) permits to improve the mono-
tonicity of the algorithm (5). We shall thus also consider the case when

(17)

B2j = lag|(Maj — ;) /2 + (Ma; + ma;) /2,
B2j+1 = —|og|(Maji1 — Mmaoji1)/2 + (Majp1 + Mmaj1)/2,

Lemma 1 below shows that (ﬁlk+l\7 1)/2 converges to (m~+M)/2 so that the symmetry condition
with respect to (m + M)/2 will be asymptotically satisfied.

3.2 Consistency of m,; and ]\/Zk

The estimators 7 and ]\/Zk satisfy the following asymptotic symmetry property.

Lemma 1 Assume that in algorithm (5) B = 1/vk is generated according to one of the rules
(15), (16) or (17), with my and M, = ]\/4\,9 given by (14) for all k for some i > 1 and {oy}
having an asymptotic distribution function F,(-) in [—1,1] symmetric with respect to zero. Then
we have

M — My =me —m >0, (18)

where Moo = limy_, o0 My and Mo = limy_, oo Mj,.

The proof, based on establishing a contradiction if we assume that the symmetry condition
(18) is violated, is given in Sect. 6.

To obtain a more precise characterization of the limiting behaviors of m;, and ]\/Zk we shall
make use of the following property, shown in [16].

Theorem 1 Set B, = 1/ (k= 0,1,...) and assume that B, > 0 and By ¢ {m, M} for all k
and that the sequence {B;} has an asymptotic distribution function Fg(-) which is supported on
an interval [m’, M'] with 0 < m’ < M' < oco. Suppose, moreover, that this limiting distribution
satisfies

/log(t — \)?dFp(t) < max {/10g(M — )2 dFp(t), /log(t —m)? ng(t)} , (19)

for all X\ € (m,M). Then the algorithm (5) associated with the sequence {8y} is such that
klim vp(Ni) =0 for alli = 2,...,n — 1. Furthermore, there exist constants C > 0,ky > 0 and
—00

0 <6 <1 such that 3. vp(\) < COF for k> ko.

The main condition in Th. 1 is (19); it implies that the ratio PZ()\)/(PZ(m)+ PZ(M)) tends
to 0 (as k — o0) exponentially fast for any A\ € (m, M). It means that once the attraction of the
sequence {v} to the set of measures supported at m and M is obtained, i.e. vg(m)+vp (M) — 1,
it is roughly enough to consider the behavior obtained for two-point measures.

Remark 1 The attraction of the sequence {vi} to the set of measures supported at m and M
does not imply that my — m and M\k — M. Indeed, consider the case when the sequence of
step-sizes is self-generated by the algorithm itself. For instance, for SD we have B = ugk) for
all k and the limiting measure for {B;} is the two-point measure allocating weights 1/2 at z and
M +m — z for some z € (m, M). The condition (19) is then equivalent to z belonging to the
stability interval defined in [13, 14], see [16], and ms and My satisfy (18) but do not coincide
with m and M.



Remark 2 When the (i are generated by (16) or (17), then, under the conditions of Lemma 1,
they asymptotically satisfy Boj41 = M +m — B25. When vo; is a two-point measure supported
at m and M, we then have voj1o = voj. Additionally to Th. 1, pg%) tends to a constant pso as
Jj — 00, with ps depending on the starting measure vy (i.e., on the starting point xo) and on

the spectrum of A.

We first consider the case when the oy used to generate the step-sizes v, = 1/0; via (15)
are i.i.d. with a suitable distribution.

Theorem 2 Assume that in algorithm (5) Bx = 1/ satisfies (15) with my and M, = ]/\4\]8)
given by (14) for all k for some i > 1 and that the «y are i.i.d. in [—1,1] with a distribution
function Fy(-) symmetric with respect to zero. Assume, moreover, that

/log(t —u)?dF,(t) < /log(l —1)2dF,(t) < oo for allu € (—1,1) (20)

and that Fo(1 —x) < 1 for any x > 0. Then, my, = limg_,oo M = m and My = limg_, o ]/\/[\k =
M almost surely.

The proof is given in Section 6. The idea is roughly as follows. In view of Th. 1, the
asymptotic behavior of the measures vy, is very similar to the behavior of measures 75, which use
the same updating formulas but are supported on the two-point set {m, M }. However, for this
sequence of two-point measures 7y the sequence of random variables log 7 (m) — log(1 — 7 (m))
is a random walk and therefore the values 7x(m) approach 0 and 1 (with any fixed precision)
infinitely often. This implies that the sequence of first moments of 7y gets arbitrarily close to m
and M infinitely often. The same occurs for the original sequence of measures vy, (proving this
requires some technicalities).

As shown in the next theorem, when using ]\/4\k =M ,gi) with ¢ > 2 we do not have to use i.i.d.
aj, to obtain me, = m and My, = M. Moreover, the sequence {j} can be generated by (16) or
(17).

Theorem 3 Assume that in algorithm (5) the B = 1/ are generated according to one of the
rules (15), (16) or (17), with {ax} having an asymptotic distribution function Fu(-) in [—1,1]
symmetric with respect to zero, and that my and ]\/Zk = ]\/Zk(f) are given by (14) for all k for some
i > 2. Assume, moreover, that Fy(-) satisfies (20) and that Fo(1 —x) < 1 for any x > 0. Then,

—

Moo = iMoo My, = m and My, = limy_oo M, = M.

The proof is given in Section 6. The proof of Th. 2 must be modified since, when the «;
are not randomly generated, we cannot be sure to have simultaneously a large value of 8 and

(k)

a small value of p;’, see part (ii) of the proof of Th. 2. As a consequence, ¢ = 1 does not

guarantee the convergence of m; and ]\/Zk =M, ,gi) to respectively m and M and we now have to
use a more precise estimator of M with ¢ > 1.

When the «j are i.i.d., the result of Th. 3 holds almost surely. The theorem also cov-
ers the case where {ay} is a deterministic sequence, for instance generated via a dynami-
cal system, which permits to obtain sequences of rates r; much less erratic than when us-
ing random step-sizes, see Sect. 4. Notice that the proof of Th. 3 does not apply when

M\k = Igl) = max,;—o, ugj ) (although simulations seem to indicate consistency of mj and

M, = M\Igl) when (15) or (16) is used, see [16]).
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3.3 Controlling the number of updates for m; and Mk

The calculations of ,ugk) and ugk) / ugk) require the evaluation of several inner products in R";

therefore, by minimizing the number of iterations where my or ]\/4\k are updated we can reduce
the computational cost of the algorithm. Updates of my and ]\//.Tk in the situation of Th. 2 or
Th. 3 can be stimulated by the convergence of the measure vy to the set of measures supported
at m and M and by the fact that, on the route to this set of two-point measures, v can fluctuate
between measures supported at m (when my + J\Yk > m + M) and measures supported at M
(when my + My, < m+ M). On the other hand, iterations where my (resp. ]\//.Tk) has a good
chance to get significantly updated are those for which the next measure v, will be close to
the delta measure at m (resp. at M). This may happen in particular when [y is the smallest
(resp. largest) among all 3;, j < k. It can be related to record moments for the a; and we
shall thus consider the situation where updates of my or ]\//fk are allowed only at those iterations
where «a; is a new record.

For any sequence {z} = z0, 21, 22 . . . define the two sequences or record moments {L;-ni“} =
{L;mn}[{zk}] and {L;-nax} = {L;nax}[{zk}] by LPi® = LMax = ( and, for all j > 0,

L;Iiri = min{k > L;mn 2 < ZLmin}, L;Iff = min{k > L;nax D2 > ZL;,HaX} .
J

We also define the numbers of lower and upper record moments, respectively 5;-“111 = 5§nin[{zk}}
and 07" = 67 [{ 21 }], by

5§nin _ #{220Linmgj}zl—}—maX{lZOLimngj}v
o = i > 0: LM < j} =1+ max{i > 0: L"™™ < j}.

For any k, denote by (3 the value obtained when m and M are substituted for 7y, and ]\/Zk in
(15), (16) or (17). The record moments for {3} then coincide with those for {c;}, but those for
0B may differ since in general my + ]\/J\k # m+ M. However, due to Lemma 1, the dissimilarity is
asymptotically negligible. When (15) is used, upper (resp. lower) record moments for 3; coincide
with upper (resp. lower) record moments for az; when (16) or (17) is used, records for 3 arrive
in pairs, records for ng and ngﬂ being associated with a «; that becomes new record (either
lower or upper).

3.3.1 {aj} forms an i.i.d. sequence of random variables

When the oy, are i.i.d., the numbers of lower and upper record moments 5;.“1‘1[{@;@}] and 67" [{ay }
satisfy ;"™ /logj — 1 and g /logj — 1 almost surely, see [2, p. 258]. Therefore, when we
use (15), 67" [{Bx}]/logj — 1 and 67**[{f}]/logj — 1, whereas 6;""[{3x}]/logj — 2 and
67 [{Bk}]/log j — 2 when we use (16) or (17).

3.3.2 {ai} is constructed from a low discrepancy sequence

Consider in particular the sequence given by ay = cos(muy) for all k > 0, with ux = (k+ 1)
mod 1 (the fractional part of (k4 1)¢), where ¢ = (v/5+1)/2 ~ 1.61803... . is the golden ratio
(note that the sequence {uy} can equivalently be constructed through the dynamical system
ug = p—1, ugpr1 = (ug+¢) mod 1, k > 0). This construction is motivated by the associated rate
of convergence of the algorithm, see Sect. 4. The corresponding sequences of record moments are
{L;-nm}[{ak}] =1{0,1,4,12,33,...} and {L7**}[{ax}] = {0,2,7,20,54,...}. Denote {Fn}3_, =



{1,1,2,3,5,8,13,21,34...} the sequence of Fibonacci numbers, with exact expression Fy =
(N — (=1/¢9)N)/V/5. {L;-mn} and {L}**} can then be expressed in terms of the Fibonacci
numbers F; as follows: L;-nin =Fyi1—1, L;nax = Fyjy9—1for 5 =0,1,... This directly follows
from the following two classical results of the theory of Diophantine approximations: (i) for the
sequence {k¢ mod 1}, with any irrational {, the successive minimal and maximal values occur
when k& = ¢ in the denominator of a convergent p/q for ¢ in the standard continued fraction
expansion of ¢, see [19]; (ii) the convergents of ( = ¢ — 1 are Fj/F;;q for j > 1. The number of
upper record moments for {a;} is then 0;"**[{a;}] = 1 + max{j : Fyj40 —1 <k} =1 4+ max{j :
Fyj4o < k4 1}. Similar to Proposition 7 in [22] we can show that for all £ > 1 we have the
inequalities Cyloghk — 1 < & < Cplogk + 1 with Cp = 1/[2log(¢)] ~ 1.039. This yields the
asymptotic relation §; = Cplogk + O(1) as k — oo.

When we use (15), the sequence of record moments for {3} is the same as for {ay}. If we
use (17), then the sequences of record moments for 3} are {L;mn}[{Bk}] =40,1,3,5,9,15,...}
and {L;nax}[{ﬁk}] ={0,2,4,8,14,...}, with L;’f} = Ly* +1for j =0,1,... and, in terms of
Fibonacci numbers, L7 = 2(Fj42—1) for j =0,1,... The number §j, of upper record moments
for {3;} thus satisfies 6/logk — 2Cy = 1/log(p) ~ 2.078 as k — oo; the same is obviously
true for the number of lower record moments. If we use (16), the sequences of record moments
for By are {LI}[{Be}] = {0,3,4,9,14,25.. .} and {LP*}[{G}] = {0,1,2,5,8,15,24,.. .}; that
is, in terms of Fibonacci numbers, L7 = 2(Fj41 — 1) if j is even and L =2Fj1 — 1if j is
odd, L;“in = 2(Fj42 — 1) if j is even and LP* = 2F; 15 — 1 if j is odd. The numbers of upper
and lower record moments satisfy again dx/logk — 1/log(y) ~ 2.078 as k — oo.

Example 1 We set n = 800, m = 1 and M = 1000, the eigenvalues of A are uniformly
distributed in [m, M] and b = Acin (3, 4) with ¢ uniformly distributed on the unit n-dimensional
sphere .#,. We apply the gradient iterations (5) with xo uniformly distributed on .#,; the first
two iterations correspond to the method of minimum residues with ~, = ,ugk) / ,ugk), k=0,1, and
the subsequent iterations use {vx} = {1/0x}, where the ) are generated via (17) using the low
discrepancy sequence {ag} above: aj = cos(m[(k + 1) mod 1]) for all £ > 0. We compare the
behaviors of two estimators of m and M. The first one corresponds to my and M, l§4) given by
(14), the second to

(2j41) N (25+2)
~ . _ . ] . _ 4
M2j+1 = TN iy and Maj o = max TQJ.H) , (21)

where L, = {L;-nin}[{ak}] U{LF**}[{ax}] denotes the sequence of lower and upper record mo-
ments for {ay}. This construction is motivated by the fact that when o becomes a new (lower

or upper) record, then f;; is large and ,u(12j+1) has a good chance to be small, while 32542 is

small and ,uffj +2)/ ugfj 2 has a good chance to be large. The precision of the estimation of m
and M given by the two estimators is compared in Fig. la. Figure 1b indicates the number of
record moments for {ay} together with the number of iterations where my and My, are updated.

One may notice that both mo;4; and My;4o are updated each time «; is a new record.

4 Fluctuations of the sequence of convergence rates

When vy, is a two-point measure supported at m and M, applying two successive iterations (11)
with Br+1 = M +m — B yields vgyo = vg, with the product of rates riri4+1 not depending on
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Figure 1: (a) Evolution of log;,(M — ]\/Zk) and log;,(my —m) with my and M, = ]\7,24) given
by (14), respectively in dotted and dash-dotted lines, and evolution of log;q(M — Mj) and

logg(my — m) with my and M, given by (21), respectively in solid and dashes lines. (b)
Number of record moments 6;"**[{c; }] (hexagrams) and Smin[{a;}] (circles) as functions of k,

the number of iterations where m; and Mk are updated are indicated respectively by stars and
dots, the solid line corresponds to (log k)/[2log(p)] ~ 1.0391og k.

the particular measure vg, rxrry1 = %2 (Bk), where

(M = B)(B—m)
BM +m—p3)

This is the key-point used in [16] to prove the following.

F2(B) =

Theorem 4 Assume that the conditions of Th. 1 are satisfied and that, moreover, the B are
generated by symmetric pairs for large k; that is, Boj11 = M + m — B2 for all j > jo, with
Boj € [m+¢e, M —¢€| for some e € (0,(M —m)/2). Then,

(M —t) (t —m) (t—m)
o amo - [ ame. e

lim —log Ry = /10g

—>0ij

where Ry, is defined by (6).

Th. 4 applies in particular when Fj(-) has the arcsine density fc(-) on [m + €, M — €],

1
7T\/(ﬁ—m—e)(]\4—e—ﬁ)7
with € < (M —m)/2. In that case, as k — oo,

M—e€
RY*  Ryee = oxp { / log =™ 1 (5) dﬁ}

fe(ﬁ) =

m-e 52
_ M —m+2y/e(M —m —e¢) ? (23)
M +m+2y/(M —e)(m +e¢)

= Ro(1+4ve(M —m))+0O(e), e =0,

10



with Roo given by (7), see [16]. In the rest of the section we are interested in the extension of
Th. 4 to the case where the (3 are generated by (16) or (17) with estimated my and M and to
the fluctuations of R,lg/ F along its way to its limiting value.

The fact that in (16, 17) my and M,, are estimated brings a slight difference with Th. 4 in
terms of asymptotic rate of convergence. This difference is marginal, however, as shown in the
next theorem.

Theorem 5 Assume that in algorithm (5) the By are generated by pairs as in (16) or (17), with
my and -7\/4\1@ = ]\/4\,8) given by (14) for all k for some i > 2, and that the a; have an asymptotic
distribution function Fo(-) in [-14 6,1 —46], 0 < 6 < 1/2, symmetric with respect to zero and
satisfying (20) and Fo(1 — 6 —x) < 1 for any x > 0. Then the result (22) of Th. 4 remains
valid, with Fg(-) a rescaled version of Fy(-) in some interval [m + €', M — €], that is,

2 2t—m—M
dFp(t) = [ Y dF,, <Mm2e’) , (24)

where € satisfies

§(M —m)/2 < e < VMM +/m)s)2 + O(6?). (25)

The proof is given in Sect. 6. The fact that the aj now lie in [-14 6,1 —§] with § > 0 makes
it necessary to slightly modify the proof of Th. 3.

Consider now the fluctuations of the asymptotic convergence rate around its limiting value.
Suppose that m and M are perfectly estimated, so that 8211 = M +m — (o, in (16, 17), with
the [(2; having a distribution Fj3(-) satisfying the condition in Th. 4. Since the [}, are exactly
symmetric in [m, M|, we can take 6; = 0 in the proof of Th. 5, so that

1 .
log[%(B2;)] — BO* < 5 log(ra;rj+1) < log[%a(B25)] + BO¥

for some B > 0 and j > j; large enough, which gives

1 Ro; H > B
- L) = log[ % (s > BOY = —
2 ©8 <R2]1) Og[ 2(52])] = j=0 1-46 ’

J=j1

with 0 as in Th. 1. Define

2
2, = / log[ 72 (t)] dF(¢) = / log (;Li) dAF. (1)

M—m

2 2
1+t

(Note that both quantities are well defined when F,,(-) is concentrated on [-1+46,1—4], § > 0.)
When the ay are i.i.d. with the distribution F,(-), we have, for i — oo,

llog\/RQiajfa, ﬁ(M—fa> gﬁN«/V(O,"//a%
1 1

11



and
RYP ™% exp(L), Vi (RQ{ZZ - eXp(o%)) & e n K0, Vi exp(2.2)) .

Moreover, from the law of the iterated logarithm,

lim su log v/ Ryi — i-a =1 a.s. and liminf log V'R — % _
i—’oop V2i7.\/loglogi im0 /2i¥\/Toglogi

implying that, for any € > 0,

—1 a.s.,

V27 loglogi
Vi

infinitely often (a.s.), and thus indicating that the fluctuations of the normalized convergence

R;i/% > exp [Za + (1=¢) (26)

rate R;l/ % are unavoidably large.
Suppose now that {ay} is constructed from a low-discrepancy sequence, as in Sect. 3.3. Then

1

=1

1—1 .
I
3 log[a(B))] — La| < Co 2

J=j1

7

for some large enough j; (see the proof of Th. 5) and some constant C, depending on the
sequence considered, see, e.g., [10]. Therefore, in that case the normalized convergence rate
satisfies R;Z/ 2 /exp(Z,) < i%/" and shows much less fluctuations on its route to its limiting
value exp(.Z,) than when the «y are i.i.d. random variables. Indeed, denoting Dy; the difference

R;{ 2 exp(-Z,), we have

(D2i)i.i.d. > xp (1_8)\/@] ! i.o. a.s. for any € > 0
|(Da2i)ps| iCalt —1

where the right-hand side behaves like c+/iloglogi/logi as i — oo (¢ = (1 — €)v/2%,/Cy).
This justifies the preference given to low discrepancy sequences over random sequences in the
algorithms presented in [22]. One of them is summarized in Sect. 5.

Example 2 We consider the same problem as in Sect. 3.3 (we take now 2o = (10°,1,1,...,1)"
to slow down convergence and better illustrate the different behaviors for the two types of step-
size sequences). The (j are generated by (17) with my and ]\/4\19 = ]\7,@ given by (14). Figure 2
shows R;Z/ %" as a function of i for the cases when {ay} is the low discrepancy sequence given by
ap, = cos(m[(k+ 1) mod 1]) for all & > 0 and when {4} is a sequence of i.i.d. random variables

having the arcsine distribution; both sequences are generated on [—1 + §;1 — ] with § = 0.005.

5 Prototype algorithm and simulation results

The estimation of the spectral bounds m and M via (21) permits to construct a gradient al-
gorithm which is quite parsimonious in terms of number of computations of inner products.
In order to avoid using multiplications by A when calculating ,ugk) and uflk)/ uék) , the following
recursions are used:

k) _ (Agrgr) _ [1 B (gkangrl)]
Y (e o) (9% 91)

12
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Figure 2: Rate R;{Ql as a function of ¢ for oy = cos(w[(k + 1)¢ mod 1]) for all k£ > 0 (solid line)
and for {a;} a random i.i.d. sequence having the arcsine distribution (dash-dotted line). The
dashed line indicates the bound R,,einee given by (23) with ¢ = §(M —m)/2 (§ =5-1073), see
(25); the dotted line denotes the right-hand side of (26).

and

e (A1 A% ) P (Bk(gr+1 — gk) + Be—1(9k—1 — gk): Ge+1 — gk)
pdD (A%ge-1, Agr) (Br(gk+1 = gk) + Be-1(gr—1 = 9k), Gh—1 — g)

which can easily be derived from (2). We generate the 5, = 1/, according to (17) using the low
discrepancy sequence ay, = cos(m[(k + 1) mod 1]) for all £ > 0. The construction (17) tends to
favor the estimation of m against that of M, see [22], which results in the concentration of v

at M. From (12), the convergence is monotonic at step k (i.e., 7 < 1) when i > ,ugk)/(ngk)).
When v}, gets close to the delta measure at M, this ratio becomes close to M/2 when M/m
is large, and the monotonicity condition is violated frequently (approximately every second
iteration). In the algorithm proposed below this is avoided by forcing vy to become concentrated

at m rather than M, the monotonicity property 7, < 1 being always satisfied when ,ugk) / (Q,ugk))
is close to m /2 since ( is larger than my > m. This can be achieved by using a step with large [y
when v _1 becomes close to the delta measure at M. In practice, we simply use 0 = ]\//.Tk when
we observe ]\/Zk > ]\/Zk_l. The algorithm is summarized below; its MATLAB implementation
is available at http://www.i3s.unice.fr/~pronzato/Matlab/goldenArcsineQ.m. We define
vj = ¢(j+1) mod 1 and, for j =0,1,... we set

zj=(14-cos(mu;))/2, where ug; =min{vj,1—v;}, ugjy1 =max{v;, 1—v;}.

Algorithm
Stage I (initialization)
1.1 Choose xy and compute gg = Axg — b.
1.2 Choose € > 0 used in the stopping rule.
1.3 Set Liax = {2Fj 10 —2:i=0,1,...} = {0,2,4,8,14, .. .}.

1.4 For k =0 and 1, set zp11 =z — (1/0k)gr and gx11 = Axgi1 — b,
where B = (Agr, Agr)/(Agr, gr)-

13



1.5 Set T/I\”LQ = min{ﬂo,ﬁl} and ]/\4\1 == ]/\4\2 = max{ﬁo,ﬁl}.
1.6 Set k=2 and j = 0.

Stage II (iterations)

II.1 If ]\/Zk > ]\/Zk_l then set G, = M\k Otherwise set G, = ﬁlk+(]\7k—r?zk)zj and j < j+1.
I1.2 Set zp11 =z — (1/Pk) gk and gr+1 = Axgy1 — b.
I1.3 If j—2 € Lyax then compute

i1 = min{iig, uf"}, Mygr = max{ M, pf 0 0}, L

and check the stopping rule (gx, gx) < €. Otherwise set M1 = My, Mpi1 = M.
I1.4 Set k «+— k + 1 and return to Step II.1.

The stopping rule used by the algorithm is simply (gx, gx) < € for some given €. The value
of (gk,gr) is available for k such that j — 2 € Lyax, at such iterations we can thus check the
condition (gk, gr) < € directly. Since Mk /my. provides an under-estimate for p, and hence and
under-estimate for Ry, given by (7), we can thus estimate the number of iterations still remaining
to achieve the required precision. The proposed algorithm only requires one matrix-vector
multiplication per iteration (used to calculate the gradient g, = Axy — b), like other gradient
methods and Krylov-space based algorithms, in particular CR and CG. When A is sparse, the
computation of inner products also contributes significantly to the total computational cost;
when using parallel computing with distributed memory machines, it may even yield the main
contribution to the efficiency loss, see [21, Sect. 4.4]. The standard formulation of CG (and also
CR) requires the computation of two inner products per iteration (some sophisticated versions
of CG compute these two inner products in parallel, at the possible expense of a slight increase
of storage and maybe reduced numerical stability, see for instance [9, 17]). The prototype
algorithm above requires the computation of four inner products in the initial two iterations
and then four inner products (possibly computed in parallel) each time the estimates mj and
J\/Zk are updated. This is done when j — 2 € L. Therefore, the total number of inner products
computed within k + 1 steps of the proposed algorithm is equal to Nj = 4 + 46; where j = j(k)
is defined by the algorithm and ¢; satisfies §; = log j/log(¢) + O(1) as j — oo. This and the
fact that k/j(k) — 1 as k — oo imply that the number of inner products computed within &+ 1
steps is approximately 4 + 4log k/log ¢ ~ 4 4+ 8.31log k.

Simulation results

Example 3 In this artificial example, A is diagonal with m = 1, M = 1000, n = 1000
and b = Ac with ¢ random (uniformly distributed on the unit n-dimensional sphere .#,). We
consider two configurations for the eigenvalues of A and starting point xy. In the first case, the
n eigenvalues are uniformly distributed in [m, M] and z¢ is random (uniformly distributed on
#n). The second configuration corresponds to the worst-case situation for n — 1 steps of the
Conjugate Residual (CR) algorithm: the eigenvalues are

Ai=(M4+m)/24+ (M —m)/2cos[m(i—1)/(n—1)] fori=1,...,n

and z is such that the a7 in the decomposition (9) are proportional to 72 = 1/2y, 7']2 =1/X;
for j = 2,....,n— 1 and 72 = 1/2)\,, see [15] for details. Figures 3(a) and 3(b) present the
evolution of logq ||gx|| as a function of k for the algorithm above (Alg) and the CR algorithm
in the two configurations respectively. Since CR is optimal for Ry given by (6), our method is
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not competitive in this respect. On the other hand, the evolution of logq ||gx| as a function of
the number of inner products computed is plotted in Figures 3(c) and 3(d), showing the gain in
complexity of the proposed algorithm compared to CR.

@ (b)

—CR - —CR
---Alg °r e - - -Alg

logo H ng
logy, Hng

L L L L L L L L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500 [ 50 100 150 200 250 300 350 400

@

logo || 9k ||
llogwl ||gk||

_gk

—10F

[

Figure 3: logq |lgx|| as a function of k (top), log;, ||gx|| against the number of inner products
computed (bottom) in Example 3. The eigenvalues of A are uniformly distributed in [m, M] =
[1,1000] in (a) and (c); (b) and (d) correspond to the worst-case situation for the CR algorithm.

Example 4 A is given by the matrix NOS5 from http://math.nist.gov/MatrixMarket/; it
is sparse, with dimension n = 468 and N = 5172 non-zero elements only, its structure is shown
in Figure 4 (left). Its condition number approximately equals 1.1 - 10%.

Example 5 A is given by the matrix 1138_BUS from http://math.nist.gov/MatrixMarket/;
this matrix is also sparse and symmetric positive-definite with n = 1138 and N = 4054 non-zero
elements, see Figure 4 (right). Its condition number approximately equals 1.5277 - 10°.

We set b = Ac, ¢ and x( are uniformly distributed on .#},. Figure 5 presents the evolution of
logy ||gx|| against the number inner products in Examples 2 and 3, computed for the algorithm
above (Alg) and the CR algorithm. The reduced complexity of the proposed algorithm compared
to CR is manifest.
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Figure 4: Non-zero elements of A in Examples 4 (left) and 5 (right).

—CR
---Alg

logyo || gkl
logy Hng

!
~
T

4k

Figure 5: logq ||gx|| against the number of inner products computed in Examples 4 (left) and 5
(right).

6 Proofs

Proof of Lemma 1.

Since {my} forms a non-increasing sequence bounded from below by m, mr — me as k — oo for some mo > m.
Similarly, ]/\4\k — M for some Mo < M. Denote €1 = Moo —m, €2 = M — My, €1,62 > 0. Suppose that
0 < €1 < €2. Then, the asymptotic distribution of the sequence {3} is biased towards m. From (11), the sequence
{vi} tends to concentrate at M so that ]/\l\k — M as k — oo, implying €2 = 0, which contradicts the assumption
0 < €1 < €2. Similarly, the assumption €; > €2 > 0 leads to a contradiction; therefore, M — Moo = Mmoo —m. M

Proof of Th. 2.

From Lemma 1, me = m + € and Mo = M — € for some € > 0. Assuming that ¢ > 0, we show that this leads
to a contradiction. The proof is in two steps. In (i) we show that my is repeatedly updated; in (ii) we show that
this implies Mmoo = m and thus € = 0.

(i) We have from (11)

Y (B —m)? ﬁ
(kJrl) (M — Bg)? (

When () satisfies (15) with F,(-) satisfying (20) and ¢ > 0, then (19) is satisfied so that pElM =1 —pgk) — 0k with
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0 < 6, < DO® when k > ko for some ko, D > 0 and 0 < # < 1. Denoting ps :pgk), Qr = pr/(1 —pr), we get

Ok41

1—
Pk+1 (ﬁk —m)2 1—pry1
= = . 2
R CRrwey B N (7 AL g -
Since m + € < ,ugk) < M — ¢ for all k, we have
€ k € k
—BO" <pp,<1-— B6
M —m = PR —m +

for some B > 0 when k > ko. Therefore, 1—ps, > ¢/[2(M—m)] for k large enough and, together with 0 < 85, < D6*,
(27) gives

2
log Qr+1 = log Qx + log <M) +ck

M — By
with |cx| < CO* for all k larger than some ki, C = 4D(M — m)/e. This implies that
Q k ﬂ m 2 0o C
log k+17210g( J_ > <ZC€j<7. (28)
R M =5 =0 1-0
Denote

o 2
-m(5)

Suppose that there is no update of m; and ]T/[\k after some ko and denote €, = My, —m, ey = M — M\kQ. Then,
for j > ko, {¢;} forms a sequence of i.i.d. random variables and (28) indicates that, for k > k2, log Qr+1 — log Qk,
behaves like a random walk. The random variables &; have mean

t414 —2em\?
M (em, enr) = / log ( T ) :

1+1\/[,%_t

M—€m —€Nr
From Lemma 1, €, = ear = €. Since M (e, €) = 0, the random walk has no drift and we have limsup,,_,  log Qr =
—liminfy_ o log Qr = oo a.s., which contradicts the assumption of no update of m; and ]T/[\k after iteration ko.
(One may notice that £2; + €241 = 0 when the (i are generated according to (16), so that the argument cannot
be used in that case.)

Suppose now that there is no update of my for k > k2 and denote €, = M, — m. From the argument
above, M\k is repeatedly updated, which, from Lemma 1, is only possible if epr = M — Mk > €m. The &, for
j > ko, are now neither independent nor identically distributed, but IE(&;|-%;—1) = M (ém, €nm,;) < 0, with {%;}
the sequence of o-fields o(ao, aa,...,a;). From (28), the sequence of log Qr+1 — log Qk,, k > k2, thus forms a
supermartingale relative to {.%;}. Consider now S = Z;?:kz & —IE(§;].#—1), which forms a martingale sequence.
Since we assume that e > 0, the increments |¢; — IE(§;|%;_1)| are bounded and Si/vk satisfies the central limit
theorem (see, e.g., [6]). This implies that liminfz_ o log Qr = —co and therefore Mo = M, which contradicts
the assumption of € > 0. We have thus proved that my is updated infinitely often.

(#) Similarly to (i), Mmoo = m+€ and Mo = M — e with € > 0, (i satisfying (15) with F,(-) satisfying (20) imply
that (19) is satisfied. Denoting pr = pgk), direct calculations using (11) and (12) give

Dht1 > {1 - @%} + Do (29)
when k > ko, for some constants D < 0and 0 < 0 < 1, where wy = Cx/(1—Cx)? with ¢, = [Bx — (M 4+m)/2]/[(M —
m)/2] and Bx € (m + €, M — €) by construction. (Notice that the term within square brackets on the right-hand
side of (29) is an increasing function of both py and §x.) The fact that Fi,(1 —z) < 1 for any = > 0 implies that
limsup,,_, ., Bx = M — e. We have shown in (i) that my is updated infinitely often. Therefore, for any d1,d2 > 0,
there exists a subsequence {j;} such that 8;, > M — ¢ — 61 and ,ugji) < m+ €+ 2. For a two-point measure
supported at m and M, this second inequality implies p;, > (M — e —m)/(M — m) — d3, with d3 — 0 as d2 — 0.
Due to Th. 1, we thus have

M—-—m—e¢ i
> ————— — 63+ BO”
p]z > M - m 3 +
for some constant B < 0 and all j; > ko. Together with (29), it gives
(M —m —¢)?

,547

Picl > O =) [(M — m)? — 3¢(M —m — €)]

17



where 4 can be made arbitrarily small by taking 1, d2 small enough and ¢ large enough. This implies that

Gi+1) 5. _ M —m—e)(M —m — 2e)
! <m+etos (M—m)2—SE(M—m—E)<m+6
for 61,02 small enough and ¢ large enough, which contradicts me = m + €. [ |

Proof of Th. 3.

The proof is similar to part (ii) of the proof of Th. 2. From Lemma 1, me = m + € and Mo = M — € for some
€ > 0. Suppose that € > 0. When [, satisfies one of the rules (15-17) with F,(-) satisfying (20), then (19) is
satisfied which implies (29) for k > ko and some constants D < 0 and 0 < 6 < 1, where w, = (&/(1 — Ck)Q with
Ck =B — (M 4+ m)/2]/[(M —m)/2] and Br € (m + ¢, M — €) by construction. Since Mo, = M — ¢, (13) implies
that 18" /u{¥) < M —e. For a two-point measure supported at m and M, this implies px > Me/[(M —m)(m+€)];

in view of Th. 1, we thus have
Me

>

k= (M —m)(m +e¢)
for some constant B < 0 and k > ko. Since Fo(1 —z) < 1 for any = > 0, limsup,,_,., B = M — € and, for any
01 > 0 and any k1, there exist some k > ki1 such that By > M — € — §1. In view of (29) and (30) this implies that

+ BO" (30)

M(M —m —e)

P E Br—mr =

where d2 can be made arbitrarily small by taking 61 small enough and k; large enough. This implies in turn that

D) < Alyf_n o= m+€+53_% cmte
for 61 small enough and k1 large enough, which contradicts me = m + € with € > 0. |

Proof of Th. 5.

Following the same arguments as in the proof of Th. 3, (30) implies that /LYCH) <m+e€ for § < de and k large
enough, with

5 _ 2e(VMm-—m—e) (M —m—e¢) 2¢ + 0@

O IMm—(m+ (M —m—2¢)  /m(vVM +/m) '
From this we obtain that for small §, 0 < Mo —m = M — Mo, < /m(V/M + /m)§/2 + O(5?), so that the Sy
are asymptotically distributed in [m + €', M — €'] with € satisfying (25). (Note that m + ¢’ < 8, < M — €” for
all k, with €’ = §(M —m)/2.)

The conditions of Th. 1 are satisfied, so that > l/k( i) < Co* for k> 2jo for some constants C' > 0, jo > 0
and 0 < 0 < 1. Also, accounting for the fact that the distribution of 32; is not exactly symmetric in [m, M], for
any 01 > 0 there exists some ji such that for all j > j1, |rejrej+1 — %S(ﬁgjﬂ < 1. Altogether, for j > j; large
enough,

QS(BQJ) — Do¥ — 01 < 1rojrejy1 < %22(&]) + Dg* + 01 (31)

for some D > 0. Since BQJ,BQJ.H € [m+ €' M — €"] for all k, Z2(B2;) > FZo(m +€') = ZBo(M — ') =
'(M+m—¢€")/[(m+e") (M —€")] >0 and

21og[%2(B2;)] — 2 < log(rz;rajt1) < 2log[#2(B2;)] + O2

for j > j1, where d2 can be made arbitrarily small by taking ji large enough. From the definition (6) of R, we
can thus write

i—1 i—1
1 Ra; 1
—1 = — 1 log[% +C
2(t = j1) Og(szl) 2(i — j1) 2 log(rayasen) = (i—41) Z 0B l2(52)]

J=Jj1 Jj=J1

with |C| < d2/2. Therefore,

l—a+ 72 N1 +a+ 2
lim llong:/log( =3 ) 5 Mom—2e )dFa(t)
Tk ( Motm ) 2
M—m—2¢’
for some €’ satisfying (25), which can be written as (22) with Fg(-) given by (24). ]
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