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Filtrations of the erased-word processes

Stéphane Laurent

June 3, 2014

Abstract

We define a class of erased-word processes and prove that the poly-adic filtration
generated by such a process is standard. This is shown by firstly constructing a
generating process of innovations in the case of a finite alphabet equipped with the
uniform probability measure, and then by deriving the general case with the help of
the tools of Vershik’s theory of filtrations in discrete negative time.

Contents

[L_The filtration of the erased-word process 1
BT T 3
T Vershii PETYEY ] .
T Stondocd Ty T o Prmonl Fltoati 8

1 The filtration of the erased-word process

An erased-word process is depicted on figure Il It is a stochastic process indexed by the
set negative integers —N, and consists in picking at random a word W, with |n|+ 1 letters
at time n and then to obtain the next word W, 1 by deleting at random one letter of W,,.
More precisely, given a Lebesgue probability space (A, i), and calling A the alphabet, the
erased-word process on (A, u) is the Markov chain (W, n,),<o whose law is defined as
follows:

e W, is a random word on A made of |n|+ 1 letters i.i.d. according to u;

® 17,41 is a random variable uniformly distributed on {1,2,...,|n|+1} and independent
of the past o-field o(W,, nm;m < n);

o W, 11 is obtained by deleting the 7, 1-th letter of W,.

_o=2 _1=3 =1
W_3 = baca a2z, W_y = beca o=, W_i=be 2= Wy=c

Figure 1: A trajectory of the erased-word process

The filtration F generated by the erased-word process (W, nn)ngo is defined by F,, =
(Wi s m < n). We will sometimes term the 7, as the erasers. According to definition
given below, the sequence (1), <, made of the erasers is a process of innovations of the
filtration F.

Definition 1.1. Let F be a filtration. A random variable 7, that is independent of &, 1
and such that &, = F,,_1 V a(n,) is called an innovation of ¥ (more precisely, we should
say an innovation at time n, but thanks to the subscript in 7, this is not a point worth
quibbling about). A sequence (1), <, of independent random variables such that each 7, is
an innovation of ¥ at time n, is called a process of innovations of F.



When such a process of innovations exist, it defines the local structure of the filtration:
for any other process of innovations (ng)ngo, the two random variables 7,, and 7/, possibly
generate two different o-fields o(n,) and o(n),), but there is a Boolean isomorphism be-
tween the measure algebras (o(n,),P) and (o(n,,),P) for every n < 0. Details about this
point can be found in [I] and [4]. Thus, any possible innovation 7], of the filtration of the
erased-word process is uniformly distributed on |n|+ 2 values, similarly to the eraser 7,.
For this reason, the filtration JF of the erased-word process is said to be (|n|+ 2)-adic, and
it belongs to the class of poly-adic filtrations, according to definition below.

Definition 1.2. A filtration J is poly-adic if there exists a process of innovations (7,,),,«( of
J such that each 7, is uniformly distributed on a finite set.

The poly-adicity will play an important role in the proof of theorem below, which is
the main result of this article.

Theorem 1.3. For any Lebesgue alphabet (A, u), the filtration of the erased-word process
is of product type, that is to say, it is generated by a process of innovations.

Let us comment this theorem. Consider the filtration £ generated by the process of
innovations (1;,),<o. Obviously & C F, but € # F because 7, is independent of W, for
every n < 0. But that does not mean that £ and F are not isomorphic. Theorem [[.3]
asserts that there exists another process of innovations (;,),,<o which generates &, and
this says that £ and F are isomorphic. Thus &, which is in some sense richer than &, is
no more than £ up to isomorphism.

This theorem together with Kolmogorov’s zero-one law imply that the tail o-field
F_o :=NF, is degenerate. But it is not difficult to directly prove the degeneracy of F_.o
with the help of the reverse martingale convergence theorem (the proof would be similar
to the one given in [2] for the dyadic split-word process), whereas the proof of theorem [I:3]
even in the simpler case when A is finite and p is uniform (see below), is not easy. The
motivation of theorem [[3]is precisely the surprising fact that it is not a trivial result once
we know that F_., is degenerate: it is known that for any type of poly-adicity (such as
the (|n|+ 2)-adicity), there exist some filtrations whose tail o-fields are degenerate but for
which there does not exist any generating process of innovations. Thus, such a filtration is
locally isomorphic to F and, similarly to &, has a degenerate o-field, but is not isomorphic
to F. This surprising fact has been discovered by Vershik ([7, 8, [0l [10]), who developed
a theory to characterize the existence of a generating process of innovations for poly-adic
filtrations.

We will use the tools of the theory of filtrations developed by Vershik to derive the
general case in theorem [[3] from the particular case when p is uniform on a finite alphabet
A. More precisely, our theorem will be proved in three steps:

1. we will prove theorem [[3] in the case when g is the uniform probability measure
on a finite alphabet A using a ‘bare-hands’ approach, that is, we will construct a
generating process of innovations in this case;

2. using some tools of Vershik’s theory, we will prove theorem [[3] in the case when pu
is the Lebesgue measure on A = [0, 1];

3. again using some tools of Vershik’s theory, we will derive the general case of theorem
L3l from the case when p is the Lebesgue measure on A = [0, 1].

The main theorem of Vershik’s theory that will be used is the equivalence between the
existence of a generating process of innovations and standardness in the case of poly-adic
filtrations:

Theorem 1.4. A poly-adic filtration is of product type if and only if it is standard.

Different definitions of standardness are used in the literature. Probabilists usually
consider that a standard filtration is by definition a filtration which can be immersed in



a filtration of product type (2], [4]), and using this definition it is straightforward to see
that any filtration of product type is standard. The deep assertion of Theorem [[4] is the
reciprocal fact. Under the usual assumption that the final o-field Fy of the filtration JF is
essentially separable, standardness is known to be characterized by a criterion discovered
by Vershik, called Vershik’s standardness criterion or the Vershik property ([2], [6], [5]).
A filtration satisfying the Vershik property is also said to be Vershikian. We will write an
easy proposition (proposition B]) about the Vershik property to derive step 2 from step
1 in the proof of theorem [I.3l Then step 3 will be straightforwardly derived from step 2
and from the hereditability of standarness under immersion. The standardness property
will be more precisely explained in section Bl at time we will resort to it.

There is a recent interest in the study of adic filtrations (see [11] and [3]). The filtration
of the erased-word process can be viewed as an adic filtration generated by a central random
walk on the Bratteli graph such as the one shown on figure 2 for the alphabet A = {a,b}.
This point of view will not be developed in the present paper. Theorem [[.4] shows that
the distributions of the erased-word processes studied in this paper are ergodic central
measures inducing a standard filtration. The identification of all ergodic central measures
and the question of the standardness of the induced filtration is an open direction of further

/\
| ZIXIN
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Figure 2: The Bratteli graph of the erased-word filtration

2 Discrete uniform case

Throughout this section, we assume that A is finite and p is the uniform probability
measure on A. We will prove theorem [[.3]in this case by a more or less explicit construction
of a generating process of innovations (ﬁ”)n<0’ We also set Kk = #A and we fix a total
order on A. Then we denote A = {aq,...,a,} where a; is the i-th letter of A.

The main ingredient of the construction is the canonical cou-
pling. Tt is very easy to roughly explain what is the canonical
coupling with the help of the picture shown on figure 3], but it is
a bit tedious to write its rigorous definition. Below, we split the
description of the canonical coupling into three paragraphs: we Y
firstly define the canonical word (the periodic word at right on b&a
figure [3), then we introduce the notation N, (w) for the num- ce ’
ber of occurrences of the i-th letter of w to the left of position Figure 3: A canonical
i, and finally we define the canonical coupling of a word (the coupling
permutation shown on figure [, induced by the word at left).

The canonical word of length ¢ on A is the word w € A% in which the letters of A
appear in the order and repeat periodically: the i-th letter w(i) of the canonical word w




is the r-th letter of A if i = r (mod k). For example, the canonical word of length 8 on
A = {a,b,c}, shown at right on figure 3] is the word abcabcab.

Given a word w and an index i of one letter of w, we denote by N, (w) = 22;11 Lo(k)=w(i)
the number of occurrences of the i-th letter of w to the left of position ¢. If w is the canon-
ical word, then N, (w) is the quotient in the Euclidean division of i — 1 by k = #A.

The canonical coupling ¢,, of a word w on the finite ordered alphabet A = {ay,...,a,}
is the permutation illustrated on Figure Bl and rigorously defined as follows. Let w be
the canonical word on A having the same length ¢ as w. The canonical coupling ¢,, is a
permutation of the set {1,...,¢} of indices of the letters of w. Its construction is made in
two steps:

o Flirst step. Take r € {1,...,k} and ¢ an index of the letters of w such that the i-th
letter w(i) of w is the r-th letter a, of A. If N; (w) is strictly less than the number
of occurrences of a, in W, then we define ¢, (i) = r + N, (w)k; thus the ¢, (i)-letter
of the canonical word w is the i-th letter of the word w. To sum up, if w(i) is the
r-th letter of A, then

{r—l—/@N[(w)gp} — [gbw(i):r—l—ml\f[(w) and w(z):w(qbw(z))} (2.1)

e Second step. After performing the first step for every possible r and ¢, we assign
the remaining letters of w to the remaining letters of @ in an arbitrary way.

The canonical coupling will help us to construct the generating process of innovations
(ﬁn)n<0 because of the following reason. Consider the canonical coupling ¢w,, of Wy, for
an arbitrary small ng, providing a correspondence between W,,, and the canonical word of
length |ng| + 1 denoted by wy,. Figure Blis helpful to keep in mind that éw,,, represents
one-to-one connections between the letters of W), and the letters of w,,. In parallel to
(Who» Whgt1,-- -, Wo), we construct a sequence of erased words (wny, Wy 1q,..., W) as
follows. At time n = ng + 1, the word Wp,,4+; is obtained by deleting the 7,,,41-th letter
of Wy, and we delete the corresponding PW,, (Mng+1)-th letter of the canonical word wy,,,
thus obtaining a subword W . of @y, having the same length as Wy, 1. Thus n, . =
W, (Nng+1) is the first eraser in the parallel erased-word sequence (W, Whoi1s-- Wo),
and its realization fully determines the realization of the random word W}, .. Moreover,
by deleting the connection between 7,,+1 and 17;10 41 in the canonical coupling ¢w, , we
obtain a new permutation ¢w, n, ., representing one-to-one connections between the
letters of W41 and the letters of W, ;. Then we continue so on (this is illustrated on

Figure [):

e At each time n € {ng + 1,...,—1} we have a word W, of length |n] + 1 and a

permutation ¢Wno777no +1.....n TEPresenting one-to-one connections between the letters
of W) and the letters of W),.

e At time n + 1 we have a word W), obtained by deleting the 7, -th letter of
W), where 0, = ¢Wn0,77n0+17~~~,77n(77n+1)’ and this provides a new permutation
PWog g +1,mmra CcOnNecting the letters of W, 1 to the letters of Wi,41.

Ganu Mng+1 qun(, Mng+15Tng+2
1 o1 le——o]
Nno+1 = 2 9 R 9 Mno+2 = 3 9 9
% -

3><3 - 3:><:3
4 4

Figure 4: A cascaded permutation




Figure @l illustrates the “cascaded” permutations ¢w,, . 1,...,, initiated at time ng =
—4 by the canonical coupling ¢, and sequentially obtained from the erasers 7, +1 and
Mno+2-

The word W), is a measurable function of the erasing sequence (1, .1, -- -, 1,,), and it is
uniformly distributed on the set of the subwords of ,,, having length |n|+1, independently
of W,,. Lemma [ZT] below says, roughly speaking, that W,, = W) when the construction
starts from an arbitrary small ng. We will see in addition that the n/, are innovations of F
and this will allow us to derive a generating process of innovations of F. In Lemma 2.1} we
use the notation w; to denote the subword of a word w obtained by keeping only those
of its letters whose indices belong to the subset J of the set of indices of the letters of w.

Lemma 2.1. Let p and q be integer numbers satisfying p > q > 0. Let W be a random
variable having the uniform law on the p-words on A and let QQ be a random wvariable
independent of W having the uniform law on the subsets of {1,...,p} having size q. We
denote by m(p, q) the probability

m(p,q) =P(Wiq = Djow (@)

where ¢y, s the canonical coupling of a word w and W s the canonical word of length p.
Then w(p,q) — 1 when p — oo.

Proof. To show that 7(p,q) — 1 when p — oo, we introduce the three events

By ={¥ieQ,i<p-p’* -k},
Ey={Vi,j € Q,i=jor |i—j|>3p**},

. 1. _ 1,.
By ={VieQ, E(Z —p3/4) <N, (w) < E(Z +p3/4)},
and we are going to show that
BN BN By € {Wig = Bjsw@]}

and
C C C
P(Ef U E5 U EX) P 0.
We firstly show the inclusion. Consider ¢ € ). On the event Es, if W (i) is the r-th
letter of A then
r+ &N, (W)<k+rN; (W) < k4 i+p3*,
and k + i + p3/* < p on the event Ey. Thus, by the fundamental equation @) of the

canonical coupling, ¢w (i) = r + £N; (W) on the event Fy N E3 and the two words Wq
and W)y, (@) have the same letters on the event Ey N Es. Moreover,

ri—pt <+ kNS (W) < i 44,

on the event E3, and then we get i — p*/* < ¢w (i) < k + i + p*/* on the event E; N F3
and consequently
i — ¢w (i)| < &+ p**.

Now, if we are on Fy and if p is sufficiently large so that 3p3/t > 2(k + p3/ 4), then the
restriction of ¢y to @ is increasing under the previous inequality. As we have seen that
two words I/V|Q and @I¢w(Q) have the same letters on the event E; N Fs3, then they are
equal on Fy N Ey N E3, and we finally get

ExNE2NE; C{Wig =Wy}



It remains to show that P(E{UESUES) o 0. The following majoration of P(E{UES)

is easily obtained by sampling the elements of () without replacement:

3/4 1 3/4 1 63/4 )
IP’(E{UEg)gp + K+ +p + K+ 14+06p>~ +

p p—1
+p3/4+m+1+12p3/4+4+m+p3/4+m+1+(q—1)(6p3/4+2)
p—2 p—q+1

_ P14 960 +2)
sS4 p—q p—00

To find a majoration of P(EY), we call Ij the k-th element of @ for every k € {1,...q}.
Conditionally to I = ¢, the number of occurences N (W) has the binomial distribution
with size i — 1 and probability of success 1/k, because of the independence between W
and Q). Therefore, using Bienaymé-Chebyshev’s inequality,

B T p3/4 . B I —1 p3/4_1 '
]P’(‘le(W)—;k >T’Ik:z <P }le(W)— ’“K ‘> - }Ik:z
K 2 1 1
<[([——) (i-1D=(1-=
b <p3/4—1> (i 1)ﬁ<1 ﬁ)
R
(p3/4 —1)"

and this being true for every i € {1,...,p},

3/4 .
>p> P

I,
= < 5
K P34 1)

K

P ('N,;(W) _

By summing this equality over all k € {1,...,q},

apk
(p3/4 _ 1)2 P—+00

P(ES) <

O

We now formalize the discussion above lemma 21 Denote by f,, the function such
that W,, = f,(Wy—1,m,), that is to say f,(w,e) is simply defined as the word obtained by
deleting the e-th letter of w, and consider a random vector (7;,, 11, - - -, %) having the same
law as (ng+1,---,7M0). Then define a Markov process (Yn(no’wno))nogngo by the initial
condition Yy, (no, wn,) = wy, for some given word wy, in the state space of W,,,, and by
the inductive relation

Yot1(no, wng) := frt1 (Yo (no, Wng ), Mhi1)-

Setting W), = Yy, (no, wy, ), the process (W), 1,Mg11)---> (W§,mp)) has the same distri-
bution as the process ((Wig+1,Mng+1)s - - - s (Wo,m0)) conditionally to W, = wy,,. The case
discussed above lemma [ZT] is the context of the following lemma, where N plays the role
of ng.

Lemma 2.2. Let N < 0 be an integer and ¢w, be the canonical coupling of Wyn. For
every integer m € [N + 1, —1] let ¢wy yyir,.onm b€ as explained above lemma (2], the
cascaded permutation initiated by ¢w, and sequentially obtained from nn,...,Mm, and
define M1 = OWymns1rotim—r (Mm) for every m € [N, —1]. Then (n),)n41<n<o has the
same law as (nn)N+1<n<0 and each n), is, just as n,, an innovation of F, that is, nl, is
independent of F,_1 for every n and F, = F,_1 V o(n),). Moreover, with the notations
above,
P(Wy, # Y (N,wn)) =0 as N = —o0

for every m € [N + 1,0], where Wy is the canonical word of length |N| + 1.

6



Proof. Tt is easy to check that 7/, is an innovation as any F,_j-measurable random per-
mutation of 7,. The rest of the lemma is nothing but lemma 211 O

Proposition 2.3. The erased-words process (Wn,nn)ngo generates a filtration of product
type.

Proof. First note that Y,,(N,wy) in Lemma[Z2is measurable with respect to o (11, .-+, M)
Then, given a sequence (Jy);<, of real numbers 6 > 0 satisfying d; — 0 as k — —oo,
applying Lemma recursively provides a strictly increasing sequence (Ny),, <o of integers
with Ny = 0 and an innovation process (ﬁn)ngo such that, for every k < 0,

(1) (IN+1s---»Tn) = Wy, (MNy+15 - - - »1n) for every integer n € [Ny + 1,0], where each
Ty is a permutation preserving the law of (9w, +1,...,7n);
(ii) there is a random word WNk measurable with respect to o(fn,_,+1,...,7n,) and

satisfying P(Wy, # Wn,) < .

Now we check that (7n),<, generates §. It suffices to construct, for each n < 0

A

and every § > 0, a pair of random variables (W,,,7,) that is measurable with respect
to o(...,Mn—1,7n) and that satisfies P(Wy,nn) # (Wy, 7)) < 6. To do so, let k be
sufficiently small in order that ; < § and N < n. Then define

(’f}Nk—i-lv s 7ﬁn) = TVTVij (ﬁNk-l-l’ cee >77n)

and define W, for m € [Ng,n] by initially setting WNk = VNVNk and recursively setting

A

Wm+1 = fm—i—l(Wma ﬁm-ﬁ-l)' NOW7 (ﬁNk-i-h .. 77711) - (TINk+17 .. 77]71) on the event {WNk -

~ N

W, }, hence W,, = W), on this event too. |

Alternatively, one could derive proposition 23] from lemma with the help of Ver-
shik’s first level criterion and proposition 2.22 in [4].

3 Vershikian tools and the general case

Here we finish the proof of theorem by following step 2 and step 3 announced in the
introduction.

Consider the erased-word process (Wy,7,),<o in the case when A = [0,1] and p is
the Lebesgue measure on A, and denote by G the filtration it generates. Take a sequence
(fk)k>1 of functions fr: A — A := {0, %, e %} function sending p to the uniform
probability measure on Ay and such that fi(U) =10 U almost surely for any random
variable U ~ p. Applying f to each letter of a word w on A gives a word on Aj denoted

by fr(w). Then the process (fr(W,), nn)n <o 18 the erased-word process on the alphabet Ay

equipped with the uniform probability measure. Denote its filtration by G*. We know by
proposition that each filtration G¥ is of product type. Using this result, the tools of the
theory of filtrations will allow us to prove that G is of product type. We will use theorem
[[4] and the equivalence between standardness and the Vershik property, as well as our
original proposition 3.1 stated below. The key point is the fact that each G¥ is immersed
in G, which means here that the process ( fk(Wn),nn)n <0 is Markovian with respect to §
(see Lemma 2.6 in [6], we do not provide in the present paper the general definition of the
immersion property), and this allows us to use the following proposition.

Proposition 3.1. Let F be a filtration. If there exists a sequence of Vershikian filtrations

(F%),, such that Vi XFE = Fo and such that each F* is immersed in F, then F is
Vershikian.
Proof. This is an easy corollary of Lemma 4.1 and Lemma 4.2 in [6]. O



Thus, we know that G is of product type by proposition B.I] and theorem [I.4], and step
2 of the proof of theorem is achieved. Now consider an arbitrary Lebesgue alphabet
(A, 1) and take a measurable function f: [0,1] — A sending the Lebesgue measure on A.
Then the process (f (I/Vn),nn)n <o I the erased-word process on (A4, u), and the filtration
it generates is immersed in §. We conclude that this filtration is of product type by
using theorem [[.4] and the hereditability of standardness under immersion, an immediate
consequence of the definition of standardness (see [2] or [4]). Now step 3 is achieved and
the proof of theorem [I.3] is over.

Alternatively, step 2 could have been proved by using Vershik’s first level criterion,
similarly to the proof of result 2.45 in [4] about the split-word processes.

4 Standardness of the multidimensional Pascal filtration

The d-dimensional Pascal filtration is introduced in [3]. It is the filtration generated by
the Markov chain (V},),o whose distribution is defined from a given probability vector
(01,...,604), where d € NU {+00}, as follows:

o (instantaneous distributions) the random variable V,, has the multinomial distribu-
tion on
VeE = {(i1,... iq) €N iy + - +ig = |n|}

with success probability vector (01, ...,60;);

o (Markov transitions) the transition laws from n to n + 1 are

d .
LVpgr | Vo =0)=> %&)_ei, (4.1)

=1

where ¢; is the vector in R? whose i-th term is 1 and all the other ones are 0. In

other words, given V,, = (v,(1),...,v,(d)), coordinate i is picked at random with
vp (2)

In]

probability and V11 is obtained by subtracting 1 to this coordinate.

The case when d = 2 is illustrated on Figure [l (with p playing the role of 0;), and the
case when d = 3 is illustrated on Figure[6l We refer to [3] for more detailed explanations.

Yo

A TO A
n I )D\/P 1 1P>O\ | /0/1 1>o\
1, Pl 1’;“\/0\/1” 1 1’P>O\ 1 \1/2 /2 1
Py le o piple o PR b 1 /O< ;c( >O\

1 /3 2/3 23 /3 1

17 v p>§<—p p%{l—p x>(1)\1—p 1° /O< ;O< >o< >o\

\ 1 /4 34 36 36 3/s /s 1
I 2K RO G G- G-\
Piq lp Pryglp Pe lp Pog Ly P71 1p 7N

1 O/ \O/ \O/ \O/ \O/ \O 1. o/l 1/5\0/4/5 4/10\0/6/10 6/10\0/4/10 4/5\0/1/5 1\0
1 5 10 10 5 1
(a) Pascal walk from n =0 ton = —o0 (b) Pascal walk from n = —oo to n =0

Figure 5: 2-dimensional Pascal random walk

It has been shown in [3] that the filtration generated by the d-dimensional Pascal
random walk is standard for any d and any (61,...,60;). This result is straightforwardly
derived from our Theorem [[.3] and from the the hereditability property of standardness
under immersion, already mentioned in section Bl Indeed, taking the erased-word pro-
cess (Wn,nn)ngo on an alphabet A with d letters and equipped with the probability u
whose masses are given by the probability vector (61,...,604), and defining the function
fn: APH1 5 ¥ as the one returning the list of the numbers of occurences of each let-
ter of A in a given word of length |n| + 1, then the process (fn(W5,),n,) is the d-

n<0

dimensional Pascal random walk defined by the probability vector (61,...,6;), and the
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Figure 6: Random walk on the Pascal pyramid (d = 3)

filtration F it generates is immersed in the filtration § generated by the erased-word
process (Wi, 1), <o because (fn(Wh), nn) <o 18 Markovian with respect to §. Then stan-
dardness of the d-dimensional Pascal filtration F results from theorem [[.3] and from the
hereditability property of standardness under immersion.
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