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Abstract: 

This article presents a predictive model of the kinematical behaviour during 5-axis machining. This model 

highlights differences between the programmed tool-path and the actual follow-up of the trajectory. Within the 

High Speed Machining context, kinematical limits of the couple CNC-machine-tool have to be taken into account 

in the model. The originality of the model is the use of the inverse-time method to coordinate machine-tool axes, 

whatever their nature (translation or rotation). The model reconstructs the actual relative velocity tool-surface 

from each axis velocity profile highlighting trajectory portions for which cutting conditions are not respected. 
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1 Introduction 

Today, machining of aeronautic free form surfaces (turbine blades...) is carried out 

using multi-axis milling centre. The use of rotational axes authorizes the choice of the tool 

orientation relatively to the surface. Hence, these supplementary degrees of freedom allow 

reduction costs, improving the surface quality and decreasing machining time. In the 

context of High Speed Machining (HSM), axis and structure solicitations are especially 

high. The machining process is modified and may alter the surface quality: velocity drops 

cause marks, vibrations and high solicitations of each axis generate bad cutting conditions. 

 

Figure 1. Structure of the process. 
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As the machined surface results from each stage of the process, numerous parameters 

have to be taken into account to control the final result (Figure 1). The Computer Aided 

Machining (CAM) stage computes the tool-path, which constitutes and approximation of 

the CAD model according to the interpolation format (linear or polynomial), the driving 

tool direction and the CAM parameters (machining tolerance, scallop height). The choice 

of the parameter values directly influences the surface quality. Following, the post-

processing stage converts the calculated tool-path into an adapted file for the numerical 

controller (NC), called the CNC file. The CNC file contains the set of tool positions and 

axis orientations and the corresponding feedrates. In 5-axis machining, the post-processor 

may also solve the Inverse Kinematical Transformation (IKT) to express the tool-path into 

direct axis commands. The tool-path interpolation and the trajectory follow-up are 

performed by the CNC. As this stage, the follow-up strongly depends on the CNC 

parameters such as time cycles, velocity limitations and special functions (look-ahead). 

The kinematical behaviour during machining is also affected by the machine-tool 

architecture and axis capacities. Therefore, from the CAM stage to the actual machining, 

numerous parameters influence kinematical performances in 5-axis machining which may 

alter the surface quality and machining time. In particular, differences exist between the 

calculated trajectory and associated feedrates defining the CNC file and the actual tool 

movement relative to the surface. 

This paper deals with a predictive model of the machining behaviour with the 

objective of evaluating the actual relative velocity tool-surface during machining from the 

CNC file. For a couple machine-tool - CNC, the model predicts the kinematical behaviour 

through axis velocities. The final purpose is to find an optimal strategy which allows 

respecting programmed feedrate as well as possible. The methodology proposed consists 

in three main steps (Figure 2). First, the programmed tool-path (Xpr,Ypr,Zpr,i,j,k) is 

transformed into a trajectory in the articular space (Xm,Ym,Zm,A,C) by solving the IKT. 

Once axes are coordinated, the post-processor generates the velocity profiles for each axis: 

velocity limitations along the trajectory resulting from axis and CNC capacities are 

computed; a model of the CNC treatments and the special functions is established. The 

originality of this stage is the use of the inverse-time method, allowing a similar treatment 

for translation axes and rotation axes. Finally, the relative velocity tool-surface is 

reconstructed considering the machine-tool architecture allowing the prediction of bad 

cutting condition zones. In a first approach the linear interpolation only is modelled. The 

application is carried out on a 5-axis milling centre Mikron UCP 710 with an industrial 

numerical controller Siemens 840D. 

 

Figure 2. Structure of the predictive model. 

The next section deals with the IKT for a CAXYZ serial architecture. It underlines the 

difficulty in the choice of solution to match the CNC behaviour. Generation of axis 
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profiles is detailed in section 3. The inverse-time method used to express velocity 

constraints is exposed. Limitations from CNC and axis capacities are formulated to 

construct kinematical profiles. An illustration is exposed in section 4. In section 5, the 

relative velocity tool-surface is recalculated from each axis velocity. 

2 Trajectory into the articular space 

The tool trajectory results from the axis displacements of the machine-tool. For each 

Cutter location (Cl point) computed by the CAM software, the tool position and its axis 

orientation relative to the surface are achieved by combining axis articular positions. From 

the programmed tool-path, the IKT calculates corresponding articular configurations. Two 

calculation modes are possible, the IKT can be performed in real time by the NC unit 

during machining or it can be computed off-line by a dedicated post-processor [1]. As our 

objective is to predict articular configurations computed in real time by the NC unit, a 

post-processor is created to simulate the IKT by the CNC. Therefore, the role of this post-

processor is to compute the articular configurations (Xm,Ym,Zm,A,C) for each Cl point 

(Xpr,Ypr,Zpr,i,j,k) programmed in the part frame (Figure 3). 

 

Figure 3. Inverse Kinematical Transformation. 

Given the machine-tool architecture (Figure 13), the IKT leads to equations (1) and 

(2). Details on the geometrical modelling of the machine-tool and the IKT formulation are 

exposed in appendix. 
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Equation (2) directly gives the axis commands (Xm,Ym,Zm). If we consider that the axes 

of the programming basis and the table basis are parallel, equation (1) leads to the 

following system of equations: 

 



=
×−=

×=
)cos(

)sin()cos(

)sin()sin(

Ak

ACj

ACi

 (3) 
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System (3) has two domains of solutions (A1>0 or A2<0). In function of the (i,j,k) 

values, solutions vary (Table 1). 

 i < 0 i = 0 i > 0 

A1 = acos(k)     C1 = -atan(i/j) 
j < 0 

A2 = -acos(k)     C2 = -atan(i/j)+π 

A1 = acos(k)   C1 = -π/2 A1 = acos(k)    C1 = π/2 
j = 0 

A2 = -acos(k)   C2 = π/2 

A=0 

C undefined A2 = -acos(k)    C2 = -π/2

A1 = acos(k)     C1 = -atan(i/j)+π 
j > 0 

A2 = -acos(k)     C2 = -atan(i/j) 

Table 1. Domains of solutions (A1,C1) and (A2,C2). 

Due to physical limitations, the range of angle A is limited to [-30°; +120°]. So, all 

solutions are not practically possible. Different possible cases are summarized in Table 2. 

values of k [ -1 ; -0.5 [ [ -0.5 ; 0.866 [ [ 0.866 ; 1 [ 1 

number of 0 1 2 ∞ 

solutions no solution (A2,C2) (A1,C1) or (A2,C2) A=0 and C=unspecified

Table 2. Sets of solutions for the IKT. 

When several solutions exist, the choice of one of them influences the axis behaviour. 

Indeed, switching from domain 1 (A1>0) to domain 2 (A2<0) makes the table C rotates 

about 180°. This rapid movement can cause rear gouging, especially when using toroïdal 

tool [2][3]. Moreover, during this movement, the displacement of the cutter contact on the 

surface is small; the relative velocity tool-surface is almost zero. As cutting conditions are 

not satisfied, velocity drops will cause marks on the surface. The discussion on the best 

choice that can be done according to the kinematical behaviour is the subject of current 

work and will not be discussed here. The objective of the post-processor is to approach the 

actual behaviour of IKT performed by the CNC. During tests on our system, incoherent 

movements can be noticed. The choice of solution done in real time may be arbitrary. 

Indeed, for two similar trajectories, the CNC can choose two different solutions; thus an 

inversion on the A axis appears whereas it is not necessary. Moreover, for certain cases, 

chosen solution leads to axis displacements out of range. So, predict what will be the 

solution chosen by the CNC is difficult. After having tested several cases on the CNC, the 

post-processor tries to choose the solution that matches the one done by the CNC. 

At this stage, axis configurations corresponding to Cl points are computed. 

3 Prediction of axis velocities 

Prediction of the relative velocity tool-surface requires the estimation of each axis 

velocity. Axis kinematical behaviour during the follow-up of the trajectory depends on the 

tool-path geometry and the performance of the components (CNC, machine-tool axis...). 

Several limitations linked to the HSM context have to be taken into account to generate 

kinematical profiles. 
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3.1 Programming method 

Usually, in 3-axis machining, axis displacements of the machine-tool correspond to the 

displacements of the tool relatively to the surface. For multi-axis machining, due to the 

rotational axes, axis displacements are totally different. During the follow-up, the main 

difficulty is to coordinate translational and rotational axes. This difficulty is emphasised 

by the differences between the kinematical capacities of rotational axes and translational 

axes. The proposed method consists in programming velocities by the inverse-time. It 

defines axis velocities by specifying the time to go from one point to the following one. 

As a result it is easier to coordinate axes with different natures of movements (translation, 

rotation). As many axes as necessary can be interpolated. For instance, when 

programming the tool-path in the part frame, the feedrate Vf is defined as constant 

between two Cl points (Cl1, Cl2). If the length of the segment is L, the tool is supposed to 

move during ∆t from Cl1 to Cl2 (eq. (4)). 

 21ClClLwith
Vf

L
t ==∆  (4) 

To each couple Cli-ni programmed in the part frame corresponds one axis 

configuration Pi (Pi axis 1, Pi axis 2, Pi axis 3 ...). In the articular space, the time allocated to 

each axis to go from one position P1 axis j to the following one P2 axis j should be ∆t. Thus, 

for the segment (Cl1, Cl2) the axis speeds to apply to the machine-tool are: 

 
t

VandPPPwithVPV inversetimejaxisjaxisjaxisinversetimejaxisjaxis ∆=−=∆×∆= 1
12121212  (5) 

By this way, the calculus of axis velocities is adapted for linear interpolation in the 

articular space. However, the programmed tool-path is theoretically interpolated in the 

part frame. The trajectory could be curve in the articular space between two axis 

configurations. Hence, differences can appear, especially if distances between successive 

configurations are high (Figure 4). 

 

Figure 4. Articular interpolation for velocity calculus. 

If a best approximation of the actual velocity is required for the velocity calculus, it 

can be increased by re-sampling the tool-path [4]. New articular configurations are 

computed by the IKT and the estimation of the curve length in the articular space is 

improved. 

To summarise, this method enables to coordinate and define axis velocities from the 

programmed feedrate expressed by the inverse-time. 
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3.2 Expression of kinematical constraints 

Within the context of high speed machining, CNC parameters and components 

capacities are also critical for the trajectory follow-up. As programmed velocities are very 

high, axis dynamics and CNC treatment limit kinematical performances. During tests on 

our system, several constraints are noticed. Three of them seem to be most critical; they 

are identified and implemented in the model: − the maximal kinematical capacities; − the velocity limitation at block transition; − the velocity limitation due to the cycle time of CNC. 

For a serial multi-axis machine, kinematical capacities of each axis are different. They 

are limited by CNC parameters according their inertia and position into the chain. For 

each axis, maximum available velocity, acceleration and jerk are respectively Vmax axis j, 

Amax axis j and Jmax axis j. Moreover, during trajectory interpolation, these capacities have to 

be coordinated to follow-up the trajectory. Hence, given the current position along the 

trajectory, the feedrate is limited by the less powerful axis. Theses constraints are 

integrated in the model by computing the maximum available velocity, acceleration and 

jerk (Vmax inverse-time, Amax inverse-time, Jmax inverse-time) for each articular segment (eq.(6) to (8)). 

 0min
max

max ≠∆




∆=− jaxis

jaxis

jaxis

timeinverse Pfor
P

V
V  (6) 

 0min
max

max ≠∆




∆=− jaxis

jaxis

jaxis

timeinverse Pfor
P

A
A  (7) 

 0min
max

max ≠∆




∆=− jaxis

jaxis

jaxis

timeinverse Pfor
P

J
J  (8) 

The follow-up also depends on the geometry of the trajectory. In 5-axis machining, 

discontinuities may appear along the trajectory in the articular space. Tangency and 

curvature discontinuities involve slowdowns during the follow-up. To prevent velocity 

drops, the CNC smoothes these discontinuities by inserting arcs of circle on block 

transition (Figure 5). 

 

Figure 5. Rounding of tangency discontinuity. 

Therefore, velocity is non null but limited by CNC parameters. The post processor 

models this rounding, taking into account the rounding tolerance value which defines the 

radius of rounding (eq.(10)) [5][6]. The maximum velocity to cross this rounding can thus 

be computed with the maximum centripetal acceleration allowed. On the CNC used, the 

parameter Curv_Effect_On_Path_Accel distributes the acceleration capacities between the 

centripetal acceleration and the tangential acceleration along curved contours (eq. (9)) 

[6][7]. This velocity limitation is applied at block transition considering that rounding 

length is short enough to consider that the velocity remains constant on the arc of circle. 
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The last constraint implemented in the post-processor is the maximum velocity relative 

to the CNC time cycle. As feedrates are high, cycle times have to be short enough to 

compute new instructions before the previous ones are reached. Otherwise, the axes stop 

and wait for the next cycle. Indeed, for short segments, the interpolator cycle time can be 

longer than the duration of axis displacements. For example, if the feedrate is equal to 

20m/min and the interpolator cycle time is 3ms, for all segments with a length less than 

1mm axes stop at the end of segment by lack of information. To avoid this problem, the 

maximum axis velocity is limited in order to respect cycle times (eq. (11)).  

 
timecycleorinterpolat

V inversetime
1

max ≤  (11) 

Constraints presented above are expressed by the inverse-time in the post-processor. 

So, all trajectory long, maximal velocity, acceleration and jerk limit the kinematical 

performance of each axis. At this stage, the model generates kinematical profiles taking 

into account these limitations. 

3.3 Generation of the axis kinematical profiles 

Due to HSM, structures of machine-tools are more and more solicited. High axis 

velocities and high curvatures require high accelerations. Trajectory discontinuities in the 

articular space create jerking. Such machine behaviour is harmful for the machine and the 

part quality. Consequently, jerk limited velocity profile is used to drive axes. This way of 

piloting reduces jerking and smoother transitions are achieved [8][9]. Actual velocities 

generated by the CNC are modelled by jerk limited velocity profiles. For each segment of 

the articular trajectory, a inverse-time feedrate profile is computed from kinematical 

constraints, initial and final conditions. Finally, axis velocities are reconstructed by 

multiplying the inverse-time profile by the axis displacements (Figure 6). 

 

Figure 6. Generation method of axis velocity profiles. 

Henceforth, CNC has special functions to improve the follow-up in HSM. As one of 

them, the dynamic anticipation, is of major influence for high velocities, it is modelled to 

fit the interpolator treatment. This function, called “look ahead” is used to prevent 

overshoots. For example, if the anticipation is realised on 10 blocks; in order to generate 

the profile on block N, the geometry of the trajectory until block N+10 is taken into 
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account. Hence, the velocity deceleration is delayed and overshoots are avoided. The use 

of such function enables to reach higher velocities (Figure 7). 

 

Figure 7. Influence of look ahead function on velocity profile. 

4 Application 

To illustrate our approach, the machining behaviour on a blending radius of 5 mm is 

studied (Figure 8). The programmed machining strategy is parallel to plane with toroïdal 

mill (D=10mm, Rc=1mm). Chordal deviation (machining tolerance) is set to 0.01mm; tool 

inclination is set to 5° and feedrate to 5 m/min. 5-axis machining is carried out on the 

Mikron milling centre. The programming frame is oriented on the rotate table such as only 

the YZA axes are solicited. 

 

Figure 8. Machining of the blending radius. 

Results of predictive model are presented above. First, the IKT is performed. Figure 9 

shows the computed axis configurations corresponding to the programmed Cl points. 

 

Figure 9. Articular configurations for Cl points. 

Given the articular configurations, axis capacities and CNC parameters velocity 

limitations are predicted along the trajectory (Figure 10). They are expressed in the 

inverse-time method because profile generation is not yet done. 
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Figure 10. Inverse-time velocity limitations for each block. 

The final stage consists in computing the jerk velocity profile taking into account 

previous constraints. Then, for each segment, the inverse-time velocity is multiplied by 

axis displacements to obtain each axis velocity. Figure 11 compares the predicted 

velocities to records done in real time through the CNC during machining. 

 

Figure 11. Comparison between predicted and measured velocities. 

For the first and the last blocks, where tool axis orientation does not change, predicted 

axis velocities are equal to the measured one. Differences appear when rotational axis 

moves. The CNC treatment seems to change when commuting from two axis interpolation 

(YZ) to three axis interpolation (YZA). Indeed, on block 2, 3, 25 and 26 (t≈1.5 and 3 sec.), 

initial and final accelerations are set to zero; slowdowns appear, whereas, between blocks 

4 and 24, profile is optimal. This constraint limits axes to reach higher feedrate. So, 

predicted axis behaviours are locally more dynamic than the actual ones. These treatments 

modifications by the CNC are difficulties in predicting machining behaviour. 

5 Evaluation of cutting conditions 

To evaluate the cutting conditions, actual feedrate of the tool relatively to the surface is 

rebuilt from each axis velocity. Cutting conditions have to be expressed on the Cutter 

contact point (Cc point). Equation (12) expresses the tool feedrate in the machining 

direction. It can be approximated by the velocity on Cl point as Cc and Cl points are close 

enough and rotational axis velocities are low compared to the translational ones (eq. (13) 

and (14)). 
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 machinesurfaceCcmachinetoolCcsurfacetoolCc VVV /,/,/, −=  (12) 

 machinetoolClmachinetoolCc VV /,/, =  (13) 

 machinesurfaceClmachinesurfacemachinesurfaceClmachinesurfaceCc VCcClVV /,//,/, ≈Ω∧+=  (14) 

Thus, combining Cl positions, axes velocities and machining parameters, cutting 

conditions are evaluated along the tool-path. Figure 12 shows that programmed velocity is 

not respected on the bending radius. Indeed, the feedrate reaches 5 m/min along first and 

last blocks since they are long enough. When the tool axis orientation varies, 

discontinuities created in the articular space make the feedrate drop to 0 m/min. Along the 

radius, the maximal reached velocity is about 1 m/min. 

 

Figure 12. Actual feedrate along the tool-path. 

Given the CAXYZ architecture, the actual feedrate depends on axes capacities, chordal 

deviation, rouding tolerance.... It depends also on the position and orientation of the part in 

the machine frame. According to the distance between part and rotational axes, variations 

in tool axis orientation may induce large displacements. These displacements cause high 

solicitations of translational axes. 

To summarize, the reconstruction on the relative feedrate tool-surface gives a criterion 

to qualify cutting conditions, and so, the quality of the machined part. 

6 Conclusion 

Multi-axis machining and high velocities create significant solicitations on machine-

tool axes, reducing the machined part quality. This is due for the main part to the 

kinematical performances of the couple CNC-machine-tool. In the paper we have 

proposed a predictive model of the kinematical behaviour during 5-axis machining to 

highlight differences between the programmed tool-path and the actual execution of the 

tool trajectory. For this purpose, a post-processor is developed to approach the Inverse 

Kinematical Transformation done in real time by the CNC. Limits of the CNC and the 

machine-tool are exposed. Therefore, axis capacities and CNC special functions are 

modelled. The inverse-time method used to coordinate axes and to generate jerk limited 

kinematical profiles constitutes the originality of this model. It allows interpolating axes, 

whatever their number and their movement (translation or rotation). The results of the 

predictive model are compared with tests carried out on an industrial milling centre. The 

global behaviour is similar showing this efficiency of our model. Nevertheless, small 

differences can be noticed when machining short length segments and for transition 

between 2 and 3-axis interpolation. Finally, the model builds the relative velocity tool-

surface highlighting trajectory portions for which cutting conditions are not respected. 

Works in progress will now take advantage of our predictive model to find an optimal 
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machining strategy, computing the tool position and the tool axis orientation, to respect 

the programmed feedrate as well as possible. 
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Appendix: Formulation of the IKT 

The architecture of the milling centre Mikron UCP 710 is CAXYZ. Two rotations are 

applied on the part, and the tool orientation is fixed in the machine frame (Figure 13). 

 

Figure 13. Definition of different frames. 
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The different frames are: 

- the machine frame (Om,xm,ym,zm) is linked to the structure of the machine-tool. Its 

axes are parallel to the XYZ axis; the zm axis of this frame is parallel to the axis of the tool 

and is pointing to the tool tip; 

- the tilt frame (S,xb,yb,zb) is linked to the tilt table: xb is parallel to xm, S is located on 

the A axis and is given by equation (15); 

 mzmymx zmymxmOmS ... ++=  (15) 

 - the table frame (R,xp,yp,zp) is linked to the rotary table: zp is parallel to zb, R is 

defined as the intersection between the C axis and the upper face of the table (eq. (16)); 

 bzby zbybSR .. +=  (16) 

 - the programming frame (Opr,xpr,ypr,zpr) is linked to the part: it represents the frame 

used for CAM computation. Its origin Opr is given by equation (17). 

 pzpypx zpypxpROpr ... ++=  (17) 

The parameters mx, my ,mz ,by and bz are fixed values, identified on the machine-tool. 

The position of the part on the table define the parameters px, py and pz. To switch easily 

between different frames, we generally define Pij the matrix that converts a vector initially 

expressed in the frame j into the frame i : jframeijiframe VPV .=  (eq. (18)). 
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A and C are the angular values to command rotational axis; The parameters 

a,b,c,d,e,f,g,h,i define the orientation of the part on the table. 

Equation (19) expresses that the tool orientation is fixed in the machine frame; the tool 

orientation on the surface is given by the two rotational axes on the part. 

 

( ) ( )zpryprxpr

pprbpmb

zmymxm

k

j

i

PPP

,,,,
00

1

0

0














×××=














 (19) 

Then, once the values of angles A and C are computed, the X, Y and Z axis correct the 

displacements induced on the part and move the tool to reach the CL point. The 

commands to apply to axis of translation are given by equation (20). 
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