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Boundary feedback stabilization of a chain of

serially connected strings

Kais Ammari * and Denis Mercier

Abstract. We consider N strings connected to one another and forming a
particular network which is a chain of strings. We study a stabilization problem
and precisley we prove that the energy of the solutions of the dissipative system
decay exponentially to zero when the time tends to infinity, independently of the
densities of the strings. Our technique is based on a frequency domain method
and a special analysis for the resolvent. Moreover, by same appraoch, we study
the transfert function associated to the chain of strings and the stability of the

Schrodinger system.

2010 Mathematics Subject Classification. 35105, 35M10, 35R02, 47A10, 93D15, 93D20.
Key words and phrases. Network, wave equation, resolvent method, transfert function,

boundary feedback stabilization.

1 Introduction

We consider the evolution problem (P) described by the following system of NV equations:

(0Fuj — pj02uy)(t,x) =0, x € (j,j + 1), t € (0,00), j = 0,..., N — 1,
0o (%uo(t,O) = 8t110(t,0), uNfl(t,N) =0,te (0,00),

(P) uj*l(taj) :u](t’.])7t€ (0,00),jzl,...,N—l,

—pj,l(?muj,l(t,j) + pjamu]'(t,j) =0,te (0,00), j=1..,N—1,

u;(0,2) = ul(x), dhu;(0,2) =uj(z), x € (j,j +1), j =0,., N =1,

\
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where p; >0,Vj=0,...,N — 1.

We can rewrite the system (P) as a first order hyperbolic system, by putting

vi=| 7 ], and VP = 7o) 0<j<N-1,
pj Oz pj(?xu?

(0V; — Bj0,Vj)(t,x) =0,z € (§,j+1),t€(0,00), j=0,...,N =1,
CoVo(t,O) =0, CNflval(t,N) =0,1te€ (0,00),

(")
Vi—i(t,j) = Vj(t,4), t € (0,00), j =1,.., N — 1,
Vi(0,2) = VP(x), x € (j,j + 1), j=0,.., N = 1,
where
0 1 1 -1 10 ,
Bj = ,Co = ,On_1 = ,0<j<N—-1. (1L1)
p;j 0O 0 0 0 0

Models of the transient behavior of some or all of the state variables describing the
motion of flexible structures have been of great interest in recent years, for details
about physical motivation for the models, see [10], [12] and the references therein.

Mathematical analysis of transmission partial differential equations is detailed in [12].

Let us first introduce some notation and definitions which will be used throughout the
rest of the paper, in particular some which are linked to the notion of C¥- networks,
v € N (as introduced in [9]).

Let T' be a connected topological graph embedded in R, with N edges (N € N¥). Let
K ={kj : 0 <j < N—1} be the set of the edges of I'. Each edge k; is a Jordan curve in
R and is assumed to be parametrized by its arc length x; such that the parametrization
g, J+1] = kj : xj — mw(z;) is v-times differentiable, i.e. m; € C¥([j,j + 1], R) for
all 0 < j < N — 1. The density of the edge k; is p; > 0. The C”- network R associated

with I' is then defined as the union
N—1
R= ] k.
=0

We study a feedback stabilization problem for a wave and a Schrdinger equations in

networks, see [3]-[7], [12] and Figure 1.
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Figure 1: Serially connected strings

More precisely, we study a linear system modelling the vibrations of a chain of strings.
For each edge k;, the scalar function u;(t,x) for x € Rand ¢t > 0 contains the information

on the vertical displacement of the string, 0 < j < N — 1.

Our aim is to study the behaviour of the resolvent of the spatial operator which is

defined in Section 3 and to obtain stability result for (P).

We define the natural energy E(t) of a solution u = (uo, ...,uny—_1) of (P) and the natural

energy of a solution V' of (P’), respectively, by

N-—1 i1
1 ! 2 2
t) = 3 Z (/ (latuj(t,x)\ + p; |0zu;(t, )| )dx) , (1.2)
j=0 \i
1 N—-1
e(t) =5 1V HL2 GrrdtDxr2Ggin 07 < N =1, (1.3)
7=0

where L2 (4,7 +1) = L, (4,5 +1),dx) = L*((j, +j + 1), p; dz).

Pj

We note that E(t) < e(t), Vit > 0.

We can easily check that every sufficiently smooth solution of (P) satisfies the following

dissipation law

E'(t) = —\atuo(t,o){ <0, €(t) = —|CoVo(t 0){ <0, (1.4)



and therefore, the energy is a nonincreasing function of the time variable t.

The result concerns the well-posedness of the solutions of (P) and the exponential decay

of the energy F(t) of the solutions of (P).

The main result of this paper then concerns the precise asymptotic behaviour of the
solutions of (P). Our technique is based on a frequency domain method and a special

analysis for the resolvent.

This paper is organized as follows: In Section 2, we give the proper functional setting
for system (P) and prove that the system is well-posed. In Section 3, we then show
that the energie of system (P) tends to zero. We study, in Section 3, the stabilization
result for (P) by the frequency domain technique and give the explicit decay rate of
the energy of the solutions of (P). Finally, in the last sections, we study the transfert
function associated to a string network and the exponential stability of the Schrodinger

system.

2 Well-posedness of the system

In order to study system (P) we need a proper functional setting. We define the following

spaces
N-1
H=1[,G5+1) x L*(j,j+1))
7=0
and
N-1
V= {u = (ug, -y un—1) € [[ H' G341, un-1(N) =0, uj1(j) = u;(j), j = 1,---,N—1},
=0

equipped with the inner products

N-1

<V, V >p= Z (/jj+1pjuj(x)@j(m)+Uj($)@j(m)dx>7V: ﬁ V= % ,
- o B (2.5)
<u, i >y= ]Z:% (/;H pjaxu]'(m')({“)xmd$> . (2.6)

It is well-known that system (P) may be rewritten as the first order evolution equation

U = AU,

U(0) = (u, ul) = Uy, 27



N—-1
where U is the vector U = (u, d;u)’ and the operator A : D(A) - H =V x H L%(j,j+

5=0
1) is defined by
Au, )" = (v, (pj05uj)o<j<n-1)",
with
N—-1
D(A) = (u, v) € H H?(j,j 4+ 1) x V : satisfies (2.8) to (2.9) hereafter p
j=0
po Oz g (0) = vo(0) (2.8)
—,ojamuj(j) + pj,lﬁxuj,l(j) =0, j=1,..,N—1. (2.9)

It is clear that H is a Hilbert space, equipped with the usual inner product

IS
1S

IS

v

< 7 z > — Nz:l </jj+1 <vj(x)m + p;0ru; (@@W) da.

H =0
By the same way we define the operator A as following:
A:DA)CH— H,AV =B, V,VYV € D(A),
where
D(A) ={V = (Vj)osjen—1 € H, V; € (H'(j,j +1))*, V;-1(j) = V;(j), 1 <j < N -1,

CoVo(0) = 0, Cy—1V_1(N) =0
and B = (Bj)o<j<n-1-

Now we can prove the well-posedness of system (P) and that the solution of (P) satisfies

the dissipation law (1.4).

Proposition 2.1. (i) For an initial datum Uy € H, there ezists a unique solution

U € C([0, +00), H) to problem (2.7). Moreover, if Uy € D(A), then

U € C([0, +0), D(A)) N CL([0, +00), H).

(i) The solution w of (P) with initial datum in D(A) satisfies (1.4). Therefore the

energy is decreasing.



Proof. (i) By Lumer-Phillips’ theorem (see [14, 16]), it suffices to show that A is dissi-
pative and maximal.
We first prove that A is dissipative. Take U = (u,v)! € D(A). Then
N-1 j+1 ) . L
(AU, U)y, = > (/ (Pjaxw(ﬂf)vj(l’) + Pﬁx”j(ﬂﬁﬁz“j(ﬁﬂ)) dﬁﬂ) :
i=0 i

By integration by partsand by using the transmission and boundary conditions, we have

R (AU, Uy) =~ [mn(0)* < 0. (2.10)

This shows the dissipativeness of A.

Let us now prove that A is maximal, i.e. that Al — A is surjective for some A > 0.

Let (f,9)" € H. We look for U = (u,v)" € D(A) solution of

[~

- * )= : (2.11)

|<
S

or equivalently
)\uj—vj ij Vj € {0,...,N—1},

(2.12)
)\Uj — pjaguj‘ = g Vj € {0, e, N — 1}.

Suppose that we have found u with the appropriate regularity. Then for all j €
{0,..., N — 1}, we have
V5 = )\Uj - fj eV (2.13)

It remains to find u. By (2.12) and (2.13), u; must satisfy, for all j =0,..., N — 1,
Nouj = piOiu; = gj + Afj.

Multiplying these identities by a test function ¢, integrating in space and using integra-

tion by parts, we obtain

N-1

N-1 41 j
. - 1
> / (Nujdj + pjOuti;Onps) dz — > [pjaﬂﬁ“j@?
j=0 73 =0
N-1 i1
= / (95 + Afy) ¢jdax
j=0"



Since (u,v) € D(A) and (u,v) satisfies (2.13), we then have

N1 e+l
/ )\ ujd; + piOyuj w(bj) dz+
j=0"J

N-1 ejt1 o
(Aug(0) — fo(0)) ¢o(0 :Z/ (gj + \fj) pjdz.  (2.14)
7=0

This problem has a unique solution u € V by Lax-Milgram’s lemma, because the left-

N-1

hand side of (2.14) is coercive on V. If we consider ¢ € H D(j,j+1) C V, then u
=0

satisfies

Nuj — p;dPu; =g +Nf; inD(j,j+1), j=0,--- ,N—1

N-1 N-1
This directly implies that v € H H%*(j,j +1) and then u € V N H H%(j,5 +1).
j=0 j=0

Coming back to (2.14) and by integrating by parts, we find

N—

Z pja u;(J )¢J( ) — pjOpui(j + 1)¢_j(j + 1))

J=

MO( ) = fo(0)) ¢o(0) =

Consequently, by taking particular test functions ¢, we obtain

H

podzuo(0) =vo(0) and  p;0pu;(j) — pj—102u;—1(j) =0, j=1,--- ,N - 1.

In summary we have found (u,v)* € D(A) satisfying (2.11), which finishes the proof of

(i).

(ii) To prove (ii), it suffices to derivate the energy (1.2) for regular solutions and to use
system (P). The calculations are analogous to those of the proof of the dissipativeness

of Ain (i), and then, are left to the reader. O

Remark 2.2. By the same we can prove that the operator A is a m-dissipatif operator

of H and generates a Co— semigroup of contractions of H.



3 Exponential stability

We prove a decay result of the energy of system (P), independently of N and of the
densities, for all initial data in the energy space. Our technique is based on a frequency

domain method and a special analysis for the resolvent.

Theorem 3.1. There exists a constant C,w > 0 such that, for all (u°,u') € H, the

solution of system (P) satisfies the following estimate

E(t) < Ce™t ||, uh)|3, Vi 0. (3.15)

Proof. By classical result (see Huang [11] and Priiss [15]) it suffices to show that A

satisfies the following two conditions:) of a C\ semigroup of contractions on a Hilbert

space:
p(A) D{ip | B € R} =R, (3.16)
and
limsup [[(i6 — A) ™) < 00, (3.17)
8|00

where p(A) denotes the resolvent set of the operator A.

Then the proof of Theorem 3.1 is based on the following two lemmas.

Lemma 3.2. The spectrum of A contains no point on the imaginary azis.

Proof. Since A has compact resolvent, its spectrum o(.A) only consists of eigenvalues of

A. We will show that the equation

AZ =iBZ (3.18)

S

with Z = € D(A) and § # 0 has only the trivial solution.

|<

By taking the inner product of (3.18) with Z € H and using

R < AZ, Z >3=— |vo(0))?, (3.19)



we obtain that vy(0) = 0. Next, we eliminate v in (3.18) to get a second order ordinary

differential system:
?y; .. )
p; S 4 B2y; =0, (j,j+ 1), j=0,.., N -1,
yo(0) = 42(0) = 0, yx—1(N) =0, (3.20)
yi-10) =v;(), i =1,... N = 1.

The above system has only trivial solution.

O
Lemma 3.3. The resolvent operator of A satisfies condition (3.17).
Proof. In order to prove (3.17) or by equivalence the following
limsup ||(if — A)71||£(H) < 00, (3.21)

|B]—o00
we will compute and estimate the resolvent of the operator A associated to the problem
(P").
More precisely, let A\ = i, € R, G = (Gy,...,Gny-1) € H, we look for W =
(Wo, ..., Wn_1) € D(A) solution of

(iB — BO,)W =G, (3.22)
where B = (By, ..., By_1) and
0o 1\
Bj: ,]:O,...N—l.
pj 0

We want to prove that there exists a constant C' independent of 8 such that

Wl < CllGlla (3.23)

First step : Computation of the resolvent

From (3.22) we have
0, W; = iBB;'W; = B;'G;,j =0,..,N — 1
therefore

Wy(z) = ew(mfl)BalFo - / ew(m*s)BalBo_lGo(s) ds,Vx € [0,1], (3.24)
1



and

. . — x . p—
W(z) = @B F, —/ ePeIB BIIG(s) ds,Va € [, + 1,5 = 1,2, .., N — 1,
J

(3.25)
where Fy = Wy(1) and F; = W;(j),j =0,...,N — 1. For simplification we set
z . —
Gj(z) = / P@=9)B; lijlGj(s) ds,j=0,..,N —1. (3.26)
J
Using the transmission conditions at nodes j = 1,..., N — 1 we have
F1 :Fo, andFj :ijl(j),j :2,...,N—1, (327)
which implies that
k=1 . —1 jil k=p . _1 ~ ~
Fy=| I &% | B3| TI &7 | Gorlo) + Gjmalh) | vj =2, N - 1.
k=j—1 p=2 \k=j—1
(3.28)
Forall j=1,....,N —1 we set
k=1 L
M) = [ *"
k=j—1
and
j—1 k= )
L';(8) = I €% | Goi(p) + Gi-a(4), (3.29)
p=2 \k=j—1
hence
Fy = M;(B)Fo —T'(B). (3.30)

Note that the solution W is completely determined if Fy is known. Indeed, it suffices
to insert the identity (3.30) in (3.25).

Thus, we give the equation satisfied by Fy. The boundary conditions at nodes z = 0

0 0
and z = N are respectively CoWy(0) = ,and Cy_1Wy_1(N) = , where
0 0

Co, Cn—1 are the matrices given in (1.1). Since the second lines of Cy and Cy_; vanish
the previous equations may be written as
(1,—1).Wp(0) =0, and (1,0).Wx_1(N) =0,

” "

where represents the matrix-product of a vector line by a vector column. These

equations are equivalent to
(1,—1).e750" Fy = (1, -1),Go(0) (3.31)

10



and
(1,0).¢PPN=1 Fy_y = (1,0).Gn—1 (N).
Inserting (3.30) in the previous equation we get

-1 -1

(1,0).ePBx=1 My_1(B)Fy = (1,0). (G‘N_l(N) + eiﬁBN—er_l(ﬁ)) . (3.32)

If we denote by Hy_1 the 2 x 2 matrix whose the first line is the vector line is
-1

(1, —1).67i6361 and the second line is (1,0).e?Px=1 My_1(B) i.e

(1,—1).e"BBs "

Hy_1= G (3.33)
and Yy_; the 2 x 1 vectors columns by
1,-1).Go(0
Y1 = (D Z(B_)l (3.34)
(1,0). (G- (N) + €PNl 1(8))
then equation (3.31) and (3.32) are equivalent to the following system:
Hy_1Fo = Yy_1. (3.35)

Second step: estimate of Fj

We first start by given an estimation of G = (éo, ---,éN—l) where éj are defined in
(3.26).

For all j =0,..., N — 1, the matrix is B; is invertible:

-1 _
Bj =

and we easily find after some computation that

.. P
8o zsm(\/—p_j)
BBt _ COS(\/—p_j) Tﬂj . (3.36)
T

)

i\/P;j sin(ﬁ) cos(

VPi VPi

Since 5 € R, from the previous identity, we directly get the following estimates

11



G S IGlm 1G5 G+ DI S G, j =0, N =1 (3.37)

|Gl S NG a- (3.38)
From the definition of I'; in (3.29) we also get

5B S Il =1, N = 1. (3.39)

It follows that
Y1l S Gl a- (3.40)

Note that from (3.36) the entries of Hy_1 are bounded and so it is for the entries of
the matrix (comH N,l)T. Assume for the moment that there exists a constant yy_1 > 0
such that

VB eR,|det(Hy-1)| > yn-1, (3.41)

then it follows with (3.40) that

| Foll = (comHy_1)"Y_1 < |G|l (3.42)

1
det Hy_1
It remains to prove (3.41).

The idea of the proof is that (3.41) is well known for N = 1 and that this property

spreads by iteration.
First, similarly to (3.33) we define for all N € N* the matrix

(1, —1).e"BBs "

Hy_1 = _
M (0, 1).¢#Bn5

(3.43)

and we set

Dy_1 =det(Hy_1), Dy_1 =det(Hy_1),¥N € N*.

Particularly, for N = 1 we have

., B
sin(—)
cosi iy/ sini — cos B —1 vV PO
Hy = (\/PO)Jr 7o (\/Po) (\/Po) 5 VPO ’
VPo VPo

12



and
in(2
) B . B s MUE
iy = cos(ﬁ) + z\/p_osm(ﬁ) — COS(\/P_O) —ﬂz N
i\/Po Sin(ﬁ) Cos(ﬁ)
Thus
.28
s MR 25 26
Dy = Cos(\/%) +1 N Dy = cos(ﬁ) + i\/p_osin(ﬁ),
d
an ) Q(ﬁ)
|Do|? = COSQ(\/%) + pZ/P_O > min(1, %) > 0,

Dy ? = cos?(——

NG

It is useful for the sequel to remark that

20 )+ po SiHQ(%) > min(1, pg) > 0.

R(DoDyg) = 1.

Using (3.36) we have the following identity

7
Dyn_o + sin Dn_o,
\/PN—l) PN—-1 ( )

)DN_2 + COS(*)DN_Q.

~ . . B
Dy_1 =1 _1sin
N-1 = d/pNsin( 7 PN

Dy_1 = cos(

A simple computation shows that

R(Dn_1Dn_1) = R(Dn_2Dy_2)

consequently,
VN € N*, %(DN—lDN—l) =1.
Now, since
|Dy-1f* =
1 =
|DN,2|2 S(DN,QDN,Q) COS(

(cos( b ), sin( b ) 1 _ ,0]\1/71 B VPN-1

VPN-1 vV PN-1 W%(DN,QDN,Q) |\/ﬁDN72|2 Sin(\/p—)

- - N—1
it follows that
(3.44)

IDN-11* > tmin.N—2,

13



where fimin, N—2 is the smallest eigenvalue of the matrix in the previous identity. The

determinant of this matrix is:

1 = 1
R(Dy_oDy_9)* = .
PN—-1 PN—-1

Since Dy _9 and ﬁN,g are clearly bounded the trace of this matrix is bounded, i.e

1 -
ICN_1 > 0,|Dn_ao|* + Dn_o> < Ch_,.
N-1>0,[Dy 2] |\/m 2| N-1
It follows that
1
Hmin,N—2 = prlc],V_l
1

Setting Cy—1 = , | ———=;— then (3.44) implies (3.41). Consequently we have prove

prICNfl

the estimate (3.42) for Fyp.

Finally, using estimates (3.42), (3.37), (3.38) in (3.27) and (3.28) and the fact that the

matrices involved in (3.28) are uniformly bounded we get
IF | S 11Gllae, ¥ =1,..N — 1.

Using (3.42) and the previous estimates in (3.24) and (3.25), we get (3.23).

Which implies (3.21) and thereafter (3.17), and end the proof of Theorem 3.1.

4 Comments and related questions

The same strategy can be applied to stabilize the following models and to verify and

compute the transfer function.

4.1 Transfer function

We can use the same strategy to verify that the operator H(\) = AC*(\2I + A)~1C €
L(U), A € C,, satisfies the property (4.48) of the following lemma, where here A is the
self-adjoint operator corresponding to the conservative problem associated to problem

(P), namely we replace in (P) the boundary feedback condition by
Po 8;,;UO (t, 0) = 0, (4.45)

14



ie.,

N—
A:D E:H (4,7 +1) — H is defined by

A(u) = (= pjOiuz)o<jsn-1,

with
N-1
D(A) = u € H H?%(j,j +1) :satisfies (4.46) to (4.47) hereafter
j=0
£0 Bxuo(O) =0 (4.46)
—piOzu;(§) + pj—10zu—1(j) =0, j=1,..,N—1 (4.47)
1
o %0
C e L(C, V' =D(A2)), Ck = /oo A Nk =k , ,VkeC,
0
(— uo . 0> ,YueV,
where A_; is the extension of A))" (the duality is in the sense of H) and N is

the Neumann map,
pj 03(NK); =0, (j,j +1),0<j <N -1,
0.(Nk)o(0) = k, (Nk)y_1(N) =0,
pi—10u(NK); 1(j) = pj 0u(NK);(j), 1 < j < N — 1.

Lemma 4.1. The transfer function H satisfies the following estimate:

sup [|AC*( N4+ A)” CHL < 00, (4.48)
RA=y

for v > 0.

Proof. In the same way as the proof of Lemma 3.3, we give an equivalent formulation of
the function H. For that purpose, we consider W = (W;)o<j<n—1 € H,W; € (H'(j,j +
1))? solution of

(A —=B0o,)W =0,

Wi 1(j) = Wi(j),1<j <N —1,
i—1(7) 5(7) J (4.49)

~ z
COWO(O) = 0 s CN_1WN_1(N) =0

15



where z € C, B is defined as in the proof of Lemma 3.3, Cy_; is the matrix given in

~ 0 1
(1.1) and Cp = . Therefore, for A € C,R(\) =~ > 0, the transfer function is
0 0

H(\):zeCw (1,0).W,5(0) € C.

Consequently to prove (4.48) it suffices to check that for a fixed v > 0, there exists a

constant ¢, > 0 such that

VA e C,RO) =7, |(1,0).Wo(0)] < e |2]. (4.50)

Using (3.24), (3.25), (3.28), we have
Wo(x) = GA(mil)BalFo, W](x) = GA(mij)B; jaj = 1, ceey N — 1,
where

k=1
Fo=Wo(l), i = Fy, and Fy = | [] % | R, j=2,..,N -1
k=j—1
Therefore, from the boundary conditions at x = 0 and x = N, we find that Fj is the

solution of

V4
Hy_1Fy = ;
0

where Hpy_1 is the 2 x 2 matrix

(0,1).e=Bo "

k=1
(1,0)( H e)\Bk_1> )
k=N

k=1
-1
with the convention that < H B ) is the identity matrix if N = 1.
k=N—-1
Estimate of Fj
Since for all j
sinh(22)
A ¢j
e)\xBj_l _ COSh(C—f) cj

cj sinh(i—f) COSh(i—f)

it is clear that there exists a constant cﬁ, > 0 sucht that
VAe C,R(\) =7, [[Hy-1]| < c’y. (4.51)
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We need a similar estimate for H ];171; this will be done by giving a lower uniform bound
of |Dn_1| on the line R(A\) = ~, where we have set Dy_; = det(Hy_1). Thus we

introduce the matrix

and set Dy_1 = det(ﬁN,l). Now, we prove by iteration that
R(Dn_1Dn_1) > kn_1 > 0.

For N =1 we have

: A A A A
o= |~ sinh(Z) cosh(Z) 7 sinh(Z) cosh(Z) 7
1 0 0 1

thus

= 1 2
R(DyDo) = 5 sinh( C'OY) > 0.

Assume that there exists a constant kxy_o9 > 0 such that

%(DN_QDN_Q) > kn_o > 0. (452)

We have the following easily checked identities

1
)DN_2 + sinh( )DN_2

Dpy—_1 = cosh(
CN-1 CN-—1 CN-1

)Dn—9 + cosh(
CN-1 CN-1

Dy_1=cn_1 sinh(

A computation leads to

R(Dy-1Dn-1) = §)‘E(cosh(ﬁ)smh(c /\_ ))(CN_llDN_QP—i‘m’DN—ZP)
+ (|cosh(z25)[? + [ sinh(;25)P)R(Dy—2Dy—2)
1 . 1 =
— 551nh(c§ —)(en—1|Dw - 2|2+—|DN 2[2)
CN-1
+ Cosh(cN YR(Dy_2Dn_5)
> Cosh(cf]v -)kn—2

= ky_1>0.

We have proved (4.52). It follows
|Dn_1Dn_1| > kn_1 > 0.
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But |Dy_1] is obviously upper bounded on the line R()\) = v, consequently there exists

a constant k7, _; > 0 such that
YA R(A) =7, [Dy-1] = ky_y > 0.

Finally, with (4.51) we deduce that Hy" | is bounded on the line R(\) = v and it follows
that there exits ¢, > 0 such that

Vze C,YA: R(\) =7, |Fol < ¢yz.

Conclusion: (4.50) is a direct consequence of the previous estimate. The proof is com-

plete
O

As application is that the open loop system associated to (P) is satisfies a regularity
property.

Corollary 4.2. Let T > 0. Then, for all v € L*(0,T) the following problem

(

(OFj — pjOz)(t.x) =0, x € (j,j + 1), t € (0,00), j = 0,..; N — 1,
po Ozt (t,0) = v(t), Yn_1(t,N) =0, t € (0,00),

Vj-1(t,5) = ¥;(t, ), t € (0,00), j=1,.., N — 1,

—pj—10:0j-1(t, J) + pjOstbi(t, ) = 0, t € (0,00), j =1,.., N — 1,
¥;i(0,2) =0, 9j(0,2) =0, € (4,j +1),j=0,..,N — L.

admits a unique solution (1, 0)) € C(0,T;H) which satisfies the following regularity
property (says also open loop admissibility): there exists a constant C > 0 such that

T
/0 0o (t,0)|* dt < C |[v]| 221y » Yo € L*(0,T).

Moreover, according to [5, Theorem 2.2], we have that:

Corollary 4.3. The system (P) is exponentially stable in the energy space if and only
if there exists T, C' > such that

T
/0 Buo(t, 0)[% dt > C [|(% oM 12,. ¥ (%, 1) € D(A),

where
N-1
D(A) = (u, v) € H H%(j,7 +1) x V : satisfies (4.53) to (4.54) hereafter
j=0
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90 0y16(0) = 0 (4.53)
—pj&,;uj(j) +pj,1(9$uj,1(j) =0, j=1,..,N—1. (4.54)
and ¢ = (@0, ..., pN—1) satisfies the following problem
(0 p; — pj02¢p;)(t,x) =0,z € (j,j+ 1), t € (0,00), j =0,..., N — 1,
£o 3x900(t70) =0, @N—l(ta N) =0,1t¢ (0700)7
@j—l(thj) = @](taj% te (0,00), ] = 17 7N - 17

_pj—lax@]—l(th?) + p]8$gp](taj) = 07 te (0700)7 j = 17 7N - 17
#i(0,2) = ¢§(@), Op;(0,2) = pj(2), w € (j,j +1), j = 0,000, N — L.

5 Schrodinger system

We consider the evolution problem (S) described by the following system of N equations:

(Oruj + ipjOzu;)(t,x) =0, x € (4,5 + 1), t € (0,00), 5 = 0,..., N — 1,
po Ozt (t,0) = iug(t,0), uy_1(t, N) =0, t € (0,00),

(8)Q wj_1(t,5) = uj(t,5), t € (0,00), j=1,...,N — 1,

—pj—10zuj—1(t,7) + pjOruj(t,j) =0,t € (0,00), j =1,..., N — 1,
u;j(0,2) = u?(x), j=0,...,N—1,

where p; >0,Vj=0,..,.N — 1.

We define the natural energy E(t) of a solution u = (ug, ..., un—1) of (S) by

j+1
B(t) = Z/ s (¢, 2)|2d, (5.1)

We can easily check that every sufficiently smooth solution of (S) satisfies the following
dissipation law

E'(t) = —|uo(t,0)|” <0, (5.2)
and therefore, the energy is a nonincreasing function of the time variable t.

In order to study system (S) we introduce the following Hilbert space

N-1
H = {u = (uo, - un—1) € [ L*Gi.d + 1))},

J=0
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equipped with the inner product

u' = Au,
(5.3)
u(0) = u?,
where u® = (ud, ul,...,ul;_;) € H and the operator A : D(A) — H is defined by
Au = (=ip;0uz)o<j<n-1,
with
N—-1
D(A) = u € H H%(j,7 +1) : satisfies (5.4) to (5.6) hereafter p ,
j=0
£0o 83511,0(0) = in(O), uN_l(N) = O, (5.4)
—pj—10zu;-1(j) + pjOeu;(j) = 0,5 =1,.., N — 1. (5.6)

Now we can prove the well-posedness of system (.5) and that the solution of (5) satisfies

the dissipation law (5.2).

0

Proposition 5.1. (i) For an initial datum u° € H, there exists a unique solution

u € C([0, +00), H) to problem (5.8). Moreover, if u® € D(A), then
u € C([0, +00), D(A)) N CH([0, +00), H).

(ii) The solution u of (S) with initial datum in D(A) satisfies (5.2). Therefore the

energy is decreasing.
Proof. (i) By Lumer-Phillips’ theorem, it suffices to show that A is dissipative and
maximal.

A is clearly dissipative. Indeed, by integration by parts and by using the transmission

and boundary conditions, we have
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Vu € D(A), R ((Au, u)y) = — |uo(0)]* <O0. (5.7)

Now, let f € H. We look for u € D(A) solution of
-Au = f. (5.8)

or equivalently
ip;0ru; = fj, Vj € {0,..., N — 1}, (5.9)
and u satisfies the boundary and transmission conditions (5.4)-(5.6).

The general solution of (5.9) is

u;(z) = %/ﬂ </] fj(s)ds> du+pi(z), j=0,...,N =1, z € [§,j + 1],

where each p; is a polynomial of degree 1. It remains to find p;, 7 =0,...,N — 1 such
that the equations (5.4)-(5.6) are satisfied. It is equivalent to solve a linear system with
2N equations and 2N unknowns. This system admits an unique solution if and only if

the corresponding homogeneous system admits only the trivial solution.

So we suppose that p;,j = 0, ..., N —1 are polynomials of degree 1 and satisfy (5.4)-(5.6).
Then by integrations by parts and using (5.4)-(5.6) we get

N-1 G+1 ) N-1 j+1
S [ @l ==Y 0 [ B =0,
j=0 J j=0 J

Consequently, the polynomials p; are constant and finally vanish from the continuity
conditions and the right Dirichlet condition. Hence we have proved that (5.8) admits

an unique solution. Consequently A is maximal.

(ii) To prove (ii), we use the same argument as in the proof of Theorem 2.1. O

5.1 Exponential stability of the Schrodinger system

The stability result of system (5) is given by

Theorem 5.2. There exist constants C > 0 and w > 0 such that, for all u® € H, the

solution of system (S) satisfies the following estimate

E(t) < Cet ||, V> 0. (5.10)
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Proof. As in the proof of Theorem (3.1) the result is based on the following two lemmas.

Lemma 5.3. The spectrum of A contains no point on the imaginary azis.

Proof. Since A has compact resolvent, its spectrum o (A) only consists of eigenvalues of

A. We will show that the equation
Au = ifu (5.11)

with u = (ug, ...,un—1) € D(A) and 3 # 0,8 € R has only the trivial solution.

By taking the inner product of (5.11) with v € H and using (5.7) we get that u(0) = 0.
From the left boundary condition we deduce also that 0,1 (0) = 0. Therefore we get that

ug = 0 since poﬁguo = Bug. Therefore by iteration we easily find u; = 0,5 =1,..., N — 1.

The system (5.11) has only trivial solution.

O
Lemma 5.4. The resolvent operator of A satisfies
limsup [|(i6 = A) " £y < oo, (5.12)
|8 —o00
Proof. In order to prove (5.12) we look for u = (ug, ...,un—1) € D(A) solution of
(i —Au=g, (5.13)
where § € R and g = (g9, ...,gn-1) € H.
We will consider two cases since for each case the method is different.
First case : 5> 0.
First step : Computation of the resolvent
The solution of( 5.13) satisfies
iBu; +ipi0iu; = gj, i = 0,.., N — 1. (5.14)

An easy calculation shows that

uj () = Gi(x), +el Cos(\/\/i_j) + c?% sin(\/\/i_f),x €lj+1], j=0,..N—1, (515)
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where

. sin(@)
Pj
Gj(x) :/ : gi(s)ds, (5.16)
’ NN
and c},c?, € C. Note that c} = u;(j) and p;(0u;)(j) = c?.
cl
Now, let F; = ; , 7 =0,..., N — 1, then using the transmission conditions (5.5)-
c

<.

(5.6) we have

ui(j + 1)
Fjp = .
pj(Ozu)(j +1)
VB
/B sm(\/?)
cos(X2) G +1)
- VP VB | Fit .
VB VB (0:G;5)(G +1)
~VByarsin(L2) cos(YE)
VPi VPi
For simplification we introduce the matrix M; and the vector W; as
sin(—)
cos(ﬁ) __VPi Gi(j+1)
M; = N \/B\/E , Wi = , ) (5.17)
VB VB (0:G5)( +1)
—VBymsin(E)  cos(22)
VPi VPi
hence the transmission conditions are
Fj+1 :MjP}‘—{—Wj,j:O,...,N—l. (518)
It follows that
0 N—-2 k+1
Fy=( ] MpFR+ > ( [[ M)W+ Wn-1. (5.19)
j=N—-1 k=0 j=N—2
o . 1 1 . 2 . 1
From the first boundary condition (5.4) we have Fo =cg5 [ |, (ie, ¢g = icp)) there-

7

fore we now compute c(l) by using the second boundary condition (5.4). For that we

set

0
el
H M, = N1 IN1 ’ (5.20)

j=N—-1 QN2 YN,2
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and

N—2 k+1 WAL
> I M)W+ Wy = ’ (5.21)
k=0 j=N-2 WN,2
Thus we find that
1 WN,1
p=—""T—.
Qan,1 + YN,
This last identity completely determine the solution w of (5.13).
Second step : Estimate of Fy for 8 large.
From one hand, since the order of each matrix M; is
o)  O(—)
VB (5.22)
O(vB) o)
then it is easy to see that all the matrices involved in (5.21) have the same order.
On the other hand, from (5.16) we have clearly
GG+ 11 S = losll S == lgll 5 =0, N =1 (523)
i\J S TR NS gl 3 =V IV .
’ VBT VB
and
0:G5) (G + DI S llgill < lglls 5= 05000s N = 1. (5.24)

Therefore using the order (5.22) and estimate (5.23)-(5.24) for Wy in (5.21) we get
< — sl (5.25)
UJNJ ~ = 19ll- .
VB
Now, we remark that for all j =0, ..., N —1, det M; = 1, which implies from (5.20) that

QN,1YN,2 — ON2YN,1 = 1.

Thus

lan1 +ivnallang +iynve| > Re[(an1 +iyn1)(ang +ivne)] =1,
implies with (5.22) and (5.20) that

1
——— < |an2 +ivn 2| < OV B).
lan1 +ivn1] | | (V)
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The previous estimate and (5.25) lead to

ol < llgll and [c| < llgll- (5.26)
Last step : Estimate of u.
First, from (5.16) we have

1G5 < llgsll < llgll, =0, N = 1.

Then, using (5.18), (5.22) and (5.26) we get by iteration the components of Fj,j =
0,...,N — 1 satisfy :

¢j S llgll and ¢ S v/Bllgll-

Consequently, using the two previous estimates in (5.15) we directly obtain that the

solution of (5.13) satisfies

[ull S llgll (B — +o0). (5.27)

Second case : 5 < 0.

If B < 0 the previous procedure doesn’t work but fortunately, in this case, we can get
the estimate (5.27) directly. Indeed, multiplying (5.14) by ﬁ, integrating by parts,
i

summing from j = 0 to N — 1 and using the boundary-transmision conditions we have

Nl pjtl ) N-1 J+1 )
Y [ @l + Yo [ )i
j=0 vJ J

j=0
+ iluo(0)f?
1N_1 J+1
D ATl
=07
Therefore,
N-1 rj+1 ) 1 Nt
Y [ w@Par<RE Y [ gt < fullgl,
=07 j=0 7
and we find
[ull S Mgl (8 = —o0). (5.28)
Finally the result follows from (5.27)-(5.28). O
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