A Luenberger-type observer for the AM2 model
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Abstract

In this paper, we deal with the problem of designing a new observer for bioreactor models. The main idea is to construct a
nonlinear observer with linear errors, which has an adjustable and robust convergence. Simulation results are pesented using
a model of chemostat and a model of an anaerobic digestion process for the treatment of wastewater.
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1 Introduction

The AM2 model was developed under the European
project AMOCO. It is a two-step model (correspond-
ing to two biological cascade reactions, hence its name),
which is represented by the following mathematical sys-
tem:
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This model was originally proposed in [4] and it is
based on two main reactions, where the substrate s is
degraded in the substrate s, by the biomass z; then
the substrate sy is degraded by the biomass zo, where
(s1,82) € Ry x Ry and (x1,22) € R x R, D(t) >0
is the dilution rate, k is the growth yield, s1;, and so;y,
are the input substrate concentration of s; and so and
w1 (s1) and peo (s2) are the specific growth rates.
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We will assume that a generic specific growth rate func-
tion p(s) satisfies:

o u(s)=0& s=0,
e 0< ,u/() < Pmaz = €St
e u(.) continue.

In bioprocesses field, the design of nonlinear observers
is very challenging, and is an area of intensive research.
Several observers have been proposed for anaerobic di-
gestion model, starting with FExtended Kalman Filter
and the Fxtended Luenberger observer which have been
proposed and studied by Bastin and Dochain [3]. These
approaches are well understood and only require lin-
earization of the model which results in local conver-
gence.

Bastin and Dochain proposed an asymptotic observer
that allows (under conditions) to observe the state of
the system without any knowledge of the kinetic model.
This approach is particularly interesting. Nevertheless,
the speed of convergence of this observer, contrary to the
Luenberger one, cannot be tunned and depends on the
dilution rate. Originally, these observers were designed
for relatively simple systems, then they were extended by
Chen [6], to include more complex ones. In this context,
we note that they are characterizied by the simplicity of
their design, and preserve some nonlinear aspect of the
system, ensuring stability and convergence if the inputs
are persistent and bounded. The change of coordinates
depends on the stochiometric coefficients making these
observers not robust. To overcome these disadvantages,
Gouzé et al. [9], [11] generalized them and they made
the asymptotic observers robust with a speed of conver-
gence partially adjustable.



The interval observers should give a good solutions for
systems with large uncertainties (see [1] and [10]). They
are the combination of two observers, one observes the
lower bound and the other observes the upper bound of
the state, under a strong property called cooperativity,
and it is necessary to know the bounds of uncertainties
in the model.

Another observer was proposed [5] called hybrid extended
Luenberger-asymptotic observer which evaluates a level
of confidence in the process model, this parameter can
vary between two values, 1 and 0, corresponding rig-
orously to the extended Luenberger observer and the
asymptotic observer. The stability of this observer is an-
alyzed but has not been completed so far. In a more gen-
eral setting, several authors proposed a Luenberger-like
observer for nonlinear systems [7] and [8]. The literature
in the area of Luenberger Observers for AM2 model is
not plentiful.

Thanks to the specific form of the output we were leaded
to propose a nonlinear Luenberger observer in its general
form with the injection of the outputs in the nonlinear
function p(s). We get in turn, a linear system for the
errors.

This paper is organized as follows: Section 2 is dedicated
to get more insight of the behaviour of our observer by
applying it on a chemostat model and we will make the
hypothesis that u is completely known to show the con-
vergence. Indeed the chemostat model is a subsystem
of the AM2 model and the ideas developed here will be
used later. Section 3 is devoted to the application of the
proposed observer on the AM2 model as a main result
with some simulations to show the effectiveness of the
proposed method. In practice, as p is not completely
known, we will show at the end that our observer is ro-
bust against the uncertainties.

2 The chemostat model

The chemostat is a laboratory prototype of bioreactors
used in waste water treatment, which was introduced
by Novick and Szilard [13] and used by Monod [12].
The chemostat is a kind of bioreactor which allows the
growth of a population of microorganisms (bacteria,
yeast, phytoplankton, zooplankton,...) on some sub-
strates, with suitable environmental conditions (tem-
perature, light, pH and aeration). This device works in
continum mode, i.e, the volume of the bioreactor is kept
constant.

The nonlinear model of the chemostat obtained by mass
balance is given by:

{:

D(t)(sin — s) — ku(s)x

2
[1u(s) = D(t)]= )

We will take as an output y = s, where s € R} and
x € R represent the substrate concentration and the
biomass concentration respectively, D(t) > 0 is the di-
lution rate, k is the growth yield, s;, is the input sub-
strate concentration and p (s) is the specific growth rate
per unit of biomass. To avoid the washout we impose the
condition D(t) < fimaz-

We put the following hypothesis:
(H1): 5(t) > Spmin >0, VE >0

The criterium of observability is

0 1 0
rank—(h(x), L¢h(z)) = rank =2
- (h(2), Lyh()) (D(t) ;w(s))

In order to be observable the chemostat must verify
u(s) # 0, Vs which is equivalent to s # 0, (ensured by
(H)). This condition can be fulfilled if the dilution rate
is sufficiently exciting, which in turn can be expressed by

+oo

/ D(r)dr = +00

0
The immediate consequence of (H1) is
IL(S) > lmin > 0,Vs (3)

Theorem 1 For the system (2), the following system:

;

is a globally uniformly asymptotically stable observer,
where a1 and as are two tuning parameters.

Under the condition aay +2a2 = 0 with a; > 0 and large
enough and o > %

V3%
I

D(t)(8in — 8) — ku(s)Z + a1(s — §)

4
[u(s) = D)2 + as(s — 8) W

PROOF. By putting ey = s — § and es = ¢ — Z, the
error dynamics are given by:

<é1 ) _ (—D(t) — a1 —ku(s) ) <61 > (5)
€9 —as wu(s) — D(t) es

t
Let us hide D(t) from (5) by putting p(t) = efo D(mdr
and let us multiply p(¢) by the two equations of the
system (5) then, the later can be written as follows:

(6)

{p(t)é1 + D(t)p(t)er = —arp(t)er — kpu(s)p(t)es
p(t)és + D(t)p(t)es = —asp(t)er + pu(s)p(t)es



{ f (D)) = —arp(t)er — Fp(s)p(t)e: )

4 (p(t)es) = —asp(t)er + p(s)p(t)es
t)ei(t) and v(t) = p(t)ea(t), convergence

) = p(
of (u,v) to (0,0) implies the convergence of (eg, es) to
(7) becomes

{u(ﬂ = —ayu(t) — kp(s)o(t) -

0(t) = —agu(t) + p(s)v(t)

To prove the convergence of the observer we will take
the following Lyapunov function candidate:

e =)

where a # 0.
Note that this function is also a norm and then is radially
unbounded. We have

2

= (au +v)? +0? (9)

Ve (u,v) = 2(au + v) (i + 0) + 200
By substituting @ and © in V, (u,v), we obtain
Vo (u,v) = —2a(aya + ag)u® + 2u(s)(2 — ka)v?

+2[a(l — ka)u(s) — (a1 + 2a2)] uv

_a

By putting, as = —5as, we have

Vo (u,v) = —a2aju?4+2u(s) (2—ka)v? +20(1—ka) pu(s)uv

This function can be written as follows

Va(u,v) = (u v)
o1~ ka)u(s) 20(s)(2 — ko)

A(t)

Now, let us prove that the matrix A(t) is negative definite
i.e. let us prove that tr(A(¢)) < 0 and det(A(t)) > 0.

tr(At)) = —a’a; + 2u(s)(2 — ka)
and
det(A(t)) = —203(2 — kapay — (1 — ka)*p?(s)o”
Here tr(A(t)) will be negative for a; > 0 and large

enough and det(A(t)) will be positive with the same con-
dition and a > %

—a’ay a(l — ka)u(s) <

Note that p(s) > fimin > 0, as presented previously, is
of great concern for the positivity of det(A(t)).

2.1  Simulation results

The simulations were carried out using the parameter
values given in [2]. They are recalled in table (1) and the
choosen initial conditions are given in table (2).

H Parameter ‘ Value and Unit H

k 6.6 Kg COD/Kg «
Umaz 1.2 day_1

K 4.95 Kg COD/m?®
Sin 9 Kg/m?®

Table 1
Model parameters for simulation runs

s(0) z(0)
(Kg/m®) | (Kg/m?)
Model 3 0.5
Observer 3 5

Table 2
Initial conditions for simulation runs

The time simulation is taken to be 50 days with variable
dilution rate as in the figure (1).
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Dilution rate
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Fig. 1. Dilution rate

We can see from these simulations that on the biomass
the convergence is obtained in a half a day with an error
equal to 1072, For comparison, the asymptotic observer
converges only after 5 days and cannot be improved [2].
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Fig. 2. Biomass Concentration for a; = 30

Fig. 3. Biomass error estimation

3 Main result on AM2 model

Theorem 2 For the system (1):

81 = D(t)(s1im — $1) — kapa (s1)d1 + ar (s1 — 1)

21 = [m(s1) = D(B)]21 + az(s1 — 41)

D(t)(52in — 82) + kapa (s1)@1 — kapa(s2)22(10)
+as(se2 — §2)

T = [p2(s2) — D(t)]d2 + as(sz — 2)

>
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is a globally uniformly asymptotically stable observer,
where a;, i = 1,4 are tuning parameters.

Under the condition aay + 2a2 = 0 with aq; > 0 large
enough and o > % and the condition Baz +2a4 = 0 with

az > 0 large enough and B > k%

PROOF. Let us define e; = s1 — 81, e = 1 — 21,
€3 = S92 7§2 and €4 :Igf‘ig.

The error dynamics are given by:

= —(D(t) +a1)er —kipi(s1)es

éy = —age; + [u1(s1) — D(t)]e2

és = kap(s1)ea — (D(t) + as) e3 — kzpua(s2)es
s = —ases + [ua(s2) — D(t)]es

-
—
|

(11)

Recall that we have injected the measured variables s;
and s into 1 (s1) and pa(se2) to write this observer. Note
that the system (11) is linear and non autonomous.

Let us write the system (11) as:

é = B(t)e
€1
es
where e = and B(t) =
€3
e
—D(t) — a1 —klul(sl) 0 0
—ao /.L1(31) — D(t) 0 0
0 kapi(s1) —D(t) —a3 —kspua(s2)
0 0 —Qgq /,62(82) - D(t)

We remark that the diagonal blocks are chemostat-like
blocks.

So, let us hide D(t) from the system by putting

o) = e PO and w(t) = plert), us(t) =
p(t)ea(t), us(t) = p(t)es(t) and uy(t) = p(t)ea(t).

Then we get
Uy = —ayur — kypn (s1)uz
iy = —aguy + 1 (s1)uz

U3 = kopu1(s1)ug — azuz — kapia(s2)uy

Uy = —aguz + p2(s2)uy

To prove the convergence of this observer we will take




the following Lyapunov function candidate: Let us put a;a+2az = 0 then az = —Fay so d2 becomes:

2

auy + us 0y = 20% i (k1 — 2)ar — oky (k1o + 2)pf
Vg (un, g, uz, ug) = U2 Fora; > 0 a'n('i large enough and for o > k%, 01 and 09
Bus + uy are both positives.
Uy

53 = 20&262,u1[2(01k‘1 — 2)@1 — M1 (Oékl — 1)2]a3
where « and (8 are positive constants to be chosen later. 1202811 [2(aky — 2)ay — pr (aky — 1)2)ag — o?B4k3p2a;
V&, is also a norm and then is radially unbounded. So

Vaﬂ(ul, Uz, us, Ug) = 2(auy + ug) (@t + ) + 2ugtia 04 = ?p[p (oky — 1) — 2(aky — 2)aﬂM
+2(Busz + ug) + (Bitg + i) + 2uqig +2p1p20? B2 (Bks — 3) [2(aky — 2)ar — p (ak1 — 1)?] as
—2a%Buy [(B2k3p + dpa(aks — 2)) a
By substituting 1;, i = 1,4 in V, s(u;), we obtain —2ppa(oky — 1)%] ag — 21 p20® B2 [pa(aky — 2)

. (Bks —1)% = B?k3m] a1 + pip3a® B (Bks — 1)% (aky — 1)°
Vo = —2a(ara + az)ud — 2[ara + 2as + a(aky — 1)pg]uiug

Let us put a + 20, = 0 then as = _éa SO 6( and 6
—2(arky — 2)pyu3 + 2k 3% piugus + 2ka B usuy becomeI:) 38 4 4 3 @3 SO 03 4

—2fB(asB + as)u3 — 2[azf + 2a4 + B(Bks — 1) polusuy
—Q(ﬁkg _ 2)’“2,“3L 53 = 042[‘32/14[2(0[]{31 — 2)0,1 — ul(akl — 1)2](13
~a2Btkutan
This function can be written as follows:

Vog = UTC(H)U 0g = [ma®B2 (4(aky — 2)(Bks — 2)pz + B2k3 ) ax
=203 ppa® B (ke — 1)*(Bks — 2)] a3 — 2p1 20?5 [z (aky — 2)

U i c12 00 (Bks = 1)? = Bk3u] ar + pipge® B2 (Bks — 1)%(aky — 1)?
where U — U2 and C(t) = €21 €22 €23 €24 For ag > 0 and large enough and for 5 > ]3—3, 03 and d4 are

U3 0 39 C33 €34 both positives. Note that @1 > pimin and po > tomin

play a crucial role in the positivity of the d;’s.

Uy 0 ca2 43 Cag

with . .
ci1 = —2a(ar1a + az), 3.1 Simulation results

= = 2 k1—1
ez = e [0+ 205 + afak: ], The simulations were carried out using the parameter

co2 = —2(aky — 2)pu1, Ca3 = C32 = ko B pua, values recalled in [2]. They are given in table (3) and the
Con = Cap = ko, c33 = —2B(azB + as), choosen initial conditions are given in table (4). The time

> 2 2PH1, €5 (as + simulation is taken to be 50 days with variable dilution
c34 = cy3 = —[azfB + 2a4 + B(Bkz — 1) 2] rate as in the figure (1).

and
caa = —2(Bks — 2)p2 We can see from these simulations that on the first
biomass x;1 the convergence is obtained in a two days
We have to prove that C(t) is negative definite, i.e. —C'(¥) with an error equal to 10_2. and on the second biomass
positive definite, so we have to prove that all the princi- 2 the convergence is obtained in a one day with the
pal minors of —C(t) are positives. same error.

Let 61, 02, 03 and 4 be these minors.

51 = 2a(ara + as) 4 Robustness

8y = —(ara + 2a2)2 + 20[2”1(]%& — 3)ay — dapas Here we will study the robustness of the proppsed ob-
—_ server for the chemostat model only, because it repre-
—a3ky (kyo + 2) 3 sents the generic part of the other models.



H Parameter | Value and Unit H

k1 6.6 Kg COD/Kg z1
ko 7.8 mol VFA /Kg 1
k3 611.2 mol VFA/Kg x2
Uimaz 1.2 day~*
H2maz 0.69 day~*
K1 4.95 Kg COD/m?
K 9.28 mol VFA /m?
K, 20 (mol VFA/m?)2
Stin 15 Kg/m?
S2in 80 mol/m?
Table 3
Model parameters for simulation runs
51(0) z1(0) s2(0) z1(0)
(Kg/m?) | (Kg/m®) | (mol/m?) | (Kg/m?)
Model 3 0.5 15 0.12
Observer 3 3 15 1
Table 4

Initial conditions for simulation runs

Concentration in'S days

2 0 2 3
‘Time (Days) Time Days)

Fig. 4. The first biomass estimation for a; = 20 and az = 35

For the system (2) with y = s as output, the Luenberger-
like observer can be written as follows

{ = D(t)(sin — 8) — kji(s)& + ar(s — 8) 13)

& = [fi(s) — D(t)] & + az(s — 8)

where we have injected the output s only in j which is
assumed to be known, contrary to p which is unknown.
The parameters a; and ao are tuning parameters. We
make the following hypothesis

(H2) sup,>q | i1(s) — p(s) [< v
0 < fimin < fi(s) <

Hmazx

Fig. 5. The second biomass estimation for a; = 20 and
as = 35

20 E a0 30
‘Time (Days) “Time Days)

Fig. 6. The biomass errors
By putting e; = s — 5 and es = x — T we get
{ 61 = —(ar + D(H)er — kir(s)es + K(als) — u(s))a
€3 = —ager + (iu(s) — D(t))ez — (ji(s) — p(s))x

To simplify more the presentation of this last system, we
put

wr(t) = edo PO (1) () = edo PO ey 1)

and .
x(t) = o PO (i)
Then we get
U(t) = A®).U(#) + (u(s) — u(s))x(t).C
where U(t) = ul(t)) , A(t) = <_al _kﬂ(8)>
v <U2(t) v —az  fu(s)
k

and C = ( . > - Let Vo (&1, &) = (& +&)? + &5 with



a # 0, be the Lyapounov candidate fonction used in (9).
Note that, according to the equivalence of norms in R?
we have

0_ (61 +€3) < Vo(&1,8) < 0.(61 + &)

a?+2++Vat+4
2

2
0_ = and 0, =

Note also that Vy (&1, &) = €7.M,.£ where £ = (51 )

2
o? «a
and M, =

. It is not hard to see that
o 2

d

%VQ(U(t))zU(t)T MoA(t) + A@t)T M, | U(t)

B(t)

+2(A(s) — p(s))X(OU ()T MaC
A straightforward calculation gives

—2a(aay +az)  —(aa; + 2a9)

+a(l - ka)j(s)

—(aar + 2a3)
+a(l — ka)ii(s)

22 — ka)i(s)

Now we take aa; 4 2az = 0, so B(t) becomes

B(t) = ( —ta

a(1 - ka)i(s)

a(l — ka)i(s) )
2(2 — ka)ji(s)

By classical results on quadratic forms we have

UTBE)U) < Amae(B)U)TU(2)

- 6_
where Apaz (B (t)) is the largest eigenvalue of the sym-

metric matrix B(t).
By the Cauchy-Schwarz inequality we have

() WU MC < |30 | VTaTTT)
where v, =|| M,C ||= /a?(ka — 1)2 + (ka — 2)2.

We, then get

Va(U (1) + 2222 | (1) |

s

By choosing o > £ and a; positive and large enough,
one can see that A (B(t)) < A\ < 0 where A, is a
constant, indeed

Va(U(t))

B 202 flymin [(ka — 12 fimin — 2a;1 (ko — 2)]
a2a; + 2(ka — 2)flmas + VA

with A = (a?a1 +2(ka — 2) fimaz)? + 40 (ka —1)242, ..
One can use a less complicated (approximate) value of
s done by

lim A, = —2(ka —

a1 ——+oo

2)ﬂmin

The previous differential inequality becomes

d )\* ,YVDL
E/VQ(U(t)) < op VVa(U(t)) + N | x() |

By classical rules we get

Mo (4
e yr

;é—’:t YV« / -
V@) < V7O T / [x()

e1(t
Now we return to the error vector e(t) = < 1E ;)
€o t

Ay 4 1 o)do
VVale®) < V/Vale)e "o P
t
L U o)do
+ VVTQ /|a:(7’)|em(t Jom [ P g
)

As D(.) is a positive function, and 0 < z(t) < Zs;, +
x(0), we have then

t

VValel) < VTl + 22 Catal0)) [

Vo
0

and

VIR < VT = 2V )0



This last inequality provide the boundedness of the er-
ror. The upper bound is less than p (14).

0 29V 2
p =17 l(er(0), e2(O)lly = == Zsin +2(0) ) (14)
0_ A\ Kk
We summarize the previous calculation in the following
theorem.

Theorem 3 Under the hypothesis (H2), the system
(13) is an observer for the system (2). The observation
errors are bounded like: ||(e1, e2)||, < p, where p is given

by (14).

Remark 4 In the hypothesis (H2), it must be noted that
no specific form for u(-) and () are assumed.

4.1 Simulations results

The simulations were carried out using the same param-
eter values given in table (1) and the choosen initial con-
ditions given in table (2) and with the same dilution rate
as in the figure (1).

—x

= ="Estimation of X

ration in'50 days

Biomass Concent

10 E) 30 0 10 20 30 £
Time age)
‘Time Days) @59

Fig. 7. Biomass Concentration for a; = 30 for different K

Here we used for p(-) and ji(-), a Monod specific func-
tion with a differents piy,q, and K. We added an error of
20% for K (see figure (7)) and the same error for fmay
(see figure (8)), then we looked to the behaviour of the
system. We note a very satisfactory response of the ob-
server, which means a good robustness against model
uncertainties.

5 Conclusion

In this paper, we designed a nonlinear observer for the
AM2 model with linear errors, and we proved that this
observer is robust with a global convergence and ad-
justable speed. For large speed of convergence, we no-
ticed that in a small time interval at the beginning, some

40 E 10 E 30 0 E
Time Days)

Fig. 8. Biomass Concentration for a1 = 30 for different pmax

variables can take erroneous values (< 0). This is not
harmful if the observer is used only as a software sensor,
on the other hand, if the observer is used in a control
loop, we have to lower the speed of convergence a little
bit to ensure that the variables remains positives. It can
be noticed, from an application point of view that the
implementation of this observer is very easy.

The quantity of methane produced by the system is given
by the following expression

qMm = k6,u2(52)5€2

It can be estimated from the estimated variable x; and
9 which qualifies our observer as a software sensor for
the methane.

L] 5 10 15 20 25 30 35 40 “s 50
Time D1y3)

Fig. 9. the output qas
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