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SUPERDIFFUSION OF ENERGY IN A CHAIN OF
HARMONIC OSCILLATORS WITH NOISE

MILTON JARA, TOMASZ KOMOROWSKI, AND STEFANO OLLA

ABSTRACT. We consider a one dimensional infinite chain of har-
monic oscillators whose dynamics is perturbed by a stochastic term
conserving energy and momentum. We prove that in the unpinned
case the macroscopic evolution of the energy converges to the so-
lution of the fractional diffusion equation Oyu = —|A|>/*u. For a
pinned system we prove that its energy evolves diffusively, general-
izing some results of [].

1. INTRODUCTION

Superdiffusion of energy and the corresponding anomalous thermal
conductivity have been observed numerically in the dynamics of un-
pinned FPU chains [I8] [I7]. This is generally attributed to the small
scattering rate for low modes, due to momentum conservation. When
the interaction has a pinning potential, it is expected that the system
undergoes a normal diffusion. More recently the problem has been
studied in models where the Hamiltonian dynamics is perturbed by
stochastic terms that conserve energy and momentum, like random ex-
change of velocity between nearest neighbors particles [I}, 2]. In these
models, the interaction is purely harmonic, and as a result, the Green-
Kubo formula for thermal conductivity s can be studied explicitly. It
diverges for one and two dimensional lattices in case no pinning po-
tential is present, while thermal conductivity stays finite for pinned
systems or in dimension d > 3. In the cases when the conductivity is
finite it is proven in [4] that energy fluctuations in equilibrium evolve
diffusively.

The main result of the present article concerns the nature of the su-
perdiffusion in dimension 1, when the chain is unpinned. It has already
been proven that in the weak noise limit (where the average number of
stochastic collisions per unit time is kept finite as in the Grad limit)
the Wigner distribution of the energy converges to an inhomogeneous
phonon linear Boltzmann equation [5]. Since the corresponding scat-
tering kernel R(k, k) is positive, the resulting Boltzmann equation can
be interpreted probabilistically as the evolution of the density for some
Markov process: in this limit a phonon of mode k moves with the veloc-
ity given by the gradient of the dispersion relation Vw(k) and change
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mode with rate R(k,k’). Under a proper space-time rescaling, this
process converges to a Lévy superdiffusion generated by the fractional
laplacian —|A[*4. This is proven in [I1], 3], using probabilistic tech-
niques such as coupling and martingale convergence theorems. A com-
pletely analytic proof of the convergence, from a kinetic to a fractional
diffusion equation, without the use of the probabilistic representation,
has been proposed in [20]. All these results provide a two-step solution:
first take a kinetic limit, then use a hydrodynamic rescaling of the ki-
netic equation. A kind of diagonal procedure is treated in [14]: using
the probabilistic approach one can push the time scale a little longer
(matching suitably the size of a still small scattering rate) than in the
kinetic limit case. As a result it is possible to obtain the diffusive limit
under the pinning potential and superdiffusive in the unpinned case.

In the present paper we prove a direct limit to the fractional su-
perdiffusion, just by rescaling space and time, without the weak noise
assumption. We also recover the diffusive limit results of [4] in the
case of a finite diffusivity and study the cases of intermediate weaker
noise limits. The rigorous formulations of our main results are listed
in Section

In a recent article [23], Herbert Spohn predicts the same fractional
superdiffusive behavior for the heat mode in the S-FPU at zero pres-
sure. This follows from an application of mode coupling approximation
procedure to fluctuating hydrodynamic equations. Our present results
concern a model, that has also three conserved quantities. They are in
agreement with the predictions of [23], confirming that the harmonic
stochastic model is a good approximation of some non-linear models,
at least in the case of symmetric interactions.

The strategy of the proof is as follows: first, we formulate the result
for the limit evolution of the Wigner distribution W,(t) of the energy,
when the initial data are in L?, see Theorems B.1 and [.2], proven
in Sections and [[Il These results concern the system with non—
equilibrium initial data but of the finite total energy. The extension to
homogeneous initial data (whose L? norm is infinite), in particular the
equilibrium dynamics with Gibbs distributed initial data, is possible
by a simple duality argument, see Section [12]

Our results can be formulated in terms of a local energy functional,
see Theorems B.1] and in the case of the L? integrable initial data,
and Theorem for the initial data in equilibrium, respectively. This
is possible thanks to the asymptotic equivalence of the relevant energy
functionals proven in Propositions and below.

Concerning the proof when the initial data have square summable
realizations, which is the crucial part of our argument, we study first
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the time evolution of the Wigner distribution of the energy W, (t), that
represents the energy density in both the spatial variable and frequency
modes (in fact, it is more convenient to work with the Fourier transform
of W(t) in the spatial variable). As it has been already remarked in
[5], the evolution of W, (t) is not autonomous but involves another dis-
tribution Y;(¢) whose real and imaginary parts represent the difference
between kinetic and potential energy and the energy current, respec-
tively, see (@.I3)). The principal advantage of working with the pair
(We(t), Y(t)) is that its evolution can be described by a system of or-
dinary differential equations. By performing the Laplace transform in
the temporal domain the system reduces further to an algebraic system
of linear equations, see (I0.H), and the problem of finding the asymp-
totics of the energy density for the chain of oscillators reduces to the
question of asymptotics of solutions of the system. This is done in Sec-
tions [0 and Il First, we observe in Section 10, that due to the high
number of random collisions in the time scales considered, both W,(t)
and Y,(¢) homogenize (unlike in the case of the kinetic limit considered
in [5]), and their limits do not depend on the frequency mode variable.
The homogenization is proven in Theorem In addition, because
of fast fluctuations, the time integral of Y (¢) will disappear from the
final equation, as in the case of the kinetic limit in [5]. The above im-
plies that the phonon-Boltzmann equation gives a good approximation
of the evolution of W,(t), but the presence of the error term, that is of
order o(1), as € tends to 0, does not allow for a direct application of
the probabilistic approach of [I1], [3]. Instead, we use a version of the
analytic approach of [20], based on projections on the product compo-
nents of the scattering kernel appearing in the homogenized dynamics,
see (B13) and (I0.9) below. This is done in Section [Tl

In our choice of the dynamics a diffusive random exchange of mo-
menta takes place between the three nearest neighbor particles in such a
way that total kinetic energy and momentum are conserved in the pro-
cess. However, our method can be applied to linear models with quite
general stochastic scattering mechanisms, generating different scatter-
ing rates. The result does not depend on the particular type of stochas-
tic perturbation, as long as it conserves the appropriate quantities. E.g.
we could consider a model with a simple Poissonian exchange of the
two nearest neighbor velocities described in Section 2.1.3 below. In fact
this case is computationally less involved, due to a simpler structure of
the respective scattering kernel.

Concerning the possible generalizations of our results to dimensions
d > 2, see [1] for the formulation of the model, we conjecture they can
also be treated by the present method.



4 MILTON JARA, TOMASZ KOMOROWSKI, AND STEFANO OLLA

Although for the equilibrium fluctuations we prove only the conver-
gence of the covariance function, our approach can be further devel-
oped to obtain the convergence in law for the equilibrium fluctuation
field to the respective Ornstein-Uhlenbeck process. The question of the
convergence in probability for the non-equilibrium case could possibly
be more involved, as it requires the control of higher moments of the
energy distribution.

A remark concerning the initial data of the system is also in or-
der. We choose the initial probability distributions of the velocities
and inter-particle distances whose energy spectrum satisfies condition
(B9). This condition implies that the initial data are macroscopically
centered (see Section B.2.T]). While this choice is quite natural in the
situation of a pinned chain, it requires some explanation in the un-
pinned case. In the latter situation, if we start with non-centered ini-
tial conditions, their respective macroscopic averages will evolve, at the
hyperbolic space-time scale, following the linear wave equation. As a
result, they will disperse to infinity, since we start with the data whose
realization has a finite L? norm. This implies that at a larger superdif-
fusive time scale these averages will be null. Thus the initial condition
for the macroscopic superdiffusive evolution is provided solely by the
variance or the high oscillations of the initial data, i.e. the temperature
profile. Summarizing, the initial energy profile can be decomposed into
a temperature profile and a phonon energy profile. At the hyperbolic
time scale the phonon energy profile will converge to 0 asymptotically,
as time goes to infinity, while the temperature profile remains station-
ary. The latter starts evolving at the larger, superdiffusive time scale
following a fractional heat equation. The details of this decomposition
will be explained in a forthcoming article [12].

We mention here the article [7], where a result similar to ours is
proven, by very different techniques, for a dynamics with two conserved
quantities (energy and volume) in the case when the initial data is given
by a Gibbs equilibrium measure.
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2. THE DYNAMICS

2.1. Infinite chain of interacting harmonic oscillators.

2.1.1. Hamiltonian system. The dynamics of the chain of oscillators
can be written formally as a Hamiltonian system of differential equa-
tions

42 (t) = G, H(p(t), q(t)) (2.1)

p2(t) = =0y, H(p(1), (1), = cZ

The formal Hamiltonian is given by

TEL r,x' €7

and we assume also (cf [5]) that:

al) (au)zez is real valued and there exists C' > 0 such that |a,| <
Ce 1?1/C for all z € Z,

a2) a(k) is also real valued and &(k) > 0 for k # 0 and in case
&(0) = 0 we have &”(0) > 0,

a3) to guarantee that the local energy functional, see (3.8)) below,
is non-negative we assume that a, <0, z # 0.

Here a(k) is the Fourier transform of sequence (a)., defined as

= Zaw exp{—2mizk}, keT. (2.3)

The above conditions imply that both functions z — «, and k — &(k)
are even. In addition, & € C*(T). Define the dispersion relation as
w(k) :== aY?(k ) In case when &(0) > 0 the dispersion relation belongs
to C(T). If &(0) = 0 we can write

. a’(0) .o,
w(k) = | sin(7k)| 52 (sin”(7k)), (2.4)
where ¢ : [0, +00) — (0, +00) is of C* class and such that ¢(0) = 1.

The p, component stands for the velocity (or momentum, as the mass
of each particle is taken equal to 1) of the particle x. In the pinned case,
&(0) > 0, the particle labelled with z feels a pinning harmonic potential
centered at ax, where a > 0 is an arbitrary equilibrium interparticle
distance, so q, should be interpreted as the displacement of the position
of the particle x from the point ax. Since the dynamics is linear, it
does not depend on a, which assume is equal to 1.
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In the unpinned case, &(0) = 0, the system is translation invariant,
and only the interparticle distances are relevant for the dynamics. So
in the unpinned case the variables q, are defined up to a common ad-
ditive constant. Therefore, the relevant quantities are functionals of
the relative distances between the particles. An important example is
a wave function defined in Section .l Its definition is unambiguous
both in the pinned and unpinned cases. In the unpinned case, the
total momentum and the energy of the chain are formally conserved,
(besides the volume of course). Since we insist on preserving these
properties, we choose a stochastic perturbation having the same con-
servation laws. This can be done either locally, via a time continuous
stochastic exchange of momentum considered in this paper, or through
a time discontinuous random exchange of momentum mechanism (see

Section 21.3)).

2.1.2. Continuous time noise. We add to the right hand side of (2.1)) a
local stochastic term that conserves p2_,+p2+p2,; and p,_1+Pz+Pos1.
The respective stochastic differential equations can be written as

dq.(t) =p.(t) dt, (2.5)

dpa(t) = |=(axa(t)). = (8 +p(0).] dt
+71/2 Z (}/m—l-zpm(t))dwm—l—z(t); QUEZ,

2=—1,0,1

with the parameter v > 0 that determines the strength of the noise in
the system, and (Y,) are vector fields given by

Yy = (Pe — Pot1)0p s + Doyt — Pa—1)0p, + (P21 — P2)0p,,,- (2.6)
Here (w,(t))i>0, © € Z are i.i.d. one dimensional, real valued, stan-
dard Brownian motions, that are non-anticipative over some filtered
probability space (2, F, (F;),P). Furthermore, 3, = Aﬁg(co), where

—4, =0,
B =¢ —1, x=4+l,
0, if otherwise.
The lattice Laplacian of (g,).ez is defined as Ag, = gor1+ o1 — 20
Let also Vg, := g,+1— g, and V*g, := g,_1 — g.. For a future reference
we let 8y, == V* Bg(go). A simple calculation shows that

Bk) = 8s*(k) [1 + 2¢*(k)] = 8s2(k) + 45°(2k) (2.7)

and

A

ﬁl(k) — (1 . e—2z’7rk) (4 + e2m’k + e—27rik) ’ (28)



ENERGY SUPERDIFFUSION 7

where, for the abbreviation sake, we have writtten

s(k) :=sin(rk) and ¢(k) := cos(nk), keT. (2.9)

2.1.3. Random momentum exchange. Another possible stochastic dy-
namics that conserves the volume, energy and momentum (in the un-
pinned case) can be obtained by a ”jump” type mechanism of the mo-
mentum exchange. More precisely, let (N, ,11(t))zez be i.i.d. Poisson
processes with intensity 3v/2. The dynamics of the position compo-
nent (q(t)),c, is the same as in (2.5]), while the momentum (p,(t))
is a cadlag process given by

dp,(t) = —(axq(t)).dt

TEZ

(2.10)
+ [V (t=)dNy o1 (t) + VP, (t—)dN,—1.(1)], =z € Z.

3. MAIN RESULTS: MACROSCOPIC EVOLUTION

3.1. Remarks on hyperbolic scaling. Euler equations. Consider
now the unpinned case &(0) = 0. For a configuration (p,(t),t,(t)).ez
we define the energy per atom:

w =P IS @ -amr 6

Thanks to condition a3) we have ¢,(¢) > 0. Notice also that, since
Y. =0, formally we have > e, (t) = H(p(t),q(t)).

Define t,(t) = q,(t) — qu—1(¢). Then > _t,(¢), when finite, repre-
sents the total length of the system when the equilibrium interparticle
distance @ = 0. The chain has three formally conserved (also called
balanced) quantities

Z (1) - volume (length),
Z p.(t) - momentum, (3.2)

Z e, (1) - energy.

T

Because the noise is added to the system, these are the ’only’ con-
served quantities. More precisely, the only stationary probability mea-
sures for the infinite dynamics (Z1), that are also translation invariant
and have a finite density entropy property (see Definition 4.2.1 of [§]),
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are mixtures of the Gibbs measures

ZTl’W exp {—T‘l <7—[ — p; P — T ; tx) } 1;[ de,dp,

parametrized by the temperature 7', momentum p and tension 7, prop-
erly defined locally by the appropriate DLR equations on their condi-
tional distributions (see Section 4 of [§]).

It can be proven that after the hyperbolic space-time scaling, these
conserved quantities evolve deterministically following the system of
Euler equations:

d,UT,ﬁ,T -

Oy (t,y) = 9yp(t,y),
dp(t,y) = 10,7 (t,y), (3.3)
de(t,y) =m0, (F(t, y)p(t. y))

with the initial data

f(oa y) = 770(?/)7 ﬁ(oa y) - pO(y)a é(oa y) = éO(y)
determined by the limits of quantities given by ([B2) at time ¢t = 0.
Here the parameter 7, called the sound speed, is defined by
a”"(0)
8n2
More precisely, consider the empirical distributions associated to the
conserved quantities: u,(t) := (v, (t), p=(t), e,(t)) . Then,

lim e Y J(ex)u, (€'t) = /}RJ(y)u(t,y) dy, (3.5)

e—0+

(3.4)

T =

with J - a smooth test function with compact support, and the con-
vergence holds in probability for any ¢ > 0, provided it holds for the
initial distribution at ¢ = 0. The functions 7, pg, €9 are assumed to
belong to C{°(R) - the space of all smooth and compactly supported
functions. The components of u(t,y):= (7(t,y),p(t,y),e(t,y)) satisfy
[B3). Note that system (B3] decouples. Quantities (7(¢,y), p(t,y)) sat-
isfy the linear wave equation. Define the energy of the phonon modes
as

_ 72 (1, 2 (t,
ity = LD P
The residual energy component, called the local temperature profile, is

given by

T(y) := eo(y) — pn(0,y). (3.6)
The above definition leads to the decomposition of the energy profile
é(t,y) into the temperature profile, that remains stationary under the
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hyperbolic scaling, and the phononic energy éyn(t,y) whose evolution
is driven by the linear wave equation, see ([3.3). Observe that, starting
with compactly supported initial data, the phonon energy will disperse
to infinity, as t — oo, and the energy profile will converge (weakly)
to the temperature profile. This is the reason why at any larger time
scale, we have only to look at the evolution of the temperature profile.

In the case of a finite number of particles N = [¢~!], with periodic or
other boundary conditions, convergence in probability stated in (3.5
can be proven by using relative entropy methods, see [21] and [10]. In
fact in the latter paper the limit has been shown in the non-linear case,
in the smooth regime of the Euler equations. In the infinite volume,
starting with the initial distribution pu. on the space of configurations

(t:m pm)mGZ satisfying

sup € (H(p, q))u. < +00, (3.7)
ec(0,1]
with (-),. denoting the expectation with respect to p., the relative
entropy method cannot be applied.

The detailed analysis of the behavior of the energy component cor-
responding to the phononic modes, under the hyperbolic scaling is not
the subject of the present paper and we shall deal with it in our future
work. Our purpose here is to go beyond the hyperbolic time scale and
understand the behavior of the energy component corresponding to the
local temperature profile on the diffusive or (if necessary) superdiffusive
space-time scale.

3.2. Behavior of the energy functional. Our main results deal with
the macroscopic behavior of the energy functional, for a given configu-
ration (p(¢),q(t)). The energy per site is defined as

a(0

() =20 50 @ -amr+ W, ey

In this section we shall assume that condition (B.7]) is satisfied. Denote
by E. the expectation with respect to the product measure P, := p.QP.

3.2.1. Superdiffusive behavior of the unpinned chain. We assume first
that &(0) = 0, i.e. the pinning potential vanishes and the Hamiltonian
dynamics conserves both the momentum and energy.

Define, the energy spectrum of a configuration (P, q.).cz as

w (k) = (p(k)]* + a(k)la(k)[*),., keT,

where p(k) and (k) are the Fourier transforms of (p,) and (g ), respec-
tively (see Section M below), and &(k) is given by (2.3]). Assumption
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B0 is equivalent with
sup e/me(k:)dk < 4o00. (3.9)
cc(0,1] JT

In what follows we shall suppose a stronger integrability condition on
w. (k). Namely, we assume that

sup eQ/mf(k)dk: < 4o00. (3.10)
(1] JT

According to the remark made below formula ([£9]) the above as-
sumption implies that both

El_i>%1+€ J(ex)(tz). =0 (3.11)
and
lim €Y " J(ex)(ps) =0, V.J€CPE(R). (3.12)

e—0+

Suppose that the initial distribution of energy satisfies the following
assumptions:

lim e Ie@)ed = [T Wdy, (313

where W, € L*(R) (it is obviously non-negative).

Theorem 3.1. Let 6 = 3/2, then, under the conditions on the ini-

tial distribution stated in the foregoing, for any test function J €
C5e([0, +00) x R) we have:

+00 +oo
61_1>1r51+62:/ J(t,ex) eex< )dt / /Wty (t,y)dtdy,

(3.14)
where W (t,y) satisfies the fractional heat equation:

QW (t,y) = —C| AW (ty) (3.15)
with the initial condition W (0,y) = Wy(y) and
o [a//(o)]3/4
€= 29/4(3)1/2"
The proof of this result is a direct consequence of Theorem and
Proposition formulated below. In fact, (as can be seen from the
aforementioned results) it can be formulated in a more general way to

cover also the case of a weaker noise, i.e. parameter v can be replaced
by €°vy, for some s € [0,1) and 7 > 0. Then, the result is still valid at

(3.16)
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the time scale corresponding to the exponent 6 = (3 — s)/2. The limit
W (t,y) is the same as in the case s = 0, covered by Theorem [B1]

3.2.2. Diffusive behavior of the pinned chain. If &(0) > 0 there is a
pinning potential and the Hamiltonian dynamics does not conserve the
momentum. Energy is the only relevant conserved quantity but it does
not evolve at the hyperbolic space-time scale. Define

o [ W(R)]
& ._/dek, (3.17)

where
k
R(k) := @ (3.18)
Since W' (k) ~ k and R(k) ~ k?, as k < 1 (see (2.4) and ([2.7))), we have
62 < +oo (it is infinite in the unpinned case, due to w'(k) & sign k).
As a result, the evolution is diffusive and we have the following:

Theorem 3.2. Let s € [0,1), v = €yy. Then, under the assumptions
made in the foregoing, for any J(t,y) as in Theorem [31 we have

) +o0 t +o0
lim e /0 [Z J(t, ex)Eee, (?6)] dt = /O /R W (t,y)J(t,y)dtdy,

with 6 =2 — s, where W (t,y) satisfies the heat equation:

OW (t,y) = cOIW (t,y). (3.19)
Here
5’2
&= — + 8y’ if s=0, (3.20)
Y0
and
5’2
¢=— if 0<s<1. (3.21)
Y0

The above theorem follows directly from Theorem Bl and the al-
ready mentioned Proposition formulated below.

3.3. Equilibrium fluctuations. The results formulated in Section
hold under the condition of finite microscopic total energy (B.7]).
By a duality argument they can be applied to obtain the following
macroscopic behavior of the fluctuations when the system starts in an
equilibrium measure jig, 00. For the fluctuations of the energy mode
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we assume that v = ye® for some 79 > 0 and s € [0,1). Consider the
energy fluctuation field

Bt ) = \/z; J(ex) [em (f—é) _ 50] L JeCER),  (3.22)

where e, (t) is given by (3.8) and ¢ is chosen as before, i.e. § = (3—s)/2
in the unpinned case, and 0 = 2 — s in the pinned one. The covariance
field is defined as

CO(t, J1, Jy) = E[E(t, J1)e(0, )], i, Jo € C(R).  (3.23)

The following theorem is a direct corollary from Theorems and [6.2],
and Proposition formulated below.

Theorem 3.3. For any functions Jy, Jo € C°(R) and ¢ € L]0, +00)
we have
+00 too

lim [ ()C(t, Jy, Jo)dt = S()C (L, Jy, J)dt

e—0 0 0
where C©)(t, Jy, Jy) satisfies the equation
0,0 (t, Ty, Jo) = C'O(t, Ay, Jo)

with the initial condition
€031, 3) =& [ Ii) )y,
R

and A = —¢|A,|*/* in the unpinned, or A = DA, in the pinned case,
respectively. Coefficients ¢ and D are the same as in Theorems[3.1 and
(3.3, respectively.

Remark. We remark here that Theorems B.I] through B.3] hold also
for the dynamics corresponding to the random momentum exchange

model described by (2I0).

4. SOME BASIC NOTATION

The one dimensional torus T is the interval [—1/2,1/2] with iden-
tified endpoints. Let ¢? be the space of all complex valued sequences
(¥2)zez, equipped with the norm [[¢[|% = Y, |¢,]*. For m € R we
introduce h,,, — the space of sequences (¢;)zez, for which |[¢[]} =
> (14 22)™ ] < +oo.

Given a sequence (1) € (2 define ¢) : T — C - its Fourier transform

A

- by @3). Obviously % belongs to L*(T) - the space of all complex
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=

valued functions equipped with the norm ||@E | z2(m) == (@E, >1L/22(’]1‘)’ where

~

(, 6) L2y @D )" (k

Formula (2.3) determines also an isometric isomorphism between h,,
and H™(T) - the completion of C>(T) in the norm ||| amy = ||Y||n
We have H°(T) = L*(T).

For an arbitrary J: T — C, k € T, p € R and € > 0 we define

bty =116+ 2) -2~ 9]

(k. p) ::%[J<k+g>+<]<k:—gﬂ.

Given a set A and two functions f,g: A — R, we say that f(z) ~
g(x), v € A if there exists C' > 1 such that

f(x)
C
We write g(z) < f(z), when only the upper bound on g is satisfied.
Denote by § the set of functions J : R x T — C that are of C*° class
and such that for any integers [, m,n we have

m*°

(4.1)

<g(z) <Cf(x), VzeA.

sup (14 y*)"[0L08" I (y, k)| < +oc.
yeR, keT

For J € S we let J be its Fourier transform in the first variable, i.e.

J(p, k) == /Re_zmpr(y, k)dy.
We introduce the norm
7= [ sup 1l (1.2
By A we denote the completions of S in the respective norm.

4.1. Averaged Wigner transform. For a given ¢ € (0, 1] we let ¢
be a random element distributed on ¢? according to a Borel probability
measure j.. We assume that (cf (39))

2
K, = 621(10}’)1]/Tdk {e<w(l€)|2>u] < 400, (4.3)

where (-),. is the expectation with respect to fi.

€
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Define W%, V¥ ¢ 4

WO, J) = % /R ~ <w (k . %) " (k: + %)%& J*(p, k)dpdk, (4.4)

and
Y © ::5/ b (k+ DY (—k+ YN J(p, k)dpdk (4.
VOn=5 [ (ke g) e (k) T mdpk (15)
for any J € A. From the Cauchy-Schwartz inequality we get
€ A~
(WO, )| < Sl (1) )

€

Thanks to Jensen’s inequality we conclude from (4.3]) that

€ A
e€(0,1] He
Therefore
Sl(lp](HYe(O)HA’ + WO x) < 2Ko. (4.7)
ec(0,1

Functional W.” € A’ is called the averaged Wigner transform of. We
refer to Y.” as the averaged anti- Wigner transform. By Plancherel’s
identity we obtain

WO 3y = 5 37 () ), [ 70 (a4 ). k)

e
z,x' €7 T
(4.8)

for any J € §. As a consequence of (4.7]), both (WE(O)) and (Ye(o))
are x—weakly (sequentially) compact in A’, as ¢ — 0+, i.e. for any
sequence €, — 0 we can choose a subsequence (WE(,?),KE)))HE whose

each component is x—weakly convergent in A’ see Section 4.1 of [5].
One can show, see Theorem B4 of [19], that if (WE(,?))n is *—weakly

convergent then there exists a finite Borel measure Wy(dy, dk) on R x T
whose total mass does not exceed K and such that

lim <WE(7?),J) :/ J*(y, k)Wo(dy,dk), J € A.
RxT

n—-+0o00

Applied to functions J(y, k) = J(y) the Wigner distribution becomes:
€
(WO,J) =3 D ) (). (4.9)

xT
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Remark. Observe that condition ([A3]) implies that (¢,), is centered
in the following sense: for any J € C§°(R) we have

}l%le(WueJ(“’f) =0. (4.10)

Indeed, by Plancherel’s identity we can write that the absolute value
of the expression under the limit equals

(1&( k) Je(k)dk| (4.11)

where
1.0k
= Z J(ex)exp{—2mikz} ~ -J (—)
€ \¢€
and J(k) is the Fourier transform of J(z). Expression in {II) is

therefore estimated as follows
3/4
WAL
j (_) dk:] |
€

[ (2l <] [ dk<|@2<k>|2>,i]l/4 [ /

where the estimate follows by Hoélder inequality. Using the change of
variables &’ := k/e in the second integral on the right hand side we

conclude that it is bounded by €K11/4||j||L4/3(R) for € € (0,1], which
proves (£.10).

4.2. Homogeneous random fields on Z. Suppose that &€ : T —
[0,4+00) is a Borel measurable function such that

/ 8 27rzkxdk

Let (&) ez be a sequence of i.i.d. complex Gaussian random variables
such that E& = 0 and E|&|? = 1. Define

k) =Y GEV (k)em2mike (4.13)

TEZ

< 4o0. (4.12)

T€Z

a Gaussian, random H~™(T)-valued element, where m > 1/2. Its
covariance field equals

C(J1, Jo) :=E [<J1, (T, /5 VL) JE(k)dE (4.14)
for any Ji, Jy, € C*°(T). Then,

Uy ::/ezmk%(l{;)dk, z e,
T
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is a complex Gaussian, stationary field. Function (k) is called the
spectral measure of the field (1,).cz. In the particular case when £(k) =
2&) we denote by g, the law of the respective field (¢;)zez. It is
supported in h_,,, if m > 1/2. One can verify that (1, ).cz satisfies

<¢x>ugo =0, <wx¢:c’>u,go =0, <w;¢x’>u50 = 2505:(:,:0” xz, ' € Z.
(4.15)

5. FINITE MACROSCOPIC ENERGY: INITIAL DATA IN L2

5.1. The wave function and its evolution. The wave function, ad-
justed to the macroscopic time, is defined as (see [5])

PO) = (@xq ('), +ip, (), z€Z (5.1)

where (p.(t), q.(t)).ez satisfies (28] and 6 € [0, 2] is to be chosen later.
Function (&, ).ez is the inverse Fourier transform of the dispersion re-

lation function w(k) := y/&(k). The Fourier transform of the wave
function is given by

POt k) = w(k)g (% k:) +ip (g k;) L keT. (52

Since p,(t), q.(t) are real valued we have

GO0 =i (k) i (50). 63

From (23] we conclude that (ﬁ(g) (t)) is an L?(T) - valued, adapted
£>0

process that is the unique solution of the Itd stochastic differential
equation, understood in the mild sense (see e.g. Theorem 7.4 of [9])

09tk = { 580t 1) - B 5000 1) - 69 0.~ fae

~1/2 R R
#0 [ d) [990 k= 1) = GOy (. = B)] Bl ar),

where ¢ (0) € L2(T), R(k) = B(k)/4, and
r(k, k') = 28*(k)s(2(k — K')) + 25(2k)s*(k — k'), kK € T. (5.5)
The process B(dt,dk) is a cylindrical Wiener noise on L*(T) given by
B(dt,dk) = > w,(dt)e

T€Z

where (w,) are i.i.d. standard, 1-dimensional real Brownian motions.
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5.2. Asymptotics of the Wigner transform. In what follows we
assume that condition (A3]) holds. Suppose also that s € [0,1) and
that v = 7pe®. The noise in ([2.5)) is called weak (resp. strong) if s > 0
(resp. s = 0). Furthermore assume that for any J € S such that
J(y, k) = J(y) we have

i W) = [ Walw)J(w)d. (5.6
e—0+ R

where Wy(+) belongs to L*(R) and is non-negative. Its Fourier trans-
form shall be denoted by

Wol(p) ::/Re_%ipyWO(y)dy. (5.7)

Since the total energy of the system Y. _, [0, (t)|* is conserved in
time, see Section 2 of [5], for each € € (0, 1] we have

19Oz = [Pz, 20, Peas. (5:8)
Let W.(t) be the (averaged) Wigner transform of () (¢) given by

(We(t), T) = < / E @Oy (6= 2) 0 (1. + )| J* (b, k)dpa.
2 Jrxr 2 2
(5.9)
Here, as we recall, E, is the expectation with respect to P, = p. ® P.
From (5.8) we conclude, thanks to ([T), that

sup sup |[|[We(t)[| 4 < Ko, (5.10)
c€(0,1] 10

where K| is the constant appearing in condition (L6]). As a direct
consequence of the above estimate we infer that the family (We(+)).c 1
is x—weakly sequentially compact in any L>([0,T]; A’), where T' > 0.

Our main result states that, given s € [0,1), the exponent § can
be adjusted so that (W,(-)) is *-weakly convergent, as ¢ — 0+, in any
L>([0,T]; A’), where T" > 0. The cases of pinned (&(0) > 0) and
unpinned chains (&(0) = 0) are considered in Sections [5.2.1] and
respectively. Before presenting our results let us recall briefly the case
of the kinetic limit treated in [5], see Theorem 5 in ibid., corresponding
to s = 1, which is outside of the scope of our results. Then, taking
d = 1 the family W,(-) is *-weakly convergent, as ¢ — 0+, to the unique
weak solution of the linear kinetic equation

Oty k) + SO Wty k) =10 LW (. K). (5.11)




18 MILTON JARA, TOMASZ KOMOROWSKI, AND STEFANO OLLA

The scattering operator L, acting on the k-variable, is defined by
Lw(k) =2 / R(k, Kw(K)dk' — 2R(k)w(k), w e LYT). (5.12)
T

Here R(k) is given by (B.I8)) and
3

R(k, k) = : Le{;ﬂ e, (k)e_ (K, (5.13)
with
e, (k) = 254(@, e (k) = 26%(2k). (5.14)
Note that
R(k) = / R(k,k"dk = Z > (k). (5.15)
B ve{—+}
From (2.17) we conclude that
R(k) ~ sin®*(rk), keT. (5.16)

5.2.1. Case of a pinning potential - diffusive transport of energy. Sup-
pose that

a(0) =) o, > 0. (5.17)

Since (B.I7) together with the assumption &”(0) > 0 imply that
|w'(k)| ~ |sin(7k)|, keT.

From the above and (5.10G) we infer that 62 given by formula (317 is

finite.

Theorem 5.1. Assume that conditions ([B6) and (BIT) are in force
and 6 = 2—s, where s € [0,1). Then, for any T > 0 the Wigner trans-
forms W(-) converge, as € — 0+, in the x—weak sense in L>°([0,T]; A")
to W(-) given by

Wit y) = / 2T (4, p)dp, (5.18)
R
where,
—~ ép2t -
W (t,p) = exp - Wo(p), t>0 (5.19)

and ¢ is defined by B21), if s € (0,1) (weak noise), or by B20), if

s =0 (strong noise).



ENERGY SUPERDIFFUSION 19

5.2.2. Case of a no pinning potential - 3/2 fractional superdiffusion.
Suppose that

a(0) = a, =0. (5.20)

Recall that in this case the dispersion relation satisfies (2.4]). There-
fore, the integral appearing on the right hand side of (8I7) becomes
divergent. Define

W (t,p) = exp {—e|p[/*t} Wo(p), >0, (5.21)
with Wo(p) given by (5.7) and
o [@/,(0)]3/4

Our result can be formulated as follows.

Theorem 5.2. Assume that (5.0) and ([B.20) are in force. Then, the
convergence assertion made in Theorem[51] still holds for any s € [0, 1)

and 6 = (3 —s)/2. The limit W (t) is given by (5I8) and (G21)).
The proofs of the above two theorems are presented in Section 1.2

(5.22)

5.3. Energy modes. Thanks to condition e¢,(¢) defined in (B.§]) are
non-negative. A simple calculation, using the definition of the Wigner
transform, see (A.§]), shows that

% N J(er)EJuO (1) = (Wo(t), ), J e CF(R). (5.23)

Theorem B.1] (resp. Theorem B.2)) is a consequence of (5.23), Theorem
(resp. Theorem B and the following result, proved in Section
3.1

Proposition 5.3. Suppose that &(0) > 0 (resp. &(0) = 0) and that
condition ([A3) holds. Then,

lim EZ J(ex)E, {% (i) - % |1 (t)ﬂ =0, t>0,JeCFR)

e—04+ 65
(5.24)
for 0 as in the statement of Theorem[5 1l (resp. Theorem[2.2).
6. FLUCTUATIONS IN EQUILIBRIUM

In this section we assume that the system is in equilibrium, i.e. that
(12)zez is a homogeneous, complex Gaussian random field whose co-
variance function is given by (AIH). As we have already mentioned,
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its law pg, is supported in h_,, for m > 1/2 and the Fourier transform
(k) belongs to H=™(T), e, a.s.
Define ( (6)( t)) as the field given by the Fourier coefficients of the so-

lution ()9 (¢, k)) of the equation (5.4) whose initial data is distributed
according to jg,. It has been shown in [13], see Proposition 2.1, that
there exists a unique solution of the equation, understood in the mild
sense in C'([0, +00); H~™(T)) for any m > 1/2, in case w(0) > 0 and for
m € (1/2,3/2), in the unpinned case. Furthermore, see Section 5.1 of

ibid., the law of ¢) in H~™(T) is invariant in time under the dynamics
determined by (B5.4]).

6.1. Fluctuating Wigner distribution. For a given J € S define
the random Wigner transform as the field

(’QD, = \/7 Z ,l7b wx 25:{::{:’50)J ( (ZL’+ZL’) ZL’I—ZL'), (61)

x,x' €L

where
J(y,x) = / T (k) dk, (y,2) € R x .
T

We will also denote m(t; J) = WE(@b(e) (t); J). From the time invari-
ance of the law of ¥(9)(¢) and (@I5) we obtain

EW.(t; J) = <VA\Z(O; J)> —0, >0
&o
Given Ji, J, € S define also the covariance field
C.(t: T, o) = E [VNVE(t; J)W.(0; JQ)*} . (6.2)
In the particular case when ¢ = 0 we obtain

Co0; 1, Jo) = <We(o; )W (0; Jg)*>6 (6.3)

L(elr+x - fe(x+a
= Ee ZJ( ) '—x)b(%,x’—x).
Using the Parseval identity we conclude that
i C.(0 i 2) = €3 [ (0. W)y, W)k, (60
€0+ RxT
for any Ji,Jo € S and in the case J,,,(y, k) = J,n(y), m = 1,2 we have

lim C.(0: 1, Jy) = &2 / ()T (y)dy. (6.5)

e—0+



ENERGY SUPERDIFFUSION 21
6.2. Statements of the results.

6.2.1. Case of a pinning potential. Recall, see (5.7]), that

J(p) = / J(p, k)dk, JeS.
T
Our result dealing with this situation can be formulated as follows.

Theorem 6.1. If &(0) > 0 and 6 =2 — s, where s € [0,1) then,
+oo

lim d(t)Co(t; Jy, Jo)dt

e—0+

_ g / - o {- szt} S()72(p) o(p)didp.

for any ¢ € L'0,+00), Ji, Jo € S. Here ¢ is as in Theorem [Z2.

(6.6)

6.2.2. Case of a no pinning potential. The result in this case can be
formulated as follows.

Theorem 6.2. If &(0) =0 and 6 = (3 — s)/2, where s € [0, 1), then
+o0o

lim d(t)Co(t; Jy, Jo)dt

e—0+ 0

+o0o _ _
e [ [ oo {=elolt} o)) Ttp)ip.

for any ¢ € L'[0,+00), Ji, Jo € S. Here ¢ is given by ([B.21)).
The proofs Theorems and are presented in Section 2

(6.7)

6.2.3. Energy fluctuations. Applying the Wigner fluctuating field to a
function J(y) constant in k we obtain the fluctuation field

= /e Z( [$9(t) 50) J(ex). (6.8)

Denote the empirical fluctuation of energy field by

) = ﬁ; (ex (%) - 50) Jex), JeCER)  (6.9)

and the respective second mixed moment by
CEt; Iy, Jo) == E[E(t; J)E(0; )], Ji, )2 € CF(R).  (6.10)

Our next result shows the fields defined by (6.8) and (6.9) are asymp-
totically equal. Its proof is presented in Section [I3.2]
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Proposition 6.3. For anyt > 0 we have
_ 2
liI0n+E E(t,J)=W(t;J)| =0, JeC°(R). (6.11)
€e—
As a result the conclusions of Theorems B and B2 hold for C© (t; J1, J2)
substituted in place of C.(t; J1, J2), which in turn implies Theorem 3.3

7. OUTLINE OF THE PROOFS OF THEOREMS [5.1] AND

This section is intended to outline the proof of Theorem (Theo-
rem [5.1] follows from a similar consideration). First, in Section [ we
describe the evolution of the Wigner transform W, (¢,y, k) of the wave
function wgf)(t) introduced in Section In fact, for our purposes it
is more convenient to deal with its Fourier transform in the spatial
domain, given by (B1]). It satisfies the following equation

AW (t,p, k) = (—W (E)p + Zﬁ) We(t,p, k)

-1 €
. /

+W§¢U@_(t,p, k) — Z—5£UE,+(t,p, k) + O(e) (7.1)
Here, v = 70€® for some s € [0, 1), with § = (3 —s)/2 and O(e) is some
expression that becomes negligible, as ¢ — 0+. Here ﬁE,Jr(t, p, k) rep-
resents the difference between the kinetic and potential energy, while
Ue_(t,p, k) is related to the energy current (the product of the mo-
mentum and inter-particticle distance). They are highly oscillatory
and their averages (in time and in k) turn out to vanish in the limit as
e — 0+.

To simplify the presentation we assume also here that the scattering
kernel equals R(k, k') = R(k)R(k'), where R(k) = 2sin®(rwk), which is
actually the case for the random momentum exchange model described
in Section[Z.T.3l The scattering operator (see (5.12))) is then of the form

Lf(k) = 2R(E)(f, R)r2(r) — 2R (k) f (k). (7.2)

Since the wave function at time ¢ = 0 is L? bounded, see (4.0,
this bound persists in time, due to the energy conservation. In turn
this implies the bound on the norm of (W,()) in L>([0, +00); A’), see
(5I0). In consequence this family is compact in the x-weak topology
in L>([0,7]; A") for any T > 0. Our goal is to identify its limit as the
function W (t) appearing in the statement of Theorem (52l To do so
we modify the argument put forward in [20]. To further simplify our
presentation we drop the negligible term appearing on the right hand
side of (ZI]). Performing the Laplace transform on both sides of ([Z.1])
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and using the formula (7.2)) for the scattering operator £ we obtain
that (dropping the arguments (A, p, k) to abbreviate the notation)

—© _ 2R
<>\+ R+“"p)w€_wg>zz_”wﬂmm)

ivR'p _ 2vR _ 2vR ,_
+ AP Z—éuﬁ,+ - z—(S(uﬁ, R o) (7.3)

Y
Here w.(\, p, k) and . 4 (X, p, k) are the Laplace transforms of /V(Z(t, D, k)

ﬁg,i(t,p, k), respectively, see (I0.5]). After some simple computations

we get

2vR WS ineR 2vR 2vR

] <w67 R>L2(T)_ D(EO) ~ fYD(E)pﬂe,—_'_ g(ﬁ) ﬂe,—l-_%@jﬁ,-i-v R>L2(T)7
(7.4)

where D(©) := \e® 4 2vR + iew’. Performing the scalar product of both

sides of the equation against 2yR/e® we conclude

L 10)

2vRW

=k~ O (7.5)

ag) <'LIJE, R) L2(T) —

where ﬁ/\ée) is the Fourier-Wigner transform of the initial condition and

2y 27R2
O = (1- | ===dk
o e < r D

Here O, is the expression that arises from the scalar multiplication of
the right hand side of (T.4)).
It is quite simple to show that the second term on the left hand

side of (ZH) tends to Wy (p), given by (E1). Our main effort goes into
proving that the right hand side of () vanishes as ¢ — 0+ and that

a9 — X+ Clp|*?

for an appropriate C' > 0, as € — 0+, when w(0) = 0 (we have ald —

A + Cp? in the unpinned case). The first fact is a consequence of the
aforementioned oscillatory behavior of %, 1, while the convergence of
a'? follows from detailed calculations, see Proposition [I1.J} This allows
us to conclude that (w(A,p), R) 2y - the limit of (w(\, p), R)r2(r), as
€ — 0+, satisfies

(A + ClplP?)(w(N, p), R) 2ry = Wo(p). (7.6)

Since in the macroscopic time the number of random collisions grows as
€79 > 1 (recall that is proportional to v/e® ~ ¢¥7%) the limit w(\, p, k)
of energy density w.(\,p, k) for a fixed p, as € — 0+, should become
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independent of the k-variable, therefore, since fT R(k)dk = 1, we ought
to have

w(A,p, k) = w(\, p) = (w(\,p), R) r2(r). (7.7)
This homogenization result is proved in Theorem and allows us to
conclude (7). By virtue of (Z.6]) and the uniqueness property of the
Laplace transform we infer that W (), appearing in the statement of
Theorem (.2 satisfies (B.2I)). The "true” argument is a bit more in-
volved, due to the fact that the scattering kernel R(k, k') corresponding
to the noise considered in this paper is not of a product type, see (5.13)),
which complicates the actual calculations.

8. EVOLUTION OF THE WIGNER TRANSFORM

For a given ¢ > 0 let 1)()(¢) be a solution of (5.4) with the initial
condition ¢ distributed according to a probability measure y. on L*(T).
The Fourier transform of the Wigner transform of ¢()(¢) is given by

We(t,p,k) = SE. [(qp()) as %) 0 (L k+ %)} . (81

where, as we recall, E, is the average with respect to the initial condi-
tion and the realization of the noise. To close the equations governing
the dynamics of W (¢, p, k) we shall also need the following functions

o — Sr (0@ (4 —p + LY e L
Vot p, k) 2Ee[w (t k+2>¢ (t,k+2>], (8.2)
Y. _(t.p.k) =Y (t,—p, k), W._(t,p,k):=W(t,p,—k).

— A~ A~

We shall also write W\e,+ =W, and Y, . = Y.. Define (cf (53))

R(k, K, p) = % Sor (k:— B,k—ak') r <k+§,kz—ak’) . (83)

With the above definition we can write (see (B.18) for definition R(-))

. 2 = /\

OW.(t,p, k) = — Lé—_l ; W.(t, p, k)

+€l5 {R (k: - %) Y.(t,p, k) + R (k: + %) Y _(t.p. k‘)}

(8.4)
il Tr(k—%,k')r(m@,k') x

€l 2
I [(ﬁ@)* (t, k— K — ?) P (t, k— K+ %)] i,

2
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where d.w(k,p) and R(k, p) are defined in (4.1]) and
PO k) = o [3900.K) — (GO) (1, )]

is the Fourier transform of the momentum. Since the latter is real
valued, its Fourier transform is complex even. The last term appearing

on the right hand side of (84]) can be replaced by

i—z R(k, K, ep)E. [(p<€) (t, K — %) ple (t K+ )] di’ o
T 8.5
= DR 1. K) — LR TEp. ) ~ L(ReTo )00, K),

where
&ﬂm:/hmwmﬂMMﬂ (5.6)
T
Therefore,
i _
OW.(t,p, k) = ~ 0w (ks PIW.(t.p. k) + %ﬁepWe(t,p, k)
(8.7)
266 Z Lo’gp 6 0' t p7 )7

oce{—,+}

and

L, f(k) = 2R, f(k) — 2R(k,p) f (k),

(8.8)
+ . p
LEF(R) = 2R, f (k) — 2R <k: + 5) F(k).
In addition,
2 2 - ~
OY(t,p, k) = ok, ep)Yo(t,p. k) — ; L R(k, ep)Vilt, p, k)
(8.9)
g P\ g P\ g

where

U(t,p, ) = 4/; (kD) (e %, )
«E, [p ( k-4 2>p (t kK 4 )]dk:
After straightforward calculations (cf (82) — (8Z) we conclude that
Udlt,p k) = Ry (Ve + Ve = We = o) (£, K).
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Then,

2 ~ ~
aX.(t.p. k) = 6—5az<k,epm<t,p,k>+€%£Epn<t,p,k>
(8.10)

f)/ o~ —
+€_5Rep(}/e,— Y)(t p7 Z Eo’ep €, cr t » Dy )
cre{ 4}
From ([B1) and (8I0) we conclude that for any fixed p € R the
evolution (We(t),Yc(t),Ye _(t), W _(t)) is governed by a closed system
of four linear equations with a generator that is a bounded operator

n (L"(T))* for any r € [1,400]. In particular, under the assumption
that the initial distribution of the wave functions satisfies ([AL3]) the

components of (/Wg(t), Y.(t), }A/E,_(t), /I/IZ,_(t)) belong to C([0, +00); A").

9. EXPANSION OF THE DYNAMICS OF THE WIGNER TRANSFORM

Assumption ([4.3) guarantees that

Sup([[Weo (0,9, M2y + Vo0, 2, Mlzzem) < +o0. (9.1)

From an elementary existence and uniqueness result concerning the
dynamics of (W, (t), Yo(t), Y._(t), W._()) in (L*(T))* we conclude that

sup 3 (IWeult p, Mlzaw + IVealt py o) < o0 (9.2)
t€[0,T] e{— 4}

for any €,7" > 0 and p € R.

We expand the scattering kernel appearing on the right hand side of
(R, (BIQ) into the powers of €, up to the second order. To abbreviate
the notation we shall write

R.:= R(k) + %R"(k), w:=w(k,ep), Odw :=dw(k,p). (9.3)

Since d,R(k,k’,0) = 0 we can write

= 25w WP o v _l(v .o
OV, =~ ( £+252(55>> [We 5 (Fo+ _)}

Rp ~ -
I T =T+ S0
€

+
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and

21w
0

2
S 2iog Y VP S i
0y, = -9 + (665 + 55 (0 z)) [Y (We + WE,_”

2 . . / _ P
(IR 2P em)) (V- + P W) 4 e,
€ 202 ’ 2¢ed—1 ’

where £, Rf are given by (B.8)) and (8.6) and

L)1) = -7 [ Rk RS SR RI®. (900

T

(O*R) (k) = /T OR(k, K, 0) f ()’ = —%2 /T Ra(k, 1) £ () K

Here
Ry(k, k) := —%3,33(%, K 0) = 45 (F)f () +F4 (F)e— (k) +3f - (k)er (K),
(9.7)
with ey (k) defined in (5.14]) and
fo(k):=25%(k), §_(k):=2c%(k). (9.8)
Note that
(62L) f-(k) = ((8*L) f) (=F), (9.9)
where f_(k):= f(—k). In addition,
ROL,0,k)=0, i=1,2 (9.10)

Adopting the convention /I/IZ = /V[ZHF, )A/e = EA/E,JF, we can write that for
any M > 0

1ROt Mz =2 Y IWealtop Mz + [Veu 2, )22y

ve{—+}
(9.11)
fori=1,2and allt > 0, € € (0,1], |p| < M. Define
. 1 ~ -
Ue +(t7p7 k) = 5(}/;_'_ e,—)(tvpu k)? (912)
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From (@.4) and ([@.3]) we get
— 6.~ R'p~ — _
W, = —;—_fwe,+ “ S < W’ (5%)) (Wﬁ - UE,+) + RO,
(9.13)
- 200 0l W - l (= o 3-0q (2
0. = S Ue + (55 + 555 0%0) ) | Ut =5 (W€,+ + W,_) 4 SIRO),
’N 200 ~ 2y o~ iYR'p — —~ 3 s (3
e ==Vt = GRU - = 55 (W = Wey) +e RE),
—~ 10—~ WR' ”Yp 2 17 77 3-dn(4)
(e T et £+ (62L) (We_—UE+>+e R
) 65 1 ) 6 ¢ 0—2 ) ’

From (@.I1]) we conclude that for any M > 0, i € {1,2,3,4}
1RO 2 Mem =Y (IWeeltsp, ) ey + 10eult )l z2cn)
ve{—,+}
(9.14)

fort > 0and € € (0,1}, |p| < M.
Let D(¢) := D(¢, ¢), where

D(.v) = [ ()00 ()
= [ R = o0 (k) — (8 dka
for any ¢,¢ € L*(T) and

1 —~ ~
es(tap) = Z <§||W67L(t7p)||%2(']r) + ||UE,L(t?p)||%2(T)) :

ve{—,+}

Taking the scalar products of both sides of equations appearing in
(@.13)) against the respective W, Ue,, ¢ € {—,+} we obtain
1 v [t
5a(t,m 5 [ (= Te)s,m)) ds
/ ds/ |U _(s,p, k)|*dk (9.15)

el 5’)/]9/ ds/R’ )Im U* We+) (s, p, k)dk

2@3(0p+e“/mspd
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where for any M > 0 we have

Re(t,p) 2 €t p), t=0,[p| <M, ee(0,1]. (9.16)
Using Young’s inequality and the fact that (R'(k))? < R(k) (see (IZ.35)
below) we conclude that for any M > 0 there exists C' > 0 such that

t
~5p / ds / R'(k)Im (U;_WE,+) (s, p, k)dk (9.17)

——/ ds/ \U _(s,p, k)|*dk — Ce*~ 6/ HWe+ s P)HL?(T

for t > 0, |p] < M and € € (0,1]. From the above, estimate (Q0.14),
identity (@.I0) and Gronwall’s inequality we obtain the following.

Proposition 9.1. For any M > 0 there exists C; > 0 such that
E(t,p) < €.(0,p)e ", Vee (0,1], [p| <M, t>0.  (9.18)

10. LAPLACE TRANSFORM OF SYSTEM (0.13))

For any A > >\(()E) := C1e*79 (C} as in Proposition @.1]) we let

+OO —~
we, (N, p, k) = / e MW, (t,p, k)dt, (10.1)
0

+o0
e, (N, p, k) = / e MU, (t, p, k)dL.
0
Thanks to Proposition [0l the above integrals are well defined in L?(T)
for A> A and p € R. Let

0, d<2
Ao ._{ Co. 5-2. (10.2)

and (] is as in ([@I8). The “remainder” term Pl ()\ p, k), that is the

Laplace transforms of R (t,p, k), has the following property: for any
M > 0 and compact interval I C (g, +00)

IFON P2y 2D (e p)llzaey + e, (A )l 2my)  (10.3)
ve{—,+}

for i = 1,2,3,4 and ¢ € (0,1], |p| < M, A € I. Therefore, from
Proposition we conclude that

Cr:= sup sup ||w67L(A’p)||L2(T) + Z Hﬂf"()\’p)HLz(T) < oo
ec(0,1] Ael,|p|<M ve{—+}

(10.4)
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Taking the Laplace transform of the both sides of equations of the
system (@.I3)) we obtain

—~ 10w YR’
A — W) = O e - 75 Lo, + 5 L (@ey — ) + 770,
(10.5)
A\ [7 2_(;}* +1L T _1(* + W ) +35(2)
Ue A+ 66 Ue,— 66 € ue,—i— 9 we,—i— ws,— € e )
i} = 20 _ 2y, i R'p, _ 5
0
>\’LL€7_ - Ue(—) = __6u6 + — 6—6R€UE _—— 266_1 (we — UJE,_;_) + 63 57’23)
/\(0) . Z(Sew nyR, _ /7 _ 3 67(4)
)\we—_W@—_ 65_1 €,— 65 1 e—+€_5Le(we— u5+)+€ re’,

where L. := L + (1/2)(ep)*(6°L) and L, §°L are given by (E.12)
and (@.0), respectively. Performing the real parts of the scalar prod-
ucts in L?(T) of the respective equations of the above system with
(1/2)w +(A, p, k), te s (A, p, k) and adding them sideways we get

A ||’LDE()\,]9)||%2(T)+ Z ||'a5,+()‘>p)||%2(’]1’)

e{—,+}
2
2 [ R®la- O 0Pk 289 [ R0 (a0 (k) db
T T
2D (0~ 1)) = Re [ WO by (. ) db (10.6)
T

+ ) Re/U<0 k)ie, (A, p, k) dk+ R\, p).

ve{—,+}
Given M > 0 and I C (\g, +00) compact, we have
R\ p) 2 TN )2y + D NP7y
ve{—,+}

for all e € (0,1] and A € I, |[p| < M. Using again Young’s inequality,
as in (@.I7), together with (I0.4]) we conclude that for any M > 0, a
compact interval I C (A, +00) and € € (0, 1]

up [ [ O p R+ D (- u5,+><A,p>>] <o,

XEL|p|l<M
(10.7)
In fact it is possible to get a more precise result.
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Proposition 10.1. For any M > 0 and a compact interval I C

()\(),—I—OO)
sup l / Ro(k) e\ p, k)2l + D (.(\, p)) (10.8)
NeL|p|<M LJT
—i—/TRE(/f)\ﬂe’Jr()\,p, E)|? <%) dk] <7 e (0,1].

We postpone the proof of the above Proposition till Section [14.2] and
use it first to show a homogenization result formulated below. Define

wY (N, p) ::/TU_JE()\,p, ke, (k)dk, e {— +}. (10.9)

Theorem 10.2. Suppose that the initial laws (p.) satisfy (£3]). Then,
for any M > 0 and a compact interval I C (Ao, +00) we have

lim  sup /}u_)e()\,p, k) — wH (N, p)| dk =0, (10.10)
=0+ el |pl<m JT
and
lim  sup / |e (A, p, k)| dk =0, € {— +}. (10.11)
=0+ xer |pl<m JT
Proof. Consider the case « = —. By ([I0.4), it is enough to prove that

lim  sup /wE(A,p,k)—w§—>(A,p)}e_(k;)dk:0. (10.12)
=0+ zer |pl<m JT

By virtue of (I0.8) we have
[ 1o pik) = w00 )| o ()
T

< | 1@\ p, k) — BN p, K| e (B)e_ (k) dkdK

T2

1/2
S{/fW%NW%%M—WQ%HW%%}
’]I‘Q

32_(]{5)62_(]{7/) 1/2 5
/ _< /2'
X {/]1:2 7(]{;’ ]{;/) dkdk €

The last estimate follows from (see (5.13))
e? (k)e (k') - e_(k)e_ (k)
R(k, k) — e (k) +e_(k) —
This together with (I0.4) imply (IOI0). The case ¢ = + can be argued
similarly. The proof of ([I0.IT]) is a consequence of (I0.4]) and (T0.8).
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U

11. IDENTIFICATION OF THE LIMIT OF THE WIGNER TRANSFORM

Recall that (W,(-)) is x—weakly sequentially compact in L*°([0,T7], A’)
for any 7' > 0. Therefore for any ¢, — 0, as n — 400, we can choose a
subsequence, denoted in the same way, such that it x—weakly converges

to some W (-) € L>([0,T], A’). In light of (5I0) we have
sup [[W(#)[|.+ < Ko, (11.1)
>0

with K, the same as in (L0). Therefore, we can define its Laplace-
Fourier transform w(\, p, k) for any A > 0. Thanks to Theorem [I0.2]
any limit w(\, p, k) obtained this way will be constant in k.

In the present section we show that for any A > Ay, see (I0.2), and
p € R we have either (see (5.7))

(A + %) w(, p) = Wo(p), (11.2)
(X + élpl*?) w(X, p) = Wo(p), (11.3)

depending on whether the potential is pinning or not. Coefficients ¢ are
as in Theorems [B.1] and B.2] respectively. Since the functions given by
either (B.19) or (B.2I)) have the Laplace transforms that satisfy (I1.2))
and (II3)), respectively, we conclude from the uniqueness of the cor-
responding Laplace-Fourier transform that (W.(-)) is indeed *«—weakly
convergent, as € — 0+, in L>°([0,T],.A"), for any T" > 0. This would
end the proof of the assertions made in TheoremsB.Iland 5.2l The only
two facts, which still require proofs are identities (I1.2]) and (II.3]).

11.1. Derivation of (I1.2) and (I1.3]). Recall the definition
w (A, p) ::/U_JEO\,p, k)e(k)dk, e {—,+}
T

Let By := [p : |p| < M]. In light of Theorem [[0.2 it suffices only

to show that any x—weak limit of w ™ (X, p) in L=°(I x By;) satisfies
either (IT.2)), or (IT3)) depending on whether the potential is pinning
or not.

To abbreviate the notation we omit the arguments of the functions
appearing in the ensuing calculations. From the first equation of the

system (I0.5) we get

= 3
DEg, = WO 4+ 37 E{Zﬂ ew™ + g, (11.4)
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where
D@ .= N\ + 29R, + iedw, (11.5)

and ¢, := Z?:l qe(i), with

2
¢ = _v(w;p) {f+ / We(4f 4 + e_)dk' + 3f_ / w5e+dk5’]
T
¢? = —yLi.y, ¢F = —ieyR'pi._, (11.6)

E

q€(4) = 7’)/(71'26])) (6*L)tc 4 + € 7’(1)

In addition, thanks to (I03) and ([[04), the remainder 7" satisfies:
for any compact set I C (A, +00) and M >0

limsup sup [[r™ (N p)|lpier) < +oo. (11.7)
=0+ Ael,[p|<M

Computing w, from (II.4) and then multiplying scalarly both sides of
the resulting equation by ~ye,, ¢ € {—,+} we get the following system

3ve_e 37?2 ¢?
yw, /T(l 5D@ )dk 5 We /TD(E> dk

e, W €. e
DO dk + DO
Adding sideways the above equations corresponding to both values of ¢
and then dividing both sides of the resulting equation by € we obtain

:”)/E dk, L€ {_,+}

117(0)
alw - (W —w) = 5 Rgf) dk+3 ﬁ?ﬁ dk, (11.8)
T ‘ e
where
4 2R
() = 2 v
al(\,p) : 306 /T (1 DO ) R dk (11.9)

y 2vR
a9 p) = 66/T<1 D())e+dk

Let 6(9) = 0, when 0 < 2 and #(2) = 1. The following result, obviously
implies either (IT.2]) or (IT3]), under an appropriate hypothesis on the
respective dispersion relation.

Proposition 11.1. For any J € S such that J(y, k) = J(y) and X > g
we have

=(0) o
lim 47/ BV Gapak—2 [ Woddpdk ) =0,  (11.10)
3 Jaur DO 3

RxT
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In addition, for any M > 0 and a compact interval I C ()Xo, +00)

fim sup [o00p) (@0 p) — w0 =0, (111D
e—0+ METL|p|<M

Moreover, under the assumptions of Theorem [51l, we have

2\ ~202
im  sup |a@(\p)— — -T2 | =, (11.12)
e—0+ AEL|p|<M 3 3’70
where & is given by BIT), and
4 Rq. 80(0 2
lim  sup [ [ i<k — ©Oro(mp)” s —o (11.13)
e—0+ )\EI,‘]J‘SM 36 T D(e) 3

If, on the other hand, the assumptions of Theorem [2.2 hold then

, 2\ 2¢|p[*?
lim  sup agj) Ap)— — — =0, 11.14
e—0+ el |p|<M ( ) 3 3 ( )
with ¢ is given by B.21), and
: 4y [ Ry
1 — dk| = 0. 11.15
0% sel pient | 360 Jp DO ' (11.15)

Equalities (IT2) and (I13]) then follow directly from the above
proposition by taking the limit, as € — 0+, in (ILg]).

11.2. Proof of Proposition I1.1l

Proof of (I1.10). It suffices only to prove that, for any J as in the
statement of (10

4_,}//* RWE(O)
3 Jrxr D

R 2 —~
Ii Jdpdk — = WO Jdpdk
0+ P s / <

=0.  (11.16)

Then equality (ITI0) is a consequence of (5.6). Note that 2yR/ D
is bounded and convergent to 1, as ¢ — 0+. Using Cauchy-Schwarz
inequality we can estimate the expression under the limit in (IT.I6]) by

9 2 1/2 - 1/2
- { / \J|2dpdk} { / \W§0>|2dpdk;} :
3 RxT RxT

The first integral tends to 0, as € — 0+, by virtue of the Lebesgue dom-
inated convergence theorem, while the second one remains bounded
thanks to condition (£3)). Thus (II.I0) follows.

2vR

DO 1
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Proof of (11.12) and (I1.14). From (I1.9) we get

a(e):4_7 (€5>\_'_2,YR) >\+ﬁp2R// —1—62_6(5&))2 dk
“ 3 Jp |DOP? ‘ ‘ ’

4
(11.17)

Diffusive scaling. Here w(0) > 0, (6w)? < R, (see (I49)) and, as we
recall 6 = 2 — s. Thus (IT.I2) follows.

Super-diffusive scaling. In this case w(k) = |sin(wk)| and 6 = (3—s)/2.
From (ITI7) we get
2\ . 4y [ R(Sw)?

; (e) -
eg%}l—aw ()\’p) 3 _l—el—l)%l-i- 3 T |l)(6)|2

We shall show that

dk. (11.18)

. 4ye¥ 0 [ R(6w)? 2¢|p|3/?
lim = —
e—0+ 3 T ‘D(E)|2 3

uniformly in A € [ and |p| < M. Here ¢ is given by ([B21]).
Assume that p > 0, as the consideration in the case p < 0 is anal-
ogous. Divide the domain of integration in the integral appearing in
(ITI9) into three sets |k| < e, e’ < |k| < € and e < |k| with
p1 > p2 > 0 to be adjusted later on, and denote the expressions corre-

(11.19)

sponding to the resulting integrals by I 1(5), [2(6) and [?Ee).

The limit of ]1(6). Suppose that p; € (§ — 1,1). Since in the unpinned
case 0 < 3/2, it is possible to find such p;. Using the fact that

|D@)? = ¢|s.w|(YR: + €°),
we conclude

Pl
: Tk
Y= 61—5/ Tk <050, ase— 0+
o Vk*+e

The limit of I,”. Suppose also that ps € (0,2 — 6 — s). Since s € [0,1)
we have 2 — 3§ — s > 0 (recall that § = (3 —s)/2). We have
Pr<2—0—s=0—-1<p;. (11.20)

)

In the integral appearing in ]2(6 we change variable according to

1/2) 70V /2
K = 701/20(1 v and C, = (a 2( )) P.
« €077




36 MILTON JARA, TOMASZ KOMOROWSKI, AND STEFANO OLLA
Define k. := Ci/26(1—s)/2k%—1/2’
R(k) := o R(k.), Re(k): N p (k).

El—sC* - El_SC* €
and .
(SEW(k,p) = ?650‘} (keap) .
Then,
7o = (@705 / ROw ) (11.21)
23/4-378/2 7. | D2 ’
where
A~ ~ 65_1)\ 2 —~
|ID@)? .= (2Re(k) +—5 ) + (6ew)?
and
1/2 py 1/2 p,
. To € Jo €
Ie . k /2 = |k| — Cl/2 ’
with p; := p; — (1 — s)/2, 7 = 1,2. Note that, according to (I1.20),
1 —
L>6—1-— 2820.
and )
Gy <26 —5— ;8 —0.

From (BI8) (and 7)) we conclude that both R(k) and R, (k) con-

—

verge uniformly to 672k? when k € Z., |p| < M. Likewise, d.w(k,p)
converges uniformly to 1 when k € Z, and A € I, |p| < M. Since in
addition

R(k)(0.0(k)* 15, (k) _ k41

, keR
|D©(k)|2 T kt+1
we obtain
. (0 3/4,.3/2 2472 |2
lim 1 = 27(0) o / Tk (11.22)
=0+ 3.23/44)% Jp 1447kt + 1

and the convergence is uniform in A € [ and [p| < M. Using the
calculus of residua one can show that

+o0o 2
/ B T
e K1 V2
therefore

/ 2472 k? g L
R 14Tkt +177 /6
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Thus,

. A7(0))3/43/2
lim 1 — %
e—0+ 33/2. 25/470

The limit of 1. Then,

_ R(6.w)? _ 1 e
I(E) j ’762 6/ € dk j ’762 6/ dk j E2 0—s—p2 N O,
’ jzeez | D2 kzeez (VE)?

as € — 0+, uniformly in A € I and |p| < M (recall that py € (0,2—9 —
s)). It ends the proof of (IT.I9), thus finishing the proof of (IT.I4).

Proof of (IT.I1]). It is a simple consequence of the following.
Lemma 11.2. Under the assumptions of Proposition [I1.1 we have

sup |a§f)()\,p)| =<1, €€ (0,1].
AeLL|p|l<M

Proof. Similarly as in (IT.I7) we get agf) = aﬁf?l + af?z, where

2 DI
afhi=1 /T (@A R (A e ln ) dk,

| D)2 4
© . 25 [ (0w)%ey
ayn =€ fy/jriu)(e)‘2 dk

Term |a§f?1| is bounded, due to the fact that ye, (e!A+2yR.) < | D2,
To bound the term aﬁfé in the pinned case we use the fact that then
(6w)?* = R.. In the case w(0) = 0 we use the bound ¢, < R. Then,

the conclusion of the lemma follows from (IT.19). O

Proof of (IT.13)) and (I1.15]). Denote

| 4y [ Rg?
@\ —
Qe ( 7p> N 366 T D(e)

The equalities in question follow easily from our next result.

Lemma 11.3. Under the assumptions of Proposition [I1.1 we have
lim  sup |QW(\p)| =0, i=234 (11.23)

=0+ \el pl<M

FEquality (IT23) holds also for le)()\,p) when § < 2. When w(0) > 0
and 0 = 2 we obtain

2
lim  sup QE”(MD)—M

we , P .
=0 NI |p|<M 3 ( ) ( )
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Proof. Since |yR|/|D'| is bounded the conclusion of the lemma for i =
4 is a simple consequence of (I0ITl). When i = 3, both k — d.w(k;p)

and k — R'(k) are odd. Since k — G, _(\, p, k) is even, we can write

4€*794% [ RR'p Sl —
G\, p) = — &
Qe ( 7p> 3 /]r |D(6 |2

In case w(0) > 0 we use |R'pd.w| < R, (see (I49) below), therefore

QO p) < & / |k
T

and the lemma follows then by virtue of (IT0.I]).
In the unpinned case we use the bound

|ID©| = YR, + €|d.w]| (11.25)
together with Cauchy-Schwartz inequality and (I0.8). We obtain

420 2 1/2 / 2 1/2
QO )] < X Rl . DOp

s s R(R'S.w)? 12
< ~22 6 _(6—s)/2 / € dk
Te e { r (YR + et [dw]

B R(R/(S w)2 1/2 B R(R/)2 1/2
< ~2¢2 (6+s)/2 / € — A l=(0+s)/2 /
<o L st} = . m

1 3 1/2
k 1
j 6(2+S—6)/2 {/ k4 4dk} j 6(2+S_6)/2 10g1/2 (_) - O,
0 + € €

as € — 0+, uniformly in A € I and [p| < M.
Next,

RLu 4v [ (R — R.)Lu
(2 . €,+ = € €,+
@ T3¢ / D(©) dk 360 Jp D) dk

dk.

(11.26)

4y [ (EN+iedew) L, 4 4y B
e / et g - /T L, 4k

Denote the terms appearing on the utmost right hand of (IT.26]) by I,
II. and III., respectively. Since [, Lfdk =0 for any f € L'(T) we have
III. = 0. In addition, (see (@.3]))

5 2 2 1"
Ve R £u6+
I. = dk 11.27
6 /T D@ (11.27)
6—2,.2 /" 6—2 2 1"
YETIPT () Rle., . 7€ R'R _
U 4 D@ dk 5 DO u6,+dk.

ve{—,+}
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Here ugl()\,p) i= (Ue (N, D), &) r2(r) for o € {—, +}. Note that

< +oo0. (11.28)
L (T)

sup  sup
ee(0,1] Ael,|p|<M

”)/R//R
D)

If w(0) > 0, then, according to (I0.8)) we have

REWE +|2 6—
G = [ et <5 Nellpl< M, ee(0,1. (11.29
/T (@ +yR)2 "~ € € 1, |pl ec (0,1 ( )

Hence, (since v = €*vy)

1/2
W] < GV { JRCE vRe)Qdk} < 02
T

and, using the estimate |D.| > ¢® + yR.(k), we get

R‘ﬂe,+|

dk = GI? < 0=9)/2,
r [DO] T T ‘

This leads to estimate (recall that 6 =2 — s)

|I€| < 66—26(6-1-8)/2 _ 66_1.

In the unpinned case, @(k, ep) = R(k), therefore from (I0.8) we get

i / R?|tc . |? dk <&, Nel,|p| <M, ee(0,1]. (11.30)
ci= | ————dk <77, pl s M, ee (U1 :
1 (€ +yRe)? g

Hence,
1/2
uly] < H? {/(6‘5 + vRe)zdk} < )2 (11.31)
T

and, using again |D.| > ¢® + yR.(k), we obtain

R‘ﬂe,+|

dk < HY? < 0=9)/2,
p DO = e =

This leads to estimate (recall that 6 = (3 — s)/2)

|[€| < 66—26(6—1-5)/2 _ 6(1_5)/4.

We have shown therefore that in both cases lim, g, I. = 0.
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Concerning term II. note that, thanks to the fact that k — d.w(k, p)
is odd and k — Lt (A, p, k) is even we have

I, = 47 é)ue J|r2 ANEN+29R,) + €70 (0uw)?] dk
(11.32)
=2y Y. E+/ i |2 AMEN+29R,) + 7% (6w)?] dk
re{—+}
87 \};UTQ [MeEA+ 2R + €7° (6uw)?] dk.
We conclude therefore that
AT S / D dk + 5 AW%
LE{ Y (11.33)

Denote the terms appearing on the right hand side by 1% and 116(2),
respectively.
When w(0) > 0 we use the fact that |6.w(k, p)| < RY(k), see (TZ9)

below. Therefore, v?R(6.w)?|D9|~2 < 1 and from (I0.II)), we get

lim sup |II]|=0.

e—0+ Mel,|p|<M
In the unpinned case, we use ([I31]) together with |D(©|? = €|d.w|(yR)
and get

_ R(6.w)?
1) 25 (6+5)/2 e
1T | < 7e2 ¢ /T Dok (11.34)
B R(6.w)?
< et 6)/2/76% DRI RN
1 €(YRe)|dew]

uniformly in A € Z and |p| < M, as § = (3—s)/2 <2+ s for s € [0,1).
From the Cauchy-Schwartz inequality together with (IT31]) we get

1/2 2 — 2 1/2
2 26 (5ew)4 Re|u 4|
|I[€( )| < e { ] ‘D(E)|2dk} {/ D02 ——dk .

We use |D©)? = €(® + yR)|6w| to estimate the first integral and
|D©|2 = (e + vR)? together with (IT30) to bound the second one.
Therefore

(5 w)g 1/2
sup ‘]](2)| =< %2—56(54)/2 {/ éidk} < (BFs)/2-6 0,
xeLplsa © T T €(YRe + €9) -

as € — 04. This ends the proof of ([1.23)) for i = 2.
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Concerning le)()\, p) we can write

272 iy 262—(5 R
le)()‘ap) = ( 3> /’]1‘ D [f+<wea4f+ + €—>L2(']1')
+3f_(we, e4) 2] dE.

Since y|R|/| D] is bounded the conclusion of the lemma follows easily
for 0 < 2. If ) = 2, then v = 9. We can use the Lebesgue dominated
convergence theorem and obtain (I1.24]). O

11.3. The dual dynamics. The equations ([87) and (8I0) describing
the dynamics of the column vector W_(¢, p, k) given by

—~
&,—

wg(tapv k) = [WE,-i-(tvpa k)7 }Z,+(t7p7 k)v }Z,—(tvpa k)7 W (tupv k)]

can be written in the form

%Wﬁ(t, p. k) = LW.(t,p, k) (11.35)

where L. is some matrix operator. We now define the dual dynamics
that runs on test functions. Suppose that

FOY (b p. k) = [T (0), T (0), T2 (1), T (1)
is the solution of the system dual to (T3], i.e.
d~ N
el ©(t) = L T(t). (11.36)

with given initial conditions that are the Fourier transforms of some
functions belonging to §. The adjoint matrix L} is given explicitely by

LY 9 LY oo
© 7@ pO 7
L:J = é@ ]L%) fﬁ’@ éi) T, (11.37)
o L9 19 L
with
LY = e (iedw(k,p) +7LL,), LY = e (—iedw(k, p) + L),
Ly = e lio(k,ep) + (LY, — R Ly = e *[—iw(k, ep) + (L, — RE)],

Lg? = =27 bye? (E?;)* , Réf) = e_évR:p.

The operators L3, (E;,t)* and R are the adjoints of £,, £ and R’
(see (R.G) and (B.8])) with respect to the Lebesgue measure on T. Given
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M > 0 we introduce the norm

. 1/2
11|45, :=/ dp{/U(p,k)Pdk} : (11.38)
B T

and denote by Ay s the completion of S under the norm and by Aj 5,
its dual, that is the space of all J : R x T — C equipped with the norm

) 1/2
[y, == |sup { | (p, k:)|2dk:} . (11.39)
T
Let Asjoc := (oo A2m. Given J € S, define

I(p) = / J(p. k) dk = / =210 1y ) dydk
T

RxT

and

%, in case &(0) > 0,

p(p) =
¢lp[*/?,  in case &(0) = 0.

Coefficient ¢ is determined either as in Theorem [B.], when &(0) > 0,

or Theorem [5.2] when &(0) = 0. We can repeat the argument made so

far and conclude the following statement concerning the convergence
of the dual dynamics.

Proposition 11.4. Suppose that the initial data in (I130])belongs to
Asoc. Then the following are true:

i) for any T, M > 0 we have

sup sup HJ(E)(t)HAé M < 00,
e€(0,1] t€[0,T) '

ii) suppose that M > 0 is such that j(ﬁ)(O,p, k) =0 for |p| > M
and k € T. Then JO(t,p,k) = 0 fort > 0, |p| > M and
keT,

iii) for any T > 0 and g € L*([0,TY], As0c) and j(ﬁ)(t,p, k) as in
i) we have

T
lim / / T (¢, p, k) (¢, p, k) dtdpdi
0 B]w xT

e—0

T
= [ [ et g e paea. (11.40)
0 R
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12. PROOFS OF THEOREMS AND [6.2]

12.1. Evolution of the random Wigner transform. To describe
the evolution of the fluctuating Wigner transform W,(t; J), see ([6.1]),
we shall also need the following quantities

Verlts 1) 1= Ve > w0 (0 (5 + )2’ —w).,
x,x' €L

Ver i) = vE 3 (v 00®) T (<5 +a)a ~ ),
r,x' €L

E_tJ \[Z <1p(6 w(e ))*—5x,x/80>j* (—g(ijx'),x/—x).
z,x' €L

We identify W, .. (t) = W,(t). Given the column vector J7 = [JoF Jut Ju=_ Jw-]
with the components that are the Fourier transforms of functlons from
S, denote

= 3 (Walts ™)+ Vouls ).

ve{—,+}

For Jl, J2 €S let

Co(t5 0y, J2) 1= B W (1 J)W(05 )|
(12.1)
CvE(t Iy, Jo) = E [i’i(t; TOW.(0; JQ)} .

Computing the time differential as in Section [§ we obtain

dVA\Z(t;J)eé{WE(t;(z’eAijE:)J)g > Vot L£i )
(12.2)

L2, Z/ ieAJ + 4L )( ) dk}dwd/\/lf)(J),

nez
aVe(t; ) = It <z’B+v£*>J>+wZ_<t-R*J>—wz (t;RET)
& A p
—% S Wt £5_,T) —761/022/ _ k)dk}dterN(()

oce{—,+}
(12.3)
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where M9 (), N9 (J), are some square integrable, continuous trajec-
tory martingales. Summarizing, if the test functions J** and J%* are
such that their respective Fourier transforms in the x variable Jv# and
J¥* belong to C°(R x T), then, using (IZ2) and ([IZ3), we obtain

SE (W6 D)W(05))| = B [We(6 LDW.(0;.7)] (12.4)

where IL} is given by (IL.37).
Suppose that J(¢) is the solution of the equation (IL36). From
part ii) of Proposition [[T.4] we conclude that

J9%,p,k) =0, Vt>0,|p|>M, keT, (12.5)
provided that M > 0 is such that j(f)(O,p, k) = 0 for all |p| > M,
k € T. Combining (I2.4]) with (II.36) we obtain

LR [ 39 — ) W(0;.0)] = E [l LTt — ) Wi0:.])]

+E [we (s; %J@(t - s)) W.(0; J)] =0

for all s > 0. Comparing the values of E |W [ (57 (¢ — s))We(O; J)}
for s =t and s = 0 we get

E [W.(t: DWe(0;))] = B [W0:390)W0; )], (126)
where
J:=19(0) = [JoF, ok, o, o]
Suppose that the initial data satisfies the hypothesis of part ii) of
Proposition 1.4l and that J is compactly supported. According to

([E3) the right hand side of ([I2.6]) equals

E [VE(O;J}*@))?\Z(O;J)} — &2y / TOF (L ex, k) J* (ex, k) dk

_ 532/1@ i Jut (t% _p, k) J* (—p, k) dpdk

The last equality holds, thanks to the Poisson summation formula, see
[15], formula (50) on p. 566. Since the supports of J;““r (t) and J are
both compact in p for a sufficiently small € we can write that the right
hand side equals

€ / = (t,p, k) J* (p, k) dpdk.
RxT
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Using (IT.40) we conclude that for any compactly supported ¢ €
L'[0, +00) we have

with ¢ given by ([B:2I]) when § < 2, or (3:20) when § = 2 in the case of
a pinning potential, or

“+oo

lm [ o Wlts JoHYW0; )|

+00
e / dt / o(t) exp { —elpl¥21} 39 (p)J(p)dp,

with ¢ given by (5.22]) in the unpinned case. Generalization to arbitrary
Jut J e S and ¢ € L'0,+00) is standard and can be done via an

approximation, due to the fact that process (We(t; J )) is stationary.
>0

Remark: Observe that the proof does not really use time station-
arity of the initial distribution, in fact it follows that for any initial
homogeneous distribution with energy density given by some £(k) such
that [} E(k)dk = 2&y, we have the same result. On the other hand, we
do use the stationarity in order to prove the equivalence of the energy
distribution (G.ITI), see Section [[3

13. EQUIVALENCE OF ENERCY FUNCTIONALS

13.1. Proof of Proposition

13.1.1. The case of a pinned potential. The left hand side of (524
equals lim oy (I + II.), where

L= 53 Jen)E, (&(0)[ D) - Zax_y[q;@(t)]?)

Y

=~ LS EROOF [ a0 - l-aldr
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and
1= 53" J(en)Ee [0 () (a4 (1). — (@ a"(1))2]

= % PACRIGERIGIDS /R 2 J () [@g—y (0) — @y (—€p)]a_y dp.

Here we have adopted the notation @,(p) := e ?™@P@,. Since in the
case of a pinned chain we have

sup eE[q\ ()] < +o00
€€(0,1]

it is clear that for any J € C{°(R) we have

lim I, =0 and lim II. = 0. (13.1)

e—0+ e—0+
13.1.2. The case of an unpinned potential. Then &(0) = 0. Let (1tc)ee(o,1),
be the family of probability distributions on ¢? such that condition (Z3)
holds. We claim that it suffices to prove (5.24]) only for t = 0. Indeed,
our argument, presented below, shows that the equivalence of energy
density functionals is a consequence of the aforementioned bound ({3)).
By virtue of the estimate (@I8]) for p = 0 this bound persists in time,
so our proof shows that in fact (5.24]) holds for any subsequent time
t > 0. For the purpose of this proof we let

qe 1= /T (k= — 1)q(k)dk, (13.2)

where . .
. U(k) + ¢ (k)
k) = .
As a consequence of (L6) and (43]) we obtain

limsup e <Z(JJ * ‘1):2(;> < 400 (13.3)

e—0+ -
and ,
limsup/ [€<\w(k)q(k)|2> } dk < +oo. (13.4)
e—0+ T pe
Define
da(k, k') = a(k+ k) — alk) — a(k). (13.5)
Lemma 13.1. We have
da(k, k) ,
- <1 T. 13.
S| S b kK € (13.6)
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Proof. Observe that
a(k) = =2 8% (zk).

Therefore (I3.6) is a consequence of the following elementary inequality

|s*(a+ B) — (@) —s*(B)] = [s(@)s(B)], @, BER
and the assumption al) made on the decay of («). O
Let

1
Gy 1= |¢x|2 —2¢, = 2 Z ax—y(qx - qy)2 + (‘D * q)i (13'7)
Y

Obviously Proposition is a consequence of the following.
Lemma 13.2. For any J € C§°(R)

li_r}%eZJ(e:):) (¢2),. = 0. (13.8)
Proof. Using (I3.2) we can write ¢, in Fourier transform coordinates
as
b = / / F(k, KN w(k)q(k)w(K)g(k)e? B2 g qi! (13.9)
T2
where

ak + k) — alk) — a(k)
2w (k)w (k')
Note that F(k,—k) = 0. Moreover, according to Lemma [I3.1] it is

bounded. Observe that under the condition (I33]), function w(k)q(k)
is square integrable on T (although q(k) need not be so). Furthermore,

eSS ) (0, = [ Iz,

Fk, k) = +1. (13.10)

where
Zi) = ¢ [ Pl k= ) (k) —k = en)i(—k = ep),, dp .

By the Schwarz inequality and symmetryin k& and k + ep, we obtain

Z.)] < / i |E(k, =k — ep)le (w(k)[a(R)P),,

< (fowrrh ) (L s, )

A 1/2
§C</dk‘|F(k‘,—k—ep)|2) — 0.
T

e—0+
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Since Z.(p) is bounded, the result follows upon an application of the
Lebesgue dominated convergence theorem. O

13.2. Proof of Proposition[6.3l. Obviously, stationarity implies that
the limit in (GI1]) does not depend on t therefore it suffices to prove
(EIT) for ¢t = 0. For that purpose it is enough to show that

Zcbz ex] =0, (13.11)

lim €E
e—0+

where ¢, = Z?:1 ot and

o = (@xq)3, o= -a(0)q.

13.2.1. The case of an unpinned chain. We assume that &(0) = 0,
therefore ¢§f” = 0. Then, the field (q,) is Gaussian given by

27r2km o

\/5 W (dk), (13.12)

where w(dk) is a complex even, Gaussian white noise in L*(T), i.e.
E[w(dk)w*(dk")] = 6(k — K')dkdk', @*(dk) = w(—dk).
As a result

E(qa0a) = o / [e2mike _ q)[e?mk2" _ 1] o (k)dk (13.13)
T

Note that E% = 0 for all x € Z. Indeed, we have

¢(1 Z Oy x/E /)2 = % Z Ozx/Eqi/

_&%

Oy /[2 o (627Tikx’ + e—2wikx’)]a—l(k)dk _ _50 / @dk‘ _ —80.
2 / T T k

xT

In addition, thanks to (I3.13)),

E¢? = 3" @y arE(dur o)

Z",Z‘"

=& / <Z @x_x,@x_x,,e%ik(x’—x”)) a Y k)dk = & / WA(k)a  (k)dk = &.
T ZE/,ZE” T
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In our next step we calculate

2
E(¢atp) = > _ 1V (13.14)

i,4'=1

where r8%) .= BEOF") and 30 = 60 1 &, and 60 = ¢ — &,
We have

1
7’;1’1) = 5 Z Qg gt {E[(qx - qx’)qx”]}2

& [ pagr P

= - dkdk/,
2 Jre a(k)a(k')

rB = (b2 — Z o {E[(q0 — ) (@ * q)o]}*
, / e2mi(k+k')z ,

— Sa(k, k') —————dkdk

50 /]Tz Oé( ) )w(k;)w(k’) ’

r? = 2{E[(@ * q)o(@ * q)u]}* = 2630,0-
Here da(k, k') is given by ([I3.3). Therefore,
2
E quxj(ex)] =€) J(ex)J(ex')ro_p (13.15)

_ &
2

/ p2mi(ktk) (x—a') 2emi(ap+a’p j( )j(p/)F(]g7 K" dpdp' dkdk',
R2xT?2

with
560k, K) + 20 (k) ()
a(k)a (k') '
Observe that F'(—k, k) = 0. Summing first over x and then over 2’ we
obtain that the utmost right hand side of (I3:13]) equals

Z/ - —p (/T F(—=k —ep, k:)dk) dp. (13.16)

Therefore (I3:17) (thus also the conclusion of the proposition) is a con-
sequence of the Lebesgue dominared convergence theorem and Lemma

3.1

F(k, k') =
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13.2.2. The pinned case. Then,
27rzk:c

=& / (13.17)

We have E¢, = 0 with

Eo) = &, ) —afk k.
Os / &)
(

E6® =&, EoP = & / O 4.
T

We let
3
=E(¢ato) = »_ 18, (13.18)

where 77" = E(@V 3"y and ¢V := ¢ — B¢l i =1,2,3. We have

1
L1) = 5 Z Ol gt Qgprt {E[(qx - qm’)(qw” - q(])]}2

83 / 2627ri(k+k’)m .
= — oa(k, EN* —————dkdF/,
2 20 Bl Sae)

where 0&(k, k') := &(0) + a&(k + k') — a(k) — &(k') and
T9(c2’1) = Télﬂ) = Z - {E[(de — g ) (@ * q)O]}Z
p2mi(k+h )z

= 52/ oa(k, k' 7dkdk",
0 ) O ) e

7’53’2) = 2{E[(@ * 9)o(@ * 9).]}" = 26360,

(31 Zaz :c’a CI _qx’)qo]}z

e27rz(k+k )z

a(k)a(k')

H39 = 19 = —24(0) {E[(@ * q)a0]}*
27i(k+k")x

— _og2 / a(0) e dkdk’
o O et

= —502/ a(0)sa(k, k)= dkdk,
T2

and
omi(k+k )z

1199 = 26%(0) {Blnaiol)? = 267 | 47(0) 5 bk

T2 a(k)a(k')
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Therefore, we can write (I3.15]) with

1
FkK) = ———
)= Swmamw
We have F'(—k, k) = 0. Repeating the argument made in the unpinned
case, this time easier since we do not have to bother about possible sin-
gularities of F'(—k—ep, k) in the vicinity of 0 we conclude the assertion
of the proposition for pinned chains.

{=26/(0) + 2w(k)w(k') + da(k, k)}> .

14. AUXILIARY RESULTS

14.1. Some computations concerning the scattering kernel. Di-
rectly from (B.3)) it follows that

P(—k — k) = —r(k, k) (14.1)
and
r(k—g,k—k')r(mg,k—k/)
(14.2)
=16 [52 (k) — 52 (g)] s2(K') [52 (k+k)—s (g)] .
From (83) and (TLI) we have
R4k, £, +p) = R(k, ', p). (14.3)

Equality ([I4.2]) allows us to write the following expansion
/ o AN ]3 / 4 E /

Rk, K p) = R(k, k') — 5 (2) Ri(k, k') + 5 (2) Ro(k, k). (14.4)
Here s(p), R(k, k') are Ry(k, k') are given by (2.9), (5.13) and (@.7]), re-
spectively, and Ra(k, k") = 8f (k) (see (Q.8)). Using ([2.1) we conclude

R'(k) = 27m(s(2k) + s(4k)) (14.5)

and
R"(k) = 47*(4¢*(2k) + ¢(2k) — 2). (14.6)

Recall that R, (k) is given by ([@3). Since R”(0) = 1272 > 0, see (IZ£H),
we conclude that for any M > 0 one can find ¢y > 0, for which

R.(k) = R(k) + (ep)?, VEeT,ec(0,e), |p| <M. (14.7)

Lemma 14.1. If w(k) =~ |sin(7k)| then, for any M > 0 one can find
€ > 0, for which

@(k,ep) =~ RY*(k), keT,eec(0,e), |p| <M. (14.8)
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If on the other hand w(0) > 0 we have
16.w(k,p)] = RY?*(k), keT,ec(0,6), |p| <M. (14.9)
Proof of (I4.8]). Using (2.4]) we obtain that
- -~ . P . p
w(k;,ep)~[sm<7r<k 2))‘4— sm<7r<k+ 2))“

for any k € T, e € (0,1], p € R. Hence, for any M > 0 one can find
€p > 0, for which

w(k,ep) ~ |sin(mk)| +€|p|, VEkeT, eec(0,€),|p| <M. (14.10)
Estimate (I4.8]) follows from (2.7)) and (I4.7]).

Proof of ([IZ3). Note that in case w(0) > 0 we have w € C?*(T). Since
w(k) is even we have w'(0) = 0, therefore

|w'(k)| < |sin(7k)|, keT. (14.11)

Assume that p > 0. The case p < 0 can be handled in a similar fashion.
We can write

ep/2
dew(k,p) — ' (k)p = % /_ , [W'(k + h) — W' (k)]|dh

(14.12)

ep/2 €p/2
— [ W = [ = )~ an

€

The absolute value of the right hand side of (I412]) equals

1
- 14.1
6 (14.13)

ep/2 h
/ dh/ W (k + hy) — " (k — hy)]dhy
0 0

p’e
<— sup |[W'(k+h)—w"(k—hy)|.
4 |hy|<ep/2

From (IZI1))-([IZ13)) it follows that
|0cw(k,p)| 2 p(|sin(nk)| +ep), keT,e>0,p>0. (14.14)
Combining this with (I£7) we conclude (I4.9). O

14.2. Proof of Proposition I0.1l From the third equation of (I0.3])

2y .\ [ 2 VR
U, = (A + —ZRG) {Ug_(o) — —fﬂw — u(wg,_ — ) + 63“5r§3)}
€ €
(14.15)
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Therefore

/ R, [@ ()\65+7R5)_1r |t 4 |*dk < / R\t |*dk

T T

+ / R | (Ae5+7Re)_lr
T

+ / R. [e3 ()\E(S—I-’YRE)_l]z 73| dk. (14.16)
T

77 2 (Y0 -1, 2
UE,_(O)‘ dk + /T R. [%R (A + 7R, ] . |? dk

Denote the terms appearing on the right hand side by J;, j = 1,2, 3,4.
Thanks to (I0.7) we have J; < €97, Also, (since A > \g)

172
R, [66 (A’ + YR.) 1} < Re®e Py IR <070
and (since (R')* < R) we have
72
R, [%R/ (A’ +YR.) 1] < R*?Ey2R72 <
From here we get that J; < €75, j = 2, 3. Finally,
3 ) -1]2 6_—6,—1p—1 6——s
Rﬁ[e ()\e —|—”yRE) ] < Ree v " R.-=Xe ,
which also yields J; < €~* that finally leads to an estimate
172
/RE [w ()\66 + WRE) 1] |ﬂ57+|2dk‘ < 7, (14.17)
T

To obtain the estimate of D (w,(A, p)) it suffices to prove that D (@, (A, p)) =
€/~ which follows, provided we can show that

/ ROE) ey (N, p, )Pk < 5. (14.18)
T

Divide integration in (IZI8) into two regions: [|k| < €®=*)/2] and [|k| >
¢®=9)/2] In the first region we use R(k) < €~* and the bound on
the L*(T) norm of @ (\,p), see (I04). Since, in the second region,

2
R, [az ()\65 + vRe)_l} is bounded from below by 7~2, in the unpinned

case (cf (I£R)) and by v 2R-! in the pinned one we can bound the
integral over the region by €=, due to (IZ17). Hence, (TZI]) follows.
U
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