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ON A FINITE DIFFERENCE SCHEME FOR BLOW UP
SOLUTIONS FOR THE CHIPOT-WEISSLER EQUATION

by

Houda Hani and Moez Khenissi

Abstract. — In this paper, we are interested in the numerical analysis of blow up

for the Chipot-Weissler equation u; = Au 4+ |u[P~'u — |Vu|? with Dirichlet boundary
2

conditions in bounded domain when p > 1 and 1 < ¢ < %

To approximate the blow up solution, we construct a finite difference scheme and we

prove that the numerical solution satisfies the same properties of the exact one and

blows up in finite time.
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1. Introduction

In this paper, we study the numerical approximation of solutions which achieve blow
up in finite time of the Chipot-Weissler equation

uy = Au+ |ulPtu — [Vul|? in QxR (1.1)
with Dirichlet boundary conditions
u(z,t) =0, x € 0Q and t>0, (1.2)
and initial data
u(z,0) = ug(x) ; x € 9Q, (1.3)
Key words and phrases. — Nonlinear parabolic equation, Chipot-Weissler equation, finite time

blow up, finite difference scheme, numerical solution, nonlinear gradient term.
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where Q is a regular bounded domain in R, and p, g are fixed finite parameters.

This problem represents a model in population dynamics which is proposed by
Souplet in , where — describes the evolution of the population density
of a biological species, under the effect of certain natural mechanisms; u(x,t) de-
note the spatial density of individuals located near a point x € () at a time ¢t > 0.
The evolution of this density depends on three types of mechanisms: displacements,
births and deaths. The reaction term represents the rate of births. If we suppose
that the individuals can be destroyed by some predators during their displacements,
then the dissipative gradient term represents the density of predators.

We are concentrated on solution u of (1.1)-(1.3)) which blow up in the L* norm
in the following sence : There exists T™ < 0o, called the blow up time such that the
solution u exists on [0,7) and

T [[u(8)] = +o0.

Numerous articles have been published concerning the problem of global existence
or nonexistence of solutions to nonlinear parabolic equations. Problem —,
has been widely analyzed from a mathematical point of view, on the profile, blow
up rates, asymptotic behaviours and self similar solutions (see for example: [16],
, , and ), but to our knowledge, there are no results concerning its

numerical approximation.

Let us first have a look at the theoretical analysis of this problem. The quasilinear
parabolic equation (|1.1]) was introduced in 1989 by Chipot and Weissler , in order
to investigate the effect of a damping term on global existence or nonexistence of
solutions. They proved that under appropriate conditions on ¢, p and d, there exists
a suitable initial value ug so that the corresponding solution of — blows up
in a finite time. More precisely:

2
Theorem 1.1. — W : Letp > 1, 1< ¢ < fl and ug € W*(Q) for s suffi-
p

ciently large, ug not identically zero.
Suppose in addition that:

1. ug = 0 on €.

Aug — [Vugl? + |upl? =0 on 0.
ug > 0 in .

Aug — [Vug|? + ub > 0 in Q.

1
B(ug) = 5 [|Vuol; - luoll} 1y < 0.

AN

5 p+1
p . .
6. If ¢ < P then |[uoll,,, is sufficiently large.
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2
7. If q = 2P then p is sufficiently large.
p+1
Then the corresponding solution of (1.1)-(1.3)) blows up in finite time, in the L™

norm.

The obvious difficulty with this result is the existence of such initial data.

Souplet and Weissler have proved in that finite time blow up occurs in Wh*
norm (s sufficiently large), for large data whenever p > ¢, more precisely we have :

Theorem 1.2. — . Assume p > q and let ¢ € Wy*(Q) for s sufficiently large
with ¢ >0, (¢ #0).
1. There exists some A\g = Ag(¥) > 0 such that for all X\ > )Xo, the solution of
— with initial data ¢ = M blows up in finite time in W norm.
2. There is some C' > 0 such that
. C
T ()«/J)SW, A — 00.

The phenomenon of blow up in finite time for nonlinear parabolic equations has
been extensively studied for last decades. Several papers contain numerous refer-
ences on blow up results, see for example [E[], , and . There has been
many works in the past concerning numerical computation of solutions of nonlinear
parabolic equation (see ﬂgﬂ, , and ) but without the gradient term. By
studing various papers, we found that many interesting numerical problems for the
Chipot-Weissler equation are left unsolved, and we would like to solve some of them
in this and other forcoming works. The results of this paper are used to study the
properties of the numerical solution associated to — and hence we can as-
similate the dissipatif role of the gradient term .

Although the details are explained in the subsequent sections, we outline here the
main ideas of this study. Let us recall a result of Chen where he considered the

1*e and proved that some numerical solutions can blow

Fujita equation u; = 1, +u
up in finite time at more than one point . The following questions may naturally

arise:

1. What happens numerically, if we add a gradient term in the Fujita equation?
2. Which conditions on the reaction term and the gradient term to provide or
prevent blow-up?
3. Can we compare the blowing-up rates of the equations with and without gra-
dient term?
In this paper, we develop a numerical scheme in order to approximate the solutions
of the nonlinear Chipot-Weissler equation in 2 = [—1, 1], and we show that the finite
difference solution blow up in finite time if a certain condition is assumed. Next,
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we study the numerical blow up set and the asymptotic behaviours of our numerical
solution near the blow up point, we also try to give an approximation of the blowing
up time.

Our paper is organized as follows: In the next section, we present some properties
of the exact solution. In section 3, we construct a finite difference scheme and we
prove that if the initial data is positive, monotone and symmetric then the numerical
solution is also positive, monotone and symmetric. In section 4, we shall prove that
the difference solution blows up in = 0 the middle of the interval [—1, 1]. In section
5, we give some numerical results to illustrate our analysis. In the last section, we
present some interesting questions which will be solved in the future study.

2. Properties of the exact solution

We consider the semilinear equation
Up = Uy + U’ u — |ug|? in ]0, T[x] — 1, 1], (2.1)
with initial data
u(0,x) = ug(x) for z € [—1,1] (2.2)
and Dirichlet boundary conditions

u(t,—1) = u(t,1) =0 for t € [0, T]. (2.3)

where p > 1,1 < ¢ <

2p and T < T".
p+1
Here if ¢ € [0, 7] then |ju(t,.)

For the sake of simplicity, we assume that the initial function u, satisfies the following

o = mfx\u(t,xﬂ < 00.

conditions:

A1) ug is continuous, nonconstant and nonnegative in [—1, 1].

A2) uy is spatially symmetric about z = 0.

A3) wy is strictly monotone increasing in [—1,0].

A4) ug is large in the sense that [jugl| >> 1.

(A5) up(—1) = up(1) =0.

These properties will be preserved by our numerical scheme and make computations
easier.

Under these conditions, it is known from [2] that the solution blows up only at the
central point, that is

(
(
(
(

3 T* < 400 such that tlir%l* u(t,0) = +oo but lim u(t,z) < oo when x # 0.

t—T
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2.1. Regularity. — It is known from [1] that

Theorem 2.1. — 1] : For Q@ =]|—1,1[ and r > max(1,q—1), problem ({2.1)-(2.3)

generates a local semiflow on
Wy () = {u € W (Q);u>0inQ and u =0 on 0Q}
and for anyuy € Wy (Q)" there ewists a unique mazimal solutionu € C ([0, T*) , Wy " (Q)T)

where T™ is the mazimal existence time for u.

2.2. Positivity. — Chipot and Weissler have proved in [4] that

Theorem 2.2. — For s sufficiently large such that s > 2q and s > 1
Wo*([=1,1]) with ug > 0 in [—1,1], then u(t) > 0 for all t € [0,T*).

p;ifuoe
p

2.3. Symmetry. —

Theorem 2.3. — If the initial data satisfies (A2), then the exact solution u of
(2.1)-(2.3) is symmetric, that is:
Ve e [-1,1], wu(z,t) =u(—z,t) Vte[0,T7).
Proof. — Let u(z,t) be the solution of (2.1)-(2.3). We define, for all ¢ > 0, the
function
u(—az,t) x € [—1,0]
u(z,t) z €l0,1].
We shall prove that v is a solution of (2.1)-(2.3)) in [—1,1].

— In [0, 1], we have v(z,t) = u(z,t).
Then for all z €]0,1] and t > 0, v satisfies,

v(x,t) =

v 0*v » |0V I
a(m,t) - @(x,t) — |v(z, )| + ‘%(:I:,t) =0 (2.4)
v(1,t) = 0.

Then v is a solution of in [0, 1].

— In ] —1,0], we have v(x,t) = u(—=x,t).

Then for z €] — 1,0] and t > 0 we get
v 0*v » . |Ov !
G0 = S50 = w0 + | S
ou 0*u q

E(—%t) - @(—

) = u=a ) + | (=0
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Since —z € [0, 1] and u(—=z, t) is a solution in [0, 1[, we deduce then that

v 0*v » |0V I
E(%t) - w(l”t) — |v(z, )" + %(%t) =0 (2.5)
v(—1,t) = 0.
Using (A2), we obtain
v(x,0) =uy Yx e |[-1,1]. (2.6)

Finally, by (2.4)), (2.5)), (2.6) and by unicity of the solution of (2.1)-(2.3)), we
get u=v in [—1,1].
This finishes the proof of the symmetry.

Monotony. —

Theorem 2.4. — If the initial data satisfies (A3), then the exact solution u of

(2.1)-(2.3) is increasing in [—1,0[, that is:

Ve e [-1,0[ and t >0 we have ?(m,t} > 0.
T

Proof. — Let u(z,t) be the solution of (2.1)-(2.3) in [—1,0[, and v(x,t) = —u(x,t).
T

For all x € [—1,0[ and ¢ > 0, we have

du 0*u du I
— —_——_— _— p —_— =
5 (x,t) 52 (x,t) —uP(z,t) + ‘8&: (x,1) 0.
Then
2
20wty = T8 t) — ™ e (e 1) g oesign() bl (1) =0, (27)
Let
v~ = max(0, —v).
Multiplying by v~ (z,t), we get
v 0*v v
B D e 171 L e
eyt U L bl |v| 0
dv~ 0*v~ v~ 1
T — T p—1 —)2 p— -4 =
o —l—ava + pu (v)+qaxv‘v| 0



ON A FINITE DIFFERENCE SCHEME FOR BLOW UP SOLUTIONS 7

Using symmetry and integrating over [—1, 1], we get

L ow L o2 !
—v dx — — dm—p/ uP~t(v7) e — / “)dx =0
_, Ot | 0x? _1
1ada [* 5 [81}_ }1
= —— v )dr — | | —=—v" — )2dx
2 dt _1( ) ( ox |, vT)
L ow
_ 2 (Ve —
/_1 5 (v7")%dx =0
But
ov— 1 ov~ _ ov~ _
[%U }_1 = W(l,t)v (1,?5)—87(—1)” (=1,1)
ov~
= 2v(1,t)—(1
(L5 (10)
= —2v (1, t)g (1,1). (2.8)
In the other hand, from , we have
ou
P(1 1
w(1,) = 51,1 =0,
then by
ov 0%u ou
1 1 1
S0 = a0 = 0] 20
and then we can deduce from (2.8]) that
_ 1
{aiv_} <0
ox 1
So
1a [*, L 7ov7\? 1p_1_2 L ou~ \q
o7 _l(v )da:—l—/_l (%> da:—p/_lu (v )dx—/_la(v )idx
e
ox .
< 0.

Using the symmetry propriety, we get

d [° 9 0 fov—\? Opl 9 0 gv~ q

= - i _ 1y~ — P <

p 1(v)dm+2/1(ax>dx Qp/lu (v7)%dx 2/18I(v)da§_0
O gv-

:,li/o()%z <_/O N s /0 P Ve + | | 2 ()
5 r < N\ T p_lu v ) dx 3 gy (v ) de -
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We refer to proposition 2.2 in , we can see that u and Vu are bounded before
blow up, then there exists M, N > 0 such that

WPz, t)| < M for all z € [-1,1] and 0 < t < T,
|Vu(z,t)| < N forallz € [-1,1] and 0 <t < T.

We use Young’s inequality, then for all € > 0, there exists C. > 0, such that

O /v 0
T)dx| < e/ (—) d:zc—l—C’e/ v ) dzx.
‘/ _1\ Oz -1 )

Which implies that
0 /ov=\? 0
— | d C’€N2q_2/ “)2dz.
_6/1(8$) v 71(0) !

‘/ “)ldx
1

Then we get
1d [° 9 O /ov~ 0 /ov\?
—— Vdr < — — ) de+ M )2d — ) d
2dt (w7 )dz < /1(895) v / :v—i—e/l(ax) ’

+ON%? / (v™)2dw
—1

_ (6_1)/_(1 (%)de—i—Ml/j (v-)2da,

where M; is a constant depending on N, M and C..
For e sufficiently small we get

d 0 0
il (v™)%dx < Ml/ (v™)%dux.

1

Integrationg over [0, t], for t < T', we get

/_01<U—)2(x,t>dxg/_ ()2 deerM// 2z, s)dads.

From (A3), we have

ou

w0 =G w0 = (52) @ =0

Then using Gronwall lemma, we deduce that Vo € [—1,0[, t > 0 v (z,t) = 0,
which achieve the proof of Theorem 2.4. n
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3. Full discretization

We consider the semilinear parabolic equation

Up = Upy + [P u — |u,|? in )0, T[x] — 1,1,
u(0,2) = ug(x) for z € [—1,1], (3.1)
u(t,—1) =wu(t,1) =0 for t € [0, T].

In this section, we construct a finite difference scheme whose solution approximate

the solution of and satisfies the same properties proved above.
Throughout this paper, we use the following notations in the list below:
1. 7 : size parameter for the variable time mesh 7,,.
2. h : positive parameter for which A\ := lz < L kept fixed.

16
3. t, : n-th time step on t > 0 determined as:

to =0
n—1

by =1t 1+ 71 = ZTk; n > 1.
k=0

4. x; : j-th net point on [—1, 1] determined as:
o = —1
Tj=aj_1+hp; j>1andn >0

TNp+1 = 1.

5. uj : approximate of u(t,, z;).

6. 7, : discrete time increment of n—th step determined by 7,, = 7 min(1, ||u" ||;Op+1).

7. hy, : discrete space increment of n—th step determined by h,, = min(h, (2 Hu"H;qH)ﬁ)
1

8 N, = — —1.
b,

Under the assumption that a spatial net point x,, coincides with the middle point
x = 0 (we can easily achieve this by taking N,, + 1 = 2m), we will prove that

= max | fuy] = o and o,y = ma ).

By using the notations above, our difference equation is introduced by: For j =
1,...,N, and n > O:

41 41 41 41
u? — u? _ u?—‘rl - 2“? + U?—l (u?)P — 1 | n __.n |q—1‘ n+l n+1‘
o h2 YT et T It T
. " ! 3.2)
uf) = ug(z;) 3.
up = uy, 41 =0

We denote by U™ := (uy, -'-7U7X/n+1>t'
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Remark 3.1. — The convergence of solution of (3.2)) to the solution of (3.1) is
proved in .

Properties of the discrete solution

In this section, we prove that the difference solution has the same properties as the
exact solution.

3.1. Positivity:— Let u be the classical solution of (3.1). By the maximum prin-
cipal , we know that if the initial condition is nonnegative, then u is nonnegative
too. We shall prove now the same result, as Theorem 2.2, for the discrete solution

of .

Lemma 3.2. — Suppose U° satisfies (A1)-(A5). Let U™ be the solution of (3.2)),
then we have U™ > 0 for all n > 0.

Proof. — In view of assumption (Al), we see that U™ > 0 holds for n = 0. Sup-
posing that it holds for some n > 0, we have to show that U™ > 0. For all
7 =1,...,N,, define

(u}‘“)_ := max(0, —u?“) and (u;‘“)Jr = max(O,u?“).
j j

If we multiply the equation of (3.2]) by (u;‘“)_ we obtain

uT}+1 —u® unJrl _ 2u}1+1 + u?jll

J J +1y— _ J+l1 +1\— +1\—
— W) = 2 (i)™ 4 (uf)P(uf™)
n n
1 1
—1y, n+l +1)(, n+1y—
—WW?H —uj_4|* |U?+1 —u;ly (U? )"
n
We use
u;}—kl — (u;}—&-l)—k _ (U;L—i-l)— and (u?—i-l)—i-.(u;}—&-l)— = 0.
Then we have
n+1\— n\— n+1\— n+1\—
_ (uj ) _(uj) (un—&-l)f _i( (z+1)+(ujl+1)7+i(uj+1) _<uj ) (un-‘rl)—
Tn J h2 J+1 J h., B j
_i(uﬂ+1)+( 7_l+1)_ _ i (U?+1)7 - (U;’jll)i (u’”l)_ + 1 u?—i—l - U;‘L—l q—1 U;lj-_ll - U;lj_ll
h2 i1 J h, h,, J 2 2h, hy,
1

@) )

[
|
=

Y
o

n+1
J

-
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We multiply by (—1) and we sum for j = 1, ..., N,,, we obtain

Ny, n+1ly— n\— N, N, n+1 n+1
Z (uj ) (U’]) ( n-‘rl) + i ( jL+1)+(un+1) _ 1 (uj—i-l) - (’LL] ) (U(H—l)i
T J h2 J+1 J b, hn, J
j=1 noj=1 j=1
Ny, Ny, n+1\— n+1\—
1 Iy ntly— L (uj™)™ = (u5Zy) +1
+@_ (uil) " (ui™) T ™ (u; ™)
J=1 J=1
N,
< IS, — [ — )
= 24— (2p)e L T g-1s
Jj=1
But
Nn Np,
F1V+ (1= +1V+ (, nH1)—
Do) )T =) @t )
Jj=1 Jj=1
and
Nn +1 +1y— Nn, +1\— +1\— 1
Z uj (u?—l) @y =% (ujfy)” — (uf™) (W + ((wi™)7)?
J - h j+1 h :
j=1 j=1 n n
Then
N, n+1) (un)f 1 N, N, n+1) o (u@+1)
_ +1 _
J (u?-&-l) +h722(u§¢11) ;H—l h Z J J (U,;H_l)
j=1 n j=1
N, N, n+1y— n+1\—
1 1 (u; )" — (ujy)
+1 J J +1
b 20 )+ h ()
n j=1 noi—1 n
N, n+1 — N,
n u ) _ (un) B 1 X
= > I (ufth) +oa (WD ™)™ + WY (W) 7)
j=1 n j=1
N, n+1 nt1y—\ 2 ntly—\ 2
uiin)” = (ui™) (ui™)
+Z< G
j:1 ’fL n

We use M := ||U"||, < +oo before blow-up, we can write that

|U§'L+1 - U?—1| <
2h, -

SIS
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which implies that

& (u?+1)7 — (W)™ a1 ol N1y, nbly— nt1y+/, nly—
- (“j ) "‘}TQZ((UJ‘-H) (“j ) +(U’j )(j+1)
J=1 n ni—q
Nn nt1 nt1y— \ 2 2
(u]-i-l) *(“j ) (u?—‘_l)
+Z< > +< ha )
Jj=1
1os 1
< 52(2 ) ‘u]—i-l_u_] llq 1|u;7i_11 U’;L-‘rll (U’;’LJ’_I)_
]:
LMY LGN s WY (g LM\ ((
< 3(m) m X e ) vy (5))
1M\ & ()T = (Wit
3 () L @)
We define now the operator
n+1\— n+1\—
u’ — (u”
(D(U™H7); = () . (4 for j=1,...,N,
Nn
and we denote by || X|| = Z (X;)?, then we have
j=1

1 1 M q_l ]. n n n — n n
(h—Q - (n) h—) S (g ) + ) ()

J=1

j)_( n+1 -4 HD Un+1) H

Tn

1 M qg—1 Np n+1 _( n+1)— B -
< 5 (h_> Z ]+1 U | ((U?ill) —l—(u;”“) )

Using the definition of h,,, we get
_1
o = min (h, (2 57750 < (2l 27) 7

which implies that

— (2M o) e

)
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and we obtain

Nn, ntly\— _ (,n\—
Z (u5™) - (u7) ()~ + | DU ”
j=1 "

1M\ |( "if)—(”“)\ T
< 3 (h_n) Z = (@)™ + (@™h)7).
For the second term, we use Young’s inequality to obtain that, for all € > 0

() e g )

Ny, unﬁ - — ()" 2 M 21 M 1 1y 2
ez<'<f - ”) P () S+ )

j=1 j=1

IA

) 1 M 2(qg—1) Nn )
oy () X (s + )

b,

<
j=1
1 M 2(q—1)
S €HD<UH+1)_H2+E (h_) H(UTH_I)_HQ.
If we take e = % then we obtain
Ny, n+1 — n\— 2(‘1_1)
> U o < flloem e (1) e

=1

We use

2 2 2
then we have
N, Ny, Nn 2(g—1)
1 n -2 1 ny—2 1 n - n\— M n —112
32 (W7 =5 2 (@) T3 X ()T - ()7 < 2m (h—) @y
=1 =1 =1 "

which implies
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T 1
We use that A = — < —, we can verify that

h? 16
M 2(g—1)
1—4r, <h_> >0

and finally we have

n+1y— |2 1 ny—||2
l@w=H7[1" < 2 1071
1—dr, ()
By U" > 0, we have (U")” = 0, which implies that (U"™)~ = 0, this gives U"" >
0. [

3.2. Monotony:— The following result, analogue of Theorem 2.4, establishes
monotony for the difference solution:

Lemma 3.3. — Under the assumption (A1)-(A5), for U™ solution of (3.2) and

N, +1
m = we have
0<wuj <wuliy foryj=1,..m—1andn=>0
0<wuj,y <wuj forj=m,..,N, andn >0
Proof. — We will prove monotony by applying the similar argument as the nonneg-

ativity to v]’f‘ = U;L+1 - u;L forn>0and 1 <j<m-—1. Let
V= (v, v, ol )
It is easy to see that for j =1,...,m —1, o} satisfies

it g il — 21}}”1 + ot

e R L ) — () (33)

Tn h2
n‘qfl‘vrﬁl _ ,U;l+1’ o

1 n
(2h,) (’Uj—i-l — Y j+1

’U;L - U;L—1|q71|7};‘1+1 - Uﬂjlll) .

In view of assumption (A3), we see that V" > 0 holds for n = 0. Supposing that it
holds for some n > 0, we have to show that V" > 0. We use that

(uf )P — (u})? >0 and (Jo] — o | it = o) > 0.

1
(2h)
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We multiply equation (3.4 . by ( ”H) and we sum for j = 1,...,m — 1, we obtain

m—1 n+1y— n\— m—1
(i) = (i), 1 0 1y
- J (Uj +1> + h_ (vji11)+<vj +1)
j=1 " j=1
m—1 / n+1\— n+1\— m—1
1 (o) = @) e L 1y (1) —
L T g 2 )
7=1 Jj=1
m—1 n+1y— n+1\y— m—1 n+1 n+1
LS SR ey e e S -
Iy, 4 hn J : 2h, 2h, J
Jj=1 j=1
m—1 m—1
D L M G B N (R L O DO
j=1 j=1
m—1 n n n+1 n+1
. Z ‘Uj-l—l Y ’q—1’Uj+1 — Y ‘(vn—kl)—
— 2h,, 2h, J
< 0,
so that
m—1 n+1\— n\— m—1
(W) =), 1 0 n
- J (Uj +1) + h_2 (U]irll)Jr(vj +1>
j=1 " "=l
m—1 7/ n+1\— n+1 m—1
1 (Win) =) a1 n n
_h_ Z : h ’ (U] +1) + h_2 (v] +11)+(v] +1)
L n noj=1
m—1 / n — n —
_|_i (UJ +1) B (UJ +11) (UnJrl)
h, hn, J
j=1
1 M\ el ’Unjri_ll - UT'L+1 n —
<3 (n) Sy

We use the same calculations as the proof of Lemma 3.1, we see that

(S (”}H)__(”?) o) +Z( v )~ _(U}H)_)

n

g-1m-l Un+11 - — (p"tH)— o) )2
S%(M) DI G NI mhnn‘
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m—1
We denote by || X||, := Z<X7>2 and for all € > 0 we have
j=1
m— 1 n+1 ('Un)_
(,U;H—l)—_l_”D(Vn-i-l)— )
j=1
2(¢—1)
n+1y— |2 1 M n+1y— |2 1 n+1\—
SE ﬁ@(h—n) vy I+ 7 oy
1
If we take € = 5 e obtain
m—1 n+1 n\—
(W) = W) 1y
J - J (Uj+ ) + HD(V + ) )
j=1
1 n+1y—||2 1M2(q71) n+1y—||2 1 n+1y— |2
L N e ) I Ut o [

Then we can deduce that

« 2(q—1)
S -y en (g (1)) oo

j=1
m— 2(g—1)
2 1 n+1 72 1 1/ M n+1y—
52 )T”<h_n+§ o )

which implies that

2=l

And hence we get

1 1 /M 2(q—1) 2 .
ol e

1
We use that A = — < — we can verify that

h2
1 1 M 2(q—1)
1—2m, | —+=(— .
T hn+2(hn) >0

And finally by V" > 0, we can deduce that (V”H)_ =0, this gives V" > 0.
We do the same thing to obtain that v = uj —uj ; > 0forn > 0and m < j <
N,.

Iy

3.3. Symmetry:— The last property of the difference solution is the symmetry,
analogue of Theorem 2.4

Lemma 3.4. — Under the assumption (A1)-(A5), for U™ solution of (3.2) we
have

ur foralli=1,...m—1andn > 0.

m—1 m+z
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Proof. — Forn > 0, let A\, := ;;—n For j = 1,..., N,, the first equation of (3.2)) can

be rewritten as

— A (122wl T =N, uy¢f+(2h T |uff g = |7l —ul ] = w4 (ul )P
In view of the assumption (A42), we see that u’ _, = umﬂ for all i = 1,. -1
Supposing that it holds for some n > 0, then fori =1,....m — 1,
Uppi = Uy (3.4)
We have to show that u™ = uth for i = 1,. —1. Let ¢ € {1,....,m — 1}, for
7 =m — 1 we have
- /\nugf_li_l + (T4 220)ult = Nt (3.5)
7_ n — n n n n
+ W Upp—ig1 — U]’ 1|um+—1i+1 - um+—1i—1| = Upy_; + Ta(Up,—y)"-
Let
n Tn n n - n . . n n
Qii = (2R, Upien = Ui [T aj; =0for i # jand o = (ai))i;.  (3.6)
Then (3.6) can be rewritten as
AlUn—i-l =+ O{n|BlUn+1’ — V'ln7 (37)
where
-\ 0 0
142X\
All 0 . _)\n
Al = with An =
0 0 0
0
0 e 00 = 12N, =N,
-1 0 0
0
By 0 ) 1
Bl — with BH =
0 0 0
0
0 0o 1 0 -1

and V" = (U?j) ~with

vy = uj + 1 (uf)?P if 0 < j <m and of; = 0if j > m.
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We do the same thing for i = 1,...,m — 1 and j = m + i, we obtain

= At (L 20)upty — At (3.8)

7- —
+ .(th )—q |u7n+z‘+1 - u”m+i_1|q 1|u2111i+1 — “nmtliq =ul,; + Tn(u7rLrL+i)p'
n

Using (3.4) and (3.6]), then (3.9) can be rewritten as

AU o™ BU™ | =V, (3.9)
where
-, 14+2X\, =X\, 0 .. 0
0 .
0 0 ) 0
A2 = with A22 =
0 Ao : —A\n
142\,
0 0 —An
-1 0 1 0 0
0
0 0 ] 0
32 — with BQQ =
0 DB 1
0
0 0 -1

and V," = (vgj)j with
vy; = ui + T (uf)P if m+1< 5 <N, and vy; = 0 if j <m.

We sum (3.7)) and (3.9) we obtain

AU™ + o (|ByU™ | + | BU™ ) = V7,
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0 0
n n n
uy + 7o (uf)” U1
up o+ 1wl )P v
A 0 m—1 n\%m-—1 m—1
. 11 n
with A = and V" = up, 4 7 (ul))P =1 v
0 A22 n n p n
U1+ (Ui 1) Um1
n n \p n
uy, + Talul,) Un,
0 0
We use u,,_; = u,,;, we can see that V" is symmetric, so we can write
V= (0 o e ol w o, e wl 0)
= Uy Um—1 Um Um-1 U :

If we use monotony, we have
AU 4 o™(By U™ — BU™ ) = V™, (3.10)
To ensure unicity of the solution, we should prove that A+ a™(B; — By) is invertible.
But it is easy to verify that for X = ( Ty T9 -+ TN, >t,
we have
(A+a"(B1—By)) X =0= X =0.

Now, it is easy to see that if

¢
n+l __ n+1 n+1 n+1 n+1 n+1
vt = ( 0wy S Uy Up o Uy oo uy 0
is a solution of (3.10)) then
t
n+l __ n+1 n+1 n+1 n+1 n+1
wrT = ( 0 wf™ eurt oupt oupty e w0

is also a solution of (3.10). Then by uniqueness, we deduce that U™ = W
which achieve the proof of symmetry. ]

4. Blow up theorem

In this section we will prove that the solution of the numerical problem blows up

2
forallp>1and1§q§—p.
p+1

Theorem 4.1. — We suppose that the initial data satisfies (Al) — (Ab), then the
solution of (3.2)) blows up and we have

lim wu,, = 4o00.
n——+0o

To prove the theorem, we need the next lemma:
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Lemma 4.2. — For alarge initial data, we have u,, >> 1 for alln > 0. Moreover,
ut > for allm > 0.

Proof. — For n = 0, we have u, >> 1 because of (A.3). Supposing that it holds
for some n > 0, we have to show that u%ﬂ >> 1. In the equation of (3.2)), if we
take j = m and we use symmetry we obtain

(14 20)u™ =™ + 22\ u™ 4+ 7, (ul)?,

m

-
where A, := h—g, and then we have
n

) 4.1
T (11)
Using the recurrence hypothesis we get
I+7,@)Yt=1+7 and N\, = — T —.
255 (up, V5%
Then
1+ 7, (um )Pt 1+7
LB T Tr B
B 147
Ly 72 (ug) EE
2
For1<¢q< —p, we have
p+1
-2 1
2—q
which implies that
1
uttl > T | (4.3)

T2 () )
Now we have to show that
147

L4 7(27% () )
Using u,, >> 1 and r > 0, we have
—q 1

> 1.

22=q (ur )" = W <1
Then
1+7>1+72%a(u) ",
hence

1+7
L+ (275 (ug) )

> 1,
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and then, by u;, >>1
1
uptt > :t i Uy, >> 1. (4.4)
147 (22 (ug,) ™)
Moreover, for all n > 0 we deduce from (4.3)) and ([#.4) that v > ", which proves
Lemma 4.2. [

Now we can prove theorem 4.1.

Proof. — Using Lemma 4.2, (4.2]) and (4.3), we can write that:

1+71
n+1 n
U, Z —q —2p+q(1+p) U,
1+ 72%a(ur)” 2
1+7
> i uy,

—2p+g(1+p) M)

1+ 7274 (u0) " 24

which implies by iterations

n
> 1+71 0
m = —q —2p+4q(1+p) m*
|4 2eh (ul)

For a large initial data, we have

1+71

—2p+q(1+p)

1+ 7270 (ud,) ™ 2
this implies that u,, — 400 as n — 400, which achieve the proof of Theorem
4.1. ]

> 1,

5. Numerical simulation

In this section, we present some numerical simulation that illustrate our results.
b
As it is shown in figure 1, we take ug(x) = 10° sin(g(x + 1)), which satisfies the

2
conditions (A1)-(A5). We take p = 3, ¢ = 1.3 < % Figures 2, 3 and 4 show
p

the evolution of the numerical solution for different iterations. One can see that,
numerically, the solution blows up in z = 0 and the growth of the solution leads to
the reduction of h, and hence increasing the number of points of discretisation.

In T'able 1, we present some results about the decreasing of h,, and the increasing of
N,, (the number of points of discretisation of the interval [—1,1]) in each iteration.
Initially, simulation started with a discrete space step h, = 0.138, a discrete time
step 7, = 107*, a number of points of discretisation of the interval [~1,1], N,, = 15
and a maximum value M = 10°, after 350 iterations, we have increasing of the
maximum value which leads to the decreasing of the discrete space step and discrete
time step. From figure 5, we observe the evolution of the maximum point (blow-up
point) x = 0, it gives an idea about the blow up rates given in |1§]. We show in
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initial data
c
0
E
2
0 05
X
o . T
FIGURE 1. initial data: ug(z) = 1000 81n(§(:1: +1))

Tteration | 1 110 145 200 260 280 300 350
M 10% | 2.928.10° | 4.190.10° | 7.245.10® | 1.317.10* | 1.607.10* | 1.980.10* | 3.203.10*
Tn 1074 1076 5.1077 2.107° 2.1071° 10710 41074 101
B 0.13 | 0.87.107" | 0.75.107" | 0.59.107" | 0.46.10" | 0.42.10" | 0.38.10" | 0.31.107"
N, 15 23 27 33 41 47 51 63

TABLE 1. Reduction of h,, 7, and increasing of the number of points of discretisation.

figure 6, that the solution decays with a small initial data ug(z) = sin(z(rﬁ— 1)), and

hence blowing up can not occur, this was proved theoretically in [11]. We can see
that the solution without gradient term showen in figure 8 blows up more rapidely
than the solution of the Chipot-Weissler equation showen in figure 7, this proves the

damping effect of the gradient term.
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Evolution of the numerical solution
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solution
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o

o
T

400

200

—O— initial data
—*— 50 iterations| |

FIGURE 2. Evolution of the numerical solution in 50 iterations.

Evolution of the numerical solution x 10" Evolution of the numerical solution
8000 ‘ ‘ ‘
—O— initial data —6— initial data
70001 —¥— 200 iterations| | 181 —¥— 300 iterations| 1
16} 1
6000 1
141 b
5000} 1 Lol |
c
o
4000¢ 1 g 1 1
°
%]
3000} 1 08 1
0.6 i
20001 b
041 1
1000f 1 o2k |
-1 -05 0 0.5 1 — -05 0 0.5 1
X X

FIGURE 3. Evolution of the
numerical solution in 200

iterations.

FIGURE 4. Evolution of the
numerical solution in 300

iterations.
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Evolution of the maximum point
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Ficure 7. The shape of
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6. Concluding remarks

In this paper we have developped a numerical scheme in order to approximate
the blow-up solution of the Chipot-Weissler equation, we have showed that we have
blow up in z,, = 0.

Our goal in another work, is to use our scheme to study the competition between
the gradient term which fights against blow up and the reaction term which may
cause blow up in finite time as in the Fujita equation (without gradient term). In
particuler, we would like to answer some questions in the future study:

1. Can we determine the numerical blow-up set exactly?

2. What can we say about the asymptotic behaviours of the numerical solution
near the blow-up set?

3. Can we give an approximation about the blow up time?

4. Let consider the equation u; = Au + a|ul’ — b|Vu|?. What conditions should
be satisfied by a and b to reproduce blowing-up phenomena?
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