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BREGMAN SUPERQUANTILES. ESTIMATION METHODS AND
APPLICATIONS

F. GAMBOA, A. GARIVIER, B. IOOSS, AND T. LABOPIN-RICHARD

ABSTRACT. In this work, we extend some quantities introduced in [16] to the case
where the proximity between real numbers is measured by using a Bregman divergence.
This leads to the definition of the Bregman superquantile. Axioms of a coherent
measure of risk discussed in [13] are studied in the case of Bregman superquantile.
Furthermore, we deal with asymptotic properties of a Monte Carlo estimator of the
Bregman superquantile.

INTRODUCTION

The aim of this article is to define and to study properties and estimation procedures
for Bregman extension of the superquantile defined in [16] (see also [15], [14] and ref-
erences therein). We first recall the necessary conditions for a measure of risk to be
coherent and present the superquantile as a partial response to this problem. In section
2, we introduce the Bregman superquantile and study axioms of a coherent measure of
risk for this quantity. In Section 3 we are interested in estimating this Bregman su-
perquantile, we introduce a plug-in estimator and study its consistent and asymptotic
normality. All the proofs are differed to Section 5.

1. COHERENT MEASURES OF RISK

Let X be a real-valued random variable and let Fx be its cumulative distribution
function. We denote for u €]0, 1], the quantile function

Fy'l'(u) == inf{z : Fx(z) > u}.
A usual way to quantify the risk associated with X is to consider, for a given number
a €]0,1] close to 1, its lower quantile g, := Fx'(a).
But quantile is not sub-additive, a property considered important in some applications
(e.g finance, see [2]). Thus Rockafellar introduces in [13] a new quantity called therein
superquantile that satisfies this property. The superquantile is defined by :

X1 1
Qo = E(X|X > ¢a) =E(X|X > F'(a) =E (M)
—

Sub-additivity is not the sole interesting property for a measure of risk (for example
for financial application). Following Rockaffelar in [13] we define :
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Definition 1.1. Let R be a measure of risk and X and X' be two real-valued ran-
dom variables. We say that R is coherent if, and only if, it satisfies the five following
properties :

i) Constant invariant : let C € R, If X = C (a.s.) then R(C) = C.
ii) Homogeneity : YA > 0, R(AX) = AR(X).
iii) Subaddidivity : R(X + X') < R(X) + R(X').
iv) Non decreasing : If X < X' (a.s.) then R(X) < R(X’).
v) Closeness : Let (Xp)ner be a collection of random variables.

If R(Xp) <0 and }ILiHBHXh — X2 =0 then R(X) <0.
ﬁ

2. BREGMAN SUPERQUANTILES

In this section the aim is to build a general measure of risk that satisfies some of
the regularity axioms stated in Definition 1.1. These quantities will be built by using a
dissimilarity measure beetween real numbers, the Bregman divergence.

2.1. Bregman divergence, mean and superquantile. In this section we first recall
the definition of the Bregman mean of a probability measure p (see [3]) and define the
measure of risk that we will study. To begin with, we recall the definition of the Bregman
divergence that is used to build the Bregman mean. Let v be a strictly convex function,
R-valued on R. As usual we set

domy :={x € R: y(z) < +o0}.

For sake of simplicity we assume that dom~ is a non empty open set and that - is
closed proper and differentiable on the interior of dom~y (see [12]). From now we always
consider function v satisfying this hypothesis. The Bregman divergence d, associated to
v (see [4]) is a function defined on domy x dom~y by

dy(z,2") = y(2) = v(2") = 7'(2")(x — 2") ;(z,2" € domn).

The Bregman divergence is not a distance as it is not symmetric. Nevertheless, as it is
non negative and vanishes, if and only if, the two arguments are equal, it quantifies the
proximity in dom~y. Let us recall some classical examples of such a divergence.

e Euclidean. v(z) = 2% on R, we obviously obtain, for 2,2’ € R,
dy(z,2') = (x —2")2
e Geometric. y(z) = zlog(xz) —z + 1 on R* we obtain, for z,z’ € R%,
dy(z,2") = xlog% +a2' -z
e Harmonic. y(z) = —log(z) + « — 1 on R we obtain, for z,2’ € R,

T T
dy(z,2") = —log p + i 1.
Let p be a probability measure whose support is included in dom+ such that
p(domy\domy) = 0 and 4 is integrable with respect to pu. Following [3], we first
define the Bregman mean as the unique point b in the support of u satisfying
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(1) /dv(b,x),u(dx) = min /dv(m,x),u(d:v).
medomy
In fact, we replace the L? minimization in the definition of the mathematical expec-
tation by the minimization of the Bregman divergence. Existence and uniqueness come
from the convexity properties of d, with respect to its first argument. By differentiating
it’s easy to see that

b= | [ owtan)]

Hence, coming back to our three previous examples, we obtain the classical mean in the
first example (Euclidean case), the geometric mean (exp [log(z)u(dx)), in the second
one and the harmonic mean ([ 27 'u(dz)]™!), in the third one. Notice that, as the
Bregman divergence is not symmetric, we have to pay attention to the definition of the
Bregman mean. Indeed, we have

/dw(x,E(X))p(dx) = min /dv(:ﬂ,m),u(dx).

medomy

We turn now to the definition of our new measure of risk.

Definition 2.1. Let a €]0, 1], the Bregman superquantile Qgﬂ s defined by

QY =7 (B (X)X = Fy'(a))) =7~ [E (7 (X)IXEFX%"))] .

11—«

In words Qi” satisfies (1) taking for p the distribution of X conditionally to
X > F)}l(l —a). We now denote ng the Bregman superquantile of the law X when

there is no ambiguity and Qgh(X ) if we need to distinguish Bregman superquantile of
different laws.

2.2. Coherence of Bregman superquantile. The following proposition gives some
conditions under which the Bregman superquantile is a coherent measure of risk.

Proposition 2.2. Fiz « in |0, 1].

i) Any Bregman superquantile always satisfies the properties of constant invariance
and non decreasing.
ii) The Bregman superquantile associated to 7y is homogeneous if and only if v'(x) =
In(x) or v'(x) = (2% — 1)/ for some 3 # 0.
iii) If o' is concave and sub-additive, then subadditivity and closeness axioms both

hold.

The proof of this proposition, like all the others, is differed in Section 5.
To conclude, under some regularity assumptions on -, the Bregman superquantile is
a coherent measure of risk. Let us take some examples.
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2.2.1. Examples and counter-examples.

e Example 1 : x — 22 satisfies all the hypothesis but it’s already known that the
classical superquantile is sub-addtive.

e Example 2 : The Bregman geometric and harmonic functions satisfies the hy-
pothesis i and ii. Moreover, their derivatives are z — +/(z) = log(z) and
z +— +/(z) = £ which are concave but sub-additive only on [1,+oc[. Then
the harmonic and geometric functions satisfy iii not for every couple of random

variables but only for couples (X, X’) such that, denoting Z := X + X’ we have

min (g3 (@), 4" (a),Z (@) > 1

e Counter-example 3 : The sub-additivity is not true in the general case. Indeed,
let v(x) = exp(z) be our convex function and let us consider the uniform law on

[0, 1].
1
E(VI(X)IXZF;(a)) = / exp(z)dx = e — exp(a).
Then
B e —exp(a)
R(X) =log <71 — ) .
Moreover

! ex — exp((«
E<7/(>‘X)1)\X2F;;(a)) :/a exp(A\z)da = p(A) ) p(( ))‘)

So

R() g (22 el

A1 —«)
For @ = 0.95 and A = 2, we obtain

R(2X) — 2R(X) = R(X + X) — (R(X) + R(X)) = 0.000107 > 0,

and the subadditivity is not true.
We can also notice that for A = 4

R(4X)
———= =1,000321
AR(X)
and the homogeniety is not true. It’s coherent with our proposition since the
derivative of v = exp is not one of those presented in ii) of proposition 2.2.
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3. ESTIMATION AND ASYMPTOTICS OF THE BREGMAN SUPERQUANTILE

In this section the aim is to make estimation of the Bregman superquantile. We in-
troduce a Monte Carlo estimator and study its asymptotics properties. Under regularity
assumptions on the functions v and Fy ! the Bregman superquantile is consistent and
asymptotically gaussian. All along this section, we consider a function v satisfying our
usual properties and a real-valued random variable X such that 7/(X) is right-integrable.

3.1. Monte Carlo estimator. Assume that we have at hand (Xi,...,X,) an iid

sample with same distribution as X. If we wish to estimate ()’, we may use the
following empirical estimator :

i=|na+1
where X(1) < X(9) <+ < Xy, is the re-ordered sample built with (X1,..., Xj).

3.2. Asymptotics. In this section, we present the following theorem which study the
asymptotic behaviour of the Bregman superquantile.

Theorem 3.1. Let a €]0,1] be close to 1 and X be a real-valued random variable. Let
(X1,...X,) be an independant sample with the same distribution as X .

i) We assume that ~y is twice differentiable and that the cumulative function Fx
is C1 on ]0,1]. We note fx the density and we suppose that fx > 0 on its
support. We moreover suppose that the derivative of v o F )}1 that we denote [
18 non-decreasing and o ((1 — t)*2) in the neighborhood of 1.

n
Then the estimator v'~* | (1 — a)n) ™ Z v (X&) | is consistent.
i=|na]

ii) Strongly, we assume that -y is three times differentiable, the cumulative ditribution
function Fx is C?, fx > 0 on its support and the second derivative of /' o F)}l
that we denote L., is non decreasing and O ((1 —t)™™L) for an 1 < mp, < g, m
the neighborhood of 1. Then the estimator is asymptotically normal

Pl (= S x| —onix N(o, i
T e g, ) ) S | =V e e R
where

o [ (min(z,y) —ay)
a / / f2(Fz (@) fz(F7 ()
denoting Z := +'(X).

Remark 3.2. Fasy calculations show that we have the following equalities

B ,y//o F)zl

v fXOF)zl
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(’y”/OF)?l) % (fX oF)zl) _ (f—X/OF)?l) % (fy”oF)?l)
(fx o Fy')’

L,:=

and

fx oyt
= ,.)// o ,.)/—1 :

The second part of the theorem shows the asymptotic normality of the Bregman
superquantile. We can then use the Slutsky’s lemma to find confident interval. Indeed,

n

fz

since our estimator Q% :=~~1 | (n(1 — a))~! Z Zy | is consistent
i=|no+1

<g> (ot~ ateo) = (0.5 )

Then to prove this theorem we use results on the asymptotic behavior of the su-
perquantile. We have the fundamental link between this two quantities

(2) QY (X) =71 (Qu(v'(X)) -

Indeed, as +/ (F(;,l)_l(z) (a)> = F,'(a), we have

E (7 (L) =E(Fl2mm@)

To prove our theorem, we first prove the following proposition on the asymptotic be-
havior of the superquantile (which is equivalent to deal with the Bregman superquantile
with the function v equals to identity). Then, we apply this proposition to the sample
(Zy1,...Zy) where Z; := ~+'(X;). We conclude by applying the continuous map theorem
for the consistency and the delta-method for the asymptotic normality (both with the
regular function v/~ 1).

Proposition 3.3. Let abe €]0,1] close to 1 and X be a real-valued random wvariable
right integrable. Let (X1,...X,) be an independant sample with the same distribution
as X.

i) We assume that the cumulative function Fx is C' on ]0,1]. We note fx the
density and we suppose that fx > 0 on its support. We moreover suppose that
the derivative of the quantile function F )}1 denoting | is non-decreasing and

o((1 —t)~2 in the neighborhood of 1.
n

Then, the estimator (1 — a)n) ™t Z Xy of QX is consistent.
i=|na|
ii) Strongly, we assume that the cumulative ditribution function Fx is C?, fx >0
on its support and the second derivative of the quantile function that we denote
L is non decreasing and O ((1 —t)~™E) for an 1 < my, < 5, in the neighborhood
of 1. Then the estimator is asymptotically normal
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1 o2
Vn | ——— Z Xy — Qa :>N<0, )

’I’L(l N Oé) i=|na+1 1-a

o /1 /1 (min(z, ) — xy)
o Jo JIETH @) f(F(y))
3.3. Examples of asymptotic behavior for the classical superquantile. Our hy-
pothesis are easy to check in practice. Let us show examples of the asymptotic behaviour

of the superquantile : the exponential distribution of parameter 1 and the Pareto distri-
bution.

where

3.3.1. Ezponential distribution. In this case, we have on R} f(t) = exp(—t),
F(t) =1—exp(—x). Then F~1(¢t) = —In(1 — t).
e Consistency :
In the neighborhood of 1, I(t) = (1—t)"* = o ((1 —t)~%) and [ is non decreas-
ing then the superquantile is consistent.
e Asymptotic normality :
In the neighborhood of 1, L(t) = (1 —t)"2 = O ((1 —t)"™E) for 2 < mp, < 2
and L is non-decreasing . Then the theorem of asymptotic normality is true.

3.3.2. Pareto law. Here, we consider the Pareto law of parameter a > 0 : on R},
Fit)=1—27% f(t)=az"* ! and F71(t) = (1 — t)_T1
e Consistency :
I(t) = (a(l — t)flfi) thus, n the neighborhood of 1 I(t) = o ((1 —t)7?) as
soon as a > 1. Then, [ is non-decreasing near 1. The consistency is true.
e Asymptotically gaussian :
L(t) =C(a)(1 — CU)_%_Q thus, as soon as a > 2, there exists 2 < my < 5 such

that L(t) = O <ﬁ) in the neighborhood of 1 and L is non decreasing around

1. The asymptotic normality is true if and only if a > 2.

3.4. Examples of asymptotic behaviour of the Bregman superquantile. Let
us now study the same examples for the Bregman superquantile. For the exponential
distribution, the conclusion is the same. Nevertheless, we can find a function « such that
the estimator of the Bregman superquantile is asymptotically normal without conditions
on a. In this sens, the Bregman superquantile is a more interesting measure of risk than
the superquantile.

3.4.1. Ezxponential law. Let us show the example of the exponential distribution and the
geometric Bregman function. We have +/(z) = (r — 1)z~ and F~!(z) = —In(1 — ¢t).
Then
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e Consistency. In this case, we have,
1
Iy(t) = .
1) (1—¢t)(In(1 —t))?
So in the neighborhood of 1, I, is non decreasing and o ((1 —t)~?).

The estimator is consistent.
e Asymptotically normality.

(In(1 —¢))> +2In(1 —¢t)
L’Y (t) = 2 A )
(1—-1)?(In(1 — 1))
Then in the neighborhood of 1 L. is non decreasing and O ((1 —t)~"™%), for
2<mp < 3.
Our estimator is asymptotically gaussian.

3.4.2. Pareto law. Let us now study the case of the Pareto law with the harmonic Breg-
-1
man function. We have F~1(t) = (1 —t) = and 7/(¢) = In(¢). Then

Fyl) = —%ln(l _ 1),

-1k ot

and the non-decreasinf is true. The estimator is consistent.
e Asymptotical normality.

e Consistency.

1 1
L,(l)=—F——== =
1) a(l—t)?
for 2 <mp < g
The estimator is consistent and normally asymptotic for every a > 0.

0((-1™),

4. PROOFS
4.1. Proof of the proposition 2.2 : coherence of the Bregman superquantile.

Proof. For the first part of the point i), we obviously have R(C) = v'~1(7/(C)) = C.

Let us show non decreasing property. We first show that the superquantile is non-
decreasing. Then, (2) and the monotony of v'~! and ~ will allow us to conclude. [11]
shows that the Superquantile of the law of X satisfy :

. 1 n 1 n
Qoz :{QIIEIIE}{G‘FEE([X—G] )} ZQa+EE([X_Qa] )
Let X and X’ be two random variables such that X < X’ (a.s.). Using the previous
results we have

Qa(X) < ga(X') + ﬁE ([X -~ qa(X')r) :

Then the monotony of the function z — (x — ¢)* when c is fixed gives
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1
l1—«

Qa(X) < ga(X') + T—E ([X' = qa(X)] ) = Qu(X").

Let us now deal with ii). For every (measurable) function f, we denote
Eo[f(X)] = E[f (X)X > Fy'(a)].

Let X and X’ be two real-valued random variable. The Bregman superquantile associ-
ated to «y is:
7 Ea[Y (X)]) -

According to definition 1.1, it is homogeneous if, for every A > 0,
7Bl (X)) = M7 (Ea[y (X)) -

As v and = — (7/(x) —4/(1))/9"(1) yield the same superquantiles, one may assume
without loss of generality that 7/(1) = 0 and that 7”(1) =1

First, it is easy to check that the condition given is sufficient. For simplicity, we write
=" 1f ¢(z) = (+” = 1)/B, then ™' (y) = (1+ By)"/" and

o Ealox)) = (1495, [SXL])

(1o [
=2~ (Ea[p(X)]) -

If ¢(x) = In(z), then ¢~ 1(y) = exp(y) and

¢~ (Ea[¢(AX)]) = exp (Eq (In(1X)))
= exp (Eq (In(})) + Eq (In(X)))
= Aexp (E, (In(X)))
= ¢ (Balo(X)]) -
For the other implication, let > 0. Let X be a random variable with distribution P
such that, denoting a = z A1, P(du) = aa™ 1o 4 (u)du+ (1 —a)pdy + (1— ) (1 —p)dy. Its
quantile of order a is F5;'(@) = a. The conditional distribution of X given X > Fy!(a)

is (1 — p)d1 + pd,, and E,[¢p(X)] = (1 —p)é(1) + po(x). The homogeneity property and
the assumption ¢(1) = 0 imply that

¢~ (1= p)o(N) + pp(Az)) = Ao~ (pg()) -
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By assumption, the expressions on both sides are smooth in p and z. Taking the deriv-
ative in p at p = 0 yields
60) = 60N _, 0la)
¢'(A) ¢'(1)’

and hence, as ¢'(1) =1,
¢(Az) — d(A) = Ad'(N)o() -

By differentiating with respect to z, one gets:
(3) ¢'(Ax) = ¢ (N)¢' () .

Let ¢ be defined on R by 9(y) = In (¢/(exp(y))). One readily checks that Equation (3)
yields:

¢ (log(z) +log(X)) = ¢ (log(x)) + ¢ (log(})) -

This equation holds for every z, A > 0. This is well known to imply the linearity of ¢:
there exists a real number g such that for all y € R,

In (¢'(exp(y))) = ¥(y) = By.-

) = exp(Bexp(y)), that is ¢'(z) = z” for all z > 0. For a = —1, one

n(z). Otherwise, taking into account the constraint ¢(1) = 0, this yields
+8 _1

x

1+ 7

Thus, ¢'(exp(y)
obtains ¢(z) =1

¢(x) =

Let us show iii). Let X and X’ be two real-valued random variable. Since 7 is convex,
~" is non-decreasing. So, to deal with expectation, it is the same thing to show the
subadditivity or that

R(X + X' R(X) +R(X'
¢ (BEEXY ¢y (RO LR
We set S := X + X’. Using the concavity of -y, we have

¥ <R(X) + R(X’))

5 < % [7/ (R(X)) +o (R(X'))]

But

" (R(j)) - L E (V)55 -

So we want to show that

E (7/(X) Lz + 7/ (X Ln g =7 () 1gzg ) 2 0.
The hypothesis of sub-additivity is now usefull because it allows us to use the same
argument that in the proof of the sub-additivity of the classical superquantile (see [2]).
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E (7 (X)Lysgy +7/(X) Lyrs g =7 (5)Lsgs)
B (7 () xzgr + 7 (X Lys g =7 (X Lszgg =7 (X )Lssgg )

’Y'(q()f)E(lxzq;( - 1qu§) +7'(¢2 )E (lX/quf/ - 152q§>
0.

Y

v

Finally, we show the closeness under the same hypothesis as just before. Let be
(Xp)n > 0 satisfying the hypothesis. By subadditivity we have

R(X) <R(Xp)+R(Xp—X) <0+ R(Xp — X).
Then, it is enough to show that
Yy —2> 0= R(Yh) — 0.
L

to conclude. Thanks to the concavity of 4/ we can use Jensen inequality

/ E(Y,1 -
. E(’y (Yh)thZFgl(a)) _ ( h Ythyhl(a)>.

/—

11—« l—«

We conclude with Cauchy-Schwartz inequality

E <Yh 1Yh ZF;hl (@) )

1l -«

NI

2
2
= <1Yth I(Q)>
B = [|V4|?V1 —a — 0.
h—0

< E((Ya)?) T

0

4.2. Proof of proposition 3.3 : asymptotic behavior of the plug-in estimator
of the superquantile.

4.3. Mathematical tools. We first give some technical or classical results we will use
in the forcoming proofs.

4.3.1. Ordered statistics and Beta function. Let us recall some results of ordered statis-
tics (see [8]). Let (Y;)i=1..n+1 be an independent sample having the standard exponential
distribution. It’s well known that

-1
n+1

(4) Uiy => Y | DY
j=1 j=1

as the same distribution as the i*" ordered statistics of an i.i.d sample of size n
uniformly distributed on [0, 1]. That is Beta law of parameter i, n —i+ 1 and we denote
it B(i,n — i+ 1). It’s also known that there are this equality in law
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-1
X =F"(Uw)-

The Beta distribution has the following density, for a and b strictly positives numbers

xafl(x _ 1)b71

IB(ap) (T) = Blo. D)
where
! L'(a)I'(b)

5 B(a,b) = [ t* Y1 —t)" tdt = ———~
) @)= [t a = GO

is the Beta function. A classical property of the Beta function is the forcoming one
6 V(z,y) e RT, Bz +1,y) = B(z,
(6) (2,9) (z+1,y) Py (2,9)

Generalizing the definition of the factorials, we set (n — %))' = (n— %)) (n—1- %)) e (%),
we have :

i—D(n—i—2-1)
(7) B(i,n—z’—g+1):( 1)('71(_2_1)21 3)!
5)!
1 2n)!
) (n_§>!:%

Proof. The first equation is the definition (?7?). To proof the second equation, let us fix
k=21
2

2in =k =(2n—D@n=3)..3x 1= o5 — 2()2?.).!6 xAx2 (22"731)!!

4.3.2. Technical lemma.

Lemma 4.1. Let § be a real number strictly superior than 1.
n—1

—1 i -0 __ . ; 3
Then n Z (1_n+1) = O(v/n) if and only if § < 3.

i=|na]

Proof. Let ¢ be superior than 1. We have to characterize the § for which

n—1

n=3 E (1— ! )75 is bounded when n goes to infinity. We set j :=n+ 1 —i.
] n+1
i=|na]
The sum becomes

n+1—|na|

Z <nil>6

1=2

|
lw
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n+1—|na|
which is of the order of n°~3 Z —5 when n goes to infinity.
. J
1=2
As o > 1,
n+1—|na| 1
- — ¢(9)
i

when n goes to infinity, where ( is the Zeta function which is finite for argument
strictly superior than 1.
Finally, our problem is equivalent to characterize the set of § which are superior than

1 and such that n°~2 is bounded. This set is clearly |1, 2].
g

4.3.3. A corollary of Lindenberg-Feller theorem. To prove the asymptotic normality, we
use a central limit theorem which is a corollary of the Lindeberg-Feller theorem (see
lemma 1 in [5]).

Proposition 4.2. Let (Y1,...,Y;,) be an independent sample of exponential variables of
n

parameter 1. If Qp, =n~" Zajm(yj —1) and 02 = L Za] n, then
j=1

@:N(O,l)

On
if and only if maxi<j<n |0 n| = o(n%an).
If moreover o, converges in probability to o then by Slutsky’s lemma
VnQu ~ N (0,07)

4.4. Proof of i) of 3.3 : consistency of the plug-in estimator.
Proof. We want to show the consistency of the estimator.

1—a ZX

i=|na|

Let us first notice that

E (X1ys i) ey fx(@de L F (y)dy

l—« 1—« 11—«

Qa:

Thus we need to show that

I b
— Z X(i)—/ Fil(y)dy — 0 a.s.

n
i=|na]
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In the sequel we omit the index X in F' )}1 because there is no ambiguity. Let us introduce
the two following quantities.

1 & 1 o i
An:E Z Xy — — Z F 1<n+1>

i=|na| i=|na|

and

1 < i 1
B,=— > F! — [ F ' (y)dy.
n <n+1> /a (w)dy

i=|na|

A,, converges to 0 in L. Indeed, denoting F}, the empirical cumulative distribution
2

function, we have X ;) = F-1 (E) and

n

E(4) =E | > F <n+1>‘F <n+1>

i=|na|
n+1 n+1

1 n
< = E
<2 > (
We know thanks to 4.3.1 that X;) = Ft <L) is distributed like the i*" ordered

i=|na|
n n+1

statistic of a uniform sample. Thus, defining U; with law B(i,n + 1 —1), it holds that,

EﬂAnD:ﬂE<F“1@%ﬁ——F_1(nil>‘).

By Mean Value theorem, there exists w(, €U, n+r1[ such that :

dl

A A i 1
o <n+1>_F <n+1>‘>§E ‘U(” n+1‘f(F1(w8->>>

2
1
( ) 2 2
itn —i+1 1 .
S\/(n+1)2(n+2)max E f(F_l <n-li-1)) W <f(F1—(U(2)))>

when n is large enough, because of the non-decreasing of [ in the neighborhood of
1. Let us now deals with the two terms in the maximum. As [ = o((1 — t)?) in the
neighborhood of 1, for € > 0, there exists N such that for n > N and i € [|na],n]
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1
<eE | ———
[(1 - U(z'))‘J
_ € /1 I'i_l(l _ x)n+1—i—4dx
B(i,n+1—1) J,

using the density of the Beta distribution. 5 allow us to conclude that

in—it1) |, 1 ’ :\/ in—i+1)(i— 1)
m+1)2(n+2) FF1(U) Blntl—n—4—(i-2).. . (n—Hn+12n+2)

when n goes to infinity.
The second term in the maximum can be calculated in the same way.

1 ? 1
F (f(F‘l)(%)> = [(1 - £>4]

€ n+1
~ 3
\/E 1 i )2
n+1

Finally, the two sums :

n n ?

1 1 1 +1
Pip=e— ‘ —5 D= ) —
i=lnal iy [ty (1= k) i=tna) /i (1~ )

convergence to 0 when n goes to infinity thanks to lemma 4.1.
So, A, converge in L' to 0 when n goes to infinity, then it converges to 0 in probability.

Let us study the term B, = %Z?:\_naj F1 <njrl) - f; F~Y(y)dy to show its a.s
convergence to 0.

[SI[oN

3
2

Remark 4.3. To begin with, it’s easy to show the convergence when the sum and the
integral are truncated at 1 — €, for all epsilon (it is the convergence of a Riemann sum
of a continuous functions).
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Let us fix € > 0. To begin with we separate the forcoming sum in two parts denoting
the first part S} and the second part S2, to make appear the rest we need to control.

el , n—1

—1, 0 1 1y L _ al 2
n+1 ,_%:JF (n—l—l)—i_n—l—lt(lZ:)HlF (n—i—l)'_Sn—i_Sn

Since the quantile function is non-decreasing on [«, 1], we have :

Ln(l;f” n;}
/ F~L(t)dt + Fl(t)at
[na]—1 [n(1—¢)]
n+1 n+1

1 0zl ; 1 n—1 ;
< -1 -
_n+1AZ E (n+1)+n+1 Z F (n+1)
i=|na [n(1—e)|+1
n(1—c)]

g/ " F‘l(t)dt+/n+1 FL(t)dt

[na] n(l—e)]
+1

n+1 n

We denote C}} and C2 the two terms of the first line and D} and D2 those of the third
line.
Then, we have :

(Cp = 8p) +(Cr = D) < (87— D) < (D, = 8y)

Let us show that C2 — D2 converge to 0, to conclude (the convergence of D! — S! and
Cl — 8l to 0 is true thanks to the remark 4.3).

As in the neighborhood of 1 [(t) = o ((1 — ¢)72), we also have F~1(t) = o ((1 —¢)™').

Then, for € > 0, there exist NV such that for n > N :

Finally, S2 — D2 converges to 0 a.s. So is B,.
We have shown that A, + B,, converge to 0 in probability. So under our hypothesis,
the superquantile is consistent.
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Remark 4.4. With the same kind of proof, we can show that under stronger hypothesis

on the quantile function F~(t) = o ( L > (that is the case in ii) of porposition 3.3),

(1-t)2
we have :
s a1
—/ lFl(t)dtge/ ' —dt
= o (112
—e|-20- 07|07
n+1
1
—e—2(1-V2)—
n
Then
NAE f: FU oy [ ey | o
n _ fe—
n n+1 o vy

i=|na]
We will use it in the next part.
O

4.4.1. Proof of ii) of proposition 3.3 : asymptotic normality of the plug-in estimator.
Let us prove the asymptotic normality of the estimator of the superquantile. To begin

with, we make some technical remarks.

Remark 4.5. The hypothesis on L implies that there exists m; < % and mp-1 < % such
that 1(t) = O ((1 —t)~™), and F~*(t) = O ((1 —t)"™r=1). It also implies that in the

neighborhood of 1, L(t) = o ((1 — t)_%).

Proof. The proof stands in three steps. First we reformulate and simplify the problem
and apply the Taylor Lagrange formula. Then, we show that the second order term
converges to 0 in probability. In the third step, we identify the limit of the first order

term.
Step 1 : Taylor-Lagrange formula

Let us first omit the (1 — a)~!. The problem is to study the convergence in law of

1 & !
sl X, — 1l
vn 71‘_% J (i) /ﬁ (y)dy

To begin with, we have already noticed (remarks 4.4 and 4.5) that
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Slutsky’s lemma, allows us to study only the convergence in law of

1< 1 < i
- X,y — — F—l(
i=|na| i1=|na|
The quantile function is C? then we can apply the Taylor-Lagrange formula at the
order 2. Using the same reasoning than in the proof of i), we introduce Uy a random
variable distributed as a B(i,n + 1 — 7). Considering an equality in law we then have

)

R i = 1 < i
v | = [X(z)—Fl( )} LvVn | = <U(z)— > :
ni\_nzaj-‘rl n+l ni\_nzaj-l—l n+l f<F*1( : )>

n Ug -1
+% > [/.()7]0( W) (Um—t)d’f]-

it=|na|+1 #ﬂ (f(F_l(t)))g

We name /n@Q,, the first-order term and R,, the second-order.

Step 2 : The second-order term converges to 0 in probability

Let us show that R, converge to 0 in probability. Thanks to Markov’s inequality, we
1 n
BBy >e) < > E(

have
i=|na+1 )

Since the function L is non decreasing in the neighborhood of 1, for n large enough,
we have,

/ i]w L(t) (U — tydt

n+1

P(R,, > ¢€) <

i=|na+1 n+1

n . Ve
6\;5. 2 E<max (WU(D)L L(n+1)>/i() U ) dt)

. 2
;ﬁ 2 E max(!me)\,L( Z' >><U“>‘2n—+1)

i=|no]+1

As before, we study the two terms in the maximum separately. First, using the
variance of the Beta distribution,

. 2
1 & i (U(i) - ni1> 1 < i i(n+1—1)
L E|~" "/ | = L
€ n'LZHl (n+1)' 2 ev/n 'LZJH (n+1)'2(n+1)2(n+2)
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But according to remark ??, our hypothesis on L, gives that for €, there exists a rank
N such that for n > N, for i € [|na],n],

)‘ i(n+1—1)
n+1 2(n+1)%2(n+2)

(R>e§€\/_ Z

=|na+1

/ n 7
_ n+1
2ev/n(n +2) i=LnZa:J+1 <1 - nil>g

The convergence to 0 when n goes to infinity of the first term in the maximum is true
thanks to the lemma 4.1.

We have now to deal with the second term in the maximum. Using our hypothesis,
we have, for ¢ and n large enough,

Z IL(U))| <U(i)_"%l)2 < ° Zn: E —<U(i)_"il)2

6\/_ i= 2 - 26\/5 i=[nal+1 (U(z) - 1)g

[na|+1

We name this last quantity I:. To have n — i — % + 1 non negative, we cut the sum
and deal only with the terms for i from |na] to n — 2. Then we obtain :
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Iﬁ=E@g%TjB<AZﬁ%1_@m%%M—2n+l%jﬂa_mwﬁgdn
+(nj_1)2 /01 2711 —x)"*ifg)
:m@}?(i—i-ln—i—g—i-l)—Q%_;_lB(i—i—l,n—i—g—i—l)
+wnilfB@n—i—g+1>

Using (6) we obtain

A 1 5 i 5
[’:—(B' 2n—i—=—+1)—2 Bli+1ln—i—=+1
" Bl 1) (i4+2,n—1 2+) —— (i+1,n—1 2+)
T o9, . >
Bli,n—i—=+1

+(n+1) (i,m—1i 2+

_B(i,n—i—%H)( i(i+1)

 B(iin+1—1) \(n—3+2)(n—3+1)

i2 i(i +1) i i(i+1)
_2(n—§+1)(n—|—1)(n—§—|—2)(n—§—|—1)+(n+1) (n—§+2)(n—§+1))
2 2 2 2 2

) . B(i;n—i—3+1
We set E!, such that I}, = %

goes to infinity :

E!. Developping E", we find its order when n

UL (R
nn+1 n+1

B(i;n—i—3+41)

Let us study the term . Using (5) and (8), we obtain

B(i,n—i—5+1) n! (n—i-2-3)!
B(i,n+1—i) — (n—2-51  (n—1i)!
_ n(n —1) (2(n —i—2))!((n — 2)!)222%
(mn—i—1(n—1) ((n—1i—2)!)2(2(n—2))!

Since each i can be written like i = |ng] with § < 1, n — i goes to infinity when n
goes to infinity and we can apply the Stirling formula :
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(2(n —i—2))! 2(n —i—2)2m (W)Z(n—z—@
(=202 " ax(n—i—2) (2=i=2y"
92(n—i=2)
Y9
Likewise,
(2(n—2)! 222

(=202 " rn-2)

Then, when n goes to infinity

B(i,n—i—5+1) 1
B(i,n+1—1i) (1—-i)%

That is why we obtain

Finally, for n large enough, we have

i
<2 lniﬂ

and thanks to our hypothesis on L, for ¢ and n large enough, we have

S\ 2 .
Z: ”(Wn—mﬂ _ z: e — 71)
= 5
E\/_ i=|no]+1 2 26\/_ i=|noj+1 (U(Z) - 1) ’

IN

Z n+1
6\/— N\

o (1= 24)

To conclude the second term in the maximum converges to 0 thanks the lemma 4.1.

Remark 4.6. The terms fori =1 and i = n — 1 are of inferior order of the sum, so
they converge to O too.

Finally, the second order R,, converges to 0 in probability. We can now deal with the
first order term.

Step 3 : Identification of the limit
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Our goal is to find the limit of /n@,. Let us reorganize the expression of @, to have
a more classical form (sum of independent random variables) and to be allowed to use
the proposition 4.2.

Denoting by

n+1

RY
j=1

y— =t
n—+1

we have

R
1 =1 7
Qn_n Z n+1 n+1 l(n—i—l)

i=|na]+1 Z Y—j

J=1

j=1 ZY} t=sup(|na]+1,5)
j=1
natl 1 [na|+1 - n i n
~ ntl n(n+1) Z (¥ -Y) Z (n ) Z (¥; - )Z(
v j=1 i=|na/+1 j=[na]+2 i=j
J
j=1

where we have inverted the two sums. The law of large numbers gives that

n+1
n+1 Z Y; — 1 when n goes to infinity. Then thanks to Slutsky’s lemma, we
j=1

need to study

[na)+1 n . n n .
1 _ i _ i
n(n+1) Z (Yj_Y)A Z l(n—i-l) +A Z (Yj_y)zl(n—i-l)
Jj=1 i=|na+1 j=|na|+2 i=j
We set Vj <n, G} := Zl(%ﬂ), ma1 =0, H" := Z Gj. Then
i=j j=|nol+2




BREGMAN SUPERQUANTILES. ESTIMATION METHODS AND APPLICATIONS 23

[naf+1 n n+1
1 (n— [na])GT, 0 41 — H" » —1—|na]
an(n+1)|:z ( n+1 Y+ Z < n+1+GLnaJ+l n+1 )Y]

Jj=1 [na]+2
o 1 Lnaj+1 (TL - I_naJ)GTnaJ+1 - Hn (Y . 1)
n(n+1)| < n+1 J
Jj=1
n+1
H"™ 11—
+ Z (G? + Gl_nozj-l-l n +|-717‘Od) (Y] - 1)‘|
[na]+2
because
[na]+1 n n+1
1 n — I—naJ)G\_naj-i—l Hn . 1= LTLO&J
n(n+1) |: Z <( n+1 + Z ( +G|_noz]+1 nt1 )
J=1 |lna|+2
_ 1 GTnOtJ (n—[na)) —H" G’fna] (=1 — |nal) H» .
nn+1) < n+1 (lnaf +1) + n+1 (n—LnaJ)—n+1(n—LnaJ)+H
=0.
Finally, we obtain
Qn = Z = o8l ZHY ()
" on(n+1) P n+1 J
n+1
o H" n —1— |na
+ Z <Gj_n+1+G|_non+1 n+1 )(}/}_1)]
[na|+2
n+1

:le%n

where :
(n - { J)GTnaJ-‘rl H"
R ) < 1
Qjn < Y P , Vi < |nal +

and

G'(n+1)— - G" (1+ |nal)

S J [na|+1 P 9
Qjn ( n(n ey , Vi > |nal +

Let us check the hypothesis of the proposition 4.2. To begin with, let us show that o2
converges a.s. We find a equivalent of o2 and study the convergence of this equivalent.
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1 n+1
2 _ 2
n T 1 Zaj’"
7=1
nox n n 2
1 " (0 = [na) )Gy — H
n+1 st n(n+1)

+n+1 Z n(n+1)

n n n 2
1 n+1 <Gj(n—|—1)—H _GLnaJ+1(1+LnaJ)>
j=lnaj+2
2

_|nal 41 (n —[nal)GT, o — H”
 on+1 n(n+1)
. ni Gin+1)\* 1 ni:l Gin+ DH" = Glog (1 + [nal))
n+1 n(n+1) n+1 n?(n +1)2
j=|na)+2 j=|nal+2

+n+1 Z n(n+1)

n n 2
1 nt1 <_H —GLnaHl(l—i—Lnaj))
j=lnal+2

Let us work with the two terms which depend on G7. The first term can be develop
in this way

n+1 n 2 n+1
1 Z G (n+1) _ 1 Z (G”)Q
n+1 nn+1) n?(n+1) J
j=|naj+2 j=lna]+2
1 n+1 n i 2
:n2(n+1) _72 Zl(n+1)
j=|nal+2 \i=j

1 n+1 n+1 1

o, o 2 G e ) (G

i1=|nal+2i=|na+2

We simplify the second one too

1 WG+ )(—H" = G4 (1na))) (H"Y? (14 |nal)
T 2 n?(n +1)2 = 2t Zmapnet Clressr

j=lnal+2

Finally
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o na)+1 [(n= na))Glgy = H']
" n+1 n(n+1)

+# yir:l 1%31 -1 +min(i1,i2)_ Lna] I gl )I( ‘2 )

ey ' n+1 n+1 n+1 n+1" "n+1
ir=[na|+2iz=[naj+2

1 12 2(n+1)3n2H Clpaprr *

n—lnal -1 (H"+ G (1 + [na))\*
n+1 n(n+1)

Let us first notice that, if we note

n+1 n+1

min(iy,2) 11 19
K" = E g l l
‘ n+1 <n+1> <n+1>

1=|na|+2is=|na|+2

and

S i
" = —
'—;J nl <n—|—1>

then

H" =nT" — ([na] + )Gl 1
So we have the following equivalent of o2 when n goes to infinity.

s (GT -T2 KT a(@M)? AT —aGM)? L a(GMT = aGY)? | (1 a)(T")?

0s ~
" n? n? n? n? n?

K" — (Tn)2
n? )

~

Let us show that this equivalent converges to o2 = f; f; f(FTlir(lg)’?z;ng{ oy < o° It is
a generalized Rieman sum. To begin with, we show that the function
min(z, y) — zy
g:(@,y) > = -
fE (@) f(F ()

is integrable on |a, 1[x]e, 1[. Indeed, around 1,

s =0 ()

which is integrable on this domain because for 5 close to 1

[ ey ~ s - 7

and m; < %
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Remark 4.7. It is here that we need to take the hypothesis L(t) = O ((1 —t)~™L) with
my, < 2 instead of L(t) = 0<(1 —t)7%>. Indeed, when mp, = 3 and so m; = 3, the

primitives are different and the integral is not finite.

As we already seen, the results on Riemann’s sum in dimension 2, give by continuity

of (z,y) — f(lel?g)’j{%F 1oy that for all 3 <1

[nB] [nB] min(41,i2) Q142 B
Ry
(21 ig f(F ( (y))

i1=na) i1=na) J(F ! n+1>)f(F_1<n+1

We have to study the rest of the sum to conclude. Let us fix 8 close to 1 and deal
with

n+1 n+1 min(i1,i2) _ i1do

Z Z n n2 )
wSisntie S (P () 7 (P (7))
In this case, the monotony will allowed us to conclude with the Lebesgue theorem.
First of all, let us notice that

e (2 )

Then, we aim to invert limit and integral.

1) Let (z,y) be fixed in [3, 1[x[5, 1] and n. Then
g (M M) — g(z,9)

n n

by continuity. And g is integrable on [3, 1[x[53, 1] as we saw before.

2) Let (z,y) be fixed in [3,1[x[3, 1] and n. Let us denote =, = L %) and y, L_nyJ
By hypothesis

g L’I’LxJ : M <C min(xmyn) — TnlYn .
n n (1 —zp)™ (1 —yy)™
By separating the two cases and using monotony we obtain that

g ( [nz] Lny]

n n

> < Chz,y)

where
min(z, y)
h:
) T i)™ (L max(a ) )
which is integrable on [3, 1[x[3, 1].
Then, the Lebesgue theorem allow us to invert the integral and the limit and we

have Shovvn that 02 — o2, The first hypothesis of proposition 4.2 we want to apply is
checked.
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Let now deal with the second hypothesis about the maximum of the «;,. For j <
[na| + 1, we have

(n— |na) + 1)G7fm{JJrl — H"

n(n+1)

a]7n -

Then, with previous computations, when n is large

TmN\2

(aj,n)2 (GTLLnaJJrl o T)
2 2
no; K,- %

S|

But the convergence
Km — T 2 1 r1 )
G 7 [ minte) — ety

implies the convergence

Indeed :

1 1 1 1 1 1
/ / (min(z, y)—2y)I(@)I(y)dedy = / / (y(1—2)l(x)I(y)dady-+ / () / (1—y)I(y)dyd
That’s why

. )2 C
(04]7n2) ~Z 0
no; n

when n goes to infinity. If j > |na] + 2 it’s the same thing because

(n+DGF —H" — Gl (ne] +1)  (n4 1)Gjn = T"
n(n+1) n?
So, we are in the same situation as the previous case replacing « by j. The previous

argument are still true in this case. The second hypothesis is then true. We can apply
proposition 4.2 and conclude that

aj?” -

VnQ, = N(0,c?)

where 02 = f; f;(min(x,y) — xy)l(x)l(y)dzdy. Finally, we multiply everything by
(1 —a)~! to find the true limit.

Step 4 : Conclusion
The Slutsky lemma allows us to sum step 1 and step 2 to conclude.
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