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Time Reversal Algorithms in Viscoelastic Media*

Habib Ammarif Elie Bretint Josselin Garnier? Abdul Wahab?t
August 22, 2011

Abstract

In this paper, we consider the problem of reconstructing sources in a homogeneous
viscoelastic medium from wavefield measurements using time-reversal algorithms. Our
motivation is the recent advances on hybrid methods in biomedical imaging. We first
present a modified time-reversal imaging algorithm based on a weighted Helmholtz
decomposition and justify mathematically that it provides a better approximation than
by simply time reversing the displacement field. Then, we investigate the source inverse
problem in an elastic attenuating medium. We provide a regularized time-reversal
imaging which corrects the attenuation effect at the first order.
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1 Introduction

Waves in loss-less media are invariant under time transformation ¢ — —¢. This simple obser-
vation has provided very promising techniques in a variety of domains including biomedical
imaging [19], seismology [26], material analysis [30], land-mine detection [28], telecommu-
nication [27] and underwater acoustics [18]. In time-reversal algorithms, an output wave is
time reversed and retransmitted into the medium. By time invariance and reciprocity prop-
erties, the retransmitted wave retraces its path back through the medium and converges to
the location of initial sources. This convergence of the reverted wave holds whatever the
complexity of the underlying medium, which can be homogeneous or scattering, dispersive
or non-dispersive. See for instance [2, 17, 18, 19, 20, 33] and references therein for compre-
hensive details and discussions on time reversal. See also [4, 10, 16, 38| for applications of
time-reversal techniques in biomedical imaging.

The robustness and simplicity of time-reversal techniques make them an ideal choice to
resolve source localization problems. These inverse problems have been of significant interest
in recent years and find numerous applications in different fields, particularly in biomedical
imaging [3, 6, 7, 8, 29, 34]. If the sources are temporally localized, the source localization
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problems are actually equivalent to find initial states of a system governed by differential
equations from the observations over some finite interval of time.

In this work, we consider the problem of reconstructing sources in a viscoelastic medium
from wavefield measurements using time-reversal methods. Our motivation is the recent
advances on hybrid methods in biomedical imaging exploiting elastic properties of the soft
tissues [21]. Examples of these hybrid methods include magnetic resonance elastography
[9, 16], transient elasticity imaging [10], shear wave imaging [31] and acoustic radiation
force imaging [8, 12]. The envisaged problem is quite challenging, indeed, because time
reversibility of the wave equation breaks down in lossy media. Further, if not accounted for,
these losses produce serious blurring in source reconstruction using classical time-reversal
methods. In this paper, we use a thermo-viscous law model for the attenuation losses. We
refer, for instance, to [24, 25, 14] for detailed discussions on the attenuation models in wave
propagation and their causality properties.

The main contributions of this paper are twofold. We first provide a modified time-
reversal imaging algorithm in non-attenuating media based on a weighted Helmholtz de-
composition and justify both analytically and numerically that it provides a better approx-
imation than by simply time reversing the displacement field. Then, we give a regularized
time-reversal imaging algorithm for source reconstruction in attenuated media and show that
it leads to a first-order approximation in terms of the viscosity parameters of the source term.
We present a variety of numerical illustrations to compare different time-reversal algorithms
and to highlight the potential of our original approach.

2 Time reversal in homogeneous elastic media without
viscosity

Let us consider the homogeneous isotropic elastic wave equation in a d-dimensional open
medium:

0%u ddo(t)
— (=, t) — Ly u(z,t) = F(z), (z,t) eRYxR,
ot? 5u dt (2.1)
u(:mt):E(ac,t):O, xcRY t <0,
where
Ly = pAu+ (A4 p)V(V-u). (2.2)

Here (A, p) are the Lamé coefficients of the medium and the density of the medium is equal to
one. The aim in this work is to design efficient algorithms for reconstructing the compactly
supported source function F from the recorded data

{g(y,t) =u(y,t),t€[0,T],y € GQ}, (2.3)

where (2 is supposed to strictly contain the support of F. We are interested in the following
time-reversal functional:

T
I(x) :/0 vs(x,T)ds, x€Q, (2.4)



where the vector field v, is defined as the solution of

v dés(t

0 ‘; (z,t) — Ly pvs(z,t) = ( )g(m,T —8)dsa(x), (x,t) € RY xR,

ot ov dt (2.5)
ve(x,t) = —>(x,t) = 0, xRt <s.

ot

Here, doq is the surface Dirac mass on 02 and g = u on 92 x R is the measured displacement
field.

The time-reversal imaging functional Z is usually implemented to reconstruct the source
distribution in an elastic medium [16, 28, 29]. It is motivated by the time reversibility
property of the elastic waves. In a general setting, however, it is not sure that it provides a
good reconstruction of the source distribution F. Indeed the problem is that the recorded
displacement field at the surface of the domain is a mixture of pressure and shear wave
components. By time reversing and backpropagating these signals as in (2.4) a blurred
image is obtained due to the fact that the pressure and shear wave speeds are different.

In this work, we first present a modified time-reversal imaging functional Z, and justify
mathematically that it provides a better approximation than 7 of the source F. This new
functional 7 can be seen as a correction based on a weighted Helmholtz decomposition to T
(which is considered as an initial guess). In fact, we find the compressional and the shear
components of Z such that

I=Vxyr+Vor. (2.6)

Then we multiply these components with ¢, = /A +2u and ¢, = /i, the pressure and the
shear wave speeds respectively. Finally, we define Z by

T = ¢,V x 1 + ¢, Vér. (2.7)

We rigorously explain why should this new functional be better than the original one. We
substantiate this argument with numerical illustrations.
In the sequel, we define respectively the Helmholtz decomposition operators H? and H?®
by
HP[Z] :=Vo¢zr and H’[Z]:=V X 1. (2.8)

2.1 Time-reversal imaging analysis
In order to establish some results about time reversal using Z and Z, we use the following
integral formulation based on the elastic Green’s tensor.

2.1.1 Integral formulation

Let us introduce the outgoing Green’s tensor G, ¢ associated to the elastic wave equation
with a point source at 0:

(Lap +0*)Guo(®) = —dol, = €R™ (2.9)
It can be expressed in the form [1, 11]

Gool®) = 3 (RGLo(@ +D (Gl ~ CLo) (@), w€RL (210)



_ (9 \d 2 _ W 2 _ _w?
D= (amiazj )ij=1, and ki = <= and k; = 3¥5; are the shear and

the pressure wavenumbers respectively. Here, G () is the fundamental solution of the
Helmholtz operator A + x2 in R? with a = p, s. For example when d = 3, we have

where 1 = (52-]-);{]»:1,

exp(ika|x|)

wolx) = , a=np,s. (2.11)

47 |x|

The functional Z(x) defined by (2.4) can be expressed in the form [4]

= Re [ / / [ )Gw(y,z)da(y)] dwF(z) dz}
2T Rd
= 7/ /w2 {/ (G (x, )G (y, 2) + Gu(z,y)Gu(y, 2)] da(y)] dwF(z)dz, (2.12)
4m Jga Jr o0
where we have introduced the outgoing Green’s tensor for a point source at y:
Gw(xvy) = Gw,O(m - y) (213)

We also introduce the decomposition of G, ¢ into shear and compressional components
as

Goo(@) = Gy (@) + G o (@), (2.14)
with . )
Glo=—3DGlo and Gio=— (KI+D) Gl (2.15)

We can extend Helmholtz operator H” and H? to tensors G as follows:
HP|G]p = HP[Gp] and H®[G]p = H*[Gp] for all vectors p.
Note that Gﬁ,o and G,  satisty, respectively
(Lo +wh)GE g =HP [=bol] and (Lx, +w?)G) o =H*[dol]. (2.16)
Consequently, the Helmholtz decomposition of Z can be derived explicitly
I(x) = HP[Z)(x) + H*[Z)(x), (2.17)

with
= /R ., / [ / G (z y)@w(yvz)+@5(m7y)(@w(y,z)} do(y)} dwF(z) dz,

and

— o [ [ ] (s 0Bt ) + Baa)Guty 2)] dotw)| doF () b

Finally, the integral formulation of the modified imaging functional 7 defined by (2.7) reads

= Re [;ﬂ /Rd /RwQ [/em [csG (2, y) +ch£(m,y)]Gw(y,z)da(y)} dwF(z) dz} .
(2.18)



2.1.2 Helmholtz-Kirchhoff identity

In order to approximate the integral formulation (2.18) we use a Helmholtz-Kirchhoff iden-
tity for elastic media. Some of the results presented in this subsection can be found in
[35, 36] in the context of elastodynamic seismic interferometry. Indeed, the elastodynamic
reciprocity theorems (Propositions 2.1 and 2.5) are the key ingredient to understand the
relation between the cross correlations of signals emitted by uncorrelated noise sources and
the Green’s function between the observation points.

Let us introduce the conormal derivative ‘3—':(1;)7 y € 09, of the displacement field u at
the surface 02 in the outward unit normal direction n by
ou T T
5 MV -u)n + p(Va' + (Vu')")n, (2.19)

where T' denotes the transpose.
Note also that the conormal derivative tensor g%(j’ means that for all constant vectors p,

{QGM] p: 0 [Gup]

ov o

The following proposition is equivalent to [36, Eq. (73)]. Since our formulation is slightly
different and this is the first building block of our theory we give its proof for consistency.
Moreover, elements of the proof are used in Proposition 2.2.

Proposition 2.1. For all x,z € 2, we have

/ [&G“’(J:’?J)Gw(y,z) ~Gule, ) B o) 2m{Gu(w 2. (220)
o0 v v

Proof. By reciprocity we have
Culy, @) = [Cu(z,y)]" . (2.21)

Additionally, in the homogeneous case we have G, (y,z) = G, (x,y), but we will not use
this property here. Our goal is to show that for all constant vectors p and g, we have

/ {q : w@w(% z2)p—q- Gw(w,y)wp do(y) = 2iq - Sm{G.(z, 2)}p.
o0 v v

Taking scalar product of equations
(L)\,[L + wz)Gw(ya "B)q = *6mq and (‘CA,,LL + wz)@w(ya Z)p = 75zp

with G, (y, 2)p and G, (y, z)q respectively, subtracting the second result from the first, and
integrating in y over (), we obtain

/Q[(@w(y%)p) Lau(Gu(y,2)q) — Lau(Gu(y, 2)p) - (Gu(y. ®)q)] dy

=p-(Gu(z,2)q) — q- (Gy(x, 2)p) = 2iq - SM{Gy(z, 2) }p.



Using the form of the operator £y ,, this gives

%iq - Sm{Gy (. 2)}p
— / ) (VY - (Culy, 2)0)} — (Guly,2)q) - (VY - (Buly, 2)p)}] dy

/Q [(Gu(y,2)p) {(A+VV)(Guly,2)q)} — (Gu(y. 2)q) - {(A+ VV)(Gu(y, 2)p)}] dy.

We recall that, for two functions u,v : R — R?, we have

1

[(Va® + (V)" )v] = S (V' + (Vu')T) - (VT + (Vv )T,

(V-] ~ (V- u)(V V).

(Au+V(V-u)-v = V-
V(V-u)-v = V-
Therefore, we find
2iq - Sm{G(, 2)}p

= A/Q VAV Guly.2)@)(Cu(y, 2)p)} =V {[V - (Gu(y, 2)p)|(Gu(y. x)q) }] dy

t1u [ VAV G 2)0)” + (V(Euly x)0))) Buly. 2}
~ VA (V(Gu(y,2)p)" + (V(Gu(y. 2)p)")") Gu(y, 2)q}] dy
Now, we use divergence theorem and the definition of the conormal derivative to get
2iq - Sm{G., (¢, z)}p
= A/aQ [nA{[V - (GCuly, )@)(Gu(y. 2)p) } —n - {[V - (Cu(y, 2)p)|(Gu(y. %)) }] do(y)

- n-{(V(Gu(y,2)p)" + (V(Gu(y, 2)p
- / [(Goly. 2)p) - {V - (Guly,@)@)n} — Gu(y.2)q) - {V - G pn}] do(y)
o0

s [ (G20 {(VEulm2)) + (V(Culy2)a)") ) )
—(Gu(y,x)q) - {(V(Culy, 2)p)" +(V(Guly. 2)p) 1)) n}] do(y)

- c 9G, (y,x)q 8C..(y, 2)p
-/ [(Gw(y,z)P) B (G (y,2)q)- ay} do(y)

_ 0G,, (.’IJ, y)* 8@w(y’ z)
- /asz [q ' ov Go(y,2)p—q- Gw(m:fy)ayp} do(y),

Ty / - {(V(Goly, 2)a)" + (V(Guly, 2)a)") ) Gy, 2)p)
) y T qH dar
2)q)

which is the desired result. Note that for establishing the last equality we have used the
reciprocity relation (2.21). O

The proof of Proposition 2.1 uses only the reciprocity relation and the divergence theo-
rem. Consequently, Proposition 2.1 also holds in a heterogeneous medium, as shown in [36].

6



The following proposition cannot be found in the literature, probably because its application
in the context of seismic interferometry has not been identified. It is an important ingredient
in the analysis of our improved imaging functional. Note that the proofs of Propositions 2.2
and 2.3 require the medium to be homogeneous (so that H* and H? commute with £y ,),
and we cannot expect these propositions to be true in a heterogeneous medium because of
mode conversion between pressure and shear waves.

Proposition 2.2. For all x,z € 2, we have

8

Proof. First, we recall that G? (y, x) and G2 (y, x) are solutions of (2.16). We proceed as in
the proof of the previous proposition to find:

.

G} (x,y) =
ov “

(v, 2) - Gz, y>%§“>] doly) = . (2.22)

G (y, 2)
ov

- [ [ s wEE . 2) - G @ ) (601w dy

= [H°[=0ol] * GE(-, 2))(z) — [GS (, )  HP[~doll](2).

G, (z, y)

P s
81/ Gw(yvz) Gw(wvy)

do(y)

Using the fact that G, = HP[G,,] and H*HP = HPH® = 0 we get
H[H*[—00l] * GE(, 2)] = 0 and HP[H*[—bol] = GE(-, 2)] = 0.

Therefore, we conclude

[H°[~ol] * GE(-, 2)]() = 0.

Similarly, we have
(G (x, -) x HP[=boll](2) = 0,

which gives the desired result. O

Finally the following proposition shows that the elastodynamic reciprocity theorem
(Proposition 2.1) holds for each wave component in a homogeneous medium.

Proposition 2.3. For all ¢,z € R? and a = p, s,

[ |2 ey - 5w ZEYE oty —ismiGs @) (229
G19) v v

Proof. As both cases, & = p and a = s, are similar, we only provide a proof for a = p. For
«a = p, indeed, we have

o

ov v

76(@58(37 Z)] do(y)

= [H"[~0ol] * GL (-, 2)]() — [GL (=, ) * HP[~doll](2).

(ya Z) - GZ(:I:, y)




Using the fact that GE(y,z) = Gf, o(y — 2) = G, o(z — y), we can write

[HP[ =00l * GL(-, 2)](@) = [H"[~0ol] * G 1 ()](z — 2)

and

[GL (@, ) x HP[=00l]](2) = [GF o(-) * HP[=dol]](z — @) = [HP[=dol] * G, o(-)]](@ — 2).

Therefore,

8

ov v

0GL(y, z)

(y,2) — Gl (2, y) 5 do(y)

= HP [2iSm{GE (x, z)}] = 2iIm{GL (x, 2)},

where the last equality results from the fact that H*H? = 0.

2.1.3 Approximation of the conormal derivative

In this subsection, we derive an approximation of the conormal derivative

7),2468(2,

x € Q. In general this approximation involves the angles between the pressure and shear
rays and the normal on 9f2. This approximation becomes simple when (2 is a ball with very
large radius, since in this case all rays are normal to 02 (Proposition 2.4). It allows us to
use a simplified version of the Helmholtz-Kirchhoff identity in order to analyze the imaging
functional Z when Q is a ball with large radius (Proposition 2.5).

Proposition 2.4. If n =y —x and |x —y| > 1, then, for a = p, s,

IGL(®y) _ . e 1
% = iweo GS(z,y) + o (:c — y|> :

Proof. Tt is enough to show that for all constant vectors g,

and

Pressure component:
Gl (x,y) =

so we have

1
Gl (x,y)q = CfQGZ(w,y) (y—x-q)y—x+o

OGL(z,y)q . P (o + !
7]/ = ZWCpr( 7y)q 0 m
L ,9)q = iwesGE(z,y)g + o _1 '
9G V |z — y|

Recall that

—_—

1 1
—E]D)Gﬁ(m,y) = C—zGﬁ(:c,y)y —r@Y—x+o

P
— — ( 1

P

(e=1)

|z -yl

(2.24)



Therefore,

Gl (z,y)q
PEBYN v, - () () + 1 VoG ) + (V4 (Ch @ 9)a)")] n(y)
= winﬁ(w‘,y) )\y—x y—an+2uly—cQy—x) n]—i—o
c w—ﬂ
= —y‘cg'qin£<w,y> 2y =z m)y — o] + (|y_w|)
y—1T-q. /\
= quszZ(m,y) )\(n y—m)JrQ,u( —x- nfly a:}

1
+iwe,GP, w,yq+o< )
P ( ) |y—$|

. —_—
In particular, when n = y — x, we have

Gt (x,y)q
ov

1
:iwcGZsc,yq—&—o( )
Shear components: As

1 1 — 1
Gj(w,y):E("EEHJrD)GZ(%y):C*QG (z, )(H* m®yw>+0(|w_y>’

S

we have
Gile)a = 5Gilew) (a- (T z-qy—2)+o( 1),

s |l‘ - y‘
Therefore,
%ﬁ’y)q = AVy - (G (z,y)q) n(y) + 11 [Vy (G (z,9)q)" + (Vy (G (x,9)q)")"] n(y).

Now, remark that

W Eaman = AFGiew) (o G797 7) e nto( 1)
1
(5t

1 [VGE (2, y)g + VG (z,y)q" | n

and

W — 1
:MéGJ%yﬂq®y—x+y—w®q 20y —=- @y—w®y—4n+0(m_y0

iw . I N 1
:uEGA%yﬂ@—w~@q+m'wy—w—ﬂy—mﬂﬂy—w4ﬂy—ﬂ+0‘Eja
— G y) [(y—2-n) 1] ja- (y—=-9)y 2|

+u%GZ(az,y) [(q'n_ (y/_\m . q)(y/—\a:n)> y/—\m} wesGY (x,y) + o <|wiy|) i




) S
In particular, when n = y — x, we have

G (x,y)q
ov

. 1
= iwes G (x,y)g + o <y — a:|> )

The following is a direct consequence of Propositions 2.2, 2.3, and 2.4.

Proposition 2.5. Let Q C R? be a ball with radius R. Then, for all ¢,z € Q sufficiently
far from the boundary OS2, we have

%{ Gz<w,y>¢sg<y,z>da<y>}~%m{Ga(w D) a=ps (225
o0

WCq

Re { G (x, y)Gﬁ(y,z)do(y)} ~ (. (2.26)
o)

2.1.4 Analysis of the imaging functional 7

In this subsection, we assume that € is a ball of radius R in R? and that the support,
supp {F}, of F is sufficiently localized at the center of Q so that for all € supp {F} and

for all y € 992
1
)
ly — |

Then, we have the following theorem.

Theorem 2.6. Let x € Q be sufficiently far from the boundary 02 and 7 be defined by
(2.7). Then,

I(x) ~ F(x). (2.27)
Proof. From (2.18) we have

/Rd / [ / (. 9)Cu(y. 2) + Gu (2, 9)Gu (v, 2) da(y)} dwF(z) dz,

@w(wa y) = CSG:Z (','UD y) + CPG£($7 y)

Proposition 2.5 allows us to write

where

1

) = o [ [e|] GulwwBuly2) + Cule.n)Buly. 2 doly)| doF(z)d

iw /R /R“2 { /8Q Go(@,9)Bu(y, 2) + Gu(@,9)Guly, 2) do(y)} dwF(2) dz.

Proposition 2.4 then gives

I(x) ~ i/ﬂ{d/ﬂk—iw {WGw(y,z)—Gw(m,y)%“gg’z)} dwF(z)dz

iﬂ/Rd/Rw%m G (z, 2)] dwF(2z) dz ~ F(x).

1

2

12

10



The last approximation results from the identity

1
— | —iwGy(x, z)dw = 0,(2)],
2 R

which comes from the integration of the time-dependent version of (2.9) between ¢ = 0~
and t = 0F. O

If the unweighted time-reversal imaging function Z is used instead of I , then crossed
terms remain. Using the same arguments as above we find

Cs +¢p
CsCp

s — 1
48 ‘%—7/ /aﬁmKGﬁ—Gﬂﬂ%zﬂdﬂN@dz
47T Re JR
Ccs—¢C

Z(x)

12

! K P V(. 2 F(2) dz
£ [, [esmi@s+ G nlare)a

CsCp

12

cs +¢p p/
F B(x, 2)F(z)dz, 2.28
oo F (@) + 5 | Bl )R (=) (2.28)

where

™

B@;dzz%:@w%mKGﬁ—ij%zﬂdw (2.29)

is the operator that describes the error in the reconstruction of the source F obtained
with Z when ¢; # ¢,. In particular the operator B is not diagonal, which means that the
reconstruction mixes the components of F.

2.2 Numerical simulations

Here we present numerical illustrations and describe our algorithms for numerical resolution
of the source problem to show that Z provides a better reconstruction than Z.

2.2.1 Description of the algorithm

We describe the algorithm we used for the numerical resolution of the elastic wave equation

in 2D:

0%u
Sz (@) = [pAut A+ pV(V-w](@,1), (2.1 R* xR, (2.30)

0
u(x,0) = F(x) and a—l;(a:,O) =0.
This equation is computed on the box Q = [~L/2,L/2]? such that Q C @ with periodic

boundary conditions. We use a splitting spectral Fourier approach [15] coupled with a
perfectly matched layer (PML) technique [22] to simulate a free outgoing interface on 9Q).

With the notation u = (u1,us) and & = (z1,z2), the elastic wave equation can be
rewritten as a first order partial differential equation:

9,P = AP + BP,

11



where

uy 0 1 0 0
p_ |Om A | A+2m0 +po, 0 0 0
ug |’ 0 0 0 1]’
Oyusz 0 0 (AN+2u)d2 4+ pdz 0
and

0 0 0 0
B 0 0 (A+p)02,05, 0
0 0 0 0
A+ )02, 02, 0 0 0

This equation is integrated via Strang’s splitting method [32]. This splitting approach is
known to be of order 2 and reads

exp(—t(A + B)) = exp(—t/2B) exp(—tA) exp(—t/2B) + o(t?).

The first operator A is then computed exactly in the spatial Fourier space. Indeed, the
Fourier transform of Pa(x,t) exp(—At)P(x) satisfies

Ta(€t) = cos (/& ,.t) T(€) + tsine (\/&,1t) B (€),

)
Druar(€1) =cos (/& 1)
&t =cos(1/8 1)

) =eos (8 at)

1
tU1

)
(

uz(€) + t sinc (, /52%275) 8:\112(5),
(

o)

<

m(ﬁ, t) =cos fi,ugt
with
Eua = AT N+ 20)€F + 183, € 2 = 4m° (A +20)&5 + p€?,  and  sine(t) = sin(t)/¢.
The second operator B is also integrated exactly. We have
uq ()
Opur(x) —t (A + p) O, Oz, ua ()

uQ(:c)
Opug(x) — t (A + p) Op, Op,ur ()

Pg(x,t) = exp(—Bt)P(x) =

This global algorithm appears to be stable under a classical condition of the form
6t § C()\,,U,)(sg,

where §; and §, denote respectively the time and the spatial step of discretization. Here
c(\, ) is a constant which depends only on Lamé coefficients A and p.

The functional 7 (z) requires also a Helmholtz decomposition algorithm. As the support

of the function 7 (z) is included in Q C @, we apply a Dirichlet boundary condition on 9Q).
This decomposition is numerically obtained with a fast algorithm [37] based on a symmetry
principle and a Fourier-Helmholtz decomposition algorithm.

12



2.2.2 Experiments

In the sequel, for numerical illustrations, 2 is taken as a unit disc. Its boundary is dis-
cretized by 1024 sensors. Each solution of elastic wave equation is computed over (x,t) €
[—L/2,L/2]? x [0,T] with L = 4 and T = 2. We use a step of discretization given by
dt = T/2'3 and dx = L/2°.

Figure 1 presents a first experiment with Lamé parameters (A, u) = (1,1). The first (top)
line corresponds to the 2 components of the initial source F. The second line corresponds
to the data g(y,t) = u(y,t) recorded over (y,t) € 90 x [0,T]. Note that the shear and
pressure waves are mixed in the recorded signal and it seems difficult to separate them.
The third line corresponds to the imaging functional Z(x). This example clearly shows that
the reconstruction of the source F is not so accurate with classical time-reversal imaging.
Moreover, in the last row, the plots represent the modified imaging functional Z(x) where
the reconstruction is quite better and nearly optimal.

Figure 2 shows another example with different Lamé parameters (A, ) = (10,1). The
same conclusion holds.

In Figure 3, we use a “less localized” (large) source distribution. We observe some
artifacts in the reconstruction of the imaging functional Z. We can also observe, from the
recorded data, that the pressure and shear waves are very much “mixed” with each other.
We expect that the artifacts in the reconstruction are the consequence of such mixing. In
this situation, we do not have a real orthogonality between the two waves on 9.

To conclude, Z provides a better reconstruction of the sources than Z. However, in
certain cases, the reconstructions by Z are not optimal, and need further improvements.

3 Time-reversal algorithm for viscoelastic media

In this section, we investigate the source inverse problem in an elastic attenuating medium.
We provide an efficient regularized time-reversal imaging algorithm which corrects for the
leading-order terms of the attenuation effect. Consider the viscoelastic wave equation in a
open medium Q C R? with d = 2,3, i.e.,

8%u, 0 déo(t) d
BT (z,t) a— Ly uq(x,t) — Eﬁmwuua(wvt) =— F(x), (z,t) € R* xR, 3.)
w, (@) = St (@ 1) = 0, t <0,

where the viscosity parameters 7, and 7, are positive constants and account for losses in
the medium.
As in the acoustic case [4], the strategy of time reversal is to consider the functional

Ia(:n):/o Vso(x, T)ds, (3.2)

where v, , should be the solution of the adjoint (time-reversed) viscoelastic wave equation,

13
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Figure 1: Test 1: Source reconstruction; Comparison between the imaging functionals Z and
7 with Lamé constants (A, u) = (1,1). From top to bottom: First line: the source F; Second
line: recorded data g(y,t); Third line: imaging functional Z; Last line: imaging functional
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Figure 2: Test 2: Source reconstruction; Comparison between the imaging functionals Z and
7 with Lamé constants (A, 1) = (10,1); First line: the source F; Second line: recorded data

g(y,t); Third line: imaging functional Z; Last line: imaging functional 7.
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Figure 3: Test 3: Source reconstruction; Comparison between the imaging functionals Z and
7 with Lamé constants (A, ) = (1,1) and less localized source than in Figure 1; First line:
the source F; Second line: recorded data g(y,t); Third line: imaging functional Z; Last line:
imaging functional 7. 16



i.e.,

2
0 8:;’“ (@,1) — L, Vea(a, 1)
0 ddg(t
+&Lnxﬂ7uv5;a(w’ t) = di )ga(:v,T — S)(Sag(m), (w,t) S R% x R, (3'3)
Vs(w,t):aa‘;:(w,t)zo xeRYt < s.

Further, the idea is to enhance image resolution using fa, as in purely elastic media, where
To = ¢H® [To] + ¢, HP [Ta] .

Unfortunately, the adjoint viscoelastic problem is severely ill-posed. Indeed, the frequency
component is exponentially increasing due to the presence of the anti-damping term (+3t£m,nuvs,a) ,
which induces instability. Therefore, we need to regularize the adjoint problem by truncating
high-frequency components either in time or in space.
Let us introduce the outgoing Green’s tensor G, ,, associated to the viscoelastic wave
equation
(Lay — WLy, 4, +w?)Gaw(@,y) = =6y ()1, x,y € RY (3.4)

and let G_, ., be the adjoint viscoelastic Green’s tensor, that is, the solution to
(Lap +iwly, g, +w?)G_ow(®,y) = —6y(x)l, x,yeR% (3.5)
We introduce an approximation v 4 , of the adjoint wave v, , by

1

VS@yP(wat) = 7% |

w|<p {/m WC—aw(@ y)ealy, T - S)dU(y)} exp (—iw(t — s)) dw,

(3.6)
where p € R is the cut-off parameter. The regularized time-reversal imaging functional
defined by

T
T, (@) = / Vaap(@ T)ds, (3.7)
0
can be written as
o
L@ = [ [ GGy T - g7~ )dsdo(y). (33)
o Jo
where )
G_qap(x,y,t) = 2—/ G_ow(z,y)exp (—iwt) dw. (3.9)
T Jw|<p

Remark 3.1. Let 8’ be the space of tempered distributions, i.e., the dual of the Schwartz
space S of rapidly decreasing functions [23]. The function Vs 4 ,(x,t) can be identified as
the solution of the following wave equation:

dds(t)
dt

82Vs,a’p
ot?

] gu(x, T — s)dpqa(x),
(3.10)

0
(@20) = LrVep .00 Lo Venslt) =S, |

17



where the operator S, is defined on the space S’ by
1

27 Jiwi<p

Sp[¥] (1) exp (—iwt) P (w)dw, (3.11)

with

P(w) = /Rz/)(t) expliwt) dt. (3.12)

3.1 Green’s tensor in viscoelastic media

As in Section 2, we decompose G4, in the form
Giaw =Gi,, + G, (3.13)
where G%, , and G, , are respectively the fundamental solutions of
(Lap Fiwly, 5, + wQ)Gia’w(w, y) =H"[=0,0], a=np,s. (3.14)

Let us also introduce the decomposition of the operator £ , into shear and pressure
components as

Lap=L3,+L5,, and Ly, =Ly +L) (3.15)
where
u=c[Au—V(V-u) and Ly u= 2V (V- u), (3.16)
and
Ly na= v2[Au—V(V-u) and Lo nu= I/ZV(V -u). (3.17)

Here, v2 =1, and v2 = n\ + 2n,. Therefore, the tensors G4, ,, and G, , can also be seen
as the solutions of

(ﬁiu Fiwl® + w2)G‘j:a’w(x, y)=H" [ — 5y]I] (x), a=np,s. (3.18)

Upyum

The corrected regularized time-reversal imaging functional defined by
Tap = csH® (Lo ) + ¢y HP [Ta ] s (3.19)

is then given by

T
~ 0
Top@) = [ [ 5 [0 @y T =)+ 8 (@07 = 9)] £aly. T = )dsdoy),

(3.20)

where )
Gﬁmp(m,y,t) = 2—/ Gﬁa,w(m,y)exp (—iwt) dw, «a=p,s. (3.21)
T Jwl<p
In the next subsection we express the relationship between the data g, and the ideal
measurements g obtained in the non-attenuated case. Doing so, we prove with the help of
a new version of the Helmholtz-Kirchhoff identity that a regularized image of the source F
can be obtained.

18



3.2 Attenuation operator and its asymptotics

Recall that u and u, are respectively the solutions of the wave equations

8211 déo(t)
ﬁ(az,t) — Ly u(z,t) = o F(x), (3.22)
and o2 P doo(1)
U, - 0 t
BT (,t) — Ly pug(zx,t) — aﬁmmua(“’vt) =— F(x), (3.23)
with the initial conditions
ou ou,
u(zx,t) = u.(x,t) = E(m,t) =5 (xz,t) =0, t<O. (3.24)
We decompose u and u, as
u=u’+v’ =H[u+H[u and u, =u +ul = H*[u,] + H?[u,]. (3.25)

[eY
a,w

The Fourier transforms ul and u
solutions of

of the vector functions u® and uf are respectively

@ 2

(2 + £5,) 00 = i [F] and (s(@)* 1 £5,) s =i Lo E], a=ps,

(3.26)
where
ROW) = (3.27)
V1—iwv?/c?
In particular, it implies that

u; = Az [0’] and  uf = Az [u”], (3.28)

where A,, for a > 0, is the attenuation operator

1
o

Aol =5 [ fj’){ / ¢<s>exp{ma<w>s}ds}exp{z‘wt}dw, (3.20)

w

V1—iwa

We also define the operator A_, , by

with k4 (w) =

A_aplo] () = % ./R+ H(s) {/I } ILZJ(W) exp{ik_q(w)s} exp{—iwt}dw} ds, (3.30)

which is associated with k_,(w) = ———=. Moreover, its adjoint operator A

V1 +iwa

*

*,,p Teads

o i K—a(w)
a 2 |

Ao, (@] (t) exp{ir_q(w)t} {/R+ o(s) exp{—iws}ds} dw. (3.31)

wi<p W

Then, we have following results from [4, 5].
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Proposition 3.2.

o Let ¢(t) € S([0,00)), S being the Schwartz space. Then
Aufd] (1) = 6(t) + 5 (t19)) (1) +0(a) as a—0. (3.32)

o Let ¢(t) € D([0,00)), where D ([0,00)) is the space of C*-functions of compact support
on [0,00). Then, for all p,

A, 1610 = S, [6](0) = 55, [(19)] ) +0a) as a—0.  (333)

o Let ¢(t) € D([0,00)). Then, for all p,
AL, A D] (t) = Sy (8] (t) +o(a) as a— 0. (3.34)

We extend the operators Aq, A, , and A*, , to tensors G, i.e., for all vectors p € R?,

AuGp] = Au[Glp, A_.,[Gp] = A_.,[G]p, and A*, [Gp]=A~, [G]p.

By the definition of the operators A, and A_, ,, we have for o = p, s:

G oG*
5 @Yt = Az [at(%y, -)] (1), (3.35)
oG oG*
# == 2 2 — . . .
ot (di,y,t) A*Va/ca,p |: ot (mvya ):| (t) (3 36)
Recall that g = u and g, = u, on 9 x R. It then follows from (3.28) that, for a = p, s,
AL o jer o Avz ez [82] = S, [8%] + o(a), (3.37)
where
g =Hg.], g =H"gl (3.38)

Identity (3.37) proves that A* , /2, 1S an approximate inverse of A,z /2. Moreover, it
plays a key role in showing that the regularized time reversal algorithm provides a first-
order correction of the attenuation effect.

3.3 Helmholtz-Kirchhoff identity in an attenuating media

In this subsection we derive a new Helmholtz-Kirchhoff identity in elastic attenuating media.

For doing so, let us introduce the conormal derivatives 66712 and a?l_la as follows:
0
ayu = (AV-u)n+ u(Vu” + (Vu")")n) Fiw (i (V- w)n + 5, (Vu” + (Vu")")n).
+a

(3.39)
Note also that for a tensor G the conormal derivative % means that for all constant

vectors p, oG 9 (Cpl
_7 p
|:8Via:| o 8Via '

(3.40)

The following properties hold.
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Proposition 3.3. For all x,z € ), we have

8Gia w( )T aGgw(y Z)
- a5 a,w ) i 777 == . 41
| T - e T dr) =0 (34
Proof. Note that
aGS—aw( )T s 8Gg,w(y,z)
J = /BQ TGa,w(% z) — G—aw( y)T do(y)
G, (=, y) 9G4w(Y, 2)

M(yv ) Giaw( 7y)%] dO’(y)

=,

= / [‘CA MGfa w(w y) + iw&hﬂm Gia,w (il?, y)] vaw (y7 Z) dy

ov_,

/ G—a w T y ‘C/\,LLGg,w(yaz) + iw£WA7UuGg7w(yaz):| dya

_ /g [E0uG (@ 9) + Ly, B o) CE (. 2) dy

/ G—a Wl y EA ;LGQ w(y, ) CL)LanLGgw(y,z)] dy

Since G, (=, y) and G* , ,(x, y) are solutions of equations (3.14) with a = p, s, respectively,
it follows that

J = [H[=dol] Gl (-, 2))(x) =[G4 0 (, ) 5 HP[=do1])(2).
As in the proof of Proposition 2.2 one can show that
[H*[—60l] * GE (-, 2)](x) =0 and (G®, () * HP[=d0l]](2) = O,
which completes the proof of the proposition. O

We now give an approximation of the attenuating co-normal derivative.

Proposition 3.4. If n=y — a: then for o = p, s, we have
et »
where w
KE(w) = \/HZTW (3.43)
Proof. Indeed, notice that
R (w)]?
oo = |2 e @) o= (3.44)
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Then, from Proposition 2.4, we obtain

0GY, ,(z,y) Ke @)1 ([ 2 FEW@) o (o RE(W) L
— K. = |::F:| <<an :‘;a GN%(w)(mvy)) :Flw(zya:zaGn%(w)(w7y))>

Otq w

icoqw?

R ()

(03

+ ,w(wﬁy)'

~ [icakG(w ) (1 Fiwrl/c2)] G, (. y) ~

O

In particular, the following estimate holds as a direct consequence of Propositions 3.3
and 3.4.

Proposition 3.5. Let Q C R? be a ball with radius R. Then for all ¢,z € Q sufficiently
far from boundary 02, we have

@R{ [ 6B >da<y>} :%e{ [ o, ,y>Gz,w<y,z>da<y>} :(2.45)

3.4 Analysis of the regularized time-reversal imaging algorithm

The aim of this subsection is to justify that the regularized time-reversal imaging functional
1,,, provides a correction of the attenuation effect.

Theorem 3.6. The reqularized time-reversal imaging functional fam satisfies

Tup®) = Z,(x)+o0 2/ +v2/c2), (3.46)
/d ] [erer @ g o) syl Ghasaoto). .47

where S, is defined by (3.11).

Proof. We can decompose the functional fa, o as follows:

T
0
Lpfa) = [ [ G [0 @y T =)+ 08 @97~ 9] galy. T = s)ds do(y)

T
B ‘ .
/89 / g [CpGga,p($7 Yy, S) + CSGia,p(w7 Yy, 8)] [ga (y, 8) + gg (y7 S)] ds dO’(y)
0
= I3, (®) + I3 (=) + 157, () + 137, (),

where
o
I3h(®) = / / — [caG2, ,(®,y,5)] &1 (y,s)ds do(y), (€ {p,s}.
o0 o Ot

Similarly we can decompose the functional fp as

Tp(x) = I3 () + I5F () + 12 (%) + I8P (),
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with

= [ [ s @) Sl dow), e b

The first term Z3° (x) satisfies
T P
Icsz?p(w) = / / A—VE/CEVP a, [CSGS((E, Y, s)] AV?/(@ [gS(y7 )} (S)ds dO’(y)
a0 Jo ot
79
— / / =[G (@, y, )| A" 22, [Av2 2 [8°(y, )] (5)ds do(y)
aaJo Ot 2/c?

T
9 s s
|| 5 e @ o)l S, e (0} (dsdoly) + 0 (2/22)
oo o Ot
= I(z)+o (V2/c2),
by using Proposition 3.2. Similarly, we get
2 (@) = 7 () + 0 (v /<) -

Moreover, the coupling terms Z;F, and Z2%, vanish. Indeed, thanks to Proposition 3.5, we
have

z) = o | / [/ G (@, y)] G%:w(y,z)da(y)] dF (z) dz = 0,
27T R4 w|<p o0 ’

and

e =g [ | 60 ] T2 dow) | asm(az =0

Proposition 2.5 shows that we also have

o = o [ e[ et ) B 2 dotw)] aurz)as 0
e = g [ | e nl T 2 do(w)] der(z) a0,

which concludes the proof. O

It is straightforward to check that
Z,(x) =5 I(x) ~ F(x), (3.48)

by Theorem 2.6. Therefore, fam provides a first-order correction in terms of v2/c? + VZQ, / 0127
of the attenuation effect. Moreover, the imaging functional fayp can be seen as the time-
reversal functional Z defined by (2.7) applied to Aﬂﬂ Je2,p8a> =D, 5 As shown in (3.34),
the regularized operators A* p give a first-order approx1mation of the inverse of A, for
a = v2/c. Tt would be very interesting to construct higher-order reconstructions in terms
of the attenuation effect using higher-order approximations of the inverse of the operator
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A,. The problem is more challenging than the one in the scalar case [4] because of the
coupling between the shear and pressure components. Note finally that, if one applies the
time-reversal functional Z to the data g, directly, then one finds

@) = [ [ 5@y + o6 e ey (9)dsdoly)

1
- [ [ [ | @) + 8 @) By 2)do () | dF(2)dz, (3.49)
21 Jra Jr o9
which gives an error of the order of v2/c2 + v} /2 as can be seen from the expansion (3.32).

3.5 Numerical simulations

In this section we present numerical illustrations and describe our algorithms for numerical
resolution of the source problem to show that Z, , provides a better reconstruction than Z,
where the attenuation effect is not taken into account.

3.5.1 Description of the algorithm

In the expression of fayp, the solution v, ,(x,t) is very difficult to obtain numerically.
Therefore, we prefer to regularize the problem by truncating high-frequency components
in space instead of time, in contrast with our theoretical analysis. This can be seen as an
approximation V, , ,(x,t) of v, ,(x,t) defined as the solution of

Vs ap
ot?

964(t)
ot

- 0 -
(:L‘, t) - »C)\,;Lvs,a,p(ﬂf, t) + 7‘cn>\777;4,v37a7p($7 t) = XP [ga('v T - 5)539} (CC),

ot
where the operator X, is defined by

Xy [8a (-, T — s)doq] (z) = / [/ 8a(y, T — 8)e 2™V do(y) | 2™ dk dpq(x).
|k|<p L/ O
The operator X, as the operator S,, truncates high frequencies but in the space variable.

To compute the solution of the viscoelastic wave equation in two dimensions

0%u,

ot?

(x,t) = Lapug(z,t) £ Ly, 5, ua(x,t) =0,

we use the same algorithm presented in the unattenuated case, i.e., we use a larger box
Q C Q = [-L/2,L/2]? with periodic boundary condition and again a splitting spectral
Fourier approach coupled with a PML technique to simulate a free outgoing interface on

0Q.

3.5.2 Experiments

In the sequel, for numerical illustrations, €) is taken to be a unit disc. Its boundary
is discretized by 2'! sensors. Each solution of elastic wave equation is computed over
(x,t) € [-L/2,L/2)? x [0,T] with L = 4 and T = 2. We use a step of discretization
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given by dt = T/2'3 and dz = L/2°.

Figure 4 presents a first experiment with Lamé parameters (X, 1) = (1, 1) and attenuation
coefficients (nx,n,) = (0.0002,0.0002). The first line corresponds to the two components of
the initial source F. The second line corresponds to the reconstruction of F without taking
into account the attenuation effect. The imaging functional Z(x) appears to be blurred
due to coupling effects. The three last lines correspond to a reconstruction of F using the
imaging functional Z, , for different values of p. We clearly observe a better reconstruction
of the source F than using the functional 7 provided that the regularization parameter p is
chosen appropriately large in order to insure the good resolution of the reconstruction.

Figures 5 and 6 present two other examples of reconstruction using fa_,p. The same
observation holds.
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Figure 4: Test 4: Comparison between 7 and fa, p in a viscoelastic medium; The parameters
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Figure 5: Test 5: Comparison between 7 and fa, p in a viscoelastic medium; The parameters
are (A, pu) = (1,1) and (vZ/c?,v2/cz) = (0.00005,0.00005); First line: initial condition;

Second line: without correction of attenuation; Last lines: with fa,p and p = 15, 20, 25.
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Figure 6: Test 6: Comparison between 7 and fa, p in a viscoelastic medium; The parameters
are (A, ) = (1,1) and (n,7n,) = (0.00005,0.00005); First line: initial source F; Second line:

reconstruction of F using Z; Three last lines: reconstruction of F using i—a, » With respectively
p = 25,30, 35.
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