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SIEGEL-VEECH CONSTANTS FOR STRATA OF MODULI
SPACES OF QUADRATIC DIFFERENTIALS

ELISE GOUJARD

ABSTRACT. We present an explicit formula relating volumes of strata of mero-
morphic quadratic differentials with at most simple poles on Riemann sur-
faces and counting functions of the number of flat cylinders filled by closed
geodesics in associated flat metric with singularities. This generalizes the re-
sult of Athreya, Eskin and Zorich in genus 0 to higher genera.

1. INTRODUCTION

1.1. Cylinders and saddle connections on half-translation surfaces. A mero-
morphic quadratic differential ¢ with at most simple poles on a Riemann surface
S of genus ¢ defines a flat metric on S with conical singularities. If ¢ is not the
global square of a holomorphic 1-form on S, the metric has a non-trivial linear
holonomy group, and in this case (5, q) is called a half-translation surface. In this
paper we consider only quadratic differentials satisfying the previous condition. If
a={a,...,an} C {-1} UN is a partition of 49 — 4, Q(«) denotes the moduli
space of pairs (S, ¢) as above, where ¢ has exactly n singularities of orders given
by a. It is a stratum in the moduli space Q, of pairs (S,¢) with no additional
constraints on q.

In the following we will refer to a half-translation surface (5, q) simply as S.

A saddle connection on S is a geodesic segment on S joining a pair of conical
singularities or a singularity to itself without any singularities in its interior. Note
that maximal flat cylinders filled by parallel regular closed geodesics have their
boundaries composed by one or several parallel saddle connections. In this paper
we will evaluate the number of such cylinders on S in terms of the volumes of some
strata, using the study of saddle connections by Masur and Zorich in [MZ].

1.2. Rigid collections of saddle connections. A saddle connection persists un-
der any small deformation of S inside the stratum Q(a). Moreover Masur and
Zorich noticed in [MZ] that in some cases any small deformation which shortens
a specific saddle connection shortens also some other saddle connections. More
precisely, they give the following result (Proposition 1 of [MZ]):

Proposition 1 (Masur-Zorich). Let {v1,...,vm} be a collection of saddle connec-
tions on a half-translation surface S. Then any sufficiently small deformation of S
inside the stratum preserves the proportions |vi| : |v2| : -+ i |ym| of the lengths of
the saddle connections if and only if the saddle connections are i;omologous.

Roughly two saddle connections are flomologous if they define the same anti-
invariant cycle in the orientation double cover. The precise definition will be recalled
in § 2.1. In particular two ﬁomologous saddle connections are parallel with ratios
of lengths equal to 1 or 2.
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The geometric types of possible maximal collections of ﬁomologous saddle con-
nections v = {71,...,ym} on S are called configurations of saddle connections. Ma-
sur and Zorich classified all configurations of saddle connections in [MZ] in terms
of combinatorial data.

We assume in the sequel that S belongs to a connected stratum (unless the non
connectedness is stated explicitly), and we will speak indifferently about configura-
tions for the surface S or for the stratum Q(«), the second means that we look at
all possible configurations on almost every surface S € Q(«).

We are interested in collections of ﬁomologous saddle connections, such that some
of the saddle connections bound at least one cylinder filled by parallel regular closed
geodesics. We refer to the geometric type of these collections as “configurations
containing cylinders” or “configurations with cylinders”.

It is proved in [MZ] that such cylinders have in fact each of their two boundaries
composed by exactly one or two saddle connections in the collection, and that if
there are several cylinders in the configuration, the lengths of their waist curves are
either the same or have the ratio 1:2. Namely, some cylinders have their width twice
larger than the width of the other cylinders. The boundary of the first cylinders
are composed either by two or one saddle connection, and the boundary of the
seconds are composed by exactly one saddle connection. We will refer to cylinders
of the first type as “thick cylinders” and to cylinders of the second type as “thin
cylinders”. We call the length of the minimal saddle connection in the collection
or equivalently the width of any thin cylinder the “length of the configuration”.

Let v be a maximal collection of Bomologous saddle connections on S. Then
the complimentary region of these saddle connections and the cylinders bounded
by these saddle connections is the union of some surfaces with boundaries. Each
of them might be obtained by a specific surgery from a flat surface belonging to a
stratum Q(ay;) or H(S3;). The union of these strata Q(a/) = U; ;Q(aw;) UH(B;) is
called the boundary stratum for the configuration C. This denomination is mean-
ingful: the boundary stratum corresponds to the degeneration of the stratum Q(«)
as the lengths of the saddle connections in the collection tend to 0.

1.3. Counting saddle connections. Let S be a half-translation surface in a con-
nected stratum Q(«), and C a configuration with cylinders on S. It means that in
some given direction, there is a collection of ﬁomologous saddle connections of type
C on S. Note that by results of [EM] in many other directions, one can usually find
another collection of ﬁomologous saddle connections of same type C.

We introduce N(S,C, L) the number of directions on S in which we can find a
collection of saddle connections of type C, with the length of the smallest saddle
connection smaller than L. Since we are interested in cylinders we introduce also
Neyi(S,C, L) that counts each appearance of the configuration C with weight equal
to the number of the cylinders of width smaller than L, and Ngyeq(S,C, L) that
counts each appearance of the configuration C with weight equal to the area of the
cylinders of width smaller than L.

For each of these numbers, we introduce the corresponding Siegel-Veech con-
stant, that gives the asymptotic of these numbers as L goes to infinity:

N.(S,C,L)- (A tS
c«(C) = lim ( ) (Area of )

L—oo 7TL2
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Eskin and Masur showed in [EM] that these constants do not depend on S for
almost every S in the connected stratum Q(a). Combining these results with the
results of Veech ([Ve]), one concludes that all these constants are strictly positive.

1.4. Application of Siegel-Veech constants. One of the principal reasons, why
the Siegel-Veech constants are more and more intensively studied during the last
years (see [AEZ1], [Bal], [Ba2], [BG], [EKZ], [Vo]) is the relation between them
and the Lyapunov exponents of the Hodge bundle along the Teichmiiller flow: the
key formula of [EKZ] expresses the sum of the positive Lyapunov exponents for any
stratum Q(«) as a sum of a very explicit rational function in & and the Siegel-Veech
constant ¢qreq(Q(a)). The Lyapunov exponents are closely related to the deviation
spectrum of measured foliations on individual flat surfaces, see [Fol], [Fo2], [Zo2],
[Z03], which opens applications to billiards in polygons, interval exchanges, etc.

A recent breakthrough of A. Eskin and M. Mirzakhani provides, in particular,
new tools allowing to prove that the SL(2,R)-orbit closure of certain individual flat
surfaces is an entire stratum. By the theorem of J. Chaika and A. Eskin [CKE],
almost all directions for such a flat surface are Lyapunov-generic. This allows to
cumulate all the technology mentioned above to compute, for example, the diffusion
rate of billiards with certain periodic obstacles. The final explicit answer (as 2/3
for the diffusion rate in the windtree model studied in [DHL]) is certain Lyapunov
exponent as above. This kind of quantitative answers or estimates are often reduced
to computation of the appropriate Siegel-Veech constant.

The Kontsevich formula (see [K]) for the sum of the Lyapunov exponents over a
Teichmiiller curve and recent results of S. Filip [Fi] showing that every orbit closure
is a quasiprojective variety suggest that an adequate intersection theory of the
strata might provide algebro-geometric tools to evaluate Siegel-Veech constants (see
also [KtZg] in this connection). However, such intersection theory is not developed
yet, and we are limited to analytic tools in our evaluation of Siegel-Veech constants.

1.5. Principal results. Now we are ready to state the main theorem of this paper.

Theorem 1. Let C be an admissible configuration for a connected stratum Q(«) of
quadratic differentials. Let q1 denote the number of thin cylinders, q2 the number of
thick cylinders in the configuration C, and g = q1 + q= the total number of cylinders.
Assume that the boundary stratum Q(«') is non empty, and q > 1. Then the
Siegel-Veech constants associated to C are the following:

M (dim(c Q(O/) — 1)' Vol Ql (Oél)

1 —
(1) «(€) 2472 (dime O(a) — 2)! Vol Oy ()
1
® @) = (4§ ) 0
1
(3) Carea(c) chl(c)
SMC . .
where M = and M., My, My are combinatorial constants depending only

t
on the configuration C, explicitly given by equations (8), (11) and (17).

When the boundary stratum is empty, the formulas are simpler and given in
§3.3.4.
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This theorem is proven in section 3.3. Note that these formulas coincide in genus
0 with formulas of [AEZ1], for the two configurations containing cylinders (named
“pocket” and “dumbell” in the article).
Carea(c) _ 1
Cey1(C) dime Q(a) — 1
cylinder in the configuration C. Note that it depends only on the dimension of the
ambient stratum.

For a fixed stratum Q(«) consider all admissible configurations, and denote
Gmaz (@) the maximal number of cylinders for all these configurations. We evaluate
Gmaz ()
dim¢(Q(a)) — 1

mean total area of the cylinders in stratum Q(«).

The ratio can be interpreted as the mean area of a

this number in section A.2. The ratio represents the maximum

Proposition 2. We have

max Qmax(a U {_1k}) kfized l
a€ll(dg—4+k) 29 — 3+ L(a) +k g—=oo 3
L E 1
gfiwed -

k—oco D

where T(4g — 4 + k) denotes the set of partitions of 49 — 4 + k and l(«) is the
length of the partition «. Furthermore for any genus g and number of poles k the

k
bound is achieved for o € TIk' UTl4(4g — 4 + k — k'), where k' = k — 4LZJ and
T4(4g — 4+ k — k') denote the set of partitions of 49 — 4+ k — k' using only 4’s.

1.6. Historical remarks. The Siegel-Veech constants for the strata of Abelian dif-
ferentials were evaluated in the paper [EMZ]; the relations between various Siegel—
Veech constants were studied in [Vo] and some further ones in a recent paper [BGJ.
The computation in [EMZ] involves a combination of rather involved combinatorial
and geometric constructions. To test the consistence of their theoretical predic-
tions numerically, the authors of [EMZ] compare the formulas for the Lyapunov
exponents expressed in terms of the Siegel-Veech constants (reduced, in turn, to
combinations of volumes of the boundary strata) with numerics provided by ex-
periments with the Lyapunov exponents. These tests are based, in particular, on
the results of A. Eskin and A. Okounkov [EOKk] providing the explicit values of the
volumes of all strata of Abelian differentials in small genera.

The description of combinatorial geometry of configurations of saddle connec-
tions for the strata of quadratic differentials is performed in the paper of H. Masur
and A. Zorich [MZ]; for the hyperelliptic components and for strata in genus zero
such description is given in the paper of C. Boissy [Bo].

The evaluation of the corresponding Siegel-Veech constants in genus zero was
recently performed by J. Athreya, A. Eskin, and A. Zorich [AEZ1]; see also the
related paper [AEZ2]. The results were also verified by computer experiments with
Lyapunov exponents combined with the knowledge of the volumes of the strata of
quadratic differentials in genus zero. (The authors prove in [AEZ1] an extremely
simple explicit formula for such volumes in genus zero conjectured by M. Kontse-
vich.)



SIEGEL-VEECH CONSTANTS 5

In the current paper we treat the strata of quadratic differentials in arbitrary
genus. We should point that, in the contrast to the strata of Abelian differen-
tials, the analogous results of A. Eskin, A. Okounkov [EOk2], and R. Pandhari-
pande [EOPa] do not provide explicit values for the volumes of the strata of qua-
dratic differentials. This is why in [G] we have computed the values of volumes of a
large amount of strata in low dimension. These volumes were independently tested
in [DGZZ]. In this paper we use these values to obtain some exact values of Siegel—
Veech constants for the strata of quadratic differentials away from genus zero, and
to show that our formulas for Siegel-Veech constants are consistent with numerics
coming from Lyapunov exponents of the Hodge bundle over the Teichmiiller flow.
Furthermore, we have compared all our results with Eskin program, which counts
configurations of saddle connections for individual translation surfaces.

1.7. Structure of the paper. The paper is divided into five parts. The first two
sections, theoretical, give the proof of Theorem 1, and develop the results on a
special family of strata: Q(1%, —1%).

The computations of this first part generalize the computations presented in the
articles [EMZ], and [AEZ1], but in higher genus there is a huge distance between the
theory and getting exact values of Siegel-Veech constants, because the techniques
involve some phenomenons of higher complexity. This is why we present in a second
part all pragmatical computations.

Section 5 develops the formula in the case of hyperelliptic components of strata.
For these components, the values of the volumes and the Siegel-Veech constants
are known, which enables us to check the coherence of the formulas in this case.

Section 6 is devoted to the application of the main formula for strata of small
dimension where we have explicit values of the volumes ([G]). In particular for non-
varying strata we check the coherence of the main formula. In the other cases we
get new explicit Siegel-Veech constants that we can compare with the experimental
value of the sum of Lyapunov exponents. This checking is primordial since the
choice of the normalization for the volume and the symmetries of high complexity
for the configurations affect each step of the computations.

We end with the extension of some geometric results proved in [BG] for the
strata of Abelian differentials to the strata of quadratic differentials.

1.8. Acknowledgments. I wish to thank my advisor Anton Zorich, for his guid-
ance and support during the preparation of this paper. I am grateful to Alex Eskin
to letting me use his program on configurations to check the computations of this
paper. I thank Pascal Hubert for helpful remarks on the preliminary version of this
paper, Max Bauer for many helpful discussions related to Siegel-Veech constants.
I thank Anton Zorich and Charles Fougeron for providing me numerical data on
Lyapunov exponents. I thank ANR GeoDyM for financial support.

2. PRELIMINARIES

2.1. Homologous saddle connections. We precise here from [MZ] the notion of
ﬁomologous saddle connections.

Recall that any flat surface (S, ¢) in Q(a) admits a canonical ramified double
cover S 5 S such that the induced quadratic differential on Sisa global square of
an Abelian differential, that is p*q = w? and (S, w) € H(a). Let ¥ = {Py,...P,}
denote the singular points of the quadratic differential on S, and 3 = {]51, .. PN}
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the singular points of the Abelian differential w on S. Note that the pre-images
of poles P; are regular points of w so do not appear in the list 3. The subspace
H! (S , f]; C) antiinvariant with respect to the action of the hyperelliptic involution
provides local coordinates in the stratum Q(«) in the neighborhood of S.

Let v be a saddle connection on S. We denote 7/ and ~” its two lifts on S.
If [v] = 0 downstairs, then [y] + [v"] = 0 upstairs, and in this case we define
[7] :== [¥']- In the other case we have [y'] + [y"] # 0 and we define [¥] := [v'] — [¥"].
We obtain an element of H ($,3;C).

Then two saddle connections v, and 7, are said to be homologous if [§1] = [52]

in H 1(§ 3, 7), under an appropriate choice of orientations of 1, va.

2.2. Configurations of saddle connections. A configuration is one of the geo-
metric type of all possible maximal collections of Bomologous saddle connections.
We detail here precisely the informations that characterize the geometric type of a
collection (Definition 3 of [MZ]). Given such a collection of saddle connections on a
surface S, cutting along these saddle connections will give a union of surfaces with
boundaries. These surfaces can be either flat cylinders, or surfaces obtained by a
surgery from a surface of trivial or non trivial holonomy. These surfaces are called
boundary surfaces. We record the genus and the order of the singularities of all
these surfaces. We record also which type of surgery is applied to which singularity
on each surface with the precise angles. Finally we record the way the surfaces are
glued in the initial surface. All this information characterizes a configuration of
ﬁomologous saddle connections.

2.3. Graphs of configurations. We recall here briefly how the graphs introduced
by Masur and Zorich in [MZ] encode all combinatorial information about a con-
figuration. Let S be a half-translation and ~ a saddle connection of configuration
C. The graph of the configuration C is given by the following procedure: associate
to each boundary surface a vertex in the graph, with the following symbolic: a
vertex @ represents a surface of trivial holonomy, a vertex & a surface of non trivial
holonomy, and a vertex o a cylinder. There is an edge between two vertices if the
boundaries of the corresponding surfaces share a common saddle connection. At
this stage we obtain a graph described by Figure 3 in [MZ].

The surgeries performed on each surface are represented by local ribbon graphs
belonging to the list described in Figure 6 of [MZ]. These local graphs are decorated
with numbers k; which are the numbers of horizontal geodesic rays emerging from
the zeros on which we perform the surgery, in an angular sector delimited by two
ﬁomologous saddle connections. The reunion of these local ribbon graphs forms
globally a ribbon graph that can be drawn on the graph giving the organization of
the surfaces. The boundary of this ribbon graph has several connected components,
each of them represents a newborn zero. To compute the order of a newborn zero,
one can count the number of geodesic rays emerging from this point, that is, sum
all the k;’s met when one goes along the connected component of the boundary of
the ribbon graph corresponding to the newborn zero. The cone angle around this
point is then 7", (k; + 1). See Figure 7 in [MZ] for an example.
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2.4. General strategy for the computation of Siegel-Veech constants. We
recall here the sketch of the general method developed in [EMZ] to evaluate Siegel—
Veech constants in the Abelian case, transposed to the quadratic case in genus 0 in
[AEZ1].

Let V() be the set of holonomy vectors of saddle connections on S of type C.
The number of configurations C in S such that the length of the Bomologous saddle
connections is bounded is then

N(S,C, L) = %|Vc(8) NB(0,L)],

where the factor % compensates the fact that the saddle connections are not oriented
and so their holonomy vectors are defined up to a sign. If ¢ is the number of cylinders
in the configuration and ¢; the number of “thin” cylinders, we define as well

Vo(S)N B (0, g) ’ fai |Ve(S)n A (gL)D ,

with A (%,L) = B(0,L)\ B (0,%). Note that N,(S,C, L) counts each realization
of configuration C with weight the number of cylinders of width smaller than L: if
the width of the thin cylinders is smaller than L/2 then all the ¢ cylinders have
their width smaller than L, if the width of the thin cylinders is comprised between
L/2 and L, then the thick cylinders do not count.

Simplifying the last expression we get

(4) Neyi(S,C, L) = ¢2N(S,C, L/2) + 1 N(S,C, L)

1
Ncyl(SaCaL) = 5 (q

where g2 is the number of thick cylinders (¢ = 1 + ¢2).
Finally we define

1
Narea(S,C, L) = 5 > A(v)
veVe (S)NB(0,L)
where A(v) is the area of the cylinders of width smaller than L among those as-

sociated to the saddle connections of type C and holonomy vector +v. Note that
Narea(S,C, L) weights only the cylinders which are counted by N¢yi(S,C, L).

Convention 1. Following [AEZ1] we denote Q1 () the hypersurface in Q(«) of flat
surfaces of area 1/2 such that the area of the double cover is 1.

The stratum Q(«) is equipped with a natural PSL(2,R)-invariant measure p,
called Masur-Veech measure, induced by the Lebesgue measure in period coordi-
nates. We choose a normalization for p in §3.1. This measure induces a measure
1 on Qp(a) in the following way: if F is a subset of Q;(«), we denote C(F) the
cone underneath FE in the stratum Q(«):

C(E)={S € Q(a) s.t. Ir € (0,4+), S =rS; with S; € E}
and we define
i (E) = 24 u(C(E)),

with d = dim¢ Q(«), that is, the measure dyu disintegrates in du = r24=*drdpu;.
Eskin and Masur proved in [EM] that the asymptotic

lim N.(S,C,L) - (Area of S)

L—oo 7TL2
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does not depend on the surface S for almost every surface in a connected compo-
nent of a stratum of Abelian differentials. Athreya Eskin and Zorich generalized
their method to the quadratic case in Theorem 2.3 in [AEZ1]. Then the following
Siegel-Veech constants are well defined for almost every surface S in a connected
component of a stratum of quadratic differentials:

. N.(S,C,L)-(Area of §
R )

Remark 1. Note that it follows directly from this formula and the definition (4) of
Ncyl(S, C, L) that:

1
Ccyl(c) = (ql + ZQQ) C(C)a
which is the equation (2) in Theorem 1.

Now let Q(ar) be a connected stratum. The Siegel-Veech formula (cf [Ve], The-
orem 0.5) gives the existence of constants b,.(C) such that

@ .
— N.(S,C, L)Ydu1(S) = b.(C)mL?
Vol(Qi(e)) Jo, (a)
so necessarily b, (C) = 2¢,(C) and we can express the Siegel-Veech constant as

. 1 1
¢:(C) = lim Wm/gl(a) N.(8,C,e)dp1(S).

Actually the integral is over the subset Q5(C) of Q;(«a) formed by the surfaces with
at least one family of “short” saddle connections of type C, where “short” means of
length smaller than e. We decompose this subset as O (C) = Q5™ “*(c)u Qs ()
where Qi’thi" (C) is the set of surfaces having at least two distinct collections of short
saddle connections of type C. Eskin and Masur proved that this subset is so small

that we have )

Vol Ql (Oé)
Finally we obtain
) 1 Vol Q5(C)
«(C) =lm —5 ————"
(5) e(C) =50 272 Vol Q1 ()

where Vol, Q5(C) is the weighted volume:

/Qs,thin(c) N*(S,C,E)d,ul(S) = 0(62).

Vol,. Q5 (C) = W.(C, S)dui(S)
Q5 (C)
with W(C,S) =1, Weui(C, S) is equal to the number of cylinders of width smaller
than e, W,eq (C, S) is equal to the area of the cylinders of length smaller than e in
the configuration C on S.

The last step is the computation of Vol, Q5(C) in term of the volume of the
boundary stratum, see § 3.3.

Counting saddle connections of type C is related to a more general problem:
counting saddle connections with no fixed type. Introducing the number N(S, L)
of distinct holonomies of saddle connections shorter than L on S € Q(a), the
corresponding Siegel-Veech constants

() = lim Y5 L) (Area of 5)

L—oo 7TL2
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are also well-defined for almost every S € Q(«) and depend only of the stratum.
Then we have naturally
c.(Q(a) = ¥ e.(0).

c
The constant cureq(Q(c)) is particularly important because the formula of [EKZ]
relates it to the sum of Lyapunov exponents for the Teichmiiller geodesic flow. So it
implies a lot a applications to the dynamics in polygonal billiards. Also since there
are numerical experiments on Lyapunov exponents, the Eskin-Kontsevitch-Zorich
formula provides numerical approximation for the constants cgreq(Q(c)), and that
gives a way to check computations on the constants cgreq(C). This is the main
reason why we focus on configurations containing cylinders: they are the only ones
that contribute to the constant cgreq(Q(a)).

Note that this computation is somehow an analog to one of Mirzakhani, but
in the flat world: in [Mi], Mirzakhani shows that the number of simple closed
geodesics on a hyperbolic surface is asymptotically c¢L%9~%, where the constant is
related to the Weil-Peterson volumes; doing a similar counting for flat metric with
singularities (in the same conformal class) we get cL?, where the constant is also
expressed in terms of the Masur—Veech volumes.

2.5. Strata that are not connected. In the last section we explained the method
to compute Siegel-Veech constants for connected strata. The classification of con-
nected components of strata is given in [L2]. Most of the strata are connected, the
only ones that are not connected are the one that have a hyperelliptic component
(except some sporadic examples in genus 3 and 4), and in this case there is only
one supplementary component. The three types of strata containing hyperelliptic
components are recalled on § 5.

The general strategy for computing Siegel-Veech constants for the connected
strata can be adapted for connected components. For a connected component
QP (¢r) we define the Siegel-Veech constants by the means:

€.(Q%™ (), C) = lim — ! /
' =0 2me? Vol(Q7”" () Qe°™P (@)
Note that the connected components of Q(«) are exactly the intersection of Q1 («)
with the connected components of Q(«). We have also the property that

(€)= tim Ne($C L) (Area of 5)

L—oo w2 ’

N(S,C,e)du(S).

for almost every S in the component Q“™?(«).
So we will obtain the same evaluation:

) 1 Vol, Qf(comp,(C)
comp —
(6) C*(Q (Ot), C) - ;13% 2mre? Vol 9, (a)

We apply this method in the case of hyperelliptic components in section 5.

3. COMPUTATION OF SIEGEL-VEECH CONSTANT FOR CONNECTED STRATA

In this section, Q(«) will denote a connected stratum of quadratic differentials.
We will evaluate Siegel-Veech constants ¢, (C) defined in § 2.4 using equation (5).
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3.1. Choice of normalization. We have to choose a normalization for the volume
element on a stratum Q(«), which is equivalent to choose a lattice in the space
H!(S,3;C) which gives the local model of the stratum Q(«) around S.

Conwention 2. We follow the convention of [AEZ1] and choose, as lattice in H* (S, ; C)
of covolume 1, the subset of those linear forms which take values in Z @ iZ on
H{ (S,%;Z), that we will denote by (H; (S,%;Z))¢.

This convention implies that the non zero cycles in Hy(S,%,7Z) (that is, those
represented by saddle connections joining two distinct singularities or closed loops
non homologous to zero) have half-integer holonomy, and the other ones (closed
loops homologous to zero) have integer holonomy.

Convention 3. We choose to label all zeros and poles. This affects the computation
of volumes, but it is easy to deduce the value of volumes of strata with anonymous
singularities.

3.2. Construction of a basis of H; (5,3, 7). In this section we recall the generic
construction given in [AEZ1] of a basis of H; (S,3,7Z) from a basis of H,(S,%,7Z),
and also a specific construction for each configuration. In the following sections we
will look at every configuration and use the specific basis associated to each con-
figuration in order to have a nice expression of the measure in terms of parameters
of the cylinders.

For a primitive cycle [y] in H;(S,%,Z), that is, a saddle connection joining
distinct zeros or a closed cycle (absolute cycle), the lift [§] is a primitive element of
H{ (8,%,7).

3.2.1. “Generic” basis. (cf [AEZ1] § 3.1.) Let k be the number of poles in ¥, a
the number of even zeroes and b the number of odd zeros (of order > 1). Assume
that the zeros are numbered in the following way: Pi,... P, are the even zeros,
P,i1,...,Pyyp are the odd zeros and P,4py1, ..., P, the poles, and take a simple
oriented broken line Pp,...P,_1. Take each saddle connexion ~; represented by
[P;, P;41] for i going from 1 to n — 2, and a basis {Vn—1, ..., Yn+2g—2} of H1(S,Z).

Lemma 1. The family {31, ..., Yn+29—2} is a basis of H{ (8,5, 7).

Proof. First it is clear that the elements 41, ..., 4pn424—2 are primitive elements of
Hy (§ ,f],Z) and linearly independent. Moreover they do not generate a proper
sub-lattice of Hy (5,3, 7).

Each of the k poles lifts to a regular point in S so does not appear in the list
$. An even zero of order a; lifts to two zeros of degrees %, and an odd zero of
order «; lifts to a zero of degree o;j +1. So we have n = |X| = k+a + b and
N = |3 = 2a+b. Thus if § is the genus of S we have 49 —4 = —k + 2 0, >1 i and
2G—2=7), > @ +0bandso -

dime(Hy(S,35,2) =2 —14+N = (29—2+n)+ (29— 14a+b)
= dimc Hy (S,%,C) + dime H{ (S,3,C).
This equality on dimensions shows that we can complete the family {41, ..., ¥nt29-2}

with {71, % k1 V15> Yni2g—2) to form a basis of H; (5,3, R) (the linear
independence is clear from the construction). The intersection matrix has integer
coefficients and is of determinant 1, so that ends the proof of the lemma. O
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3.2.2. Basis associated to a configuration. Fix a configuration C. As in [EMZ], we
define an appropriate family {v1,...,Vn+24—2} of H1(S,%,Z) for S € C, which lifts
to a basis of H (5,3, Z), as follows:

e for each component of the principal boundary stratum Q(«/) take a family
{81, ... Br g, o) of Hi(S],%;,Z) such that {5, ..., B}, 10, 2} is a basis

of Hl_(ng, Y, 7Z) as previously,
e for each Bomologous cylinder take a curve §; joining its boundary singular-
ities (there might be an ambiguity in the choice of such a curve, cf § 3.3.1)
e take a saddle connection or a closed curve in the homology class of v (we

denote £ the holonomy of 7 ).
Lifting this basis to H (S , f], 7) using the " operator provides a primitive basis of
H{ (S,%,7Z), as previously.
We will keep the same notations for elements in (Hy (S, ;7))

3.3. Computation. Fix a configuration C containing ¢ cylinders (¢ > 1). Now
we give a complete description of the measure i in terms of parameters of the
configuration by disintegrating the volume element dpu.

By [EM] and [MS] we have Vol, Q5(C) = Vol, Q5™*(C) + 0(£2), so we will
describe p only on Q=:thick((C).

Let S € Q=ick(C). Local coordinates near S are given by H'(S,%,C), and
1 is just Lebesgue measure in this coordinates. Choose now a basis associated to
the configuration C as above. It follows from the papers [EMZ] and [MZ] that the
measure dy in Q5'"¢*(C) disintegrates as the product of the measure dy’ on Q(a)
and the measure dv on the space of parameters 7 of the cylinders:

dp = M'dy’ dvr

where M’ denotes the number of ways to get a surface S in Q%h¥(C) when the
parameters of the configuration are fixed.

3.3.1. Description of the space T of the cylinders. Generally in a configuration, a
labeling of the zeros and a choice of a covering path of the graph of the configuration
induce a labeling of the cylinders. Sometimes some symmetries occur that exchange
the cylinders but stabilize the zeros, they are taken into account in §3.6. In the
following we assume that the cylinders are numbered.

Roughly 7T is described by coordinates +, ha, ..., hg,t1, ...t representing the
width, the heights and the twists of the cylinders, defined such that h; + it; is the
holonomy of the curve d;. The problem here is that there mights be an ambiguity
for the choice of this curve and so for the definition of the twist. In the following
we assume that the cylinders are horizontal, that is +7 represents the horizontal
direction in the surface S. First note that despite the fact that the surface has a non
trivial holonomy, for a given configuration C it is possible to choose an orientation
for each cylinder, for example by choosing an oriented path covering the graph
representing the configuration. So in each cylinder we have a notion of bottom, up,
left and right. Recall that thin cylinders are the one with each of their boundaries
formed by a single saddle connection of holonomy :I:?, and so there is only one
singularity on each of their boundaries. For these cylinders we can define the twist
and the height of the cylinder as usual: starting from the only one singularity on the
bottom of the cylinder, draw a vertical segment going up and ending at a point P on
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the upper boundary of the cylinder. The length of this segment defines the height
of the cylinder. Starting from the point P and following the boundary in the right
horizontal direction, we meet the singularity on the upper boundary of the cylinder,
which is at distance ¢ from P, and ¢ defines the twist of the cylinder (0 <t < |7']).
The next picture shows a particular case where the twist is ambiguous for a thick
cylinder.

no ambiguity ambiguity

For the thick cylinders, we can define their twist as follows: for such a cylinder, if
one of its boundaries contains two distinct singularities (recall that the singularities
are labeled), then choose the one of the smaller index. We have now in each
case one distinguished singularity on each of the two boundaries. Consider the
shortest geodesic segments joining these two singularities (there might be two such
segments). Then their vertical coordinates coincide and define the height h of
the cylinder, and their horizontal coordinate coincide modulo %?l, where 0, =
ITup| V |[Tdown|, and Ty, (resp. Tgown) is the group of symmetries of the upper
(resp. lower) boundary. In general for cylinders appearing in a configuration the
orders of these groups are 1 or 2, so o; is equal to 1 or 2. In the example of the

figure above, we have |[Ugoun| = 2, [Typ| = 1 s0 0, = 2. So we define the twist as
2|7| 2|7

Ot Ot

the value t € [0,

This ambiguity can appear only for thick cylinders having at least three or four
boundary saddle connections, that is, cylinders of local type 03.2 or 04.2 in graphs
of type ¢),d), or e) in the classification of Figure 3 and Figure 6 in [MZ].

We have

) equal to the horizontal coordinates reduced modulo

dvr = dhol(§)dhol (1) . . . dhol ().

Denote n(g) the number of the cycles v,01,...,64 in Hi(S,X,Z) that are not
homologous to 0 in Hy(S,%,Z). Taking care of the normalization (Convention 2)
we get:

(7) dvp = M..-dWdhy ... dhydt ... dt,

with M, = 4™,

Note that with our choice of the basis, d1,...,d, are always non homologous
to zero. And ~ is homologous to zero if and only if the associated graph of the
configuration is of type a in the classification of Masur and Zorich (Figure 3 in
[MZ]): in this case a vertex corresponding to a cylinder is separating the graph,
and the boundary of any cylinder in the configuration consists of a single saddle
connection (homologous to 7). So we have:

47 if C is of type a
(8) c = {

4911 otherwise
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We choose to enumerate the cylinders such that the ¢; first cylinders have a
waist curve of holonomy +7 and the @2 remaining cylinders have a waist curve of
holonomy +27

Consider now 7T the space of parameters of the cylinders with the additional

constraint that the sum of the area of the homologous cylinders is normalized (i.e.
equal to 1/2) and that |v| is bounded by e. Then the cone C(7) underneath 7
is given by the following equations:

q1 q2
9) |v] (Z hi + 2Zh’q1+k> S35
k=1 k=1
q1 q2
(w0) EENEEIPSURE) oty
k=1 k=1

3.3.2. Computation of ¢(C). The volume of T is given by:
Vol(7y7) = dimg (T)vr(C(T7)) = 2(q + Dvr(C(T7))

()= [ avr

and dvp given by 7). Note that the measure d7 on D./+ disintegrates into
w-dw-df on [0,¢] x [0, 7], and that integrating the measure of the twists d¢; ... d¢,

—_

with

2w 2492
on [0,w)? X 0, ives a factor —w?, with
. lq_[+1 8 M,
1

q
(11) My= ] o,

i=q1+1
so we get:

C(TF)) = Mo : 7t Y e 2l an
v C(T) = Moz [T w/RiX s < < 5 pdh . dhy,

With the following changes of variables hf ., = 2hg, 11 we obtain:

M, (2 w
£ c q+1 /< /
vr(C(TY)) = tﬂ/ w dw/}Rix{26 <h 2w }dh1 -dhy.

Zh +Zhl]1+l

with

Using the fact that

q
1
x<a< hi <bypdhy...dhy = =07 —a?),
/R‘i{ 2 } v g0t

since it is the difference of the volumes under two simplices in R?, we obtain after
computation:

M.me? ¢

M;29+1 (g + 1)!

vr(C(TY)) =
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Thus:
M, rme?
Vol(Tf) = ——F———.
oMTE) = Frzaig =1
We assume now that Q(«’) is non empty, that is, the configuration C is not
made only by cylinders. Let S € Q1(c’), then the rescaled surface rgS’ where
2
0 < rs < 1 has area %5 We define Q(e,rg) to be the subset of T formed by the
cylinders rescaled such that gluing them to r5S’ after performing the appropriate
surgeries gives a surface S € C(Q5(C)). Note that the possible variations of area
arising when performing the surgeries on rgS” are negligible ([EMZ] and [MZ]).
By definition Q(e,rg) is exactly formed by the rescaled surfaces 4T where 0 <

re < 1,12 4+r% <1,and T € T, with £ = ey/r2 +r2. So we have, denoting

Cusp(e) = Vol(T7),
177"% ~
/ r;"TﬂCusp (i) drp
0 rr

Mc7T /\/l—rg

vr(Q(e,rg))

2 .2
2np—1 2Tg + T
nr &_2 S T dTT

M24(q — 1)! Jo g &
with np = dime(7) = ¢ + 1, which simplifies:
(12) vr(Qe,rg)) = %/@ o T%qfl(rg + r2)drp.
After computation, we obtain:
M, me?

— — r2)a(p2

VT(Q(EarS)) B Mt2q+1(q+1)!(1 TS) (TS+q)'

Now if M, denotes the number of ways to obtain a surface S € C(Q5(C)) by gluing
reT € Q(e, rg) to rgS’ € Q(a’) (see (17)), the total measure of the cone C'(Q5(C))

wC(ei(C) = MsVol(Ql(O/))/O rg"S T e (e, rs))drs

MM, Vol(Q, (a'))me? /1 ons—1
0

(13) M;24+1 (g + 1)! s (r§ +q)(1 —r§)%drs

I

An easy recurrence or a change of variables gives the following lemma:

Lemma 2.

1
1 qla!
J — 2a+1 1— 2 qd — =
(a’)q) /O r ( T) r 2(a+q+1)'

We recognize
I'=J(ns,q) +qJ(ns —1,q).
After simplification we get:

_ (g+D!(ns = 1)!
1= s tq sy 5T
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. MM, .
So, denoting M = we obtain:
t

w(C(Q5(C))) = Mre? Vol(Q1 (o)) éZi(nlS) inqs—:rlq))'

As we have

Vol Q1(C) = dimp(Q(a))u(C(Q1(C)))
it follows from the definition of the Siegel-Veech constant that:
(ns — 1)!(ng +¢q) Vol Q1 ()
20+2(ng +q+1)! Vol Q;(ar)

Recall that dime Q(a) = dime Q(') + dime 7 = ng + g+ 1. We obtain finally the
formula (1) of Theorem 1.

¢(C) = M dimc(Q(a))

3.3.3. Computation of careq(C). Here we want to compute cgpeq(C), S0 we have to
count surfaces with weight the area of cylinders with waist curve smaller than ¢, by
definition. Note that, since there are ¢; cylinders of waist curve of length w = |7|
and g2 of waist curve of length 2w, if w < § (when the area is renormalized), all
cylinders count (with weight their area), and if § < w < ¢, only the thin cylinders
count (with weight their area). Equation (10) contains two cases

w=|v] < %\/Qarea

and

g\/ 2area < w < gv/2area

of different weights. So the domain of integration of C'(TF) splits into two parts as
shown in the following picture.

h

all
cylinders 1/e —
count 2¢?
1/2¢ 1
T 2w
e/2) € w

only the ¢; small
cylinders count

This gives the following weight function:

2w<h<1 w< 2w £ <€
Mz sh<g, gmsh= g fwsg
Warea(w, hl) —
€
2

3;1]%' 7~U< < .
o azshsggr *

g1 q2
h=> hx+2> hg ik
k=1 k=1
Now the weighted volume of 7 is given by:
Vol (757) = dima(T)“* (C(TF)) = 2(q + L™ (C(TF))

with
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with
area( (7-8)) / Warea(|7|’ hi)dVT
c(7y)
and dvp given by (7).

Following step by step the computations of the last paragraph, using the same
change of variables, we have

M 2w 1
area € c g+1 < B <
(©(7) = Mtﬂ [/o v dw/Ri (X{ g2~ s Qw}

;'ilhi w ) 2w ’

with
Z h + Z hlh +i*

Note that, since the variables h; play symmetric roles, we have:

‘h
_n

q q
< dhy...dh — xqa< h; <bsdhy...dh,.
Rq Zz 1 { g } ! q Ri { Zzzl } '

So computations are similar to the previous ones, and we obtain:

M me?

area (qe\ __
Vol (7—1 ) - Mt2q+2q!

(4q1 + g2)-

Assume that Q(«’) is not empty. Now in (12) we have to multiply the integrand
2
by the ratio of the area of the cylinders by the total area of the surface TZT# We
S T
obtain:

v (Qe,rs)) =

Mme®(4q1 + g — 2) / T ey, Mere?(dg +ge) (1 rg)
M,;29+24! 0 T M;29+24! 2(¢+1)

Then:

*(4q1 + ¢2)
area 5 — M Vol CY/ e ( / 1—7r q+1 2ngs— 1d7“ )
(C(Qi()) Q) i) [yt
Using again Lemma 2 we obtain:
ne?(4q1 + q2)  (ng —1)!
2q+4 (ng +q+ 1)V

pm e (C(Q1(C))) = M Vol Q4 (o)

So at the end we have:

4q1 + g2 (dime Q(a’) — 1) Vol Q4 (/)

(14) Carea(c) = 2q+4 (dun(c Q(a) — 1)' Vol Ql(a) -

Comparing to equation (1) and (2) we obtain the relation (3), which ends the
proof of Theorem 1.
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3.3.4. Special case. Assume that Q(«’) is empty that is, the configuration is made
only by cylinders. This arises only on strata Q(—1%), Q(2, —12) and Q(2,2). Then
the computations are much easier. Indeed we have in this case

M me?
105(C) = Vol T = ——ce”
Vol Q5(C) = Vol T; 3ig T
and )
area area MCWE
Vol Q5(C) = Vol TE = 7Mt2q"‘2q! (4q1 + g2)

S0, since the ratio of the area of the cylinders over the total area is 1, we obtain the
following proposition.

Proposition 3. If the configuration C is only made by cylinders, then
M.

~ M277(q — 1)IVol Q4 (a)
A+

Con(€) = 1 e(0)

1
(15) Carea(c) = accyl(c)
3.4. Volume of the boundary strata. Consider a stratum Q(a) = [, Q(«a;)
of disconnected flat surfaces. Following the notations of [AEZ1] and generalizing
the result of 4.4 we obtain the following lemma:

c(C)

Lemma 3.

Vol Q1 (a) =

1 [I(dimc Q(ai) — 1! 15
T (dme Q) 1) L] V@)

Let H,(a) be the hyperboloid of surfaces of area r in the Abelian stratum H(«).
We have the following relation between hyperboloids in this case:

Lemma 4.

Vol H, o (ar) = 29me (@) Vol H (a)

So the final formula for a boundary stratum Q(a’) = [[ H () [T Q(8;) with m
connected components is:

4q1 + qo [Li(a; = 1)12% Vol Hy () [];(b; — 1)! Vol Q1 (85)
2m+q+3 (dime Q(a) — 1)!'Vol Q4 ()
where a; = dimc H(o;) and b; = dimg Q(8;).

(16)  carea(C) =M

3.5. Evaluation of M. The general formula for M; is given by:

K

" Mo =Ty

For each surface S; in the principal boundary, the number of geodesic rays coming
from a boundary singularity on S; can be read on the local ribbon graph repre-
senting S;: each boundary singularity is represented by a connected component of
the local ribbon graph, summing the orders k;; along this connected component
gives the number of geodesic rays emerging form this singularity. If the surface
as several boundary singularities, then one has to multiply the number of geodesic
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rays obtained for each of them, to get the combinatorial constant responsible for
the gluing of S; in the configuration. Multiply the numbers obtained for each S; to
get the final combinatorial constant K. Note that for surfaces of trivial holonomy
the surgeries are made on rays pointing in the same direction, so there are less
choices for the k;’s.

So for surfaces of non-trivial holonomy the constant K is given by the formula:

K= I X &
bound.comp. k; in b.c.
and for surfaces of trivial holonomy the constant K is given by the formula:
k;
K=2 —.
m x
bound.comp. k; in b.c.

['(C) denotes the symmetries of the configuration C that generalize the v — —v
symmetry in the Abelian case.

vl =i

and
2 if S; is a torus of trivial holonomy
2 if §; is in a connected hyperelliptic stratum and the surgery
[T(S;)| = applies to one or two fix points of the hyperellptic involution

or to two points exchanged by the involution
1 otherwise

3.6. Counting configurations. Recall that by convention, all zeros and poles are
numbered, so several configurations can share the same type C due to this labeling.
For each type of configuration C, denote N(C) the number of configurations of
this type: two configurations sharing the same type will be distinct if the label of
one of the newborn singularities or the subset of labels of interior singularities of
one of the boundary surfaces differ in the two configurations.
For a connected stratum Q(«) (or a connected component of a stratum), we have

Carea(Q(a)) = Z N(C)Carea(c)-
admisstible C
Recall that types of configurations identify with decorated global ribbon graphs
embedded in the sphere described by Definition 3 of [MZ]. Unless such a graph
presents a decorated ribbon graph symmetry, there is a well-defined way to label the
connected components of the ribbon graph and the boundary surfaces.

We define a decorated ribbon graph symmetry as a symmetry of ribbon graph
which preserves the decorations, that correspond here to the type of boundary sur-
faces (@ or ©), the boundary singularities k; and the set of interior singularities for
each boundary surface. In the case of configurations these symmetries correspond
to rotations of angle 7 of the sphere that the ribbon graphs are embedded in, so
they are of order 2. As an example, the following type of configuration possess this
symmetry.

For types of configurations that do not posses this symmetry, N(C) is evaluated
as follows. For a stratum Q(«) with o = {df*,...,d%}, let C be a configuration
without symmetry. Then we can label all boundary surfaces (say there are r such
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surfaces). For the boundary surface Sj, let D;"t = {d‘f{, cee d%m} denote the set
of interior singularity orders of S;. We can also label the connected components of
the ribbon graph (say there are s such components). Recall that each connected
component of the ribbon graph corresponds to one or two newborn singularities
(depending of the number of components of its boundary). For the k-st connected

k k
component of the ribbon graph let D? = {dli1 . df{{l) denote the set of singularity
orders of the newborn zeros (note that b¥ < 2). We have a; = doja+ 2, b¥ and
the number of ways to give names to the singularities is

m

ai! i a;
() © H H§:1 all - TTh=, b H (al ay, by ,bf)

i=1 i=1 70 s Wi Yo

For configurations that posses the symmetry, we have to divide this number by
2 if the symmetry acts non trivially on the connected components of the ribbon
graph or on the boundary surfaces possessing interior singularities. If the symmetry
stabilizes the connected components of the ribbon graph and the boundary surfaces,
but acts non trivially on the cylinders, we also have to divide this number by 2 to
take into account there is no canonical numbering of the cylinders here (cf §6.3.6
for an example).

On the previous example, the symmetry preserves the boundary surface © but
exchanges the two surfaces @ possessing an interior singularity of order 2. Here
a = {—12,22,92}. Thus for this type of configuration N(C) is given by

1 2 2! 2!

N =3 3000 om0~ 2

4. STRATA Q(1%, —1Y), WwitH k—1=49—4>0

The strata Q(1%, —1!) are particularly interesting for two reasons. First, they
correspond to strata of maximal dimension at genus and number of poles fixed.
Second, their boundary strata belong to the same family, so that gives recursion
formulas for Siegel-Veech constants and volumes.

The strata Q(12, —12) and Q(1?) are hyperelliptic and will be studied in § 5. In
the general case there are only four types of configurations, so we give here their
complete description and apply the formula for the Siegel-Veech constant cqreq(C)
to each of them.

4.1. Configurations.

Proposition 4. There are only four types of configurations that contain cylinders
for strata Q(1%, —1Y), they are described in Figure 1.

Proof. We recall that graphs representing configurations are classified by Theorem
2 in [MZ]. Then the proof is based on the observation that there not many ways
to create zeros of order 1 or poles (see also Lemma 6 in § A). We recall that the
order of a newborn zero is given by the formula > (k; + 1) — 2 where the k; are the
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Configurations with cylinders Boundary strata
General configurations for g > 1

1 00 1
{1h, -1 oEgeEzo {1 1571

Ci(k1,1h)
lh+1l—2=1
ki+ke+2=F
(¥) < k1 — 1 =4g1 — 4 Qg (1F1,—1"1) and
ko —ly =4gs — 4 Q,, (1k2 —1!2) " for
ki >0, 1> 1, (ki 1) # (1,1) g1+92=9
1 0
{1k=2 11}
CQ 1 0 Qg—l(lk_27_1l+2)7
for k > 2
H(0),
Qg_1(1F73, —1+1)
for k >3
Qg(lk_l,—ll_l)
for 1> 2

Additional configurations for g = 1,2
0“ H
! O.(.
Q(12,712) \V 0 (O)

(1Y)

Ficure 1. Configurations containing cylinders for strata
Q(1%, —1Y), with k; = 49 — 4 and g > 1.

order of the boundary singularities along the boundary component of the ribbon
graph that corresponds to the newborn zero (see paragraph 1.4 of [MZ] for more
details), and we have k; > 0. A boundary component admits at least one boundary
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singularity. So there is only one possibility for a pole: there is only one boundary
singularity, which is equal to 0. For a zero of order 1 there are 3 possibilities:

e one boundary singularity of order 2,
e two boundary singularities of order 1 and 0,
e three boundary singularities of order 0.

The first case is realizable when the global graph representing the configuration
contains a loop with only one vertex. But in this case we can see that either there
will be an other newborn zero of higher order, or there will be no cylinders in the
configuration. The third case can also be eliminated because boundary components
with exactly three boundary singularities arise only around a vertex of type +3.1
in the graph, and the parities of the boundary singularities in this case are odd.

So the only remaining possibility is the second one. We can reformulate this
discussion by saying that there is only one way to get a cone angle 37: one has
to glue a cone angle m with a cone angle 27w. Looking carefully at all the ways
to have boundary singularities of order 1 or 0 in the local ribbon graphs and the
consequence on the boundary components in the global graph, we reduce the case
to only two possibilities: the boundary singularity of order 0 arises only as cone
angle around points on the boundary of a cylinder, and the one of order 1 arises
either by creating a hole adjacent to a pole in a surface of non trivial holonomy
(i.e. for vertices of type —1.1 and —2.2), or by breaking up a marked point on
a surface of trivial holonomy (i.e. for vertices of type +2.1). Note that the last
surgery creates two points of cone angle 7, so gluing each of them to a cylinder will
create two newborn zeros.

This situation is resumed in the following pictures (Figure 2).

©

FIGURE 2. Newborn zeros of order 1

For a pole, similar considerations give that there is only one way to get a pole
(and not creating zeros of order > 2), by pinching the boundary of a cylinder

(Figure 3).
. ® C

FiGUurE 3. Newborn poles

Note that, since the interior singularities are zeros of order 1 or poles, the only
boundary strata are H(0) and Q(1%, —1%).

These remarks allow us to eliminate most of the configurations, and to keep only
the four possible types of configurations described on Figure 1. O
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The following table details the boundary strata (except H(0)) of a stratum in
genus 2.

Number of poles
0 1 2 3 4 5 6
2! 0 X X (12, —1%)
g1 X X (16, —16)
@} 2 0(18,-1%) Q(1°,-15) (19, —16)

In general, the boundary strata of Q(1%, —1') are those of same genus with at
most | — 1 poles, those of lower genus with at most [/ + 2 poles, and H(0).

Note that, in this list, all values of volumes in genus 0 are known (cf [AEZ1]),
equation (25) gives the values of volumes for the first entries in genus 1 and 2

(hyperelliptic case); and [G] gives the values of the other strata of dimension up to
10 (cf § 4.3).

4.2. Siegel—Veech constants.

Corollary 1. Let d = 2g—2+k+1 = $(3k+1) be the complex dimension of the stra-
tum Q(1%, —1'). The Siegel-Veech constants associated to the four configurations
described in Figure 1 are the following:

(dy — D)!(dy — 1)! Vol Qy (1%1, —111) Vol 9y (1F2, —1!2)
(d—1)! Vol Q (1%, —1%)
where d; = dim¢ Q(1%, —1%) = £(3k; + ;).

1
Carea(cl (kla ll)) = Z

(d—3)! Vol Q; (1F2, —11+2)
(d—1)! Vol Qi (1%, —11)

72 (d — 5)! Vol Qp (1%73, —11+1)
Carea(c3) = -7 & 7
3 (d—1)! VolQ;(1k,—1%)
1(d—3)! Vol Q (1%t —11=1)
Carea(c4) - 3 % I
2(d-1)! Vol Qi(1k —1%)
If (k1) ¢ {(2,2),(4,0)}, and if all the four configurations appear in a stratum
Q(1%, —1Y), then the Siegel-Veech constant for the whole stratum is given by:

Carea (C2) =2

1 Kl 11
Carea(Q(1¥, ~11)) = E —. “Carea(C1(k1,11))
2 Tkl — D)l(ly — 1)1
admissible (k1) Uka!(l = Dl(l2 = 1)
k(k -1 k(k —1)(k — 2 k(-1
+% ' Carea(CQ) + % : Carea(CB) + % * Carea (C4)

For the additional configurations in genera 1 and 2, see § 5.

Proof. The proof is a straightforward application of Theorem 1 for configurations
given in Figure 1. In order to illustrate the theorem, we explain in details what are
the combinatorial data and the possible symmetries for each configuration.
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(1) Configuration 1 (Figure 4):

This configuration happens only for genus ¢ > 1, and for k;,[; satisfy-
ing the constraints (x). The last constraint excludes the stratum Q(1,—1)
which is empty. Figure 4 shows on the left the ribbon graph encoding the
configuration, and on the right a topological picture for this configuration.
There are two boundary surfaces and two newborn singularities of order
1, corresponding to the two connected components of the ribbon, and pro-
duced by gluing a cylinder to a hole made on a pole of a boundary surface.

Q(lklvflll) Q(lkzaflb)

FIGURE 4. Configurations Cy(k1,11) for Q(1%, —1!) in genus g > 1

The configuration is of type a), the cylinder has its waist curve homol-
ogous to zero so by (8), we have M. = 41. With this type of configuration
there is no ambiguity for the twist so M; = 1 (see (11)). There is only one
choice for the ray we make the surgery along, and no local symmetry, so
My =1 (see(17)).

We obtain the following combinatorial data for this configuration:

M, - My
o M =—=4
M,

e g1 = 1,q2 = 0, since the cylinder is thin,

Applying formula (16), with m = 2 (two connected components for the
boundary stratum) we get:

4 (dy —1)!(dz — 1)!' Vol Qq (1%1, —1!1) Vol Q (1%2, —12)
22+1+3 (d —1)!'Vol Q; (1k, —11)

Carea(cl (kla ll)) =4

If (k1,71) # (ka,l2) the number of configurations of this type is (see
§ 3.6) is obtained by applying formula (18) with D}* = D5b = {1}, Di" =
{1k1,—17071} and D"t = {12, 171271}

k! l!
AR
If (k1,01) = (k2,12) = (5 — 1,4 + 1), there is a decorated ribbon graph

symmetry that exchanges the two boundary surfaces and the two connected
components of the ribbon. In this case

k l 1 k! !
N(C1(§*17§+1):§' k N e
(5-1H" (5
Noting that the configuration C(k — k; — 2,1 — 13 +2) is the symmetric of
the configuration C(k1, 1), the contribution of these types of configurations

N(Ci(k1,11))




24 E. GOUJARD

for all admissible (kq,11) is
1 k! il
2 2 kilko! (I — DIy — 1)

admissible (ki,11)

(2) Configuration 2 (Figure 5):
This configuration happens only for genus g > 1 and for number of zeros

| : Carea(cl(kla ll)

k> 2.
1 0
{1]4:727 71l}
Q(1k72,71l+2) 1 0

F1GURE 5. Configuration Cy for Q(lk, —1l) in genus ¢ > 1 and k > 2

Here the waist curve of the (thin) cylinder is non homologous to zero.
We get the following combinatorial data:

o M, =42 M, =1, M,=1

e qn=1¢p=0

o dimc Q(1*72, —1"2) =29+ k+1—4 =d,

We get:
o, 4 (d—3)!Vol Qq(1%72, —1142)

25 (d—1)!Vol Q (1%, —11)
There is here a decorated ribbon graph symmetry that stabilizes the

boundary stratum and exchanges the two connected components of the
ribbon, that is the two newborn singularities. Also we have

1 k!
N - .
(€2) =3 (k —2)!
configurations of this type (see § 3.6).
(3) Configuration 3 (Figure 6):
This configuration happens only for genus g > 1 and for number of zeros
k> 3.

Carea (62) =4

FIGURE 6. Configuration C3 for Q(1%, —1!) in genus g > 1 and k > 3

Note that here the cylinder is thick but its twist is not ambiguous to
define since the newborn zeros on the right are distinct, so My = 1.
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The shortest saddle connections defining the cylinder are the two joining
the two newborn zeros on the right: they are not homologous to zero,
whereas the saddle connection joining the newborn zero to itself on the
left, which is Bomologous to the others, is homologous to zero. With our
choice of convention we get M, = 42 (see (8)).

Note that the boundary stratum 7 (0) presents a local symmetry: the two
possible rays to make the surgery are map one to another by the involution
of the torus, so My = % =1.

Thus the combinatorial data are:

o M =16,

e 1=0,2=1

o dimc Q1573 -1 =29+ k+1—-6=d—4

e VolH,,5(0) = 43L2 (see Lemma 4), and dim¢ H(0) = 2.

Applying formula (16) with m = 2 we get:

1 (d—5)! Vol Q; (1573, —11+1)(2 — 1)1 Vol H, /5(0)
Carea(c3) =16- ¢
26 (dl)'Vol Ql(lk,*ll)

The number of configurations of this type is:

k!
N(G) = 21(ks)!"

o=

FIGURE 7. Configuration C4 for Q(1%, —1%) in genus g > 1 and [ > 2

(4) Configuration 4 (Figure 7):

{1]971, 71l72}

The combinatorial data are:

o M, =4> M, =1, M, =1

® q1 = 03q2 =1

e dimc Q(1* 1, —1"Y) =29+ k+1—-4=d—2
Theorem 1 gives:

1 (d—3)!'Vol Q;(1F~1, —1i-1)

— 42—
Carea(C4) =4 25 (d — 1)'V01 Ql(lka _1l)

There are
k! {!

N(Ca) = (k—1)! 211 —2)!

configurations of this type.

After simplification of the formulas we obtain the results of Corollary 1. (]
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4.3. Example of application. As an application of the previous results, we com-
pute the first steps of the recursion and obtain the exact Siegel-Veech constants
for the first strata, using the values of the volumes computed in [G]. The results
match the approximate values obtained by experiments on Lyapunov exponents,
provided by Charles Fougeron. The following table gather all these data.

Stratum Volume Carea
Q(13,—-13%) 11/60 - 7© ~ 2.134/m>
o(1%, 1% 1/10 - 7° ~ 2.096 /72
Q(1°,-1) 29/840 - 8 | ~ 2.642/7>
Q(1°,—1%) | 163/3042 - 710 | ~2.122/72
Q(15,—-1%) | 337/18144 - w10 | ~ 2.413 /7>
We start with the stratum Q(13, —12). Corollary 1 gives:

Carea( ( )) - BCarea (C2) + 3Carea (CB) + 9Carea (C4)
3 Vol (1, f15) 72 VolQi(—1%) 9 VolQ;(12,—1?)
T 10 Vol Q1 (13,—13) ' 120 Vol Q; (13, —13) ' 40 Vol Q; (13, —13)

Using values

2k+2
Vol 9 (1%, —174) = S (AEZ1)),
7T4
Vol Q; (12, —1%) = 5 (25),
we get:
47 mt

area 1B3,-1¥))= ——
Carea( QU =1%) = 56 VoT 0y (15, =19)
Using the value of the volume given in the table, we obtain

47
12 -1%)) = ——
Carea(Q(1°, 1)) 55 %

which matches the approximated value given the table.
Similarly for the other strata we obtain:

44
Carea(Q(LY, —1)) = 57—
230
Carea(Q(157 _1)) = 87 - 2
2075
Carea(Q(15’ _15)) = m
8131
Carea(Q(16’ _12)) = m

5. FORMULAS FOR HYPERELLIPTIC COMPONENTS

5.1. Volumes of hyperelliptic components. The strata of the moduli spaces of
Abelian differentials have at most three components: in genus g > 4 there are three
connected component when the stratum possess an hyperelliptic component and
a well-defined spin structure (i.e. the zeros are even), there are two components
when the stratum possess either a hyperelliptic component or a well-defined spin



SIEGEL-VEECH CONSTANTS 27

structure, but not both, and one component in all remaining cases (see [KZ]). In
lower genus the strata #H(1,1) and H(2) are hyperelliptic and connected, and the
strata H(2,2) and H(4) have two connected components.

We recall from [G] the formulas for the volumes of hyperelliptic components in
the Abelian case.

Proposition 5. The volumes of hyperelliptic components of strata of Abelian dif-

ferentials with area 1/2 are given by the following formulas:
22 (b —2)!

E+2)! k-1 "

b shup [ (* ? 2k3 (k- 2)M!
(20) VoI™ ™ Ay ((5 - 1> ) =Gl oo

k+1

(19) Vol HY P (k — 1) =

The strata of the moduli spaces of quadratic differentials have one or two con-
nected components: for genus g > 5 there are two components when the stratum
contains a hyperelliptic component (cf [L2]). For genus g < 4 some strata are hy-
perelliptic and connected (cf [L1]): namely Q(1%,—12) and Q(2,—1?) in genus 1,
9Q(1%), 9(2,1?), and Q(2,2) in genus 2.

We recall from [G] the formulas for the volumes of hyperelliptic components in
the quadratic case.

Proposition 6. The volumes of hyperelliptic components of strata of quadratic
differentials are given by the following formulas:

o First type (k1 > —1 odd, ke > —1 odd, (k1,k2) # (—1,-1)):

Ifkl 7& kg.’
2d k! kol
21 V 1numb hyp /{32 k2 _~2 _d
@) or IR k) = ™ e M (g 4 1)
Otherwise:
3. 920+2 (g—1)\?
29 lnumb hyp 1 4y _ 2g+2
( ) Vo Ql ((g )) (29+2)!7T ( g” >
e Second type (k1 > —1 odd, ko > 0 even):
2d kq!! ko!!
23 Vol™ ™ QUVP (k2 2ky + 2) = ——md=l -
(23) ol ™ QT (kY ke +2) = T G e + 1)1
o Third type (k1, ko even):
2d+1 kq!! ka!!
24) Vo™ QIVP(2ky + 2,2k +2) = e — -
(24) oI QU (2 42,2k +2) = o™ e T+ )1

where d = k1 + ko + 4 is the complex dimension of the strata.

Ezample 1. For the five strata that are connected and hyperelliptic we obtain:
4 6

(25)  VolQi(12,-12) = % —30C(4) Vol Qi(14) = 71T—5 — 63¢(6)
2 4
(26) Vol 9;(2,—1%) = 4% =8((2) Vol Q(2,1?) = 21% =12¢(4)
2
(27) Vol Q1(2,2) = T _s¢2)

3
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5.2. Configurations containing cylinders in hyperelliptic components. The
complete list of all configurations of flomologous saddle connexions is described by
C. Boissy in [Bo]. We extract from this list the configurations containing cylinders,
and recall them on Figure 8.

The following proposition precises the boundary of the hyperelliptic components
of strata.

Proposition 7. Let S be a flat surface in a hyperelliptic component of a stratum
of quadratic differentials Q"P (). Les y be a collection of ﬁomologous saddle con-
nexions realizing a configuration C on the previous list (Figure 8). Then the two
possible boundary components S1,S52 € Q()), Q(ah) of S are hyperelliptic.

For every surfaces S1 € Q"P(a}), S2 € Q"P(a}), there is at least one way to
assemble S1 and eventually Ss following configuration C to obtain a hyperelliptic
surface S.

Proof. 1f S € Q"P(a), following Lemma 10.3 of [EMZ], we may assume that the
hyperelliptic involution fixes each boundary component. So it implies that S; and
Sy are also hyperelliptic.

If S; € Q"P(a}) and Sy € Q"P (), we can make the surgeries on the boundary
surfaces in such a way that the new surfaces stay invariant under the hyperelliptic
involution (cf § 14 in [EMZ]). Then we construct an application on S that acts
on each boundary component as the hyperelliptic involution for the corresponding
stratum and on the cylinder either by fixing its boundaries and rotating or by
exchanging its two boundaries depending on the configuration C, in such a way
that the global application is an involution of S. The action of the hyperelliptic
involution on the configurations is detailed in [Bo].

O

Note that the complex dimension of any hyperelliptic component is given by:
dime Q"P (K2, 2ky + 2) = dime Q"P(K?, k3) =
dime QMP(2k1 +2,2ky +2) = ky + ko + 4 =: d.

First recall that the constants for the entire components are known ([EKZ)):

Lemma 5.

up B kl + k2 + 4 L
(28) Carea (@M () = == (2 TSI 2))

for a = (k},k3), a = (k%,2ko +2) or a = (2k1 + 2, 2k2 + 2).

Proof. Tt is a direct consequence of Corollary 3 in [EKZ]. We L~ denote the sum

of the Lyapunov exponents Ay, ..., A, =~ for the hyperelliptic component QP (a).
Recall that by Theorem 1 of [EKZ], we have:
3
h _ —
Carea(Q"F () = ﬁ(lf -I-K)
where

1 1 1 dj(d; +4)
I=- K=_—%Y 17—
4Zdj+2’ 242 dj+2
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Corollary 3 in [EKZ] gives the values of L~ for hyperelliptic components, that we
recall here:

o k1+k2+4 1 h 2 1.2
L = f (k2
4 ( +(/<?1+2)(/<?2+2)> or QR k)
ko 4 ko + 4 1
L= 1*42+ ( /<;1+2> for  QMP(k2, 2% + 2)
kit kA4

L~ I for  QMP(2k; + 2,2ks + 2)

O

For hyperelliptic components we obtain the following variation of formula (16):

Proposition 8. Let C be an admissible configuration for a hyperelliptic component
of a stratum Q(«) (see Figure 8 and Figure 9). If Q(a) # Q(2,—1?) and Q(a) #
Q(2,2), then the corresponding Siegel-Veech constant is given by:

(29) Carea(C) = ML T 2 [T (ai = 1)12% Vol 1" (a) T, (b; — 1)! Vol 91" (5))
amtats (dime Q(a) — 1)! Vol Q"7 (q)
where M = M&_J:L and M., My are given by (8) and (11), and M is given by
Figure 8 and Figure 9.

For the connected strata Q(2,—12) and Q(2,2) the configurations and the corre-
sponding Siegel-Veech constants are given on Figure 9.

Formula (29) is applied to each configuration on Figures 8 and 9: it is easy to see
that in each case the sum on all admissible configurations gives the known constant
(5) for the entire component.

Proof. To compute the constants for each configuration, we use the method de-
scribed in § 2.5, we follow step by step the computations of § 3 and make only a
few adjustments.

First assume that the boundary stratum of Q"¥P(a) is not empty. Then this
boundary is described by Proposition 7 and consists of hyperelliptic components
of the boundary strata of Q(«a), so Vol, Qj(comp,C) is expressed in terms of
[1, Vol Q"7(a). We have to take care of the symmetries induced by the hyperel-
liptic involution, which only change the constant M giving the number of ways to
glue surfaces to cylinders to obtain a configuration.

Consider the configuration C; for the component Q"YP(k? k2). The hyperelliptic
component stabilizes each boundary component H"YP(k; — 1) and acts on it as
the hyperelliptic involution of the component. For each boundary surface there
are 2k; (non-oriented) horizontal rays emerging from the singularity, so only k;
choices for the surgery, since the hyperelliptic involution induces a symmetry of
order 2. So for this configuration My = kiks. For the configuration Ca(k;) the
hyperelliptic involution exchanges the two newborn singularities, so the two holes in
the boundary surface. So to perform the two holes surgery on the boundary surface,
once we have chosen one of the k; horizontal rays emerging from a singularity, we
have to take for the other singularity the geodesic ray which corresponds to the
the first under the action of the hyperelliptic involution on the boundary surface.
So My = k; (instead of k? for the configuration in the general case). For the
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Configurations with cylinders | M, | Carea(C) | N(C)
QMP (kT k3), k1, ko odd, ky > ko > 1
0 0 -
c ~ K kv ke kot t4 1
! 2 4k + 2) (kg + 2)72
) 0
) ki + k 4)(k; +1
Co(ks) k; 0 > ke (k1 + ka2 +4)( +2 )|
(kl + kQ + 2)27’(
thp(k:f, 2ko +2), k1 odd and kg even, k1 > 1,ko > 2
U 7
C G b | | sy |
1 "2 (ke + 2) (kg + 2)4n2
- N~ ) k k 4)(k 1
(kl + kQ + 2)27’(
) k k 4)(k 1
Cs e> kr (1+2+)(1+2) 1
(kl + kQ + 2)27’(
QNP (2ky + 2,2ky + 2), ki, kg even, ky > 2, kg > 2
k k 4
e ko 1+ Ko+ ! 1
(k1 + 2) (ko + 2)47
ki+k 4)(k; +1
Calk:) k; (k1 2 +4)( +2 ) 1
(kl + kQ + 2)27’(

Ficure 8. Configurations containing cylinders for hyperelliptic
components of strata of quadratic differentials

other cases, the result is similar to these two first cases, so we do not repeat the
arguments.

If the boundary stratum is empty, that is, the configuration is made only by
cylinders, which happens only for the connected strata Q(2, —12) and Q(2,2), we
apply formula (15) of § 3.3.4.

O
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Configurations with cylinders | M, | Carea(C) | N(C)
Configurations for Q™7 (k2, —12), with k; > 1: C7 and Cy(k;)
0
ki+3
ciles ky | ————— | 1
! " 4k + 2)m?
2: CY9" and Cy
0~
Ol » g
Cldegl 0 J E kl 1
Configurations for QM (k2,2) with k; > 1: CY°% and Cs
0
0
Cd692 0 kl 5(l€1 + 4) 1
! 8(k1 + 2)72
Configuration for Q(2, —1?)
QC:
0 { 2
C = ] 2 1
Configurations for QM (2k, + 2,2) with ky > 2: €7 and Ca (k1)
/ 5(ky + 4)
Cldeg kl 71 1
8(k1 + 2)77'2
EFP | |

Ficure 9. Configurations containing cylinders for hyperelliptic
components of strata of quadratic differentials in some particular

cases

6. EXAMPLES OF APPLICATION FOR STRATA OF SMALL DIMENSION

In this section we illustrate Theorem 1 for strata of small dimension.

6.1. Volumes. The following table gather data on Siegel-Veech constants and vol-
umes for strata of dimension 4 to 6: the lower dimension strata are Q(—1%) which

corresponds to genus 0 and Q(2, —1?) which is hyperelliptic.
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The exact values of Siegel-Veech constants are given for the non-varying and
the hyperelliptic components of strata. In [CM] Chen and Moller define a stratum
to be non varying when the sum of the Lyapunov exponents for any Teichmiiller
curve inside the stratum is equal to the sum of Lyapunov exponents for the entire
stratum. For strata possessing this property they give the value of the sum of
exponents, so the value of the Siegel-Veech constant is obtained by applying the
result of Eskin-Kontsevich—Zorich ([EKZ]).

The approximated values of Siegel-Veech constants are computed using experi-
mental value for the sum of the exponents provided by Anton Zorich.

The exact values of the volumes are extracted from [G], the approximated ones
come from [DGZZ].

| Stratum | Volume | Carea | | Stratum | Volume | Carea |
Dimension 4 Dimension 6
genus 1 genus 1
Q(12,-1?) /3 7/37? Q(13,-1%) 117°/60 | ~2.137/x°
Q(3,-13) 571 /9 9/5m? Q(3,1,—1%) 7®/3 59/307?
genus 2 Q(22,—-1%) | 1367°%/45 | ~ 1.985/7>
Q(2?) 472 /3 9/4rm? 9(5,—1%) 775 /10 27 /147
Q(5,—1) 2874 /135 | 15/7n> genus 2
Q1% 7®/15 19/67
Dimension 5 9Q(3,12,-1) 7®/9 79/3072
genus 1 Q(2%,1,-1) 47 /5 29/127?
Q(2,1,—1%) 74 49/247% || Q(5,1,—1?) 77/30 97/427
o4, 1% 2t 11/67> Q(4,2,-1?) 2871 /15 53/24m>
genus 2 Qhwr(32.-12) | 75/30 33/1072
9Q(2,1?) 2rt/15 | 65/2472 || Qmon(3%,—17) | 227°%/135 21/107
Q(4,1,—-1) | 8rxt/15 | 5/2x? Q(7,-1%) 277%/50 37/18x?
Q(3,2,-1) 107%/27 | 87/40x2 genus 3
Qhvr(6,—12) | 8r*/45 | 45/167> Q(7,1) 187%/175 49/187
Qnen(6,—1%) | 3271/27 | 33/167 QMr(6,2) 1671/135 | 27/167>
genus 3 Qnen(e,2) 8874/135 | 39/1672
Q(8) | 10x/27 | 12/57° Q(5,3) 147%/243 | 171/70x7>
Q(4?) 47 /5 8/3m?
Qr9(9,—-1) | ~0.297° | 51/227°
Qr(9,—1) | ~0.0647° [ 63/22n72

We illustrate the main result of this paper on these small dimensional strata. In
the case of non-varying strata, we find the known values for the entire strata, in
the other cases, we obtain new exact values of Siegel-Veech constants. Note that
this procedure can be reversed to obtain volumes from Siegel-Veech constants.

6.2. Dimension 4. The only two strata of dimension 4 of genus at least 1 that are
not hyperelliptic are Q(3, —13) and Q(5, —1), and they are non-varying. For both of
these strata we detail all configurations with cylinders and give the corresponding
Siegel-Veech constants. We use the values of volumes given above to check the
coherence of the formulas for these examples.
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6.2.1. Q(3,—1%). The configurations are detailed on Figure 10. For each of these
configurations we give the combinatorial constant M, the corresponding Siegel—
Veech constant given by Theorem 1, and the number of configurations for each

type.
Configurations M Carea | N(C)
0
{-1%} 0
0 >
Q(_14) 2.1/1 27 !
N SN
2
T
42.1/1
/ 9 Vol 3

F1cURrE 10. Configurations containing cylinders for Q(3, —13) and

associated Siegel-Veech constants

Summing on all configurations we obtain:

7T2

Carea(Q(?’; _13)) =

5 4
Using the value of the volume Vol Q;(3, —13) = T

value of the Siegel-Veech constant for the stratum.

9

Vol Q;(3,—13)

6.2.2. Q(5,—1). The only one configuration is given in Figure 11.

(§ 6.1) we get the known

Configuration M Carea | N(C)
S
472
4%.1/1 1
/ 9 Vol

FIcurg 11. Configuration containing cylinders for Q(5,—1) and

associated Siegel-Veech constant

4

Using the value of the volume Vol Q;(5,—1) = T35

the known value for the entire stratum.

given in § 6.1, we obtain
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6.3. Dimension 5. There are 7 strata of dimension 5 and genus at least 1. Ex-
cept for the stratum Q(2,12) which is hyperelliptic and connected, we detail the
configurations for all strata of dimension 5. They are all non-varying.

6.3.1. Q(2,1,—13). All configurations with cylinders for this stratum are given on
Figure 12.

FIGURE 12. Configurations containing cylinders for Q(2,1,—13)

E. GOUJARD

Configurations M | carea | N(C)
2 0
{-1°}
o(-1%,0)! ! wl 2|
3 Vol
{-13} ©
52
14
(-1 04| Savar | !
{2571}
2
™
12
Q2,1 0] wvar | ®
(0,0 16 ﬂQ 3
(0,0) 9 Vol

and associated Siegel-Veech constants

Summing on all configurations we obtain:

Carea(Q(Qa 17 _13))

B 4972
©24Vol Q;(2,1,—13)

which is coherent with the values given in § 6.1.

6.3.2. Q(4,—1%). All configurations with cylinders for this stratum are given on

Figure 13.

Summing on all configurations we obtain:

Carea(Q(4, —1%))

B 1172
~ 3Vol Q; (4, —14)
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Configurations M | carea | N(C)
0
(14 1
e 0 32 sl
3 Vol
0
{-1%3 0
o) | 27 |
3 Vol
32| 27 |
9 Vol
61| 7| 3
9 Vol

FIGURE 13. Configurations containing cylinders for Q(4, —1*) and

associated Siegel-Veech constants

which is coherent with § 6.1.

35

6.3.3. Q(4,1,—1). All configurations with cylinders for this stratum are given in

Figure 14.
Summing on all configurations we obtain:

Carea(Q(4; 17 71))

472

which is coherent with § 6.1.

T 3Vol0i(4,1,-1)

6.3.4. Q(3,2,—1). All configurations with cylinders for this stratum are given in

Figure 15.
Summing on all configurations we obtain:

2972

Ca7'ea(Q(37 2; _1))

which is coherent with § 6.1.

T 36Vol01(3,2, 1)
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Configurations M | carea | N(C)
4 0
{-1}

1 0 ,
Q(2,-1?%) 64 il 1

’ 9 Vol
T R

9 Vol

FIGURE 14. Configurations containing cylinders for Q(4,1,—1)
and associated Siegel-Veech constants

Configurations M| carea | N(C)
0 0
{27 _1}

1 0 )
Q(2,-12,0) 16| 28 1

’ ’ 9 Vol
(0 2| 7|

( ) 36 Vol
#(0,0 6| 2|

(0,0) 9 Vol

F1cure 15. Configurations containing cylinders for Q(3,2,—1)
and associated Siegel-Veech constants

6.3.5. Q°"(6,—12). This stratum has two connected components, one hyperellip-
tic, the other not. Since we have already studied the hyperelliptic component case
in § 5, we consider only the remaining component. Admissible configurations for
this components are obtained by taking off the hyperelliptic configurations from
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the list of all configurations for the stratum. We obtain the list presented in Figure

16.

Configurations M | carea
0
) 0l
—1?%) v 0 872
4
6 9 Vol
0
12} 1
2 712) 64 872
9 Vol
61| 2T
18 Vol
16| =
9 Vol
64 572
18 Vol

FIGURE 16. Configurations containing cylinders for Q™" (6, —

and associated Siegel-Veech constants

Summing on all configurations we obtain:

as expected.

non 2
Carea(Q (6’ -1 )) - 9 Vol inn(& *12)7

2272

6.3.6. Q(8). This stratum is non-varying, and its configurations (Figure 17) present

extra-symmetries.
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Configuration M | carea | N(C)
64 472 1
9Vol | 2
1
0
0
#(0,0) " s | 27|
(0,0) 9 Vol
6| 2
9 Vol

FIGURE 17. Configurations containing cylinders for Q(8) and as-
sociated Siegel-Veech constants

Summing on all configurations we obtain:

Carea(Q(S)) i ——

as expected.

Note that the first configuration possess a decorated ribbon graph symmetry
that intertwines the two cylinders and stabilizes the boundary surface and the new
born zero. That explains the factor 1/2 for N(C) (cf § 3.6).

6.4. Dimension 6. Here we treat only the varying strata, to obtain new values of
Siegel-Veech constants. For the other strata, one can check that the computations
are coherent using the values given in § 6.1. The only varying strata in dimension 6
are Q(13, —1%) and Q(22, —1%). Since the first one is principal and studied in § 4.3,
we detail configurations only for the second one.

6.4.1. Q(22,—1*). The configurations for this stratum are presented on Figure 18.

Summing on all configurations we obtain

2 135

22 —1%) = =
Carea(Q( ) )) 6V01 Q1(227 714) 68 - w2’

which corresponds with the approximate value coming from the Lyapunov expo-
nents.
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Configurations M | carea | N(C)
2 0
{-1"}
0
Q(—14,0%F 1672
64 1
5 Vol

4 2

6 3 Vol

2| 27| 1
15 Vol

60| 27| 6
15 Val

Ficure 18. Configurations containing cylinders for Q(22, —1%)
and associated Siegel-Veech constants

APPENDIX A. GEOMETRY OF CONFIGURATIONS CONTAINING CYLINDERS

This section develops the quadratic version of some geometric results on config-
urations, proven in the Abelian case in [BG].

A.1. Variants of Siegel-Veech constants. The result (3) of Theorem 1 can be
Carea (C)
Ceyt(C)
configuration C. It does not depend on the configuration, but only on the dimension
of the stratum. Summing on all configurations in a stratum we get a result of
Vorobets (Theorem 1.6 in [Vo)).

We introduce variants of Siegel-Veech constants whose ratios admit a geometric
interpretation. Some of them were introduced by Vorobets.

We define N4, >,(S,C, L) (resp. Na>,(S,C, L)) that counts configurations C on
S only if the area of a fixed cylinder (resp. all cylinders) fill at least proportion p
of the area of the entire surface. As before we denote

e.(C) = lim N.(S,C,L) - (Area of S)

L—o0 7TL2

interpreted as follows: the ratio represents the mean area of a cylinder in
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the associated Siegel-Veech constants.

We give the analogue of Theorems 4 and 5 of [BG]. Proofs are very similar to
the Abelian case so we keep them short.

We introduce the incomplete Beta function

B(x;n,q) = / w1 —w)?T du
0

and the Beta function B(n,q) = B(1;n,q). It is a standard fact that

n+q—1 n+q7 1 k n+q717k
k=n

Theorem 2. Let C be an admissible configuration for a connected stratum Q(«) of
quadratic differentials. Let q denote the total number of cylinders. Assume that the
boundary stratum Q(a') is non empty, and ¢ > 1. Then the ratios of Siegel-Veech
constants associated to C are the following:

CA>;D(C) _ B(l —p;ns,q)
o c(C) B B(ns,q)
(31) CA%(?)(C) = (1- p)dimC O(a)—2

The first ratio can be interpreted as the probability for the cylinders to fill a
large part of the area of the surface, and the second ratio the probability for a
distinguished cylinder to fill a large part of the area of the surface. Note that the
first ratio depends on the number of cylinders ¢ in the configuration, as the second
ratio depends only of the dimension of the stratum.

Proof. We begin with the proof of (30). We follow step by step the computations of
§ 3.3.2. The value of Cusp(e) does not change. The only adjustment to made is that
the area of the surface rp7T which we glue to rgS’ has to satisfy r2. > p(r2. + r%),

which is equivalent to rr > | /7¥=rs. So (12) becomes

A>p M, me?

S
v P(Qe,rs)) = M29(q — 1) / 2q Y(rd + r2)dryp.
VSrs

and using the constraint r% + r2 < 1 we obtain the following bound on rg: rg <

V1 —p, so (13) becomes

M 1 / 2 Vi-p S
HPCQH(0)) = T e BT [T g / T 0+ s

P
Using an appropriate change of variables as the Abelian case, we recognize
_ B —pins,q)
P 4ng +q+1)
where B(1 — p;ng, q) is the incomplete Beta function. Comparing the result to (1)
we get (30).
Now we compute ca,>,(C): we have the same constraints as before, plus the
additional constraint that the first cylinder fills at least part p of the area of the
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surface. This affects the calculus of Cusp. Note that a cylinder in S € O («) fills
2 2
at least part p of the surface if it fills at least part a = p- l?j# in the space of the
T

cylinders 77. So we have to replace Cusp(e) by

CUSpA1>a(E) — 2((] + 1)1/;31>p(0(7-1€))
M. 3 w 1
=2 1)—=< atlq / — < h' < —>3x{h1 >ah/}dh;...dR..
(a+ )Mtﬂ-/o v v Rix 2e2 = T 2w xthy = ahkdhy a

Using the change of variables b} = hy — ah we get:
Cusp™>(e) = Cusp(e) - (1 —a)? "

Note that if we choose another cylinder, the computations are exactly the same,
even if it is a thick cylinder. Finally (13) becomes

M Vol(Q1())me?
A1>p € -
1-p V1-r% 2 2
. / r%"sﬂ r;q_l(r% +72) (1 —p- Is —ZTT) drdrg
0 ,/%7‘5 TT
I
and we get
1— p)ns-i-q—l

P DA T

= Al vgr D) D)
Comparing the result to (1) we get (31). O

A.2. Maximal number of cylinders. Configurations of quadratic differentials in
genus 0 are detailed in [AEZ1]. They contain at most one cylinder. The following
proposition gives the maximal number of cylinders in a configuration in higher
genus.

Proposition 9. Consider a stratum Q(«) in genus g > 1, with o = (413, ..., 4y, 4k1+
2, ..., 4k, 4+ 2,b1,.. ., by, —1%) and I; > 0, k; > 0, b; odd. First assume that

P

2n + Zbi —k+4 >0, then the mazimal number of i;omologous cylinders satisfies:
i=1

n

2J+m+5a,

Amazx (Oé) = L

where e, € {0,1,2}.
Without this assumption, the mazimal number of homologous cylinders is given
by:
card J

Gmaz(a) = max{card I + s T c{l,...,m},J C{1,...n},card J even,

p
AN L +4Y ki +2n+ ) bp+4—k>0}+e,
iel jeJ k=1

To prove this proposition we will need the following lemma:
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Lemma 6. Odd zeros are created by surfaces of non trivial holonomy & or by loops
in the graphs of configurations. At most four newborn odd zeros can be created in
a configuration.

Proof. Since the zeros on which we perform surgeries on surfaces of non trivial
holonomy © are of any order (even or odd), it is easy to see that we can obtain any
parity order for newborns zeros created by surfaces ©.

This is not the case of surfaces @. In fact, a newborn zero represented in the
graph by a boundary of a ribbon graph which frames a chain of surfaces @ (as
in the picture below) surrounded by surfaces @ or cylinders has always an even
order. This is due to the fact that we perform surgeries such as creating a hole
on surfaces of trivial holonomy, so on singularities of cone angle 2kw. If we glue
all these surfaces identifying all boundary singularities, then the new cone angle is
also multiple of 27, so the newborn zero is of even order. Boundary types involved
in these chains are 02.2, +2.1, +2.2, +3.2a, +3.2b, +3.3, +4.2a, +4.3a, +4.4.

Then we just have to look at the remaining cases, namely, graphs containing
surfaces of boundary type 03.2 04.2, +3.1, +4.1a, +4.1b, +4.2b, +4.2¢, +4.3b.
Then one can see case by case that if the ribbon graph is locally as on the picture
above, one or two odd zeros are created (one can replace the surface @ by a cylinder

o).

As an example, Figure 3 represents how poles are created by loops in the graph
of the configuration. O

Proof of Proposition 9. This result is a corollary of the classification of configu-
rations of homologous cylinders by Masur and Zorich (Figure 3 in [MZ]). Each
configuration is represented by a graph with one, two or three chains of surfaces &
(with trivial linear holonomy) and cylinders o (see also § 2.3 for more details about
these graphs). Then there are some remarks:

e A surface @ of type +2.1 (cf Figure 6 in [MZ]) in a chain is surrounded
by at most two cylinders. In that case if there is no interior singularity it
creates a newborn zero of order 4g = k1 + ka + 2, where ¢ is the genus of
the boundary strata H (’“"’7]2“2_2) (k1 and ko are odd).

k
&10):@1:1—00 &ﬂ.
k.
2 (7’“*22_2) n‘
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e A surface @ of type +2.2 in a chain is surrounded by at most two cylinders
and in that case if there is no interior singularity it creates two newborn
zeros of order ki and ko (even) with ki + ko = 4g where g is the genus of

the boundary strata H (%, %)

0_ki_ k2 g e

oo
RN

M52 ) ’

e By Lemma 6, at most 4 zeros of odd order can be realized as newborn zeros
(created by loops in the graph of the configuration or by surfaces &), the
others are necessarily interior singularities (of surfaces ©).

e Realizing zeros as newborn zeros instead of interior singularities increases
the number of cylinders.

First we assume that 2n + Zle b; —k+4 > 0. One procedure to construct
the configuration containing the most cylinders is the following: we consider all
zeros of order 4/ and realize them as newborn zeros with a surface of type +2.1 as
described above. Then we consider the other even zeros and realize them by pairs
as newborn zeros with surfaces of type +2.2 as described above. At this stage we
obtain a chain of m + [ %] surfaces with a cylinder between each surface ©. We
consider the remaining zeros (at most one even zero and all the odd zeros). If there
are at least 5 odd zeros, we have to choose graph a), b) or ¢) following notations of
Figure 6 in [MZ] to complete your configuration. If not, we can choose graph c), d)
or ¢). In all cases we will get at most 2 additional cylinders, by looking carefully at
all possible configurations depending on the number of odd/even zeros and poles.
In the general case, we have to choose carefully the even zeros that we realize as
newborn zeros. Indeed all remaining zeros should be produced by another surface
of non-negative genus in a boundary strata. This condition implies that we can
choose to realize zeros of orders 4l; or pairs of zeros 4k;, +2, 4k;, +2 with 7 € I and
Ji.g2 € J while 437, i +4 .y kj +2n+ > _ bk +4—k>0. This explains
the general formula for the maximal number of cylinders. (]

We are interested in the asymptotic geometry of configurations, in particu-
lar when the genus or the number of zeros tends to infinity, so we will consider
Gmaz (@) = Gmaz (@) — €4 instead of gqq (), to simplify the computations.

As a corollary of Proposition 9 we obtain that the strata maximizing the number
of cylinders at genus fixed are the ones with the most even zeros:

Corollary 2. Fiz the genus g > 1 and the number of poles k. Denote I1(4dg — 4+ k)
the set of partitions o of 49 — 4+ k, and | = L%J Then:
aX  Gmaz(@U{-1"})=g+1-1
nerax, (aU{-1"}) =g

and the maximum is realized for oo € TIk' UTly 2(4g — 4 +41), where k = 41+ k' and
I42(4g — 4 + 41) denotes the set of partitions of 4g — 4 + 4l using only 4 and 2.

Recall that the mean area of a cylinder is given by (cf Theorem

dim¢ Q(a) — 1
dmazx (Oé)
dimc(Q(a)) — 1

stratum Q(«). As another corollary of Proposition 9, we obtain Proposition 2.

1), so represents the maximum mean total area of the cylinders in
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A.3. Configurations with simple surfaces. This section provides an answer in
the quadratic case to the following question of Alex Eskin and Alex Wright: for
a given stratum or a connected component of a stratum is it possible to find an
admissible configuration whose boundary surfaces are only tori ?

Lemma 6 gives the main obstruction to solve this problem in the quadratic case:
odd zeros are created by surfaces of non trivial holonomy & or by loops in graphs
of configurations, and there are at most two surfaces of non trivial holonomy or
two loops in a configuration. That means that a strata with enough odd zeros will
never have a configuration with only tori as boundary surfaces.

The second obstruction is that, as in the case of Abelian differentials, there is
no way to have a decomposition into simple surfaces in hyperelliptic components
of strata, since they are made from at most two surfaces and cylinders (cf [Bo] and
§5).

Considering these two obstructions (odd zeros and hyperelliptic components),

we can formulate the following result, which is very similar to the case of Abelian
differentials (cf [BG]).

Proposition 10. Let Q“™P(ayq,...,as) be a connected component of a stratum of
quadratic differentials, which is not hyperelliptic. If all the «; are even then there
exists a configuration in this component containing only tori and cylinders.

Proof. Denote n the number of zeros of order 4k + 2 and m the number of zeros of
order 4k. As in the case of Abelian differentials, we just look at what type of zeros
can be created by chains of tori and cylinders. We obtain the same type of zeros
as in the case of Abelian differentials.

For the first type represented in the picture above, the cone angle around the
singularity is also 2(2k + 1)7 so we obtain a zero of order 4k.

ol 1 L @ Q
11"_1 Jé

zeros of the second type represented are of order 4k + 2 since the cone angle is
(4k + 4)m.

N

ot 1 1 5 @
H—CI)—(?(?—F@E Jé

Finally zeros of the third type are of order 4k + 4.

9 o 1 1 1 5 o @, N
EL@#—(?—(?--—{?—F@E Jg

With these chains we can easily construct a bigger chain that realizes all zeros.
It remains to embed this chain in a graph of configuration. We can see that if there
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is at least two zeros of order greater than 4, or if there is at least one zero of order
greater than 8, then we can embed this chain in the graph e) with local ribbon
graph of type +4.2a.
Since Q(4) is empty, it remains only strata Q(2,2,...,2), which is realizable
with a graph of type e) and a local ribbon graph of type 04.2, by example.
O
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