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❚❤❡ ♠❡❛s✉r❡ ν ❛♣♣❡❛rs ✐♥ ❛ ♥❛t✉r❛• ✇❛② ✇❤❡♥ ♣r♦❜•❡♠s r❡•❛t❡❞ t♦ t❤❡ ♣r♦❝❡ss X x n ♦r t♦ r❛♥❞♦♠ ✇❛•❦s ♦♥ t❤❡ ❣r♦✉♣ G ✐♥ t❤❡ ❝r✐t✐❝❛• ❝❛s❡ ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳ ▲❡t ✉s ♠❡♥t✐♦♥ t✇♦ ❡①❛♠♣•❡s✳ ▲❡ P❛❣❡ ❛♥❞ P❡✐❣♥é ❬✶✼( ♣r♦✈❡❞ t❤❡ •♦❝❛• •✐♠✐t t❤❡♦r❡♠ ❢♦r X x n ✱ s❛②✐♥❣ t❤❛t ✉♥❞❡r s♦♠❡ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥s✱ √ nE[f (X x n )] ❝♦♥✈❡r❣❡s t♦ ν(f ) ❢♦r ❛♥② ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥ f ✳ ❊•✐❡ ❬✶✵( ❞❡s❝r✐❜❡❞ t❤❡ ▼❛rt✐♥ ❜♦✉♥❞❛r② ❢♦r t❤❡ •❡❢t r❛♥❞♦♠ ✇❛•❦ ♦♥ t❤❡ ❛✣♥❡ ❣r♦✉♣ ✇✐t❤ t❤❡ ♠❡❛s✉r❡ ν ♣•❛②✐♥❣ t❤❡ ❝❡♥tr❛• r♦•❡✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥❛t✉r❛• t♦ ❛s❦ ❛❜♦✉t ❛ q✉❛♥t✐✜❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡ ν ❛♥❞ t❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✳ ❖✉r ♠❛✐♥ r❡s✉•t ✐s ❛♥ ❛♥❛•♦❣✉❡ ♦❢ ❑❡st❡♥✬s t❤❡♦r❡♠ ✐♥ t❤❡ ❝r✐t✐❝❛• ❝❛s❡ ❚❤❡♦r❡♠ ✶✳✸✳ ❆ss✉♠❡ t❤❛t ❤②♣♦t❤❡s❡s ✭❍✮✱ ▼✭δ✮ ❛r❡ s❛t✐s✜❡❞ ❛♥❞ t❤❡ •❛✇ µ A ♦❢ A 1 ✐s ❛♣❡r✐♦❞✐❝✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ Σ ♦♥ t❤❡ ✉♥✐t ❜❛•• S d-1 ⊂ R d ❛♥❞ ❛ str✐❝t•② ♣♦s✐t✐✈❡ ♥✉♠❜❡r C + s✉❝❤ t❤❛t t❤❡ ♠❡❛s✉r❡s δ (0,z -1 ) * G ν ❝♦♥✈❡r❣❡ ✇❡❛❦•② ♦♥ R d \ {0} t♦ C + Σ ⊗ da a ❛s z → +∞✱ t❤❛t ✐s lim z→+∞ R d φ(z -1 u)ν(du) = C + R + S d-1 φ(aw)Σ(dw) da a ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ φ ∈ C c (R d \ {0})✳ ■♥ ♣❛rt✐❝✉•❛r✱ ❢♦r ❡✈❡r② α < β ✭✶✳✹✮ lim z→∞ ν u : αz < |u| < βz = C + log β α . ❚❤❡ ✜rst ❡st✐♠❛t❡ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❡❛s✉r❡ ν ❛t ✐♥✜♥✐t② ✇❛s ❣✐✈❡♥ ❜② ❇❛❜✐••♦t✱ ❇♦✉❣❡r♦• ❛♥❞ ❊•✐❡ ❬✶(✱ ✇❤♦ ♣r♦✈❡❞✱ ❢♦r d = 1 ❛♥❞ ✉♥❞❡r s♦♠❡ ♥♦♥❞❡❣❡♥❡r❛❝② ❤②♣♦t❤❡s❡s✱ t❤❛t ❢♦r ❡✈❡r② α < β ν (αz, βz] ∼ log(β/α) • L(z) ❛s z → +∞, ✇❤❡r❡ L ✐s ❛ s•♦✇•② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥✳
❚❤❡ s❡❝♦♥❞ ❛✉t❤♦r r❡❝❡♥t•② ♣r♦✈❡❞ ❬✹( t❤❛t t❤❡ ❢✉♥❝t✐♦♥ L(z) ✐s ✐♥ ❢❛❝t ❝♦♥st❛♥t✱ ❜✉t ✐♥ ❛ ♠♦r❡ r❡str✐❝t✐✈❡ s❡tt✐♥❣✿ ❜❡s✐❞❡s t❤❡ ❤②♣♦t❤❡s❡s st❛t❡❞ ❛❜♦✈❡✱ ♦♥❡ ❛ss✉♠❡s ✐♥ ❬✹( t❤❛t d = 1✱ t❤❡ ❝•♦s❡❞ s❡♠✐❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s✉♣♣♦rt ♦❢ µ ✐s t❤❡ ✇❤♦

•❡ ❣r♦✉♣ G ❛♥❞ t❤❡ ♠❡❛s✉r❡ µ A ✐s s♣r❡❛❞✲♦✉t✳ ▼♦r❡♦✈❡r ♥♦♥❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ •✐♠✐t✐♥❣ ❝♦♥st❛♥t C + ✇❛s ♣r♦✈❡❞ t❤❡r❡ ♦♥•② ✐♥ t❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ✇❤❡♥ B 1 ≥ ε ❛✳s✳ ❲❤❡♥ t❤❡ ♠❡❛s✉r❡ µ ✐s r❡•❛t❡❞ t♦ ❛ ❞✐✛❡r❡♥t✐❛• ♦♣❡r❛t♦r✱ str♦♥❣❡r r❡s✉•ts ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ r❡❝❡♥t•② ✐♥ ❬✽✱ ✻(✳ ◆❛♠❡•②✱ •❡t {µ t } ❜❡ t❤❡ ♦♥❡ ♣❛r❛♠❡t❡r s❡♠✐❣r♦✉♣ ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s✱ ✇❤♦s❡ ✐♥✜♥✐t❡s✐♠❛• ❣❡♥❡r❛t♦r ✐s ❛ s❡❝♦♥❞ ♦r❞❡r ❡••✐♣t✐❝ ❞✐✛❡r❡♥t✐❛• ♦♣❡r❛t♦r ♦♥ R d × R + ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ |❛❞♦♥ ♠❡❛s✉r❡ ν t❤❛t ✐s µ t ✲✐♥✈❛r✐❛♥t✱ ❢♦r ❛♥② t✳ ▼♦r❡♦✈❡r✱ ν ❤❛s ❛ s♠♦♦t❤ ❞❡♥s✐t② m s✉❝❤ t❤❛t m(zu) ∼ C(u)z -d ❛s z → +∞, ❢♦r s♦♠❡ ❝♦♥t✐♥✉♦✉s ♥♦♥③❡r♦ ❢✉♥❝t✐♦♥ C ♦♥ R d \ {0}✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❛•s♦ ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❡❛s✉r❡ ν ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♠❡❛s✉r❡ µ A ✐s ♣❡r✐♦❞✐❝✳ ❚❤✐s s✐t✉❛t✐♦♥ ❤❛s ❜❡❡♥ q✉✐t❡ ♥❡❣•❡❝t❡❞ ✉♣ t♦ ♥♦✇✱ ❛•s♦ ✐♥ t❤❡ ❝♦♥tr❛❝t✐♥❣ ❝❛s❡✳ ❊✈❡♥ ✐❢ ✇❡ ❝❛♥♥♦t ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡ ν ❛t ✐♥✜♥✐t②✱ ✇❡ st✐•• ❤❛✈❡ ❛ ❣♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ♦❢ t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ❜❛•• ♦❢ r❛❞✐✉s z ❚❤❡♦r❡♠ ✶✳✺✳ ❙✉♣♣♦s❡ t❤❛t ❤②♣♦t❤❡s❡s ✭❍✮ ❛♥❞ ▼✭δ✮ ❛r❡ s❛t✐s✜❡❞✳ ■❢ t❤❡ ♠❡❛s✉r❡ µ A ✐s ♣❡r✐♦❞✐❝ ♦❢ ♣❡r✐♦❞ p✱ ✐✳❡✳ < suppµ A >= {e np } n∈Z ✱ t❤❡♥ t❤❡ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s δ (0,z -1 ) * G ν ✐s ✇❡❛❦•② ❝♦♠♣❛❝t ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C + s✉❝❤ t❤❛t lim z→∞ R d φ(z -1 u)ν(du) = C + k∈Z φ(e pk ) ❢♦r ❛♥② ❢✉♥❝t✐♦♥ φ ❜❡•♦♥❣✐♥❣ t♦ T ✱ t❤❡ s✉❜s❡t ♦❢ C C (R d \ {0}) ❝♦♥s✐st✐♥❣ ♦❢ r❛❞✐❛• ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t k∈Z φ(ae pk ) = k∈Z φ(e pk ) ❢♦r ❛•• a ∈ R + ✳ ■♥ ♣❛rt✐❝✉•❛r ν(u : |u| ≤ z) ∼ C + p log z ❛s z → +∞. ❚❤❡ ❝❛s❡ ✇❤❡♥ B 1 ✐s ♣♦s✐t✐✈❡ ✐s ❛•s♦ ♦❢ ❛ ♣❛rt✐❝✉•❛r ✐♥t❡r❡st ✐♥ ❛♣♣•✐❝❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛••② ❛••♦✇s t♦ ✉s❡ ♠♦r❡ ♣♦✇❡r❢✉• t❡❝❤♥✐q✉❡s✳ ■t ✇✐•• ❜❡ t❤❡ s✉❜•❡❝t ♦❢ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✱ ✇❤❡r❡ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♠♦♠❡♥t ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✶✳✸ ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ❚❤❡♦r❡♠s ✶✳✸ ❛♥❞ ✶✳✺ ❤❛✈❡ ❜❡❡♥ ❛♣♣•✐❡❞ r❡❝❡♥t•② t♦ st✉❞② t❛✐•s ♦❢ ✜①❡❞ ♣♦✐♥ts ♦❢ t❤❡ s♦ ❝❛••❡❞ s♠♦♦t❤✐♥❣ tr❛♥s❢♦r♠ ✐♥ ❛ ❜♦✉♥❞❛r② ❝❛s❡✳ ❍♦✇❡✈❡r ✐♥ t❤✐s ❝♦♥t❡①t ✬❜♦✉♥❞❛r② ❝❛s❡✬ ❝♦♥❝❡r♥s ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ❤❛✈✐♥❣ ✐♥✜♥✐t❡ ♠❡❛♥✳ ❙❡❡ ❬✺( ❢♦r ♠♦r❡ ❞❡t❛✐•s✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❡ ❢♦••♦✇✐♥❣✳ ❋✐rst ✇❡ ❡st✐♠❛t❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ν ❛t ✐♥✜♥✐t② ✐♥ ❙❡❝t✐♦♥ ✷ ✉♥❞❡r t❤❡ ✈❡r② ♠✐•❞ ❤②♣♦t❤❡s✐s ✭❍✮✳ ■♥ ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ s❤♦✇ t❤❛t δ (0,z -1 ) * G ν(K) ✐s s♠❛••❡r t❤❛♥ C K L(z)✱ ❢♦r ❛•• ❝♦♠♣❛❝t s❡ts K ❛♥❞ ❛ s•♦✇•② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ L✱ ✐✳❡✳ t❤❡ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s δ (0,z -1 ) * G ν/L(z) ✐s ✇❡❛❦•② ❝♦♠♣❛❝t✳ ❲❡ ❛•s♦ ♣r♦✈❡ t❤❛t R d (1 + |u|) -γ ν(du) < ∞ ❢♦r ❛♥② γ > 0 ❛♥❞ ✇❡ ♦❜t❛✐♥ s♦♠❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥ts ♦❢ δ (0,z -1 ) * G ν/L(z)✳ ◆❡①t✱ ❛s ✐♥ ❬✹(✱ ✇❡ r❡❞✉❝❡ t❤❡ ♣r♦❜•❡♠ t♦ st✉❞② ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ♣♦s✐t✐✈❡ s♦•✉t✐♦♥s ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ •❡t µ ❜❡ t❤❡ •❛✇ ♦❢ -log A 1 ✳ ❚❤❡ ♠❡❛♥ ♦❢ µ ✐s ❡q✉❛• t♦ ✵ ❛♥❞ ❣✐✈❡♥ ❛ ♣♦s✐t✐✈❡ φ ∈ C c (R d \ {0}) ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ♦♥ R✿ ✭✶✳✻✮ f φ (x) = δ (0,e -x ) * G ν(φ) = R d φ(e -x u)ν(du). ❚❤❡♥ f φ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✭✶✳✼✮ µ * R f φ (x) = f φ (x) + ψ φ (x), x ∈ R, ❢♦r ❛ s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥ ψ φ ✳ ❚❤❡ ❢✉♥❝t✐♦♥ ψ φ ♣♦ss❡ss❡s s♦♠❡ r❡❣✉•❛r✐t② ♣r♦♣❡rt✐❡s ❛♥❞ ✐t ✐s ❡❛s✐❡r t♦ st✉❞② t❤❛♥ f φ ✳ ❚❤❡ ♠❛✐♥ ♣r♦❜•❡♠ ❝❛♥ ❜❡ ❢♦r♠✉•❛t❡❞ ❛s ❢♦••♦✇s✿ ❣✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ ψ φ ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦r ❛t ✐♥✜♥✐t② ♦❢ ♣♦s✐t✐✈❡ s♦•✉t✐♦♥s ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❆♥ ❛♥s✇❡r t♦ t❤✐s r❛t❤❡r ❝•❛ss✐❝❛• q✉❡st✐♦♥ ✇❛s ❣✐✈❡♥ ❜② P♦rt ❛♥❞ ❙t♦♥❡ ❬✶✾(✱ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t µ ✐s s♣r❡❛❞ ♦✉t✳ ❍♦✇❡✈❡r✱ t❤❡✐r ♠❡t❤♦❞s✱ s•✐❣❤t•② ❞❡✈❡•♦♣❡❞✱ ✇♦r❦ ❢♦r ❣❡♥❡r❛• ❝❡♥t❡r❡❞ ♠❡❛s✉r❡ µ ♦♥ R✳ ◆❛♠❡•② ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❝•❛ss F(µ) ♦❢ ❢✉♥❝t✐♦♥s ψ✱ ✇✐t❤ ✇❡•• ❞❡✜♥❡❞ ♣♦t❡♥t✐❛• t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ s♦•✉t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❆•• t❤❡ ❞❡t❛✐•s ✇✐•• ❜❡ ✜❣✉r❡❞ ♦✉t ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡ ♥❡①t st❡♣ ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ψ φ ❜❡•♦♥❣s t♦ F(µ)✳ ❆ ♣r✐♦r✐✱ t❤✐s ✐s ♥♦t tr✉❡ ❢♦r ❛•• ❢✉♥❝t✐♦♥ φ✳ ❍♦✇❡✈❡r ✇❡ ❛r❡ ❛❜•❡ t♦ ❝♦♥str✉❝t s♣❡❝✐❛• ❢✉♥❝t✐♦♥s t❤❛t ❤❛✈❡ t❤❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s ❛♥❞ ❛••♦✇ t♦ ❞❡❞✉❝❡ ♦✉r ♠❛✐♥ r❡s✉•ts ✭❙❡❝t✐♦♥ ✹✮✳ ❋✐♥❛••② ✐♥ ❙❡❝t✐♦♥ ✺ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ •✐♠✐t ♦❢ ν αz < |u| < βz ✐s str✐❝t•② ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ ♦♥•② ❤②♣♦t❤❡s✐s ♥❡❡❞❡❞ ❢♦r t❤✐s r❡s✉•t ✐s ❝♦♥❞✐t✐♦♥ ✭❍✮✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉• t♦ ❏❛❝❡❦ ❉③✐✉❜❛➠s❦✐ ❛♥❞ (✈❡s •✉✐✈❛r❝✬❤ ❢♦r st✐♠✉•❛t✐♥❣ ❞✐s❝✉ss✐♦♥s ♦♥ t❤❡ s✉❜•❡❝t ♦❢ t❤❡ ♣❛♣❡r✳ ✷✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ❚❤❡ ❣♦❛• ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❛ ♣r❡•✐♠✐♥❛r② ❡st✐♠❛t❡ ♦❢ t❤❡ ♠❡❛s✉r❡ ν ❛t ✐♥✜♥✐t②✳ ❲❡ ♣r♦✈❡ t❤❛t✱ ✉♥❞❡r t❤❡ ✈❡r② ♠✐•❞ ❤②♣♦t❤❡s✐s ✭❍✮ ♦♥ t❤❡ ♠❡❛s✉r❡ µ✱ t❤❡ t❛✐• ♠❡❛s✉r❡ ♦❢ ❛ ❝♦♠♣❛❝t s❡t δ (0,z -1 ) * ν(K) ✐s ❜♦✉♥❞❡❞ ❜② ❛ s•♦✇•② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ L(z)✱ t❤❛t ✐s ❛ ❢✉♥❝t✐♦♥ ♦♥ R + s✉❝❤ t❤❛t lim z→+∞ L(az)/L(z) = 1 ❢♦r ❛•• a > 0✳ ❙✉❝❤ ❢✉♥❝t✐♦♥s ❣r♦✇ ✈❡r② s•♦✇•②✱ ♥❛♠❡•② t❤❡② ❛r❡ s♠❛••❡r t❤❛♥ z γ ❢♦r ❛♥② γ > 0✱ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ +∞ ✳ ❚❤❡♦r❡♠ ✷✳✶✳ ■❢ ❤②♣♦t❤❡s✐s ✭❍✮ ✐s ❢✉•✜••❡❞✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ s•♦✇•② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ L ♦♥ R * + s✉❝❤ t❤❛t t❤❡ ♥♦r♠❛•✐③❡❞ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s ♦♥ R d \ {0} ✭✷✳✷✮ δ (0,z -1 ) * G ν L(z) ✐s ✇❡❛❦•② ❝♦♠♣❛❝t ❢♦r z ≥ 1✳ ❚❤✉s (1+|x|) -γ ∈ L 1 (ν) ❢♦r ❛♥② γ > 0✳ ❋✉rt❤❡r♠♦r❡✱ ❛•• •✐♠✐t ♠❡❛s✉r❡s η ❛r❡ ♥♦♥ ♥✉•• ❛♥❞ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G(µ A )✱ t❤❡ ❝•♦s❡❞ s✉❜✲❣r♦✉♣ ♦❢ R * + ❣❡♥❡r❛t❡❞ ❜② t❤❡ s✉♣♣♦rt ♦❢ µ A ✱ t❤❛t ✐s δ (0,a) * G η = η ∀a ∈ G(µ A ). ❚❤✐s t❤❡♦r❡♠ ✐s ❛ ♣❛rt✐❛• ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷ ✐♥ ❬✶(✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t t❤❡ µ✲✐♥✈❛r✐❛♥❝❡ ♦❢ ν ✐♠♣•✐❡s t❤❛t t❤❡ ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ t❛✐• ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G(µ A )✱ ♥❛♠❡•② ✇❡ ❤❛✈❡ ▲❡♠♠❛ ✷✳✸✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ L(z) s✉❝❤ t❤❛t t❤❡ ❢❛♠✐•② ✭✷✳✷✮ ✐s ✇❡❛❦•② ❝♦♠♣❛❝t ✇❤❡♥ z ❣♦❡s t♦ +∞✱ t❤❡♥ t❤❡ ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥ts η ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G(µ A )✳ Pr♦♦❢✳ ▲❡t η ❜❡ ❛ •✐♠✐t ♠❡❛s✉r❡ ❛•♦♥❣ ❛ s❡q✉❡♥❝❡ {z n } ❛♥❞ ✜① ❛ ❢✉♥❝t✐♦♥ φ ∈ C 1 c (R d \ {0})✳ ❲❡ ❝•❛✐♠ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ h(y) = δ (0,y) * G η(φ) = lim n→∞ δ (0,z -1 n y) * G ν(φ) L(z n ) ♦♥ R + ✐s µ A ✲s✉♣❡r❤❛r♠♦♥✐❝✳ ■♥❞❡❡❞✱ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛•• (b, a) ∈ G t❤❡r❡ ✐s ❛ ❝♦♠♣❛❝t s❡t K = K(b) ❛♥❞ ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t |φ(z -1 (au + b)) -φ(z -1 (au))| < C|z -1 b|1 K (z -1 (au)) ❢♦r ❛•• z > 1 ❛♥❞ u ∈ R d ✳ ❚❤❡♥ lim n→∞ |δ (0,z -1 n ) * G δ (b,a) * G ν(φ) -δ (0,z -1 n ) * G δ (0,a) * G ν(φ)| L(z n ) ≤ lim n→∞ C|z -1 n b|ν(a -1 z n K) L(z n ) ≤ Cη(a -1 K) • lim n→∞ |z -1 n b| = 0, ❤❡♥❝❡ G h(ay)µ A (da) = G lim n→∞ δ (0,z -1 n y) * G δ (0,a) * G ν(φ) L(z n ) µ(db da) = G lim n→∞ δ (0,z -1 n y) * G δ (b,a) * G ν(φ) L(z n ) µ(db da) ≤ lim n→∞ δ (0,z -1 n y) * G µ * G ν(φ) L(z n ) ❜② ❋❛t♦✉✬s ▲❡♠♠❛ = lim n→∞ δ (0,z -1 n y) * G ν(φ) L(z n ) = h(y). ❙✐♥❝❡ h ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s✱ t❤❡♥ ❜② t❤❡ ❈❤♦q✉❡t✲❉❡♥② t❤❡♦r❡♠ h(ay) = h(y) ❢♦r ❡✈❡r② a ∈ G(µ A )✱ t❤❛t ✐s δ (0,a) * G η(φ) = η(φ)✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳ ❙t❡♣ ✶✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡ t❛✐• ♦❢ t❤❡ ♠❡❛s✉r❡ ν s❛t✐s✜❡s ❛ q✉♦t✐❡♥t t❤❡♦r❡♠✳ ◆❛♠❡•② t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐•② ♦❢ ❜♦✉♥❞❡❞ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥s s s✉❝❤ t❤❛t δ (0,z -1 ) * G ν(s) ✐s str✐❝t•② ♣♦s✐t✐✈❡ ❢♦r ❛•• z ≥ 1 ❛♥❞ t❤❛t ❢♦r ❡✈❡r② ❝♦♠♣❛❝t s❡t K t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C K s✉❝❤ t❤❛t ✭✷✳✹✮ δ (0,z -1 ) * G ν(K) ≤ C K δ (0,z -1 ) * G ν(s) ∀ z ≥ 1. ■♥ ♦t❤❡r ✇♦r❞s ✇❡ s❤♦✇ t❤❡ q✉♦t✐❡♥t ❢❛♠✐•② δ (0,z -1 ) * G ν δ (0,z -1 ) * G ν(s) ✐s ✇❡❛❦•② ❝♦♠♣❛❝t✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣❡rt② r❡•✐❡s ♦♥•② ♦♥ t❤❡ ❢❛❝t t❤❛t✱ ❜② ❤②♣♦t❤❡s✐s ✭❍✮✱ t❤❡ s✉♣♣♦rt ♦❢ µ ❝♦♥t❛✐♥s ❛t •❡❛st t✇♦ ❡•❡♠❡♥ts✱ ♦♥❡ ❝♦♥tr❛❝t✐♥❣ ❛♥❞ t❤❡ ♦t❤❡r ❞❡•❛t✐♥❣ R d ✳ ▲❡t ❝❛•• t❤❡♠ g + = (b + , a + ) ❛♥❞ g -= (b -, a -) ✇✐t❤ a + > 1 > a -✳ •✐✈❡♥ t✇♦ r❡❛• ♥✉♠❜❡rs α ❛♥❞ β ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛♥♥✉•✉s C(α, β) = {u ∈ R d | α ≤ |u| ≤ β}. ❖❜s❡r✈❡ t❤❛t ❢♦r ❛•• (b, a) ∈ G t❤❡ ❢♦••♦✇✐♥❣ ✐♠♣•✐❝❛t✐♦♥ ❤♦•❞s u ∈ C α + |b| a , β -|b| a ⇒ au + b ∈ C(α, β) ❯s✐♥❣ t❤✐s r❡♠❛r❦ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ν ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ µ * n ✱ ♦♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t δ (0,z -1 ) * G ν(C(α, β)) ≥ µ * n (U )ν C max (b,a)∈U αz + |b| a , min (b,a)∈U βz -|b| a ✭✷✳✺✮ ❢♦r ❛♥② U s✉❜s❡t ♦❢ G ❛♥❞ n ∈ N✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉✣❝✐❡♥t•② •❛r❣❡ R > 0 s✉❝❤ t❤❛t δ (0,z -1 ) * G ν(C(1/R, R)) ✐s str✐❝t•② ♣♦s✐t✐✈❡ ❢♦r ❛•• z ≥ 1✳ ❋✐① z ≥ 1 ❛♥❞ t❛❦❡ n ∈ N s✉❝❤ t❤❛t a n-1 + ≤ z ≤ a n + ✳ ❈•❡❛r•②✱ ✐❢ g n = (b(g n ), a(g n )) ✐s t❤❡ n✲t❤ ♣♦✇❡r ♦❢ ❛♥ ❡•❡♠❡♥t g = (b, a) ∈ G t❤❡♥ a(g n ) = a n ❛♥❞ b(g n ) = n-1 i=0 a i b = a n -1 a -1 b. ❈♦♥s✐❞❡r t❤❡ δ✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ g n U δ (g n ) = (b, a) ∈ G|e -δ < a -1 a(g n ) < e δ ❛♥❞ |b -b(g n )| < δ . ✻ ❙✳ ❇|❖❋❋❊|■❖✱ ❉✳ ❇❯|❆❈)❊❲❙❑■ ❆◆❉ ❊✳ ❉❆▼❊❑ ❖❜s❡r✈❡ t❤❛t µ * n (U δ (g n + )) > 0 ❢♦r ❛•• δ > 0 ❛♥❞ ❢♦r (b, a) ∈ U δ (g n + ) z/R + |b| a ≤ a n + /R + |b(g n + )| + δ e -δ a n + ≤ e δ 1 R + |b + | a + -1 + δ =: α R Rz -|b| a ≥ Ra n-1 + -|b(g n + )| -δ e δ a n + ≥ e -δ R a + - |b + | a + -1 -δ =: β R . ❙✐♥❝❡ ν ✐s ❛ |❛❞♦♥ ♠❡❛s✉r❡ ✇✐t❤ t❤❡ ✐♥✜♥✐t❡ ♠❛ss✱ ✐ts s✉♣♣♦rt ❝❛♥♥♦t ❜❡ ❝♦♠♣❛❝t✳ ❚❤✉s✱ ❢♦r ❛ ✜①❡❞ δ✱ t❤❡r❡ ❡①✐ts ❛ s✉✣❝✐❡♥t•② •❛r❣❡ R s✉❝❤ t❤❛t✿ ν(C(α R , β R )) > 0. ❚❤❡♥ ❜② ✭✷✳✺✮✿ ✭✷✳✻✮ δ (0,z -1 ) * G ν(C(1/R, R)) ≥ µ * n (U δ (g n + ))ν(C(α R , β R )) > 0 ❢♦r ❛•• z ≥ 1✳ ❋♦r R > 2 ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❛❝t s❡ts K n ± = C(2a -n ± /R, a -n ± R/2). ◆♦t✐❝❡ t❤❛t ❢♦r δ < log(4/3)✱ (b, a) ∈ U δ (g n ± ) ❛♥❞ z > z n ± := 2R(|b(g n ± )| + δ) ✿ z/R + |b| a ≤ ze δ 1/R + z -1 (|b(g n ± )| + δ) a n ± ≤ z 2a -n ± R e δ 1 + z -1 R(|b(g n ± )| + δ) 2 ≤ z 2a -n ± R zR -|b| a ≥ ze -δ R -z -1 (|b(g n ± )| + δ) a n ± ≥ z a -n ± R 2 • 2e -δ 1 -z -1 |b(g n ± )| + δ R ≥ z a -n ± R 2 .
❚❤✉s ❜② ✭✷✳✺✮✿ 

δ (0,z -1 ) * G ν(C(1/R, R)) ≥ µ * n (U δ (g n ± ))ν(C(z 2a -n ± /R, z a -n ± R/2)) = C -1 K n ± δ (0,z -1 ) * G ν(K n ± ) ❢♦r ❛•• z > z n ± ✳ ❙✐♥❝❡ δ (0,z -1 ) * G ν(C(1/R, R)) > 0✱ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛•✐t② ❤♦•❞s ✐♥ ❢❛❝t ❢♦r ❛•• z ≥ 1✱ ♣♦ss✐❜•② ✇✐t❤ ❛ ❜✐❣❣❡r ❝♦♥st❛♥t C K ❛♥❞ s✉✣❝✐❡♥t•② •❛r❣❡ R✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t R > 2 max{a + , 1/a -}✱ t❤❡♥ t❤❡ ❢❛♠✐•② ♦❢ s❡ts K n ± ❝♦✈❡rs R d \ {0}✳ ❋✐♥❛••② ♥♦t✐❝❡✱ t❤❛t ❡✈❡r② ❢✉♥❝t✐♦♥ s ∈ C c (R d \ {0}) ❛♥❞ s✉❝❤ t❤❛t s(u) ≥ 1 C(1/R,R) (u) s❛t✐s✜❡s ✭✷✳✹✮✳ ■♥❞❡❡❞✱ •❡t K ❜❡ ❛ ❣❡♥❡r✐❝ ❝♦♠♣❛❝t s❡t ✐♥ R d \ {0} ❝♦✈❡r❡❞ ❜② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❛❝ts {K i } i∈I ♦❢ t❤❡ t②♣❡ K n ± ✱ t❤❡♥ δ (0,z -1 ) * G ν(K) ≤ i∈I δ (0,z -1 ) * ν(K i ) ≤ |I| max i∈I C Ki δ (0,z -1 ) * G ν(s) ❢♦r ❛•• z ≥ 1✳ ❙t❡♣ ✷✳ ▲❡t L(z) = δ (0,z -1 ) * G ν(s)✱ s♦ t❤❛t δ (0,z -1 ) * G ν/L(z) ✐s ✇❡❛❦•② ❝♦♠♣❛❝t ✇❤❡♥ z ❣♦❡s t♦ +∞✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t L ✐s ❛ s•♦✇•② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥✳ ❋✐① a ∈ G(µ A ) ❛♥❞ ♦❜s❡r✈❡ t❤❛t L(az) L(z) = δ (0,a -1 ) * G δ (0,z -1 ) * G ν(s) L(z) . ▲❡t {z n } n∈N ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t δ(0, z -1 n ) * G ν/L(z n ) ❝♦♥✈❡r❣❡s t♦ s♦♠❡ •✐♠✐t ♠❡❛s✉r❡ η✳ ❚❤❡♥ ❜② ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ •✐♠✐t ♠❡❛s✉r❡ lim n→∞ L(az n ) L(z n ) = δ (0,a -1 ) * G η(s) = η(s) = 1. ❙✐♥❝❡ ❢♦r ❛♥② s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ s✉❝❤ t❤❛t t❤❡ ❝♦♥❝•✉s✐♦♥ ❛❜♦✈❡ ❤♦•❞s✱ ✐❢ µ A ❛♣❡r✐♦❞✐❝✱ L ✐s s•♦✇•② ✈❛r②✐♥❣ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣•❡t❡❞✳ ■❢ µ A ✐s ♣❡r✐♦❞✐❝✱ t❤❛t ✐s G(µ A ) = e p ✱ t❛❦❡ ❛♥② ❝♦♥t✐♥✉♦✉s ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥ s 0 ≥ 1 C(1/R,R) ✱ ✐✳❡✳ ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ✭✷✳✹✮✱ ❛♥❞ ❞❡✜♥❡ ✭✷✳✼✮ s(u) = R * + 1 [e -p ,e p ) (t)s 0 (u/t) dt t . ❆♥ ❡❛s② ❛r❣✉♠❡♥t s❤♦✇s t❤❛t ❛•s♦ s ✐s ✐♥ C c (R d \ {0}) ❛♥❞ ✐t ✐s ❜✐❣❣❡r t❤❛♥ s♦♠❡ ♠✉•t✐♣•❡ ♦❢ 1 C(1/R,R) ✳ ❲❡ ❝•❛✐♠ t❤❛t δ (0,a -1 ) * G η(s) = η(s) ❢♦r ❛•• a ∈ R * + ❛♥❞ ♥♦t ♦♥•② ❢♦r a ∈ G(µ A ) ✭❛♥❞ t❤✉s L(z) ✐s s•♦✇•② ✈❛r②✐♥❣✮✳ ■♥ ❢❛❝t✱ •❡t e Kp ∈ G(µ A ) s✉❝❤ t❤❛t e Kp > ae p t❤❡♥ δ (0,a -1 ) * G η(s) = R d R * + 1 [ae -p ,ae p ) (t)s 0 (u/t) dt t η(du) = R d R * + 1 [ae -p ,e Kp ) (t) -1 [ae p ,e Kp ) (t) s 0 (u/t) dt t η(du) = R d R * + 1 [ae -Kp ,e p ) (t)s 0 u/t -1 [ae -Kp ,e -p ) (t)s 0 u/t η(du) dt t = R d R * + 1 [e -p ,e p ) (t)s 0 (u/t) dt t η(du) = η(s), s✐♥❝❡ η ✐s G(µ A )✲✐♥✈❛r✐❛♥t✳ ✸✳ |❡❝✉rr❡♥t ♣♦t❡♥t✐❛• ❦❡r♥❡• ❛♥❞ s♦•✉t✐♦♥s ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❢♦r ❣❡♥❡r❛• ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ❆s ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❡❛s✉r❡ ν ♦♥❡ ❤❛s t♦ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f φ (x) = R d φ(ue -x )ν(du) t❤❛t ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✭✸✳✶✮ µ * R f = f + ψ ❢♦r ❛ ♣❡❝✉•✐❛r ❝❤♦✐❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ψ = ψ φ = µ * R f φ -f φ ✳ ❙t✉❞②✐♥❣ s♦•✉t✐♦♥s ♦❢ s✉❝❤ ❡q✉❛t✐♦♥ ❢♦r ❛ ❝❡♥t❡r❡❞ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦♥ R ✐s ❛ ❝•❛ss✐❝❛• ♣r♦❜•❡♠✳ P♦rt ❛♥❞ ❙t♦♥❡ ✐♥ t❤❡✐r ♣❛♣❡rs ❬✶✽✱ ✶✾( ❣✐✈❡ ❛♥ ❡①♣•✐❝✐t ❢♦r♠✉•❛ ❞❡s❝r✐❜✐♥❣ ❛•• ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ s♦•✉t✐♦♥s ♦❢ ✭✸✳✶✮ ✐♥ t❡r♠s ♦❢ t❤❡ r❡❝✉rr❡♥t ♣♦t❡♥t✐❛• ❦❡r♥❡• A ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ψ✳ ❍♦✇❡✈❡r✱ t❤❡② s✉♣♣♦s❡ ❡✐t❤❡r t❤❛t t❤❡ ♠❡❛s✉r❡ ✐s s♣r❡❛❞✲♦✉t ♦r✱ ✐❢ ♥♦t✱ t❤❛t t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ψ ✐s ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞✳ ❚❤✐s s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐s t♦♦ r❡str✐❝t✐✈❡ ✐♥ ♦✉r s❡tt✐♥❣✿ s✉❝❤ ❢✉♥❝t✐♦♥s ❞❡❝❛② t♦♦ s•♦✇•② ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ φ ✇♦✉•❞ ♥♦t ❜❡ ❛ ν✲✐♥t❡❣r❛❜•❡✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ r❡s✉•ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣❛♣❡r ❬✹( ♦♥ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ♠❡❛s✉r❡ ν ✇❡r❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t µ ✐s s♣r❡❛❞ ♦✉t✳ ❚♦ ❛✈♦✐❞ t❤✐s r❡str✐❝t✐♦♥ ✇❡ ♥❡❡❞ t♦ ❣❡♥❡r❛•✐③❡ t❤❡ t❡❝❤♥✐❝s ✉s❡❞ ❜② P♦rt ❛♥❞ ❙t♦♥❡ ❬✶✽( t♦ ❛ •❛r❣❡r ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s F(µ) ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❛r❜✐tr❛r② ♠❡❛s✉r❡ µ✳ ▲❡t µ ❜❡ ❛ ❝❡♥t❡r❡❞ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦♥ R ✇✐t❤ ✜♥✐t❡ s❡❝♦♥❞ ♠♦♠❡♥t σ 2 = R x 2 µ(dx)✳ ❲❡ ❞❡♥♦t❡ ❜② µ(θ) = R e ixθ µ(dx) ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛♥❞ ❣✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ ψ ∈ L 1 (R) ✇❡ ❞❡✜♥❡ ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❜② ψ(θ) = R e ixθ ψ(x)dx✳ ▲❡t F(µ) ❜❡ t❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ψ✱ s✉❝❤ t❤❛t ✭✶✮ ψ✱ x 2 ψ ❛♥❞ ψ ❛r❡ ❡•❡♠❡♥ts ♦❢ L 1 (R)✱ ✭✷✮ t❤❡ ❢✉♥❝t✐♦♥ ψ(-θ) 1-µ(θ) ✐s dθ✲✐♥t❡❣r❛❜•❡ ♦✉ts✐❞❡ ❛♥② ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ③❡r♦✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❡✳❣✳ ✇❤❡♥ t❤❡ ♠❡❛s✉r❡ µ ✐s ❛♣❡r✐♦❞✐❝ ❛♥❞ ψ ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ♦r ✇❤❡♥ t❤❡ ♠❡❛s✉r❡ µ ✐s s♣r❡❛❞✲♦✉t ✭s✐♥❝❡ ✐s t❤✐s ❝❛s❡ sup |θ|>a | µ(θ)| < 1✮✳ ❚❤✉s✱ t❤❡ s❡t F(µ) ❝♦♥t❛✐♥s t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ✇❤✐❝❤ P♦rt ❛♥❞ ❙t♦♥❡ ❞❡✜♥❡ t❤❡ r❡❝✉rr❡♥t ♣♦t❡♥t✐❛• ❜✉t ✐t ✐s✱ ✐♥ ♠❛♥② ❝❛s❡s✱ ❜✐❣❣❡r✳ ■♥ ♣❛rt✐❝✉•❛r ✇❡ ✇✐•• s❡❡ ✐♥ ▲❡♠♠❛ ✸✳✻✱ t❤❛t ✐❢ t❤❡ ♠❡❛s✉r❡ ❤❛s ❛♥ ❡①♣♦♥❡♥t✐❛• ♠♦♠❡♥t✱ t❤❡♥ F(µ) ❛•✇❛②s ❝♦♥t❛✐♥s s♦♠❡ ❢✉♥❝t✐♦♥s t❤❛t ❞❡❝❛② ❡①♣♦♥❡♥t✐❛••②✳ ❚❤❛t ✇✐•• ❜❡ s✉✣❝✐❡♥t t♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ t❤❡♦r❡♠ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ▲❡t J(ψ) = R ψ(x)dx ❛♥❞ K(ψ) = R xψ(x)dx✱ t❤❡♥ ✇❡ ❤❛✈❡✿ ❚❤❡♦r❡♠ ✸✳✷✳ ❆ss✉♠❡ t❤❛t ψ, g ∈ F(µ)✱ g ✐s ♣♦s✐t✐✈❡ ❛♥❞ s✉❝❤ t❤❛t J(g) = 1✳ ❚❤❡♥ ✿ • ❚❤❡ r❡❝✉rr❡♥t ♣♦t❡♥t✐❛• Aψ(x) := lim λր1 J(ψ) ∞ n=0 λ n µ * n * g(0) - ∞ n=0 λ n µ * n * ψ(x) , ✐s ❛ ✇❡•• ❞❡✜♥❡❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ • Aψ ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✭✸✳✶✮✳ • ■❢ J(ψ) ≥ 0✱ t❤❡♥ Aψ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❛♥❞ ✭✸✳✸✮ lim x→±∞ Aψ(x) x = ±σ -2 J(ψ). • ■❢ J(ψ) = 0✱ t❤❡♥ Aψ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❤❛s ❛ •✐♠✐t ❛t ✐♥✜♥✐t② ✭✸✳✹✮ lim x→±∞ Aψ(x) = ∓σ -2 K(ψ). ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉•t ✐s r❛t❤❡r t❡❝❤♥✐❝❛• ❛♥❞ ❢♦••♦✇s t❤❡ ✐❞❡❛s ♦❢ ❬✶✽( ❛♥❞ ❬✶✾(✳ ❆ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ✐s ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❢♦r r❡❛❞❡r ❝♦♥✈❡♥✐❡♥❝❡✳ ❆ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ ✐s t❤❡ ❢♦••♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❡❞ s♦•✉t✐♦♥s ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✿ ❈♦r♦••❛r② ✸✳✺✳ ■❢ J(ψ) = 0✱ t❤❡♥ ❡✈❡r② ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ✐s ♦❢ t❤❡ ❢♦r♠ f = Aψ + h ✇❤❡r❡ h ✐s ❝♦♥st❛♥t ✐❢ µ ✐s ❛♣❡r✐♦❞✐❝✱ ❛♥❞ ✐t ✐s ♣❡r✐♦❞✐❝ ♦❢ ♣❡r✐♦❞ p ✐❢ t❤❡ s✉♣♣♦rt ♦❢ µ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ pZ✳ ❚❤✉s ❡✈❡r② ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❛♥❞ t❤❡ •✐♠✐t ♦❢ f (x) ❡①✐sts ✇❤❡♥ x ❣♦❡s t♦ +∞ ❛♥❞ x ∈ G(µ)✳ ❈♦♥✈❡rs❡•② ✐❢ t❤❡r❡ ❡①✐sts ❛ ❜♦✉♥❞❡❞ s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✱ t❤❡♥ Aψ ✐s ❜♦✉♥❞❡❞ ❛♥❞ J(ψ) = 0✳ ■♥ ♣❛rt✐❝✉•❛r t❤❡ ✜rst ♣❛rt ♦❢ ❝♦r♦••❛r② ✐s ✈❛•✐❞✳ Pr♦♦❢✳ ▲❡t J(ψ) = 0 ❛♥❞ ❛ss✉♠❡ t❤❛t f ✐s ❛ ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❙✐♥❝❡ µ * f = f + ψ ❛♥❞ µ * Aψ = Aψ + ψ, t❤❡ ❢✉♥❝t✐♦♥ h = f -Aψ ✐s µ✲❤❛r♠♦♥✐❝✳ ■t ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇ ❜❡❝❛✉s❡ ❜♦t❤ -Aψ ❛♥❞ f ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✳ ❚❤❡r❡❢♦r❡ ❜② t❤❡ ❈❤♦q✉❡t✲❉❡♥② t❤❡♦r❡♠ ❬✾(✱ h(x + y) = h(x) ❢♦r ❛•• y ✐♥ t❤❡ ❝•♦s❡❞ s✉❜❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s✉♣♣♦rt ♦❢ µ✳ ❈♦♥✈❡rs❡•②✱ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❜♦✉♥❞❡❞ s♦•✉t✐♦♥ f 0 ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡♥ Aψ -f 0 ✐s µ✲❤❛r♠♦♥✐❝ ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡•♦✇✱ ❛♥❞ s♦ t❤❡ ❈❤♦q✉❡t✲❉❡♥② t❤❡♦r❡♠ ✐♠♣•✐❡s t❤❛t Aψ ✐s ❜♦✉♥❞❡❞✳ ❚❤✉s lim x→∞ Aψ(x) x = 0 ❛♥❞ ❜② ✭✸✳✸✮✱ ✇❡ ❞❡❞✉❝❡ J(ψ) = 0✳ ❆s ❛♥♥♦✉♥❝❡❞ ✇❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ✐♥ F(µ) t❤❛t ✇✐•• ❜❡ ✉s❡❞ •❛t❡r ♦♥ ❛♥❞ t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ t②♣❡ ♦❢ ❞❡❝❛② ❛t ✐♥✜♥✐t② ❛s µ✿ ▲❡♠♠❛ ✸✳✻✳ ▲❡t Y ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ t❤❡ •❛✇ µ✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ r(x) = E [|Y + x| -|x|] ✐s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ r(θ) = C • µ(-θ) -1 θ 2 ❢♦r θ = 0✳ ▼♦r❡♦✈❡r ✐❢ E[e δY + e -δY ] < ∞✱ t❤❡♥ r(x) ≤ Ce -δ1|x| ❢♦r δ 1 < δ✳ ❍❡♥❝❡ r ❜❡•♦♥❣s t♦ F(µ) ❛♥❞ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ ζ ∈ L 1 (R) s✉❝❤ t❤❛t x 2 ζ ✐s ✐♥t❡❣r❛❜•❡ t❤❡ ❝♦♥✈♦✲ •✉t✐♦♥ r * R ζ ❜❡•♦♥❣s t♦ F(µ)✳ Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t✱ s✐♥❝❡ EY = 0✱ ❢♦r x ≥ 0 ✇❡ ❝❛♥ ✇r✐t❡ r(x) = E[(Y + x) -2(Y + x)1 Y +x≤0 -x] = -2E[(Y + x)1 Y +x≤0 ]. Pr♦❝❡❡❞✐♥❣ ❛♥❛•♦❣♦✉s•② ❢♦r x < 0✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✼✮ r(x) = -2E[(Y + x)1 Y +x≤0 ] ❢♦r x ≥ 0 2E[(Y + x)1 Y +x>0 ] ❢♦r x < 0 ❚❤✉s t❤❡ ❢✉♥❝t✐♦♥ r ✐s ♥♦♥♥❡❣❛t✐✈❡✳ ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ x ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ▲❡t a(x) = |x| ❛♥❞ ♦❜s❡r✈❡ t❤❛t r = (µ -δ 0 ) * a✳ ❚❤❡♥ a(θ) = C θ 2 ✱ ❤❡♥❝❡ r(θ) = C • µ(-θ)-1 θ 2 ✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ❞❡❝❛② ♦❢ r ✇❡ ✉s❡ ✭✸✳✼✮✳ ❋♦r x ≥ 0✱ ✇❡ ✇r✐t❡ |r(x)| = 2E[|Y + x|1 Y +x≤0 ] = 2 x+y≤0 |x + y|µ(dy) ≤ 2 R |x + y|e -δ0(x+y) µ(dy) ≤ Ce -δ1x , ❢♦r s♦♠❡ ❝♦♥st❛♥ts δ 1 < δ 0 < δ✳ ❋✐♥❛••②✱ ✐❢ ψ = r * ζ ✇✐t❤ ζ ❛♥❞ x 2 ζ ✐♥ L 1 (R)✱ t❤❡♥ ✐t ✐s ❡❛s✐•② ❝❤❡❝❦❡❞ t❤❛t ❜♦t❤ ψ ❛♥❞ x 2 ψ ❛r❡ ✐♥t❡❣r❛❜•❡✳ ❙✐♥❝❡ ψ(θ) = r(θ) ζ(θ) = C µ(-θ)-1 θ 2 ζ(θ) ❛♥❞ ζ ✈❛♥✐s❤❡s ❛t ✐♥✜♥✐t②✱ ψ ∈ F(µ) ✹✳ Pr♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✸ ❛♥❞ ✶✳✺ ✲ ❡①✐st❡♥❝❡ ♦❢ t❤❡ •✐♠✐t ❖✉r ❛✐♠ ✐s t♦ ❛♣♣•② t❤❡ r❡s✉•ts ♦❢ ❙❡❝t✐♦♥ ✸ ❛♥❞ ❢♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ψ φ ✐s s✉✣❝✐❡♥t•② ✐♥t❡❣r❛❜•❡✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ t❛✐• ♦❢ ν ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷ ✇✐•• ❣✉❛r❛♥t❡❡ ✐♥t❡❣r❛❜✐•✐t② ❢♦r ♣♦s✐t✐✈❡ x✳ ❚♦ ❝♦♥tr♦• t❤❡ ❢✉♥❝t✐♦♥ ❢♦r x ♥❡❣❛t✐✈❡ ✇❡ ♥❡❡❞ t♦ ♣❡rt✉r❜ s•✐❣❤t•② t❤❡ ♠❡❛s✉r❡s µ ❛♥❞ ν ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ♠♦r❡ ✐♥t❡❣r❛❜✐•✐t② ♥❡❛r ✵✳ ❚❤✐s ✐s ✐♥❝•✉❞❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ♣r♦✈❡❞ ✐♥ ❬✹( ✭▲❡♠♠❛ ✹✳✶✮✳ ▲❡♠♠❛ ✹✳✶✳ ❋♦r ❛•• x 0 ∈ R d t❤❡ tr❛♥s•❛t❡❞ ♠❡❛s✉r❡ ν 0 = δ x0 * R d ν ✐s t❤❡ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ♦❢ µ 0 = δ (x0,1) * G µ * G δ (-x0,1) ❛♥❞ ✐t ❤❛s t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ❛s ν ❛t ✐♥✜♥✐t②✱ t❤❛t ✐s✿ lim x→+∞ R d φ(ue -x )ν(du) - R d φ(ue -x )ν 0 (du) = 0 ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ φ ∈ C 1 c (R d \ {0})✳ ❋✉rt❤❡r♠♦r❡ t❤❡r❡ ✐s x 0 ∈ R d s✉❝❤ t❤❛t t❤❡ ♠❡❛s✉r❡ ν 0 s❛t✐s✜❡s ✭✹✳✷✮ R d 1 |u| γ ν 0 (du) < ∞ ❢♦r ❛•• γ ∈ (0, 1)✳ ❯s✐♥❣ ✭✹✳✷✮ ✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ψ φ ❞❡❝❛②s q✉✐❝❦•② ❛t ✐♥✜♥✐t②✱ ❛s ✐t ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛✳ ▲❡♠♠❛ ✹✳✸✳ ❆ss✉♠❡ t❤❛t ❤②♣♦t❤❡s❡s ✭❍✮ ❛♥❞ ▼✭δ✮ ❛r❡ s❛t✐s✜❡❞✳ ❋✉rt❤❡r♠♦r❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ |u| -γ ✐s ν(du)✲✐♥t❡❣r❛❜•❡ ❢♦r ❛•• γ ∈ (0, 1)✳ ▲❡t φ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ R d s✉❝❤ t❤❛t |φ(u)| ≤ C(1 + |u|) -β ❢♦r s♦♠❡ β, C > 0✳ ❚❤❡♥ f φ ❛♥❞ µ * f φ ❛r❡ ✇❡•• ❞❡✜♥❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s✳ ❋✉rt❤❡r♠♦r❡ ✐❢ φ ✐s ▲✐♣s❝❤✐t③✱ t❤❡♥ ✭✹✳✹✮ R G R d φ(e -x (au + b)) -φ(e -x au) ν(du)µ(db da)dx < ∞ ❛♥❞ |ψ φ (x)| ≤ Ce -ζ|x| , ❢♦r ζ < min{δ/4, β, 1}✳ Pr♦♦❢✳ ■❢ ζ < min{β, 1}✱ t❤❡♥ |f φ (x)| ≤ R d φ(e -x u) ν(du) ≤ R d C e -ζx |u| ζ ν(du) ≤ Ce ζx . ■❢ ✇❡ s✉♣♣♦s❡ ❛•s♦ ζ ≤ δ✱ ✇❡ ❤❛✈❡ t❤❛t |µ * f φ (x)| ≤ R f φ (x + y) µ(dy) ≤ Ce ζx R + a -ζ µ A (da) ≤ Ce ζx . ❚❤✉s ψ φ = µ * R f φ -f φ ✐s ✇❡•• ❞❡✜♥❡❞✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ |ψ φ (x)| ≤ Ce ζx ✱ t❤❛t ❣✐✈❡s t❤❡ r❡q✉✐r❡❞ ❡st✐♠❛t❡s ❢♦r ♥❡❣❛t✐✈❡ x✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✹✳✹✮ ✇❡ ❞✐✈✐❞❡ t❤❡ ✐♥t❡❣r❛• ✐♥t♦ t✇♦ ♣❛rts✳ ❋♦r ♥❡❣❛t✐✈❡ x ✇❡ ✉s❡ t❤❡ ❡st✐♠❛t❡s ❣✐✈❡♥ ❛❜♦✈❡✿ 0 -∞ G R d φ(e -x (au + b)) -φ(e -x au) ν(du)µ(db da)dx ≤ 0 -∞ R d φ(e -x u) ν(du)dx + 0 -∞ G R d φ(e -x au) ν(du)µ(db da)dx ≤ 0 -∞ f |φ| (x) dx + 0 -∞ µ * f |φ| (x) dx < ∞. ❚♦ ❡st✐♠❛t❡ t❤❡ ✐♥t❡❣r❛• ♦❢ |φ(e -x au) -φ(e -x (au + b))| ❢♦r x ♣♦s✐t✐✈❡✱ ✇❡ ✉s❡ t❤❡ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ φ t♦ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ❢♦r 0 ≤ θ ≤ 1 |φ(s) -φ(r)| ≤ C|s -r| θ max ξ∈{|s|,|r|} 1 (1 + ξ) β(1-θ) . ❆❣❛✐♥ ✇❡ ❞✐✈✐❞❡ t❤❡ ✐♥t❡❣r❛• ✐♥t♦ t✇♦ ♣❛rts✳ ❋✐rst ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡❣r❛• ♦✈❡r t❤❡ s❡t ✇❤❡r❡ |au + b| ≥ 1 2 a|u|✳ ❲❡ ❝❤♦♦s❡ θ < min{δ/2, 1}✱ γ < min{θ/2, β(1 -θ)}✳ ❚❤❡♥✱ ✐♥ ✈✐❡✇ ♦❢ ▼✭δ✮✱ ✇❡ ❤❛✈❡ |au+b|≥ 1 2 |au| φ(e -x au) -φ(e -x (au + b)) µ(db da)ν(du) ≤ G R d C|e -x b| θ (1 + |e -x au|) β(1-θ) ν(du)µ(db da) ≤ G R d C|e -x b| θ |e -x au| γ ν(du)µ(db da) ≤ Ce -(θ-γ)x G |b| θ |a| -γ µ(db da) R d |u| -γ ν(du) ≤ Ce -(θ-γ)x G |b| 2θ + |a| -2γ µ(db da) ≤ Ce -γx . ■❢ |au + b| < 1 2 a|u| t❤❡♥ |u| ≤ 2|b| a ✳ ❚❤❡r❡❢♦r❡ ❝❤♦♦s✐♥❣ θ ❛s ❛❜♦✈❡ ❛♥❞ γ < δ 2 -θ✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ✐♥t❡❣r❛•✱ ❛♣♣•②✐♥❣ ❛❣❛✐♥ ▼✭δ✮✱ ✇❡ ❤❛✈❡ |au+b|≤ 1 2 |au| φ(e -x au) -φ(e -x (au + b)) µ(db da)ν(du) ≤ |u|≤ 2|b| a |e -x b| θ ν(du)µ(db da) ≤ C G |e -x b| θ 1 + 2|b| a γ µ(db da) ≤ Ce -θx G |b| θ 1 + 2|b| a γ µ(db da) ≤ Ce -θx G |b| θ + |b| 2(θ+γ) + a -2γ µ(db da) ≤ Ce -θx . ❚❤❛t ♣r♦✈❡s ✭✹✳✹✮ ❛♥❞ ✜♥❛••② |ψ φ (x)| ≤ G R d φ(e -x au) -φ(e -x (au + b)) ν(du)µ(db da) < Ce -ζ|x| . ❢♦r ζ < min{δ/4, β, 1} ❚❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝♦♥t❛✐♥s ❦❡② ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r ♠❛✐♥ r❡s✉•ts✳ Pr♦♣♦s✐t✐♦♥ ✹✳✺✳ ❆ss✉♠❡ t❤❛t ❤②♣♦t❤❡s✐s ✭❍✮ ❛♥❞ ▼✭δ✮ ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s δ (0,e -x ) * G ν ✐s r❡•❛t✐✈❡•② ❝♦♠♣❛❝t ✐♥ t❤❡ ✇❡❛❦ t♦♣♦•♦❣② ♦♥ R d \ {0}✳ ❙✉♣♣♦s❡ t❤❛t r ❜❡•♦♥❣s t♦ F(µ) ❛♥❞ ❤❛s ❛♥ ❡①♣♦♥❡♥t✐❛• ❞❡❝❛②✳ ▲❡t ζ ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ♦♥ R d \ {0} s✉❝❤ t❤❛t ζ(u) ≤ e -γ| log |u|| ❢♦r γ > 0 ❛♥❞ s❡t ✭✹✳✻✮ φ(u) := R r(t)ζ(e t u)dt. ❚❤❡♥✱ t❤❡ •✐♠✐t lim x→+∞ R d φ(ue -x )ν(du) ❡①✐sts✱ ✐t ✐s ✜♥✐t❡ ❛♥❞ ❡q✉❛• t♦ η(φ) ❢♦r ❛♥② •✐♠✐t ♠❡❛s✉r❡ η✳ Pr♦♦❢✳ ❙t❡♣ ✶✳ ❋✐rst ✇❡ s✉♣♣♦s❡ t❤❛t µ s❛t✐s✜❡s ✭✹✳✷✮✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t ❢♦r ❢✉♥❝t✐♦♥s ♦❢ t②♣❡ ✭✹✳✻✮ t❤❡ •✐♠✐t lim x→+∞ R d φ(ue -x )ν(du) = T (φ) := -2σ -2 K(ψ φ ) ❡①✐sts ❛♥❞ ✐t ✐s ✜♥✐t❡✳ ❚♦ ❞♦ t❤✐s ✇❡ ✇✐•• ♣r♦✈❡ t❤❛t ψ φ ✐s ❛♥ ❡•❡♠❡♥t ♦❢ F(µ) ❛♥❞ J(ψ φ ) = 0✳ ❚❤✉s✱ ❜② ❈♦r♦••❛r② ✸✳✺✱ t❤❡ ❢✉♥❝t✐♦♥ f φ (x) = R d φ(ue -x )ν(du) ✐s t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P♦✐ss♦♥ ❡q✉❛t✐♦♥✱ ✐t ✐s ❜♦✉♥❞❡❞ ❛♥❞ ✐t ❤❛s ❛ •✐♠✐t ✇❤❡♥ x ❝♦♥✈❡r❣❡ t♦ +∞✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t ❜② ▲❡♠♠❛ ✸✳✻ ✭✐♥ ✈✐❡✇ ♦❢ ▼✭δ✮ ✐ts ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✮✱ ❢♦r β < min{δ, γ}✱ ✇❡ ❤❛✈❡ |φ(u)| ≤ C R e -β|t| e -γ|t+log |u|| dt ≤ C R e -β(|t-log |u||) e -γ|t| dt ≤ C R e -β(-|t|+| log |u||) e -γ|t| dt = Ce -β| log |u|| . ❚❤✉s ❜② ▲❡♠♠❛ ✹✳✸✱ f φ ✱ f ζ ✱ µ * f φ ❛♥❞ µ * f ζ ❛r❡ ✇❡•• ❞❡✜♥❡❞✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ζ ✐s ▲✐♣s❝❤✐t③ ψ ζ ✐s ❜♦✉♥❞❡❞✱ ❛♥❞ x 2 ψ ζ (x) ✐s ✐♥t❡❣r❛❜•❡ ♦♥ R✳ ❲❡ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ t❤❛t φ ✐s ▲✐♣s❝❤✐t③✱ ❜✉t ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t f φ (x) = R d R r(t)ζ(e -x+t u)dtν(du) = R r(t + x)f ζ (-t)dt = r * R f ζ (x) ❛♥❞ µ * f φ (x) = r * R (µ * f ζ )(x). ✶✷ ❙✳ ❇|❖❋❋❊|■❖✱ ❉✳ ❇❯|❆❈)❊❲❙❑■ ❆◆❉ ❊✳ ❉❆▼❊❑ ❍❡♥❝❡ ψ φ = f φ -µ * f φ = r * (f ζ -µ * f ζ ) = r * R ψ ζ ❛♥❞✱ ❜② ▲❡♠♠❛ ✸✳✻✱ ψ φ ∈ F(µ)✳ ❋✉rt❤❡r♠♦r❡ ✐❢ ζ ✐s r❛❞✐❛• t❤❡♥ J(ψ φ ) = 0✳ ■♥ ❢❛❝t✱ •❡t ζ r ❜❡ t❤❡ r❛❞✐❛• ♣❛rt ♦❢ ζ✱ ✐✳❡✳ ζ r (|u|) = ζ(u)✱ t❤❡♥ R ψ ζ (x)dx = R G R d ζ(aue -x ) -ζ(e -x (au + b)) ν(du)µ(db da)dx = G R d R ζ r e -x+log(|au|) -ζ r e -x+log |au+b| dxν(du)µ(db da) = G R d R ζ r (e -x )dx - R ζ r (e -x )dx ν(du)µ(db da) = 0. ❖❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ ❛♣♣•② t❤❡ ❋✉❜✐♥✐ t❤❡♦r❡♠ s✐♥❝❡ ζ ✐s ▲✐♣s❝❤✐t③ ❛♥❞✱ ❜② ▲❡♠♠❛ ✹✳✸✱ t❤❡ ❛❜s♦•✉t❡ ✈❛•✉❡ ♦❢ t❤❡ ✐♥t❡❣r❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ •✐♥❡ ❛❜♦✈❡ ✐s ✐♥t❡❣r❛❜•❡✳ ❍❡♥❝❡ J(ψ φ ) = R ψ φ (x)dx = R r * ψ ζ (x)dx = R r(x)dx • R ψ ζ (x)dx = 0. ■❢ ζ ✐s r❛❞✐❛•✱ t❤❡♥ ❜② ❈♦r♦••❛r② ✸✳✺✱ ✇❡ ❤❛✈❡ ✭✹✳✼✮ f φ = Aψ φ + h φ ✇❤❡r❡ h φ ✐s ❛ ❝♦♥st❛♥t ✐❢ µ A ✐s ❛♣❡r✐♦❞✐❝ ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ✐❢ µ A ✐s ♣❡r✐♦❞✐❝✳ ■♥ ❛♥② ❝❛s❡ f φ ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉•❛r t❤❡ s❛♠❡ ❤♦•❞s ❢♦r f Φγ ✱ ✇❤❡r❡ Φ γ (u) = R r(t)e -γ|t+log |u|| dt. ❋♦r ❛♥ ❛r❜✐tr❛r② ♥♦♥✲r❛❞✐❛• ❢✉♥❝t✐♦♥ φ ♦❢ t❤❡ t②♣❡ ✭✹✳✻✮✱ t❤❡r❡ ❡①✐sts γ > 0 s✉❝❤ t❤❛t φ ≤ Φ γ ✳ ❍❡♥❝❡ f φ ≤ f Φγ ❛♥❞ f φ ✐s ❛ ❜♦✉♥❞❡❞ s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ψ φ ✳ ❚❤❡r❡❢♦r❡✱ ❜② ❈♦r♦••❛r② ✸✳✺✱ J(ψ φ ) = 0 ❛♥❞ f φ = Aψ φ + h φ ✳ ❙✐♥❝❡ t❤❡ ♠❡❛s✉r❡ ν ❤❛s ♥♦ ♠❛ss ❛t ③❡r♦✱ lim x→-∞ f φ (x) = 0 ❛♥❞ ❜② ❚❤❡♦r❡♠ ✸✳✷ lim x→-∞ Aψ φ (x) = σ -2 K(ψ φ ). ❚❤✉s ✇❤❡♥ x ❣♦❡s t♦ -∞ t❤❡ •✐♠✐t ♦❢ h φ ❡①✐sts ✇❤✐❝❤ ✐s ♣♦ss✐❜•❡ ♦♥•② ✐❢ h φ ✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛• t♦ -σ -2 K(ψ φ )✳ ❋✐♥❛••② lim x→+∞ f φ (x) = lim x→+∞ Aψ φ (x) -σ -2 K(ψ φ ) = -2σ -2 K(ψ φ ) =: T (φ). ❙t❡♣ ✷✳ ❚❤❡ r❡s✉•t ♦❢ st❡♣ ✶ ✐♠♣•✐❡s✱ ✐♥ ♣❛rt✐❝✉•❛r✱ t❤❛t t❤❡ ❢❛♠✐•② δ (0,e -x ) * G ν ♦❢ ♠❡❛s✉r❡s ♦♥ R d \ {0} ✐s ❜♦✉♥❞❡❞ ♦♥ ❝♦♠♣❛❝t s❡ts✱ ❤❡♥❝❡ ✐t ✐s r❡•❛t✐✈❡•② ❝♦♠♣❛❝t ✐♥ t❤❡ ✇❡❛❦ t♦♣♦•♦❣②✳ ▲❡t η ❜❡ ❛ •✐♠✐t ♠❡❛s✉r❡ ❛•♦♥❣ t❤❡ s❡q✉❡♥❝❡ {x n }✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t T (φ) = η(φ) ❢♦r ❛•• ❢✉♥❝t✐♦♥s φ ♦❢ t②♣❡ ✭✹✳✻✮✳ ■❢ φ ✐s ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ t❤❡♥ δ (0,e -xn ) * G ν(φ) = f φ (x n ) → η(φ). ❲❡ ♥❡❡❞ ♥♦✇ t♦ ❣❡♥❡r❛•✐③❡ t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛♥② ❢✉♥❝t✐♦♥ φ s✉❝❤ t❤❛t φ(u) ≤ e -γ| log |u|| ✳ ❙✐♥❝❡ sup x∈R ν(e x < |u| ≤ e x+1 ) = K < ∞, t❤❡♥✱ ❢♦r ❛♥② M > 1✱ ✇❡ ❤❛✈❡ sup x∈R R d e -γ| log |e -x u|| 1 [1/M,M ] c (|e -x u|)ν(du) ≤ K ∞ M/e e -γ| log(a)| da a + e/M 0 e -γ| log(a)| da a . ▲❡tt✐♥❣ M ❣♦ t♦ ✐♥✜♥✐t②✱ t❤❡ r✐❣❤t❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛•✐t② ❣♦❡s t♦ ③❡r♦✳ ❚❤✉s t❤❡ ❢❛♠✐•② ♦❢ ❜♦✉♥❞❡❞ ♠❡❛s✉r❡s ρ n (g) = δ (0,e -xn ) * G ν(gΦ γ ) ✐s t✐❣❤t ❛♥❞ ✐t ❝♦♥✈❡r❣❡s ❢♦r ❛•• ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s g✳ ❚❛❦❡ g = φ/Φ γ t♦ ❝♦♥❝•✉❞❡✳ ❙t❡♣ ✸✳ ◆♦✇ ✇❡ r❡t✉r♥ t♦ t❤❡ ❣❡♥❡r❛• ❝❛s❡ ✇❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✮ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐•② ❤♦•❞✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✶ t❤❡r❡ ❡①✐sts ν 0 = δ x0 * R d ν ❢♦r ✇❤✐❝❤ ✭✹✳✷✮ ❤♦•❞s ❛♥❞ δ (0,e -x ) * G ν ❛♥❞ δ (0,e -x ) * G ν 0 ❤❛✈❡ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ♦♥ ❝♦♠♣❛❝t•② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥s ✇❤❡♥ x ❣♦ t♦ +∞✳ ❙✐♥❝❡ sup x∈R δ (0,e -x ) * ν(1 ≤ |u| ≤ e) = K < ∞ sup x∈R δ (0,e -x ) * ν 0 (1 ≤ |u| ≤ e) = K 0 < ∞, r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❢❛♠✐•✐❡s ♦❢ ♠❡❛s✉r❡s ρ x (•) = δ (0,e -x ) * ν( • Φ γ ) ❡t ρ 0 x (•) = δ (0,e -x ) * ν 0 ( • Φ γ ) ❛r❡ t✐❣❤t✱ t❤✉s ❤❛✈❡ t❤❡ s❛♠❡ •✐♠✐t ♦♥ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✱ ❢♦r ❛•• ❢✉♥❝t✐♦♥s φ ♦❢ t②♣❡ ✭✹✳✻✮✱ lim x→∞ δ (0,e -x ) * G ν(φ) = lim x→∞ δ (0,e -x ) * G ν 0 (φ) ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ✜♥✐s❤❡❞✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸ ✲ ❡①✐st❡♥❝❡ ♦❢ t❤❡ •✐♠✐t✳ ❲❡ ❛ss✉♠❡ t❤❛t µ A ✐s ❛♣❡r✐♦❞✐❝✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐✲ t✐♦♥ ✹✳✺ t❤❡ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s δ (0,e -x ) * G ν ✐s r❡•❛t✐✈❡•② ❝♦♠♣❛❝t ✐♥ t❤❡ ✇❡❛❦ t♦♣♦•♦❣② ❛♥❞ ✐❢ η ✐s ❛♥ ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥t✱ t❤❡♥ ✐t ✐s R + ✐♥✈❛r✐❛♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ Σ η ♦♥ S d-1 ❛♥❞ ❛ ❝♦♥st❛♥t C η s✉❝❤ t❤❛t η = C η da a ⊗ Σ η ✭s❡❡ ❬✶✷(✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✺✮✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t C η ❛♥❞ Σ η ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ η✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✺ t❤❛t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ φ ♦❢ t②♣❡ ✭✹✳✻✮✱ t❤❡ •✐♠✐t ❡①✐sts ✭t❤❛t ✐s ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s✉❜s❡q✉❡♥❝❡ ❛•♦♥❣ ✇❤✐❝❤ ♦♥❡ t❡♥❞s t♦ η✮ lim x→+∞ R d φ(e -x u)ν(du) = η(φ) = T (φ). ❈♦♥s✐❞❡r t❤❡ r❛❞✐❛• ❢✉♥❝t✐♦♥ Φ γ (u) = R r(t)e -γ|t+log |u|| dt✱ s✐♥❝❡ η(Φ γ ) = C η R + Φ γ (a) da a ✳ ❚❤❡♥✿ C η = T (Φ γ ) R + Φ γ (a) da a ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ η✳ ❙❡t C + = C η ✳ ❋♦r ❛♥② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ζ 0 ♦❢ S d-1 ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ ζ(u) = e -γ| log |u|| ζ 0 (u/|u|) ❛♥❞ φ(u) = R r(t)ζ(e t u)dt = Φ γ (u) = R r(t)e -γ|t+log |u|| ζ 0 (e -t u/|e -t u|)dt = Φ γ (u)ζ 0 (u/|u|). ❚❤❡♥ η(φ) = C + Σ η (ζ 0 ) • R + Φ γ (a) da a = T (φ) t❤✉s Σ η (ζ 0 ) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ η✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺ ✲ ❡①✐st❡♥❝❡ ♦❢ t❤❡ •✐♠✐t✳ ❆ss✉♠❡ t❤❛t µ A ✐s ♣❡r✐♦❞✐❝ ❛♥❞ G(µ A ) = e p ✳ ▲❡t D = {w ∈ R d \ {0} : 1 ≤ |w| < e p } ❜❡ t❤❡ ❢✉♥❞❛♠❡♥t❛• ❞♦♠❛✐♥ ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ G(µ A ) ♦♥ R d \ {0}✳ ❚❤❡♥ ❡✈❡r② z ∈ R d \ {0} ❝❛♥ ❜❡ ✉♥✐q✉❡•② ✇r✐tt❡♥ ❛s z = aw✱ ✇❤❡r❡ a ∈ G(µ A ) ❛♥❞ w ∈ D✳ ❉❡♥♦t❡ ❜② l t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ♦♥ G(µ A )✱ t❤❛t ✐s l(φ) = k∈Z φ(e kp )✳ ▲❡t η ❜❡ ❛♥ ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥t ♦❢ t❤❡ ❢❛♠✐•② ♦❢ ♠❡❛s✉r❡s δ (0,e -x ) * G ν✳ ❚❤❡♥✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✺✱ η ✐s G(µ A ) ✐♥✈❛r✐❛♥t✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ Σ η ♦♥ D ❛♥❞ ❛ ❝♦♥st❛♥t C η s✉❝❤ t❤❛t η = C η l ⊗ Σ η ✳ ❖❜s❡r✈❡ t❤❛t ❛♥② r❛❞✐❛• ❢✉♥❝t✐♦♥ φ ♦♥ R d ❝❛♥ ❛•s♦ ❜❡ s❡❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦♥ R + ✱ t❤✉s ✐♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ✇✐•• ✉s❡ ❜❡•♦✇ t❤❡ s❛♠❡ s②♠❜♦• t♦ ❞❡♥♦t❡ ❜♦t❤ ❛ r❛❞✐❛• ❢✉♥❝t✐♦♥ ♦♥ R d ❛♥❞ ✐ts ♣r♦•❡❝t✐♦♥ ♦♥ R + ✳ ▲❡t φ ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❡•❡♠❡♥t ♦❢ T ✱ t❤❡♥ η(φ) = C η k∈Z D φ(e kp w)Σ η (dw) = C η k∈Z D φ(e kp |w|) Σ η (dw) = C η l(φ). ■❢ φ ✐s ▲✐♣s❝❤✐t③ ❛♥❞ ❜❡•♦♥❣s t♦ T ✭❢♦r ✐♥st❛♥❝❡ φ(u) = τ (u) = (1 -| log |u||/p) + ✱ t❤❡ tr✐❛♥❣✉•❛r ❢✉♥❝t✐♦♥ ♦❢ ✧❜❛s❡✧ 2p✮✱ ✇❡ ❝❛♥ ❛♣♣•② Pr♦♣♦s✐t✐♦♥ ✹✳✺ t♦ t❤❡ ❢✉♥❝t✐♦♥ Φ(u) = R r(t)φ(e t u)dt✳ ❙✐♥❝❡ Φ ❛•s♦ ❜❡•♦♥❣s t♦ T ✱ ✇❡ ❝♦♥❝•✉❞❡ t❤❛t t❤❡ ✈❛•✉❡ C η = T (Φ)/l(Φ) =: C + ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ η✳ ❚❤✉s ❢♦r ❛♥② φ ∈ T ✇❡ ❤❛✈❡ lim z→+∞ R d φ(z -1 u)ν(du) = C + l(φ). ❲❡ ❝❛•❝✉•❛t❡ ♥♦✇ t❤❡ •✐♠✐t ♦❢ ν(|u| ≤ z)✳ ❖❜s❡r✈❡ t❤❛t ❢♦r t❤❡ tr✐❛♥❣✉•❛r ❢✉♥❝t✐♦♥ τ ♦♥❡ ❤❛s l(τ ) = 1 ❛♥❞✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐ts N s✉❝❤ t❤❛t | R d τ (e -kp u)ν(du) -C + | ≤ ε ❢♦r ❛•• k ≥ N ✳ ❚❤❡♥ s✐♥❝❡ [log z/p]-1 k=N +1 τ (e -kp u) ≤ 1 ]e N p ,z] (u) ≤ [log z/p]+1 k=N τ (e -kp u) ❛♥❞ ν(|u| ≤ e N p ) < ∞✱ ✇❡ ❤❛✈❡ lim sup z→+∞ p ν(|u| ≤ z) log(z) -C + ≤ ε. ❲❡ ✇♦✉•❞ •✐❦❡ t♦ r❡♠❛r❦ t❤❛t✱ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡✱ ✇❡ ❝♦✉•❞ ♥♦t ♣r♦✈❡ t❤❛t t❤❡ ♠❡❛s✉r❡s ♦❢ t❤❡ ❞✐•❛t❡❞ ❛♥♥✉•✉s C(zα, zβ) = {u : zα ≤ |u| < zβ} ❝♦♥✈❡r❣❡ ❛s z ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❲❤❛t ✐s ♣r♦✈❡❞ ❜② t❤❡ ❛r❣✉♠❡♥ts ❛❜♦✈❡ ✐s t❤❛t✱ ✐❢ {z n } ✐s ❛ s❡q✉❡♥❝❡ ❛•♦♥❣ ✇❤✐❝❤ t❤❡ ❞✐•❛t❡❞ ♠❡❛s✉r❡ ❝♦♥✈❡r❣❡ t♦ ❛ •✐♠✐t ♠❡❛s✉r❡ η✱ t❤❡♥ lim n→∞ ν(C(z n a, z n ae p )) = C + ❢♦r ❛•• ❜✉t ❝♦✉♥t❛❜•② ♠❛♥② a✱ ♥❛♠❡•② ❢♦r ❛•• a s✉❝❤ t❤❛t η(|u| = a) = 0✳ ❚❤✉s t❤❡r❡ ✐s st✐•• ♦♣❡♥ q✉❡st✐♦♥✱ ✇❤❡❛t❤❡r t❤❡ ❞✐•❛t❡❞ ♠❡❛s✉r❡ δ (0,z -1 ) * ν ❝♦♥✈❡r❣❡s ✇❡❛❦•② ❢♦r z → ∞✳ ✺✳ P♦s✐t✐✈✐t② ♦❢ t❤❡ •✐♠✐t✐♥❣ ❝♦♥st❛♥t ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s❝✉ss ♥♦♥❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ •✐♠✐t ♠❡❛s✉r❡ ✭✶✳✹✮ ❛♥❞ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✸ ❛♥❞ ✶✳✺✳ ❆ ♣❛rt✐❛• r❡s✉•t ✇❛s ♦❜t❛✐♥❡❞ ✐♥ ❬✹( ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛• ❝❛s❡ ❛♥❞ B ≥ ε ❛✳s✳ ■♥ t❤✐s ♣❛rt✐❝✉•❛r ❝❛s❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♥st❛♥t ❢♦••♦✇s ✐♠♠❡❞✐❛t❡•② ❢r♦♠ t❤❡ ❢♦r♠✉•❛ ❞❡✜♥✐♥❣ C + ✳ ◆♦✇ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✶✳ ■❢ ❤②♣♦t❤❡s✐s ✭❍✮ ✐s s❛t✐s✜❡❞✱ t❤❡♥ ❢♦r ❛•• α, β > 0 ✭✺✳✷✮ lim sup z→∞ ν u ∈ R d : zα < |u| ≤ zβ > 0. ❚♦ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠✱ ✇❡ ✇✐•• ♥❡❡❞ t❤❡ ❢♦••♦✇✐♥❣ ❡①♣•✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡ ν ♦❜t❛✐♥❡❞ ✐♥ ❬✶(✳ ❉❡✜♥❡ ❛ r❛♥❞♦♠ ✇❛•❦ ♦♥ R ❜② S 0 = 0 ❛♥❞ S n = log(A 1 . . . A n ) ❢♦r n ≥ 1 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❞♦✇♥✇❛r❞ •❛❞❞❡r t✐♠❡s ♦❢ S n ✿ L 0 = 0 ❛♥❞ L n = inf k > L n-1 ; S k < S Ln-1 ✳ ▲❡t L = L 1 ✳ ❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss {X x Ln } s❛t✐s✜❡s t❤❡ r❡❝✉rs✐♦♥ X x Ln = M n X x Ln-1 + Q n , ✇❤❡r❡ (Q n , M n ) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ G✲✈❛•✉❡❞ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ❛♥❞ (Q n , M n ) = d (X L , e S L )✳ ■t ✐s ❦♥♦✇♥ t❤❛t -∞ < E[S L ] < 0 ❛♥❞ E[log + |X L |] < ∞ ✭s❡❡ ❬✶✹✱ ✶✵(✮✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ν L ♦❢ t❤❡ ♣r♦❝❡ss {X Ln } ❛♥❞ t❤❡ ♠❡❛s✉r❡ ν ❝❛♥ ❜❡ ✇r✐tt❡♥ ✭✉♣ t♦ ❛ ❝♦♥st❛♥t✮ ❛s ✭✺✳✸✮ ν(f ) = R d E L-1 n=0 f (X x n ) ν L (dx). ✇❤❡r❡ X x n ✐s t❤❡ ♣r♦❝❡ss ❞❡✜♥❡❞ ✐♥ ✭✶✳✶✮✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ ✇❡ ✇✐•• ✉s❡ ❛ ❣❡♥❡r❛•✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✉❛•✐t② ▲❡♠♠❛✳ ▲❡t W i = (Y i , Z i ) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ♦♥ R × R ❛♥❞ •❡t S n = n i=1 Y i ✐❢ n ≥ 1 ❛♥❞ S 0 = 0 ✭•❛t❡r ✇❡ ✇✐•• t❛❦❡ W i = (log A i , B i )✮✳ ❲❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s✿ T 0 = 0✱ T i = inf{n > T i-1 : S n ≥ S Ti-1 } ❛♥❞ ✇❡ ♣✉t L = inf{n : S n < 0}✳ ■❢ t❤❡ ❡✈❡♥ts ❛r❡ ✈♦✐❞ t❤❡♥ t❤❡ st♦♣♣✐♥❣ t✐♠❡s ❛r❡ ❡q✉❛• t♦ ∞✳ ▲❡♠♠❛ ✺✳✹ ✭❉✉❛•✐t② ▲❡♠♠❛✮✳ ❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥ ♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s α n : (R × R) n → R, ❢♦r n ≥ 1✱ α 0 ❡q✉❛• t♦ s♦♠❡ ❝♦♥st❛♥t ❛♥❞ α ∞ = 0✳ ❚❤❡♥ E L-1 i=0 α i (W 1 , . . . , W i ) = E ∞ i=0 α Ti (W Ti , . . . , W 1 ) . Pr♦♦❢✳ ❆•t❤♦✉❣❤ t❤❡ t❡❝❤♥✐❝ ♦❢ ♣r♦♦❢ ✐s ❝•❛ss✐❝❛• ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✶(✮✱ ✇❡ ♣r❡s❡♥t ❤❡r❡ ❛ ❝♦♠♣•❡t❡ ❛r❣✉♠❡♥t ❢♦r r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✳ ❲❡ ❤❛✈❡ E L-1 i=0 α i (W 1 , . . . , W i ) = α 0 + ∞ i=1 E 1 [Sj ≥0 ∀j=1,...,i] α i (W 1 , . . . , W i ) ❋♦r ✜①❡❞ i✱ ❝♦♥s✐❞❡r t❤❡ r❡✈❡rs❡❞ t✐♠❡ s❡q✉❡♥❝❡ W k = W i-k+1 ❛♥❞ ♦❜s❡r✈❡ t❤❛t t❤❡ ✈❡❝t♦r (W 1 , . . . , W i ) = (W i , . . . , W 1 ) ❤❛s t❤❡ s❛♠❡ •❛✇ ❛s (W 1 , • • • , W i )✳ ❚❤✉s E 1 [Sj ≥0 ∀j=1,...,i] α i (W 1 , . . . , W i ) = E 1 [ j k=1 Y k ≥0 ∀j=1,...,i] α i (W 1 , . . . , W i ) = E 1 [ j k=1 Y k ≥0 ∀j=1,...,i] α i (W 1 , . . . , W i ) = E 1 [ j k=1 Y i-k+1 ≥0 ∀j=1,...,i] α i (W i , . . . , W 1 ) = E 1 [Si≥S l ∀l=0,...,i-1] α i (W i , . . . , W 1 ) = E 1 [∃k≥1:i=T k ] α i (W i , . . . , W 1 ) ❚❤❡♥ E L-1 i=0 α i (W 1 , . . . , W i ) = α 0 + ∞ i=1 E 1 [∃k≥1:i=T k ] α i (W i , . . . , W 1 ) = E ∞ k=0 α T k (W T k , . . . , W 1 ) . Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳ ❙t❡♣ ✶✳ ❋✐rst ✇❡ ❝•❛✐♠ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C ❛♥❞ M s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ♥♦♥✐♥❝r❡❛s✐♥❣ f ♦♥ R + ✭✺✳✺✮ R d f (|u|)ν(du) ≥ C ∞ M f (a) da a . ❚❛❦❡ Y i = log A i ❛♥❞ S n = n i=1 Y i ✳ ❈❤♦♦s❡ ❛ ❜❛•• B ♦❢ R d ♦❢ r❛❞✐✉s R s✉❝❤ t❤❛t ν L (B) = C R > 0✳ ❲❡ ❤❛✈❡ R d f (|u|)ν(du) ≥ B E L-1 n=0 f A 1 A 2 . . . A n x + A 2 A 3 . . . A n B 1 + • • • + B n ν L (dx) ≥ C R E L-1 n=0 f A 1 A 2 . . . A n R + |B 1 | + • • • + |B n | = C R E L-1 n=0 f e Sn+log(R+ n i=1 |Bi|) = C R E ∞ n=0 f e S Tn +log(R+ Tn i=1 |Bi|) ■♥ t❤❡ •❛st •✐♥❡ ✇❡ ❤❛✈❡ ❛♣♣•✐❡❞ t❤❡ ❞✉❛•✐t② ▲❡♠♠❛ t♦ t❤❡ ❢✉♥❝t✐♦♥s✿ α n ((Y 1 , B 1 ), . . . , (Y n , B n )) = f e n i=1 Yi+log(R+ n i=1 |Bi|) . ❈♦♥s✐❞❡r t✇♦ s❡q✉❡♥❝❡s ♦❢ ✐✳✐✳❞✳ ✈❛r✐❛❜•❡s U j = max{log(1 + R + |B i |) : i = T j-1 + 1, . . . , T j } ❛♥❞ V j = S Tj -S Tj-1 + log(T j -T j-1 ) + U j . ❖❜s❡r✈❡ t❤❛t ❢♦r n ≥ 1 S Tn + log(R + Tn i=1 |B i |) ≤ S Tn + log n j=1 (R + Tj i=Tj-1+1 |B i |) ≤ n j=1 (S Tj -S Tj-1 ) + log 1 + R + Tj-1+1≤i≤Tj |B i | ≤ n j=1 V j ❲❡ ❝•❛✐♠ t❤❛t t❤❡ ✈❛r✐❛❜•❡s V j ❛r❡ ✐♥t❡❣r❛❜•❡✳ ■♥ ❢❛❝t s✐♥❝❡ Y i = log A i ❤❛s ❛ ♠♦♠❡♥t ♦❢ ♦r❞❡r 2 + ε✱ t❤❡♥ ❝•❛ss✐❝❛• r❡s✉•ts ❣✉❛r❛♥t❡❡ t❤❛t S Tj -S Tj-1 ✐s ✐♥t❡❣r❛❜•❡ ❛♥❞ T j -T j-1 ❤❛s ❛ ♠♦♠❡♥t ♦❢ ♦r❞❡r 1/(2 + ε)✳ ❙♦ ✇❡ ♥❡❡❞ ♦♥•② t♦ ♣r♦✈❡ t❤❛t t❤❡ ✈❛r✐❛❜•❡ U j ❤❛s t❤❡ ✜rst ♠♦♠❡♥t ✭s❡❡ ❬✼(✱ ♣❛❣❡ ✶✷✼✾✮✳ ❇② t❤❡ ❇♦r❡•✲❈❛♥t❡••✐ ▲❡♠♠❛ ✐t s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t lim sup n→∞ 1 n U n < M ❛✳s✳ ❢♦r s♦♠❡ ❝♦♥st❛♥t M ✳ ❲❡ ❤❛✈❡ 1 n U n = n j=1 (T j -T j-1 ) 1/(2+ε) n • U n n j=1 (T j -T j-1 ) 1/(2+ε) ❇② t❤❡ str♦♥❣ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs t❤❡ ✜rst t❡r♠ ❝♦♥✈❡r❣❡s✳ ❋♦r t❤❡ s❡❝♦♥❞ t❡r♠ ✇❡ ❤❛✈❡ U n n j=1 (T j -T j-1 ) 1/(2+ε) 2+ε ≤ U 2+ε n T n ≤ Tn k=1 log(1 + R + |B k |) 2+ε T n ✇❤✐❝❤ ❝♦♥✈❡r❣❡s s✐♥❝❡ (log + |B 1 |) 2+ε ✐s ✐♥t❡❣r❛❜•❡✳ ▲❡t U (y, x) = ∞ n=1 E 1 (y,x] n i=1 V i ✳ ❙✐♥❝❡ 0 < EV 1 < ∞✱ ❜② t❤❡ r❡♥❡✇❛• t❤❡♦r❡♠ lim x→∞ U (0, x) x = 1 EV 1 > 0. ❤❡♥❝❡ ❢♦r ❛♥② m > 1 t❤❡r❡ ❡①✐st •❛r❣❡ N s✉❝❤ t❤❛t inf k≥N U (m k ,m k+1 ) m k = C 1 > 0✳ ❚❤❡r❡❢♦r❡✱ ■◆❱❆|■❆◆❚ ▼❊❆❙❯|❊ ■◆ ❚❍❊ ❈|■❚■❈❆▲ ❈❆❙❊ ✶✼ R d f (|x|)ν(dx) ≥ C R E ∞ n=0 f e n i=1 Vi ≥ C R k>N U (m k , m k+1 )f e m k+1 ≥ C R C 1 k>N m k f e m k+1 ≥ C R C 1 m 2 k>N m k+2 m k+1 f (e x )dx ≥ C ∞ m N +1 f (e x )dx, t❤❛t ♣r♦✈❡s ✭✺✳✺✮✳ ❙t❡♣ ✷✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❢✉♥❝t✐♦♥s f n = 1 0, β n+1 α n ♦♥ R + ✳ ❖❜s❡r✈❡ t❤❛t lim sup n→∞ 1 n R d f n (

  n ) -log M = C log(β/α) > 0 ❆♣♣❡♥❞✐① ❆✳ ❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ❋♦r 0 < λ < 1 •❡t G λ * ψ = ∞ n=0 λ n µ * n * ψ ❛♥❞ A λ ψ = J(ψ)G λ * g(0) -G λ * ψ, ❢♦r s♦♠❡ ✜①❡❞ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ g ✐♥ F(µ) s✉❝❤ t❤❛t J(g) = 1✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ♠❡❛s✉r❡ G λ ✐s G λ (θ) = 1 1-λ µ(θ) ✳ ❚❤✉s G λ * ψ(x) = 1 2π R e iθx ψ(-θ) 1-λ µ(θ) dθ✳ ❚❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s F(µ) ✐s ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ψ(-θ) 1-λ µ(θ) ✐s ✐♥t❡❣r❛❜•❡ ♦✉ts✐❞❡ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ③❡r♦ ✉♥✐❢♦r♠•② ❢♦r ❛•• λ ≤ 1✳ ❚❤✉s t❤❡ ♦♥•② ♦❜str✉❝t✐♦♥ t♦ ✐♥t❡❣r❛❜✐•✐t② ✐s ❛t ③❡r♦ ❛♥❞ ❝❛♥ ❜❡ ❞❡❛•t ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✽✱ ✶✾(✳ ■❢ ψ ∈ F(µ)✱ t❤❡♥ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ✭❆✳✶✮ |1 -λ µ(θ)| ≥ λ|1 -µ(θ)| ≥ λc|θ| 2 , ✐s ❛ ❢❛♠✐•② ♦❢ ❢✉♥❝t✐♦♥s ✐♥ L 1 (dθ) ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ❢♦r 1/2 ≤ λ ≤ 1✳ ❋♦r ❛•• ψ, φ ∈ F(µ) ❛♥❞ x, y ∈ R✱ ❛ st❛♥❞❛r❞ ❝❛•❝✉•❛t✐♦♥ ❣✐✈❡s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭❆✳✷✮ G λ * φ(-y) -G λ * ψ(x -y) = -(K(φ) -K(ψ) + xJ(ψ)) C λ µ (y) + R e -iyθ h λ ψ,φ,x (θ)dθ, ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s h λ ψ,φ,x (θ) ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ❢♦r ❛•• λ ∈ [1/2, 1] ❜② (1 + x 2 )H φ,ψ (θ) ❢♦r s♦♠❡ ✐♥t❡❣r❛❜•❡ ❢✉♥❝t✐♦♥ H φ,ψ ❛♥❞ r❡♠ ✸✳✶✑ ✐♥ ❬✶✽( t❤❡ •✐♠✐t lim λր1 C λ µ (y) = C 1 µ (y) ❡①✐sts ❛♥❞ lim y→±∞ C 1 µ (y) = ±σ -2 ✳ ❇② ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ t❤❡ ❢♦••♦✇✐♥❣ •✐♠✐t ❡①✐sts lim λր1 G λ * φ(-y) -G λ * ψ(x -y) = -(K(φ) -K(ψ) + xJ(ψ)) C 1 µ (y) + R e -iyθ h 1 ψ,φ,x (θ)dθ ✭❆✳✸✮ ❋♦r φ = J(ψ)g ❛♥❞ y = 0✱ ✇❡ ❤❛✈❡ A λ ψ(x) = G λ * φ(0) -G λ * ψ(x) t❤✉s Aψ(x) = lim λր1 A λ ψ(x) = -(J(φ)K(g) -K(ψ) + xJ(ψ)) C 1 µ (0) + R h 1 ψ,φ,x (θ)dθ. ❍❡♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ r❡❝✉rr❡♥t ♣♦t❡♥t✐❛• ❦❡r♥❡•✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Aψ ❢♦••♦✇s ❢r♦♠ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐•✐t②✳ ❋✉rt❤❡r♠♦r❡ s✐♥❝❡ C 1 µ (0) ✐s ✜♥✐t❡✱ ✇❡ ❛•s♦ ❤❛✈❡ ✭❆✳✹✮ A λ ψ(x) ≤ C ′ (1 + x 2 ) ❚❛❦❡ ♥♦✇ φ = ψ t❤❡♥ ❜② ✭❆✳✷✮✱ ✭❆✳✸✮ ❛♥❞ t❤❡ |✐❡♠❛♥♥ ✲ ▲❡❜❡s❣✉❡ •❡♠♠❛ ✭❆✳✺✮ Aψ(x -y) -Aψ(-y) = -xJ(ψ)C 1 µ (y) + h 1 ψ,ψ,x (-y) → ∓xJ(ψ)σ -2 ✇❤❡♥ y → ±∞✳ ■❢ J(ψ) > 0 ❛♥❞ x ❣♦❡s t♦ +∞ t❤❡♥ (k + {x}) -Aψ(k + {x} -1)) x → J(ψ)σ -2 ✇❤❡r❡ [x] ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ x ❛♥❞ {x} = x -[x]✳ ■❢ J(ψ) = 0 t❤❡♥ A λ ψ = -G λ * ψ✱ t❛❦✐♥❣ φ = 0✱ x = 0 ✇❡ ❤❛✈❡ Aψ(-y) = K(ψ)C µ (y) + h 1 ψ,0,0 (-y) ❛♥❞ ♣❛ss✐♥❣ ✇✐t❤ y t♦ ±∞ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①♣❡❝t❡❞ •✐♠✐t✳ ❚♦ ♣r♦✈❡ t❤❛t Aψ ✐s ❛ s♦•✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ♦❜s❡r✈❡ t❤❛t µ * A λ ψ = c λ J(ψ) -∞ n=0 λ n µ * n+1 * ψ = A λ ψ + G λ * (ψ -µ * ψ). ◆♦t✐❝❡ t❤❛t G λ * (ψµ * ψ)(x) ❜② ✭❆✳✶✮✱ t❤❡ ✐♥t❡❣r❛♥❞ ✐s ❞♦♠✐♥❛t❡❞ ❜② 2| ψ| ∈ L 1 (dθ) ❢♦r ❛•• 1/2 < λ ≤ 1✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ lim λր1 µ * A λ ψ = Aψ + ψ✳ ❇② ✭❆✳✹✮ ❛♥❞ ❞♦♠✐♥❛t❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❝♦♥❝•✉❞❡ µ * Aψ(x) = R lim λր1 A λ ψ(x + y)µ(dy) = lim λր1 R A λ ψ(x + y)µ(dy) = Aψ(x) + ψ(x).