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ASYMPTOTIC COMPLETENESS FOR SUPERRADIANT
KLEIN-GORDON EQUATIONS AND APPLICATIONS TO THE DE
SITTER KERR METRIC

V. GEORGESCU, C. GERARD, AND D. HAFNER

ABSTRACT. We show asymptotic completeness for a class of superradiant Klein-Gordon
equations. Our results are applied to the Klein-Gordon equation on the De Sitter Kerr
metric with small angular momentum of the black hole. For this equation we obtain asymp-
totic completeness for fixed angular momentum of the field.

1. INTRODUCTION

1.1. Introduction. Asymptotic completeness is one of the fundamental properties one might
want to show for a Hamiltonian describing the dynamics of a physical system. Roughly
speaking it states that the Hamiltonian of the system is equivalent to a free Hamiltonian for
which the dynamics is well understood. The dynamics that we want to understand behaves
then at large times like this free dynamics modulo possible eigenvalues. In the case when
the Hamiltonian is selfadjoint with respect to some suitable Hilbert space inner product an
enormous amount of literature has been dedicated to this question. The question is much
less studied in the case when the Hamiltonian is not selfadjoint. This situation occurs for
example for the Klein-Gordon equation when the field is coupled to a (strong) electric field.
This system has been studied by Kako in a short range case (see [23]) and by C. Gérard in
the long range case (see [14]). In this situation the Hamiltonian, although not selfadjoint on a
Hilbert space, is selfadjoint on a so called Krein space. In a previous paper [15] we addressed
the question of boundary values of the resolvent for selfadjoint operators on Krein spaces.
Applications to propagation estimates for the Klein-Gordon equation are given in [16].

The Klein Gordon equation can be written in a quite general setting in the form
(1.1) (0} — 2ikd; +h)u =0, u: R —H

with selfadjoint operators k and h. However if A is not positive the natural conserved energy
for (1.1)
10eull® + (hulu)

is not positive and in general no positive conserved energy is available. This happens in
particular when the equation is associated to a lorentzian manifold with no global time-like
Killing vector field. In this situation natural positive energies can grow in time, and we will
loosely speak about superradiance, the most famous example being the (De Sitter) Kerr metric
which describes rotating black holes. T his example doesn’t enter into the framework of our
previous papers because the Hamiltonian can no longer be realized as a selfadjoint operator
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on a Krein space whose topology is given by some natural positive (but not conserved) energy.
The problem comes from the fact that the operator k£ has different “limit operators” in the
different ends of the manifold. In the one dimensional case scattering results for this situation
have been obtained by Bachelot in [4].

Asymptotic completeness for wave equations on Lorentzian manifolds has been studied for a
long time since the works of Dimock and Kay in the 1980’s, see e.g. [8]. The main motivation
came from the Hawking effect. Such results are a necessary step to give mathematically
rigorous descriptions of the Hawking effect, see Bachelot [3] and Héfner [20]. The most
complete scattering results exist in the Schwarzschild metric, see e.g. Bachelot [2]. Asymptotic
completeness has also been shown on the Kerr metric for non superradiant modes of the Klein-
Gordon (see Héfner [19]) and for the Dirac equation (for which no superradiance occurs), see
Héfner-Nicolas [21]. In this setting asymptotic completeness can be understood as an existence
and uniqueness result for the characteristic Cauchy problem in energy space at null infinity,
see [21] for details. As far as we are aware asymptotic completeness has not been addressed
in the setting of superradiant equations on the (De Sitter) Kerr background. Note however
that scattering results have been obtained by Dafermos, Holzegel, Rodnianski in the difficult
nonlinear setting of the Einstein equations supposing exponential decay for the scattering data
on the future event horizon and on future null infinity, see [7]. Also there has been enormous
progress in the last years on a somewhat related question which is the question of decay of
the local energy for the wave equation on the (De Sitter) Kerr metric. We mention in this
context the papers of Andersson-Blue [1], Dyatlov [10], Dafermos-Rodnianski [6], Finster-
Kamran-Smoller-Yau [12], [13], Tataru-Tohaneanu [27] and Vasy [28] as well as references
therein for an overview. Let us make some comments on the similarities and differences
between asymptotic completeness results and decay of the local energy:

— for a hyperbolic equation like the wave equation, the essential ingredients for asymp-
totic completeness are minimal velocity estimates stating that the energy in cones
inside the light cone goes to zero. No precise rate is required, but no loss of deriva-
tives is permitted in the estimates.

— energy estimates are necessary for asymptotic completeness. One needs to estimate
the energy at null infinity by the energy on a ¢ = 0 slice and the energy at the
time ¢ = 0 slice by the energy at null infinity. Leaving aside the question of loss of
derivatives the first estimate can probably be deduced from the local energy decay
estimates. For the other direction however a new argument is needed. Indeed most
of the local energy decay estimates use the redshift, that becomes a blueshift in the
inverse sens of time, see [7].

— the choice of coordinates has probably to be different. Whereas coordinates that
extend smoothly across the event horizon are well adapted to the question of decay of
local energy, they don’t seem to be well adapted for showing asymptotic completeness
results.

We refer to [25] for a more detailed discussion on the link between local energy decay and
asymptotic completeness results.

We show in this paper asymptotic completeness results for the superradiant Klein-Gordon
equation in a quite general setting. Our abstract Klein-Gordon operators have to be un-
derstood as operators acting on R; x 3, where ¥ is a manifold with two ends, both being
asymptotically hyperbolic. We also impose the existence of “limit operators” in the ends
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which can be realized as selfadjoint operators on a Hilbert space. In this setting the non real
spectrum of the Hamiltonian consists of a finite number of complex eigenvalues with finite
multiplicity, we can define a smooth functional calculus for the Hamiltonian and the trun-
cated resolvent can be extended meromorphically across the real axis. We show propagation
estimates for initial data which in energy are supported outside so called singular points.
These singular points are closely related to real resonances but unlike the selfadjoint setting
they may be singular points which are not real resonances.

From the propagation estimates it follows in particular that the evolution is uniformly
bounded for data supported in energy outside the singular points. The same holds true for
high energy data for which no superradiance appears.

We apply then our results to the De Sitter Kerr metric with small angular momentum. We
show asymptotic completeness for fixed but arbitrary angular momentum n of the field. For
angular momentum n # 0 the absence of real resonances follows from the results of Dyatlov,
see [9]. However some additional work is required to show the absence of singular points. In
a subsequent paper we will discuss the De Sitter Kerr case in more detail.

1.2. Abstract Klein-Gordon equation. Let (#,(+|-)) be a Hilbert space, (h, D(h)) be a
selfadjoint operator on H and k € B((h)~'/?H; (h)}/?>H) be another selfadjoint operator. We
consider the following abstract Klein-Gordon equation :

(02 — 2ik0; + h)u = 0,
(12) u|t:0 = Uug,
(9tu|t:0 = Uui.

The operator h will be in general not positive. As a consequence the conserved energy
(u, u)o = [|Opull3, + (hulu)w

will in general not be positive. The hyperbolic character of the equation is expressed by the
condition

ho := h + /{:2 > 0.
Another important conserved quantity is the charge which is given by
q(u,v) = (ufv) = (uglv1) + (u1]vo)
Setting Wy = (ug, —iu;) we can rewrite (1.2) as a first order equation

(@—iH)\If = 0,
Ulimg = Wy,

0 1
H= < h 2k > '
Observe that

(1.4 - =t (221,

z

(1.3)

where

where
p(2) = h+ 2(2k — 2) = hg — (k — 2)? € B((ho)~Y*H, (ho)/?H), z € C.
The map z +— p(z) is called a quadratic pencil and plays an important role in the study of H.
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1.3. Results for the Klein-Gordon equation on the De Sitter Kerr metric. Let
(M, g) be the De Sitter Kerr spacetime and u a solution of the Klein-Gordon equation

(Qg +m*u = 0,
(1.5) uli=o = o,
Owult=o = w1,

where ¢ is the Boyer-Lindquist time. We define the Cauchy surface ¥ = {t = 0}. We write
(1.5) in the form (1.2) and associate the homogeneous energy space £, which is the completion

of C§°(X) x C§°(X) for the norm
lullg = Ilur — kuol3, + ((h + k*)uo|uo)a,

where H = L?(3;dVol) for a suitable measure dVol. We can take dV ol = drdw, where x is a
Regge-Wheeler type coordinate if we multiply v with a suitable function. We then write the
equation in the form (1.3) and obtain a Hamiltonian H (formally H = H) acting on £. We
also consider the wave equations

(07 — 29,0,0; — 07 + Ql/ a2yl = 0,
(1.6) l/T’t:O = Ué/ra
ol i—g = ll/r,

where (2, is the angular velocity of the black hole resp. cosmological horizon. Let H; /rs 6"1 /r

be the associated Hamiltonians and homogeneous energy spaces. We denote by E™, ET}T the
subspaces of angular momentum n. Let ¢;/, be smooth cut-off functions equal to one at Foo,
equal to zero at +o0o. Let a be the angular momentum per unit mass of the De Sitter Kerr

spacetime. The main result in the De Sitter Kerr setting is the following

Theorem 1.1. There exists ag > 0 such that for all |a| < ag and n € Z\ {0} we have the
following.

i) There exists a dense subspace Efmn f . such that for all vy, € 5}7"” the limits

lr _ itH . —itH, .,
Wy’ V= hmooe iy/r€ Yoy,

exist. The operators Wi/ extend to bounded operators Wi/ € B( U E”)

ii) For all u € E" the limit

lr . it E . _itE
Q/ ;= lim eltHl/Tzl/re iHy,
t—=o0

exists in j /T

i), i) also hold for n =0 if the mass m of the field is strictly positive.

1.4. Plan of the paper.

— in Sect. 2 we collect some results on general abstract Klein-Gordon equations. Also
we give some basic resolvent estimates. It turns out that already in this abstract
setting superradiance can only occur at low frequencies as expressed in the estimates
of Lemma 2.6. This fact is already known for the Kerr metric, see e.g. Dafermos Rod-
nianski [6], but not in this spectral formulation. We also study gauge transformations
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in Sect. 2.5.3. These gauge transformations correspond to choices of different Killing
fields in a more geometric language.

— in Sect. 3 we recall some facts on meromorphic Fredholm theory. We show that a
meromorphic extension of the truncated resolvent of h gives a meromorphic extension
of the weighted resolvent of H.

— in Sect. 4 we describe the abstract setting for a Klein-Gordon operator on a manifold
with two ends. Our assumptions assure that the asymptotic Hamiltonians in the ends
are selfadjoint. Gluing the resolvents of the asymptotic operators together gives the
resolvent for H using the Fredholm theory of Sect. 3. We obtain in this way resolvent
estimates for the Hamiltonian H which are sufficient to construct a smooth functional
calculus for H.

—in Sect. 5 we prove propagation estimates which are needed for the proof of the
asymptotic completeness result. We also introduce the notion of singular points.
Singular points are obstacles for uniform boundedness of the evolution and therefore
also for asymptotic completeness. A useful criterion for the absence of singular points
is given.

— in Sect. 6 we show uniform boundedness of the evolution for data which is spectrally
supported outside the singular points.

— asymptotic completeness is shown in the abstract setting in Sect. 7. The scattering
space corresponds to data which are supported in energy outside the singular points.

— in Sect. 8 we introduce the geometric setting. Our operators fulfill the hypotheses of
the abstract setting. We obtain meromorphic extensions of the weighted resolvents
using a result of Mazzeo-Melrose [24].

— We apply our general result to the geometric setting in Section 9 and obtain an
asymptotic completeness result in the geometric setting.

— in Sect. 10 we describe the Klein-Gordon equation on the De Sitter Kerr metric.

— in Sect. 11 the main results are formulated in the De Sitter Kerr setting. Two types
of results are established: comparison to spherically symmetric asymptotic dynamics
on the same energy space and comparison to asymptotic profiles. These asymptotic
profiles give rise to energy spaces which are bigger than the original ones. The wave
operators can therefore only be defined as limits on dense subspaces. They then extend
by continuity to the whole energy space for the profiles. Inverse wave operators exist
on the whole energy space as limits.

— The proofs of the theorems in the De Sitter Kerr setting are given in Sect. 12. We
apply our earlier abstract theorems. To obtain the meromorphic extensions of the
different truncated resolvents it is crucial that the cosmological constant is strictly
positive. The absence of real resonances and complex eigenvalues follows from the
work of Dyatlov [9] for a compactly supported cutoff resolvent. An hypo-ellipticity
argument enables us to use an exponential weight. Our earlier results in [16] and the
general criterion in Section 5 enable us to show the absence of singular points.

As usual for asymptotic completeness results and to simplify the exposition we consider only
the limit ¢ — oo. All the results in this paper also hold in the limit ¢ — —oc and the proofs
are the same.
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2. BACKGROUND ON ABSTRACT KLEIN-GORDON OPERATORS
2.1. Notations.

—if X,Y aresetsand f: X — Y, we write f : X>Y if f is bijective. We use the same
notation if X, Y are topological spaces if f is an isomorphism.

— if ‘H is a Banach space we denote H* its adjoint space, the set of continuous anti-
linear functionals on H equipped with the natural Banach space structure. Thus the
canonical anti-duality (u,w), where v € H and w € H*, is anti-linear in u and linear
in w. In general we denote by (-|-) hermitian forms on H, again anti-linear in the first
argument and linear in the second one, but if H is a Hilbert space its scalar product
is denoted by (+|-).

— B(H) is the space of bounded operators on ‘H and By (#) the subspace of compact
operators.

— if S is a closed densely defined operator on a Banach space, then D(S), p(S), o(5)
are its domain, resolvent set and spectrum. We use the notation (S) = (1 + §2)1/2 if
S is an operator for which this expression has a meaning, in particular if S is a real

number.
—if S is a self-adjoint operator on a Hilbert space then S > 0 means S > 0 and
Ker S = {0}.

— if A, B are two selfadjoint operators or real numbers, (possibly depending on some
parameters), we write A < B if A < CB for some constant C' > 0, (uniformly with
respect to the parameters).

2.2. Scales of Hilbert spaces. Let H be a Hilbert space identified with its adjoint space
H* = H via the Riesz isomorphism. If h is a selfadjoint operator on H we associate to it the
non-homogeneous Sobolev spaces

(B)~*H = Dom[hf’, ()*H := (B)H)", 5 > 0.
The spaces (h)*H are equipped with the graph norm ||(h)®u||. We keep the notation
(ulv), we (h)y"*H, ve (h)*H,

to denote the duality bracket between (h)~*H and (h)*H.

If Kerh = {0} then we also define the homogeneous Sobolev space |h|*H equal to the
completion of Dom|h|™* for the norm |[||h|~*u|. The notation (h)*H or |h|*H is convenient
but somewhat ambiguous because usually a’H denotes the image of H under the linear operator
a. We refer to [16, Subsect. 2.1] for a complete discussion of this question.
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Let us mention some properties of the scales of spaces defined above:
(h)™5H C (h)7'H, if t < s, (h)"5H C |h|"*H, |h|*H C (h)*H if s > 0,
(M)"H = h]"H =H, (B)*H = ((h)~"H)*, |h[*H = ([h|*H)*,
0 € p(h) & (h)*H = |h|*H for some s # 0 < (h)*H = |h|*H for all s,
the operator |h|® is unitary from |h|~*H to |h|*"'H for all s,t € R.
2.3. Quadratic pencils. Let H be a Hilbert space, h a selfadjoint operator on H, and
k € B(H) a bounded symmetric operator. Then hg = h + k? is a self-adjoint operator on H

with the same domain as h hence (h)*H = (ho)*H for s € [—1,1]. Thus the operators h and
ho define the same scale of Sobolev spaces for s € [—1, 1] that we shall denote:

He = (h)"H = (ho) "H if —1<s<1.
We define the quadratic pencil
p(z) =h+ 22k —2)=hy— (k—2)?, z€C.

A priori these are operators on H with domain H! and we clearly have p(2)* = p(z) as
operators on H. Moreover, for each s € [0,1] they extend to operators in B(H*, H*"!) and,

for example, the relation p(z)* = p(Z) holds as operators Hz — H 2. From this it is easy to
deduce the following lemma (see [15, Lemma 8.1] for a more general result).

Lemma 2.1. The following conditions are equivalent:
(1) p(z) : H1SH (2) p(z) : H\SH
(3) plz) : H2H2  (4) p(z) : H 2 DH2
(5) p(z) : HOH? (6) p(z) : HSH L.
In particular, the set
(2.1) p(h,k):={z€C|p(z): H_%%H%} ={zeC|plz): H'>H}

1s tnwariant under conjugation.

The next result is easy to prove in the present context; one can find a proof under more
general conditions in [15, Lemma 8.2].

Proposition 2.2. If h is bounded below then there exists cg > 0 such that
{z :|Imz| > |Rez| + co} C p(h, k).
We shall prove now some estimates on p(z)~! for z € p(h,k). Note that they are valid
under much more general assumptions on A and k then those imposed in this paper.

Lemma 2.3. Assume that h+ ¢ >0 for some 0 < ¢ and let b > 1. If z € p(h, k) then

) be
e

(2:2) lp(=) 7 <

|z Imz|
Proof. We abbreviate p = p(z) and p = Imz. The main point is the identity

z 1 1
2.3 Im— = —(h+ [2*)=
(2.3) > p*( H)p
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which is rather obvious:

: 0z 1, , _.\1 1 1
———=—(2p"—2p)-=(2—-2) (h+[2]")=.
p D p ( )p ( )p ( g )p
Then the relation (2.3) gives (|z]? — C)%% < Im. hence

fu)| < felllul[lp~ " ull

lul(l=* = )llp™ ul® < [Im(ulzp™
hence |p|(|z]? — ¢)||[p~ u||? < |z|||u|| which is more than required. O

Lemma 2.4. Assume ho > 0 and k> < ahy + B with o < 1. Then h is bounded from below
and if h4+c¢ > 0 and € > 0 then there is a number C' such that for z € p(h,k) and |z| > /c+e

1
(2.4) lhg p(2) 1| < Clmz| .

Proof. If we set ¢ = p~! then (2.3) implies q*((l —a)hy + \z[2)q < Bg*q+ p~'Im zq hence

1
i _ _ b2
(L= a)llhgp™ " ull® < Blp~ ull + |z/pllulllp™ ull < Zipllull® + & ull?

if [2]? > %. This estimate is more precise than (2.4). Note that we may take ¢ = . d

2.4. Spaces. The operators h, k, hg and the spaces H® are as in the preceding subsection, in
particular k is a bounded operator in H, but now we shall impose much stronger conditions.

From now on we always assume that the following condition is satisfied:
(A1) ho :=h+k* > 0.
Then the homogeneous scale hiH associated to hg is well defined. Note that, if & is injective,
the spaces || ~'H and hy'H are quite different in general, although (h)~'H = (ho)~'H.
We shall require k£ to behave well with respect to the homogeneous hg-scale:
( k€ B(hy*1);
if z ¢ R then (k—2)~! € B(hal/QH) and
k—2)"1 - < [Imz| ™ f 0;
(A2) |(k = 2) ”B(ho 129 S [Imz|~™ for some n > 0;

3m > 0 such that if |z| > m||k||5) then

_ -1
Ik = 2) g2 S 1] = Il

The next comments will clarify the meaning of these conditions. Recall that hy*H and h§H
are adjoints to each other but they are not comparable and neither are they comparable
with H. The first assumption says that the operator k leaves D(h(l)/ 2) invariant and that
its restriction to D(hé/ 2) extends to a bounded operator, say k, in hy Y 7{. The rest of the
assumption concerns the resolvent of k in this space. In order not to overcharge the notation
we kept the notation k for k.

The preceding assumptions allow us to get a new estimate on the quadratic pencil p.

Lemma 2.5. Under the conditions (Al) and (A2), there are numbers C, M > 0 such that

1 1 .
(2.5) Ihgp(2)~ (k — 2)ull < Cllmz|Y|[hgull if |2[ = M (k|-
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Proof. We abbreviate p = p(z) and m = z — k, so that m* =z —k and p = hg —m?. We have:

1 1 z 1 z 1
iho—m —m*—hg z* =m"— <p*LQh0 — ho%p> —m.
m m| Im|*”) p

p p*m p*
If we replace here p by hg —m? and then develop and rearrange the terms, we get:
1 1 z * 1
m*— (Z—E)ho—zho—i—hozm L ho | —m.
p* m| m*m p
Since %* =1- %E and Z =1+ %, a simple computation gives:

zm  zm* k k
ho—*— hoz(z—z) <h0+h0—*—|——h0> .
m m m m
To conclude, we have proved, with y = Imz,

1 1 1 k 1 1
—Im <£h0—m> = 7”]1*—#< (ho + 2Re(—h0) + h0—2h0> —-m.
1 p m m| p
We may also write this as follows:

1 1 1 1 1

1 1
—Tm(u|zm ™ hop~tmu) = ||hEp~ mul|* + 2Re(p 'mulkm ™ hop~tmu) + |m " hop tmul .
0

Since the last term is positive, we get

1 1

1 1
rl||hg p~ tmu|? <=Tm(ulzm ™ hop™tmu) — 2Re(p™ 'mulkm ™ hop~tmu)
i

1 11 101
:;Im(h§u|h0 22m he - hEp T tmu)
1 1 11
— 2Re(hgp 'mulhy 2km T hE - hEp imu).

_1 1 _1 1
Set a(z) = ||hy 2zm~thE|| and b(z) = 2||hy 2km~thZ||. Since zm ™t =1+ km™!, assumption
(A2) implies the boundedness of a(z) for large z and b(z) — 0 if z — oo. Finally, we have
1 1
(1 =0(2)[Ihgp~ mull < al2)|ul = [hg ull,
which proves the lemma. 0

For easier reference later on, we summarize in the next proposition a particular case of the
estimates we got in Lemmas 2.3, 2.4 and 2.5.

Proposition 2.6. Assume that the conditions (Al) and (A2) are satisfied and let £ > 0.
Then there are numbers C, M > 0 such that:

(2.6) P~ ()l < Cl2|HImz| " if 2] > (1+ €)1 kllseg)
(2.7) b >~ (2)]| < ClTmz| Y if |2 > (1 + )[|k]l 50,
(2.8) 1he/*p (=) (k — 2)ul < Climz| Y[R >ul| if 2] = M]|k||s0)-

Sometimes it is useful to consider also the homogeneous h-scale. The following assumption
will be convenient in such situations.

(A3) h > ck? for some real ¢ > 0.



10 V. GEORGESCU, C. GERARD, AND D. HAFNER

This means that h is positive and ||ku|| < ¢~ /2||hY/?u| for all u € D(R'/?).

Lemma 2.7. If ¢ > 0 is real then h > ck? < h > Troho- Thus (A3) is satisfied if and only
if there is b > 0 real such that bhyg < h < hy. If (Al) and (A3) hold then h > 0.

Proof. Note that h = hg — k? < hg. On the other hand, if ¢ > 0 is real then we clearly have

c
h
1+c 0

and this implies the assertions of the lemma. ]

Corollary 2.8. If (Al) and (A3) are satisfied then hiH = h*H for all —1/2 < s < 1/2.

(2.9) h>ck? e hg>(1+c)k* < h>

Proof. Indeed, from bhg < h < hg we get b9h8 <K< hg Hfo<o<l1. O

2.4.1. Inhomogeneous energy spaces. The inhomogeneous energy space is the vector space
E=H"aH,

equipped with the natural direct sum topology which makes it a Hilbertizable space. For
consistency with the norm that we introduce later in the homogeneous case we take

(2.10) ICEDIE = llus — Kuol* + ((ho + 1)ug|uo)

but of course we could replace here k by zero. It is convenient, as explained in [15], to identify
its adjoint space £* with H @ H /2 the anti-duality being given by
. uop Vo *
(2.11)  (u,v) = (uglvy — kvo) + (u1 — kuglvg) if u= < " ) €& v= ( v > €&
1 1

usually called the charge. Observe that & C £* continuously and densely. We identify £ = £
as in the Hilbert space case by setting (v,u) = (u,v).

In what follows it will often be convenient to use the operator

1 0
(2.12) O(k) = ( P )
Note that ®(k) : E3E and ®(k) : £*>E* with @1 (k) = ®(—k) and we may write
(2.13) E=dk)((ho) V*HBH) and & = d(k)(H & (ho)/*H),

which explains the choice of the norm in (2.10) and makes the connection with (2.15).

2.4.2. Homogeneous energy spaces. We define the homogeneous energy space € as the com-
pletion of £ under the norm defined by:

(2.14) ICEDNIZ = Iy — kuoll* + (houoluo)-

The completion is the set of couples u = (3°) with uy € ho_l/ZH,ul e (1+ ho_l/Q)H, and
such that u; — kug € H. We shall realize its adjoint space £* with the help of the charge
anti-duality defined as in (2.11). Observe that, since k € B(h, Y 27—[) by (A2), we also have

(2.15) E=d(k)(hg PHBM), & =k)(Hoh)/*H).
If the assumption (A3) is satisfied then we also define the h-homogeneous energy spaces

E—n'’HaH, & =Haehl’H.
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Here the direct sums are in the Hilbert space sense and the identification of E* with the space
adjoint to & is done with the help of the sesquilinear form defined as in (2.11) but with k£ = 0.

Lemma 2.9. Assume (A1)-(A3). Then & = £ and the norms |-l and || - Hg are equivalent.

Proof. We have to prove that ||u; — kugl|? + (houo|uo) =~ |Ju1||> + (hug|ug). But this is obvious
by (A3) and Lemma 2.7. d

2.4.3. Conserved quantities. On € we introduce for £ € R the following sesquilinear forms :
(2.16) (uv)e := (u1 — Luglvr — Lvg) + (p(€)uo|vo),

where p(f) = hg — (k — £)2. We have seen in the introduction that these forms are formally
conserved by the evolution, but in general not positive definite.

Lemma 2.10. For all ¢ € R, (-|-) is continuous with respect to the norm | - ||s.

Proof. Due to the polarization identity it suffices to show |(u|u)| < ||ul|? for all u € €. Since
1/2

(2.17) (ulube = l[ur = Cuol® + [lhg/uo||* = | (k = O)uo

and k is bounded, this is obvious. ]

Lemma 2.11. For all £ € R, (-|-)¢ is continuous with respect to the norm || - ||¢ if and only if
(2.18) ho = (k —£)%

Proof. We have HuH?g = |lug — kugl|® + Hhé/zuo\P and we have to decide when |(u|u)y| < HuH?S

By (2.17) this holds if and only if |[Juy — Cug||* — ||(k — £)uol?| < llur — kuo||* + Hh(1)/2u0H2. If
this holds and we take u; = kug we get (2.18). The converse is obvious. O

2.5. Energy Klein-Gordon operators. Let

(2.19) H= ( S, ) — d(k)KD (k) where K — < }’fo h > .

The energy Klein-Gordon operators will be various realizations of H. The operator K is a
charge Klein-Gordon operator and will only play a technical role.

2.5.1. Klein-Gordon operator on the inhomogeneous energy space. The inhomogeneous Klein-
Gordon operator is the operator H induced by H on £. This means that its domain is

DH):={uec& Hue &} =H aH'?,
and for u € D(H) we have Hu = Hu. For the second equality above, see [16, Sect. 5.2]. We
also recall [16, Proposition 5.3]:
Proposition 2.12. Assume (Al) and (A2).

— One has p(H) = p(h, k).
~ In particular, if p(h,k) # O then H is a closed densely defined operator in £ and its
spectrum is invariant under complex conjugation.
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- If z € p(h, k), then

(2.20) R(z) = (H—2)" = p'(2) ( el ) .

We may similarly define the operator K induced by K in € and one may easily check,
under the same conditions (A1) and (A2), that ®(k) : H' @ HY/2SH! @ H'/? with inverse
®(—k), hence H and K have the same domain and H = ®(k)K®(—k). This implies

_ p~H(2)(z — k) p~(2)

(2.21) (K =2 = ( 1+ (z=kp ' (2)(z = k) (z=k)p~'(2) ) '

2.5.2. Klein-Gordon operator on the homogeneous energy space. The homogeneous Klein-

Gordon operator is the operator H induced by H on £. This means that its domain is
D(H) ={ucé&; Huc €}

and for u € D(H) we have Hu = Hu. The proofs will involve the homogeneous operator K

associated to the auxiliary operator K and acting in the space hg 29 @ H with domain

1/2

D(K)={veh, "HaeM; Kveh,"*HeH}

1/2

From the relations (2.15) and (2.19) we see that ®(k) induces an isomorphism of h, ' “H & H

with & whose inverse is ®(—k). Clearly then H = ®(k)K®(—k).
Lemma 2.13. Under the conditions (Al) and (A2) we have:

D(F) = ®(k) ((hal/Q’H Nhg M) @ 7—[1/2) .

Proof. From the preceding comments we see that the assertion of the lemma is equivalent to
(2.22) D(K) = (hy"*H N hy'H) @ H/?

Since Kv = (hﬁﬁgﬂii}l ), if v belongs to the right hand side above then kvg + vy € hal/2’H and
1/2 . .

hovo + kv € H, thus Kv € hy ' “H @ H, hence v € D(K). Reciprocally, if v € D(K) then
vo € hy PH, v € H, kv + vy € hy PH, hove + kvy € .

We have to show vy € hal/27-l N hal’H and v; € HY2, which follow from vy € hal’H and
vy € hal/2’H. The last relation is a consequence of kvg+v; € hal/2’H because k € B(halﬂ?{).
Since k is bounded on H we finally get hovg € H — kvy C H hence vy € by 1. O

Lemma 2.14. Assume that the conditions (A1) and (A2) are satisfied and let z € p(h,k)\R.
Then the maps p(z)~% and p(2)~thg induce continuous operators hal/QH — hal/QH Nhy'H
and ho_l/ZH — M2 respectively.

Proof. We set m = z — k and, to simplify the writing, we do not specify z unless this is really
necessary, e.g. we write p for p(z) and p = hg — m?. From (A2) it follows that m induces
bounded invertible operators in all the spaces H® with —1/2 < s < 1/2 and in the space

hal/QH (in all AjH with —1/2 < s < 1/2, in fact). Since hg extends to a unitary operator
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hal/QH — hé/QH and hé/Q”H is a dense subspace of H /2, the operator p~lhg extends to a
bounded map p~'hg : hal/QH — HY2. Then we write

pt=p (m?®—ho+ho)m™2=pthoym™2? —m™2

! extends to an operator in B(h, Y 27—[). We still have to prove

that p~! sends hal/Q’H into halH. For this we note that

from which it follows that p~

hop™' = (ho —m® +m*)p~' =1+ m’p~!

1

and thus, by what we just proved, we see that hopflho_ 129 hy Y291 hence p~+ sends

hy 294 into hy 2901 hy 129 ¢ hy 194, which clearly proves the assertion. ]

Proposition 2.15. If (A1), (A2) are true then p(H)\ R = p(h,k) \ R and for z in this set

(223)  R(2)i= (H —2)"' = d(k) ( . f:léjzﬁzlé)"zl - _p;](f_)l " ) B(—F).

Proof. As in the proof of Lemma 2.13 we prove the corresponding statement for the operator
K. Fix z € p(h,k) \ R and adopt the notations of the proof of Lemma 2.14. We show that
z € p(K) and that (K — z)~! is just the matrix in (2.23) or in (2.21):

(2.24) (K —2)71 = ( ptmop ) .

14+mp~—m mp~

We denote S the matrix in the right hand side of (2.24) and first show that .S sends h 1/2

into D(K) as defined in (2.22). Thus, if vy € hal/Q’H and v; € ‘H we must prove that

HOH

(2.25) p g +ptog € h0_1/27-l N hal’H and (14 mp tm)vg +mp tu; € H2.

Y2900 h0_17-l hence also mp~ v, € HY2. Thus it

remains to treat the terms involving vp. From Lemma 2.14 we get p~tmug € hy 1291 n hy .
On the other hand, since p = hg — m?, Lemma 2.1 and a simple computation give

From Lemma 2.1 we get p~tv; € H! C hy

(2.26) L4+mptm=m " p thom™!

in the sense of bounded operators H~ /2 — #/2. From this relation and Lemma 2.14 we get
(1 4+ mp~tm)vy € H'/2.

Thus S : h81/27-[ ®H — D(K) and a straightforward computation gives (K — z)Sv = v
for all v € hal/z’H @® H. On the other hand, if u € D(K) and v = (K — z)u then it is easy to

show that w = Sv. This finishes the proof of the relation S = (K — z)~!, i.e. of (2.24).
It remains to be shown that p(K) \ R C p(h, k). Assume that z ¢ R and

K—z:(hy PHORy'H) @ HY? = by PHaH

is bijective. Then for any v of the form v = (2 ) € hal/QH@H there is a unique u = () with

Uy € hal/Q% N hal’H and u; € H1/2 such that —muo + w1 = 0 and houg — mu; = v1. Then
up = mlu; € HY? and also ug € h(;l?-l hence u € H' and we have pug = (hg — m?)ug = vy.
Thus p : H' — H is surjective. It is also injective because if pug = 0 for some ug € H' then
w= (%) e D(K)and (K — z)u = 0 hence u = 0. O
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We point out a simple relation between H and H (a similar statement holds for K and K ).
Recall that £ C £ continuously and densely.

Lemma 2.16. H coincides with the closure of H in &.
Proof. If z € p(h,k) \ R then z belongs to p(H) N p(H) and the resolvents R = (H — z)~*
and R = (H — 2)~! are bounded operators in £ and & respectively. Moreover, R is clearly a

continuous extension of R to 5 , s0 it is the closure of R in €. By thinking in terms of graphs
one easily sees that H — 2z = R™! is the closure of H — 2z = R~ ! in &. U

We will often consider the case where (A3) is fulfilled. In this case we have that
D(H) = ("Y*HNh™'H) @ HY/?

and H is selfadjoint (see e.g. [19, Lemma 2.1.1]). Note also that in this case the resolvent of
H is given by: (see [16, Proposition 5.7]

(227 ae = (77T B0 ).

Moreover, if we assume (A3), then ”R(Z)HB(S) < |Imz|~!. Using [16, Proposition 5.10] we
obtain the following resolvent estimate for H:

Proposition 2.17. Assume (A1)-(A2). Then:
(2.28) IR()lse) S L+ I ™DIRE) e + 1217
Assume in addition (A3). Then:

(2.29) IR(2) Iy S (1 + |2/ [Imz| 1.

2.5.3. Gauge transformations. Let us recall that our starting point was the Klein-Gordon
equation

(2.30) (0 — ik)*u + hou = 0.
If u is solution of (2.30) and £ € R, then v = e~ v solves :
(2.31) (0 —i(k —£))*v + hov = 0.
Let us formulate this in terms of generators: if
OOHD () = Hy+ ¢,
then
Hy = < p(og) 2(/<:1— 0 > s p(€) = ho — (k = 0)%.

It follows that if there exists ¢ € R such that (A3) is fulfilled with h replaced by p(¢) and k
by k — £, then H is selfadjoint on the homogeneous energy space

E=d()(p) " *HaH).
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2.6. Existence of the dynamics. From [15, Corollary 8.6] we obtain :

Lemma 2.18. H is the generator of a Co-group e "*H on £.

Now we show that e "H extends to a Cy-group on &.

Lemma 2.19. H is the generator of a Co— group on & and for each real t the operator it

coincides with the continuous extension of e to E.

Proof. We start by proving that for some constants C,w > 0 we have
(2.32) le" o)l < CeMiglls Vo €&
Let first ¢ € D(H). We compute by using (2.14) for u = (ug,u;) = e ¢

d
EHUH; = 2Re(ihug + ikui|ur — kug) + 2Re(hougliug)

= ([ik, hluoluo) < (houoluo) < [lul3-

The inequality (2.32) then follows for ¢ € D(H) by the Gronwall’s lemma and for ¢ € £ by
density. From (2.32) we see that e~*" extends to a continuous operator V; on € such that
Villg < Ce?ltl, This clearly implies that V; is a Cp-group on & and from Nelson’s invariant
domain theorem it follows that its generator is the closure of H in &, which by Lemma 2.16
is just H. ]

3. MEROMORPHIC EXTENSIONS

In this Section we discuss various facts related to meromorphic extensions of quadratic
pencils.

3.1. Background and definitions.

Definition 3.1. Let H be a Hilbert space. For zy € C, let U be a neighborhood of zy, and let
F:U\{z} — B(H) be a holomorphic function. We say that F is finite meromorphic at zg
if the Laurent expansion of F at zg has the form

+o0
F(z) = Z (z—20)"An, m>—o0,

n=m
the operators Am,...,A_1 being of finite rank, if m < 0. If, in addition, Ay is a Fredholm
operator, then F' is called Fredholm at z.
We will need the following fact, cf. [17, Proposition 4.1.4]:

Proposition 3.2. Let D C C be a connected open set, let Z C D be a discrete and closed
subset of D, and let F : D\ Z — B(H) be a holomorphic function. Assume that

— F is finite meromorphic and Fredholm at each point of D;
— there exists zg € D\ Z such that F(zy) is invertible.

Then there exists a discrete closed subset Z' of D such that Z C Z' and:

— F(z) is invertible for each z € D\ Z';
— F~L: D\ Z' — L(H) is finite meromorphic and Fredholm at each point of D.
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3.2. Meromorphic extensions of weighted resolvents. Let w be a positive selfadjoint
operator on H with bounded inverse w~!. One should think of w as a weight function. w and
w~ will act on &, € by w(ug,u1) = (wug, wu) etc. In this subsection we will require (A3).
We need the following hypotheses:
) wkw € B(H).
) [k,w] =0
) hV2hw € w? € BH)V0 <e<1
) if € > 0 then [[w—ul| < ||A/2ul| VYue h~1/2H
) w N € Boo(H).
Note that part d) of (ME1) is a Hardy type inequality and it implies the boundedness of
the operators w™¢h~2 and h~'/2w¢. Later on we shall see that these two operators are
compact if (ME1) is satisfied (see the proof of Lemma 3.3).
Observe that from part ¢) we also get w?[h,w=¢|h~'/? € B(#). Moreover, we shall have
w(h) "¢ € Boo(H) for all €,¢ > 0. Indeed, w*(h) % € Bso(H) is an analytic function of z in
the region Re z > 0 and by e) above this is a compact operator for Rez > 1, hence for any z.

b
(ME1)

o

=

e

We also need the assumption

Ve > 036, > 0 such that w=¢(h — 22) " lw™¢ extends from Imz > 0
to Imz > —¢, as a finite meromorphic function with values in By (H).

(ME2)

Lemma 3.3. Assume (Al)-(A3), (ME1)-(ME2) and let 0 < e < 1. Then the operators

() wp (2w,
(i) (h+1)"Pw=p (2w,
(ii7) w™p " (2)hw h /2,
(i) W 2w p™ 1 (2) (2 — 2k)w R~ Y/2,
extend from {Imz > 0 to Imz > —0./9} as finite meromorphic functions with values in
Boo(H).
Proof. The resolvent identity yields
wp 2w = w (h — 22 "t (1 + 22w kwt - w (h — 22) T tw ™)L
Applying Proposition 3.2 to
F(2) =14 220 %kuw - w ¢(h — 22) " tw™°
proves (i). We now write
hw™p H(2D)w™¢ = w hp (2w + [h,w Jw 2w 2p T (2w
= w4 2(z — 20)w P (2)w ™ + [h, w Tw 2w 2T (2w
This allows us to compute the second operator
(h+ 1)Y= ()
=(h+1)" 2w 2 4 (h+1)"22(z = 2k) - w™p ' (2)w™
+ (h+1)"Y2hw w’? - w P p Y 2w + (h+ 1) 2w p (2w
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By using (i) and hypotheses ¢), e) of (ME1) we get (7).
Let us now prove (iii). Let x € C§°(R), x =1 in a neighborhood of 0. We write
wp (2)hw h™Y? =w = p (2)hw h~ Y2 (1 — x(h))
+w  p  (2)hw W V2x(h) = T + Ts.
We have
Ty = w 2h 21 = x(h) + w™p L (2)w™ - 2(z — 2k)h~2(1 — x(h)).

The first term is compact by a comment after hypothesis (ME1), the second is compact
outside the poles of w=p~!(z)w¢ by part (i). We have

Ty = w™p Y (2)w™ % w2 [h, w2 (h) + w™p L (2)w™ - B2 x(h).

By the same comment we see that both terms here extend to finite meromorphic functions
with values in Boo(H) in {Im 2z > —d./o}. Thus (iii) is proved.

Note that since h = p + z(z — 2k) we have
ufezfl(z)hufeffl/2 —w 2R 2 4 ufepfl(z)w*e/2 cz(z — 2k)w7€/2h71/2.

The left hand side here is a compact operator by what we just proved and the last term is
also compact by (i) and because w=/2h~/? is bounded by hypotheses d) of (ME1). Since
0 < e < 1is arbitrary, we see that w¢h™Y/2 and h~Y2w ¢ are compact operators if 0 < ¢ < 1.

Finally, we prove (iv). We have
2w p (2) (2 — 2k)w ™ h /2
:h_l/Q[h,w_E]wE/Q . w—5/2p—1(z)w—e/2 . (Z _ Qk)w_E/Qh_l/Q
+ h71/2w76/2 . w*€/2hp71(z)w7€/2 . (Z _ 2kj)w76/2h71/2‘

For the first term of the right hand side we use ¢) of (ME1) as well as (7) and the boundedness
of w™/2h /2. For the last term we note that it is equal to

W20 (2 — 2k)wh~Y/?
+h V2w 22 (2 — 2k) - wmPp T (2w - (2 — 2k)w PR,

The first term is a holomorphic function with values in Ba(H) because w—<h~1/2, h=1/2yp=¢ €
Bo(H) . The last line is treated as before. This proves (iv). O
Using this lemma we obtain a meromorphic extension of the truncated resolvent of H.
Proposition 3.4. Assume the hypotheses of Lemma 3.3 and let € > 0. Then w™“R(z)w™¢ and
w™ R(z)w™* extend finite meromorphically to {Imz > —0./3} as a operator valued functions

with values in Boo(E) and Boo(E) respectively.

Proof. We first prove the assertion concerning R(z). Using (2.20) we see that

wR(2)w™ ¢ = w p(z)7! ( ? _th i >w_e

B 0 0\, e ef -2 1
N w2 0 wopw 2(z—2k) z )’

We then use (i), (i) of Lemma 3.3 as well as assumption (ME1)e).
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Let us now treat R(z). Recall that under hypothesis (A3) we have
: T h =2t pTi(2) >
R(z) = _ _ .
@= (7T 0
Using that w~“h~/2 is bounded by hypothesis (ME1)d) we can write
w R(2)w™ = w p () < N _h2k L ) w” .

z
We therefore have to show that
h1/2w—5p—1(z)(z o 2k)w—eh—1/27 hl/Qw_ep_l(z)w_E,
w™p H(2)hw h 2w p T (2) 2w E

extend finite meromorphically with values in B (#). This follows from Lemma 3.3. O

4. KLEIN-GORDON OPERATORS WITH “TWO ENDS”

In this section we discuss an abstract framework corresponding to Klein-Gordon operators
on manifolds with “two ends”. The essential condition is that the asymptotic Hamiltonians
in both ends are selfadjoint for a positive energy norm, modulo some gauge transformation.

4.1. Assumptions. We assume that there exists a selfadjoint operator = on ‘H with o(x) =
0ac(x) = R such that w is a smooth function of z, such that k& commutes with = and such
that hg is local in = in the following sense:

if x1, x2 € C*°(R) are bounded together with all their derivatives and if supp x1Nsupp x2 =
0, then x1(z)hoxa(z) = 0. To summarize we assume:
[x’ k] =0,
(TE1) w=w(zr) withw e C®(R),
hg is local in .
Let x+ € C*°(R) such that Xi +x2 =1,0< x4+ <1, and
suppx—- C (—o0,1), x—=1 on (—o0,0],
suppx+ C (_17 OO), X+ = 1 on [07 OO)
If € > 0 is a real number, let

'2), jr=xx(elzF3).

iy = Xx(€
We then have
Jilt =Jk, 4J- =1-J4+ =0.
Let ¥ € C3°((—2,2)) with ¥ = 1 on [~1,1]. We set i = Y(R'x). Let

(4.1) ki =k F L2, hy = ho— ki
We also set:

(4.2) ho:=h_ 42k —0*=ho—({—Fk_)>
We require

(TE2) there are £ € R, R > 0 such that (hy,k,) and (h_,k_ — £) satisfy (A3).
We also set: pi(z) := ha + 2(2k+ — z). Note that h_ = p_().
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4.2. Asymptotic Hamiltonians. We introduce the homogeneous energy spaces
Ev =0 HaoH & =) " HoN).
Then the operators

(4.3) = < h(i 2]}& )

are selfadjoint with domains
D(Hy) = hPHAR H® (hy) V2,
DH.) = O (R P*HAR H) @ (ho) V/?H).
We denote R (z) := (Hy — 2)~ L.
We will also need the following assumption for ¢ as in assumption (TE2):
a) wiykiyw, wi_(k—£0)i_w e B(H),
) [hyix] = ilh, ixi,
) (h4,ky,w) and (h_, k_ — £,w) fulfill (ME1), (ME2),
) R Zien P bl Piing P € B(H),
) the operators w[h,ii]wh;ﬂ, w[h,ii]whalﬂ, [h,ii]hfﬂ,
[hyit]hy 1/2, ffl/Q[w_1 holw are bounded on H,
L ) ife> 0 then |wcul| < [|h/%ull Vu € hg/*H.

As a direct consequence of Proposition 3.4 we obtain

=

9}

QU

(TE3)

e

Proposition 4.1. For any € > 0 the functions w™ Ry (z)w™* cmdlufeR(z)uFE extend finite
meromorphically to {Imz > —0./5} with values in Boo(E+) and B(E+) respectively.
4.3. Construction of the resolvent. We will need the following lemma:
Lemma 4.2. The linear maps
iizgég,iizgi%é;i,iizgiég,ii:é;%gi
are bounded..
Proof. First note that the condition (TE3)d) and the relation [k, i1] = 0 give the continuity
of the maps iy : £ — & and iy : E. — E4. Then note that
iy (hy +K%)iy =ighoiy, i_(h_ + (k—0)2)i_ =i_hgi_.
This together with (TE3)d) gives the continuity of iz : £ — £+. We then claim that
(4.4) i (ho + K)iy Sivhyiy,
(4.5) i_(ho+ (k—0%i_ <i_h_i_.
Indeed, (4.4) follows from
iv(ho +k)iy Siphpip +w %t Siphyig.

Here we have used (TE3)c). Then (4.5) follows from

i(ho+(k—=0%i_ Si hoi+i(k—0%_<i h i +w 22 <i_ h_i_.
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Finally, (4.4), (4.5) ans (TE3)d) give the continuity of iy : &4 — & and i_ : £_ — &£. O
We introduce now a new operator:

(4.6) Q(z) =i (H_ —2)"Yi_ +i (Hy —2) " Yig.

Thanks to Lemma 4.2 Q(z) is well defined as a bounded operator on £. We now compute :

(F— 2)Q(2) = 14 (i J(H — =) 4 [ — =)y
= 0 0
[H, ix] = ( h,is] o)’
0 0

(4.7) Ki(z) = < his] 0 )Ri(z)iﬂm Ki(z) = izRy(2) < [h,Oz'i] 8 > :

Note that by assumptions (TE1), (TE3) the operators

Note that

Let

(4.8) [H,iz)w® and ii(1 —ji)w® are bounded on & for all € > 0.
We put
A() = K_(:)(1 = j) + K4 ()1 — 44) : CF = B(€)

Using Proposition 4.1 and Lemma 4.2 we see that A(z) extends meromorphically to Imz > —¢
with values in B (€) for some 6 > 0. As H. are selfadjoint it follows that

JAG) ey < 1/2
for Imz sufficiently large. Thus (1 + A(z)) ! exists for Imz large enough. By Proposition 3.2
there exists a closed discrete subset Z1 of the half plane {Imz > —d} such that (1 + A(z))~!
exists if Imz > —d and z ¢ Z* and (1 + A(2))~! is finitely meromorphic in {Imz > —§} and
analytic in {Im > —d6} \ Z*. Let
K(z) = K_(2) + K4+ ().

Now observe that we have j, K = 0 for a = 4+, b = £ by assumption (TE3)b). We therefore
have

14 K(2) = (14 K- (2)j- + Ky (2)i) (1 + K- ()1 = j) + K4 (2)(1 = 1),

(1+ K_(2)j- + K (2)j4) " = 1= K_(2)j— — K1 (2)j+-
We can now construct the resolvent of H by

Ry(2) = Q)1 + K(2) !

. N . .

(49) —QE(1+ K ()1 = j )+ Ky ()1 —j2) (1= K_(2)j — Kyjy).

The same considerations are valid in the lower half plane, we obtain a set of poles Z~. The
set (Z=NC™)U(ZT NCT) is clearly finite.

Proposition 4.3. If the conditions (A1)-(A2) and (TE1)-(TE3) are satisfied then there is
a finite set Z C C\ R with Z = Z such that the spectra of H and H are included in R U Z
and such that the resolvents R and R are finite meromorphic functions on C \ R. Moreover,
the point spectrum of H coincides with the point spectrum of H and the set Z consists of
eigenvalues of finite multiplicity of H and H.
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Proof. From the previous arguments it follows that if we define Ry(z) := R (2)|¢ then

Ry(z) = R(z) and R (2) = R(z) for z with sufficiently large (positive or negative) imaginary
part. We know by Proposition 2.15 that p(H) N (C\ R) = p(h,k) N (C\ R). Then we use
Proposition 2.6 to see that all the poles of H in C \ R are in a finite ball. But in this ball
(1+ A(2))~! has only a finite number of poles. By using (4.9) and an analyticity argument
we see that R(z) has only a finite number of poles in C \ R. From the analyticity properties
of a resolvent family it follows then that the non real spectrum Z of H coincides with the set
of non real poles of its resolvent, in particular is finite.

From p(H)\R = p(h,k)\R and Lemma 2.1 we see that the complex spectrum is invariant
under conjugation. Note also that every eigenvector of H for a non-zero eigenvalue is in
D(H) and thus an eigenvector of H. It remains to show that the complex point spectrum
consists exactly of complex eigenvalues of H and that the corresponding eigenspaces are
finite dimensional. If zy is a pole of R(z), then on a neighborhood of zy we may write
R(z) = Zi:[:l(zo —2)7"S, + S(z) with S holomorphic near zy and the S,, # 0 of finite rank
because the function A(z) is finitely meromorphic. From this it follows that z is an eigenvalue
of finite multiplicity of H, see [30, Ch. VIII Sec. 8] for details. O

From now on we shall denote a;?p(f-.[ ) the set of non real eigenvalues of H. For z € a;?p(H )
the Riesz projector is defined by

Bz, 1) = i §1§(H — ) lds,

where 7 is a small curve in p(H) surrounding z. Let
U (H) = ®co0 iy Bz, H)  and - €, (H) = T, (H)E.
Let furthermore
Ix(H) =1-15(H), &r(H)=1Ir(H)E.
We clearly have
£ =Er(H)® &y (H)

and both spaces are invariant under e ="/,

4.4. Resolvent estimates. For R, § > 0 we put
U(R,0) = {z€C:0<|Imz| <9, |Rez| < R}.
We have

Lemma 4.4. Assume (Al), (A2), (TE1)-(TE3). Then for each R > 0 there are M,6 > 0
such that o(H) \ R does not intersect Uy(R, ) and such that for all z € Uy(R, J)

(4.10) 12(2) 3¢y S =~
(4.11) IR() sy S (141217 [Tmz| = + |2
Proof. Recall that

R(z) = Q(2)(1 + A(2) "' (1 = K_(2)j- — K1.(2)j+).
We choose § > 0 sufficiently small such that (1 + A(z))~! has no poles in Uy(R,J). We have:

1Q() e < [Tzl
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The meromorphic extension of (1+ A(z))~! has only a finite number of real poles in Uy (R, §),
hence we have:
11+ AE) g S mel =1, My > 0.

Noting that [H,i+] : € — £ is bounded by assumption (TE3) we obtain :
11— K_(2)j — K ()74l pe, S Ml
This gives (4.10) with M = M; + 2. (4.11) now follows from Proposition 2.17. O
Remark 4.5. If agp(H) = (), then we can choose 0 independently of R.
Lemma 4.6. Let R > M||k||g¢y) with M as in Proposition 2.6. Then we have
IRy S == il > R

Proof. Recall from (2.23) that

R = -t =ew (TGS T ) een,
Therefore it is sufficient to show
(412) g%~ @)k = 2)ull - S s |\| hy?ul
(4.13) OIS ,Im TPl
(414) (=2l < ,Ile,uuu,
(4.15) I+ (k= 2)p™ )k = 2)ull - S ,Imz,u ho*ull.

for |z] > R. (4.12)-(4.14) follow from Proposition 2.6. To show (4.15) we use (2.26) and write
L+ (k= 2)p~ (2)(k — 2) = (k — 2)p~ (2)hg*h/*(k = 2) 7 g 2 ng 2.
Then using (2.7), (A2) we obtain

- 1 1/2
114 (k= 2)p " (2)(k — 2)ull < ([kllsay + 12]) [ho" “ul|.
!ImZ\ 2] = |kl 53
We can suppose M > 2 and obtain
(&l 5oy + 121) <,
R P T P
which finishes the proof of the lemma. O

4.5. Smooth functional calculus. The resolvent estimates in Lemma 4.4 easily allow to
construct a smooth functional calculus for H. For f € C§°(R) we denote by f € C5°(C) an
almost analytic extension of f, satisfying

f‘R = f7

‘8f( 2)

Cy|Imz[¥ N eN.
0z

IN
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Proposition 4.7. Assume (Al)-(A2), (TE1)-(TE3).

(i) Let f € C§°(R). Let f be an almost analytic extension of f with supp f N ng(H)
Then the integral

0.

FUE) = % gﬁ( VR(2)dz A dZ

1§ norm convergent in B(E) and is independent of the choice of f.
(ii)) The map CC(R) > f — f(H) € B(E) is an continuous algebra morphism if we equip
C§°(R) with its canonical topology.

Remark 4.8. (i) The condition supp f N a;?p(H ) = 0 can always be satisfied by choosing
supp f close enough to the real axis.
(ii) If x € C®(R) with x =1 on R\] — R, R| then we define x(H) = Ir(H) — (1 — x)(H).

(iii) We define in the same way a smooth functional calculus for H, Hy,Hy. For Hy this
coincides with the smooth functional calculus for selfadjoint operators.

Proposition 4.9. If agp(H) =0 and x € C§°(R), x = 1 in a neighborhood of zero, then

s- lim x <L_1H) =

L—oo

Proof. First note that we have for some M > 0 the estimate

(4.16) IR age) S — !

S [Tmz| * |Tmz| M’

Indeed we first choose R > 0 as in Lemma 4.6. Then we have

. 1
||R(Z)HB(5') S m, Vz € C\ B(0,R).

[Imz| > 0.

By Remark 4.5 we can choose § = R in Lemma 4.4 and obtain

. 1
HR(Z)HB(g') N W7 Vz € B(0,R) C Uy(R, R).

In particular we can choose the same almost analytic extension of x to define x (L_1H > for
all L > 0. We now show that

: H_ H
1 o H_) . Hye) o
(4.17) Lh_r)rgox (L H) Y < 7 ) i —iyx ( 7 ) i =0.

‘We have

X(L—lf[) —i_x (ij) i —Z+X< . ) 2772/8X Lz) — Q(Lz))dz A dz.

Now recall that R(z) = Q(2)(1 + K(z))~!, thus
R(Lz) — Q(Lz) = —R(Lz)K(Lz).
Thanks to (4.16) we have the estimate for L > 1

10%(2)LR(L2)K (L2)| < % 0.
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This implies (4.17). As Hy is selfadjoint in £ we find using Lemma 4.2
s lim iy (D7) i = .
L—o0

Thus
. 17 .2 .2
s- lim X(L H):L—l—u:l.

L—o0

5. PROPAGATION ESTIMATES

In this section we derive resolvent and propagation estimates for H, similar to those ob-
tained for selfadjoint operators. The key ingredients are the meromorphic extension of R(z)
in Sect. 3 and the fact that the asymptotic Hamiltonians Hy are selfadjoint for their energy
norms. There is however a new difficulty not present in the selfadjoint case: in addition to
resolvent poles and thresholds, additional spectral singularities may appear. In the theory
of selfadjoint operators on Krein spaces used in our previous works [15, 16] these spectral
singularities are known as critical points.

5.1. Resonances and boundary values of the resolvent. By the usual arguments the
operator

Au(z) = WK (2)(1 — j )™ + w K (2)(1 - j ),
can also be extended meromorphically from the upper half plane to {Imz > —d./5} with

values in By (€). By the same argument as in the construction of the resolvent we have for
Imz large enough

A ()l < 172
Using Proposition 3.2 we see that (1 + A, (z))~! is meromorphic in {Imz > —0¢j2}- Let Sy

be the set of its poles. Now we have :
wR(Z)w™ = wQ(2)w (1 + Ay(2)) !
(5.1) X (I—w'K_(2)jow ® —wKi(2)jpw ).

Using (5.1) we see that w“R(z)w ¢ can be extended meromorphically from the upper half

plane to {Imz > —4,/o} with values in B (). The same result holds also for the resolvents
of Hy, by assumption ((TE3))c).

Definition 5.1. i) the poles in {Imz < 0} of the meromorphic extension of w™ R(z)w™¢
are called resonances of H. .
i1) the set of real resonances of H, resp. Hy is denoted by T, resp. Tx+.

Note that 7', 71 are obviously closed, discrete sets. As a consequence of the meromorphic
extensions of w R(z)w™ ¢ and w™ R4 (z)w™ ¢ we obtain:
Proposition 5.2. Assume (A1)-(A2), (TE1)-(TE3). Let e > 0.
— there exists v > 0 such that for all x € C§°(R\ T) and all k € N we have

(5.2) sup  [w T XN RF (A £ i8)w ™| 5z < oo
v>§>0, \eR
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— for all x € C§°(R\ T+) and all k € N we have

(5.3) sup [lw ™ X(A)RE (A £ i0)w ™| gz, ) < 0.
6>0, AeR

We apply [29, Thm. 4.3.1] to obtain:

Corollary 5.3. Assume (Al)-(A2), (TE1)-(TE3). Let e > 0 and T1 be as in Proposition 5.2
i1). Then we have for all x € C°(R\ Tx)

(5.4) sup /(Hw_eRi()\ —|—i5)x()\)u\|§ d\ < o0.
lullg, =1,670 /R *

Note that we can not apply directly [29, Thm. 4.3.1] to H, because the self-adjointness of
the operator is crucial in this theorem. To discuss this further let is introduce a definition.

Definition 5.4. We call A\ € R a regular point of H if there exists x € CP(R), x(\) = 1
and v > 0 such that:

(5:5) oo [ RO+ Ol < o,
lullg, =1,v>[5/>0 JR +

Otherwise we call it a singular point. We denote by S the set of singular points of H.

Remark 5.5. Denoting by St the analog of S for Hy we see that S+ = T+ by Kato’s theory
of H-smoothness (see [29]).

In our situation it is still possible to control the set of singular points. Recall that

Q(z) = (1 - K_(2) — Ky (2))R(2).
We then have 3 3 .
wQ(z) =1 —w ‘K_(z)w —w ‘Ky(z)w)w “R(z).
Let B - B
Ap(2) = —w ‘K_(2)w —w “Ki(z)w.
By the usual arguments A, is meromorphic in {Imz > —4, 2} with values in Boo(E). Also
|Aw (2)]] s <1 /2 for Imz sufficiently large. We can therefore apply again Proposition 3.2

to see that (14 A, (2))~" is meromorphic for {Imz > —4, /2}- We then have

(5.6) wR(2) = (1 + Ap(2)) twQ(2).
Proposition 5.6. Assume (A1)-(A2), (TE1)-(TE3). Let N,, be the set of real poles Ay (z).
Then

SCN,UTLUT_.
1t follows that S is a closed and discrete set.

Proof. The estimate (5.5) with x()) instead of x(H) follows from (5.6) and Corollary 5.3. We
therefore only have to show that we can replace x(\) by x(H). We choose x € C§°(I) with
xx = x and write :

lw™ RO\ £ 0)x(H)f|7 S lw™ RO i8)x(Mx(H) f|3
(5.7) Hlw R £ 38)(1 — X(A)x(H)f 1%
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The estimate for the first term follows from the estimate with x(\). Let us treat the second
term. We claim

o™ ROV £ 16) (1 — X)X (H)ll ey S 07

uniformly in 6. In fact let
1
f[iz) = (Mm(l — X(A)x(z).

It is sufficient to show that all the semi-norms || f5||,, are uniformly bounded with respect to
A, 0. Note that gx(x) = (1 — x(A))x(z) vanishes to all orders at x = A. If suppx C [-C,C]
this is enough to ensure that || f5||,, is uniformly bounded in A € [-2C,2C] and 6 > 0. For
|A| > 2C we observe that

1
Ne— | <
‘< >:c—()\+i5)‘ ~
with analogous estimates for the derivatives. This gives the integrability of the second term
n (5.7). UJ
5.2. Propagation estimates. As an immediate consequence of Proposition 5.2 we obtain :

Proposition 5.7. Assume (A1)-(A2), (TE1)-(TE3). Let e > 0.
— for all x € Cg°(R\ T) and k € N we have

(53) e (Fr Y|, S (67
— for all x € C§°(R\ Tx) and k € N we have

(5.9) e X (HaJw™ e,y S (07

Proof. We only prove i), the proof of i7) being analogous. We have

1

—c —itH g —€
H = —
we X (H)w™ = 5=

XN e ¢ (R(X +i0) — R(A — i0))w ™ “dA.

Integration by parts gives :

° . + . . .
w ey (H)w™* 27” Z Z C] ! / Ne M RI(A £ i0)w ™ dA
+ j=1
with x; = x#*+1=7)  The estimate then follows from Proposition 5.2. O

Proposition 5.8. Assume (Al)-(A2), (TE1)-(TE3). Let € > 0. Then we have for all
x € G (R\ S):

(5.10) / ety (Fr)g|2dt < ol

Proof. We write :

(R +1i6) — RO\ —10))x(H)f =i /R w e Moty (FT) Fdt.
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By Plancherel’s formula this yields:

[ (O +16) = RO =)D I3 = [ e (i)
R

The lhs of this equation is uniformly bounded in § with ¢ small enough. ]
Corollary 5.9. If (A1)-(A2), (TE1)-(TE3) hold and X is a real eigenvalue of H then X € S.
5.3. Estimates on singular points. It will be important in applications to prove that H
has no singular points. To do this we will use the following proposition.
Proposition 5.10. Assume (Al)-(A2), (TE1)-(TE3). Then

SCTUT-UT:.

Proof. From (4.9) we obtain for Imz > 1:
R(z) = Q(2)(1+ K(2)) "' = Q(2) = Q(2)(1 + K(2)) ' K(2),
hence
w R(2) =wQ(2) —w Q(2)(1 + K (2)) tw “wK(2)
—wQ(2) — w R(2)w W K(z).

Next we write w°K(2) = w*K_(z) + w*K(2) and obtain from the expression (4.7) of K(2)
that w*Ki(z) = meRi(z)ix for me € B(E). It suffices then to recall the expression (4.6) of
Q(z), and apply Prop. 5.7 and Remark 5.5. O

5.4. Additional resolvent estimates. In this subsection we make the link between the
poles of np~1(2)n and those of nR(2)n for n € C§(R).

We will need the following hypothesis:

(PE) a) ¢ e C(R) = hy*(x)hy '? € B(H),
b) e CP[R), v >0,9%=1near 0 = s-limy, 001 (%) —1in hy 1/27_[.

Lemma 5.11. Let 1,7 € C§°(R) with im = n. If 2 is not a pole of fip~1(2)7j then z is not a

pole of nR(2)n nor of nR(2)n and if P(z) == ||ip~ (2 )iillB() then we have the estimates
(5.11) InR()nll5e) S (2)°(1+ (2)P(2)),
(5.12) InR(2)nll gy S (2)° (1 + (2)P*(2)).

Proof. We choose functions ny, 79 € C§°(R) with non =, mino = no and 7m; = 1. We first
notice that (5.12) follows from (5.11) because

InR(2)nulls < InR(z)nulle < (2)*(1+ ()P ()lnoulle S (2)*(1+ ()P (2))llull,
where we have used Hardy’s inequality, (TE3)f). Now recall from (2.23) that
)

R(z) = (F —2)"! :(I)(k)( H(gp_ig;)(f(;)(z,g_z) _(k]i;; 1) ><1>(—l<:).
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It is therefore sufficient to show:

(5.13) Inp~ (2)(k = 2)nullan S (2)(1+ (2)*P(2) ulla,

(5.14) lnp~ (2)ulle - S (14 (2)*P(2)|ull,

(5.15) In(L+ (k = 2)p~ (2)(k = 2)nullae S (D1 + (2)*P?(2)) |[ull

(5.16) In(k —2)p~ (nullae S (2P|l

(5.16) is clear, let us consider (5.14). By complex interpolation (5.14) will follow from
(5.17) Inp~" (2)ullye < ((2)*P(2) + 1)l

We compute
honp™ " (2)n =[ho, nlp™" (2)n + nhop™ " (2)n
(ho + 1)~ [ho, mlno(ho + 1)p~ " (2)n
+ (ho + 1) [ho, [ho, nllnop™" (2)n + nhop™ ' (2)n,
mohop™ (2)n =n + (k — 2)*nop™ " (2)n.

Thus we have

Inohop™ (2)null < (14 (=)*P(2)) [l
Using that (hg + 1)~ ![ho, [ho,7]] is bounded this gives (5.17) and thus (5.14). Let us now
consider (5.13). First note that |[(k — 2z)u|lzn < (2)||ullsy1. We then estimate using (5.14)

lnp~ )nullae - < ((2)*P(2) + 1)lulle.
This gives (5.13). Let us now show (5.15). We write
N1+ (k= 2)p~ (2)(k - 2))n
=np~! (2)milho kol b *mp ™ (2)(k — )+ mp ™ (2)(k — 2)*n.
We have using (5.13) :

I~ (2)m [hos knolhg 2By *mp ™ (2)(k — 2)nullx

Pl mp (=) (k = 2)nll s 1l
(2)P(2) (1 + (2)°P(2))l|ull-
This proves (5.15). U

S
S

Corollary 5.12. If w=p~'(2)w™¢ has no real poles then w™ R(z)w¢ has no real poles.

Proof. By the preceding lemmas nR(z)n has no real poles for all n € C$°(R). Suppose that
w ¢ R(z)w™ ¢ has a pole at z = zp € R. In a neighborhood of z = z;, we have

—ER :ZZ—ZO + H(z),

7j=1
where H(z) is holomorphic and A; are of finite rank. Let 71, 2 € C3°(R). We have

m
—€ - —€ 771A'772
wmR(z)pw " = Z (z—ijzo)j +mH (2)n2.
=1
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As 771R(Z)?72 doesn’t have a pole at z = 2z, we have
mAne =0, Vni,ne € CPR), j=1,...m.
It follows
Ain=0, YneCFR),j=1,..,m.
Using (PE) this implies that A; = 0. 0

6. BOUNDEDNESS OF THE EVOLUTION 1 : ABSTRACT SETTING

The aim of this section is to show that the evolution is bounded outside the complex
eigenvalues and the singular points of H. We assume

(B) w™: D(hg) = D(ho), [—ik,h] < w thow™! as quadratic forms on D(hg).

For x € C*°(R) and p > 0 we put x,(\) = x <%) .

Theorem 6.1. Assume (Al), (A2), (TE1)-(TE3), (PE), (B). Assume furthermore U;[):p(H) =
(0. Then

i) Let x € C°(R) with x = 0 on [-1,1] and x = 1 outside [—2,2]. Then there are
o > 0,C1 > 0 such that for > po, and t € R:

(6.1) lle™ " xu(H)ullg < Cullxu(H)ullg, u € €.
ii) If x € C°(R\ S) then there is Co > 0 such that for allu € & and t € R we have
(6.2) le™ x(H)ullg < Cllulg.

Remark 6.2. If ng(H) # (), then the theorem still holds for e_itH|5R(H).

The proof of the Thm. 6.1 is divided into a high (part 7)) and a low frequency analysis
(part ii)).

6.1. High frequency analysis.

Lemma 6.3. Assume (Al), (A2), (TE1)-(TE3), (PE), (B). If x is as in the statement of
Thm. 6.1 then for p > 0 sufficiently large we have:

e (EDwoll < %uxﬂ(muug-

Proof. Let x be as x with xx = x. Set ¢ = x — 1 and observe that ¢ = —1 on (—1,1). Let
¢ be some (finite order) almost analytic extension of ¢ given by (N > 1):

(5t2)

with 7 € C$°(R), 7(s) = 1 in |s| < 1/2, 7(s) = 0 in |s| > 1. Here ¢ is chosen such that R(2)
has no poles in [Imz| < §(x), x € supp . We compute

o (iy) VD oy o\ g yx
9p(=) ="V (@) (N+1) <5<x>> * (Z:O #1w) ! )T <5<m>> <5<x> ’ 5<w>2>

=:@1(x +1y) + @a(x + iy).

- (iy)"
o +iy) =D ¢ (@) -r
r=0 ’
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Let u > po = max{(1 + &) k[|pn), 2(1;_6)Hk||5(7_l)}. We then have suppdp C K :=

{z €

C; |uzl = (1 + )|kl gy} N {z € C; |z] > min{l, 301}, Indeed on supp @, we have [z| > 1

and thus
w2l = po = (1 + &)kl
On supp @ we have [2| > || and thus

1)
w2l = ng = (1+ ) [Ellsey
Note that
1 -1
We have
Xu(H) = @u(H)+1
= /8 <——Z> + - |dzANdz
2772 z
(6.3) = /380 )(H — pz)~ —dz/\d_
o

Let v = x,,(H)u. We compute

<(H —uz)‘lg ( ) >) = %p‘l(ud(uzv’f + hup).
0

vy
We estimate for z € supp dp(z) using Proposition 2.6:

lp™" (nz)zpofllae S IIP* (n2)zp(o) — ko)l + o™ (n2)2pkvg [l
1

S 101 = kvg)llae + ——— Ivg I,
Tmz|p ’ P
lp~ (u)hoglle S llp™ 1( Yhovglla + o~ (p2) k0 |1
1
< 1/2 ol w
1/2 u v

Using (6.3) we obtain

G E ol < %rrxu<H">u\\g T %rrm(m)moua.

This gives the lemma for p sufficiently large.

Corollary 6.4. Assume (Al), (A2), (TE1)-(TE3), (PE), (B). Let x be as in Thm.

Then for > 0 sufficiently large there exists € > 0 such that for all u € E:

(Ot (Y, X (H)uo > llxu(H)ul %

U
6.1.
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Proof. By Lemma 6.3 we have
Ou(H)u, xu(H)uho > |Ixu(H )qu = 2|lk(xu (H)uol I3,

> (1- E)H(XM(H)U)Hga
which gives the corollary for p sufficiently large. O

Corollary 6.5. Assume (Al), (A2), (TE1)-(TE3), (PE), (B). Let x be as in Thm. 6.1.
Then there exists C1 > 0 such that for allu € £, t € R

He—itHXﬂ(H)qu < C'1||XH(H)U||5'.

Proof. We use that <eiitHXM(H)u’ eiitHX
e *“HXM( )UHi < e —itH Xu(H )u eiZtHXu(H)WO

{x

w(H)u, xp(H)uho S I (H)ullZ,
which finishes the proof. O

(H)u)o is conserved. By Corollary 6.4 we have

6.2. Low frequency analysis. Part ii) of Thm. 6.1 follows from the following

Lemma 6.6. Assume (Al), (A2), (TE1)-(TE3), (PE), (B). Let x € C°(R\S). Then there
exists C' > 0 such that:

(6.4) lle —itH X(H )qu < Ollullg, u e E, teR.

Proof. Let u € €. Let

00 = o0n(e) = (] ) e

Note that
le= I x(Hyul2 = [[g1]* + (B (lo(®) =: [0 ()13,
with h(t) = e (h 4 k?)e™* and that 1(t) solves the wave equation
(97 + h(£)Yo(t) =0, 1(t) = —iduo(t).
Thus
Ll (2 = (K (o000,
where
R (t) = e~ [ ik, hle*t < wle *t oty

using (B). Therefore :

d . .7 . B 7 .
(6.5) e X E)ullg S Il @)z S lw™ e x(H)ullZ,
where we have used that w™! commutes with e~/* < 11 (1) ) (see (TE1)). Integrating (6.5)

we obtain :

le= X (Hyul2 < Ilull? + /H et (Hul 2dt S Jlull%,
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by Prop.5.8. 0

We end this section by proving a weak convergence result, which will be important in Sect.

7.
Lemma 6.7. Assume (Al)-(A2), (TE1)-(TE3), (PE)-(B). Then

e My () — 0, ¥ x € C°(R\S).

Proof. Since omith X(H ) is uniformly bounded in ¢ by Thm. 6.3, it suffices to prove that
(v]e*itHx(H)mg — 0 for u,v in a dense subspace of &£, where (:|)¢ is the scalar product
associated to the norm of €. By (PE) the space {u € & : u = x(2)u, x € C(R)} is dense
in £. For such u, v the convergence to 0 follows from Prop. 5.7. O

7. ASYMPTOTIC COMPLETENESS 1: ABSTRACT SETTING

In this section we prove existence and completeness of wave operators, comparing the full
dynamics e " with the two asymptotic dynamics e+ for energies away from the set S
of singular points. We first define the spaces of scattering states.

Definition 7.1. We call x € C®(R) an admissible cut-off function for H if

— x = 0 in a neighborhood of S and
- x=0o0rx=1o0onR\]—R,R[ for some R > 0.

We note CH the set of all admissible cut-offs for H.

Definition 7.2. The spaces of scattering states are defined as

gscatt = {X(H)u, (NS ‘Cja X € CH},

Escatt:t = {X(H:l:)u; S g:l:a X € CH}
We will need the following three lemmas :
Lemma 7.3. Assume (A1)-(A2) and (TE1)-(TE3). Then w[H,it]w € B(E;EL).

Proof. We have

wlflisho = (S 0 ) € BEE.

by hypothesis (TE3)e). UJ
Lemma 7.4. Assume (Al)-(A2) and (TE1)-(TE3).
i) Let x € C§°(R). Then
ixX(Hs) = X(H)iz € Boo(Ex5E).
ii) Let x € C®(R) such that x = 1 outside | — R, R[ for some R > 0. Then

iax(Hy) — X(H)ix € Boo(Ex;E).
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Proof. Note first that i) follows from ), replacing x by 1 — x. We therefore only have to
prove i). Let x be an almost analytic extension of y such that supp x doesn’t intersect the
complex poles of R(z). We have

Fax(HLs) - — 57 [ BRI, i) Ra(2)dz A =

By hypotheses (TE3)b) and (TE3)e) we have
[H, ii]Ri(Z) € Boo(gi;g).
Then we apply the estimates in Lemma 4.4. []
Theorem 7.5. Assume (Al), (A2), (TE1)-(TE3), (PE)-(B).
(i) For all o* € Escatts there exist Yt e Escatt such that

e HHYT et 0t 500 in E.

(ii) For all v* € Eseart there exist oF € Egpqus such that

e—thi + . —th¢:l:

p- —ite —0,t =00 in Si.

Proof. Let x € C1. We only prove (i), the proof of (ii) being analogous.
We first show that the limit
(7.1) W = lim ¢ x(H)ize "y (Fy)p

t—o00

exists for all ¢ € Ey. We first treat the case x = 0 on R\] - R, R[. Using Thm. 6.1 7), Lemma
4.2 and the fact that Hi are selfadjoint, we obtain:

(7.2) ey (Hive™ ™ x(He)ollg S llellg,

By (7.2) and assumption (PE) we may assume that ¢ € D(w). We compute

d i e i . SH e .
EBMHX(H)%B ey (Hy) = ey (H)[H, ig)e "M x(Hy).

Integrating (7.3) and using Lemma 7.3 and Proposition 5.7 we obtain:

(7.3)

e X (H Yize X (Hy) — e*Hx(H)ize "=y (Hy) gl
t . . t
| e e, S [ @ fuple, 0,50 .

This gives the existence of the limit (7.1). Let now x = 1 on R\]— R, R[. Let x € Cg°(R), x =

1 in a neighborhood of 0. Using that eitHx(H) is uniformly bounded by Thm. 6.1 i), Lemma

7.4 and Lemma 5.11 we see that
s- lim eitHx(H)iiefitHi)QQ <L71Hi) x(Hz)

t—o00

=s- lim eitﬂx(ﬁ))z (L_lﬂ) ire” itHz ¢ (L 1Hi> x(Hz)

t—o00
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exists, since Y(L 1) is compactly supported. Let € > 0. We estimate
e x (H iz = x (He) o™ — e (H)ize™ ™ x (He) o™ ||

< e B yise e AL )X () o = € x (e 52 (LT Hax ()%

2] -2 H)E <
if we choose first L and then ¢, s large enough. This shows the existence of the limit (7.1) if
x =1onR\|] - R, RJ.
Let for ¢F € &4
U = e (H)ize X (He)o®, v = lim o,
— 00

Let us write

VE = F (), r(t) = 0, t — occ.
Let x € CM with xx = x. We clearly have y(H)¢E = ¢ and thus

XCH)Y™ 4+ X(H)r(t) = = +r(t).
Taking the limit ¢ — oo we find :

YH)YS = in particular T € Egeanr,

hence e *HyF

is uniformly bounded by Thm. 6.1. It follows

e Myt (H)ise™ My (Ha)o* — 0.
Applying Lemma 7.4 we find
(7.4) eiitHi/)i — iiefitHiX2(Hi)¢i — 0, t — oo.

Applying once more a density argument we obtain 7). ]

8. GEOMETRIC SETTING

We describe in this section an intermediate geometric framework corresponding to our
abstract framework. The main example will of course be the Klein-Gordon equation on the
Kerr-De Sitter spacetime. The main part of the section will consist in checking that the
geometric hypotheses introduced below imply the abstract hypotheses in Sects. 5, 7.

We consider a d dimensional manifold of the form M =]r_,r[,xS%1. Let

d—1
P =" Diaij(w)D; >0
ij=1
be a symmetric elliptic operator on L?(S%~1; dw). Then (P, H?(S%'; dw)) is selfadjoint. We
assume that for a suitable choice of 01, L2(S%~'; dw) possesses a basis of eigenfunctions of
Dy, . Let Y™ be the eigenspace corresponding to the eigenvalue n. Then we have

L3S dw) = ®pezY™.
Our first assumption is

(G1) [P, Dy,] =0, ie a;j are independent on 6;.



ASYMPTOTIC COMPLETENESS FOR SUPERRADIANT KLEIN-GORDON EQUATIONS 35

Let q(r) := /(ry — r)(r — r—). We will need the following function spaces

T7={f €C®(M): 0r0}f € Oq(r)” *)}.
Let iy € C*([r_,r4]), i— = 0 in a neighborhood of 74, i1 = 0 in a neighborhood of r_ and
P2 +i3 =1
8.1. Separable Hamiltonians. We will consider a Hamiltonian hg s of the following form:
(8.1) hos = a1 Dya3Dyay + o3P + af.

Here «;, 1 < i < 4 are smooth functions depending only on r. We suppose that there exist
a;tER, 1 < j <4 such that for some § > 0

(G2) aj —q(r)(i—a; + iJroz;r) €T a; > q(r).
Note that (G2) implies

(8.2) aj € T, a; S q(r).

We will also need an operator kg of the form

(8'3) ks = ks,rDel + ks,v-

Here ks, and k,, are smooth functions depending only on r. We suppose that there exist
k.., k... € R such that for some § > 0

s,vr Vsor
i+k877’7 Z‘—l—ks,v € T27
(G3) i(ksy —kg,) € T2,
i(ksp —ks,) € T2

We put:

hs =hos — k2.
The associated separable Klein-Gordon equation is:

(8.4) (0} — 2iks0; + hs)u = 0.

We introduce the Hilbert spaces H = L2(Jr_, 7, [, xS drdw) and H* = HNY™.

8.2. Perturbed Hamiltonian. We consider a perturbation of (8.4) of the form
(8.5) (97 — 2ikd; + h)u = 0.
We first fix an operator hg of the form :

holcge(my = hos + X5 jeqn,.a-1} Dfg"Dj + Zie{l,...,d—l}(giDi + D;gi)

(8.6) +D,.g"" Dy +¢" D, + D,g" + f
=: hos+ hyp.
We assume
(G4) The functions ¢”, ¢*, ¢'", ¢", f are independent of 6,
and

ho =2 oy(r)(Dy¢*(r)D, + P+ 1oy (r),
@ Lo £ i ome o 2 )
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Note that (G5) implies (Al). (ho,C§°(M)) is symmetric, we denote by (hg, D(hg)) its
Friedrichs extension. The asymptotic behavior of the various coefficients is assumed to be as

follows: we require that there exists § > 0 such that
gij c T2+5, grr c T4+5,
(G6) .
g e 172+57 g€ T2, f c T2

We also set
k.= krDel +ky, ky = ks,r + kp,f'a ky = ks,v + kp,v

and suppose
(G7) Epr kpo € T2
Finally we set

h = hg — k2.
All operators have natural restrictions to the space H", which we denote by a subscript n,
for example h{} is the restriction of hg to H". The operator k™ is bounded and (h™, D(h{))) is

selfadjoint. We will check the hypotheses for the restrictions of the operators to H™ and the
corresponding energy spaces. We will drop the index n in the following.

8.3. Asymptotic Hamiltonians. Let us first introduce the change of variables given by

dz _
ar Qq 2(7”)-

Note that there is a freedom in the choice of the integration constant. The choice of this
constant is however not important for what follows. For » — r_ we find

2(r) — 2(r_) = /_ qudw/: h(r)dr

with h(r) € O((r—r_)~'*°). Here we have used (G2). Recalling that q(r) = \/(r —7)(r —r_)
we find for r close to r_

x(r) —ax(r-) > ﬁ%ln(r —r_)—C

with k_ = (a_)?(ry —r_). It follows
r—r_Set Tt or—r.
In a similar way we obtain

re—rSe T

r—="Ty,
where r; = (ay)?(ry —r_). Using that 0, = a; *(r)d, we find :
f(r)y € 17 iff f(r(x)) eT? for
o — {f € C%(R x SEL); 9208 f € { g(e_z ), @ = —o0, }}

(em72°7"), z— o0.

This change of variables gives rise to the unitary transformation
U - L2(Jr_,ry[rxS¢drdw) — L*(R x S%1 drdw) =: H;
' v(r,w) = ay(r(x))v(z,w).

We put
Ex1= (U ©U)EL, Yy = Uthald] "t KL = Uy kotd
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We compute
hg =Uholt ' = Uhho i+ Y Dig"Di+ Y (¢'Di+ Digi)
i,j€{1,...,d—1} ie{l,..,d—1}
+ay ! (1) Dy a7 (r) Doy ' (r) + a7 ' (r)g" Deay ' (r) + af ' (r) Daglag ' (r) + f,
Urho,sUhy =Dgoa; > Dy + o3P + of.

We will often drop the exponent 1 when it is clear which coordinate system is used.

8.3.1. Asymptotic Hamiltonians. The asymptotic Hamiltonians are now constructed as in

Subsect. 4.2: we set
Ci=nkg, + kg

S0
and define ki, hy, h_ as in (4.1), (4.2). Recall that since [ is fixed, these operators depend
only on a cutoff scale R. The following hypothesis is the analog of (TE2):
(G8) (hy,ky), (h—,k_ —1) satisfy (G5) with ho replaced by hy, h_.

8.4. Meromorphic extensions. In this subsection we will check that h,, h_ satisfy (ME2).
To do so we use a result of Mazzeo and Melrose about the meromorphic extension of the
truncated resolvent for the Laplace operator on asymptotically hyperbolic manifolds, see [24].
We start by briefly recalling this result.

8.4.1. A result of Mazzeo-Melrose. Let Y be a compact n— dimensional manifold with bound-
ary given by the defining function y:

Y ={y = 0}, dylay # 0, ylyo > 0.
Let g be a complete metric on Y of the form
h
y*

where h is a C* metric on Y. One is usually interested in the study of the Laplace-Beltrami
operator A,. We have to consider slightly more general operators. Let

W(Y) ={V e C®(Y;TY); V]py = 0}

(8.7) 9=

the space of vector fields vanishing on the boundary. In local coordinates (y,x) near 9Y the
vector fields 9y, y0,; span Vo(Y').

We now need the definition of the normal operator. For p € 0Y the tangent space, T,,Y, is
divided into two half-spaces by the hypersurface 7,,0Y. We will denote by Y, the half space
on the "y” side (that is spanned by 7,0Y and the inward normal vector at p). Then any
smooth coefficient polynomial in Vy(Y) @ defines a natural constant coefficient operator on
Y):

(53) Ny(Q)u = lim RZf*Q( ) Ry

where u € C*°(Y},), R, is the natural R action on Y, ~ N, T,0Y given by the multiplication
by r on the fibers and f is a local diffeomorphism from 2 C Y, p €

FiQoQ Q@ CTY, f(p) =0, df, =1, f(Y) C T,dY.
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The definition is independent of f. The normal operator freezes the coefficients at a point p,
one obtains a polynomial in the elements of Vy(Y}). The following result is implicit in [24].
We use here the formulation in [26].

Proposition 8.1 (Mazzeo-Melrose 87). Let @) be a second order differential operator on'Y
which is a polynomial in Vo(Y) with coefficients in C*°(Y'). Assume that

i) the principal part of Q is an elliptic polynomial in the elements of Vo(Y') uniformly
onY,
ii) for every p € Y the normal operator of Q defined by (8.8) is given by

n 2
. n—1
Ny(Q) = —K |2iDZ +i(n—2)z1D;, + 27 Z hij(p) Dz, D, — < 5 > ;
ij=2

Y}, = {ZGR”; 2120}, [hZJ]ZCIl,C>0,
where K < 0 is constant on the components of Y .

Then for any metric g of the form (8.7)
Ro(z) = (Q — 2%~ : L*(Y, dvoly) — L*(Y, dvol,)

is holomorphic in {Imz > 1}. For N > 0 the operator yNRQ(z)yN extends to a meromorphic
operator in {Imz > —6} for some § > 0.

Remark 8.2. The width of the strip in which one can extend the truncated resolvent is of
order N if one removes some special points along the imaginary axis. At these points which
are given by (—K)Y/?(—1) (%)1/2 , k € N essential singularities might occur. If the operator
is the Laplacian associated to an asymptotic hyperbolic metric and the metric is even, then
no essential singularities appear, see [18] for a detailed discussion of these questions. In our
case it is sufficient to know that there exists a meromorphic extension in some strip and we
won’t study the type of singularities.

8.4.2. Meromorphic extensions of the resolvents of h, h_.

Lemma 8.3. Assume hypotheses (G1)—(G8). Then (hy,ky,w) and (h_,k_ — £, w) satisfy
(ME1), (ME2) for w = q(r)~!.

Proof. We will show that w=¢(h% — 2%) 1w~ has a meromorphic extension to a strip {Imz >
—0c}y 0e > 0. Let us start with h.

We want to apply Prop. 8.1, for Y = M = [r_,r,] x S%1. The principal part of Rt is
an elliptic polynomial in the elements of Vy(Y) and hypothesis i) of Prop. 8.1 is fulfilled.
Near each boundary component we put z =r —r_ and z = r; — r resp. We change the C*
structure on Y (as a manifold with boundary) and allow a new smooth coordinate y = /z.
We will denote the new manifold by Y; /; and think of Y} /5 as a conformally compact manifold
in the sense of having a metric of the form (8.7).
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The operator Al becomes near r = r_

d—1
1 *
hy = Z(af)Q(af)Q(M —r ' DyyDyy + (o )*(ry —r-)’y* Y DiayD;
ij=1
d—1
— (kf,n+ k)7 +00°)(Dyy)* + O )y* Y DiayD;+ O®°).
ij=1

We now conjugate hy by a weight function (see [26]) and set:

(8.9) Q= ((1—x) +xy*)h (L =) +xy*) 7,
where y € C®°(Y), x =1 for y < e < 1/2 and xy = 0 for y > 2¢. It follows that the normal
operator becomes

Ao )?
(a7 )2 (g )2 (ry — )2

d—1
> Diai(p)D;
ij=1

No(@) = Z(a)*(af)(re =) |97 | Dy +

+ iyD, —1—

A(kfn+ kf,)?
(af)(ag )2 (ry —r-)*t
This operator is shifted with respect to the model operator in Proposition 8.1 and the points

. . s . _ 2
where essential singularities may occur are now given by 22 = (—K) (ﬂ — (%) ) , keN,

4 k;r +ks,v 2 . .
where —K = L(af)2(ag)?(ry —r2)t, B = _(aj)g(o;:;?(u—)r,)‘i' As [ is negative all these
points have strictly negative imaginary part. Hence we obtain a meromorphic continuation

of w™¢(Q — 2?)~w™¢, where @ is given by (8.9). Since for Imz > 0 we have

(hy =22) "= (1 =)+ xv*) HQ —2*) (1 = x) + x),
1

we obtain a meromorphic continuation of w=¢(hy — 22)"lw=¢. The proofs near r = r, and
for h_ are similar. O

8.5. Verification of the abstract hypotheses.

Proposition 8.4. Assume hypotheses (G1)—(G8). Then conditions (A1)-(A2), (TE1)-
(TE3), (PE)-(B) are satisfied

The rest of the subsection is devoted to the proof of Prop. 8.4. We start by some prepa-
rations.

8.5.1. Some useful facts. By (G5) we have the following estimates

1/2

(8.10) lg(r) Dy (r)ul S |lhg*ull,

(8.11) lg(r)Dyull S 1By Pull, 5 =1,...d 1,
1/2

(8.12) lgryull S (1hy*ul.

The estimates (8.10)-(8.12) also hold with kg replaced by hy or h_. We will also need the
following Hardy type estimate.
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Lemma 8.5. We have

. _ 1/2

D) () ullag < l1hg >ullse.

i) || fulla < b *ulln, fe T, 6> 0.

Proof. Since (x(r)) ~ |In(r — ry)| when r — ry, ii) follows from 7). We recall a version of
Hardy’s inequality:

[e.e] [ee]
(8.13) / lo(z) 2z 2dt < 4/ |/ (z)2dz, v € C§°(R\{0}).
0 0
Let x1 € C3°(R), x1(0) =1 and x2 € C*°(R) with x; + x2 = 1. We have
()™ xaull3y, S Iaullf, < (=05 + of)ulu)w,
because af > x3. Now applying (8.13) to yau gives :

) xeul, < J/ |eg<x2un2dxda,§;}/
Rx S2

<@ﬂﬁmm+/
RxS2 R
< (=02 + a2yulu)as

xa|u' [Pdazdw
x 52

because (x5)% < o2. Tt follows
/<x>2|u|2dxdw < /(|Dmu|2 + o2 |u|?)dzdw.

Changing to coordinates (r,w) yields, using dz = édr, D, =aiD,:
1

1
/(x(r)>_4|u|2¥drdw < /(|oz1Dru|2 + |u|2)drdw.
1

Putting v = O%lu gives
/(ﬂ:(r)>_4|v|2drdw < /(|a1Droz1v|2 —i—a%|v|2)drdw,
< /(]quom)]2 + a%]vlz)drdw

which using that hg > a1(D.¢*D, + 1)a; by (G5) completes the proof of the lemma. O

Lemma 8.6. Let f,g € C*°(R) with lim |y, f(z) = limy o g(x) = 0. Then f(z)g(hy)
and f(z)g(h_) are compact.

Proof. We only prove the lemma for h,, the proof for h_ being analogous. We may assume
that f,g € C§°(R). Let ©Q be a bounded domain which contains supp f. Then f(z)g(hy)
sends L2(M) to H?(2). But H%(Q) — L?*(2) < L?(M) and the first embedding is compact.

O
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8.5.2. Verification of hypotheses (A1), (A2). We have already noticed that (G5) implies (A1)

(in particular (G5) implies 0 ¢ opp(ho)). Let us check (A2). We first check that hé/2/<:hal/2 €
B(#). This will follow from

(814) k‘hok‘ ,S ho, on CSO(M)
Several terms have to be estimated.
i) —kay0ra30,00k
= —alark2a§6roz1 — ozl(?rka%alk' + a%kﬁa% + alk'agkﬁral
< —a10,¢%0r 0 — al(?rka%alk' + a%kﬁa% + aq K a2k0,a.
i) —kopg" Ok
k2 k' k'
—a1 0y <—> g"Orar — 10 kg™ <—> + <—> g""koraq
(05} «

1 aq

k' k'
< —a10,¢%0, 1 — a1 0,k <—> g+ <—> g koraq.
Qaq Qg
k2 1 k'
iii) kg"D.k = —g¢ " D,ay + —kg" <—> Q1.
aq (3 aq

Summarizing and adding the angular terms we find

]{: /
khok < o1 Dy¢*Dya; — 10 kodark’ + Oc%(k,)QOé% + ok’ 02kdrar — 100k <—> g’
aq

kY 1 k' k2 k2 1/ kY
+ <—> kg Ora1 + —kg" <—> a1+ —g" Drag + a1 D—3g" — = <—> kaqg"
(651 7 a1 (&3] a1 7 (e73]
ij ij 7
+ Y Dikojai(Djk) =Y o3(Dik)ay kD — Y~ a3 (Df ko (Djk)
ij ij ij
+ > DikgU(D;k) = > (Djk)g"kD; = (Dik)g” (Djk)

ij ij ij
+ Y kg'(Dik) = (D;k)kg' + 2Img" kK .

7

We have

k( kY Y
kadk' € T2, a3 (K)%a3 € T, Kadk e T?, = <—> g eT? kag" <—> eT’,
q \ o1 aq
k? 7"1 6 17.2 2 2 42/ 6
a—g ; eT’, g'k* e T=, kagaij(Dik) eT”, Oég(Di k:)aw(D]k:) eT”,
1
kg (Djk) € T, (Dfk)g" (Djk) € TSV, kg'(D;k) € T4, g"kk' € T*.
This gives (8.14), using (G5), (8.10)-(8.12) and Lemma 8.5. The estimate for

-1
||(k - Z) HB(hal/Q’H)



42 V. GEORGESCU, C. GERARD, AND D. HAFNER

is exactly the same with the derivatives of k replaced by %. Here we also use that

1
[Tz’
1
|2l = [kl 5o’
the second inequality being valid for |z > (1 + €)|k|| gz, € > 0.

Ik = 2) sy <

Ik = 2) " lsay <

8.5.3. Verification of hypotheses(TE1)-(TE3). (TE1) is obvious, let us check (TE2). We
check (TE2) for hy, the proof for h_ being analogous. First note that (G5) for hy implies
0 ¢ opp(hs). We have k2 € T2 This implies the estimate

1/2
Iull S 103w,
We now check that (TE3) is fulfilled. Recall that w = ¢~ 1.
— (TE3)a) follows from (G3).

TE3)b) is clear.

- (
~ (TE3)c¢): we have already shown in Sect. 8.4.2 that h,h_ fulfill (ME2). Let us check
(ME1).
— (ME1)a) follows from (G3).
- (ME1)b) is clear.

— 1)c): let us show that h_ ,w™lw* is bounded. We have
ME1)c): 1 how that h/*[h /2 is bounded. We h
[ihy,w™] = a1Dya3ai(w ) + Dpg™ (w™ ) + g"(w™ ) + he
rr 1 1\’
= aiDyaday(w™¢) + alDrg—(w_E)' — - <—> g (w ) +g"(w) + he
aq 7 aq
= a1Dyqa+ 3
with o € T¢, 8 € T, We have h:Ll/zﬂwe/2 € B(H) by Lemma 8.5. We have
h;_lﬂqurqosz/2 € B(H) by (8.10). The proof for h_ is analogous.
— (ME1)d) follows from Lemma 8.5.
-~ (ME1)e) follows from Lemma 8.6.
— (TE3)d): the proof is exactly the same as for (A2), we omit the details.
- 3)e).: we start with wlh, i |wh__'". We have
TE ith wlh, i\ Jwh; />, We h

wlih,iyjw = w(alDrozgozlz'QL + Drgrri/Jr + griﬁr + he)w = agDya1 +

with o € T, 8 € T°°. This gives w[h,iJr]wh_;l/2 € B(H). The proof for the other

2w, hoJw'/?

operators is the same, except for h, !
proof for h11/2 [h, wJw?. We omit the details.

— (TE3)f) follows from Hardy’s inequality, Lemma 8.5.

for which it is analogous to the

8.5.4. Verification of hypotheses (PE), (B).

— (PE): thanks to (8.10)-(8.12) we see that Hh(1]/2u\|2 is equivalent to

d—1
1Dzl + > lla(r(@) Dyul® + [lg(r(z))ul*.
j=1
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As ¢ (£)u — uin L*(R x S371) we only have to show that
, x
{szﬂb <—)] u— 0
n
~1/2
for u € hy '"H. We have

s (2)] o= 20 (2) i
n x
By Lemma 8.5 it is sufficient to show that

—1/1( >v—>0 for ve L2(R x S

which is obvious.
— (B): first note that w™¢ clearly sends D(hg) into itself. We show that (B) is fulfilled.
We compute
[iho.s, k] = alDragk'al + Z Dfal-j(@jk)ag + he =: C + C,.
ij
We have

wCrwt = alweDragkz/alwe—i—hc

= a1 D,adk ajw* kK oy — %(we)/aga%we + he.
Using that
20K € T?72%¢, (w°) adatws € T*7%, a%aij(ajk)wzg e T2
we find for e < 1
wCrw® < hg, wCLwW* < hyg,

by Lemma 8.5. We now compute :
(iDjk)w
w'li(ho — hos), Klw® = > Diq g7 (iD;kyw +Zg (Dik)w
ij

e\ /
w_> g""k'w® + he.

1
+ alDrw%al—lgrrk/_ ~ay <
(3 1

Noting that
ij .
g—(Djk)’U}Qe e T3+6—2€’ gz (ZD] k:)wZE e T3+6_25,
q

w2597"rkl

qan

grklw26 c T2+5726’ c T2+5726,

(w_€>/algrrk/we c T2+572e’

aq

we find for € > 0 sufficiently small using (8.10)-(8.12) and Lemma 8.5 that
’we[i(ho - h07s), k]we 5 h().

Thus (B) is fulfilled.
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9. ASYMPTOTIC COMPLETENESS 2 : GEOMETRIC SETTING

In this section we will compare the full dynamics to asymptotic spherically symmetric
dynamics. We put

hioo = hO,S7 h—oo = hyoo — 627
ki = 0, k_o =1

. 0 1 . 0 1
e (0 D) (0 1)
are selfadjoint on

Eroo = (hyoo) PHEH  resp. E oo = P()((hioe) V?HEBH)
with domains
D(Hyo0) = (htoe) V2H ) (o) H & (hioo) V2 H, D(H o) = ©(0)D(H 1),
Remark 9.1. We have op,(Hxoo) = 0. This follows from [19, Lemme 4.2.1].

The operators

Lemma 9.2. Assume (G1)-(G7). Then we have Eiog = Ey, E—oo = E_ with equivalent
norms.

Proof. We have to show

(9.1) hioo Shy S hioos Pioo She S hise.

Recalling that hg s = hioo, it is sufficient to show (9.1) for h replaced by hgs. First note
that

(9.2) hos < ar(Drg? Dy + P+ 1)ay.
(G8) then gives
hos S has  hos S h—.
By (G5), (G6), the Hardy inequality, Lemma 8.5, and the estimates (8.10)-(8.12) we have
ho < ho,s-
Now,
hy =ho—k Sho S
ho=ho—(k- =07 <Sho S hog,
which finishes the proof. ]
Lemma 9.3. Assume (G1)-(G7). We have for x € C§°(R)
X(Hzoo) = X(Hz) € Boo(€x).

Proof. Let x € Cg°(R). We prove the lemma for x(H o) — X(H), the proof for x(H ) —
X(H_) being analogous. Let us introduce for a positive selfadjoint operator h the transfor-

mation )
1 w2z . 1 B1/2  p—1/2
umy= (e L) wrm =5 (0 )
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Note that
Ulhy):Ex = HEH, Ulhyoo) i Eqoe = HBH
are unitary. We set
Lo = Uhioo)Hyod* (hioo), Ly :=U(h ) H U (hy).
By [19, Lemmas 6.1.3, A.4.4] we have
(9.3) (= U(Pgoo U (h4))X (Lt ), X(Ltoo) = X(Ly) € Boo(H & H).
We now write
X(Hpoo) = X(Hy) = U (hyoo) (1 = U Py oo U (hy )X (L U ()

+ U (ho0) (X (Loo) = X (L)) U (Ppoc)

U (o)X (L ) (1= UCh U (B U (o),
which is compact by (9.3). UJ

Let
Rioo(2) i= (Hino — 2)7L.

In the same way as for Hy we can show:

Proposition 9.4. Assume (G1)-(G7). Let € > 0. There exists a discrete and closed set
Tioo C R such that for all x € C§°(R\ Tioo) and all k € N we have

(9.4) sup w” XN RE (A £ i€)w™ e, ) < oo
e>0, \eR

Let 7 := SU7Tico. The admissible energy cut-offs for H . are now defined in exactly the
same manner as for H replacing & by 7 in the definition. Let CH+e the set of all admissible
cut-off functions for Hy,,. We define

Escattroo = {X(Hioo)u; X € CHieo € g:l:oo}7
Escatt = {x(H)u; x € CH*= ue £}
Theorem 9.5. Assume (G1)-(GT).
(i) For all o* € Sscattioo there exist v € Egeqn such that
e_itHz/Ji — iie_itHiO"goi —0,t— 00 in &
(ii) For all y* € Escatt there exist ot € é;scatt,ioo such that

—itHioo, £ - e—itﬂwzl:

e - — 14 —0,t—00 in Sioo.

Proof. Let x € C+~. By Thm. 7.5 it is sufficient to show the existence of the wave operators

WXi = s—tligloeitHie*“Hiwx(Hioo) in &,
Q;E = s—tligloe”Hi“e_”Hix(Hi) in &1

and that
(9.5) X(HL)WE =W, X(Hioo) = Q5
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for ¥ € C+> with yx = x. The existence of W, Qf follows directly from [19, Thm. 6.2.2].
For the existence of W,", {2 note that

SO H_ @ () = H'  + 11,
SOH -7 '() = H' +01,

where

¢ 0 1
- = <h0—(k_—€)2 2(/<:_—e)>
Again the existence of
i s itHC —itH* :
W, = s—tll)rgoetH*e Moo (HE )
Q= s lim ey (1)

follows from [19, Thm. 6.2.2]. The existence of W, Q then follows applying the transfor-
mation ®(¢). The identity (9.5) follows from Lemma 9.3. O

Remark 9.6. i) Note that the results of [19] apply here although the situation consid-
ered in [19] is slightly different. In [19] the cylindrical manifold R x S=! has one
asymptotically euclidean end and one asymptotically hyperbolic end whereas we con-
sider here two asymptotically hyperbolic ends. The situation with two asymptotically
hyperbolic ends is simpler, in particular no gluing of the two conjugate operators for
the ends in the setting of Mourre theory is necessary.

i1) As app(Hioo) =0 and Hy, Hio are selfadjoint, the wave operators

W+ = s-lim eitHie_itHiOO
t—o0

exist. In a similar way we obtain the existence of the wave operators

Oy = s lim eH+eo o mitH Il“c(Hi),
t—o0

where llac(Hi) is the projection of the absolutely continuous subspace of Hy.

10. THE KLEIN-GORDON EQUATION ON THE DE SITTER KERR SPACETIME
In this section we recall the Klein-Gordon equation on the De Sitter Kerr spacetime, which

will be our main example of the geometric framework from Sect. 8.

10.1. The De Sitter Kerr metric in Boyer-Lindquist coordinates. In Boyer-Lindquist
coordinates the De Sitter Kerr space-time is described by a smooth 4-dimensional Lorentzian
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manifold Mgy = Ry x R, x S2, whose space-time metric is given by

A, —a’sin? Ay 2asin? 0((r? + a?)2Ag — a?sin? A,)

9 = N2 dt* + 32,2 dtdyp
(10.1) — fédﬁ-—ééd#-—§§;%5-¢%
0’ = r?4+ad’cos?l, A, = <1 — %r2> (r? + a®) — 2Mr,
Ny = 14 %Aa2 cos’ 0, 02 = (1? + a®)?Ag — a®A,sin?0, A =1 + %AaQ.

Here A > 0 is the cosmological constant, M > 0 is the mass of the black hole and a its angular
momentum per unit mass. The metric is defined for A, > 0, we assume that this is fulfilled
on an open interval Jr_, 7, [. (For a = 0, this is true when 9AM? < 1; it remains true if we
take a small enough).

Note that the vector fields 0; and 0, are Killing. The De Sitter-Schwarzschild metric
(a = 0) is a special case of the above. The set {p?> = 0} is a true curvature singularity.
In contrast to p? the roots of A, are mere coordinate singularities. r_ and 7, represent
event horizons and we will only be interested in the region r_ < r < r4. This region is not
stationary in the sense that there exists no global time-like Killing vector field. In particular
there are regions in Ry x|r_, 7, [ x.S2 in which d; becomes space-like. Indeed, the function A/,
has a single zero ryg, on |r—,ri[. On |r_ rpe.| A, is strictly increasing, on |rpq, 74| A is
strictly decreasing. Therefore there exist 71(6), r2(6) defined on ]0, 7| such that

A, —a?sin?0Ag <0 on Jr_,r(0)],

A, —a?sin?0Ag >0 on |ri(0),72(0)],

A, —a?sin?0Ag <0 on Jro(6),74].
As a consequence the vector field 0; is

— time-like on {(¢,7,0,¢) : r1(0) <1 < 13(0)},

— spacelike on {(t,7,0,¢): r— <r <r(0)} U{(t,r,0,p: re(0) <r <ry}=A_UA;.
The regions A4 are called ergo-spheres. Of particular interest are the locally non rotating
observers. These observers have four velocity
Vvt
(VoIVo)/2

a

They rotate with coordinate angular velocity

Gto _ a((r? +a®)Ag — Aa? sin2 0)

10.2 Q=-
(10.2) Gon =

Note that this angular velocity has finite limits at both horizons:
a

10.3 QL =0 Q) = ——.
( ) + (re,0) 7+ a?
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10.2. The Klein-Gordon equation on the De Sitter Kerr space-time. We now reduce
the Klein-Gordon equation on the De Sitter Kerr space time to the abstract form (1.2).

A standard computation using O, = | g\_%(?a] g\%g“bab yields for the De Sitter Kerr metric:

o2\ 52 _ 2a(Ar — (r? + aQ)Ag))\Qa 5
PP, JAVYAw: -
A, — a?sin? 0Ag)\? 1
(10.4) - ( FAGA 9) 83 - —(9 A0y — p—y (99 sin 0Ag9y +m ) 1 = 0.
We multiply to the left the equation by ¢ = % and obtain:
Ao

(10.5)

a(A, — (r? + a®)Ag)

<6t2 -2 2 0,04
(A, —a?sin?00g) 5 Al JANWAY JTANYAV I
- Sin2 052 850 - )\20_2 87=Arar - Wag sin HAQ(% + )\202 —5 5 M w =0.

We now consider the unitary transform

L2(M; 2 A A drdw) —  L*(M;drdw)

o
= ATAG’IIZ)

U :

If ¢ solves (10.5), then u = U solves

2 oa(Ar — (r? 4+ a®)Ag) (A= a?sin?00g) VA A Ay
<6t 2 = 0,04 s 002 05 o Or A Oy o
AN A INAT 2
(10.6) - Arlg TN BBy + 2 ATAGmQ u=0.
Asinfo Ao A2a2

We introduce a Regge-Wheeler type coordinate x by the requirement :

d_x_Arz—i-az
dr A,

We then introduce the unitary transform

L2(Jr—,ry[,xS%) — L*(R x 52 dvdw),
V-
v(r,w) ,/Wv(r(x),w).

Let u be a solution of the Klein-Gordon equation (10.6) and ¢ = u. Then ¢ fulfills:

)\(7"2+a2)
(10.7)
s alA = (DA, (A a?sin?0A)
<8t 2 o? 90 - sin? o2 %
2 a2\A 2 a2\A N SN 2
M&E(TQ + a?)d, (r® +a%)A Al 0 9 sin 00y Arlg 4P ATA6m2 P =0.
o o ~ Asinfo Ao A2g2
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11. ASYMPTOTIC COMPLETENESS 3 : THE DE SITTER KERR CASE

In this section we state the main theorems for the De Sitter Kerr spacetime. The proofs
are given in Sect. 12.

We consider the Klein-Gordon equation (10.7) and write it in the usual form

(0% — 2ikd; + h)h = 0.

Let
(11.1) H" = {ue L*(R xS%): (D, —n)u=0}, neZ
We construct the energy spaces £, £" as well as the Klein-Gordon operators H™, H" as in

Sect. 2. Also let i1 € C*°(R), i— = 0 in a neighborhood of oo, iy = 0 in a neighborhood of
—o0 and % + zi = 1. We will use two types of comparison dynamics :

— a separable comparison dynamics,
— asymptotic profiles.

11.1. Uniform boundedness of the evolution.

Theorem 11.1. There exists ag > 0 such that for |a| < ag the following holds: for alln € Z,
there exists C,, > 0 such that

(11.2) le 7" ul| g < Cplltllgn, u € E™, t €R.

Note that for n = 0 the Hamiltonian H™ = HY is selfadjoint, therefore the only issue is
n # 0.

Because of the existence of a zero resonance the evolution is not expected to be uniformly
bounded on the inhomogeneous energy space. This is already the case in the De Sitter
Schwarzschild case, ie if a = 0. In fact from [5, Thm. 1.3], denoting by r the zero resonance
state, we have for x € C§°(R):

(11.3) e tHyy = ’y( TX(XJWI) > + E(t), >0 and
(11.4) IE@le < e Il(=Agz)ulle,

with € > 0. Note that in [5] the norm

1
ol + (o) + [ [ oo
0
itH

is used, but that the same proof also gives the estimate (11.4). Now suppose that e~ is
uniformly bounded on £. Then we obtain from (11.3) in the limit ¢ — oo :

Irx(rxlun)lle < llulle,  u e CG°(R x §%) & CF°(R x §%)
and thus
Irx(rxlun)lian < llulle, we&
by density. Here H = L?(R x S?, dzdw). It follows
lrx(rx|)lln S llvllws v e M.

Thus ||7x|l% < 1 uniformly in x which implies » € H which is false. Therefore the evolution
is not uniformly bounded on &, neither on Y. It is however bounded on £" for all n # 0.
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11.2. Separable comparison dynamics. Let /L = Q.n. We put:
A
- 2 2 r 2 R
hioo = —l1 — 0y + mp + Arm®, koo = ly,
where
A,
sin?0 ¢ s
In the case n = 0 P might have a zero eigenvalue and the natural energy spaces associated to
ho and h4o may be different in the massless case. We will therefore consider the case n =0

only in the massive case. Let é.'goo, Hioo be the homogeneous energy spaces and operators
associated to (hioo, k+oo) according to Sect. 2.

P = —

1
" (99 sin 9A989.
in6

Theorem 11.2. There exists ag > 0 such that for |a| < ay and n € Z \ {0} the following
holds:

— The wave operators

(11.5) W =s-lim ™" e Hix
t—»00

exist as bounded operators W= € B(é’ioo,é'")
— The inverse wave operators

(11.6) QF =5 lim e Eooj e "
t—»00

exist as bounded operators QF € B(E™; Eioo)
(11.5) and (11.6) also hold for n =0 if m > 0.

11.3. Asymptotic profiles. We now introduce the Hamiltonians H,, H; which describe the
simplest possible asymptotic comparison dynamics. Let

n o __ 2 2 —
r/l — _aat - E-{-/—’ kr/l - E-l—/—’
acting on ‘H" defined in (11.1).

We associate to these operators the natural homogeneous energy spaces .l’% and Hamilto-

nians H [}T.Note that the solution of

(02 —2i010; — 02 — 12 )u = 0,
(11.7) ulz=o = o,
atu|t:0 = u

can be computed explicitly. Indeed if u is the solution of (11.7), then v = e~**ty fulfills
(atQ - 89%)” = 0,
(11.8) V=0 = wuo,
at’U|t:0 = U — ’L'f:tuO
Thus for smooth data the explicit solution of (11.7) is given by
T+t

eifit
wo(t, z,w) = <u0(m+t,w)+uo(x—t,w)+/

2 - (ur(T,w) — z‘ﬁiuo(T,w))dT> :

Let us denote the cutoffs i ,_ by i, .
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The spaces ilgf and ZTE,’? are not included in " and the group e M doesn’t improve
regularity. There is therefore no chance that the limits

Wty = lim eH" ir/lefitHf/lu
t—o00
exist for all u € £ " We will first show the existence of the limits on smaller spaces and then
extend the wave operators by continuity. Let {\; : ¢ € N} = o(P) and Z; = 1, ,(P)H.
Then

D(hg) = D(ho,s) = {u € H: Y by Iy (Pul® < oo},

qeN

where hy? is the restriction of hg s to L*(R) ® Z,. Let

W, = <L2<R>®Zq>@<L2<R> Za): &jr = Ep O W
= (s 30> 0.ue oot}

Theorem 11.3. There exists ag > 0 such that for all |a| < ag and n € Z \ {0} the following
holds:

i) For allu € Ef/ll"" the limits

. itEm .9 —itH™
Wr/lu:thm et 172»/16 ey
—00

exist in E™. The operators W, 1 extend to bounded operators W, € B(Er/l, En ).

it) The inverse wave operators

. itH™, .9 _itfm
= s- /1
Qppp=s tlgroloe iy €

exist in B(E" 5;‘/1)
i), i) also hold for n =0 if m > 0.

12. PROOF OF THE MAIN THEOREMS FOR THE DE SITTER KERR SPACETIME

We want to apply the geometric setting developed in Sect. 8. To do so, we have to reduce
ourselves to /4 = 0 by a change of coordinates. We introduce the new coordinate

a

e
Pt

the other coordinates remain unchanged. We will denote ¢ again by ¢ in the following. In
the new coordinates (10.7) writes :

2 2 2 2 (2
a a(A, — (r* +a®)Ay) a (A, — a®sin” 0Ay)
- -2 o, 0y — =———=0, ) — 0
<<8t r2 + a? 8“") o2 P\ r? +a27" sin® o2 v

V A V ATAG p2ArA€ 2
+ m” )y =0,
Ao Ao A2o2

\/A AG \/ATAG

A,
6 Or Ao Asinfo

(12.1) —

Oy sin 0 A0y
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i.e.
Ar— (2 4 a?)A0)
92— 2 a4 a(Ar 9.0
e = -
n a? 2a2(Ar —(r?+a®)Ag) (A, —a®sin? Ay) 52
(r: + a?)? o?(rt + a?) sin? fo2 v
/ N A 2
(122) - ATAG arArar \/ATAQ - \/A.TAG 69 SinaAGaG ATAQ + i AT«AG’I’I’I,2 ¢ = 0.
o o Asin O o 202
Let us put:
P a a(A, — (r? +a?)Ay) D
EENGEXD o2 -
P a’ a? (A, — (r? +a?)Ay) B (A, — a%sin? ) 52
T\ (12 +a?)? o?(rl + a?) sin? fo2 s
VALA A,A A,A VALA 2A, A
- . GBTAT&»\/ . 0_\/.T GaQSinaAgag r €—|—p r €m2.
Ao Ao Asin Qo Ao 202

Noting that the coordinate change ¢ — @ corresponds to the unitary transform e~*?+P¢ and
using Subsect. 2.5.3 we see that it is sufficient to show the corresponding theorems of Sect.
11 for the operators h, k. We put hg := h + k%. A tedious calculation gives :

4
1Y A Ag 2
hy = — 0
0 otsin?6 ¢
\/ATAG \/ATAG \/ATAG . \/ATAG pQArAG 2
12.3 — 0, \,.0, — Op sin A0, )
( ) Ao Ao Asin fg 0 SHYR0% TN + oz
We put
(P4_‘72)ATA9 2
proo— M T 9 )2rae
0 otsin?6 "
VA A VAN VADNg VAN pPANg
12.4 — Or A0y P ,
( ) o o + o o + 252 m
n a a(A, — (r? +a?) Ay
(12.5) E" = 5 >+ ( ( 5 )80) n
(ry 4+ a?) o

We will drop in the following the index n which is implicit in the operators.

12.1. Verification of the geometric hypotheses. Let us recall that

_ N

1 .
T sinZ0A, ¥ sin 689 sin0200%.

With this choice of P (G1) is clearly fulfilled. We now put

- VA, VA, VA, VA, 9
hos 1= _)\(r2 + az)arArar)\(TQ +a?) + A(r? + az)P)\(rz + a?) + A
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Recall that ¢(r) := \/(ry —r)(r —r_). We write A, = ¢*(r)Py(r), where P, is a polynomial
of degree 2. Tt is easy to see that (G2) is fulfilled with

Py(ry) Py(r+)
£ o+ 2 (T4 + . +._ .2 2\ +
TG TN ey 2T VR e E e e
We also put
a a
ksw = ke = <Ti+a2_r2+a2>n7
an

kT = r— —ry)(r-+ry),

s, (ri+a2)(rz+a2)( +)( +)

ks,r = ks_,r:O

With these choices (G3) is clearly fulfilled. (G4) follows from (12.4). Let

AA VA,

i

= € Tl, = ——¢c Tl,
o Ao P =N+ a?)
ANy VA, 1
= T = T .
P1 P R (i T a2 €
We have
g—go € T° pi—peT?
An elementary calculation gives :
g7 = (90— 91)(90 + g1)A, € T°,
g = i((0-91)91 — (Dr90)90) A, € T°,
9" = (po—p1)(po+p1) € T?,
9" = i((9sp1)p1 — (Dppo)po) € T,
m2A,p> A
fo= (090 = (0r90))A + (Dapo)? = (Dap1)?) + =552 = Aym?
ptA Ag A, 9
+ eT?,
1gin260 (12 + a2)?sin? 9> "
g = gso

Note that because of the diagonalization w.r.t. D,, we can put g¥¥ and g into f. It follows
that hypothesis (G6) is fulfilled. Let us now check (G5). We consider the case n = 0 only if
m > 0. Also (G5) will only be satisfied if |a] < a; for some a; independent of n. We first
show that (G5) is fulfilled for hg ;. We have

0s = a1(DyAD, + P+ (7‘2 + a2)2m2)a1
o1 (D,¢*D, + P + 1)ay,

Vv



54 V. GEORGESCU, C. GERARD, AND D. HAFNER

with o = because P 2 1 for n # 0 and we suppose m > 0 for n = 0. Let now

o PR VA L VA
0 02y sin 6 A2 4a2) T TTN(r? + a?)

VA,
A(r2+a?)

2 2
)\(7"2‘1‘—\/?—2)966 sin GAeae)\( \2/§a2) P A)\r;:g Ae
> a1(Dyg’Dy + P+ 1)ay
We then compute
Iy <1 _ ! ) VARG 5 g VARG
o (r2+a?)Ag A Ao
- 7\/A_ Or 0O, VA <l - ! )
A(r? + a?) A o (r2+a?)VAy
1 1 VA Ag VA Ay
— - — Op sin 0 A\ g0y ———
<O’ (7“2—|—a2)\/A_9> Asin 6 Ao
VA, VA, (1 1
(r? + a?)Asing A <5 - m> '
We compute
1 1 2A,sin?60 (1 1 -
(E NGE a2>m> REEGETDRY (E G a%) B

We have g, € T? uniformly in a meaning that
Vo, B €N, 0290 fa] < Capqlr)* 2
with C, g independent of a. We then compute

\% T V r TA ~ ATA
_a2.ga A AearArar A AG - —CL2 A GargaArar b
A Ao Ao o
AA AA
2~/ rg rg
+ @0 Ao ArOr Ao
> —a?hl,

where §, = go0 € T? uniformly in a. Using similar arguments for the other terms we find
hi — hi > —a’hy — a®hl

and thus for @ small enough (independently of n):

(12.6) hy 2 iy 2 01(Dy 2Dy + P+ 1o

This is (G5) for h{;. We also have

al, a’sin?hA, 9
kpﬂ) = < 02 (7"2 T a2)02 n e T 5 kp,?" = 0.

This implies (G7). Let us now check (G8). Recall that £ = k_,. We construct h, h_ and
k+ as in Subsect. 8.3.1. We have

hy = ho — kia ki < C+a2n2(r+ —r)(r— 7"_),
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Observing that P > % we obtain using (12.6):
hy > ay(Dr¢*Dy + P4 1)ag +n2(ry —r)(r —r_).
Thus fixing a cut-off scale € > 0 (see Section 4.1) there exists aa > 0 (independent of n) such
that for all |a| < ay and n € Z we have :

hy, h_ > al(r)(quz(r)Dr + P+ Day(r).

In particular (G5) is fulfilled for hy, h_ if @ is small enough. Thus (G8) is fulfilled. In the
sequel we assume |a| < ag, where ag is such that all the geometric hypotheses are fulfilled for
all m € Z\ {0} (m=0) resp. all n € Z (m > 0) if |a|] < ap.

12.2. Proof of Thm. 11.1. Thm. 11.1 will follow from Thm. 6.1, provided we show that
the set S of singular points is empty. We recall that the sets S, T, T+ were defined in Subsect.
5.1 and that we showed in Prop. 5.10 that S C 7 U7_- U T;. Therefore the proof of Thm.
11.1 will follow from

Proposition 12.1. i) There exists ay > 0 such that for |a| < a1, n # 0:
oS (H) =T = 0.

ii) One has T+ =0 forn # 0.

Proof. i) essentially follows from the work of Dyatlov [9]. Let us first prove that ¢©(H) = 0.
By [9, Thm. 4] we have p(h,k) N {Imz > 0} = () for a > 0 sufficiently small. Then we apply
Prop. 2.15.

Let us now prove that 7 = (), i.e. that 7(z) := w™p~!(2)w ¢ has no real poles. We replace
the weight w™¢ by cosh(ez)™! which is equivalent and holomorphic in a neighborhood of the
real axis. We will note this new weight again by w™¢. We know that r(z) has a meromorphic
extension to {Imz > —4.} for some . > 0. We note again r(z) this meromorphic extension.
Let

€

p(2) = p(z,2,0;) = wp(z)w".

This is an elliptic second order operator with analytic coefficients. We clearly have
(12.7) r(z) o p(z) = p(z) or(2) = 1,
first for Imz sufficiently large and then in {Imz > —d.} by meromorphic extension. Let
K. (x,2") the distribution kernel of (z). We have :

p(2)(2,0;) K, (z,2") = 6(x,2"), 2 € Q,

p(2) (2, 0, K (x,2') = 6(x,2"), 2 € Q,
where p(2)! is the transpose of p(z), and is also elliptic with analytic coefficients. By the

Morrey-Nirenberg theorem [22, Thm. 7.5.1], p(z) and p(2)! are analytic hypo-elliptic, from
which we obtain that K, (x,2’) is analytic in z, 2’ outside the diagonal, for {Imz > —¢.}.

Recall from [9] that there exists §, > 0 such that for all n € C§°((r— + 6,74 — &) np~(2)n

has no poles in {Imz > —dp} for some dyp > 0. Let now 29 € {Imz > —dy} be a possible pole

of r(z). We write:
N

r(z) =) Pi(z—20)7 + H(2),

i=1
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where P; are finite rank operators and H (z) is holomorphic close to zp and Py # 0. We want
to show that all the P; are zero. Clearly it is sufficient to show that Py = 0.

‘We have

which shows that the kernel Py (x,2") of Py is analytic outside the diagonal. But as np(z)~'n

has no poles, we necessarily have Py(z,z’) = 0 for z # 2/, x,2' € suppn. By analytic
continuation we therefore have Py (x,2’) = 0 for = # 2’. We then have

p(20) Py = ﬁ gﬁvﬁ(zo)(z — 20)N"1r(2)dz
= ok 6 (s — 20V (B0) — B ()
+ai § (2 = 20) Y 1B(2)r(2)dz.

As p(z) — p(z0) = (2 — 20)T(z) with T'(z) holomorphic close to zp, the first term is zero, the
second is zero because p(z)r(z) = 1. It follows that p(z9)Pn = 0.

Let us show that this implies Py = 0. Let u € L?(R x S?) with compact support. As the
distribution kernel of Py is supported on the diagonal, v = Pyu has also compact support
and p(zp)v = 0. Again by analytic hypo-ellipticity of p(zp), we obtain that v is analytic with
compact support, thus v = 0. By a density argument we obtain Py = 0. This completes the
proof of i).

Let us now prove ). By [16, Proposition 9.3] we know that 72 NR\{0} = (). By Corollary
5.12 it is sufficient to show that 0 is not a resonance of w_epil(z)w_g. We treat the + case,
the — case being analogous. Suppose that 0 is a resonance. First note that p,(0) is an
elliptic operator with py(0) > n?w=2. In particular wp; (0)wv = 0 implies v = 0. Let

r(2) = w™pL(2)w™. Suppose that r(z) has a pole at z = 0:

N

r(z) =Y % + H(z), Py#0.
j=1

Here P; are of finite rank and H(z) is holomorphic. Let u € H such that Pyu # 0. We have

N
MNu=73 2N Tupy (2)w Pju+ 2Nwps (2)w H(2)u.
j=1

In the limit z — 0 we obtain wp4 (2)w*Pyu = 0 and thus Pyu = 0 which is a contradiction.
This completes the proof of the proposition. ]
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12.3. Proof of Thm. 11.2. We will apply here the results of Sect. 9. First note that in our
new setting (i.e. after rotation) we have to consider

A A,m?
heos = —L*—0; P )
> $+’I“2—|—CL2 +)\2(r2+a2)’
koo = 4,
A A,m?
hioo = —02 P ’
oo et E gt N2(r? 4+ a?)’
k+00 = 05
a a
(= — .
<7“3_+a2 r%—l—a2>n

We associate to these operators the operators Hioo, Hioo and spaces Eioo, €4 as in Sect.
2. Let Tiso be the set of singular points of Hy,. We have :

Lemma 12.2. For n # 0 we have Tio = 0.

Proof. As Hy. is selfadjoint we can use the Kato theory of H— smoothness. The proof for
the absence of real resonances is analogous to the proof of Prop. 12.1 i), we omit the details.

O

12.4. Proof of Thm. 11.2. We first consider the case n # 0. By Prop. 12.1 we know that

JSP(H) =8 = Tioo = 0. Thus 1 = Ix(H) is an admissible energy cut-off. Using in addition

that e #H e~itHsoo aro uniformly bounded, the theorem follows from Thm. 9.5. In the case
n = 0 all operators are selfadjoint. This case then follows from [19], we omit the details. [

12.5. Proof of Thm. 11.3. We first write the comparison dynamics which we obtain after
rotation:

h, = —0% h=—-0°—1,
kr = 0,k ="

We associate to these operators the natural homogeneous energy spaces & /e Let

: 0 1 . (0 1
HT:(h, 21%)’ Hl:(hl 2kl>'

We now further analyze the energy spaces. Note that
& = O(0)(H'(R): LX(S?) & L*(R x $7),
E = HYR;L*(S?) @ L*(R x S?).

We will need the following subspaces
& = {(uo,u1) € &; up —ilug € LY (R; L2(S?)), /(m —ilug)(z,w)dxr =0 a.e. in w},

& = () € éim e DRI, [m(nwde=0 ae in o)
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We define the spaces of incoming /outgoing initial data:

S}H = {ue SZL; uyp = Ozug + ilug},

Sfut = {ue SZL; up = —0zug + ilugp},
5},“ = {ueé .L; up = Opugp},
EM = fue&lu = —dup}.

If (up,uy) € 5}“, then the solution of (11.7) is given by
uo(t, z,w) = efug(z + t,w),
which is clearly incoming. We have the following
Lemma 12.3. We have
0 = gin g gont, gL _ gin g gout,
Proof. We only show the lemma for £F, 57{; being the special case ¢ = 0. We define for
u = (ug,uy1) € ElL

= 3 [(=0u0 — (w1 —ilug))(T,w)dr,
uld = %(ul — ilug + Opug) + % 5 [y (=0pug — (uy — ilug))(T,w)dr,
(128) W = & [ (Oeo — (w1 i) (rw)dr,
u‘l"“ = %(ul — iluy — Opug) + i f (Opuo — (w1 — tlug)) (7, w)dT,
uinfout — (yinfout infouty

= m + t int t E 111/0 ut
u u uou u /Ou E ¢

which shows that 5}“ + 6.'2““3 = &;. Next if v € S.l}n N SEUt we have O,vg = 0, vg € L? hence

)

vg = 0, hence v = 0. ]
Remark 12.4. If (ug,u1) € SIL or (ug,u1) € EX, suppug, suppu; C]Ry, Ro[xS?, then we
have

(12.9) suppuior’ll C] — 00, Ry[x 52, suppuguf C]Ry, 00[x S

The spaces 5{’/ , Elf/i" are defined as before but starting with our now slightly modified

operators (due to the rotation). Let

DI = C°(R x %) x C*(R x §%) n & nély.

Lemma 12.5. Df/l is dense in £ /l

Proof. We prove the lemma in two steps.

~ O R x §%) x CP(R x S?)N Ef/lln is dense in Ef/l This follows easily from the usual
regularization procedures.
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Ce°(R x §%) x C*(R x S*) NI N €L is dense in CGF(R x $%) x Cg°(R x $%) n &L

We can clearly replace Ef/l? by &7 /i in the statement. We only treat the [— case. Let

u = (ug,u1) € C°(R x §?) x CF°(R x S*) N &/
We will consider u as a function of x alone. We put
v==o(—l)u.
Let ¢ € C§°(R), ¥ > 0, ¢ = 1 in a neighborhood of zero and [ 4 (z)dz = 1. We put

vy =vg, VI =v1 — nlw(nlx)/vl(m)dx,
so that [ (x)dz = 0. We then estimate

_1 1 _1
lor = o7 2 < n7Ffurflpalln 29 (n ™)l p2 < Cn72 ot — 0,

which completes the proof.

0
We need an additional
Lemma 12.6. There exists C > 0 such that
lizjuuls, , < Cllullg, ue é.
Proof. We have:
livullE = llirull3; + (irhsooiruoluo)
S ur = kuo)lf3; + (ir(hioo + k2 )iruo|uo)
S (= kuo) |13, + (Rouoluo) = [lulf?.
Now recall that
hooo = —0% + TQ?—TaZP +m?2A,.
We then estimate
il = lli(ur = Cuo)|* + (ith—osiruo|uo)
S llia(ur = kuo) |3, + (it(h—oo + (k = £)%)iruoluo)
S I (us = kuo)lIF, + (houoluo) = [Jull?.
0

Proof of Thm. 11.3. We first show for u € Sf/ll" the existence of the limit
W, pu = lim gittloci, o=ty

in &ioo. Let u e ®)q/<€?. Using the estimate

||6itH:|:ooir/leiitHr/lquioo S C(Q)Hqur/l
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as well as the spherical symmetry of the problem, it is sufficient to show for all |¢| < @ the
existence of the limits

lim etHio eiitHf/luq

t—00 r/t ’

where u? € 7 and HY_ resp. Hg/l are the restrictions of Hi, resp. Hi/l to (‘jf/l. The
existence of this limit follows from standard arguments using the exponential decay of A, at
+00. Using Thm. 11.2 we obtain the existence of the limit

. itH ;2 —itH,,,  _
tllgloe iy /€ Mu =W, .

We now want to show that there exists C' > 0 such that for all u € Ef/lf

(12.10) IW, pulle < Clul. .
We first consider W;. By Lemma 12.5 we can suppose (ug, u1) € le ™ Let supp ug, supp uy C

(R1, R2). We decompose (ug,u1) in incoming and outgoing solutions according to the discus-
sion at the beginning of this subsection :

i t i t
up = ugy +ugy, UL =ugy +ugy
By Remark 12.4 we have
supp ug);, suppuy’y CJ — 00, Ry[x S?,
suppugf}t, suppu(ff}t C]R1, 00[x S2.
i in i t t ,out
Let w)" = (ugy, uy), uf™ = (ugy’, uiy’). We have
W™ = 0,

because _
2e~itHiout —
for ¢ sufficiently large. We have
supp e_itHlu}n C (] — o0, Ry — t[xS?) x (] — 00, Ry — t[x5?).
We then estimate for t large

HeitH,L-lZe—itHluian < ||i12€_itHluin||g'

~

N HulnHi + <<7r2 +ra2P + Arm2> (e*”H’um)O | <e”Hlum>0>
< + e HQ + Dl

HuinHé, t — oo.

1

It follows
IWials < Cllull,

which is the required estimate. The proof for W, is analogous. Part i7) is shown in the same
way. The required estimate follows from Lemma 12.6. ]
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