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Abstract. In this paper we consider a one dimensional model of ferromagnetic nanowire subject to
a non constant electromagnetic field. Taking into account the ratio between the exchange length and
the length of the wire, we prove that the wall configurations are persistent in a large time interval.
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1 Introduction

1.1 Context

The description of domain walls motion is one of the most challenging topics in ferromagnetism.
In the 3-dimensional case, the pioneering works of Walker (see [36] and [41]) give a first model for
planar walls in an infinite anisotropic ferromagnetic domain subject to an applied field. A first step to
understand the stability of Walker’s solutions with respect to the Landau-Lifschitz equation is done in



[9]. Gues and Sueur study in [22] non planar walls dynamics but only in a short time interval. In the
2-dimensional case, a wide literature in mathematics gives a few elements to describe the formation
of static walls in ferromagnetic thin layers (see [1], [2], [19], [20], [34] and the references therein).
The understanding of walls dynamics in one dimensional devices like ferromagnetic nanowires is very
important for the applications, in particular for the storage of digital information (see [37]). For
3-dimensional models of nanowires, let us mention the works of Khiin who constructs wall profiles
for thin nanowires in [24] and [25]. For one dimensional models of nanowires, the description of walls
motion is more complete (see [38] and the references given below). In this paper, we aim to describe
the motion of several walls for the following one dimensional model of finite nanowire subject to an
applied non constant magnetic field.

The wire is assimilated to the segment [0, L]e;, where (e1, es, e3) is the canonical basis of IR®. The
magnetic moment m = (my,mg, m3) is defined for (¢,z) € IRT x [0, L] and takes its values in S,
the unit sphere of IR*:

Vt>0,Vz € R, Im(t,z)] =1 (saturation constraint) (1.1)
(we denote by | - | the euclidean norm in IR®). The micromagnetism energy is given by
E(m) = Eegen(m) + Eaem(m) + Ezee(m),
where the terms are defined as follows.

e The exchange energy is given by

2

g2 om
Eea = — -
emch(m) D) /[O,L] o
where we denote by 2 the exchange coefficient.
e The demagnetizing energy is given by
1
Eaom(m) = 5 [ (imal? + maf?).
[0,L]

3

This asymptotic model for infinitely thin nanowires with round section is justified by asymp-
totic expansion arguments in [35] and by I'-convergence arguments in [14]. This part of the
energy forces m to be parallel to the wire axis e;.

e The Zeeman energy describes the effects of the applied magnetic field H, = hey:

Ezee(m) = f/ hmj.
[0,L]

The dynamics of the magnetization is described by the Landau-Lifschitz equation:

om
E:—mxHeffme(mxHeff), (1'2)

where the effective field H.¢s is derived from the micromagnetism energy:
Hepp=—-Vp€ = £20,,m — moey — maes + hey.
At the boundary, as for minimizers, we assume that m satisfies the homogeneous Neumann condition:

8;m(0) = dym(L) = 0. (1.3)

We first remark that since it only appears m x H,.¢¢ in the equation, we can replace —maes — mses
in the effective field by mie;. In addition, we aim to study the long time behavior of the solutions,
so we perform in (1.2) the rescaling in time ¢ := et. Therefore we deal with the following system:



m:IR" x[0,L] — S,
om
S =X He¢(m,h) —m x (m x H*(m,h)),
E . 1 (1.4)
He(m,h) = EW + gmlel + ghel,
om om
oz V= g (D=0

- 1 1
Remark 1.1. The time rescaling t := et induces the presence of the stiff terms —he; and —mie;

€ €
in the effective field. As we will see below, this is the good rescaling to observe walls motion with a
velocity of order O(1) when the applied field is of order O(1) (see Remark 1.2 below).

Let us assume that the applied field vanishes. The minimizers of the energy are the constant
solutions —e; and +e1, since the demagnetizing energy tends to align m with the wire axis. So if a
magnetization configuration presents a domain in which the magnetization is almost constant, this
constant will be either —e; or +e;. We aim to describe configurations with N + 1 domains (in which
the magnetic moment is close to +e; or —ep) separated by N walls, when the nanowire is subject to
an applied field depending on = and ¢. Let us review the known results concerning the walls motion
in one dimensional nanowires models.

For an infinite nanowire, we consider in [14] and [16] the following model. The wire is assimilated to

the real line IRe;. By rescaling in the space variable x, we remove the exchange coefficient, so that
the magnetic moment m satisfies:

m:RT x R — S?,

%777; = —m x H(m,h) —m x (m x H(m,h)), (1.5)

0?m
H(m,h) = el +myey + hey.
For this model, we consider one wall separating two domains, the left hand-side one in which the
magnetization is almost equal to —eq, the right hand side one in which the magnetization is almost
equal to +e;. Such a wall can be described by the profile Mj:

tanh x
My(x) = | 1/coshz |,
0

which is an exact solution for (1.5) with A = 0. In addition, we remark that (1.5) is invariant
by translation in the x variable and by rotation around the wire axis, so that for all (8,0) € R?,
x — RygMy(z — o) is another static solution for (1.5) with vanishing applied field describing one wall
configuration, with
1 0 0
Ry = 0 cosf —sinf
0 sinf cosf

We prove in [14] that M, is a stable static solution for (1.5) with h = 0.

When the applied field h is a non vanishing constant, we observe that the wall is rotating and
moving: a solution for (1.5) with a constant non vanishing applied field h is given by

(t,x) s Rpe Mo (x + ht).



We prove in [16] that this solution is stable for small values of h. Jizzini gives in [27] the threshold
value of the applied field for the stability: if |h| < 1, then the above solution is stable. If |h| > 1
then this solution is linearly unstable. We remark that we have exactly the same threshold effect
for constant solutions (modeling domains): = +— e; is always a constant solution but it is unstable
for h < —1. In the same way, £ — —e; is unstable for A > 1.

Remark 1.2. Taking into account the exchange coefficient €2 and the rescaling in time explained
in Remark 1.1, we obtain for an infinite nanowire the model:

m:RY x R — S?,

Om % HE(mo k) — m x (m x HE(m, b))

5 = ™M m, m x (m m, (1.6)
0*m 1

Hs(m,h) = EW + gmlel + ghel.

For a constant applied field, the motion for one wall is described by:

ht
@@%%Rm(MMz+ 0,
E €
so that a constant applied field of order O(1) induces a wall translation with a velocity of order
O(1). Without time rescaling, the same order O(1) applied field would induce a wall displacement of
velocity eh.

Remark 1.3. The motion of one wall separating a left hand side +ey domain to a right hand side
—ey domain is described in the model (1.6) by the profile:

@@%%R?(degmo.
For this infinite wire model, we should consider solutions describing more than one wall, but the
situation is very rigid: such solutions are given by periodic static solutions of the Landau-Lifschitz
equation, so that the walls are periodically situated on the wire. In addition, these solutions are
linearly unstable (see [32]).
For a finite nanowire, the situation is even worse. Indeed, for single wall configurations, we only
obtain one solution (modulo rotation around the wire axis). In addition, this solution is centered in
the middle of the wire and is unstable (see [15] for more details).
Therefore, the previous studies do not give a description for realistic configurations with several
walls located in arbitrary positions on a finite wire.
In order to understand the dynamics of such configurations, we will construct approximate solutions
and we will prove that the solutions of (1.4) remain close to our approximation on a large time
interval when ¢ is small.

Our approach is inspired by the paper of Carr and Pego [17] concerning the Allen-Cahn model.
They consider the scalar equation:

ou
o = “Oppu — f(u),
dpu(0,t) = yu(1,t) = 0, (1.7)

u: R x[0,1] = IR,

where f = F” is derived from the potential F' with two non degenerate minima at the points —1 and

1
+1 (the classical example is F(u) = i(u2 — 1)?). They prove that patterns with static transition



layers are persistent on a time scale of order exp(C/e). Roughly speaking, they consider a manifold
M of approximate solutions with IV phase transitions located at the points hq, hs, ..., hy. To study
solutions near M, they describe the exact solution w of (1.7) writing

u(t, ) = uO(z) + v(t, ), (1.8)

where u"®) € M is the approximate solution with N phase transitions located at the points
hi(t),...,hn(t), and where v(t,-) is orthogonal to the manifold M at the point u*®*). By ana-
lyzing the linearized problem for v, they prove that v remains small, so that the dynamics of u is
essentially described by the very slow dynamics of the phase transitions patterns u/*).

We adopt in our paper the same strategy. First we construct a manifold of approximate solutions.
Then we describe the dynamics near this manifold in a system of coordinates in the same spirit as
(1.8), and we prove that the orthogonal part (similar to v) remains small. The Landau-Lifschitz
equation entails new technical difficulties compared to the Allen-Cahn equation. First, it is vectorial
so that the construction of approximate solutions must be totally modified: in our case, because of
the invariance of (1.4) by rotation around the wire axis, the manifold for N walls is 2N dimensional.
In addition, the constraint |m| = 1 has to be taken into account for the new system of coordinates.
The quasilinear character of the Landau-Lifschitz equation induces a more careful study of the non
linear terms. Furthermore, contrarily to the Allen-Cahn problem for which the phase transitions are
essentially static, we are able to describe the motion of the walls induced by the applied magnetic
field, so that our result can be used to prove a meta-controllability for the position of the walls.

Remark 1.4. The metastability for the Allen-Cahn equation is also obtained with energetic methods
by Bronsard and Kohn [7] and more recently by Otto and Reznikoff (see [33] and the reference
therein). Energetic methods are used in a vectorial framework in [5] to obtain the metastability of
phase transitions. This kind of methods could be used for the Landau-Lifschitz equation without
applied field.

1.2 Statement of the main results
Let us describe our approximate solutions.

We aim to describe the behavior of a distribution of N walls separating —e; and +e; domains,
subject to an applied magnetic field depending on ¢ and x. We assume that the domain close to the
boundary 0 is a —e; domain. We denote by o1,...,0x the positions of the walls and we assume
that the walls remain distant from one another and are far from the ends of the wire. We fix § > 0
such that 0N << L. We assume that (o1, ...,0n) belongs to X5 with:

252{(0'1,...,O'N)EIRN,0<O’1—(5<0’1+(5<0’2—(5<...<0’N—(5<O'N—|-(5<L}.

Foro € ¥sand § = (04,...,0n) € R" we aim to describe a configuration of domains [0:+6, 0441 —0]
in which the magnetic moment is equal to (1)**!e;, and these domains are separated by walls, where
the wall 7 is centered at the point o;. In a central zone [o; — 38/4, 0; + 35 /4] of the wall i, our profile
coincides with an exact static solution of (1.4) describing one wall in an infinite wire. We use a cut
off function to glue this solution to the constant ones in the neighboring domains.

By convention, we denote 09 = —§ and o1 = L + 6. Let us introduce a smooth cut off function
¢ : R — [0,1] C IR such that 9(s) = 0 for s < 3% and ¢(s) = 1 for s > 2.
We define ¢, : IR — IR by

7r ™ , x
pe(@) = Sb(a) = S(=a) + (1 = $(x) - ¥(~a)) arcsintanh (T ) (19)
so that ¢.(z) = g for z > %‘57 pe(z) = —g for z < —%‘S and @.(x) = arcsintanh (g) for z €
[_3?67 ?:Té}

For a fixed (f,0) in RN x s, we define ¢? : [0, L] — IR and m.(,0) : [0, L] — S? by:



o forx €lo;_1 +0,0;—0],i€{l,...,N + 1}, that is for z in the i** domain,

o7 (x) = (—1)’% and  m.(0,0)(x) = (—1)’e,

e for x € [0; — 6,0, + 6], that is for z in the i*" wall,

A sin @9 (z)
©2(x) = (-1)" o (z —0;) and m.(0,0)(x) = Re, | cosp?(x)
: 0
In particular, in the central zone of the wall [o; — 22, 0; + 2], m.(0,0)(z) coincides with
R, My ((—1)”13:_%), which is a static solution of (1.6) for an infinite nanowire with
= €

vanishing applied field (see Remarks 1.2 and 1.3).

Remark 1.5. In [17], the approzimate solutions u" with h = (hy,...hy) are built in a different way:
between h;+¢e and hi 1 —e, u" fits with the exact solution of e2®,, — f(®) = 0, ®(h;) = ®(h;11) = 0.
In our vectorial case, this construction is not relevant since the approximate solution can take its
values in different planes at the walls i and i+1 (the angle 6;/¢ has no reason to be equal to ;11 /€ ).

We define the set M§ by
M5 ={m.(0,0),0 € RN, o¢c S5}

We will prove that for small values of ¢ and with additional assumptions on h (see below), then
for initial data close to M5, the solution of (1.4) remains close to the manifold M5 in a large time
interval. The key point of our analysis is the use of new coordinates valid in a neighborhood of Mj5.

Fore >0, 0 € RN and o € ¥5, we define W+ the set of the w € H'(]0, L]; IR?) satisfying
() Vo € [0, L], w(z) - m.(0,0)(x) =0,

(i) Vie {1,...,N}, (0ym.(0,0)lw) =0,

(iii) Vie {1,...,N}, (8p,m.(6,0)|w) =0,

where we denote by - the euclidean scalar product in IR®, and where <\> is the inner product in
L%([0, L]) (the associated L?([0, L]) norm is denoted by .||, 2)

Remark 1.6. The space Wy , looks like the tangent space at the point m. (0,0) of M5, which is a

submanifold of H*([0, L]; S?). In particular, the pointwise orthogonality condition (i) is due to the
saturation constraint |m| =1 satisfied by the elements of M5 C H'([0, L]; S?).

We endow Wg,a with the norm:

1
ull = (elorul?: + 2 lul:)

Remark 1.7. This norm uniformly controls the L*°([0, L] norm (denoted by ||.|p=), i.e.  there
exists a constant C' such that

Ve >0,Ywe H([0,L]), [wl|z= < Cllw].

We denote by dist(m, M5) the distance from m to M5 for the L* norm:

dt E:.f — [eS]
st(m, M5) = inf [ — ]



and we introduce the map v : IR> — IR defined by

v(€) = V1-[¢P -1 (1.10)

In a neighborhood of M3, we use the new system of coordinates described by the following propo-
sition, proved in Section 2.2

Proposition 1.1. There exist v > 0 and g9 > 0 such that for all € €]0,e9[ and for all m €
HY([0,L]; S?), if dist(m, M55) < 70, then there exists (0,0,w) with § € RN, o € X5 and w € Wi
such that

m=m.(0,0) + w+ v(w)m.(0,0).

In addition, for a fized m, 0 is unique in ]RN/(QWZ)N and (o, w) is unique in X5 x W .
Our first theorem states that for a vanishing applied field, the elements of M5 are metastable static

quasi solutions for the problem (1.4).

Theorem 1.1. Let vy > 0. There exist &1 > 0 and ag > 0 such that for all £ €]0,e1[, for all
0,5) € RN x 345, then if 0y € RY, 00 € S5 and wy € Wi, .00 Satisfy |00 —0|+|oo—&|+|lwol|e < ap,
the solution m of (1.4) with vanishing applied field h = 0 and with initial data mo = m.(0y, 0¢) +
wo + v(wo)me(0p,00) can be written as

m(t) = m:(0(t),0(t)) + w(t) + v(w(t))m:(6(t), 0 (1)),

with, for all t € [0, e%}, )
|o(t) — o +10(t) — 0] + [w(®)]le < vo.

Let us consider now the case of a non vanishing applied field. We assume that the wire is subject to
a non constant magnetic field (t,) — h(t,z)e;. We assume that h € C?(IR" x [0, L]; IR) and that
there exist 7 > 0 and K such that:

i \V/(t,ﬂf), |h(t,$)| S 1 _37-;

1.11
. V(t,x),|%(t,x)|+|%(t,x)\SK. -
We consider (0™ ,0™) € C'(IR"; RN x IRY) the solution of
LA )
doy o) (1.12)
dt v
o (t=0)=7, 07(t=0)=0.

As we will see below, this system basically describes the motion of the walls. We assume that the
applied magnetic field does not produce the collapse of the walls, i.e. we assume that:

Vi >0,0™ (t) € Tos. (1.13)

Our second theorem states that if (0,7) € RN x X5, then for & small enough, if the initial data is
close to m.(6,7), then the solution remains close to (¢,z) — m. (0" (t),0™(t)) on a time interval

whose size is of order O(g)



Theorem 1.2. Let vy > 0. There exist 1 > 0 and ag > 0 such that for all €€]0,e1[, for all h and
(07 o™ satisfying (1.11)-(1.12), then if 6y € RN, 0o € Ba5 and wy € Wi, .00 Salisfy

[0 — 01 + loo — & + [[woll < e,

then the solution m of (1.4) with initial data mo = m¢ (0o, 00) +wo + v(wo)me(0g, 09) can be written
as

m(t) = mc(0(t),0(t)) +w(t) + v(w(t))m(0(t), o (1)),
with, for all t € [0, é],

o [w®)e < o,
e o(t) € Xy,
o for alli, |oi(t) — o™ ()| < v and |05(t) — 07 ()] < vp.

Remark 1.8. The first assumption in (1.11) is natural to obtain metastability. Indeed, we know
that the constant solution +ey (resp. —e1) is unstable for the constant applied field h = —ey (resp.
+e1). So we should not expect stability for |h| > 1.

Remark 1.9. The dynamics described by (1.12) are deduced by the exact dynamics for one wall in
the case of an infinite wire (see Remarks 1.2 and 1.3).

We can improve this result if the applied magnetic field is constant in the walls, that is if:
Vi>0, Vie{l,...,N}, Vae|o/?{t)—260(t)+20], 8,h(t z)=0. (1.14)
Remark 1.10. This assumption is an hypothesis on the given applied field h.

In this case, the solution remains close to m. (6™, 0™) on a time interval of order O(e?), as it is
claimed in our third theorem.

Theorem 1.3. Let vy > 0. There exist e1 > 0 and ag > 0 such that for all € €]0,e1[, for all h
and (0™ ™) satisfying (1.11)-(1.12) and the additional assumption (1.14). Then if 6y € RY,
00 € Y25 and wo € Wy, . satisfy |0y — 0| + |oo — &| + |lwoll- < o, the solution m of (1.4) with
initial data mo = m.(0g, 00) + wo + v(wo)m(6y, 0g) can be written as

m(t) =mc(0(t),o(t)) +w(t) + v(w(t))m(6(t), o (1)),
with, for all t € [0, ez],
o |lw(t)l <,
o o(t) € s,
o for alli, |oi(t) — o™ ()| < v and |05(t) — 07 ()] < vp.

Remark 1.11. Our results do not describe neither the collapse of two walls nor when a wall goes
out of the wire. Indeed Assumption (1.13) is crucial in our analysis.

Remark 1.12. As a corollary we should prove a quasi controllability result for the position of
the walls with the applied field as command: if o and o' are in Sos, there exists a command
(t,x) — h(t,z) such that if € > 0 is small enough, if the initial data is closed to m.(6°,0°) (for an
arbitrary 6°), then after a time interval whose size is of order O(1), the solution is close to m. (6%, o)
where 6% is obtained with (1.12).



1.3 Plan of the paper

Our paper is organized as follows. In Section 2, we prove that the system of coordinates (6,0, w)
is relevant in a neighborhood of M5. The size of this neighborhood (for the L norm) does not
depend on £. We assume in Parts 3 and 4 that the applied field is constant in the walls. We relax
this assumption in Part 5.

In Section 3.1 we give a detailed overview of the proof of Theorem 1.3. For the convenience of the
reader, the technical points are postponed in Sections 3.2 and 3.3 (study of the linear contributions
arising in the equation for w) and in Part 4 (obtention of equivalent form of the Landau-Lifschitz
equation in the new variables (0, o, w)).

The quasi invariance of the system with respect to the rotations and the translations induces that 0 is
almost an eigenvalue of order 2NV for the linearized of the Landau-Lifschitz equation (1.4) around m.,.
In our decomposition, this invariance is contained in the variable 6 and o so that the linearized in the
variable w is coercive. Roughly speaking, for one wall, the coercivity is obtained by factorization of
the operator (as in our previous papers [14], [16]). For one domain, the coercivity is straightforward.
We couple these coercivity results in both cases with a trick called IMS decomposition formula using
a good system of cut-off functions.

The coercivity of the linearized in the equation on w induces that w remains small for all times and
that o remains in s in a time interval of size O(ei). Therefore the wall structure remains very
stable, but a wall should go out of the wire or collapse with another wall at a very large time.

1
The quasi stability time for a non constant applied field is of order O(-) as it is proved in Section

5. We are less precise in this case because the description of the wall profiles when the wall is in a
non constant magnetic field is not so precise.

Definition 1.1. Let u be a function depending on x, €, 0 and o with values either in IR, R* or
L(IR* R?) (linear maps from IR to IR*). We say that u = O(efﬁ) in an interval I C [0, L] if:

1
Vk,l,m,pe IN,3C,Ve €)0,1],V0 € RN Vo € 5, ||€75’;a§,a;nu||m1) < Ce e, (1.15)

N

For example, we will write that tanh o1+ O(e_%) for x >
€

Remark 1.13. Ferromagnetism is a recent topic in mathematics. The first existence result for the
Landau-Lifschitz equation is due to Visintin [40]. Existence and non uniqueness of weak solutions
are proved in [3] for a simplified 3d model. Existence and asymptotic behavior studies are performed
in [10]. Local in time existence of strong solutions is tackled in [11, 12, 13]. Partial regularity for
particular weak solutions is obtained in [21, 23]. Numerical simulations are described in [4, 6, 28, 29,
30, 31, 39]. The main difficulties are the quasilinear character of the equations, the preservation of

the saturation constraint by the numerical schemes, and the non local character of the demagnetizing
field in 3d.



1.4 Index of symbols and notations.

N p. 2 h; p- 17 rdi p. 41
. p- 6 h® p- 10 52 p- 2
J- p. 6 K; p. 41 T; p. 32
§.|.§R p. 24 L(R* R*) .9 Ve p. 40
e p. 6 c p. 42 W, p. 6
Il p. 6 L p. 2 7 p. 42
-l p. 6 L p. 36 e p. 10
Qe p. 18 I p. 18 B: p. 10
ad p. 17 1% p. 17 Vs p. 41
a? p. 17 17 p. 17 € p- 2
AL p. 43 5 p. 6 oref p. 7
c1 p.- 19 My p. 3 A p- 18
o p. 19 M,y p. 24 Ai p. 42
e p. 2 M, p. 24 v p. 7
F p. 13 m; p. 2 ¢ p. 18
Fi p. 36 m, p. 5 e p. 18
o p. 11 O(e 1) p. 9 k% p. 41
G p. 15 P. p. 18 Ik p. 41
gt p. 42 P p. 42 i p. 11
e p. e p. " p.
GZi p. 17 ~‘E’ p- 36 T p- 7
G, p- 43 Q! p- 37 Ve p- 5
H* p. 18 Ry p.-3 w7 p. 5
H.ry p. 2 R p. 36 X p. 22
He p. 3 7l p. 42 X p. 45
h p. 2 rdi p. 41

2 New coordinates

The goal of this section is to establish the validity of the coordinates (6, o, w) defined in Proposition
1.1.

2.1 Properties of the profiles m.(0, )
We denote by h® the operator defined by:

1
h®(v) = €0pzv + Zvier, (2.1)

1
so that H®(m,h) = h®(m) + ghel.

We aim to prove that for a fixed (0,0) € RY x X5, then m, (6, o) is almost a static solution for (1.4)
with vanishing applied field. First we prove properties concerning ¢. defined in (1.9).

Lemma 2.1. For all e > 0,

dpe
dx

d?p. 1 1
1 + —sin ¢, cos . = a; and = —cos e + Be
€ €

€
dx?



° o, = O(e‘é) and B = O(e‘ﬁ) n [—%5,—%] U [%, %‘5].

Proof. For © €] — 00, —2[, pc(z) = —Z, and for © €]2, 400, p.(z) = Z, so that the claimed
equalities are straightforward.

On the central zone [—32, 3% o (z) = arcsintanh(Z) and direct calculations yield the claimed
results. )

On the right hand side transitional zone [—22, f?zl—‘s]s, @e(x) = =5 +O(e” ), and on the rightéhand
side transitional zone [, %fs], @e(r) = § + O(e™3), so that o, and f. are of order O(e™3<) on

these zones.
O

Proposition 2.1. For alle > 0, for all € RY and o € X5, we have
he(m.(6,0)) = ffm.(0,0) + p2°,
where
o J7 = Zsin? ol — c(0ug0),

N
34 30
° pgﬂf =0 in the domains U[O’l + Z,Ui+1 - Z],
=0

(1)t cos e (z — ;)
sin . (z — 0y) as(x — 0y) in the wall [o; — 6,0, + 0]
0

) pg’” = —-Ry,

i
€

(see Lemma 2.1 for the definition of «. ).

Proof. In the domain [o; + 32,0441 — 2], 97 (z) = (—1)“‘1% and m.(0,0)(z) = (1) te;, so
€ 1 i+1 o 1
h*(m.(0,0)) = g(—l) er and fZ= -

so that p?° = 0 in the domains.
In the wall [o; — 0,0, + 4], we have
(—1)" ! sin . (z — o)

m.(0,0)(z) =Ry, cos pe(x — o;) ,
° 0
thus by direct calculations,
(—1)i cos g (x — 0;)
Opzm(0,0) = —p”(x — 0;)Roo; sin @ (z — 0y)
c 0
(=1)"sin . (z — 0y)

—(¢L(z — 04))’Ro, cos . (x — ;)
: 0

In addition, m.(6,0)(z) - e; = (—1)""* sinp.(x — 0;) and
(—=1)* cos . (z — o)

e1 = Ry, (—1)“r1 sin . (z — o;)m.(0,0)(z) + (71)" cos (T — 0;) sin . (z — o)
‘ 0

11



Therefore,

1 an.(0.0))(0) = [ L sin? oo ) = (Lo — ) (02000 + 427 )

where
(—1)icos ve(x — 0y) 1
pg"’(l’) = —R; sin g (x — ;) {scpg(x —0;)+ - sin g (x — ;) cos e (x — ;)| -
i 0

Using Lemma 2.1, we conclude the proof of Proposition 2.1.

O
We describe now the properties of the derivatives of m. (6, ) with respect to 6; and o;.
Proposition 2.2. For alle > 0, for all 0 € RY and o € 35, forallie{l,...,N}, we have
1. for all z € [0, L], m.(0,0)(z) - 0, mc(0,0)(z) = m.(0,0)(x) - 0p,m.(0,0)(z) =0,
2. for all x € [0, L], 0,,m.(0,0)(x) - Op,m.(0,0)(z) =0,
3. |0g, | 11 + |05, m| 1 < K, where K does not depend on e >0, 8 € RY and o € 3,
4. (0p,m|0p,m.) = % + O(e_f?),
5. (0p,m.|0p,m.) = 2 + O(eis).
Proof. For z € [0, L]\ [0y — %‘5701- + %‘5], m,(¢,0)(x) does not depend on 6; and o;, so that
Vo e[0,L]\[o;—0,0,+ 0], Osm.(0,0)(x)=0p,m.(0,0)(x)=0. (2.2)
For x € [0, — d,0, + 4],
(1) sin . (z — 0;)
m.(0,0)(x) =R, cos pe(z — o;) ) (2.3)
: 0
S0 ,
1 (=) sin . (z — ;)
Op,mc(0,0)(z) = ER/QJ cos e (x — 0;) ,
: 0
where
0 0 0
Ry={0 —sinf —cosf|.
0 cosf —sinf
We remark that
0 0 0
Ry=RyR ¢yR;=Rp [0 0 —-1],
01 0
S0
cos pe(z — o;) 0
Op,m.(0,0)(z) = fRﬂ 0]. (2.4)
“\1
On the other hand,
(—1)%cos pe(x — 03)
o, (0,0)(x) = p.(x — ;)R sin . (z — 0y) : (2.5)

0



The point wise orthogonality conditions 1 and 2 are direct consequences of (2.3), (2.4) and (2.5).

Concerning the L! estimate, we have:

)
10 meflr = [ oo =
s

From Lemma 2.1 and Equation (2.4), we have:
[0.me 2 = 10, me |1+ Oe™ %) =7+ O %),

In addition, we have

al+6
<60'im5|ao'im5> = / |g0/5|2da?

(3

0'71-‘1-5/2 s
= [ lePdet o)
o, —06/2

Ji+§/2 d
= / 75‘270 —&-(’)(e‘ﬁ)
oi—5)2 |€cosh =742

s
1 [2c2 d
— 7/ y + O(e )

2
3 5
2 cosh™y

2 5
= 240> ).
2 o)
The same holds for (9, m. |9, m. ).
O
Remark 2.1. It is clear that for i # j, then <8gim5|89jmg> = <8Uim€|8c,jm5> = 0. In addition
(89, m.|0,,m.) =0 for all (i,j).

2.2 Inversion Theorem for the new coordinates

We aim to use the coordinates (6, o, w) in a neighborhood of the manifold M5;.

For u € L=([0, L]; R?) and v = (0,0) € RY x %5, we define F(u,v) € R*" by

(ulOp, M (v))

(uldpm.(v))
<u|801 mE(U)>

(ul@g e (v))

If we can write m = m.(0, o) +w +v(w)m. (0, o), taking the L? inner product with 9y, m. (0, o) and
with 0,,m.(0,0), by the orthogonality conditions on w, and with 1. in Proposition 2.2, we obtain
that:

F(m,(8,0)) =0.

We aim to prove the following lemma.

13



Lemma 2.2. There exists vy > 0 such that for all ¢ €]0,5], for all (§,5) € RN x X5, for all
u e L®([0, L)), if |u — m.(0,5)||L~ < vo then there exists one and only one pair (8,0) € R™ x s
in a neighborhood of (0,5) such that

F(u, (8,0)) = 0.

Proof. As a classical inversion theorem, the proof is based on a fixed point theorem. We must check
that the size of the neighborhood of M5; can be chosen independently of € > 0 small enough.

We have F(m.(0,0),(0,0)) = 0.
In addition, from (2.2), (2.4) and (2.5), we obtain that:
o if i #j, 05,0, me = Dy,9,m. = 0,9, m. = 0,
e on [0,L]\ [0; — 8,0, + 0], Op,0,mc = Dy,9,m. = 0p,p,m. = 0,

e for z € [0, — §,0; + ],

(—1)’cos g (x — o)
ao'icrims(aa O’)(iﬁ) = —QDg(if - O—i)R% sin @E(g; - Oi)

(—1)'sin g (x — 0;)
Helr— o)) Ra, |~ cosele — o)
0 (2.6)
sin e (¢ — o)
€

. o (—1)'sin g (z — o)
—55(:E—U¢)WR@ ( —cos e (x — 0;) ) ,
‘ 0

= — (Pl —0:))’ m.(8,0)(x) + 95,101 (0, 0) ()

, sin(p-(z—0)) (¢
Do m(0,0)(x) = e~ o) =D, (g
“\1
sin . (x — 0;) sin p.(x — 0y) 0
= %3911115(970)@)—BE(I—Ui)%Rﬁ 0,
“\1

Bg,0,m.(0,0)(z) = —" VR, | -1

14



Therefore, for x € [0; — 0, 0; + d],
m.(0,0)(x) - 9p,0,m:(0,0)(x) = —(pL(z — 07))*
m.(0,0)(z) - O,0,mc(0,0)(x) =0

m.(0,0)(x) - Op,0,mc(0,0)(z) = _W

so that, using Proposition 2.1, we obtain that

0, F(m.(6,0),(8,0)) = g ( _()va (}g ) +O(e ), (2.8)

We define G : L=([0, L]) x RY x ¥5 — R*N by

g(u,v):v—;( B{VN (}x )]—'(u,v).

We aim to prove that there exists vy > 0 independent of & such that for (6,5) fixed in RN x Yo,

for w € L>([0, L), if ||lu — m.(0,5)||L>~ < 1o, then v = G(u,v) admits one and only one fixed point
in a neighborhood of (0,5).

We have:
€ —In Opn !
Glu,va) =G, 01) = vz =1 = 2 Oy In OpF (u,v1 + 5(va — v1))(ve — v1)ds
0
e[ —In Oy ! o
B _5 ON IN 0 (81)?(”’ v+ S(’UQ - Ul)) - avf(u7 U)) (U2 - Ul)ds

+O(6_T§s)(v2 — 1)
where © = (0,5) and % = m.(?), using (2.8). We have now:

BuF (u,v1 + s(vg — 1)) — B, F(a, @)‘ <

OpF (u,v1 + s(ve — v1)) — 0p F (U, v1 + s(ve — vl))‘

+

0y F (@, v1 +5(vy — v1)) — D, F(a, @)‘ .
On the one hand,
|0uF (u, 01 + 8(va — v1)) =0y F(ia,v1 + s(v2 — v1))| <
K u = ] e e (10,0 | 2 + 00,10 12+ 10,101 12
< ?HU — | e

On the other hand,

vE[v,v1+5(va—v1)

8y F (@, v1 + 5(va — 1)) —avf(a,a)’ < (00 F (@ 0)] o+ s 1) — a| .

The second derivative of F can be estimated as follows:

O F (1,0)| < K max (10s,0,0,mc |22 + 0,000,011 + 19s,0,0,m: ] 11 + [106,0,0, 0|11 ) -

We have

15



1 .
o Op,0,0,m.; = —gagima + 0(6_4%) SO

K

106,0,0,mc|2 < —,

m

1 g
;8in 7

807‘,97‘,97‘,m€ - (71)

: o 2 o
141510 @7 (COS 3

5 M. + (-1 Op,m, + O(efa)), S0

HaaLGLOImEHLl S ?7

1
® 0o,0,0,mc = *gaeims + (9(674%) SO

||80'-;0'i9im5||L1 < 22 )

sin? 7
22

. s
® Op,0,0,Mc = 2 sin ¢Z cos pZm, + 0, m, + O(e” 7<) s0

K
||80'i0"i0'11m5||L1 < ?

So
K

2

O F(a,v1 + s(va —v1)) — O F(0,0)| < = (Jvg — 0| + |va — 1)).

€
Therefore, there exists K independent of u, u, vy, v and v such that
B 1 1 _
G0, 0) = Gluyva)| < K ( lu— = + Zor =]+ —fea = 0] ] fo = val.

In addition,

We have

‘Q(u,v) . g(ﬂ,v)‘ < Ke|F(u,v) - F(a,v)]

IN

Kellu = al| p= max([|0g, mel| 11 + |05, mel| 1)

IN

Kllu — @ e

1
+ [6(0:0) 600 < & (Jlu— e + Zo =) [0~ 1.
So we have obtained that there exists a universal constant K such that:
_ _ _ 1 _ _
G(u,v) — o] < Kellu—all e + K (JJu =l + <o — ol ) jo — o]

and

1 1
60, 00) = G(uvn)| < & (== + 2on =01+ oo =0l ) oo — vl

1 1
We fix @3 > 0 and ag > 0 such that K(a; + az) < T Koy < 1 and Koq < %.

16



If lu — | pe < aq, if v — 0] < asze, then
_ _ 3
|G(u,v) —a| < Keay + K(a1 + ag)|v — 7| < Zags,

so v +— G(u,v) maps B(7, aze) into itself.

1
In addition, K (a1 + 2a3) < = so this map is contracting, so the fixed point exists and is unique.

Taking vy = a1 we conclude the proof of Lemma 2.2.
O

Proof of Proposition 1.1.

Let m € H'([0, L]; S?) such that dist(m, M5;) < 1. So there exists v = (6,5) such that |m —
m. (0,5)|| e (o,z]) < vo-

From Lemma 2.2, we find v = (0,0) € B(7,aze) such that F(m,v) = 0. We define w by w =
—m, (v) x (m(v) x m) so that we have by construction:

m=m.(v) + w+ v(w)me,

with m - m¢(v) =0, and F(m,v) = F(w,v) = 0. In addition, w has the same regularity as m. This
concludes the proof of Proposition 1.1. O

3 DMeta-stability for a piecewise constant applied field

We remark that Theorem 1.1 is a direct consequence of Theorem 1.3 so that we only discuss this last
theorem. In Section 3.1, we give an overview of the proof of Theorem 1.3. We detail the technical
parts in Sections 3.2 and 3.3, and in Section 4 for the longest calculations.

3.1 Sketch of the proof of Theorem 1.3

We consider h and (0%, 0™) satisfying (1.11)-(1.12)-(1.14), and we denote by h; the value of the
magnetic applied field in the wall i:

Vie{l,...,N}, Vt, hi(t) = h(t,o7 (). (3.10)
The proof of Theorem 1.3 is divided into the following five steps.

First step: equivalent system in the new coordinates

While the solution m(t, z) with initial data m. (6, &) remains in a neighborhood of M$, using Propo-
sition 1.1, we write it on the form:

m(t,z) = me(6(t),0(t)) + w(t) + v(w(t))m.(6(t), (1)), (3.11)
where 6 € C1(0,7; RY), 0 € C*(0,T;%5) and for all t, w(t) € Wi,y ,s)-

By plugging (3.11) in the Landau-Lifschitz system (1.4), by taking the inner product with Jy,m,
and 0,,m., we prove the following proposition.

Proposition 3.1. While m = m_(0(t), o (t)) +w(t)+v(w(t))m.(0(t), o (t)) satisfies |o(t)—o™ (t)| <

0, then m satisfies the Landau-Lifschitz equation (1.4) if and only if (0(t),o(t),w(t)) satisfies the
following system (3.12)-(3.13)-(3.14):

izii = hi + alt = hiT1Z (w) + 1 (w) + G2 (6;, 01, w), (3.12)
dO’Z‘ . ) ) ‘ ‘
7 = (CDhi +aZt = I (w) + 12 (w) + GZ (04,04, w), (3.13)

17



0
871: =a. + A.w+ P.w+ IFw+ G (w,0,0), (3.14)

where
ol i R*x[0,L] » R, a% : R*x [0,L] » R, 1% : R* % [0,L] — L(R*R) and I% :
R* % [0, L] — L(IR%; R) are of order O(e~ i),
o ac : RTx [0,L] = R and I° : IR"x [0, L] — L(W;_,; IR®) are of order O(e™ %),
e h; is defined by (3.10),
e the linear parts 1% (w) and 117 (w) are given by
oi+0

1% (w) = ( sin ? Pp,m.|w) = / sin pZw - Gy, m,,

0’1‘75

(3.15)
o;+0
Hgl (’LU) = <sin gogaaim5|w> = / sin (,ng . 6U¢m87

0‘1‘—5

and satisfy that there exists a constant K such that
T2 (w)| + M2 (w)] < K], (3.16)
e the linear operator A. is given by:
Acw = —m. x HE(w) — m. x (m. x HE(w)),
with 1
HE(w) = —h®(w) + fSw = —€Dpzw — swier + fw, (3.17)

e the linear perturbation due to the applied magnetic field writes

h h h
Pow=——w x e — —wym, — — sin?w + hell% (w)dg, m. + hell%* (w)d,, m.,
€ € €

e the non linear term G*(w, 0, 0) satisfies
. 1
I1G°(w, 8, 0)l|z2 < Klwle { ledzawllzz + llwllz= ),

e the non linear terms G% and G can be estimated as follows:
(G2 (0:,05,w)| + |GZ (0, 01, w)| < K [[wl|2. (3.18)

In the previous estimates, the constant K does not depend one > 0,0 € RN, 0 € 85 and w € Wi o

The proof of this proposition is very technical. For the convenience of the reader, we postpone it in
Section 4.

We aim to estimate the solution (¢, o, w) of System (3.12)-(3.13)-(3.14). We will prove that the linear
part of (3.14) is coercive, so that we will obtain that while |o(t) — o™ (t)| < § (that implies both
that o(t) remains in X5 and that h is constant in each wall), then w remains small. To conclude, we
will observe that since w remains small, the system for 6; and o; is a small perturbation of System

(1.12) concerning (6,67, so that (6, ) remains close to (o7, 0™).

Second step: study of A..

As said before, the key point of our analysis is that the linear part of (3.14) is coercive. The coercivity
of A, is deduced from the following proposition concerning the operator He.

18



Proposition 3.2. There exists eg > 0, there exist ¢; and co such that for all 0 € RN, o € 35,
e <ep and w € Wy ., the following estimates hold:

(M (w)lw) < = [Ime > 1= (w)]|Z.
g 1 g
c1ffme x H (w)|z2 < [ledaowlzz + 10wl + Z[[wllz2 < caflme > HE (w)]| e

crfwlle </ (HE(w)lw) < caf|wlle.

We recall the the constant 7 > 0 appears in Assumption (1.11) concerning the applied field h. The
proof of this proposition is postponed in subsection 3.2.

Third step: variational estimates for w.

We take the inner product of (3.14) with H¢(w). Using (3.17), we remark that we have

1d, . ow,, .
5 5 wlw) = (G w)) ).
In addition,
dfa
Z N dt
so we obtain:
%%W( Jw) + me x HE ()72 = (acl 7 (w)) + (Pew|HE (w)) + (IFw|HE (w))

+%Zd;; (Og, f2w|w) + (G*(w, 0, 0)|H (w)).
i=1

Using (3.13) we obtain that

(M) + [l x HE ()32 < My + My + My,

where

[ ] M1 = <a5|’H5(w)>,

N
o My = (Pow|H" (w —I—%Z )'hi + aZt) (Og, fEw|w) + (IFw|HE (w)),
i=1
. MS=Z(—hiHZi<w)+l?( w) + GZ (0,04, w)) (D, fTwIW) + (GE(w, 0, 0)|[HE (w)).

Since by Proposition 3.2, ||H®(w)| ;2 < C'|jm. x H*(w)|| 2, we obtain by the Young Lemma that:

1
My < 2 ol 3o + Cellme x ()]

The term My coming from the linear terms induced by the applied magnetic field h, is estimated in
the following proposition, proved in Section 3.3:

Proposition 3.3. While o(t) remains in X5, then

M| < (O™ ) + [hll (1 + O(e™ ) me x H2 (w)|[3:.
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Concerning the non linear part M3, we remark that using Proposition 4.10 and Corollary 3.2, we
obtain that
(GF(w, 0, 0)|H w)| < Kllw]| L= |lm. x H (w)]|Z..

In addition, using the estimates in Proposition 3.1, since ||0y, f||1e < - e have

_ N . , 1
|(=hiTTZE (w) + 12 (w) + GZH(0:, 04, w)) (Do, fw|w)| < Cllwl\egllwl\%z

< Ollwlsme > HE (w)|7.
using Proposition 3.2.

So we obtain that for € small enough, while ¢ remains in Xs, then

1d

1 _
S () + me < HE@)IFe < < llacls + e x Ho ()2 (O #) + Ce+

Az (1 + O(e™)) + Clull.)

1 2 9
< 2 adl?s X HE 2 (1= 2r + K\/(He ,
< Dl e x s (1204 50y (e Cw)l)

(3.19)
using Assumption (1.11) on the applied field, and by the last inequality in Proposition 3.2.

Fourth step: comparison lemma for w.

Equation (3.19) yields that for e small enough, while o remains in X5, then

S (w)he) + e x HE ()] (2T - K <H6<w>|w>) < 2 foelZ,

2
so while (H*(w)|w) < (%) , we have:

1d 1
5 7 (HE (w)lw) + 7llme x HE (w)|[72 <

2
S <~ el

2
Using the first estimate claimed in Proposition 3.2, we obtain then that while <7—[8(w)|w> < (%) ,

we have: L d ) .
T(1—7
L4 ) + "D () < L
We remark that a. = 0(6_4%) so there exists a constant ¢ such that

1
vt - lacl2s < e~ 2= r(1 — 1),

2
so that while ¢ remains in X5, while (H*(w)|w) < (%) )

1d,, .
5@@ (w)|w) +

By comparison argument, we obtain finally that for € small enough, while ¢ remains in X5, while

(Hewl) < (1)

Q@{E(wﬂuﬁ < (1l — T)e_%.

T(1=7)
—1

2 _ 9
+ cce” 2=

(M= (w)|w)(t)

IN

<9‘-l5(w0)|w0>e_2

Elwo||2e 2T 4 ee %

IN
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that is, taking the square root:

r(1—7)

(He (w)|[w) (1) < eallwollce™" = 4 er/ae . (3.20)

We fix vy > 0. There exists g > 0 such that for all € < &,

140 17
a< f 21
cyvee = <in { 4K} (3.21)

(we recall that the constants ¢; and ¢p appear in the norm equivalence inequality in Proposition
3.2).

We fix g > 0 such that
ap vy 17
— <inf
C2 4 K
Then for all € < gg, if ||wolle < o, then by Inequality (3.21), we obtain that while o remains in
2

Y5, (M (w)|w)(t) cannot become greater than the bound (%) so that (3.20) remains valid, and
in particular, using Proposition 3.2,
lw(®)] < wo.

To summarize, we have prove that if vg > 0 is fixed, there exists eg and «ag such that for all £ such
that 0 < & < gg, if ||wo||e < ag, then while o remains in ¥, we have

r(1—7)

C _ C _ 4
[w(®)ll < vo and [lw(®)]e < > wollee™ < + — /e,
1 1

Last step: estimates on # and o.

From (1.12) and (3.12)-(3.13), while o remains in ¥, we have

d

2 (0: = 67°7) = ot — hiTI2 (w) + 12 (w) + G2 (6;, 01, w),

(g, — 0Ty = a% — B9 (w) + 19 (w) + G (0;, 04, w).

So Using (3.16) and (3.18), using that a% = O(e~#) and that % = O(e~ i), we obtain that there
exists a constant C such that while o remains in ¥,

d re d re — 2
(0= 0; f)’+‘dt( — o] f)‘SC\@e i 4 Olfw(t)]].. (3.22)

We assume now as in the previous step that 0 < € < ¢ and ||wpl|lc < ap. We obtain then that while
o remains in g,

d C T(1—7)
—(o -—aref)‘<0\/ge_ff+062|w0€e_ e C fe i,
1

dt

70 _0T6f
-0 +|

which yields by integration that while ¢ remains in Xg,

0:(t) = 077 (1)] < [6:(0) = 077 (0)| + C2 =l + C(1 + = )vEe o, (3.23)
C1 T(l — ’7') C1
ai(t) = o1 (1)] < |u(0) = o7 (0) + O = Jwl. + C(1 + Ve EL (3.24)
C1 7'(1 )
Let £1 > 0 such that e; < ¢ and satisfying C(1 + % \/> <inf {%, 2
€1

Let a1 > 0 such that oy < inf {ao, 7, % ¢ and such that C’—

———a; <inf o ¥
3 c1 (1 —7) b= 4’3
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Let us assume that ¢ < £ and that the initial data satisfy ||woll. < a1, |0;(0) — 077 (0)] < a; and
05(0) = o7/ (0)] < en.

Then from the last step, we know that while o remains in X5, then ||w(¢)]lc < vp.

In addition, from (3.23) and (3.24), we obtain that while o remains in 35, while ¢t < eis, then
0;(t) — Hl-ref(t)‘ < vy, |o3(t) — Ul-ref(t)‘ < vy and |oy(t) — o7 (1)] < 3% so that o remains in s,

which implies that the previous estimates are valid in the whole time interval [0, eﬁ].

This concludes the proof of Theorem 1.3.

3.2 Coercivity of the operator H*

We aim to prove the following result:

Proposition 3.4. There exists ¢g > 0 such that for all € R", for all o € S5, for all € > 0, for
all w € Wy .
1—7

(M (w)|w) >

lwl|Z-

Remark 3.1. The real 7 > 0 is given a priori by the bound on the applied field h in Assumption
(1.13).

On the one hand, for a configuration without any wall, 7.e. with only one domain, this inequality is
straightforward. Indeed, in this case, Wy , reduces to the set:

{we H([~L, L; %), w; = 0},
and )
HE(w) = —edppw + gw,
thus .
(H (w)w) > g||UJH%2-

On the other hand, for a configuration of one wall in an infinite wire, the coercivity is obtained in
[14] by describing this operator in a moving frame which takes into account that w(t, z) remains
orthogonal to m.(6(t),o(t))(z).

We gather both coercivity properties, the first one in the domains, the second one in the walls, by
using a localization argument called IMS formula (see [18] and the references therein). The key
point of this formula is the use of a convenient system of cut-off functions.

Let us detail the previous points.
Proof of Proposition 3.4.
First Step: convenient system of cut off functions.

We assume that o is fixed in 5. We introduce a system of cut off functions xg, x1,--.,xn~§ such
that

* X; € COO’

N
e supp xo € [0, L]\ U [o: —8/2,0; + /2] (xo is localized in the domains),
i=1

e supp x; C [0y — 22,0y + 22] for i # 0 (x; is localized in the i*'wall), (3.25)
N

* Z(Xi)2 =1
i=0
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We can assume that there exists a constant Ky, only depending on § but not on ¢ € X5 such that

Ixollze + -+ IXn e + Ixllze + -+ XKL= < K. (3.26)

We remark that xo and y; can be simultaneously non zero only in the zone [o; — 36/4,0; — §/2] U
[0; +8/2,0, + 30/4], i.e. in the transitional zones.

We have:
(02 (xjw)]0: (xyw)) =  —(0a (Xjazw +(3sz)w) ;W)

= —(20:x30:w[xjw) — (X;jOzzw|xjw) — ((DzaXs)w|XjW)-

Therefore

—(Opawl|(x;)*w) = (8a(x;w)|0 (X;w) ) + (00 (X)Dpw|w) + (Dpax;jw|x;w).
We sum up these equalities for j = 0 to j = N. We remark that

N N
D 0:03) =0 > _(x3) =0,
=0 =0

so we obtain that:

N N N
= (Orawl () w) = > (92 ()| (w)) + Y (Dwaxjwlxjw).
j=0 j=0 j=0
So,
N N
(M (w)|w) =~ (H(xw)lxjw) + Y {Oawxjwlxsw). (3.27)

I
<

J j=0

Using the bounds (3.26) on the cut off functions, we estimate the right hand side term as follows:

e (Dl w)| < Keflow|2, (3.28)

where the constant K only depends on 4.
Second Step: coercivity in the domains.
The estimate in the domains is given by the following lemma;:
Lemma 3.1. There exists €9 only depending on 6 such that for all e < g, for all o € X5, if xo
satisfies (3.25), then
_s
vl e RN VweW;,, (H (xow)lxow) = *IIXowHLz — O(e™3)||lwlZ.

Proof. On the support of yg, we have

In addition, on [o; + %,UH_l - g], m,(z) = (=1)"e; + 0(67£)7 s0 0 = m.(z) - w(z) = (=1)'w; +
O(e™iz) - w, that is

Ixownllzs < O(e™%)|xowl| 2.
So,

1 _5
(H* (xow) xow) = &[0 (xow) 172 + gllXowllsz +O(e™ ) IxollZ2

hence we obtain the claimed estimate. O
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Third Step: coercivity for one wall.

The estimate in the walls is given by the following lemma:
Lemma 3.2. There exists €y only depending on & such that for all € < gg, for all o € X5, for all
Jj€A{l,...,N}, for x; satisfying (3.25), then
1 _s
¥0 € RY,Yw e Wi, (K (xjuw)lxjw) = ZlIxjwlis = O(e™#)|wli..

Proof. In the wall ¢, that is in the zone [o; — %67 o + %], we recall that

);

r — 0;

m.(0,0)(z) = (—1)”1R%M0(

so that: -
_1)¢ — 0
0,m.(0,0)(z) = %Rﬁj\/ﬂ(u)a
gcosh =% = €
(_1)i+1
agimg(e,a)(x) = ﬁROJMQ,
gcosh =% =
where
tanh z —1/cosh z 0
Mo(z) = [ 1/coshz |, Mi(z) = tanhz |, My;= 1[0
0 0 1
Using that y;w - m. = 0, we describe y;w as:
Tr — 0 xr — 0 X — 0
(riw)() = r1(———)R; Mi( )+ 72 )R, My (3:29)
where 7 = (r1,79) € H?(IR) is compactly supported in [f%, %].

From the condition <w|80im5> =0, we deduce that <Xiw\8mma> = <(Xi — 1)w|(9mm8>7 SO

_ 5
|(xiw|0s,me )| < Jwl 2| (xs — 1), me |2 < O™ ) [|w]| L2,

since xy; — 1 =01n [o; — g, o; + g] and since J,,m, is exponentially small outside this interval.

Now, using (3.29),

(xiw|Bpm,) = (~1)7+1 / Y L /IR r1(2)——dz = (r1|——),.

R 15 € cosh cosh z cosh z
£

where we denote by (.|.),, the L? inner product on IR.

So,
1 s
(ril—= ) = O™ 3) ]| 2. (3.30)
In the same way we prove that
5
(ral —— ) = Ole™ ) [w]| 2. (3.31)

By a tedious calculation using Subsection 2.1, we obtain that

2 T — oy 1 —1)% sinh #=%
HE (xw) = <—€82r1( E") _ = r(

cosh #=% € cosh? = €

xr — 0 r — 0
)

)

)R%Mo(

1 T —0; 1 x—o0; xr— 0; T —0;
+(-20n (20 L ET (T ) Ra (27

1 o 1 - — o
+(—azzr2<m>+f<x OWNE ‘”)) Ry, M,
e I e £ & €

(3.32)
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where f(z) = 2tanh?z — 1.
Therefore,
(R (xiw) [xiw) = <£7‘1|T1>IR + <£7‘2|T2>IR
where
Lr; = =01 + f(2)r;.

We recall the properties of the operator £ (see [9] and [14]):

Proposition 3.5. The operator £ with domain H?(IR) is self-adjoint and positive, 0 in a simple
. In the orthogonal of its Kernel, L satisfies:

eigenvalue of L associated to the eigenvector
cosh x

1

if <“|coshz>fR =0, (Luluyy, > llullfzm), (3.33)
and 1
if <UIm>R =0, [rlleegwy < [1€(0)[l2@y < [1£07) || 2wy, (3.34)

where { is given by { = 9, + tanhx and where we denote by ||| L2y the L?(IR) usual norm.

Proof. Since L = £* o { with £ = 0, + tanh x, L is a positive self-adjoint operator.
In addition, by a simple calculation, 0 in a simple eigenvalue of £ associated to the eigenvector

. By standard results, the essential spectrum of £ is [1, +o0].

coshx
We remark now that £of* = —0,, +1, so £ does not have anymore eigenvalue since Lr = Ar induces
that £ o Lr = Mr, so since L = £* o £, we obtain that (=0, + 1)¢r = AMr wich implies that ¢r =0
since —0,, + 1 does not have eigenvalues.

So, on (2 )J', L > 1 and the inequalities in (3.34) and in (3.33) follow.

coshz

O
We project r; on (L)L writing 7, = 7 4+ -, with r{ = 1<7"1|L> b (we recall that
) cosh z 1o ! 2 cosh z " cosh z
/ 5— = 2). Since Lry = L7, we have:
® cosh” z
<£T1|T1>1R = <£’F1|F1>R
> 72 am)
2 HT1||%2(R) - ||7’f_||2L2(1R)
> |z 2 — O(e™ %) |w3, from (3.31).
In the same way we prove that
_s
(Lralra)p > |ral[feagm) — Oe™ ) wl|Ze.
Therefore,
_5
(H* (xqw) Ixiw) 2 (1l Zagy + 172117 2) — Ole™ ) [w]Za
and since by rescaling,
1
HrlH%Z(R) + HT2H%2(R) = g”Xz”LUH%?’
we conclude the proof of Lemma 3.2. O
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Last step: end of the proof of Proposition 3.4.
We first remark that, from (3.25),

N
lwl7e = Ixawll7s- (3.35)
=0

Lemmas 3.1 and 3.2 together with (3.27), (3.28

~~—

and (3.35) yield

(HE(w)he) 2wl — Kelul
S0, if € is small enough,
(e (w)fw) = = w3
This concludes the proof of Proposition 3.4. O
From this result, we first obtain that the norms || - ||. and (H° (w)|w>% are equivalent on Wy

Corollary 3.1. There exist ¢y and co such that for all e > 0, for all 0 € X5, 6 € RN, weW;,,
then

allwlle < /(K (w)lw) < eaflw]e.

In addition, here exists K such that

[N

lwllze < K ((w]H(w)))
In addition we have the following estimates:

Corollary 3.2. There exists eg > 0, there exists K such that for all 6 € RN, 5 €3, e <ep and
w € Wy ., we have the following estimates:

&
lwllz2 < 3——lme x H*(w)] e,
€ € €
(e (w)|w) < 7——IIme x H (w)|[72,

le0zzwl| L2 + [|Ozwl| L2 < Kljme x HT (w)]| L2
Proof. We remark first that since m, - w = 0 and since |m.| =1, then w = —m, X (m. X w) so
(w|H (w)) = —(m. x (M. x w)|H* (w)) = (M x wm. x H(w)).

So, from Proposition 3.4, with Cauchy-Schwartz inequality, we obtain that

€
o3 < T ufpew))

5

(m. x wim. x H*(w))

1—7
€ 1>
< g lme xowl|paflme x 35 (w)] e
Now since m, - w = 0 and since |m.| = 1, then |w| = |m. X w|, so ||m. X w||p2 = ||w]||r2 so

€
[wllzz < ——|lm. x H*(w)]| 2.
1—7
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From this estimate, we have:

(wH (w)) = (m. x wim. x H*(w))

IN

[[wll L2 [me x H (w)]] .2

€ 2
11—, [me x HE(w)][72 -

Furthermore, since mg X (Mg X 9o w) = me -0y w me — O, w, derivating twice the equality m.-w = 0
we obtain that

E0pzw = —£(20,w - Opme + W - Opym. )M, — m, X (Mg X £0,,w)
g 1 o
= m, X (m; X (H*(m) + swier — ffm.)) —e(20,w - Opym, + w - Oppym, )My
. K : K .
So, since [|0;me||L~ < — and since ||0zm.|[z~ < —, we obtain that
€ €

K
ledaswlire < Kllw x H(w)l[z2 + —wllz2 + K|[dzwl| 2.
By integration by parts,
1

10z wl]|72 < IZwl2lledsawll e, (3.36)

so using the Young inequality,
R K 1
||€8mw||Lz < K||m5 X H (U))HL2 + ;||w||Lz + §||€8mw||Lz
By absorbing ||e0.,w]| L2, by using the previous inequality, we obtain that there exists K such that
[e0zewll L2 < Kllme x HE(w)]| 2.

This inequality together with (3.36) and with Sobolev inequalities yield estimates on ||0,w| 2 and
[w]Les . O
3.3 Estimate of the remainder linear contributions

In order to prove Proposition 3.3, we aim to estimate Ms given by:
N

1 .
My = (P.w|H (w)) + 5 > (=1 'hi + aZ?) (e, fow|w) + (IFw|HE (w)),
i=1
where L L
Pow= —gw X e; — gwlmg - sin pZw + thg" (w)0g,m, + hellZ* (w) Dy, m,.
The term aZ* is of order O(e73¢), and since 105, f2 || Lee < %, using Proposition 3.2 we obtain:
€
N
o o -£ € 2
> a7 (0, fwlw)| < O(e” % )|lme x H (w)]F.
i=1

As it is already remarked in Section 3.1,

(O, [HE (w)) = O(e™ ),

and
(89, m|HE (w)) = O(e™ ).
Hence,
(Pow[How) = Py + Py + Py + O(e™ ),
with
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h
o P = (- ZwX er|He (w)),

h
o Pp= (- gwlmg\’}-lg(w»,

o Py = <gsinapgw|’H€(w)>.

First Step: estimate of P, and P;.
Concerning the first term:

h

P = <7w X el|58mw>

€

since w X e; is orthogonal to e; and to fZw. By integration by parts, we obtain that
P = —<(8$h)w X el|8$w>,
(the term (h8,w x e1|8,w) vanishes) so
|P1| < [[0uhll = |wl]| 2| 0zwl]| 22 < K Ve|me x HE (w)] 2. (3.37)

The second term is estimated as follows:
1
P = —E<H5(w1m5)|w>

1
= _g<w1HE(m5)|w> - 2<3xw131m5|w> — <3mw1m6|w>

= _é<w1HE(m€)|w> - 2<azwlawme‘w>
since m, - w = 0.
In the domains, 9;m, = 0 and in the wall ¢, 9,m. = —0,, m,, so that
al 1
Py, = 22 hi<aaim£a’vwl|w> - g<w1/He(m5)|w>
i=1

On the one hand, in the wall 17,

-1
(9(71'1'1'15 = (—1)1211’15 X (mg X 61) + 0(6_4%)7

hence X
Oy - w = (71)i+1g€1 S W.
So,
(D5, 0, w1 [w) = (_1)Z+17/ dpwiwy + ~O(e~#) = ~O(e™ )
€ o;—0 9 g
as
oi+o oi+0
/ Opwiwy = / Dz (w1)? =0,
Ui_(S oi—é

since w1 = 0 at the points o; — d and o; + 4.
On the other hand, we know from Proposition 2.1 that

| < Oe™ %) lm. x HF (w)[7.
Therefore, we obtain that

|Py| < O(e™ ) Jme x He(w)]|22. (3.38)
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Second Step: IMS formula.

It remains to estimate
1

Ii=Py+t; > (1) (0a, fwlw).

i=1

We use once again the IMS formula. We introduce the system of cut off functions xo, ...

satisfying (3.25) used for the proof of Proposition 3.4.
On the one hand we have:

1N

5 > (=1 (0g, fEwlw).

=1

h
I= —<g sin pZw|H (w)) +
Now, we remark that

h : g 1> N h s ag €
—(Z sinpfw|H(w)) = _Z<gsm§%Xiw|XiH (w))
=1

I
.MZ

&
Il
-

(
(

sin 7 xw|HE (xiw))

sin o7 x;w|e0z (Xiw) — 6Xiamw>

_|_
1=
o> o>

&
Il
-

>

<g sin @?Xiw|7{€(xiw)>

I
.MZ

s
Il
—

N
+ Z <h sin o? x;w|20, X 0w + 8mx,;w>

=1
N N
= _ Z <g sin pZ x;w|H® (x;w)) — (hsin @?(Z(amxif)wm)
i=1 1=0
N
by differentiating the relation Z(X,»)2 = 1. On the other hand, we have
i=0

(0, fEwlw) = (0, f2 xiwlxiw) + (o, f£ xow|x0W)
since the support of 9,, f7 is contained in [o; — J, 0; + J]. Therefore

N

I=I+Y L+,
i=1

h .
o Iy = —<g sin o? xow|H* (xow)),

h . hl o
o I, = —<g sm<pgxz'w|7-la(xiw)> + (—1)Z§<8[,ifE Xiw|xiw>,

N N
o I = —(hsin @?(Z(@lxl)Q)w|w> + Z(—l)ihi<8mfg)<0w|xgw>.
i=0 i=1
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Third Step: Estimate in the domains

Concerning I, we have:

B[ poo
0] < PP s g am ¢ o)

1

(since m. x (m. xw) = —w). Now on the support of yo, m. = +e;+O(e~ i), and fZ> *—0(6_4%).
€

We denote by v = xow. From the relation w - m. = 0, we deduce that:

0:v~rn6::I:vl—i—(’)(e_&)-v7

SO s
Vi < O(e™%)]v].

Therefore,

(m x vim, x He(v)) = (v|HE(v))

1
- . / Bav]? — / o + / 0, L5l
[0,L] € Jo,r)

1 _s
> gllVll%a — O(e™ )] 2.
So, with the Cauchy Schwartz inequality, we obtain that:

_s 5
[me x xowl|r2 < (1 4+ O(e™3%))ellme x H* (xow)l| 2

Hence s
[lol < (1+O(e73)) Al [ me x HE (w)][Z-. (3.39)

Fourth Step: Estimate in the walls

Concerning I ;, on the support of x;, h is constant (by assumption (1.14)), m, writes:

r —0;

m.(z) = (—1)i+1R%MO( ).

In addition, in this zone,

o sing? = (—1)! taunh(ac 7

)

1 xr — 0

o fI(@)=_f( ), with f(z) = 2tanh®z — 1,

xr — 0

o 0,7 =50 (T,

€
We use the same decomposition of y;w as in (3.29):
Xr — 0

xr — 0 r —0;

) +7a(

YR, M.

(xiw) (@) = ra ("7 )R M B

As in Section 3.2, we obtain by (3.32) that in these new coordinates,

1
Jme x HE (w2 = =

(I£rilZz + lI1£rallZs) -
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—0;

x
In addition, using the previous remarks and setting z = in the integrals, we obtain

z+1

I :h / -0, fr-rdz+

1/<9zfr-7‘d7;:—/f7'-8z7“dz=—/Er-(‘?zrdz

since, the support of r being compact, / 0.7 - 0,7 = 0, therefore we obtain:

We remark that

with [ = 9, + tanh z. We recall that from Proposmon 3.5, we have:

) ) e < (1L7]| .

1
f €
orr (cosh z

So

that is
|Il i| < |Alle]me x H (xiw )||L2

Fifth Step: end of the proof.
The last term I5 is small. Indeed, on the support of xo, |9y, fZ] < C’)(e‘f‘s), SO

|| < ellhllp< [[w][F2 + [All e O(e™ ) w72 < ee?[lw x HE(w)]F2
with Proposition 3.4.

The last remaining term to estimate is (I°w|H®(w)). Since I° = 0(6_%)7 we obtain that

|(FFw|HE (w))| < O(e™ ) w x HE (w)][2.

(3.40)

(3.41)

(3.42)

So adding up the previous estimates (3.37), (3.38), (3.39), (3.40), (3.41) and (3.42), we obtain that

N
< (14 ee) Rl =Y Ime x H (w)] 7.
=0

We observe that
HE (xiw) = xiH (w) + 74,
with 7, = —&(20,Xi0,w + Oz x;w. This term is small since:
I7ill e < cellxillpe= 10zw] L2 + cellOuaxill L2 ]lw] L2 < eve[me x HE(w)]| L2

by Proposition 3.2. So

Z I x HE (w)|[72 = [Jme x HE(w)|[72 +2 ) 7l ez me x HE(w)][zz + Y |7l 2,
7 1

thus we obtain that
Z Ime x HE(w)[|72 < (14 ev/E)lme x H (w)] 7.

Together with (3.43) we obtain that
1] < |8l Lo (1 + ev/E)|lme x HE (w)] 7.
This conclude the proof of Proposition 3.3.
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4 Equations in the new coordinates

From Proposition 1.1, we know that, while the solution m of the Landau-Lifschitz equation (1.4)
remains in a neighborhood of M5, we can write m on the form

m(t, z) = me(0(t),0(t)) + w(t) + v(w(t))me(0(t), o (t))-

We plug this formula in (1.4). Concerning the time derivatives, we have:

d al do; do;
= [t . mg(a(t),a(t))] - ; (agime(a, o)+ 0 m.(6,0) = )
and
d dw

Using Proposition 2.1, we have:
he(m) = fEm.(6,0) + pl7 + h*(w) + v(w)(fZm.(8,0) + pl7) + 2¢v' (w)(8,w) I, m.
+e(V (W) 0ppw + V' (W) (0w, Dpw))me.

In addition, in the i'" wall, i.e. in [o; — 6, 0; + 0],

(_1)i+1 sin g, (z — 0;)
m.(0,0)(x) = R% cos pe(x — 0;) ,

0
S0,
1
—-m, X e; = Jp, Mg,
5
and
1 1 COoS @E(x - az)
—ome % (m. X e1) = - cos pe (7 — 0)Ro, | (—1)%sinpe(z — 0;)
: 0
d COS ‘Pe(m - Ui)
[ Pe (x —0y) — Be(x — 0'7;):| Ro, | (—1)isinp. (2 — 0y)
dx € 0
= (=1)'9pm.(0,0)(z) +¢2°,
where
cos g (x — 0;) )
@27 = —Be(z — )R, | (—1)'sinp.(z —0;) | = Oe” %)
: 0
(see Lemma 2.1).
So we obtain that
N N
d91 ddi ow / ow o
;(1 + v(w))dp,me 2t + ;(1 ()0, me—t + -+ v (w) (o )me = (41)
T+ ...+ Ts,
with
e Ty = —m, x p?7 —m, x (m, x p?7) = O(e ﬁ),
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o Iy =——wxe ——(sinplw+wym,),
€ €
o Ts = —wx pl7 —m_ x (wx p??) —w x (m. x p??). This term is linear in w but exponentially
small:

Ts = O(e™ 3¢ )(w).

Ts is the non linear part for the variable w. We split it into 4 terms: Tg = Ts1 + . . . + T4 with
Ter = —e(w+v(w)m.) x (Opzw + ' (w)(0zpw)m.)
—e(me + w+ v(w)me) x ((w+ v(w)me) X (Opaw + v/ (w)(Ozew)me))
—e(w + v(w)m.) x (m. X (D + V' () (Derw)m.)),
Too = —ev’(w)(@aw, Byw) (w X me + (M. +w + v(w)m.) x (w x my)),
Tos = —2ev'(w)(0pw) (M- +w + v(w)m.) x I, m.

+ (me +w+rv(w)m,) X (me +w + v(w)m,) x d,m.)),

Tes = —v(w)m, X (Zm + 027 + v(w)pl? + §w161 —w X (iw1€1 + v(w)(ffm. + Pg’g)>
—m, x (v(w)p??) — (m. +w + v(w)m,) x |—w x (iwlel +v(w)(ffm. + pg"’))
v, x (Lol () + Tuner) < me x ((w)p?)

—(w+vwm.) x [{wx (ffm, + Emgel + pg"’) +m, X iw161>
—v(w)m, x (m, X (Eel + p%9)).

(4.2)
Therefore there exists K independent of € such that

K
Te1| < Kelw||0pawl, |Too| < Keldpw|*|wl, |Tos| < Klw||dpw|, |Tea] < ?|w\2~ (4.3)

In order to isolate the equation in each variable, we take the L? scalar product of the previous
equation with dp,m. and with 0,,m.. In this section, we assume that the applied field h is constant
with respect to z in the walls [o; — §, 0; + §]. From Assumption 1.14, this condition is realized while
los(t) — o™ ()| < 6 for all i € {1,...,N}.

do, do;
4.1 E i for — !
quation for 7 and 0

We first take the L? inner product of (4.1) with dp,m.. We remark that dp,m. - m. = 0, 9p, m. -
O0,,m. = 0 and that <w|89i m5> = 0. In addition, we have
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1. (95, m.|0p,m.) = % +O(e ).
2. (m. x H(w) + m. x (m. x H(w))|dp,m. ) = O(e™iz). Indeed,
(me x H*(w)|dp,me) = —(me x Op,m.[H"(w))
= (=10, m [ HE (w)) + (O(e™ )| HE (w))

= (~1)TNH (Opme)|w) + Oe™ %) (w)
by integrations by parts.

Now we have the following proposition:
Proposition 4.1. For 6 € R, for o € X5, on [—L, L],
he (010 (0, 0)) = f2 ()01 (0, 0) + s, [T (0, 0) + O(e™ ),

and )
hs(a&ims(ea U)) = ff(m)aeims(ﬁ, U) + 0(675).

Proof. By taking the derivative of the expression of h(m.(, o)) with respect to o; and 6; (see
Proposition 2.1), we obtain directly the claimed results. O

So, He(0y,m.) = h¥(Dy,m.) — [Ty m. = Oy, f7m.(0,0) + O(ei%), and since m, - w = 0, we
obtain that 5
(m. x HE(w)|dp,m.) = Ofe™ %) (w)

In the same way,

(e x (me x H(w))|Op,me) = —(HE(w)[dp,m.)

since m, - 9p,m. = 0 and since lm.| =1
= —(w|H*(9p,m.))
= O(e*f?)(w) by Proposition 4.1.

3. For all t, (w|dp,m.) = 0. We differentiate this equality with respect to ¢ and we obtain:

ow 0
<E|80im5>: _<w|§(89im5)>
do; do;
= —(wldp,p.m.) 7 - <w|aaiagim5>d%,

and by (2.7), we get:

ow _ (_1)i+1 - s dei (_1)1' 0, _% dai
(Gponma) = (2w + o)) G (S0 )+ o)) T
where
O'1+6
Y% (w) = (sin ¢ dp,m.|w) = / sin pZw - Op, m,,
ai—é
o;+06
7 (w) = <sin cpg&,ims|w> = / sin 7w - Oy, M.
O'ifis
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4. We assume in this section that the applied field h(t, x) is constant equal to h; in the wall 4, so
that we have:

(T2|09,m:) = (hOp,m. + (’)(e_é)|89img>

2h; _s
= — 0 %)

In addition,

<T4|80L mE> =

o | &

(—<U) X 61‘89im€> - <Sin(pgw|a9ims>)

hi :
= = ({e1 x Op,m.|w) — (sin pZw|dp,m.))

e () - L) ) + 0 ) (w),

So by projection of (4.1) on dy,m., we obtain that

2 s 1 s 1 do;
(2+0te )+ (7 12 (0) + 0 ) ) + 205 w)) T
il 0. _ 6 dO‘i
+<(—1) “II% () + Ofe 45)(11))) = (4.4)
2hz _ & i+1 1 o 1 9. _ 5
MO (1) 2 ) — I ) + O ) ) + (T, ),
with
o;+06
Q) = e(ww)pmfohme) = [ vw)lonm.f.

In the same way, we take the scalar product of (4.1) with respect to d,, m.. As before, and basically
with the same arguments, we remark that:

1. (9,,m.|0;m.) = § + O(e*ﬁ%

)

2. <m8 x H(w) + m. X (me X Hs(w))|80'im5> =0(e ).

3. Taking the derivative with respect to t of the relation <w|80i m5> = 0, we obtain that:

ow 0
<E|aaims> = *<w|&(aﬁm6)>
d@z dai
= 7<1U|89160—1m5>a — <w|8azaalmg>ﬁ

<(_€1)1HZ (w) + (9(6_455)(11/)) % +<(_€1)i1‘[gi (w) + O(e_fs)(w)> 629;

4. The applied field h(t, z) is constant and equal to h; in the wall ¢, so we have:

(T2|0,,m.) = (—=1)"(hdy,m. + 0(6_4%)|80im5>
- (_1)1'2?}” +O(e ).
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In addition,

(Talorme) = " (~(w x e1[dp,m.) — (sinpTwld, m.))

= (D02 ) + 202 (w) ) + O ) w)

So we obtain

de;
dt

(02 @)+ O #)(w) )

# (240 )+ (1 Iz ) + 0 ) + 102 w) ) T (45

2h; s 1 1. _s
(-1 6 +O(e 455)+(_1)’higﬂg’(w)—higl_[g’(w)—i—(’)(e 465)(w)+<T6|8mm5>,

with s
Q% (w) = 5<1/(w)8,,im5|6,”m5> = s/ u(w)\&”mg|2.

0‘175

We rewrite both equations (4.4) and (4.5) in the condensed form:

(I+ Li(w) + Q'(w) + 0(67%))% = ((_f)h> + O(e™ ) + b R (w) + F*, (4.6)

where

2\ M) T (w)
Q0% (w) 0 %Hﬁ( )+(_12)l+1ﬂ?<w>
Q’(w)Z( . ) Rw)=| N ,
o e )+ S

) (<T6|89im5>)
F' = .
<T6|8O'i m8>
Proposition 4.2. There ezists a constant K independent of € such that for all @ € RN and for all
o € X5, for allw € H'([0, L]; R?),

We have the following estimates:

2 (w)] + T2 (w)] < K fJw]

and
QZ (w)] + Q% (w)| < KJwl|7
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Proof. On the one hand, we have:

O’l+5
117 (w) / Sin o7 By, -
o

i—0

IN

l[w][ L= [| 0o, mc]| L1
<  K||wl||p~ by Proposition 2.2.

We estimate 1% (w) with the same arguments.

On the other hand,
o;+06

Q% (w)| = ¢ / ()] |?

i—0

< )= (240 )

IN

KwlZe-

The same holds for Q% (w).
O

Proposition 4.3. There exists vy > 0 such that if ||w||L~ < vo, then for all € small enough, the

matriz I + L (w) + Q*(w) + (’)(e‘fse) in Equation (4.6) is invertible and

(1+ L) + Q) + 0l ) = 1= Litw) + Q'(w) + O ),

where

@' (w)| < w3~

Proof. From Proposition 4.2, for ¢ small enough, if ||w| e~ is small enough then Li(w) + Q%(w) +
O(e~i%) is a small perturbation of I, so I + L'(w) 4+ Q'(w) + O(e~ i) is invertible and writing the
inverse on the form of a power series, we conclude the proof of Proposition 4.3.

From (4.6) and Proposition 4.3 we obtain that:

% = h; + a2 — hI1% (w) + 12 (w) + G (0, 04, w)
(4.7)
B (1)hi+ 0 — DI () + 19 () + G201, ,w)
where N
G 1(01';0'1';7“) ) B s c <T6\89im5>
= (1= Lo+ Qi(w) + 0(e™#)) 5
G (91-, i, w) <T6|aaime>
. ~ . . ~ . 1
thi (~Liw + Q' (w) ) Riw + 1@ (w) .
(=1’
and where %, aZ, 1% and 19 of order O(e~i¢).
O

The non linear terms G% and G7¢ can be estimated as follows:
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Proposition 4.4. There exists a constant K independent of € > 0, such that for all 6 and all
o€ Xs,

1
G260 0500 +1G2 (01, 05,0)] < K (Hwlls + elsul: ) < Kul?
Proof. On the one hand, from Proposition 4.2, we have:
|L'w| < K||w||z~ and |R'w| < K|w||pe.

In addition, with Proposition 4.3, _

Q" (w)| < K|w|[i-.
Let us estimate £(T5|0p,m.). We recall that Tg = Tg1 + ... + Tga (see (4.2) at the beginning of
Section 4). [
The first term Ty writes To1 = £g(x, €, w)(dppw), where g : [0, L] x]0, 1[x R* — L(IR?; IR?) is smooth
in its variables, with

gl < Klw|, |0xg] < K|Oym|[w] and |0ug| < K.

We have:
<T61|891.m5> = 5<g(m,5,w)8mw|8gim5>
= s<8mw|7g(x, g, w)agims>
— —s<3mw\8m(Tg(z, g, w)agim5)>
= T+ T2+ T3,
where each 7; is defined and estimated in the following way, using that ||0ym. || pe +||0p, M|/ < —
€

K
and that ||0p,m.| 2 < — (see Proposition 2.2):

VE

= —&(0w| dy9(z,, w)dp,m.),
T < Kellw|[ Lo [|[0zme]| oo [|0pw]| L2 (|09, mec || L2
< lul o,
= —£(0w| ug(z, e, w)(8pw)dp,m.),
2| < Kel|dywl|7: |06, m- | o
< K|d.wl7e,
3= —e(0w| g(z, e, w)0,0,m.),

73] < Kellw| e [|0sw]| L2 (0205, me|| L2

IA

K||w||pe||Ozw] p2|| sin 920, m, || 12 by (2.7)

IN

—=lwl[ze<|0zw]| 2

NG

Concerning Tge, T3 and Tg4, Estimate (4.3) yields:
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|(To2|00,me)| < Ke||dawl|Z 1wl £ |Op, || £
< K|swlellwllze,
(63100, mc)| < K[|Ozw]|2||w]| L~ ]| Op, mc | 2
K
< %HawwHL?“wHLmy
K2
(ToalPg,me)] < — ][ |16, 0|
K
< SwlEe.
< Dl
Therefore,
(610, m2)| < K ([wlZ + ellswli2) -
So since the norm || - || controls the L>° norm, we obtain that

|e(T5|0p,m. )| < K|jwl||2.

With the same arguments we estimate ¢(T5|9,,m.) and we conclude the proof of Proposition 4.4.
O

4.2 Equation for w

N
h h
Plugging (4.7) in (4.1), since —ome X e = E h;0p,m, + 0(6_4%) and —ome X (m, X 1) =

i=1
N
Z(fl)ihi&,i m. + 0(674%), we obtain the following equation for w:
i=1
ow ’ ow 5 € €
EJrl/(’LU) B m. =0(e %)+ A, + Pow+ Ifw+ Z%(w, 0, 0), (4.8)
where

e the linear operator A, is given by

Acw=—m, X H*(w) — m, X (m. X H*(w)),
e the linear perturbation due to the applied magnetic field writes
h . 0, o
Pow= —_wXep— —wime — —singpfw + hell} (w)0p, me + helll (w)0y, me,

e /. is an exponentially small linear operator on w:

_5
[Fwll L2 < O(e™ %) [Jwl| L=,
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e the non linear term H*(w, 0, 0) is given by

Zf(w,0,0) = Tg—v(w)O(e” 45 9,,02, )0p,m. + GZ4(0;, 04, )&nmg)

Mz

i:l

N
Z( — RIIO )+0(e*%)(w)+czgi(9i,a¢,w))agims

N
() Y ((=1)'he = hlIZ (w) + O(e™ ) (w) + G (0,01, w) ) Do

In order to inverse the left hand side term in (4.8), we claim without proof (left to the reader) the
following lemma:

Lemma 4.1. There exists vy such that for all ¢ > 0, for all t,z, if |w||L~ < vo then the linear
operator
x: R — R
¢ — 4V (w)(é)m,
is invertible and x~1 = Id + V¢(w) where
V()| < Kl|wl|e<,
where K does not depend neither on € nor on w.

Using Lemma 4.1 in (4.8) we obtain the following equation for w:

ow

T ae + Acw + Pow + Fw + G (w, 0, 0) (4.9)

where
o a. = O(eis),
e the linear operators A, and P. are defined above,

e [. is an exponentially small linear operator on w:
w22 < O ) o]l
e the non linear term G¢(w, 0, o) is obtained from Z.(w, 8, 0):
G*(w,0,0) = Z(w,0,0) + V(w) (Aew + Pow + Ifw + Z.(w,0,0)) .

From the expressions of G° and Z., with the estimates on T, since the || - ||c norm controls the L>°
norm, we obtain the following proposition:

Proposition 4.5. There exists K such that for all e, for all € RY, 0 € £5 and w € Wg o the
following estimate holds

1
|G (w,0,0)||r: < K||w]|e (||58mw||Lz + €||w||L2> . (4.10)

5 Meta Stability for a general applied field

In this section, we assume that the applied magnetic field satisfies (1.11) and (1.13) but is not
constant in the walls. Starting from Equation (4.1), we aim to obtain an equivalent equation on the
new variables (6, o, w) by projection on dyp,m. and J,,m.. We proceed as in Sections 3 and 4, and
we only detail the changes due to the fact that Assumption (1.14) is not yet satisfied.
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5.1 New coordinates for the non constant applied field case

The applied field h appears in the terms T5 and Ty of equation (4.1).
We denote by h;(t) = h(t,o:(t)), and we write the Taylor expansion of h in the wall i,

h(t,z) = hi(t) + (2 — 0:)%(t) + (z — 04) Ky (t, @),
where, by assumption (1.11),

|K;(t,z)| < M in a neighborhood of o;. (5.11)

Concerning T5, on the one hand, we have:
_5
<T2\8gima> = <h69,im8|891m5> + O(e™ ).

Now, using the Taylor expansion of i, we have that

o,i+6
<ha9im€|a9im€> = hi(t)<89im€|89im€> + %(t)/ (m - Ji)|89im5‘2d‘r

O'q;—&

o;+06
+/ (x— ai)2Ki(t,x)|8gim5\2.
O'ifts

The second term in the right hand side is vanishing since Jp, m. is even, so we obtain that

2 )
<T2|89im5> = ghi + 257"37’ (t),

with

_ 1 ot L
rgt (t) = 278/ 5 ((ﬁ — Ji)2Ki(t7x)\8gim5|2 + O(e 455).

This term is bounded, that is there exists K such that |r% ()] < K. Indeed, using (5.11) and the
estimates on Jp, m. in Section 2.1:

1 ot M %1 2
—/ (x — 07)2K;(t,2)|0p,m.?| < — —2#@7
2e Jy,—s 2e J_s €% cosh®(z/e)
oo 2
o P
—oo cosh” 2

On the other hand, by the same arguments, we have:
7 2 o;
<T2|8Uim€> = (_1)ghz + 25T€l<t),
with |r%i(t)| < K.
Concerning Ty, we introduce the operators II/»% and 1% defined for w € Wy , by
7% (w) = (hsinglw|dp,m.) and I (w) = (hsin pw|dy,m. ).

We have ,
(R Lo -2
(T4|0p,m. ) = % (w) = I (w) + Oe73) (w),

and
1 1
(73105, me) = (=1)' T (w) + —T27 (w) + O(e” ) (w).
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As in Proposition 4.2, using assumption (1.13), we prove that there exists a constant K such that
|TI29% (w) | + |TI27F (w)| < K[|w]| g~ (5.12)
. . < . .

Using the same notations as in (4.6) we obtain that

' i dv; . . _
(14 L) + @) + O~ #)) Tt = <(_11)i> + 7l 4+ N (w) + F (5.13)
where "
ey (e s O e )
- (7"31) and X(w) = |2 (_21)1' + O(e™ 3 ) (w).
: —iﬂg’ni (w) + THQ’&' (w)

With Proposition 4.3 we obtain that v; = (6;, 0;) satisfies

d’Ui
dt

1 2. L i i
= () €t O 4 L) + ) (5.14)

L (w) = N (w) — hy L' (w) <(_11)i) — 2L (w)rt + O(eff?)(w) = L4 (w) + L4(w) + O(e’f?)(w)

with .
1 h,0; 0; <_1)’L+1 h,o; o
_5 (I_IE7 ‘ (UJ) + hiHEZ (’LU)) + 2 (Hg’ L<w) - thEZ(w))
1(w) = _ :
(71)1 h,0; 0; 1 h,o; o
T (He’ l(w) - hiHel (’UJ)) - 5 (Ha’ l(w) =+ thal(w))
01101 o9
i) = — D re T2 (w) + rZ T (w)
b\ )+ ez ()
and where

G'(w) = (1+ O FNF + Q'(w) (1 (o) 42204 X + 1) = L) () + ).

The linear part £!(w) and the non linear term G* can be estimated as the linear and the non linear
parts of (4.7) (see Propositions 4.2 and 4.4):

Proposition 5.1. There exists a constant K independent of € > 0 such that for all § € RY and
o € Xs, for allw € Wi o

L4 (w)| < Kw|l. and |G'(w)] < K [lw]?2.

Now when we plug (5.14) in (4.1), the term Tj is not yet cancelled by h;9, m. + (—1)*h;0,,m., and
we obtain:

ow , ow _ _5 al 2 8,
E—&—V(w)(g)mg— Ole )—i—;(h—hz—i—e %) Op,m,
N )
+> (b= hi+£%17") 0p,m2 + O3 ) (w)
i=1

+A%w + P(w) + Z¢(w,0,0),
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with
Pe(w) = —gw X ep — g(sin 07w +wim.) — L4 (w)dg,m, — L5(w)d,, m,,

and
N

F(wv 97 U) = T6 - V(w)o(eiﬁ) - Z (gi’l(w)aﬁims + g’i, 2(w)aaim5)
i=1
N
—v(w) Y (hi + ¥ + L7 (w) + G (w)) O, m.
i=1
N
—v(w) Z (=1)'h; + %t + L7 (w) + G"*(w)) O, m..

i=1

By Using Lemma 4.3, we obtain the following equation on w:

ow

e A + A w + Pe(w) + 15 (w) + G2 (w, 6, 0) (5.15)
where
\ N N
A =0(e %) + Z (h —h; + szrfi) Op,m; + Z (h —h; + 527“;”) Oy, My,
i=1 i=1

N N
1°(w) = Ofe™ ) (w)+V*(w) <O<e4e> 3 (it 20 dpme + 3 (b bt ) am“f) ’

i=1 =1

and
GE(w,0,0) = Z¢(w,0,0) + V(w) (O(e—%)(w) + A*w + PE(w) + Z2 (w, 6, o—)) .

We have the following estimates:

Proposition 5.2. There exists a constant K such that for all 0 € R", for all o € S5, for all
we Wy,

o [|Ac|[r2 < K,
o [[15(w)lL: < KVe|w]e,

__ 1
o 1G7(w.6.0)lz2 < Kol (Iedustlze + Sl )

Proof. We remark that, using the Taylor expansion of h in the wall i, there exists a constant K such
that |h(t,2) — h;i(t)| < K|z — 04]. So

o;+06
[(h = hi)De,me||7. < K ( — 0:)%|0p,m.|*
0‘1‘—6
0’1+6/2 ) 1 s
< K r—0;) —————dr+ O(e 2
N 0i—8/2 ( 2 g2 CoshQ(—‘”’s"i) ( )
22 )
< Ks/ 5s—dz+ O(e™ 3)
R cosh” z
< Ke.

In addition, .
||€2T§i89im5||Lz < 2||0p,me |12 < Ke2
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with Proposition 2.2. The same estimates hold for the term concerning 0,, m. in A..
Therefore

[Aellre < Kve.

Concerning ¢ (w), we have:

N
I (W)l 2 < V()] (O(e-fa + 310 — Ry + €200 9p,m || 12

=1
N
+ IR~ hi + E%gi)aﬁmellL?)
=1

< Cy/e|lw||ge from Lemma 4.1

< Cvellwlle.

The expression of G¢(w, 0, 0), the estimates on Ty together with Corollary 3.2 yield the claimed
estimate on G¢.

O
5.2 Estimates for Theorem 1.1
We take the inner product of (5.15) with H®(w). Since
1d - ‘( 1 doz
5 S (@) = (SU e w)) + 5 ; 7 (0a. fTwlw),
we obtain: J
5 g (W (W) + [me x H(w)[F2 = My + ..+ M, (5.16)
with

o My = (AH (w)),

o My = P () + 5 D (1) il fZulw),

5\

Il
D]
'MZ

s
Il
—

(€217 + O(e™%))(0,, 7 w]w),

(L5(w) + G5 (w)) (0o, fwlw),

=
|
N =
<MZ

Il
-

o M5 ={(G*(w,0,0)|H*(w)).
Using Proposition 5.2 we have
M| < Ke[m® x M (w)] e,

and -
|Ms| < KJwl||m. x HE(w)|7-.
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We have

N
M| < Ke®Y [10, 2 || |w]| 7
i=1
. ” K
< Kllw|Ze since [0y, f 1= < =
< Ke*|m. x H¥(w)||%2 with Corollary 3.2.

In addition,
v N i i o
My < 53555 1£5(w) + G5 (w)[[|0s, f2 || o [[w]|7 2

1
< K||w||g—2|\w||2L2 by Proposition 5.1
€

< Kl|lwl|c|jm. x HF(w)||22 with Corollary 3.2.
In order to estimate M, we aim to split My: My = Moy + My with

My = (- gw X e1|H® (w)) — <gw1m€|7-l£(w)>,

i h 1
Wzs = (2 s 2w w)) + 3 D haldo, k).
=1

The first term is estimated as in Section 3.3 (see terms P; and P):
| My| < Kv/e||lme x HE(w)]|7:.
To estimate Mso, we use the IMS formula. In the wall i, we split k in (h — h;) + h;. The part
Iy
(= sin@? x;w|H® (x;w)) will be estimated together with h; (8, fZx;w|x;w) as in Section 3.3. In
13

order to argue that the remainder term with h — h; is small, we must reduce the support of ;.
Therefore we use another system of cut-off functions.

Let us introduce X, ..., Xn such that
N
e supp Xo C [0, L] \ U[Uz' — Ve, o+ Vel
i=1

e supp X; C [05 — 2V, 04 4 2¢/€] for i # 0,

N
> Xi=1
=0

C
aﬁv Xi|| Lo < =
o [|0:XillL~ < W
c
4 ||8mc>ZzHL°° < —.
€
We plug the cut-off functions in Myy. We obtain:
Ny | N
v : o,,=2 o, .2
My = — ; <g SI Y WX; ‘Ha(w» + 5 Zl hi<80'if8 wX; \w>
1
+§ Zhi<aoifgw)2(2)|w>a
i=1
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since now the support of 0., f7 intersects the support of Xo.
As we remarked in Section 3.3,

—Z ﬁs1n<,o wx?|HE (w i ﬁsinw"XAIHE(X’wD
=0 € ) ' =0 € o Z
N
(b3 0P sin ).
i=0

Hence we split Moo is the following way:

N
Myy = Wo + Uy + Wy + 3 Wy + Uy,

i=1

with

h . .
e Uy=(— gSIH%XOwI’H (Xow)),

N
o W= —(hY 1.l sin e wl),
1=0

N

h—h; . €l
_Z< . sin p? Xiw|H (Yw)),

i=1

o U,

U3 = Zh < Sln 905 Xiw|HE (xiw )> + (_21)2 <amf6f">‘<iw|)—<iw>),

N
1
o Uy = 5 th<atfzfgw5((2)|w>

i=1
Concerning the term W, we remark that on the support of Yo,
m. = +e; + Oe” VF),

1 _ e
I = z +0(e V5).

Therefore with the same arguments as for Iy in Section 3.3, we obtain that:

[Wol < (1+ O™ V%) [l o~ me x HE (Xow)|[Z2-
_ C
For the term Uy, we remark that ||y;||re < 7 so that

Hh||L<>o

01| < C———|lwl|7> < Cellm. x H (w)|[2,

with Corollary 3.2.
In the support of ¥; then, with Assumption (1.13), |h — h;| < K+/e, so

[Wo < wl 2 [[me x 1o (viw)| 2 < CVeme x HE (xqw)| |22,

\[”Xz

The terms W3, are estimated as the terms [ ; in Section 3.3:

|Wsil < [lhl|ze me x H (xiw) 22
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(5.17)

(5.18)

(5.19)

(5.20)



The last term ¥4 is small since on the support of o, 0, f7 = (’)(e_ﬁ)7 SO
T < O(e™ V) [wlF2 < O™ V) Ime x HE (w)] 7. (5.21)

Combining Estimates (5.18), (5.19), (5.20) and (5.21) we obtain that

N
|Maz| < (14 O(e” V#)||hll L= Z |me x HE(iw) (|32 + CVe|me x HE(w)][3. (5.22)
i=0
N
It remains to compare Z [m. x HE(xiw)||2e with ||m. x HE(w)||?2. As in the end of Section 3.3
i=0

we have:
He(xiw) = XiH (W) + 75
with 7; = —26(9;5)2,'83;111 - 683&)&11), and

I17illez < cellOeXillLoe 0awll 2 + cel|OraXill L= 1wl 22

IN

cVE||Ozw| 2 + ¢||wl]|r2 from the estimates on the derivatives of ;

IN

eve||lme x HE(w)| L2 with Corollary 3.2.

Therefore with the same method as in Section 3.3, we obtain that

N
Y Ime x A (xiw) |72 < (14 ev/E)llme x H (w)]Z..

=0

Hence we obtain that: -
|Maa| < ([Pl + evE) [Ime x HE (w)]|72- (5.23)

From (5.16), we obtain that

1d
5 7 (WM (W) + me x HE ()| < CVellme x HE (w)]| 2
+ (lhllp +eve + Klwle) [me x #H (w)]Z..

Now we assumed that ||h| /L < 1 — 37 so we obtain, using the Young inequality for the first right
hand side term:

1d c
5 3 (R () + (27 = ev/e = Klwllo) [[me x HE(w)[[7: < —e + rllme x 17 (w)] 72
that is 14 N
S (e ) + (7 — vz — Klwl.) e x HE ()2 < e.
So for € small enough, while ¢ remains in X, we have:
1d R T R 9 C
- _ < =
g (wHE W) + (5 = Klwll. ) me < e (w) 7 < Ze,
and while o remains in Y5, while ||w[|. < ;% , using Proposition 3.2, we have:
1d T(1—"7) C
- J LA J < Ze.
2dt<w\7—[ (w)) + 1 (w|H (w)) < -

By comparison argument, we obtain then that while ¢ remains in X5, while ||w||. < &

4C
T7(1—7)

T(1—1)
2e t'

(w|HE (w)) < e? + (wo|H® (wo))e~

47



Plugging this inequality in (5.14) we obtain that while o remains in Y5, while ||w|l. < %

K>

d re d re _zd-m)
‘dt(@—gi f)‘ +’dt(0i_0i f)‘ < Ke? 4 Cfwo|2e~ 75,

and by integration in time we obtain

1
So on the time interval [0, —], we have that while o remains in X, while ||w]]. <
€

and

0; — 077 | (t) + |0 — o7! (0) + |05 — o7 (0) + Ke?t + Ke|jwo||?.

g

(t) < |6; - 07!

T
4K

[w(®)lle < cflwollc + Ke

0; — 077 (1) + |0 — 77| (£) < |0: — 677 | (0) + |0 — 077 | (0) + Ke + Ke|Jwol|?,

so we conclude the proof of Theorem 1.2 with the same arguments as for Theorem 1.3.
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