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SUBEXPONENTIALLY INCREASING SUMS OF PARTIAL
QUOTIENTS IN CONTINUED FRACTION EXPANSIONS

LINGMIN LIAO AND MICHAL RAMS

ABSTRACT. We investigate from a multifractal analysis point of view
the increasing rate of the sums of partial quotients Sy () = >°7_, a;(z),
where z = [a1(x),az2(x), -] is the continued fraction expansion of an
irrational = € (0,1). Precisely, for an increasing function ¢ : N — N,
one is interested in the Hausdorff dimension of the sets

E, = {ac € (0,1): lim n(@) _ 1}.
Several cases are solved by Iommi and Jordan, Wu and Xu, and Xu.
We attack the remaining subexponential case exp(n?), v € [1/2,1).
We show that when vy € [1/2,1), E, has Hausdorff dimension 1/2.
Thus, surprisingly, the dimension has a jump from 1 to 1/2 at ¢(n) =

exp(nt/?). In a similar way, the distribution of the largest partial quo-
tient is also studied.

1. INTRODUCTION

Each irrational number z € [0,1) admits a unique infinite continued frac-
tion expansion of the form

(1.1) - - ,
al(x) + 1
az(x) + ———
as (.T) +
where the positive integers a,(z) are called the partial quotients of z. Usu-
ally, (1.1) is written as x = [a1, ag, - - -] for simplicity. The n-th finite trun-

cation of (1.1): pn(x)/qn(x) = [a1,--- ,a,] is called the n-th convergent of
x. The continued fraction expansions can be induced by the Gauss trans-
formation T : [0,1) — [0, 1) defined by

1
T(0):=0, and T'(z):= - (mod 1), for x € (0,1).

It is well known that a(z) = |z~!] (|-| stands for the integer part) and
an(x) = a1 (T"1(x)) for n > 2.

For any n > 1, we denote by Sy(x) = >_7_; a;(x) the sum of the n first
partial quotients. It was proved by Khintchine [5] in 1935 that Sy, (x)/(nlogn)
converges in measure (Lebesgue measure) to the constant 1/log2. In 1988,
Philipp [7] showed that there is no reasonable normalizing sequence ¢(n)
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2 LINGMIN LIAO AND MICHAL RAMS

such that a strong law of large numbers is satisfied, i.e., S,(z)/¢(n) will
never converge to a positive constant almost surely.

From the point of view of multifractal analysis, one considers the Haus-
dorff dimension of the sets

E,= {:UE 0,1): Tim 22 :1}.

n—oo (n)

where ¢ : N — N is an increasing function.

The case p(n) = yn with v € [1,00) was studied by Iommi and Jordan
[3]. It is proved that with respect to -, the Hausdorff dimension (denoted
by dimg) of E, is analytic, increasing from 0 to 1, and tends to 1 when
v goes to infinity. In [9], Wu and Xu proved that if p(n) = n? with v €
(1,00) or p(n) = exp(n?) with v € (0,1/2), then dimg E, = 1. Later, it
was shown by Xu [10], that if ¢(n) = exp(n) then dimy F, = 1/2 and if
p(n) = exp(y") with v > 1 then dimg E, = 1/(y + 1). The same proofs
of [10] also imply that for p(n) = exp(n?) with v € (1,00) the Hausdorff
dimension dimg E, stays at 1/2. So, only the subexponentially increasing
case: ¢(n) = exp(n?),vy € [1/2,1) was left unknown. In this paper, we fill
this gap.

Theorem 1.1. Let ¢(n) = exp(n?) with v € [1/2,1). Then
1

We also show that there exists a jump of the Hausdorfl dimension of E,
between o(n) = exp(n'/?) and slightly slower growing functions, for example
p(n) = exp(y/n(logn)~").

Theorem 1.2. Let p(n) = exp(y/n-1¥(n)) be an increasing function with
1 being a C' positive function on Ry satisfying

2 /
(1.2) Tim SuPyiﬁ(’*ﬁ(y) =0 and lim xj(g)

=0.

Then
dimpy FE, = 1.

We remark that the assumption (1.2) on the function v says that ¢ de-
creases to 0 slower than any polynomial. We also remark that when v is
decreasing, then the first condition of (1.2) is automatically satisfied.

Theorems 1.1 and 1.2 show that, surprisingly, there is a jump of the
Hausdorff dimensions from 1 to 1/2 in the class ¢(n) = exp(n?) at v =1/2
and that this jump cannot be easily removed by considering another class
of functions. See Figure 1 for an illustration of the jump of the Hausdorff
dimension.

By the same method, we also prove some similar results on the distribution
of the largest partial quotient in continued fraction expansions. For z €
[0,1) \ Q, define

To(x) := max{ag(z): 1 <k <n}.
One is interested in the following lower limit:
T, log 1
T(z) = lim inf (2 08 10B T

n—o0 n
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FIGURE 1. dimpy E, for different ¢.

It was conjectured by Erdés that almost surely T'(z) = 1. However, it was
proved by Philipp [6] that for almost all z, one has T'(x) = 1/log 2. Recently,
Wu and Xu [8] showed that

n— 00 n

T, (2) log]
VYa >0, dimH{xe[O,l)\@:hm(‘T)Og(’g”:a}:L

They also proved that if the denominator n is replaced by any polynomial
the same result holds. In this paper, we show the following theorem.
Theorem 1.3. For all o > 0,
F(y,a) = {a: €[0,1)\Q: lim T,(z)/exp(n?) = Oz}
n—oo
satisfies

1 ify€(0,1/2)
3 ifv € (1/2,00).

We do not know what happens in the case v = 1/2.

dimpg F(v,a) = {

2. PRELIMINARIES
For any a1, a9, -+ ,a, € N, call

I(ai, - ,an) :={x €[0,1):a1(z) = a1, - ,an(x) = an}

a rank-n basic interval. Denote by I,,(x) the rank-n basic interval containing
x. Write |I| for the length of an interval I. The length of the basic interval
I,(a1,a9,--- ,a,) satisfies

(2.1) ﬁ(ak+1)_2 <

k=1
Let A(m,n) = {(i1,...,in) € {1,...,m}": Yp_ ix = m}. Let ¢(-) be

the Riemann zeta function.

In(ah e 7an)

Lemma 2.1. For any s € (1/2,1), for alln > 1 and for all m > n, we have

> H;QSs( 2+¢<2s>))nm28'

(31,-.yin ) EA(M,n) k=1
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Proof. The proof goes by induction. First consider the case n = 2. For
m = 2 the assertion holds, assume that m > 2. We will estimate the sum
St im25(m —4) 2. For any u € [1,m/2] we have

[ay

u—

m—1 u—1 m—u
Z Z'—QS(m -\ —2s — QZi_QS(m _ Z')—QS 4 Z ,L'—QS(m _ i)—QS
=1 =1 =

— )"
( i 25) (m —u)"% + (m —2u+ D)u"2(m —u)~ %
i=1

< 2¢(28)(m —u) "% + (m — 2u + Du"25(m — u) "%,
Take v = |m/3]. Then one has

<

[\

(m—2u+Du"2 = (m+ Du? —2u'"2 < (m+1) L%J > _92<4.

Hence, the above sum is bounded from above by

@+ 2029) - ()7 < 324 C29)

Suppose now that the assertion holds for n € {2,n9}. Then for n = ng+1,
we have

no+1

2 [T

(i1,eening 1) E{Loreim} 01, S ig=m k=1

m—1 no

_ Z‘—2s Z H Z‘IZQS
=1 (1150esing ) E{L ... m}™0, S i =m—i k=1
m—1 9 no

<) it (2 (2+ C(2s))> (m —i)7%
i=1
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A(v,c1,¢2,N) = {x €(0,1): 1< azix) < 9, Vn > N}.

Denote by Ny the smallest integer n such that (cz —c1) - e® > 1. Then the
set A(y,c1,c2, N) is non-empty when N > Nj.

Lemma 2.2. For any v >0, any N > Ny and any 0 < c¢1 < ¢,

1

dlmH A(’Y)CLCQ)N) = 5
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Proof. This lemma is only a simple special case of [2, Lemma 3.2], but we
will sketch the proof (based on [4]), needed for the next lemma. Without
loss of generality, we suppose Ny = 1 and let N =1 (the proof for other N
is almost identical).

Let a1, a9, ..., a, satisfy ¢; < aje_j7 < ¢o for all j. Those are exactly the
possible sequences for which the basic interval I,,(aq, ..., a,) has nonempty
intersection with A(~, ¢y, co, 1).

There are approximately

n
(2.2) H(CQ — 1)l m et
j=1

of such basic intervals, each of diameter

(2.3) Tn(ar, .. ap)| ~ e 22077,
(both estimations are up to a factor exponential in n). Hence, by using the
intervals {I,(a1,...,a,)} as a cover, we obtain

1
dlInH A(’Ya Cc1,C2, 1) S 5

To get the lower bound, we consider a probability measure g uniformly
distributed on A(~, ¢y, co, 1), in the following sense: given aq,...,a,—1, the
probability of a, taking any particular value between cie™’ and coe™’ is the
same.

The basic intervals I,,(ai,...,a,) have, up to a factor ¢, the length
exp(—2>_7j7) and the measure exp(—» 7 j7). They are distributed in
clusters: all I,,(ai,...,a,) contained in a single I,,(a1,...,a,—1) form an
interval of length exp(n?) - exp(—23_7 j7) (up to a factor ¢", with ¢ being a
constant), then there is a gap, then there is another cluster. Hence, for any
r € (exp(—23"57), exp(—232771j7)) and any = € A(v, ¢y, c2,1) we can
estimate the measure of B(z,r):

roem 2007 ifr < e 2X1 T
w(B(z,r)) ~ o ST > 20+

(up to a factor ¢"). The minimum of log u(B(xz,r))/logr is thus achieved
for r = e 221 97+77 and this minimum equals

5yl oy _ntl 1 1
=23 Vi +n =2t (y4+1)—nY 2
Hence, the lower local dimension of 1 equals 1/2 at each point of A(7, ¢, ¢2,1),
which implies

dimp A(77 €1, C2, 1) >

DN | =

by the Frostman Lemma (see [1, Principle 4.2]). O

Let now ¢ and ¢ not be constant but depend on n:

B(v,c1,¢2,N) = {a: €(0,1):c1(n) < an(2) < ca(n) Vn > N} .

e’

A slight modification of the proof of Lemma 2.2 gives the following.
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Lemma 2.3. Fiz v > 0. Assume 0 < c1(n) < ca(n) for all n. Assume also
that
1 _
L log(ea(n) — er(n)

n—00 ny

=0

and

1 1
lim inf M > —oco and limsup M < 4o00.
n—oo  logn n—s00 ogn

Then there exists an integer Ny such that (cz(n) — c1(n)) - e” > 1 for all
n > N1, and for all N > Ny,
dimg B(v,c1,c2, N) =1/2.

Proof. We need only to replace the constants ¢; and ¢z by ¢1(n) and c3(n) in
the proof of Lemma 2.2. Notice that by the assumptions of Lemma 2.3, the
formula (2.2) holds up to a factor exp(e Y 7 j7) for a sufficiently small € > 0.
While the formula (2.3) holds up to a factor exp(cnlogn) for some bounded
c. All these factors are much smaller than the main term exp()_} j7) which
is of order exp(n'*?). The rest of the proof is the same as that of Lemma
2.2. U

3. PROOFS

Proof of Theorem 1.1. Let ¢ : N — N be defined by ¢(n) = exp(n?) with
~ > 0. For this case, we will denote E, by E,.

Let us start from some easy observations, giving (among other things) a
simple proof of dimy E, = 1/2 for v > 1.

Consider first v > 1/2. If € E, then for any € > 0 and for n large
enough
(3.1) (1—¢)e™ < Sp(x) < (1+¢e)e™
and

(1—e)e™ ) <8, i(x) < (1+e)eHV),
Hence
(1—e)e™)” — (1 +e)e™ <apnyi(x) < (1 +e)e™D —(1—e)e.
For v > 1 this implies
E’Y C UA(’Yu 61762,N)
N

for some constants cj, co. By Lemma 2.2,

1
dimpy E, < > Vv > 1.
Consider now any v > 0. Set

1
ci(n) = (" —e Ve and  cy(n) = nt

c1(n).

For v > 1, ¢1(n) and cy(n) are bounded from below. For v < 1 and n large,
we have
(en'Y _ e(n—l)”)e—n"f ~ ,yn'y—l.
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Thus, in both cases the assumptions of Lemma 2.3 are satisfied. Checking
B(v,c1,¢2,N) C E,, we deduce by Lemma 2.3 that

1

Therefore, we have obtained dimy E, = 1/2 for v > 1 and dimyg E, > 1/2
for v > 0. What is left to prove is that for v € [1/2,1) we have dimy E, <
1/2.

Let us first assume that v > 1/2. Remember that if z € E,, then for any
e > 0 and for n large enough we have (3.1). Take a subsequence ng = 1,
and ny, = k7 (k > 1). Then there exists an integer N > 1 such that for all
k>N,

(1—e)e™ < Sp () < (1+2)e™

and (as exp(n]) = e*)

(1—e)ek — (14 )e" ™ < Sy (@) — Sy (@) < (1+e)e — (1 e)eh .

Thus
E’Y - U m A(’%kaN)a
N k>N
with A(v, k, N) being the union of the intervals {I,, (a1, a2, - ,an,)} such
that

g
Z aj =m with me Dy, N <U<E,
Jj=ng-1+1
where Dy :=[(1—e)e™ — (1+e)e™ 1 (1+e)e™ — (1 —e)e™ ).

Now we are going to estimate the upper bound of the Hausdorff dimension
of E = A(v, k,1). For Ec(pN) = >y A(7,k,N) with N > 2 we have
the same bound and the proofs are almost the same.

Observe that every set A(7y, k, N) has a product structure: the conditions
on a; for i € (ng,,ne,+1] and for i € (nyg,,ng,+1] are independent from each
other. Hence, for any s € (1/2,1) we can apply Lemma 2.1 together with
the formula

k
i |” < H(ang—1+1ane—1+2 T anz)i%
(=1
to obtain
Meg—Nyg—1
A0S ( (2+¢ 23>)) —
InkCA(’y,k’l {=1meD,
Denote 7"1 =21 —e ) and ry := (e — 1 — 66 —¢)/e. Then we have

|Dy| < rie’ and any m € Dg is not smaller than r9ef. Thus we get

gl/"/,(gfl)l/w
(3.2) Sl <Hr1e ( 2+g(23))>

I, CA(7,k,1)

We have ¢1/7 — (0 — 1)Y/7 = £1/7=1 As 4 > 1/2, we have 1/y — 1 < 1, and
the main term in the above estimate is e(!=29¢. Thus for any s > 1/2, the
product is uniformly bounded. Thus dimg ES) <1/2.

. 703567258.
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If v = 1/2, we take ny = k?/L? with L being a constant and we repeat
the same argument. Observe that now exp(n]) = eF/L. Then the same
estimation will lead to

02_(e—1)2

k

s s 9 L? —2s)L

(3.3) >l <] -(2(2+g(25))> e(=29)/L
In, CA(v,k,1) =1

The main term of the right side of the above inequality should be

9 20/ L
(2(2 + <(25))) el 2L,

We solve the equation

9 2/L?
<2(2 + g(2s))> L2/l —

which is equivalent to

(3.4) <Z(2 + g(2s))> —e T L

Observe that the graphs of the two sides of (3.4) (as functions of the variable
s) always have a unique intersection for some sy, € [1/2,1], when L is large
enough. These s; are upper bounds for the Hausdorff dimension of ES).
Notice that the intersecting point s;, — 1/2 as L — oo since the zeta

function ¢ has a pole at 1. Thus the dimension of Eg) is not greater than

1/2.
So, in both cases, we have obtained dimy E, < 1/2. O

Sketch proof of Theorem 1.2. The proof goes like Section 4 of [9] with the
following changes. We choose ¢ = (k). Let ny be such that p(n;) > 1
and define n; as the smallest positive integer such that

(3.5) p(nk) = (1+ ep—1)p(ng-1).

For a large enough integer M, set

Bu(e) i={x € [0,1) 1 any (@) = [(1+ e0)ip(nn)] +1,
an, (z) = (T +ep)p(ng) ] — [(1 +ep—1)p(ng—1)] + 1 for all k > 2,
and 1 < a;(x) < M for ¢ # ny, for any k > 1}.

We can check that Ey (@) C E,.

To prove dimy E, = 1, for any € > 0, we construct a (1/(1+¢))-Lipschitz
map from Ep(p) to Epy, the set of numbers with partial quotients less than
some M in its continued fraction expansion. The theorem will be proved by
letting ¢ — 0 and M — oo.

Such a Lipschitz map can be constructed by send a point = in Ep(¢) to
a point by deleting all the partial quotients a,, in its continued fraction
expansion. Define r(n) := min{k : ny < n}. The (1/(1 + ¢))-Lipschitz
property will be assured if

(3.6) im Y o,

n—oo n
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and

(3.7) lim log(an, an, - - an, )
n—00 n
In fact, by (1.2), we can check for any § > 0, ¥(n)
enough. Thus by definition of ng, we can deduce that r(n)
(3.6) is satisfied.
Further, we have

=0.

nd for n large

<
< nl/2+9 Hence

(3.8) S e~ r(n)(r(n).

By (3.5)

Thus (3.8) implies
(3.9) r(n)i(r(n)) < Vi (n),

where a,, < b, means that a,, /b, is bounded by some constant when n — cc.
On the other hand, by (2.1) and (3.5), we have

r(n)
log(anlang e anr(n)) S T(n) log(QSO(n)) + Z €k-

k=1
Hence (3.8) and (3.9) give
ny?(n)
log(an, any ++ @n,,,)) < T(n)Vmip(n) +r(n)Y(r(n)) < +7(n).
¥(r(n))
Finally, (3.7) follows from the assumption (1.2) and the already proved for-
mula (3.6). O

Proof of Theorem 1.3. For the case v < 1/2, the set constructed in Section
4 of [9] (as a subset of the set of points for which S,(z) ~ e"') satisfies
also T, (z) ~ €™’ and has Hausdorff dimension one. We proceed to the case
v >1/2.

The lower bound is a corollary of Lemma 2.3. Take ¢1(n) = a1l — 1)
and c(n) = . Let Ny be the smallest integer n such that £e"” > 1. Then
the conditions of Lemma 2.3 are satisfied, and for all points x such that
c1(n)e™ < an(x) < ca(n)e™’, we have

1
1@ z ) =a(1- 1),
and
T, (z)/e" =ap/e” <ae /e" < a,

where k < n is the position at which the sequence ay,...,a, achieves a
maximum. Thus for all x € B(v, ¢1, co, N1)

. ny __
nILH;oT"(x)/e =a.
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Hence, B(y,c1,c2, N1) C F(v,«) and the lower bound follows directly from
Lemma 2.3.

The upper bound is a modification of that of Theorem 1.1. We consider
the case o = 1 only, since for other a > 0, the proofs are similar.

Notice that for any € > 0, if x € F(v,1), then for n large enough,

(1—e)e™ < Sp(x) <n(l4e)e™.
Take a subsequence ny, = k'/7(log k)*/7*. Then
(1 —e)eh1oeN < g (2) < kM7 (log k)7 (1 + £)ehlos R

and
up < Snk (:L‘) - Snk71(m) < vg,

with
up = (1 — es)ek(logk)l/7 — (k= 1) (log(k — 1))1/72(1 + €)e(k*1)(1°g(k*1))lm,

vy = k7 (log k)77 (1 + £) k008 R) _ (1 — g)e(k=Dllog(h—1)"/7
We remark that
(3.10) uj; > %ek(logk)m, Vg < ;kl/”’(log k) 1/7? hllog k)1

when k is large enough.
Observe that

F(y,1) c|J B, N),
N

with B(v, N) being the union of the intervals {I,, (a1, a2, - ,an,) }x>n such
that
Ny
Z aj =m with meD,, N<IU<E,
Jj=ne-1+1

where Dy is the set of integers in the interval [ug, vy].
As in the proof of Theorem 1.1, we need only study the set B(~,1). For
any s € (1/2,1), since

k
‘Ink ’S S H(ang,1+1ang,1+2 e ang)_2s7
(=1
by Lemma 2.1,
k 9 Meg—Ng—1 9
> il <II X (Jercen)
InkCB('y,N) {=1meD,

Note that by (3.10) the number of integers in Dy satisfies
MM§w—w§w<%%”mMWf
By (3.10), we also have

(log &)/~

1
m > ug > ieé for any m € Dy.
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Similar to (3.2) and (3.3), we deduce that ZlnkcB('y,N) |1, |° is less than

Neg—Ng—1

k
H % (1 (10g 0)1/7" oz 0 (2(2 + ((2s))) 9% ¢~25(log )"/

Since ng — ng_q ~ (/77140 and 1/ =1 < 1, the main term in the
above estimation is e(1=29)¢1080)""  Thyg for any s > 1/2 the product is
uniformly bounded and we have the Hausdorff dimension of B(~,1) is not
greater than 1/2. Then we can conclude dimpy F(,1) < 1/2 and the proof
is completed. O

4. GENERALIZATIONS

In this section we consider after [4] certain infinite iterated function sys-
tems that are natural generalizations of the Gauss map. For each n € N, let
fn :[0,1] = [0,1] be C*! maps such that

(1) there exists m € N and 0 < A < 1 such that for all (ay, ..., an,) € N
and for all z € [0, 1]

0< th1 ' ojbm ( ’ <‘A < 1

(2) for any 7,5 € N f;((0,1)) N £;((0,1)) = 0,

(3) there exists d > 1 such that for any € > 0 there exist Cy(¢), Ca(g) > 0
such that for ¢ € N there exist constants &;, \; such that for all
z e 0,1] & <|fl(x)] <\ and

Ch Co
o = &G <A<

idfa'

We will call such an iterated function system a d-decaying system. It will
be further called Gauss like if

U £(0.1)) = [0,1)
1=1

and if for all z € [0, 1] we have that f;(z) < f;(z) implies ¢ < j.
We have a natural projection IT : N — [0, 1] defined by

(a) = 1i_>m fay 00 fa, (1),

which gives for any point = € [0, 1] its symbolic expansion (a1 (z), az(z), .. .).
This expansion is not uniquely defined, but there are only countably many
points with more than one symbolic expansions.

For a d-decaying Gauss like system we consider Sy, (z) = > 7 a;(z). Given
an increasing function ¢ : N — N we denote

i On(®) _
Eq(p) = {af €(0,1) nhi& o) 1}.
Theorem 4.1. Let {f;} be a d-decaying Gauss like system. We have
i) if (n) = e with vy < 1/d,
dimpg E4(p) =1,
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i) if p(n) =" with v > 1/d,

, 1
dimpg Ey(p) = 7
iii) if p(n) = e’ with vy > 1,
1
dimpyg By(¢) = ————.
myr Eale) y+d—1

The proofs (both from Section 3 and from [9, 10]) go through without
significant changes.

(1]

[10]
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