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Chapter 1

Improved stability criteria for sampled-data
systems with input saturations

Alexandre Seuret, Frédéric. Gouaisbaut, Sophie Tarbouriech and Joao M. Gomes
da Silva Jr.

Abstract In this chapter, the design of either the controller or the network is ad-
dressed for sampled-data systems with input saturation. Using modified sector con-
ditions, an adequate looped functional, and the Wirtinger-based integral inequality,
quasi-LMI conditions, with a scalar parameter to tune, are proposed in the regional
(or local) context for both design problems. The associated convex optimizations are
briefly described. Finally some examples show the efficiency of the methods with
respect to existing results.

1.1 Introduction

In the past decade, a large attention has been devoted to the stability analysis of
sampled-data systems [10]. This area addresses the problem of stability and stabi-
lization of systems evolving in continuous time whereas the control input evolves
in discrete time. Although the theory for linear sampled-data control systems is
well established for constant sampling period [2] through the discretization of the
continuous-time systems, there are still a lot of activities regarding the case of asyn-
chronous sampling. Indeed in practice, a heavy temporary load in the hardware
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which compute the control inputs can lead to significant variations on the sampling
time. These variations can dramatically affect the stability properties of a control
system. That is then clearly the motivation for the design of robust stability and sta-
bilization conditions which take into account the variations on the sampling period.

Among the possible solution, the sampling in a control loop can be modeled as
a time-varying delay on the plant control input while considering a continuous-time
dynamics. In this case, the delay variation rate between two sampling instants is
equal to one. Thus, a fundamental problem regards the determination of the bounds
on the delay variation, for which stability of the closed-loop system can be kept.
Considering this perspective, we can cite for example the approach proposed in [5],
and the improvements made in [17] and [4].

On the other side, many techniques have been proposed in the literature to deal
with the stabilization of time-delay systems subject to actuator saturation. In this
context, we can cite, for instance: [18] and [19], where globally stabilizing control
laws are proposed; and [27], [3] and [5], where the regional stabilization problem is
considered; [15, 16], where the authors consider the problem of globally stabilizing
systems with bounded feedbacks in the case where is present an arbitrarily large
delay in the input. These works are mainly concerned by state delayed systems. The
stabilization conditions consider delay independent approaches and delay dependent
conditions considering fixed delays. Recently, in [7] and [30], results considering
systems presenting time-varying delays on the states have been proposed. On the
other hand, we can note a lack of results considering input delays, and, in particular,
time-varying ones. In [9] and [28], anti-windup techniques are proposed for systems
with fixed input delays.

In this chapter we are interested in the problem of stabilizing a sampled-data
system taking into account the possible variations on the sample intervals which
are possibly due to packet losses in a communication network and also the fact
that the signals provided by the actuators are bounded (i.e saturating plant inputs).
The method is based on the use of a particular functional that, differently from the
Lyapunov-Krasovskii based approaches adopted for instance in [5], [17] and [4],
does not need to be positive definite. It is shown that if the time-derivative of this
functional along the trajectories of the continuous-time model is strictly negative,
then a quadratic Lyapunov function is strictly decreasing for the discrete-time asyn-
chronous system. Such an analysis has already been addressed in [22]. In the present
chapter, we aim at presenting an improved version of the stability conditions in [22]
by using of a less conservative integral inequality than the usually Jensen inequality.
This new integral inequality which is inspired from [23], is adapted to our purpose
in order to fit with the proposed analysis. On the other hand, the control saturation
is taken into account from the use of a generalized sector condition.

The paper is organized as follows. Section 1.2 describes the problem formulation.
Section 1.3 presents some preliminary lemmas on a LMI manipulation and on the
generalized sector condition. Section 1.4 shows the main stabilization theorem. In
Section 1.5, some optimization problems are proposed. Some numerical examples
illustrating the potentialities of the method are provided in Section 1.6.
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Notation. Throughout the chapter, the sets N, R™, R”, R"" and S" denote re-
spectively the set of positive integers, positive scalars, n-dimensional vectors, n X n
matrices and symmetric matrices of R"”*". For a given positive scalar, T}, define
K as the set of continuous functions from an interval [0, 7] to R”, where T is a
positive scalar less than 7,4,. The notation |- | and || - || stand for the absolute value
of a scalar and for the Euclidean norm of a vector, respectively. The superscript ‘7"
stands for matrix or vector transposition. The notation P > 0 for P € S" means that
P is symmetric positive definite. For any positive integer j < n any vector x € R”
and any matrix A € R"*", the notation A; and x; refer to the j’h line of matrix A
and the j* component of vector x, respectively. The symbols 7 and 0 represent the
identity and the zero matrices of appropriate dimensions. Co{-} denotes a convex
hull. For any matrix A in R"*", we define He{A} as A + AT.

1.2 Problem formulation

Let {# }xen be an increasing sequence of positive scalars such that Ugen[te, tt1[=
[0, + oo[. Assume that there exist two positive scalars Ty < Tpqy such that the
difference between two successive sampling instants 7; = ;| — #; satisfies

VkENa OSTmin STk STmax- (11)
Consider the linear system with a sampled-data input
Vi e [t]ﬁ tk+l[7 x(t) :Ax(t)+Bu(tk)7 (1.2)

where x € R" and u € R™ represent the state variable and the input vector. The
matrices A and B are assumed to be constant, known and of appropriate dimensions.
We suppose that the input vector u is subject to amplitude limitations defined by:

lui| < uoi, upi>0,i=1,...,m. (1.3)

Consider a linear state feedback control law u(z) = Kx(¢), where K € R™*", Due
to the control bounds defined in (1.3), the effective control signal to be applied to
the system is given by

u(t) = sat(Kx(t)), (1.4)

with u;(t) = sat(Kix(¢)) = sign(Kix(¢))) min{uo;, |Kix(¢)|}, i = 1,...,m. Hence, the
closed-loop system reads

x(t) = Ax(t) + Bsat (Kx(ty)). (1.5)

Although the system dynamics are considered to be linear, due to the control sat-
uration, the closed-loop system is nonlinear. Hence, the determination of a global
stabilizing controller is possible only when some stability assumptions are verified
by the open-loop system (u = 0, see [14, 24]). When these hypothesis are not ver-
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ified, it is only possible to achieve semi-global or local/regional stabilization. In
this case, given a stabilizing matrix K, we associate a region of attraction to the
equilibrium point x, = 0 of the system (1.5). The region of attraction corresponds
to all initial conditions xg € R" such that the corresponding trajectories of the sys-
tem (1.5) converge asymptotically to the origin [12]. Since the determination of the
exact region of attraction is practically impossible, a problem of interest is to ensure
asymptotic stability for a set of admissible initial conditions xy. Hence, from the
considerations above, in this chapter, we are interested in studying the stabilization
problem stated as follows.

P1.Maximize the bound on the maximal allowable sampling perioid .75, for which
asymptotic stability of the closed-loop system (1.5) can be ensured for some set
of admissible initial conditions.

P2.Given 97, %, find K and a set of admissible initial conditions, as large as possi-
ble, for which asymptotic stability of the closed-loop system (1.5) is ensured.

Regarding a networked control system, problem P2 can be seen as a “controller”
design problem, which is defined from the network schedule constraints. On the
other hand, problem P1 can be seen as a “network” design problem. In this case, the
network designer will consider the maximum allowable jitter (for which stability of
the system can be guaranteed) as a constraint in the network scheduling. Of course,
when it is possible, the objective is the global stabilization of the closed-loop system.
Otherwise, a set of admissible initial conditions, included in the region of attraction
of the closed-loop system, has to be defined. This set can be seen as an estimate
of the actual region of attraction and defines a region of “safe initialization” for the
system.

In order to develop conditions to solve problems P1 and P2, in the sequel a
particular notation is adopted. For all integers k € N, a function ); € K can be
defined such that equation (1.5) can be equivalently represented by:

2i(0) = x(tx),
V1 e [0, Tk], )(k(‘l:) :x(tk+T), (1.6)
W (7) = Ly (t) = Ay (t) + Bsat (K (0)).

In the sequel, we aim at designing constructive LMI conditions guaranteeing the
stabilization of such systems.

1.3 Preliminary lemmas and theorems

1.3.1 Modified sector condition

Using the notation y; given in (1.6), the following dead-zone function is defined

V(Kx1(0)) = Kxx(0) — sat (K xx(0)). (1.7)
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Note that, y(Kx;(0)) corresponds to a decentralized dead-zone nonlinearity.
Considering the function w (K (0)), the closed-loop system can be re-written as

Xk(7) = Axi(7) + BK 2(0) — By(K 4(0)), VT €[0, Ti].
Consider now a matrix G € R™*" and define the polyhedral set

S ={xeR";

(Ki - Gi)'xl < ug;, I = 17 3m}
The next Lemma from [9], concerning the nonlinearity y(Ky;(0)) is recalled.

Lemma 1. Consider the function w(Ky(0)) defined in (1.7). If xx(0) € .7 then the

relation

v (Kx(0))U [w(Kx(0)) — Gy (0)] <0, (1.8)
is verified for any matrix U € R™™ diagonal and positive definite.
The result in Lemma 1 can be seen as a generalized sector condition. As will be
seen in the sequel, differently from the classical sector condition (used for instance

in [28]), this condition allows to obtain stability conditions directly in an LMI form.
For notation simplicity, in the sequel we denote W (K x,(0)) as ;.

1.3.2 Asymptotic stability of saturated and sampled-data systems

Let us first recall the following theorem taken from [22] on asymptotic stability of
saturated sampled-data systems.

Theorem 1. Consider given matrices K and G in R™" and any positive definite
diagonal matrix U in R™ ™, Let Tpin and Tyay, Tnin < Tnax, be two positive scalars
andV : R" — R be a function for which there exist real numbers 0 < L) < Uy such
that

VxeR", lx)? <V (x) < wolxl. (1.9)

and such that, foralli=1,...,m and x € R"
*T (K — G)T (K — G))x < ;. (1.10)
Then, the two following statements are equivalent:
(i) Forallk € N, Ty € [A1, Typay), the increment of the Lyapunov function satisfies
AV (k) = 2Ty Uyi — Gxi(0)] < 0;

where AV (k) =V (2(Ti)) — V (2(0)).
(ii) There exists a continuous functional ¥ : [0, Tnax] X K — R which satisfies for
allze K
VT € [Tmim Tmax] %(Tk,z) = %(Oaz) (1.11)
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and such that, for all k € N, T, € [Tyin, Tinax) and T € [0 T and

d
V(T %) = T [V (2(0) + Y0(7, )] = 29 Uy = G (0)] < 0, (1.12)
Moreover, if one of these two statements is satisfied, then, for all initial conditions
x(0) = x0(0) in the set & defined by

E={xeR"; V(x)<1}, (1.13)

the solutions to system (1.2) with the saturated and sampled control law (1.4) con-
verge asymptotically to the origin.

Under the conditions of Theorem 1, it follows that the set & is included in the re-
gion of attraction of the closed-loop system (1.5). Note that this set is not necessarily
positively invariant for the continuous-time system, but it is indeed for the discrete-
time system, i.e. if xo(0) € & it follows that x;(0) € &, for all k > 0. Nonetheless,
the convergence of the continuous-time system trajectories to the origin is guaran-
teed for any initial condition belonging to &, i.e. regional asymptotic stability is
ensured.

1.3.3 Integral inequality

We recall here a result proved in [23], which provides a lower bound on a certain
integral quadratic term.

Lemma 2. Let @ : [a,b] — R" be a differentiable function over (a,b) having square
integrable first order derivative. Then, for all R € S", for all matrix N € R¥*?", the
inequality

1-1
[P &7 (u)Ri(u)du > QT |He{NM} — (b—a)N {Ig 3% NT] Q. (114
holds where
T (11 0
_ 1 b _
Q= |o"(b) 0"(a) 35 [P O @du| , M= Iz _2]],

Proof. This lemma refers to the Wirtinger-based integral inequality stated in [23].
Define the function z and the associated quantity .# (z) as follows

() = () =R~ [1 (2”;[’;“)1} NTQ and ()i [ T () Re(u)du.

Ja

The proof consists in reinjecting the definition of z in .#(z) and in developing the
integral. Some elementary integral calculus and an integration by parts show that
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I (z) = /ab o (u)Ro(u)du — Q7 0 3R

He{NM} — (b—a)N [R 0 }INT] Q,

Finally, the positive definiteness of matrix R ensures that .# (z) is positive definite,
which yields the result of Lemma 2.

O
Remark 1. The previous lemma presents another formulation of the Wirtinger-based
integral inequality. Indeed choosing the particular matrix N = bflaMTR allows re-

covering the original Wirtinger-based integral inequality from [23].

The objective of this chapter is to design new stability and stabilization condi-
tions expressed in terms of LMI based on Theorem 1 as proposed in [22] together
with the use of the Wirtinger-based integral inequality proposed in Lemma 2.

1.4 Stabilization of sampled-data systems under input saturation

In this section, asymptotic stabilization conditions in a regional or local context of
the sampled-data system (1.2) with the saturating control law given by (1.4) are
derived from the results of Theorem 1. These conditions allow the computation of a
gain K that ensures the asymptotic stability of the closed-loop system.

Theorem 2. For given positive scalars Ty, < Tnax and upj, j=1,...,m, assume
that there exist positive definite matrices PR € S", a positive definite diagonal ma-
trix U € S™, two matrices S1,Q1 € S, a symmetric matrix X € S"™", matrices
Y,S2,05 € R gnd N € RUnm>2n 16 matrices K and G € R™" and a pos-
itive scalar € that satisfy, for 0 = Tin, Tinax

Wi (8) = I1;(0) +6(IL + 1) <0,
I1,(0)+ 6(I; — Iy) ON

¥ (6) = . _g|[ROT] <0, (1.15)
0 3R
P(K;—G)T ,
¥ (o)) = L( fu%'-’) ] >0, Vj=1,...,m, (1.16)
]

with

I1,(0) = He {M] PMy — M} S:M, — NMg +MI GM, } — MI S\ Mg — OM3Q, M3
+He {(eM] +M])(AYM, + BKM, — Y M4 — BUMs) } —2MIUM:;

IL, = MIRMy+He{M] (Si Mo+ S:M) +M] (Q1 M3+ QoM>) }
I, = He{M3QoM>}, Il = MIXM;,
(1.17)
where !

! These matrices are not of the same dimension.
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M;=[I0000], My=[071000], M;=1[00100],

My=[00070|, Ms=[00001], Mg=[1-1000],
07000 I-1 0 00

My = 00001]’M8_ 11 —2100]'

Then, for all initial conditions xo = x(0) belonging to the ellipsoidal set
& ={xeRx" (Y TPy x<1},

the corresponding trajectories of the system (1.2) under the saturated control law
defined in (1.4) with K = KY ™! converge asymptotically to the origin for any asyn-
chronous sampling satisfying (1.1).

Proof. Introduce a quadratic Lyapunov function candidate defined, for any x in R”,
by V(x) = xT Px, where P is a symmetric positive definite matrix from S”. Thus, the
function V satisfies (1.9) since it has a quadratic form.

Considering now the result of Theorem 1, the idea is to prove that AV} =
V(i) = V(2x(0)) — 2Tyl Uy — Gxi(0)] < 0, for all k € N. With this aim an
appropriate functional ¥ satisfying (1.11) and (1.12) must be chosen. A candidate
of such a class of functionals is defined for all T € [0, T}, as follows:

Yo(7, ) = (T — 7) (0(7) — 2 (0) T [S1 (2 (7) = 2(0)) +2820(0)]
+(Tie — 7)Tv{ (2)[01Vi(T) + 20244 (0)]

T
sti=oe | WO x| O] 1) 2 (0)Ras(0)o,

where §1,01,R>0€S", 55,0, € R and X € S"* and where v; (1) := % Jo 2 (s)
ds.

The only difference with respect to the functional employed in [22] relies on the
introduction of the function V. Introducing this function to the looped functional
is necessary to fully take the advantages of the Wirtinger-based integral inequality
provided in Lemma 2. It is clear that vj is continuous and differentiable over the
interval (0, 7;] and can be extended to the closed interval [0, 7;], by noting that its
limit, as T goes to 0, is xx(0). Moreover simple calculations show that

1
W(®) = - (D)~ ().
Obviously, this expression is only valid over the interval (0,7;] but can be ex-
tended by continuity to the interval [0, T;].
Since the functional ¥ (7, X)) is equal to zero at T = 0 and T = T, the functional
% satisfies looped condition (1.11). The end of the proof consists in showing that
inequality (1.12) holds. Introduce the extended vector

&(t) = [xd () 2 (0) v{ (7) 2l (o) i 1",
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forall T € [0, Tj[. Thanks to this augmented vector, an upper-bound of the derivative
of W is given by

W (v, ) < EN(O)IT (T) + (T — ©) L + T + (T, — 20) L) (7). (1.18)
where

1:11 (Tk) = HC{MITPM4 —MggzMz —NMg} —M6T§1M6 — TkM3Q1M3
+He{(MTY] +MIV]\My+MITGM,} —2M1T U Ms

ﬁz :MZRM4+HC{MZ(§1M6+§2M2)}+HC{M{(Q1M3+Q2M2)} (1.19)
< 1
- He{M3Q2M2}+]V[§ ;H NT, Ay = MIX,

where My = [A BK 0 —I —B} 11, € R N e R¥mx<21n and where the ma-
trices M; are defined in Theorem 2. This inequality has been obtained by, first an
application of Lemma 2, which ensures that, for all matrix N in R¥ntmx2n ¢

T - -1 5
- [ ©Ru(0)0 <& (1) | ~He(me) + o7 | § N] &(2), (120

and by noting that

206 ()Y + 1 (0)Y) (A () — 2 (7) + BK i (0) — By) =0,

for any square matrices ¥; and ¥, € R"*". This manipulation can be interpreted as
the use of the descriptor approach introduced in [6] or the Finsler Lemma.

Since the matrices K and G are decision variables, the previous inequality is not
an LMI. Indeed the matrix ITj contains products of matrices variables (¥; with K
and ¥, with K). There exists several transformations to derive an LMI condition that
allows to compute a gain K, while guaranteeing that % (, x;) < 0. In this chapter, a
method inspired from [6] is applied. It relies on the fact that an underlying necessary
condition of the previous condition to hold is the non singularity of the matrix Y>.
Additionally, U is assumed to be a diagonal positive definite matrix. Thus it is possi-
ble to define the matrices Y = 172’1, U=0U""and £ = diag{Y,Y,Y,Y,U}. Consider
the vector & (1) = £~ & (7). Rewriting (1.18), using the new variable & leads to

W (T, 0) < EL()ET[I + (T — 7) [ + tI; + (T, — 27) K] E& (7).
From the definition of the matrices M; fori =1,...,8, one has
M;E=YM;, i=1,2,3,4,6, Ms& =UMs, M7 =5 = [)(; 8] My, Mg® = [g 8} Mg,
MyE = AYM + BKYM, — YMy — BUMs.
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Setting now Y| = €Y, and considering the following change of variables P = Y7 PY,
yol" ,[ro re[Y 0
.= Tg. P T 0. | — = X == N
Si=YTSY, Qi =YTOY, fori=12 X {OU} X[OU},N HN[OY],
R=YTRY,K = KY and G = GY, the following inequality is obtained:

W (T, x0) < EL(T) I + (Ti — ©) I + T + (T — 27) 1) & (7). (1.21)

RO
0 3R
prove that % is negative definite for all 7, note that the right hand side of equation
(1.21) is affine with respect to the variable 7 in [0, T}]. Then, by convexity, it suffices
to ensure that the right hand side of (1.21) is negative for T =0 and 7 = T} (see [17]
for more details). This fact leads to the inequalities

-1
where IT; = ITl; + NT [ ] N and I1,, I, I3 and Il are defined in (1.17). To

IT) + T (I, + I3) < 0, and IT; — T; 115 +TkNR71NT < 0.

Applying the same argument on T} in the interval [Tin, Tnax] and by using the
Schur’s complement, conditions ¥} (0) < 0 and ¥4(0) < 0 given in (1.15) are ob-
tained for 0 = Tin, Tinax-

Right and left-multiplying (1.16) by diag{Y>,1} and next applying Schur’s com-
plement, we conclude that (1.16) is equivalent to (1.10). Hence, it follows that
&p C & and the condition (1.8) is verified for all x;(0) € &p.

Hence, by virtue of Theorem 1, conditions (1.15)-(1.16) ensures the asymptotic
convergence of the trajectories to the origin, provided that x(0) € &p.

O

Remark 2. The conditions from Theorem 2 are linear with respect to the matrices
A and B which characterizes the dynamics of the system. Then a direct extension
of this result can be provided in the case of systems with polytopic uncertainties
defined by some positive scalars A;’s such that Z?il Ai=1and [AB] = fi 1 AilAi Bi].
Note that the A;’s could either be constant parameters or time-varying but in both
cases they are considered unknown.

1.5 Optimization problems

P1. Optimization of 7,,,, for a given set of initial conditions: Thanks to Theo-
rem 2, it is possible to include an optimization scheme in order to maximize the
upper-bound of the sampling period for a given set of initial conditions. Define a
region of admissible initial states as

Epy = {XGR", x Pyx < 1}.

Then, it is clear that the condition P =Y T PY~! < Py ensures that & 7, C &5. The
following lemma is employed in the sequel.
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Lemma 3. Let P be a positive definite matrix and Y be a nonsingular matrix. Then
the inequality Py > YT PY ™! holds if

Py I
I Y+YT—P

} >0. (1.22)

Proof. The proof can be found for example in [22].
O

Hence, given T,,;, and uy, the idea is to find the maximal 7., for which it is pos-
sible to compute K such that asymptotic stability is ensured for all initial conditions
belonging to &p,. An upper-bound on the maximal 7,4, can therefore be obtained
from the following optimization problem

max Tpax
subject to (1.23)
(1.15),(1.16),(1.22).

Note that, from Lemma 3, the last inequality above ensures that P < Fy, which
ensures that &p, C &p.

P2. Maximization of the estimate of the region of attraction: For a given
ug and an asynchronous sampling satisfying (1.1) with given T,,;,, and T,,,,, the
objective is to determine K that leads to the largest set of initial conditions for which
the conditions of Theorem 2 are satisfied. In other words, we should find K such that
&p is maximized considering some size criterion. For instance, we can maximize the
minimal axis of &p, which corresponds to minimize the maximal eigenvalue of P.
This can be accomplished from the following optimization problem

min &
subject to
(1.15),(1.16), (1.24)

51 I =0
I Y+¥T—P '

Note that, from Lemma 3, the last inequality above ensures that P < 81, which
ensures that A, (P) < 8.

Remark 3. For a fixed &, the constraints in (1.23) are LMIs. Then the optimal solu-
tion of the previous problem can be easily approached by solving LMI-based prob-
lems on a grid in €.

Remark 4. The result of Theorem 2 concerns the synthesis of a stabilizing gain K.
Nonetheless, the conditions (1.15), and (1.16) can also be used for analysis pur-
poses, when the gain K is given. It suffices to replace K by KY. In this case, the
problem (1.23) can be solved, to determine an estimate of the region of attraction of
the closed-loop system or to determine a bound on the admissible sampling period
jitter, respectively. Note that the conditions are still LMIs for a fixed €.
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1.6 Illustrative Examples

1.6.1 Example 1: Stability analysis for a given static output
feedback controller

We consider (1.2) with the following matrices, taken from [22] :

i) = [_02 o } x(1)+ m sty (1))

and where up = 5. The control gain K is chosen as [1 0]. This system is unstable
with a continuous-time state feedback control u(t) = Kx(¢). However, it was proven
in [20] that the closed-loop system using a sampled version of the same control law
becomes stable if the sampling period becomes sufficiently large. We will show now
that the same behavior appears even if the system is subject to input saturation.

In order to asses the stability of the closed-loop system with the given gain K,
we can consider the two optimization problems (1.23) and (1.24) with the variable
K replaced by KY (see Remark 4).

Consider the first optimization problem P1. With Py = I, the results of the opti-
mization problem (1.23) with are summarized in Table 1.1. One can clearly see the
considerable improvements with respect to [22] based on Jensen inequality.

Tin 1025]04]08[1.2]1.5
[5] o N
221 |0.37[0.71)0.97| - | -
Theorem 2[0.44(1.01|1.33|1.48|1.54

Table 1.1 Maximal allowable sampling period 7}, for Example 1.

Consider now the second optimization problem P2. For T,,;,, = 0.8, T}, = 1 and
up = 5. We aim at optimizing the size of the set of the allowable initial conditions.
Solving problem (1.23) we obtained J,,,;; = 1.2 while in [22], the same minimization
problem leads to &,,;; = 6.37. Again, the improvements of the method proposed in
the present chapter based on the Wirtinger-based integral with respect to the stability
conditions from [22] based on Jensen inequality.

1.6.2 Example 2: Stabilization using a static feedback controller

We consider (1.2) with the following matrices (taken from [3], where & = 0):

0= |y 10|10+ || satuta)
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and where ug = 5 and T,,,, = 1. We aim here at optimizing the controller gain in
order to maximize the set of allowable initial conditions. Applying the conditions
from [22] with € = 1, it follows that the asymptotic stability of the system is ensured
with the controller gain K = [—1.7483 0.5391] for any asynchronous sampling pe-
riod characterized by T,,;, = 0 and T,,,,, = 1. The obtained set of admissible initial
conditions in this case is given by

&= {x eR?; xT [78:‘1‘;52 ﬁiéﬁﬂ x < 1}, Omin1 = 0.497.

Using now the conditions provided in the present chapter with € = 1, the optimal
controller gain is K = [—1.5355 0.4735] and the set of acceptable initial conditions
is

S={xeR [ 00 x <1}, G —0497.

Since the results of the two lemmas are very close to each other, we can conclude
that the use of the Wirtinger-based integral inequality does not help in improving
this optimization problem for the stabilization.

1.7 Conclusion

This chapter proposes a novel constructive stabilization criterion for sampled and
saturated controlled systems based on the discrete-time Lyapunov theorem. The dif-
ference with respect to the previous research remains in the use of the Wirtinger-
based integral inequality in order to reduce the conservatism of the conditions.
Moreover, as illustrated in the example the method provides less conservative re-
sults than existing approaches reported in the literature at least for the analysis.
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