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KERNEL AND EIGENFUNCTION ESTIMATES FOR SOME SECOND
ORDER ELLIPTIC OPERATORS

EL MAATI OUHABAZ AND ABDELAZIZ RHANDI

ABSTRACT. For a potential V' such that V(z) > |z|* with a > 2 we prove that the heat
kernel k;(x,y) associated to the uniformly elliptic operator A = — Z?kzl Ok(a;0;) +V
satisfies the estimate

7a+2‘ |1+a u+2‘ ‘1+a
Fi(@,y) < Cemmote ™ | £ Z
- |5+ ly|$+ee

for large =, y € R™ and all ¢ > 0. Here 0 < 6 < 1 is an appropriate constant, b > a+2 and

o is the first eigenvalue of A. We also obtain an estimate for large |z| of the elgenfunctlons
of A.

1. INTRODUCTION

In this paper we consider operators of the type

- Z 8k(akj8ju) + Vu,

k,j=1

with potentials V' that grow more than a polynomial. We study the behaviour for large |x|
of the associated heat kernel and associated eigenfunctions.
We make the following assumptions in which a > 2, n and A are positive constants:

arj = aji € WipZ (R, R), djar; = o(|z|#) as|z| — oo,
(H)q  nléP <220 an(@)&é; < AP forall £ € R,
V e L} (R™) such that V(x) > |x|*.

We define the quadratic forms

a(u,u) := Z/ akﬁkuﬁu—i-/ Vul?
k=1

b(u,u) = / |Vu|2+/ Vul?

for u € D(a) = D(b) = {u € W"3(R"); [5. V|u[* < oo}. It is easy to see that a and b are
closed symmetric forms. Their assomated self-adjoint operators are A and B, respectively.
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2 EL MAATI OUHABAZ AND ABDELAZIZ RHANDI

Formally,
Au = — Z Ok(ag;0ju) + Vu and Bu = —Au+ Vu.

k,j=1
Since limy|— 40 V(2) = 400 it follows that A and B have compact resolvents. Therefore
their spectra are discrete

o(A) = {w; i=0,1,...}
o(B) = {\;i=0,1,...}.

We shall denote by (1;);>0 and (¢;);>o the corresponding normalized eigenfunctions of A
and B, respectively. In particular, 1)y and ¢y will denote the normalized eigenfunctions
corresponding to the first eigenvalues g for A and \g for B.

Since V' is non-negative, the semigroup generated by —A is dominated by the Gaussian
semigroup. Similarly, the semigroup of —B is dominated by the semigroup corresponding
to the operator with V' = 0. Therefore, A and B have heat kernels k;(z,y) and p;(z,y)

which satisfy Gaussian upper bounds
1 _Jz—y? lz—y|?

pe(z,y) < W@ s ki(z,y) < Ct™2e= ¢

for t > 0 and some constants ¢, C' > 0 (see [2], [9]). Better estimates for large time ¢ are
proved in [10]. Indeed, it is shown there that

C z—y|? 1275
pt(I,y) < We_Aote_l 4ty‘ |:1 + )\Ot + |.’L’ y| :|
and the same arguments give
C 2(1, ) 2 x7 %
ki(z,y) < WB_“Ote_p T {1 + ot + P (t y)} >0

where
n

p(x,y) :=sup{p(x) — ¢(y) : ¢ € CZ(R"), Z aijOpp0;¢ < 1 a.e. on R"}
k,j=1
is the metric associated to coefficients ay;. By uniform ellipticity, p is equivalent to the
Euclidean distance.
These estimates are sharp with respect to t but they do not reflect the behaviour of the
heat kernel for large x and y. For the operator B, it is known that

pi(,y) < Ce o) po(y) (1.1)

for all x, y € R", 0 < t < 1, where C, ¢ are positive constants and b is a constant such
that b > 2£2; see [2, Theorem 4.5.4]. Note that in [6, Theorem 6.2| (see also [5, Example

3.13|) this result is obtained with b = 2£2. Note also that for large |z| the ground state ¢,

satisfies
1 e 1 _ =7
oqg———e€ 7 < po(r) <cg————e (1.2)

a5 el
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for some positive constants ci, ¢; and v := 1 + §; see [2, Corollary 4.5.8]. From this and
(1.1) one has for large = and y

- 1 |z
pi(z,y) < Ce ey (1.3)

(Jzlly)) s+

Our contribution in this note is to show a similar estimate for the heat kernel k.(z,y)
of the operator A. It is not clear how to adapt the proof in [2]| to obtain (1.1) for k;(z,y)
with 1y instead of ¢y. What we shall do is to prove that the estimate (1.3) carries over
from pi(x,y) to ki(z,y). The idea is to use a log-Sobolev inequality for B from [2| and then
by ellipticity the the same inequality holds for A. In order to conclude we will need an
L™ estimate for a "weighted" semigroup ¢ 'e * ¢ with an appropriate function ¢. This
estimate will be obtained by using the Beurling-Deny criterion. As a result we prove that
if A <1, then for large |z| and |y|

<
2

1 a7 |y|?

ke(z,y) < Cehote ' ——— e 5 T
(Jllyl)* =
for all t > 0. We also mention that some related results on heat kernel bounds for
Schrodinger operators on manifolds are proved in [11].
As a consequence of our result we obtain the following estimate for the eigenfunctions 1);,
j>0
1 l=”

e
CEiss

i (z)] < ¢

||

for large |z|. If the condition A < 1 is not satisfied we prove similar estimates with e~ ~

lz|7 .
replaced by e~ “ > for an appropriate constant ¢ > 0.

2. HEAT KERNEL ESTIMATES
Before we state the main results of this section, let us recall that 1y is strictly positive.

Lemma 2.1. The ground state vq of A is strictly positive, i.e.
Po(x) >0, a.e. xR

Proof. By the Beurling-Deny criterion the semigroup (e*4) is positive. This follows from
the fact

u € D(a) = u" € D(a) and a(u®,u”) =0.
Since the Gaussian semigroup (e'?) is irreducible (as a convolution with the Gaussian
function) we have from [9, Theorem 2.10] that for every measurable subset 2 of R" such
that

xou € WH(R™),  Vu € WH(R"),

then [Q] = 0 or |R™\ Q] = 0, where | - | denotes the Lebesque measure. From this and the
definition of D(a), we see that

Xou € D(a), Yu € D(a),
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then |Q] = 0 or |[R™\ Q| = 0, where

(z) = 1 ifxeq,
X\ =90 otherwise

denotes the characteristic function of the set 2. By |9, Corollary 2.11], (e7*4) is irreducible.
It is now a classical fact that this implies that ug is a simple eigenvalue with ¢y > 0
(cf |2, Proposition 1.4.3]). O

The following is the first main result of this paper.

Theorem 2.2. Assume that (H) is satisfied with some constant A < 1. Then the heat
kernel ki(z,y) satisfies

ot at—b L S R ik
ki(z,y) < Ce e ————Fe” 7~
(lzllyl)
for large x, y € R™ and allt > 0. Here C, ¢ > 0, b>g—f§, :%—F"Tfl and vy =1+ 3.

Proof. We note first that, by domination (cf. [9, Theorem 2.24|), one can assume that
V() = la|*.
Denote by ¢ a positive and C'*°-function on R” such that

_g _l=I7
p(w) = |z Fe™ >

for |z| > R large enough. By normalization, one can assume that |||z = 1.
Define on L7, := L*(R", ¢*(z)dz) the forms

a(u,v) := a(pu, pv), E(u, v) := b(pu, pv)

D(@) = D(b) = {u € L*(R", p*dz); pu € D(a) = D(b)}.
By considering the unitary operator
U, : (R, p*dz) — L*(R",dx)
fr—of

we see that the associated operators g, B (with @ and E, respectively) are A= Uy, AU, B =
U, BU,. Hence,

eftﬁ _ SpfleftAQD’ efté _ 8071671&3@
and their associated kernels are
~ kt(ﬂf, y) ~ pt(x7 y)
ki(r,y) = ——— and py(v,y) = ——— .
' o(x)e(y) .9) o(x)e(y)

We need the following lemmas.

Lemma 2.3. For every non-negative f € D(a) we have

1A f:=inf{l, f} € D(@).
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Proof. Since (pg'e ™ Bpg)l = @y le ™ tpy = et < 1, the semigroup (¢p e Byy) is L>-

contractive. Therefore, we can apply the Beurling-Deny criterion (see e.g. |9, Corollary
2.17]) and obtain

LA f:=inf{l, f} € D(b%) for all 0 < f € D(b"), (2.1)

where (b%, D(b%)) is the form associated to the operator ¢, By on L?(R"™, p2dz) which is
(minus) the generator of ¢y e *Bp,.
We claim now that N

D(b%) = D(b).

By (1.2), ¢ and ¢, are equivalent and hence L*(R"™, p?dz) = L*(R", p2dz). In addition,

/ V(pu)*dr < 0o < V(pou)?dz < oo.

R’VL
Using the fact that for large |z| we have

a1|[Vo(z)| < [Vipo(2)] < az| Vip(2)] (2.2)

where a; and ay are positive constants (see |6, Lemma 6.1], [8, Theorem 2.1, Chapter 6]),
we obtain
V(,Oo(l’)
wo(x)
where C; and (5 are two positive constants.

Suppose now that u € D(b). Then, v := pu € WH3(R"), Jan 12]*v(x)Pdz < oo and
g := % satisfies

2
< Cl|$’a+C2, r eR",

Vg(2)]? < C1|z|* + Cy, € R™ (2.3)
Since C°(R™)) is a core for B (cf. [3]) and hence a core for b (cf. |9, Lemma 1.25]), it
follows that there is a sequence (v,) in C°(R")) such that v, — v, |[Vv,| — |Vv| and
|z|2v, — |z|2v in L?(R™). Take now h € R™. Then for every =

g(@ + hjvn(x +h) = g(x)oa(z) = (9(z +h) = g(z))on(2) + g( + h)(va( + ) = va(2))

1
_ Un(x)/ h- V(e + th) di +
0

1
g(x—i—h)/ h - Vv, (x + th)dt.
0

Hence, using (2.3), we deduce that there are positive constants Cy, Cy, C3 such that

7a(gon) — (gva) 2 < |1 01( |x|arvn<x>|2dx) +Cz|!UnHL2+03HVUn||L2]
Rn

holds for all n € N. Passing to the limit, we obtain

Im(gv) = (g0) 122 < [A] 01( |x|“|v<x>|2dx) +02||v||L2+03||W||L2].
Rn




6 EL MAATI OUHABAZ AND ABDELAZIZ RHANDI

Therefore, gou = gv € W2(R") (cf. [1, Proposition 9.3]) and hence D(b) C D(b?). The
reverse inclusion can be proved similarly.
Using now D(b*) = D(b), the lemma follows from (2.1). O

Lemma 2.4. There exists a constant Ay € R such that
He_tA”E(LOO) S e)\ut
for allt > 0.

Proof. Starting from the expression of @ we obtain

a(u,v) = Z/ a0k (ou)0;(pv) de + g Vuve® dv

= Z/ a;Oxudjvep d:):+/ Wauve? d

7, k=1

. 8 a
with Wo =V =370, Gjakja—’;g — 2 e Qi . For |z] large, we have

Wa(z) = (Za% ) (Bl =% + %)

7,k=1

) (Z akj@)%‘“) (Bl + J2"7%)* + 2812 — (v — 2)|=[""]

Jk=1

+ (Z akk(ﬂf)> (Bl + |=[77%)

k=1

v

E ALk

k
—A [Je*(Ble]™ + 27*)? + 282 *] + 0y = 2)]e7?

= (L= M) =3 9| (Blal ™ + [27) +nly = )|

k,j
E Ak
k 00

(Bl + [="7%)

o0

1% = > 19jani] (Blal ™t + [a7) ~
ki

—A (B[] + 28|27 + 2012 ?) - (Bl + |=[7) .

Then, the assumptions A < 1 and d;ay; = o(|z|2) yield
Wa(z) >0 for |z| large .
Hence, there is \; € R such that
Wa(z) > —Aq  for ae. z € R™ (2.4)
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By the previous lemma and the obvious equality D(a) = D(E) we have 1 Au € D(a) for
all non-negative v € D(a). Applying now (2.4) we obtain

alAu,(u—1)") = Wa(1 Au)(u—1)"p*dz

> —)\u/ (1A u)(u— 1) pd.
Applying the Beurling-Deny criterion (cf. [9, Corollary 2.17]), we obtain the lemma. O

We continue the proof of the theorem. Similarly to Lemma 2.4 we have

b(u,v) = / Vu - Vop?dr + Weuvp?de,

R
where Wy =V — A—f > —|z|723(8 + 2 — n) for large |x|. Hence, as above, we obtain

e Bl o) < M >0, (2.5)

for some constant A\, € R.
On the other hand, let b > g—f% Then, by (1.2) and |2, Corollary 4.5.5], we have

pi(7,y)
p(z)p(y)
pe(,y)
eo(x)po(y)
< Me™', 0<t<l.

ﬁt(xay>

<

For t > 1 we recall first that, by the semigroup law and the symmetry of p;,

ps+r(a¢,y)=/ ps(r, 2)pe(y, 2)dz, s, 7> 0. (2.6)
Hence,
pe(w,x) = [ Ipe(zy)ldy
Rn
t_ 1 2
= [ e Dmy @) dy
2
o —(t_1\B
= € (572) p%(x, )‘Lz
—2%0(54 i
< e ))P%(%)LQ
< e My (2, 1)
< Me NP (x)

Applying the inequality
pt(xuy) S \/pt(x,$>\/pt(y,y>, r,y GIRn7
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which is a consequence of (2.6) and Holder’s inequality, we obtain the estimate

pi(x,y) < Me0tec™ >0,

Thus, by (2.5), the semigroup e~'B is ultracontractive. By |2, Theorem 2.2.3] we obtain

that b satisfies a log-Sobolev inequality

[ wttogugds < b, )+ B el -+l los ule 27)
forall e > 0 and 0 < w € L' N L>® N D(b), with B(g) = by — Aoe + ce?, where by, ¢ are
positive constants. N ~
Since, by ellipticity (see (H)), b(u,u) < max{%,l}a(u,u) for all uw € D(a) = D(b), it
follows that a satisfies the same log-Sobolev inequality (2.7). Using Lemma 2.4 and |2,

Corollary 2.2.8 and Example 2.3.4] we conclude that e~ is ultracontractive and
T kt(x7 y) —b
ki(z,y) = ——= < Ce™ ", 0<t<1. (2.8)
t p(2)p(y)

For t > 1 we proceed as above and obtain
ki(w,y) < Ce e " p(x)p(y), =,y R >0,
This proves the theorem. O

Corollary 2.5. If the assumptions of Theorem 2.2 hold, then all the eigenfunctions v, j =
0,1,--- of A satisfy

05(2)| < Claf e
for large |x| and a constant C' > 0, where § = ¢ + %5 and vy =1+ .
Proof. For each j > 0 we have
[g(@)le™t = |e”;(2))|
= | Rl y)eily) dy]

1/2
< ([ mtewran) ol

= (ka(z,2))"*.
We apply the previous theorem and obtain the estimate of the corollary. O
Remark 2.6. For the first eigenfunction vy we do not know if the reverse inequality
volz) > Cla P

holds for large |z| and some constant C' > 0.
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We consider now the general case where the condition A < 1 is not necessary satisfied.
To this purpose we consider the operator H := —A + 0|z|* on L*(R™) with 0 < § < 1
and denotes by hy(x,y) its corresponding heat kernel. By [2, Theorem 4.5.4| and as in the
above proof, we deduce that

ho(x,y) < bie™ e 6o (x)do(y)
for all x, y € R", t > 0, where by, by > 0 and b > Z—J_rg Here ¢y and & are the (normalized)

ground state and the first eigenvalue of H respectively.
Take the radial function

Tulz) = (lfvl‘ﬂe‘g'x‘”> T
where § = % + nTila vy=1+ % and p € R. A direct computation yields

A o 2
(@) = blel” — VB = (529 = n)al = a8+ Kl

By the same proof as in |2, Lemma 4.5.7| we obtain that there exist two positive constants
c1, ¢ such that

crfo(z) < do(x) < CQf% (x)
for all large |z|. Hence,
Oy _g YO
il P T < po(a) < eyl Pem 5 1 (2.9)

for all large |x|. As in the proof of Theorem 2.2 we consider a positive and smooth function
¢ (with ||¢||z2 = 1) such that

p(x) = |2 TS
for large |z|.
By the same computation as in [6, Lemma 6.1|, we obtain
a1|Vp(2)] < [Veo(2)] < az V()| (2.10)

for all large |z| and some constants a;, ay > 0.

Theorem 2.7. Assume that (H) is satisfied. Then for 6 > 0 such that OA < 1 we have
_ 1 Bep L

([[y])"”

for large x, y € R™ and all t > 0. HereC,c>0,b>g—J_r§,ﬁ:%+”T_l and vy =1+ 5.

ky(z,y) < Cerote

Proof. We proceed as in the proof of Theorem 2.2. We consider the function ¢ defined
above and the form h associated to H instead of b. We have

a(u,v) = Z/ a0k (pu)0;(pv) dx + : |z|*uvp? do
k=1 n n

= Z/ akjﬁkuajvw2dx+/ Wauve® dz,

jk=1



10 EL MAATI OUHABAZ AND ABDELAZIZ RHANDI

and for large |z|, a direct computation yields
Wa(z) = (1 = 0A)]x]* + of|x]*).

The assumption A < 1 gives Wy(z) > 0 for large |z| and hence Wy(z) > —A for some
A € R and all z € R". By Lemmas 2.3 and 2.4 we obtain

lem Mo <M, >0,
We conclude exactly as in the proof of Theorem 2.2. O
As a consequence we obtain an estimate for the eigenfunctions ; of A.

Corollary 2.8. Assume that (H) holds. Then for 8 > 0 such that A < 1 we have for all
J=0

YOy
|0; ()] < Cla|Pe 51

for large |x| and some constant C > 0, where f = % + 2+ and vy =1+ %.

Remark 2.9. Take 6 > 0 such that /A < 1. Using Lyapunov functions techniques it
is proved in [4, Corollary 3.4 that if the assumption (H) is satisfied and the coeflicients
aj € C'(R™) with some 0 < 1 < 1 then b = Z—J_rg can be taken. More precisely one has
the following estimate:

a+2
—a=5 _2VO0 . 1+5 _2v0, 1+%
k(z,y) < Cet " e areltl T2 gmatalvl T2

forall z, y e R, 0 <t < 1.
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