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�✐❛ ��❛❜✐❧✐�♦ ❝♦♥ �✐❝✉�❡③③❛✱ ❧❡ ❛♣♣❧✐❝❛③✐♦♥✐ ✈❡♥❣♦♥♦ ✐♥ ❢♦❧❧❛✱ ❡ ♣�♦❝❡❞♦♥♦ ❝♦♥ ✉♥❛ ❢�❛♥❝❤❡③③❛

✈❡�❛♠❡♥�❡ ❛♠♠✐�❛❜✐❧❡✳ ▼✐ 0 ❝❛�❛ �✉❡��❛ ♦❝❝❛�✐♦♥❡ ♣❡� �❡♥❞❡�❡ ♥✉♦✈♦ ♦♠❛❣❣✐♦ ❛❧❧❛ ♠❡♠♦�✐❛

❞❡❧ ❣�❛♥❞❡ ●❡♦♠❡��❛✱ ❞✐ ❝✉✐ ❤♦ ♣�❡�♦ ❛❞ ✐❧❧✉���❛�❡ ❡ ❝♦♠♠❡♥�❛�❡ ✐ ♠❡�♦❞✐ ❛♥❛❧✐�✐❝✐✱ ♠♦���❛♥❞♦✱

♣❡� �✉❛♥�♦ 0 ❞❛ ♠❡✱ ❧❛ ♣�♦❢♦♥❞❛ �❛♣✐❡♥③❛ ❝❤❡ ❝♦♥�❡♥❣♦♥♦✿ ❧✬❛♣♦❧♦❣✐❛ ❝❤❡ ✐♥��❛♣�❡♥❞♦ ❞✐ ✉♥

♣�✐♥❝✐♣✐♦ ♠❡��♦ ✐♥ ❞✐�♣❛��❡ ♦ ❝♦♥��❛�✐❛�♦ ✭�❛❧✈♦ ♣♦❝❤✐��✐♠❡ ❡❝❝❡③✐♦♥✐✮ ❞❛✐ ❣❡♦♠❡��✐ �✉❝❝❡��♦�✐

❞✐ ▲❛❣�❛♥❣❡✱ �✐❡�❝❡ �❛♥�♦ ♣✐� �♦❝❝❛♥�❡✱ ✐♥ �✉❛♥�♦ ❝✐ ❢❛ ✈❡❞❡�❡ ❝❤❡ ❣❧✬✐♥❣❡❣♥✐ ❞✐

✲ ✹ ❊◆● ✲

�♦ ❡��❛❜❧✐�❤ �❤❡ ▲❛❣�❛♥❣❡❛♥ ♣�✐♥❝✐♣❧❡ ♦♥ ♠♦�❡ �♦❧✐❞ ❜❛�❡�✱ ❛♥❞ �♦ ♣�♦✈✐❞❡ �❤❡ ♠❡❛♥� �♦ ✉�❡ ✐� ✐♥
�❤❡ ❛♣♣❧✐❝❛�✐♦♥�✳ ❚❤❡ �✐�❧❡ ♦❢ �❤✐� ▼❡♠♦✐�✱ �♦♠❡ �❡♥�❡♥❝❡� �♣�❡❛❞ ❤❡�❡ ❛♥❞ �❤❡�❡ ✐♥ ✐�✱ ✈❛�✐♦✉�
♥♦�❡� ❢♦✉♥❞ ✐♥ ❤✐� ✇�✐�✐♥❣�✱ ❛♥❞ �❤❡ ❝♦♠♠✉♥✐❝❛�✐♦♥ ♠❛❞❡ �♦ ♠❡✱ ❛♥❞ �♦ ♦�❤❡� ❛❝�✉❛✐♥�❛♥❝❡� ♦❢
❤✐�✱ �♦ ❤❛✈❡ ❛❧�❡❛❞② ❡①♣❡�✐❡♥❝❡❞ �❤❡ ✉�❡❢✉❧♥❡�� ♦❢ �❤✐� ♣�✐♥❝✐♣❧❡✱ ❛♥❞ ✐♥ ❣❡♥❡�❛❧ ♦❢ �❤❡ ♠❡�❤♦❞� ♦❢
❆♥❛❧②�✐❝❛❧ ▼❡❝❤❛♥✐❝� ✐♥ ♣❤②�✐❝❛❧✲♠❛�❤❡♠❛�✐❝❛❧ �✉❡��✐♦♥�✱ ♣✉� ✐♥�♦ ❡✈✐❞❡♥❝❡ �♦ ✇❤❛� ✐♠♣♦��❛♥�
❣♦❛❧ ✇❡�❡ ❤✐� ��✉❞✐❡� �❡❝❡♥�❧② ❞✐�❡❝�❡❞✳ ❍✐� ✉♥❡①♣❡❝�❡❞ ❞❡❛�❤ ❧❡❢� �❤❡ ❞❡�✐�❡ ♦❢ �✉❝❤ ♠❛��❡�♣✐❡❝❡
✐♥ �❤❡ ❛❞♠✐�❡�� ♦❢ ❆♥❛❧②�✐❝❛❧ ▼❡❝❤❛♥✐❝�✳

❆� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❈❛♣♦ ■❱ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ▼❡♠♦✐� ■ �❛✐❞ �❤❛�✱ ✐♥ ♦�❞❡� �♦ ❞❡❛❧ ✇✐�❤ ♠♦✲

�✐♦♥ ♦� ❡�✉✐❧✐❜�✐✉♠ ♦❢ ❡①�❡♥�✐❜❧❡ ❛♥❞ ❝♦♥��❛❝�❛❜❧❡ ���✐♥❣� ♦� �✉�❢❛❝❡�✱ ❛� ✇❡❧❧ ❛� ♦❢ ❡❧❛��✐❝ ✢✉✐❞�✱

▲❛❣�❛♥❣❡ ❛❞♦♣�❡❞ ❛ �✉✐�❡ ❣❡♥❡�❛❧ ♣�✐♥❝✐♣❧❡✱ ✐♥ ✇❤✐❝❤ ❤♦✇❡✈❡� �♦♠❡�❤✐♥❣ �❡♠❛✐♥❡❞ ♦❜�❝✉�❡ ❛♥❞

♥♦� ♣�♦✈❡❞✳ ■ �❤♦✇❡❞ �❤❛� �❤❡ ❞✐✣❝✉❧�✐❡� ❞❡�✐✈✐♥❣ ❢�♦♠ �❤❡ ✉�❡ ♦❢ �❤❛� ♣�✐♥❝✐♣❧❡ ❝♦✉❧❞ ❜❡ ❛✈♦✐✲

❞❡❞ ❜② ❦❡❡♣✐♥❣ �❤❡ ❧✐♥❡ ❞�❛✇♥ ✐♥ �❤❡ �❛♠❡ ❈❛♣♦ ■❱✱ ❛♥❞ ❛❧�♦ ❛♥♦�❤❡�✱ �❤❡ ❛♥❛❧②�✐� ♦❢ ✇❤✐❝❤

■ ❡①♣♦�❡❞ ✐♥ ❈❛♣♦ ❱■✿ ❛❢�❡� ✇❤✐❝❤ ■ ❤❛❞ �♦ �❛② �❤❛�✱ ❡✈❡♥ ✐❢ ✐� ✇❛� ♥♦✇ ❬✱ ❛� �❤❡ �✐♠❡ ✇❤❡♥ ■

�❛✐❞✱❪ ♣♦��✐❜❧❡ �♦ ❡①♣❧❛✐♥ �❤❡ ��✉❡ �❡♥�❡ ♦❢ �❤❡ ❛❜♦✈❡ �✉♦�❡❞ ▲❛❣�❛♥❣❡❛♥ ♣�✐♥❝✐♣❧❡✱ ♣❡�❤❛♣� �❤❡

♠❛��❡� ❞✐❞ ♥♦� ❛♣♣❡❛� �♦ ✉�❡❢✉❧ ❛� ✐� ❞✐❞ ❛� �❤❡ �✐♠❡ ✇❤❡♥ �❤❡ ♦�❤❡� ✇❛②� �♦ ♣�♦❝❡❡❞ �♦ �❤❡

�♦❧✉�✐♦♥ ♦❢ �❤❡ �❛♠❡ ♣�♦❜❧❡♠� ✇❡�❡ ♥♦� ②❡� ✐♥❞✐❝❛�❡❞✳ ▼♦�❡♦✈❡�✱ ✐� ❝❛♥♥♦� ❜❡ ❞❡♥✐❡❞ ✭❛♥❞ �❤❡

❢♦❧❧♦✇✐♥❣ ♦❢ �❤✐� ▼❡♠♦✐� ✇✐❧❧ �❤♦✇ ✐�✮ �❤❛� ❛❧�♦ ♥♦✇❛❞❛②� �❤❡ ✐♥��✐�✉�✐♦♥ ♦❢ �❤❡ ▲❛❣�❛♥❣❡❛♥

♣�✐♥❝✐♣❧❡✱ �♦ ✇❤✐❝❤ ✇❡ �❡❢❡� ❤❡�❡✱ ❡♠❡�❣❡� ❛� ♣❛��✐❝✉❧❛�❧② ❛❞✈❛♥�❛❣❡♦✉�✱ ✇❤❡♥ ✐� ✐� ✇❡❧❧ ❞❡✜♥❡❞

✐♥ ✐�� ✉�❡✿ �❤❡ ❝❛❧❝✉❧❛�✐♦♥ ♣�♦❝❡❞✉�❡� ❛�❡ ♠❛❞❡ �✐♠♣❧❡�✱ ❜❡❝❛✉�❡ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❞♦ ✇✐�❤♦✉�

�❡�♦��✐♥❣ ♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✐♥�❡�♠❡❞✐❛�❡ ❝♦♦�❞✐♥❛�❡� p, q, r✱ ✐♥��♦❞✉❝❡❞ ✐♥

❈❛♣♦ ■❱✱ ❛♥❞ �✉❝❤ �✐♠♣❧✐❝✐�② ❤❡❧♣� ❛ ❧♦� ♠♦�❡ ✐♥ �❤❡ ❝♦♠♣❧✐❝❛�❡❞ �✉❡��✐♦♥� ✇❤✐❝❤ ✇❡ ✇✐❧❧ �❛❦❡

❝❛�❡ ♦❢ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣✿ �❤❡ �❤❡♦�✐❡� ♦❢ ❈❛♣♦ ❱■■✱ �❡❧❛�✐✈❡ �♦ ❧✐♥❡❛� ❛♥❞ �✉♣❡�✜❝✐❛❧ �②��❡♠�✱ ❜②

�❤❡ ✉�❡ ♦❢ �❤❡ ♠❡♥�✐♦♥❡❞ ♣�✐♥❝✐♣❧❡ ❣❛✐♥ ❛ ❝♦♠♣❧❡�❡♥❡�� �❤❛� ♠❛② ❜�✐♥❣ ❢�✉✐�❢✉❧ ❝♦♥�❡�✉❡♥❝❡�

♦❢ ❣�❡❛� �❡❧❡✈❛♥❝❡✳ ❚❤✉�✱ ■ �❤✐♥❦ �❤❛� �❤❡ ❜❡�� �♦ ❞♦ ♥♦✇ ✐� �♦ ♠❛❦❡ �❤❡ ❞♦❝��✐♥❡� ♦❢ �❤♦�❡

❈❛♣♦� ■❱ ❛♥❞ ❱■ �♦ ❝♦♥❝✉� ✇✐�❤ �❤❡ ❝❧❡❛� ❡①♣❧❛♥❛�✐♦♥ ♦❢ �❤❡ ▲❛❣�❛♥❣❡❛♥ ♣�✐♥❝✐♣❧❡✱ ❜② ✈✐��✉❡

♦❢ ✇❤✐❝❤✱ ✇❤❡♥ ✐� ✐� ❡��❛❜❧✐�❤❡❞ ✇✐�❤ ❝❡��❛✐♥�②✱ �❤❡ ❛♣♣❧✐❝❛�✐♦♥� ✢♦❝❦✱ ❛♥❞ ♣�♦❝❡❡❞ ✇✐�❤ �❡❛❧❧②

�❡♠❛�❦❛❜❧❡ ���❛✐❣❤�❢♦�✇❛�❞♥❡��✳ ❚❤✐� ♦❝❝❛�✐♦♥ ✐� ♣�❡❝✐♦✉� �♦ ♠❡ �♦ �❡♥❞❡� ❛ ♥❡✇ ❤♦♠❛❣❡ �♦

�❤❡ ♠❡♠♦�② ♦❢ �❤❡ ❣�❡❛� ●❡♦♠❡�❡�✱ ♦❢ ✇❤♦♠ ■ ❜❡❣❛♥ �♦ �❤♦✇ ❛♥❞ ❝♦♠♠❡♥� �❤❡ ❛♥❛❧②�✐❝❛❧

♠❡�❤♦❞�✱ �❤♦✇✐♥❣✱ ❛� ❢❛� ❛� ✐� ❞❡♣❡♥❞� ♦♥ ♠❡✱ �❤❡ ❞❡❡♣ ❦♥♦✇❧❡❞❣❡ �❤❡② ❝♦♥�❛✐♥✿ �❤❡ ❛♣♦❧♦❣② ■

✉♥❞❡��❛❦❡ ♦❢ ❛ ♣�✐♥❝✐♣❧❡ ♣✉� ❛♣❛�� ♦� ♦♣♣♦�❡❞ ✭❜✉� ❢♦� ✈❡�② ❢❡✇ ❡①❝❡♣�✐♦♥�✮ ❜② �❤❡ ❣❡♦♠❡�❡��

✇❤♦ �✉❝❝❡❡❞❡❞ ▲❛❣�❛♥❣❡✱ ❡♠❡�❣❡� ❛� ♠✉❝❤ ♠♦✈✐♥❣✱ ✐♥ �❤❛� ✐� ♠❛❦❡� ✉� �❡❡ �❤❛� �❤❡ ❜�❛✐♥�
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�✉❡❧❧❛ �❡♠♣�❛✱ ❛♥❝❤❡ �✉❛♥❞♦ ❣❡��❛♥♦ �❡♠✐ ❞✐ �❡♦�✐❝❤❡ �✐♠❛��❡ ✐♠♣❡�❢❡��❡✱ ♣�❡❝♦��♦♥♦ ❝♦❧

♣❡♥�✐❡�♦ ❛✐ �❡♠♣✐✱ ❡ �❝�✐✈♦♥♦ ♣❡� ✉♥✬❛❧��❛ ❣❡♥❡�❛③✐♦♥❡✳

❆ ❣✐✉��✐✜❝❛�❡ ❧✬❛♣♣❛�❡♥�❡ ❝♦♥��❛❞❞✐③✐♦♥❡ ❞❡❧❧❡ ♠✐❡ ♣❛�♦❧❡ ✐♥�♦�♥♦ ❛ �✉❡❧ ♣�✐♥❝✐♣✐♦✱ ❞✐❝❡♥❞♦❧♦

✐♦ ✐♠♣❡�❢❡��♦ ❡ ❝♦♥�❡♥❡♥�❡ ❛❧❝✉♥ ❝❤❡ ❞✐ ♦�❝✉�♦ ❡ ❞✐ ♥♦♥ ❞✐♠♦���❛�♦✱ ❡ ♥❡❧❧♦ ��❡��♦ �❡♠♣♦

♣�♦❝❧❛♠❛♥❞♦❧♦ ✈❡�♦✱ ❣�❛♥❞✐♦�♦ ❡ ♣�❡③✐♦�✐��✐♠♦ ♣❡� ❧❡ ❛♣♣❧✐❝❛③✐♦♥✐✱ ❝♦♥✈✐❡♥❡ �✐❝❤✐❛♠❛�❧♦ �✉❛❧❡

❢✉ ❡�♣♦��♦ ❞❛❧❧✬❛✉�♦�❡ ❛❧❧✬❛��✳ ✾ ❞❡❧❧❛ ❙❡③✐♦♥❡ ■■ ❡ ❛❧❧✬❛��✳ ✻ ❞❡❧❧❛ ❙❡③✐♦♥❡ ■❱ ✭▼✳ ❆✳✱ �♦♠✳

1.o✱ ♣❛❣✳ ✸✼✱ ✼✽✮✳ ❙✉♣♣♦��❛ ❧✬❡�✐��❡♥③❛ ❞✐ ❢♦�③❡ ✐♥�❡�♥❡ ❢�❛ ✐ ✈❛�✐✐ ♣✉♥�✐ ✜�✐❝✐ ❞✐ ✉♥ �✐��❡♠❛✱

♥♦♥ ' ❞✐✣❝✐❧❡ �✐❝♦♥♦�❝❡�❡ ❛❧❝✉♥❡ ❢✉♥③✐♦♥✐ ✭❝♦♠❡ ❡�♣�❡��✐♦♥✐ ❞✐ ❞✐��❛♥③❡✱ ❞✐ ❛♥❣♦❧✐✱ ❡❝✳✮✱ ✐ ✈❛❧♦�✐

❞❡❧❧❡ �✉❛❧✐ ✈❡♥❣♦♥♦ ❛❧�❡�❛�✐ ❞❛❧❧✬❛��✉❛❧❡ ❡�❡�❝✐③✐♦ ❞✐ �✉❡❧❧❡ ❢♦�③❡❀ ♦� ❜❡♥❡✱ ❧✬❛✉�♦�❡ ✈✉♦❧❡ ❝❤❡

♠♦❧�✐♣❧✐❝❤✐❛♠♦ ♣❡� ❝♦❡✣❝✐❡♥�✐ ✐♥❞❡�❡�♠✐♥❛�✐ ❧❡ ✈❛�✐❛�❡ ❞✐ �❛❧✐ ❢✉♥③✐♦♥✐✱ ❡ ♥❡ ✐♥��♦❞✉❝✐❛♠♦ ✐

♣�♦❞♦��✐ ♥❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ❆♥❛❧✐�✐❝❛✱ ♣�❡❝✐�❛♠❡♥�❡ ❝♦♠❡ ❛✈�❡♠♠♦ ❢❛��♦✱

�❡❝♦♥❞♦ ✐❧ ♠❡�♦❞♦ ♥♦�♦✱ �❡ �✉❡❧❧❡ ❢✉♥③✐♦♥✐ ❛✈❡��❡�♦ ❝♦��✐�✉✐�♦ ✐ ♣�✐♠✐ ♠❡♠❜�✐ ❞✐ ❡�✉❛③✐♦♥✐ ❞✐

❝♦♥❞✐③✐♦♥❡ �✐❞♦��❡ ❛ ③❡�♦✳ ◗✉✐ �✐ ❝❛♣✐�❝❡ �✉❜✐�♦ ❧❛ ✈❛��✐�, ❡ ❧✬❡❝❝❡❧❧❡♥③❛ ❞❡❧ ♣�✐♥❝✐♣✐♦✿ ♠❛ ♥❡❧❧♦

��❡��♦ �❡♠♣♦ �✐ �❡♥�❡ ✐❧ ❜✐�♦❣♥♦ ❞✐ ✉♥❛ ❞✐♠♦���❛③✐♦♥❡ ❝❤❡ ❝❡ ♥❡ ♣❡��✉❛❞❛ ❧❛ �❡❛❧�,✿ ❡ �✉❡��❛

❛♥❝❤❡ ❛♠♠❡��❛✱ ♥❡ ��♦✈✐❛♠♦ �✉��❛✈✐❛ ♠❛♥❝❛♥�❡ ❧✬❡�♣♦�✐③✐♦♥❡✳ ■♥❢❛��✐ ♠♦❧�❡ ♣♦��♦♥♦ ❡��❡�❡

❝♦♥�❡♠♣♦�❛♥❡❛♠❡♥�❡ ❧❡ ❡�♣�❡��✐♦♥✐ ❞✐ �✉❛♥�✐�, ❝❤❡ ❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❞✐ ✉♥ �✐��❡♠❛ �❡♥❞♦♥♦ ❛

❢❛� ✈❛�✐❛�❡✿ �✉❛❧✐ ❞✐ ❡��❡ ♣�❡♥❞❡�❡♠♦✱ �✉❛❧✐ ♦♠♠❡��❡�❡♠♦❄ ❈❤✐ ❝✐ ❛��✐❝✉�❛ ❝❤❡ ❛❞♦♣❡�❛♥❞♦

♣❛�❡❝❝❤✐❡ ❞✐ �❛❧✐ ❢✉♥③✐♦♥✐ �♦❣❣❡��❡ ❛ ♠✉�❛♠❡♥�✐ ♣❡� ❧✬❛③✐♦♥❡ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡✱ ♥♦♥ ❢❛❝❝✐❛♠♦

�✐♣❡�✐③✐♦♥✐ ✐♥✉�✐❧✐✱ ❡�♣�✐♠❡♥❞♦ ♣❡� ♠❡③③♦ ❞✐ ❛❧❝✉♥❡ ✉♥ ❡✛❡��♦ ❣✐, �❝�✐��♦ ❝♦♥ ❛❧��❡❄ ❊ ♥♦♥

♣♦��❡❜❜❡ ✐♥✈❡❝❡ ❛❝❝❛❞❡�❡ ❝❤❡ ♦♠♠❡��❡��✐♠♦ ❞✐ �✉❡❧❧❡ ♥❡❝❡��❛�✐❡ ❛❞ ✐♥��♦❞✉��✐ ❛✣♥❝❤2 ❧✬❡✛❡��♦

❝♦♠♣❧❡��✐✈♦ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ✈❡♥❣❛ ❡�♣�❡��♦ �♦�❛❧♠❡♥�❡❄ ❇❡♥ ' ✈❡�♦ ❝❤❡ ❞❛ ✈❛�✐✐ ♣❛��✐ ❞❡❧❧❛

▼✳ ❆✳ �✐ ❛��✐✈❛ ❛❞ ✐♥�❡♥❞❡�❡ ❝♦♠❡ ❧❡ ❢✉♥③✐♦♥✐ ❞❛ ❛❞♦♣❡�❛��✐ ♥❡✐ ❝❛�✐ ♣✐4 ❣❡♥❡�❛❧✐ �✐❛♥♦ ♣♦✐ ❧❡

♠❡❞❡�✐♠❡ ❝❤❡ �✐♠❛♥❣♦♥♦ ❝♦��❛♥�✐ ✐♥ ❛❧��✐ ❝❛�✐ ♣✐4 �✐���❡��✐✱ �✉❛♥❞♦ ❝✐♦' ��❛��❛�✐ ❞✐ ❝♦�♣✐ �✐❣✐❞✐✱

❞✐ ✜❧✐ ✐♥❡��❡♥�✐❜✐❧✐✱ ❞✐ ✢✉✐❞✐ ✐♥❝♦♠♣�❡��✐❜✐❧✐✿ ♣❡�6 ❛♥❝❤❡ �✉❡��❛ ' ✉♥❛ ♣�♦♣�✐❡�, ❞✐ �❛❧✐ ❢✉♥③✐♦♥✐

✐♥��❛✈❡❞✉�❛ ♠❛ ♥♦♥ ❞✐♠♦���❛�❛✳ ■♥�♦♠♠❛✱ ❛ ❜❡♥❡ ��❛❜✐❧✐�❡ ❧✬✉�♦ ❞❡❧ ♣�✐♥❝✐♣✐♦ ✐♥ ❞✐�❝♦��♦✱ ❞✉❡

❝♦�❡ ❛♥❝♦�❛ ❝✐ ♠❛♥❝❛♥♦✿ ♣�✐♠✐❡�❛♠❡♥�❡ ✉♥❛ ❞✐♠♦���❛③✐♦♥❡ ❝❤❡ �✐❡�❝❛ ♣❡��✉❛❞❡♥�❡✱ ♣♦�❝✐❛ ✉♥

❝�✐�❡�✐♦ ♣❡� ❞✐�❝❡�♥❡�❡ �✉❛❧✐ ❡ �✉❛♥�❡ ❞❡❜❜❛♥♦ ❡��❡�❡ ❧❡ ❢✉♥③✐♦♥✐ ❞❛ ♠❡��❡��✐ ✐♥ ❣✐✉♦❝♦ ❛ ✜♥❡

❞✐ ❡�♣�✐♠❡�❡ ❝♦♠♣❧❡�❛♠❡♥�❡ ❧✬❛③✐♦♥❡ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❞❡✐ �✐��❡♠✐✳ 7❛�♠✐ ❝❤❡ ❞✐ ♣�❡�❡♥�❡ �✐

♣♦��❛ �✉♣♣❧✐�❡ ❛ �✉❡��❡ ❞✉❡ ♠❛♥❝❛♥③❡❀ ❡❞ ❡❝❝♦ ✐❧ ♣�✐♠❛�✐♦ ♦❣❣❡��♦ ❞❡❧❧❛ �❡❣✉❡♥�❡ ▼❡♠♦�✐❛✱ ♥❡❧❧❛

�✉❛❧❡ ✐♥ ❛♣♣�❡��♦ ✐♥❝♦♠✐♥❝✐♦ ❛❞ ❡�♣♦��❡ ✉♥❛ �✉❛❧❝❤❡ ♣❛��❡ ❞❡❧❧❡ ✐♥♥✉♠❡�❛❜✐❧✐ ❝♦♥�❡❣✉❡♥③❡ ❝❤❡

❞✐♣❡♥❞♦♥♦ ❞❛❧ ♣�✐♥❝✐♣✐♦ ❞✐�❝✉��♦✳

✲ ✺ ❊◆● ✲

♦❢ �✉❝❤ �❡♠♣❡�✱ ❡✈❡♥ ✇❤❡♥ �❤❡② �❤�♦✇ �❡❡❞� ♦❢ �❤❡♦�✐❡� ❧❡❢� ✐♠♣❡�❢❡❝�✱ ❛�❡ ❛❤❡❛❞ ♦❢ �❤❡✐� �✐♠❡�

✇✐�❤ �❤❡ �❤♦✉❣❤�✱ ❛♥❞ ❬❜�❛✐♥� ♦❢ �✉❝❤ �❡♠♣❡�❪ ✇�✐�❡ ❢♦� ❛♥♦�❤❡� ❣❡♥❡�❛�✐♦♥✳

❚♦ ❥✉��✐❢② �❤❡ ❛♣♣❛�❡♥� ❝♦♥��❛❞✐❝�✐♦♥ ♦❢ ♠② ✇♦�❞� ❛❜♦✉� �❤❛� ♣�✐♥❝✐♣❧❡✱ ✐♥ �❤❛� ■ �❛② ✐�

✐♠♣❡�❢❡❝� ❛♥❞ ❝♦♥�❛✐♥✐♥❣ �♦♠❡�❤✐♥❣ ♦❜�❝✉�❡ ❛♥❞ ♥♦� ♣�♦✈❡❞✱ ❛♥❞ ✐♥ �❤❡ �❛♠❡ �✐♠❡ ❝❧❛✐♠✐♥❣ ✐�

��✉❡✱ ♠❛❣♥✐✜❝❡♥� ❛♥❞ ♠♦�� ♣�❡❝✐♦✉� ❢♦� �❤❡ ❛♣♣❧✐❝❛�✐♦♥�✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ �❡❝❛❧❧ ✐� ❛� ✐� ✇❛�

❡①♣♦�❡❞ ❜② �❤❡ ❛✉�❤♦� ✐♥ ❛��✳ ✾ ♦❢ ❙❡❝�✐♦♥ ■■✱ ❛♥❞ ✐♥ ❛��✳ ✻ ♦❢ ❙❡❝�✐♦♥ ■❱ ✭❆✳ ▼✳✱ �♦♠❡ 1st✱

♣❛❣❡� ✸✼✱ ✼✽✮✳ ❖♥❝❡ ♣♦�❡❞ �❤❡ ❡①✐��❡♥❝❡ ♦❢ ✐♥♥❡� ❢♦�❝❡� ❛♠♦♥❣ �❤❡ ✈❛�✐♦✉� ♣❤②�✐❝❛❧ ♣♦✐♥�� ♦❢ ❛

�②��❡♠✱ ✐� ✐� ♥♦� ❞✐✣❝✉❧� �♦ �❡❝♦❣♥✐③❡ �♦♠❡ ❢✉♥❝�✐♦♥� ✭❧✐❦❡ �❤♦�❡ ❡①♣�❡��✐♥❣ ❞✐��❛♥❝❡�✱ ❛♥❣❧❡�✱

❛♥❞ �♦ ♦♥✮✱ �❤❡ ✈❛❧✉❡� ♦❢ ✇❤✐❝❤ ❛�❡ ❛❧�❡�❡❞ ❜② �❤❡ ❛❝�✉❛❧ ❡①❡�❝✐�❡ ♦❢ �❤♦�❡ ❢♦�❝❡�❀ ✇❡❧❧✱ �❤❡

❛✉�❤♦� ✇❛♥�� ✉� �♦ ♠✉❧�✐♣❧② �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤♦�❡ ❢✉♥❝�✐♦♥� ❜② ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣❝✐❡♥��✱

❛♥❞ �♦ ✐♥��♦❞✉❝❡ �❤❡ ♣�♦❞✉❝�� ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ♦❢ ❆♥❛❧②�✐❝❛❧ ▼❡❝❤❛♥✐❝�✱ ♣�❡❝✐�❡❧② ❛� ✇❡

✇♦✉❧❞ ❤❛✈❡ ❞♦♥❡✱ ❛❝❝♦�❞✐♥❣ �♦ �❤❡ ❦♥♦✇♥ ♠❡�❤♦❞✱ ✐❢ �❤♦�❡ ❢✉♥❝�✐♦♥� ✇❡�❡ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡�

♦❢ ❝♦♥❞✐�✐♦♥ ❡�✉❛�✐♦♥� �❡❞✉❝❡❞ �♦ ③❡�♦✳ ❍❡�❡ ✇❡ ✉♥❞❡���❛♥❞ ❛� ♦♥❝❡ �❤❡ ❛♠♣❧✐�✉❞❡ ❛♥❞ �❤❡

❡①❝❡❧❧❡♥❝❡ ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡✿ ❜✉� ❛� �❤❡ �❛♠❡ �✐♠❡ ✇❡ ❢❡❡❧ �❤❡ ♥❡❡❞ ♦❢ ❛ ♣�♦♦❢ �❤❛� ♣❡��✉❛❞❡� ✉�

♦❢ ✐�� ��✉�❤✿ ❛♥❞ ❡✈❡♥ ✇❡ �✉♣♣♦�❡ �❤✐�✱ ❤♦✇❡✈❡� ✇❡ ��✐❧❧ ✜♥❞ ❧❛❝❦✐♥❣ �❤❡ ❡①♣♦�✐�✐♦♥✳ ■♥❞❡❡❞✱

�❤❡�❡ ♠❛② ❜❡ ❛� �❤❡ �❛♠❡ �✐♠❡ ♠❛♥② ❡①♣�❡��✐♦♥� ♦❢ �✉❛♥�✐�✐❡� �❤❛� �❤❡ ✐♥♥❡� ❢♦�❝❡� ♦❢ ❛ �②��❡♠

�❡♥❞ �♦ ✈❛�②✿ ✇❤✐❝❤ ♦❢ �❤❡♠ �❤❛❧❧ ✇❡ �❛❦❡✱ ✇❤✐❝❤ �❤❛❧❧ ✇❡ ♦♠✐�❄ ❲❤♦ ❛��✉�❡� ✉� �❤❛�✱ ❜②

✉�✐♥❣ ♠❛♥② ♦❢ �❤❡�❡ ❢✉♥❝�✐♦♥� �✉❜❥❡❝�❡❞ �♦ ❝❤❛♥❣❡� ❜② �❤❡ ❛❝�✐♦♥ ♦❢ ✐♥♥❡� ❢♦�❝❡�✱ ✇❡ ❞♦ ♥♦�

♠❛❦❡ ✉�❡❧❡�� �❡♣❡�✐�✐♦♥�✱ ✐♥ ❡①♣�❡��✐♥❣ ❜② ♠❡❛♥� ♦❢ �♦♠❡ ❛♥ ❡✛❡❝� ❛❧�❡❛❞② ✇�✐��❡♥ ❜② ♦�❤❡��❄

❆♥❞ ❝❛♥♥♦� ✐� ❤❛♣♣❡♥ ✐♥��❡❛❞ �❤❛� ✇❡ ♦♠✐� �♦♠❡ ♦❢ �❤❡�❡ ♥❡❝❡��❛�② �♦ ❜❡ ✐♥��♦❞✉❝❡❞ �♦ �❤❛�

�❤❡ �♦�❛❧ ❡✛❡❝� ♦❢ ✐♥♥❡� ❢♦�❝❡� ❜❡ ✇❤♦❧❧② ❡①♣�❡��❡❞❄ ■� ✐� ✇❡❧❧ ��✉❡ �❤❛� ✇❡ ❝♦♠❡ �♦ ✐♥❢❡� ❜②

�♦♠❡ ♣❛��❛❣❡� ♦❢ �❤❡ ❆✳ ▼✳ �❤❛� �❤❡ ❢✉♥❝�✐♦♥� �♦ ❜❡ ❛❞♦♣�❡❞ ✐♥ �❤❡ ♠♦�❡ ❣❡♥❡�❛❧ ❝❛�❡� ❛�❡

�❤❡♥ �❤❡ �❛♠❡ ✇❤✐❝❤ �❡♠❛✐♥ ❝♦♥��❛♥� ✐♥ ♦�❤❡� ♠♦�❡ ♣❛��✐❝✉❧❛� ❝❛�❡�✱ ✐✳❡✳✱ ✇❤❡♥ ✇❡ ❞❡❛❧ ✇✐�❤

�✐❣✐❞ ❜♦❞✐❡�✱ ✐♥❡①�❡♥�✐❜❧❡ ���✐♥❣�✱ ✐♥❝♦♠♣�❡��✐❜❧❡ ✢✉✐❞�✿ ②❡� �❤✐� ❛❧�♦ ✐� ❛ ❣❧✐♠♣�❡❞✱ ❜✉� ♥♦�

♣�♦✈❡❞✱ ♣�♦♣❡��② ♦❢ �✉❝❤ ❢✉♥❝�✐♦♥�✳ ❚♦ �✉♠ ✉♣✱ �♦ ❛ ❣♦♦❞ ❡��❛❜❧✐�❤♠❡♥� ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡ ✉♥❞❡�

❞✐�❝✉��✐♦♥✱ ✇❡ ��✐❧❧ ♠✐�� �✇♦ �❤✐♥❣�✿ ✜���❧②✱ ❛ ♣�♦♦❢ �❡�✉❧�✐♥❣ ♣❡��✉❛�✐✈❡✱ ❛❢�❡�✇❛�❞� ❛ ❝�✐�❡�✐♦♥

�♦ ❞✐��✐♥❣✉✐�❤ ✇❤✐❝❤ ❛♥❞ ❤♦✇ ♠❛♥② �❤♦✉❧❞ ❜❡ �❤❡ ❢✉♥❝�✐♦♥� �♦ ♣✉� ✐♥�♦ ♣❧❛② ✇✐�❤ �❤❡ ❛✐♠ ♦❢

✇❤♦❧❧② ❞❡�❝�✐❜✐♥❣ �❤❡ ❛❝�✐♦♥ ♦❢ �❤❡ ✐♥♥❡� ❢♦�❝❡� ♦❢ �②��❡♠�✳ ■� �❡❡♠� �♦ ♠❡ �❤❛� ♣�❡�❡♥�❧② ✇❡

❝❛♥ ❝♦♠♣❡♥�❛�❡ �❤❡�❡ �✇♦ ❧❛❝❦�❀ ❛♥❞ ❤❡�❡ ✐� �❤❡ ♣�✐♠❛�② �✉❜❥❡❝� ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ▼❡♠♦✐�✱ ✐♥

✇❤✐❝❤ ❛❢�❡�✇❛�❞� ■ ��❛�� �♦ ❡①♣♦�❡ �♦♠❡ ♣❛�� ♦❢ �❤❡ ✐♥♥✉♠❡�❛❜❧❡ ❝♦♥�❡�✉❡♥❝❡� �❤❛� ❞❡♣❡♥❞ ♦♥

�❤❡ ❞✐�❝✉��❡❞ ♣�✐♥❝✐♣❧❡✳
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❉✐❝❤✐❛�❛③✐♦♥❡ ❞❡❧ ♣�✐♥❝✐♣✐♦✿ ❝♦♠❡ ♣❡� ❡��♦ ✈❡♥❣❛♥♦ ❛ ��❛❜✐❧✐��✐ ❧❡ ❡�✉❛③✐♦♥✐ ♣✐� ❣❡♥❡�❛❧✐✱ ♣❡❧

♠♦�♦ ❡ ♣❡� ❧✬❡�✉✐❧✐❜�✐♦ ❞❡✐ �✐��❡♠✐ ❝♦♥�✐♥✉✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✳

✶✳ ▲❛ ♣
♦♣♦�✐③✐♦♥❡ ❝❤❡ �❡
✈❡ ❞✐ ❢♦♥❞❛♠❡♥�♦ ❛❧❧❛ ❞✐♠♦��
❛③✐♦♥❡ ❞❡❧ ♣
✐♥❝✐♣✐♦ �✐ ❡��❡♥❞❡ ❛

�✉��❡ ❧❡ �
❡ �♦
�❡ ❞✐ �✐��❡♠✐ ❝♦♥�✐♥✉✐ ✭�✐❛♥♦ ❡��✐ ❝♦♥ �
❡ ❞✐♠❡♥�✐♦♥✐✱ ♦ �✉♣❡
✜❝✐❛❧✐✱ ♦ ❧✐♥❡❛
✐✮✱ ❝✐♦!

❛ �✉��✐ ❣❧✐ ❛♠♠❛��✐ ❞✐ ♠♦❧❡❝♦❧❡ ❛��♦❣❣❡��❛�✐ ❛❧❧❛ ❧❡❣❣❡ ❞✐ ❝♦♥�✐♥✉✐�# ❞✐❝❤✐❛
❛�❛ ❛❧ ♥✳ ✷✸ ♠✳ ♣✳ ❙❡

❝❤✐❛♠❛♥�✐ x, y, z ❧❡ ❝♦♦
❞✐♥❛�❡ ❞❡❧ ♣✉♥�♦ ❣❡♥❡
✐❝♦✱ ❧❡ 
✐�♣❡��✐✈❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz ✭'✉❛❧✐ ✈❡♥✲

❣♦♥♦ ❛❞♦♣❡
❛�❡ ❣✐✉��❛ ✐❧ ♠❡�♦❞♦ ❧❛❣
❛♥❣✐❛♥♦ ♥❡❧❧❡ ❡'✉❛③✐♦♥✐ ❣❡♥❡
❛❧✐ ❞❡❧ ♠♦�♦ ❡ ❞❡❧❧✬❡'✉✐❧✐❜
✐♦✮

♣♦��♦♥♦✱ �❡♥③❛ ♥✉♦❝❡
❡ ❛❧❧❛ ❣❡♥❡
❛❧✐�#✱ ❡��❡
❡ 
✐�❡♥✉�❡ '✉❡❧❧❡ �♦♠♠✐♥✐��
❛�❡❝✐ ❞❛❣❧✐ ❛✉♠❡♥�✐

♣✐❝❝♦❧✐��✐♠✐ iδx, iδy, iδz ❝❤❡ ♣
❡♥❞❡
❡❜❜❡
♦ ❧❡ ❝♦♦
❞✐♥❛�❡ x, y, z '✉❛♥❞♦ ✐❧ �✐��❡♠❛ �✐ 
✐❢❡
✐��❡

❛ �
❡ ❛❧�
✐ ❛��✐ 
❡��❛♥❣♦❧❛
✐ ❧♦♥�❛♥✐ ❛��❛✐ ♣♦❝♦✱ �❛♥�♦ ♣❡
 ❧✬♦
✐❣✐♥❡ '✉❛♥�♦ ♣❡
 ❧❡ �
❡ ❞✐
❡③✐♦♥✐✱

❞❛ '✉❡❧❧✐ ♣
✐♠✐❡
❛♠❡♥�❡ ❛��✉♥�✐ ❞❛❧❧❡ x, y, z✱ ❝♦♠❡ �❡ '✉❡��✐ �✐ ❢♦��❡
♦ ❞✐ ♣♦❝❤✐��✐♠♦ �♠♦��✐✳ ■❧

❝♦♥�✐❞❡
❛
❡ ♥❛�❝❡♥�✐ ✐♥ �❛❧ ♠❛♥✐❡
❛ ✐ ✈❛❧♦
✐ ❞❡❧❧❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz✱ ♦❧�
❡❝❝❤! ❞✐✈❡♥�❛✱ ❝♦♠❡ �✐

❞✐��❡✱ ✐❧ ♠❡③③♦ ♣❡
 ❛

✐✈❛
❡ ❛❧❧❡ ❞❡�✐❞❡
❛�❡ ❝♦♥❝❧✉�✐♦♥✐✱ 
✐❞✉❝❡ ❛❧�
❡�* �❡♠♣❧✐❝✐��✐♠♦ ✉♥ ❝♦♥❝❡��♦

❛❧�
✐♠❡♥�✐ ♠✐��❡
✐♦�♦✳

▲❛ 
❛❣✐♦♥❡ 
❡❝♦♥❞✐�❛ ❞✐ '✉❡��♦ ✈❡
♦ 
✐�✉❧�❛ ♣❡✐ �✐��❡♠✐ ❛ �
❡ ❞✐♠❡♥�✐♦♥✐ ❞❛❧❧✬✐♥�✐❡♠❡ ❞❡❧❧❡

❞♦��
✐♥❡ ❡�♣♦��❡ ♥❡❧ ❈❛♣♦ ■❱ ♠✳ ♣✳✱ ✐❧ ❝❤❡ ♣❛��✐❛♠♦ ❛ ♣
♦✈❛
❡✳ ❱❡❞❡♠♠♦ ❝♦❧# ❝❤❡ ✐♠♠❛❣✐♥❛♥❞♦


✐❢❡
✐�♦ ✐❧ �✐��❡♠❛ ❛❞ ❛❧�
✐ �
❡ ❛��✐ 
❡��❛♥❣♦❧❛
✐ ❞❡❧❧❡ p, q, r ♠❡❞✐❛♥�❡ ❧❡ ❡'✉❛③✐♦♥✐

✭✶✮

x = f + α1p+ β1q + γ1r

y = g + α2p+ β2q + γ2r

z = k + α3p+ β3q + γ3r

❧✬❡�♣
❡��✐♦♥❡ ❞❡❧❧✬❡'✉❛③✐♦♥❡ ❣❡♥❡
❛❧✐��✐♠❛ ❞❡❧ ♠♦�♦ ❞✐ ✉♥ �✐��❡♠❛ '✉❛❧✉♥'✉❡✱ ❝❤❡ ♥♦♥ �✐ �❛♣❡✈❛

'✉❛❧ ❢♦��❡ ♣
❡♥❞❡♥❞♦ ❣❧✬✐♥�❡❣
❛❧✐ 
❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ ✈❛
✐❛❜✐❧✐ a, b, c ❞❡❧❧♦ ��❛�♦ ♣
❡❝❡❞❡♥�❡ ✐❞❡❛❧❡✱

❞✐✈❡♥�❛✈❛ ♣♦��✐❜✐❧❡ ♣
❡♥❞❡♥❞♦ ✐ �✉❞❞❡��✐ ✐♥�❡❣
❛❧✐ 
❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ p, q, r✳ ❊ ❝✐- ♣❡
❝❤. �✐

✈✐❞❡
♦ 
✐�✉❧�❛
❡ ✻ ❡'✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ �✉��✐��❡♥�✐ ♣❡
 �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛ ✭❧❡ ✭✶✹✮ ❞❡❧ ♥✳

✹✼ ♠✳ ♣✳✮✱ ❧❡ '✉❛❧✐ 
❛❝❝♦❣❧✐❡✈❛♥♦✱ �❡❜❜❡♥❡ ✐♥ ♠❛♥✐❡
❛ ♥♦♥ ❛♣♣❛
❡♥�❡✱ ❧❛ ❡�♣
❡��✐♦♥❡ ❞❡❣❧✐ ❡✛❡��✐

❞❡❧❧❡ ❢♦
③❡ ✐♥�❡
♥❡✱ ❡❞ ❡
❛♥♦ '✉❡❧❧❡ ♣❡
 ❝✉✐ �✐ ♣♦�❡✈❛♥♦ ✐♥�❡♥❞❡
❡ ✜��❛�✐ ❡ ❞❡�❡
♠✐♥❛�✐ ✐ ✈❛❧♦
✐

❞❡❧❧❡ ✈❛
✐❛③✐♦♥✐ δx, δy, δz✳ ▲❡ ✈❛
✐❛�❡ ❞✐ '✉❡❧❧❡ ❡'✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ ❢❛❝❡♥❞♦ ♣❡
 ❜
❡✈✐�#

✭✷✮ l = δx; m = δy; n = δz
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❙�❛�❡♠❡♥� ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡✿ ❤♦✇✱ ❛❝❝♦�❞✐♥❣ �♦ ✐�✱ �❤❡ ♠♦�❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� ❢♦� �❤❡ ♠♦�✐♦♥

❛♥❞ �❤❡ ❡�✉✐❧✐❜�✐✉♠ ♦❢ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ❝♦♥�✐♥✉♦✉� �②��❡♠� ❛�❡ ❡��❛❜❧✐�❤❡❞✳

✶✳ ❚❤❡ ♣
♦♣♦�✐�✐♦♥ �❤❛� �❡
✈❡� ❛� ❛ ❢♦✉♥❞❛�✐♦♥ ♦❢ �❤❡ ♣
♦♦❢ ♦❢ �❤❡ ♣
✐♥❝✐♣❧❡ ❡①�❡♥❞� �♦ ❛❧❧

�❤
❡❡ �♦
�� ♦❢ ❝♦♥�✐♥✉♦✉� �②��❡♠� ✭❜❡ �❤❡② ✇✐�❤ �❤
❡❡ ❞✐♠❡♥�✐♦♥�✱ ♦
 �✉♣❡
✜❝✐❛❧✱ ♦
 ❧✐♥❡❛
✮✱

✐✳❡✳✱ �♦ ❛❧❧ �❤❡ ❝❧✉��❡
� ♦❢ ♠♦❧❡❝✉❧❡� �✉❜❥❡❝�❡❞ �♦ �❤❡ ❧❛✇ ♦❢ ❝♦♥�✐♥✉✐�② ❞❡❝❧❛
❡❞ ❛� �❡❝�✳ ✷✸ ♣✳

♠✳ ■❢ ✇❡ ❝❛❧❧ x, y, z �❤❡ ❝♦♦
❞✐♥❛�❡� ♦❢ �❤❡ ❣❡♥❡
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x = f + α1p+ β1q + γ1r

y = g + α2p+ β2q + γ2r

z = k + α3p+ β3q + γ3r
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+
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❤❡ �✐♠♣❧❡ �❤✐❢
 ♦❢ 
❤❡

❛①❡�❀ 
❤❡ ❝❛❧❝✉❧❛
✐♦♥ ✐� ❛ ❜✐
 ❧♦♥❣✱ ❜✉
 ✐
 ✐� ✇♦�
❤ ♣❡�❢♦�♠✐♥❣ ✐
✳

✷✳ ❚❤❡ l,m, n✱ ✇❤✐❝❤ ❛�❡ ❢✉♥❝
✐♦♥� ♦❢ 
❤❡ p, q, r✱ ♠❛② ✭❜② ✈✐�
✉❡ ♦❢ 
❤♦�❡ ❡�✉❛
✐♦♥� 
❤❛
 ❛�❡

✐♥✈❡��❡ ♦❢ ✭✶✮✱ ✐✳❡✳✱ ✭✸✶✮ �❡❝
✳ ✹✵ ♣✳ ♠✳✮ ❜❡ �❡❡♥ ❛� �❡❞✉❝❡❞ ❢✉♥❝
✐♦♥� ♦❢ 
❤❡ x, y, z✱ ♥❛♠❡❧②✱

❢✉♥❝
✐♦♥� ♦❢ 
❤❡ p, q, r ✐♥ 
❤❛
 
❤❡② ❛�❡ ✜��
 ❢✉♥❝
✐♦♥� ♦❢ 
❤❡ x, y, z✿ ✇❡ ✇✐❧❧ 
❤❡♥ ❤❛✈❡

✭✹✮

dl

dp
=

dl

dx

dx

dp
+

dl

dy

dy

dp
+

dl

dz

dz

dp

dl

dq
=

dl

dx

dx

dq
+

dl

dy

dy

dq
+

dl

dz

dz

dq

dl

dr
=

dl

dx

dx

dr
+

dl

dy

dy

dr
+

dl

dz

dz

dr


❤❡♥ 
❤�❡❡ ♦
❤❡� �✐♠✐❧❛� ❡�✉❛
✐♦♥�✱ ✇❤❡�❡ ♦♥❡ ✇✐❧❧ �❡❡ 
❤❡ ✈❛❧✉❡� ♦❢ 
❤❡ ❞❡�✐✈❛
✐✈❡� dm
dp

, dm
dq

, dm
dr

❡�✉❛❧ 
♦ 
�✐♥♦♠✐❛❧ ❡①♣�❡��✐♦♥�❀ ❛♥❞ ♦
❤❡� 
❤�❡❡ ❢♦� 
❤❡ ✈❛❧✉❡� ♦❢ 
❤❡ ❞❡�✐✈❛
✐✈❡� dn
dp
, dn
dq
, dn
dr

✳

▲❡
 ✉� �✉❜�
✐
✉
❡ 
❤❡�❡ ♥✐♥❡ 
�✐♥♦♠✐❛❧ ✈❛❧✉❡� ✐♥
♦ 
❤❡ ♣�❡❝❡❞✐♥❣ ❡�✉❛
✐♦♥� ✭✸✮✱ ❛♥❞ ❧❡
 ✉�

♣♦�❡✱ ✐♥ ♦�❞❡� 
♦ �❤♦�
❡♥✱

✭✺✮

(a) =
dl

dx
; (b) =

dm

dy
; (c) =

dn

dz

(d) =
dm

dx
+

dl

dy
; (e) =

dn

dx
+

dl

dz
; (f) =

dn

dy
+

dm

dz



✲ ✽ ✲

�✐ ��♦✈❡�
 ❝❤❡ ❞❛ �✉❡❧❧❡ �❡✐ ❡�✉❛③✐♦♥✐✱ ❞♦♣♦ �✐❞✉③✐♦♥✐ ♦✈✈✐❡✱ �✐ ♣❛��❛ ❛❧❧❡ �❡✐ ❝❤❡ �❡❣✉♦♥♦

✭✻✮

(a)

(

dx

dp

)2

+ (d)
dx

dp

dy

dp
+ (e)

dx

dp

dz

dp
+ (b)

(

dy

dp

)2

+ (f)
dy

dp

dz

dp
+ (c)

(

dz

dp

)2

= 0

(a)

(

dx

dq

)2

+ (d)
dx

dq

dy

dq
+ (e)

dx

dq

dz

dq
+ (b)

(

dy

dq

)2

+ (f)
dy

dq

dz

dq
+ (c)

(

dz

dq

)2

= 0

(a)

(

dx

dr

)2

+ (d)
dx

dr

dy

dr
+ (e)

dx

dr

dz

dr
+ (b)

(

dy

dr

)2

+ (f)
dy

dr

dz

dr
+ (c)

(

dz

dr

)2

= 0

2(a)
dx

dp

dx

dq
+ (d)

(

dx

dp

dy

dq
+

dy

dp

dx

dq

)

+ (e)

(

dx

dp

dz

dq
+

dz

dp

dx

dq

)

+2(b)
dy

dp

dy

dq
+ (f)

(

dy

dp

dz

dq
+

dz

dp

dy

dq

)

+ 2(c)
dz

dp

dz

dq
= 0

2(a)
dx

dp

dx

dr
+ (d)

(

dx

dp

dy

dr
+

dy

dp

dx

dr

)

+ (e)

(

dx

dp

dz

dr
+

dz

dp

dx

dr

)

+2(b)
dy

dp

dy

dr
+ (f)

(

dy

dp

dz

dr
+

dz

dp

dy

dr

)

+ 2(c)
dz

dp

dz

dr
= 0

2(a)
dx

dq

dx

dr
+ (d)

(

dx

dq

dy

dr
+

dy

dq

dx

dr

)

+ (e)

(

dx

dq

dz

dr
+

dz

dq

dx

dr

)

+2(b)
dy

dq

dy

dr
+ (f)

(

dy

dq

dz

dr
+

dz

dq

dy

dr

)

+ 2(c)
dz

dq

dz

dr
= 0 .

❉❛ �✉❡��❡ �✐ ♣♦��♦♥♦ �✐❝❛✈❛�❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ �❡✐ �✉❛♥�✐�
 (a), (b), (c), (d), (e), (f)✱ ❡ �✐ ��♦✈❛♥♦

�✉��✐ ③❡�♦✳ ▲✬❛♥❞❛♠❡♥�♦ ♣❡� ❣✐✉♥❣❡�❡ ❛❞ ✉♥❛ ❝♦�� ❢❛��❛ ❝♦♥❝❧✉�✐♦♥❡ ! ♣�♦❧✐��♦ ❡ ♥♦❥♦�♦ �❡ �✐

❝♦♥❞✉❝❡ ♣❡� ❧❛ ✈✐❛ ♦�❞✐♥❛�✐❛ ❞❡❧❧❛ �✐�♦❧✉③✐♦♥❡ ❞❡❧❧❡ �❡✐ ❡�✉❛③✐♦♥✐ ❢�❛ ❧❡ �❡✐ ✐♥❝♦❣♥✐�❡✿ ✐♥✈❡❝❡ �✐

♦��✐❡♥❡ ❧✬✐♥�❡♥�♦ ♣✐$ �♣❡❞✐�❛♠❡♥�❡ ♠❡❞✐❛♥�❡ ✐❧ �❡❣✉❡♥�❡ ❛��✐✜❝✐♦✳

❙✐ ♠♦❧�✐♣❧✐❝❤✐♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✻✮✱ ❡�❝❧✉�❛ ❧❛ ♣�✐♠❛✱ �✐�♣❡��✐✈❛♠❡♥�❡ ♣❡� ❧❡ �✉❛♥�✐�


α2, β2, α, β, αβ

❡��❡♥❞♦ α,β ❞✉❡ ❛�❜✐��❛�✐❡✱ ♣♦✐ �✐ �♦♠♠✐♥♦✿ ❧✬✉♥✐❝❛ ❡�✉❛③✐♦♥❡ �✐�✉❧�❛♥�❡ ❞❛❧❧❛ �♦♠♠❛ ♣✉(

�❝�✐✈❡��✐

✭✼✮

(a)

(

dx

dp
+ α

dx

dq
+ β

dx

dr

)2

+ (d)

(

dx

dp
+ α

dx

dq
+ β

dx

dr

)(

dy

dp
+ α

dy

dq
+ β

dy

dr

)

+(b)

(

dy

dp
+ α

dy

dq
+ β

dy

dr

)2

+ (e)

(

dx

dp
+ α

dx

dq
+ β

dx

dr

)(

dz

dp
+ α

dz

dq
+ β

dz

dr

)

+(c)

(

dz

dp
+ α

dz

dq
+ β

dz

dr

)2

+ (f)

(

dy

dp
+ α

dy

dq
+ β

dy

dr

)(

dz

dp
+ α

dz

dq
+ β

dz

dr

)

.

= 0

❖�❛ �✬✐♠♠❛❣✐♥✐♥♦ ❞❡�❡�♠✐♥❛�❡ ❧❡ ❞✉❡ ❛�❜✐��❛�✐❡ α,β inmodo da verificare le due equazioni

✭✽✮
dy

dp
+ α

dy

dq
+ β

dy

dr
= 0 ;

dz

dp
+ α

dz

dq
+ β

dz

dr
= 0 ;

✲ ✽ ❊◆● ✲

❢�♦♠ �❤♦�❡ �✐① ❡�✉❛�✐♦♥�✱ ❛❢�❡� ♦❜✈✐♦✉� �❡❞✉❝�✐♦♥�✱ ✇❡ ✇✐❧❧ ✜♥❞ ✇❡ ❣❡� �❤❡ ❢♦❧❧♦✇✐♥❣ �✐①

✭✻✮

(a)

(

dx

dp

)2

+ (d)
dx

dp

dy

dp
+ (e)

dx

dp

dz

dp
+ (b)

(

dy

dp

)2

+ (f)
dy

dp

dz

dp
+ (c)

(

dz

dp

)2

= 0

(a)

(

dx

dq

)2

+ (d)
dx

dq

dy

dq
+ (e)

dx

dq

dz

dq
+ (b)

(

dy

dq

)2

+ (f)
dy

dq

dz

dq
+ (c)

(

dz

dq

)2

= 0

(a)

(

dx

dr

)2

+ (d)
dx

dr

dy

dr
+ (e)

dx

dr

dz

dr
+ (b)

(

dy

dr

)2

+ (f)
dy

dr

dz

dr
+ (c)

(

dz

dr

)2

= 0

2(a)
dx

dp

dx

dq
+ (d)

(

dx

dp

dy

dq
+

dy

dp

dx

dq

)

+ (e)

(

dx

dp

dz

dq
+

dz

dp

dx

dq

)

+2(b)
dy

dp

dy

dq
+ (f)

(

dy

dp

dz

dq
+

dz

dp

dy

dq

)

+ 2(c)
dz

dp

dz

dq
= 0

2(a)
dx

dp

dx

dr
+ (d)

(

dx

dp

dy

dr
+

dy

dp

dx

dr

)

+ (e)

(

dx

dp

dz

dr
+

dz

dp

dx

dr

)

+2(b)
dy

dp

dy

dr
+ (f)

(

dy

dp

dz

dr
+

dz

dp

dy

dr

)

+ 2(c)
dz

dp

dz

dr
= 0

2(a)
dx

dq

dx

dr
+ (d)

(

dx

dq

dy

dr
+

dy

dq

dx

dr

)

+ (e)

(

dx

dq

dz

dr
+

dz

dq

dx

dr

)

+2(b)
dy

dq

dy

dr
+ (f)

(

dy

dq

dz

dr
+

dz

dq

dy

dr

)

+ 2(c)
dz

dq

dz

dr
= 0 .

❋�♦♠ �❤❡�❡ ✇❡ ♠❛② ♦❜�❛✐♥ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �✐① �✉❛♥�✐�✐❡� (a), (b), (c), (d), (e), (f)✱ ❛❧❧

❢♦✉♥❞ �♦ ❜❡ ③❡�♦✳ ❚❤❡ ❧✐♥❡ �♦ �❡❛❝❤ �✉❝❤ ❛ ❝♦♥❝❧✉�✐♦♥ ✐� ✈❡�❜♦�❡ ❛♥❞ ❜♦�✐♥❣ ✐❢ ✐� ✐� ❧❡❛❞ �❤�♦✉❣❤

�❤❡ ♦�❞✐♥❛�② ♣❛�❤ ♦❢ �❤❡ �❡�♦❧✉�✐♦♥ ♦❢ �✐① ❡�✉❛�✐♦♥� ✐♥ �✐① ✉♥❦♥♦✇♥�✿ ✇❡ ❣❡� �❤❡ �❛♠❡ �❡�✉❧�

♠♦�❡ �✉✐❝❦❧② ❜② ♠❡❛♥� ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ��✐❝❦✳

▲❡� ✉� ♠✉❧�✐♣❧② �❤❡ ❡�✉❛�✐♦♥� ✭✻✮✱ ❡①❝❡♣� ❢♦� �❤❡ ✜���✱ ❜② �❤❡ �✉❛♥�✐�✐❡�

α2, β2, α, β, αβ

�❡�♣❡❝�✐✈❡❧②✱ α, β ❜❡✐♥❣ �✇♦ ❛�❜✐��❛�② �✉❛♥�✐�✐❡�✱ �❤❡♥ ❧❡� ✉� �✉♠ �❤❡♠✿ �❤❡ ♦♥❧② �❡�✉❧�✐♥❣

❡�✉❛�✐♦♥� ♦❢ �❤❡ �✉♠ ♠❛② ❜❡ ✇�✐��❡♥

✭✼✮

(a)

(

dx

dp
+ α

dx

dq
+ β

dx

dr

)2

+ (d)

(

dx

dp
+ α

dx

dq
+ β

dx

dr

)(

dy

dp
+ α

dy

dq
+ β

dy

dr

)

+(b)

(

dy

dp
+ α

dy

dq
+ β

dy

dr

)2

+ (e)

(

dx

dp
+ α

dx

dq
+ β

dx

dr

)(

dz

dp
+ α

dz

dq
+ β

dz

dr

)

+(c)

(

dz

dp
+ α

dz

dq
+ β

dz

dr

)2

+ (f)

(

dy

dp
+ α

dy

dq
+ β

dy

dr

)(

dz

dp
+ α

dz

dq
+ β

dz

dr

)

.

= 0

◆♦✇ ❧❡� ✉� ✐♠❛❣✐♥❡ �❤❡ �✇♦ ❛�❜✐��❛�② ♣❛�❛♠❡�❡�� α, β ❞❡�❡�♠✐♥❡❞ �♦ �♦ ✈❡�✐❢② �❤❡ �✇♦

❡�✉❛�✐♦♥�

✭✽✮
dy

dp
+ α

dy

dq
+ β

dy

dr
= 0 ;

dz

dp
+ α

dz

dq
+ β

dz

dr
= 0 ;



✲ ✾ ✲

�✉��✐ ✐ �❡�♠✐♥✐ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ✭✼✮ �♣❛�✐�❛♥♥♦✱ ❛ �✐�❡�✈❛ ❞❡❧ ♣�✐♠♦ ❞♦✈❡ ❧❛ �✉❛♥�✐�� (a) �

♠♦❧�✐♣❧✐❝❛�❛ ♣❡� ✉♥ �✉❛❞�❛�♦✳ ◗✉❡��♦ �❡❝♦♥❞♦ ❢❛��♦�❡ ♥♦♥ ♣✉� ❡��❡�❡ ③❡�♦✿ �❡ ❧♦ ❢♦��❡✱ �♦��✐�✉✐�✐

♣❡� α, β ✐ ✈❛❧♦�✐ ❞❡❞♦��✐ ❞❛❧❧❡ ✭✽✮✱ �✐�✉❧�❡�❡❜❜❡ ③❡�♦ �✉❡❧ �❡��✐♥♦♠✐♦ ❝❤❡ ❛❧ ♥✳ ✹✻ ♠✳ ♣✳ ♣�♦✈❛♠♠♦

❡❣✉❛❧❡ ❛❧❧✬✉♥✐��❀ � ❞✉♥�✉❡ ❢♦�③❛ ❝❤❡ �✐❛ (a) = 0✳ ❈♦♥ ✉♥ �✉��♦ �✐♠✐❧❡ �❛❣✐♦♥❛♠❡♥�♦✱ �✉♣♣♦♥❡♥❞♦

❝❤❡ ❧❡ ❛�❜✐��❛�✐❡ α, β �✐❝❡✈❛♥♦ ✐ ❧♦�♦ ✈❛❧♦�✐ ❞❛❧❧❡ ❞✉❡ ❡�✉❛③✐♦♥✐

dx

dp
+ α

dx

dq
+ β

dx

dr
= 0 ;

dz

dp
+ α

dz

dq
+ β

dz

dr
= 0

�✐ ♣�♦✈❛ ③❡�♦ ❧❛ �✉❛♥�✐�� (b)✿ ❡❞ ❛♥❝❤❡ ❧❛ (c)✱ �✉❛♥❞♦ ❢❛❝❝✐❛♥�✐ ❧❡ α, β �❛❧✐ ❞❛ �♦❞❞✐�❢❛�❡ ❛❧❧❡

❞✉❡ ❡�✉❛③✐♦♥✐
dx

dp
+ α

dx

dq
+ β

dx

dr
= 0 ;

dy

dp
+ α

dy

dq
+ β

dy

dr
= 0 .

❈♦♥✈✐♥�✐ ❝♦�( ❝❤❡ �♦♥♦ ③❡�♦ ❧❡ �✉❛♥�✐�� (a), (b), (c) ❝❛♥❝❡❧❧❡�❡♠♦ ✐ �❡�♠✐♥✐ ❝❤❡ ❧❡ ❝♦♥�❡♥❣♦♥♦

❞❛❧❧❛ ❡�✉❛③✐♦♥❡ ✭✼✮✳ ❆❧❧♦�❛ �✉♣♣♦♥❡♥❞♦ �✉��✐��❡�❡ ✉♥❛ �♦❧❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✽✮✱ ♣❡� ❡�❡♠♣✐♦ ❧❛

�❡❝♦♥❞❛✱ ❝✐ �✐❞✉��❡♠♦ ❛❧ �♦❧♦ �❡�♠✐♥❡ ❝❤❡ ❝♦♥�✐❡♥❡ ❧❛ (d)✳ ■♥ ❡��♦ ♥♦♥ ♣✉� ❡��❡�❡ ③❡�♦ ❧❛ �✉❛♥✲

�✐�� ❝❤❡ ♠♦❧�✐♣❧✐❝❛ (d)✱ ♣❡�❝❤+ ✉♥❛ ❞❡❧❧❡ ❞✉❡ ✐♥❞❡�❡�♠✐♥❛�❡ α, β ✈✐ �✐♠❛♥❡ ❛♥❝♦�❛ ❛�❜✐��❛�✐❛✿

�❛�� ♣❡��❛♥�♦ ③❡�♦ ❧❛ (d)✱ ❡ ❝♦♥ ❛♥❛❧♦❣♦ �❛❣✐♦♥❛♠❡♥�♦ ♣�♦✈❡�❡♠♦ ❧❛ ��❡��❛ ❝♦�❛ ❞❡❧❧❡ (e), (f)✳

❘✐❝❤✐❛♠❛�❡ ❛❞❡��♦ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✺✮✱ �✐♠❛♥❣♦♥♦ ❞✐♠♦���❛�❡ ❧❡ �❡✐ ❡�✉❛③✐♦♥✐

✭✾✮

dl

dx
= 0 ;

dm

dy
= 0 ;

dn

dz
= 0

dm

dx
+

dl

dy
= 0 ;

dn

dx
+

dl

dz
= 0 ;

dn

dy
+

dm

dz
= 0 .

✸✳ ❚�❛��✐❛♠♦❧❡ ❝♦♠❡ �❡❣✉❡✳ ❉❡�✐✈❛♥❞♦ ♣❡� y ❧❛ �✉❛��❛✱ ❡ ♣❡� z ❧❛ �✉✐♥�❛✱ ♦��❡♥✐❛♠♦

d2m

dxdy
+

d2l

dy2
= 0 ;

d2n

dx dz
+

d2l

dz2
= 0 ,

♠❛ ❧❛ �❡❝♦♥❞❛ ❡ ❧❛ �❡�③❛ ❞❡�✐✈❛�❡ ♣❡� x ❝✐ ❞❛♥♥♦

d2m

dxdy
= 0 ;

d2n

dx dz
= 0 ;

❞✉♥�✉❡ ❛❜❜✐❛♠♦ ❧❛ �✐♠✉❧�❛♥❡❛ �✉��✐��❡♥③❛ ❞❡❧❧❡ ��❡

✭✶✵✮
dl

dx
= 0 ;

d2l

dy2
= 0 ;

d2l

dz2
= 0 .

✲ ✾ ❊◆● ✲

❛❧❧ �❤❡ �❡�♠� ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ✭✼✮ ✇✐❧❧ ✈❛♥✐�❤ ❡①❝❡♣� �❤❡ ✜���✱ ✇❤❡�❡ �❤❡ �✉❛♥�✐�② (a) ✐� ♠✉❧�✐♣❧✐❡❞

❜② ❛ ��✉❛�❡✳ ❚❤✐� �❡❝♦♥❞ ❢❛❝�♦� ❝❛♥♥♦� ❜❡ ③❡�♦✿ ✐❢ ✐� ✇❡�❡ �♦✱ ♦♥❝❡ �❡♣❧❛❝❡❞ ❢♦� α, β �❤❡ ✈❛❧✉❡�

❞❡❞✉❝❡❞ ❜② �❤❡ ✭✽✮✱ �❤❛� �❡①�✐♥♦♠✐❛❧ �❤❛� ✇❡ ♣�♦✈❡❞ ❡�✉❛❧ �♦ ✉♥✐� ✐♥ �❤❡ �❡❝�✳ ✹✻ ♣✳ ♠✳ ✇♦✉❧❞

�✉�♥ �♦ ❜❡ ③❡�♦❀ ✐� ✐� �❤❡♥ ❢♦�❝❡❞ �❤❛� (a) = 0✳ ❲✐�❤ ❛ �❡❛�♦♥✐♥❣ �✐♠✐❧❛� ❛� ❛❧❧✱ ❜② �✉♣♣♦�✐♥❣

�❤❛� �❤❡ ❛�❜✐��❛�② α, β ❛�❡ ❣✐✈❡♥ �❤❡✐� ✈❛❧✉❡� ❜② �❤❡ �✇♦ ❡�✉❛�✐♦♥�

dx

dp
+ α

dx

dq
+ β

dx

dr
= 0 ;

dz

dp
+ α

dz

dq
+ β

dz

dr
= 0

✇❡ ♣�♦✈❡ ③❡�♦ �❤❡ �✉❛♥�✐�② (b)✿ ❛♥❞ (c) ❛� ✇❡❧❧✱ ♦♥❝❡ ✇❡ ♠❛❦❡ α, β �♦ �♦ �❛�✐�❢② �❤❡ �✇♦ ❡�✉❛�✐♦♥�

dx

dp
+ α

dx

dq
+ β

dx

dr
= 0 ;

dy

dp
+ α

dy

dq
+ β

dy

dr
= 0 .

❇❡✐♥❣ �❤✉� ❝❡��❛✐♥ �❤❛� �❤❡ �✉❛♥�✐�✐❡� (a), (b), (c) ❛�❡ ③❡�♦✱ ✇❡ ✇✐❧❧ ❝❛♥❝❡❧ �❤❡ �❡�♠� ❝♦♥✲

�❛✐♥✐♥❣ �❤❡♠ ✐♥ ❡�✉❛�✐♦♥ ✭✼✮✳ ❇② �✉♣♣♦�✐♥❣✱ �❤❡♥✱ �❤❛� ♦♥❧② ♦♥❡ ♦❢ ❡�✉❛�✐♦♥� ✭✽✮ ❤♦❧❞�✱ ❢♦�

✐♥��❛♥❝❡ �❤❡ �❡❝♦♥❞ ♦♥❡✱ ✇❡ �❡❞✉❝❡ ♦✉��❡❧✈❡� �♦ �❤❡ ♦♥❧② �❡�♠ ❝♦♥�❛✐♥✐♥❣ (d)✳ ❚❤❡ �✉❛♥�✐�②

♠✉❧�✐♣❧②✐♥❣ (d) ✐♥ ✐� ❝❛♥♥♦� ❜❡ ③❡�♦✱ �✐♥❝❡ ♦♥❡ ♦❢ �❤❡ �✇♦ ✐♥❞❡�❡�♠✐♥❛�❡ α, β ��✐❧❧ �❡♠❛✐♥�

❛�❜✐��❛�②✿ ✐� ✐� �❤❡♥ (d) �❤❛� ✇✐❧❧ ❜❡ ③❡�♦✱ ❛♥❞ ✇✐�❤ ❛♥ ❛♥❛❧♦❣♦✉� �❡❛�♦♥✐♥❣ ✇❡ ✇✐❧❧ ♣�♦✈❡ �❤❡

�❛♠❡ ❢♦� (e), (f)✳ ■❢ ✇❡ ♥♦✇ �❡❝❛❧❧ �❤❡ ❞❡✜♥✐�✐♦♥� ✭✺✮✱ ✇❡ ♣�♦✈❡ �❤❡ �✐① ❡�✉❛�✐♦♥�

✭✾✮

dl

dx
= 0 ;

dm

dy
= 0 ;

dn

dz
= 0

dm

dx
+

dl

dy
= 0 ;

dn

dx
+

dl

dz
= 0 ;

dn

dy
+

dm

dz
= 0 .

✸✳ ▲❡� ✉� ❞❡❛❧ ✇✐�❤ �❤❡♠ ❛� ❢♦❧❧♦✇�✳ ❇② ❞❡�✐✈✐♥❣ ✇✐�❤ �❡�♣❡❝� �♦ y �❤❡ ❢♦✉��❤ ♦♥❡✱ ❛♥❞ ✇✐�❤

�❡�♣❡❝� �♦ z �❤❡ ✜❢�❤ ♦♥❡✱ ✇❡ ❣❡�

d2m

dxdy
+

d2l

dy2
= 0 ;

d2n

dx dz
+

d2l

dz2
= 0 ,

❜✉� �❤❡ �❡❝♦♥❞ ❛♥❞ �❤❡ �❤✐�❞ ♦♥❡�✱ ❞❡�✐✈❡❞ ✇✐�❤ �❡�♣❡❝� �♦ x ❣✐✈❡ ✉�

d2m

dxdy
= 0 ;

d2n

dx dz
= 0 ;

✇❡ �❤❡♥ ❤❛✈❡ �❤❡ �✐♠✉❧�❛♥❡♦✉� ❡①✐��❡♥❝❡ ♦❢ �❤❡ �❤�❡❡

✭✶✵✮
dl

dx
= 0 ;

d2l

dy2
= 0 ;

d2l

dz2
= 0 .



✲ ✶✵ ✲

❈♦♥ ♣�♦❝❡��♦ ♠♦❧�♦ �✐♠✐❧❡ ❞❡❞✉❝✐❛♠♦ ❞❛❧❧❛ ✭✾✮ ❧❡ ❛♥❛❧♦❣❤❡

✭✶✶✮

d2m

dx2
= 0 ;

dm

dy
= 0 ;

d2m

dz2
= 0

d2n

dx2
= 0 ;

d2n

dy2
= 0 ;

dn

dz
= 0 .

▲❡ ✭✶✵✮ �♦♥♦ ✐♥�❡❣�❛❜✐❧✐ ❛ ❝♦❧♣♦ ❞✬♦❝❝❤✐♦❀ ❧❛ ♣�✐♠❛ ❞✐ ❡��❡ ❝✐ ♣�♦✈❛ ❝❤❡ ✐❧ ✈❛❧♦�❡ ❞✐ l ♥♦♥

❝♦♥�✐❡♥❡ ❧❛ x✱ ❡ ❞❛❧❧❡ ❞✉❡ �❡❣✉❡♥�✐ ❛♣♣❛�✐�❝❡ ❝❤❡ ✉♥ �❛❧ ✈❛❧♦�❡ ♥♦♥ ♣✉� ❝♦♥�❡♥❡�❡ ❧❡ y, z �❡ ♥♦♥

❧✐♥❡❛�♠❡♥�❡✳ ❙❛�! ❞✉♥"✉❡ ✐❧ ✈❛❧♦�❡ ❞✐ l ❞❡❧❧❛ ❢♦�♠❛

l = w1 + s2z + ey

❡��❡♥❞♦ w1, s2, e ��❡ ❝♦��❛♥�✐ ♣❡� �✐❣✉❛�❞♦ ❛❧❧❡ ✈❛�✐❛❜✐❧✐ x, y, z✳ ❆❧❧♦ ��❡��♦ ♠♦❞♦ ❞❡❞✉��❡♠♦

❞❛❧❧❡ ✭✶✶✮ ✐ ✈❛❧♦�✐
m = w2 + s3x+ kz

n = w3 + s1y + jx

❞♦✈❡ ❧❡ w2, s3, k ; w3, s1, j �✐❣♥✐✜❝❛♥♦ �❡✐ ❝♦��❛♥�✐ ❞❡❧❧❛ ��❡��❛ ♥❛�✉�❛ ❞❡❧❧❡ w1, s2, e✳ ◆♦♥ �✉��❡

♣❡�� "✉❡��❡ ♥♦✈❡ ❝♦��❛♥�✐ �✐♠❛♥❣♦♥♦ ✐♥❞❡�❡�♠✐♥❛�❡✱ ♣❡�❝❤' �❡ ✐ ✈❛❧♦�✐ ♦�❛ ��♦✈❛�✐ �✐ �♦��✐�✉✐�❝♦♥♦

♥❡❧❧❡ ✉❧�✐♠❡ ��❡ ❞❡❧❧❡ ❡"✉❛③✐♦♥✐ ✭✾✮✱ ✈❡❞✐❛♠♦ �✐�✉❧�❛�♥❡

s3 + e = 0 ; j + s2 = 0 ; s1 + k = 0 ,

❞❛❧❧❡ "✉❛❧✐ ❞❡❞✉��❡♠♦ ❧❡ e, j, k ❞❛�❡ ♣❡� ❧❡ s3, s2, s1✳

❉♦♣♦ ❞✐ ❝✐� ✐ ✈❛❧♦�✐ ❞❡❧❧❡ l, m, n ❞✐✈❡♥�❛♥♦

✭✶✷✮

l = w1 + s2z − s3y

m = w2 + s3x− s1z

n = w3 + s1y − s2x .

❙♦♥♦ "✉❡��✐ ✐ ♠❡❞❡�✐♠✐ ✈❛❧♦�✐ ❝❤❡ ♣❡� ❧❡ l, m, n✱ ♦✈✈❡�♦ δx, δy, δz ✭�✐✈❡❞✐ ❧❡ ❡"✉❛③✐♦♥✐ ✭✷✮✮✱

��♦✈❛♠♠♦ ❛❧❧❛ ✜♥❡ ❞❡❧ ❈❛♣♦ ■■■✱ ❡"✉❛③✐♦♥✐ ✭✸✾✮ ♥✳ ✹✸ ♠✳ ♣✳✱ ❢❛❝❡♥❞♦ ✈❛�✐❛�❡ ♥❡❧❧❡ ❡"✉❛③✐♦♥✐ ✭✶✮

❧❡ ❞♦❞✐❝✐ ❝♦��❛♥�✐ f, g, h, α1✱ ❡❝✳✱ ♦��✐❛ �✉♣♣♦♥❡♥❞♦ ✉♥ ♣✐❝❝♦❧♦ �♣♦��❛♠❡♥�♦ ♥❡❣❧✐ ❛��✐✳ ❉✉♥"✉❡

' ♣�♦✈❛�♦ ❝❤❡ ❝♦♥ "✉❡��♦ �♦❧♦ ♠❡③③♦ ❞❡❧❧♦ �♣♦��❛♠❡♥�♦ ❞❡❣❧✐ ❛��✐✱ ♦ ❞❡❧ ❢❛� ✈❛�✐❛�❡ ♥❡❧❧❡ ✭✶✮ ❧❡

❞♦❞✐❝✐ ❝♦��❛♥�✐ f, g, h, α1✱ ❡❝✳✱ �✐ �❛❣❣✐✉♥❣♦♥♦ ♣❡� ❧❡ δx, δy, δz ✐ ✈❛❧♦�✐ ❣❡♥❡�❛❧✐ ❛♣♣�♦♣�✐❛�✐ ❛❧❧❛

"✉❡��✐♦♥❡✱ �❡♥③❛ ❛���✐❜✉✐�❡ ♥❡❧❧❡ ��❡��❡ ✭✶✮ ✈❛�✐❛③✐♦♥✐ ❛♥❝❤❡ ❛❧❧❡ p, q, r❀ "✉❡��❛ ♦��❡�✈❛③✐♦♥❡ '

❢♦♥❞❛♠❡♥�❛❧❡✳

✲ ✶✵ ❊◆● ✲

❇② ❛ ♠✉❝❤ �✐♠✐❧❛� ♣�♦❝❡❞✉�❡ ✇❡ ♦❜�❛✐♥ ❢�♦♠ ✭✾✮ �❤❡ ❛♥❛❧♦❣♦✉� ♦♥❡�

✭✶✶✮

d2m

dx2
= 0 ;

dm

dy
= 0 ;

d2m

dz2
= 0

d2n

dx2
= 0 ;

d2n

dy2
= 0 ;

dn

dz
= 0 .

❚❤❡ ✭✶✵✮ ❛�❡ ✐♥�❡❣�❛❜❧❡ ❛� ❛ ❣❧✐♠♣�❡❀ �❤❡ ✜��� ♦❢ �❤❡♠ ♣�♦✈❡� ✉� �❤❛� �❤❡ ✈❛❧✉❡ ♦❢ l ❞♦❡�

♥♦� ❝♦♥�❛✐♥ x✱ ❛♥❞ ❢�♦♠ �❤❡ ❢♦❧❧♦✇✐♥❣ �✇♦ ✐� ✐� ❛♣♣❛�❡♥� �❤❛� �✉❝❤ ❛ ✈❛❧✉❡ ❝❛♥♥♦� ❝♦♥�❛✐♥ y, z

✐❢ ♥♦� ❧✐♥❡❛�❧②✳ ❚❤❡ ✈❛❧✉❡ ♦❢ l ✇✐❧❧ �❤✉� ❜❡ ✐♥ �❤❡ ❢♦�♠

l = w1 + s2z + ey

w1, s2, e ❜❡✐♥❣ �❤�❡❡ ❝♦♥��❛♥�� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡� x, y, z✳ ■♥ �❤❡ �❛♠❡ ✇❛② ✇❡ ✇✐❧❧

❞❡❞✉❝❡ ❢�♦♠ �❤❡ ✭✶✶✮ �❤❡ ✈❛❧✉❡�

m = w2 + s3x+ kz

n = w3 + s1y + jx

✇❤❡�❡ �❤❡ w2, s3, k ; w3, s1, j ��❛♥❞ ❢♦� �✐① ❝♦♥��❛♥�� ♦❢ �❤❡ �❛♠❡ ♥❛�✉�❡ ❛� �❤❡ w1, s2, e✳

◆♦� ❛❧❧ �❤❡�❡ ♥✐♥❡ ❝♦♥��❛♥��✱ ❤♦✇❡✈❡�✱ ❛�❡ ❧❡❢� ✉♥❞❡�❡�♠✐♥❡❞✱ �✐♥❝❡ ✐❢ �❤❡ ✈❛❧✉❡� ♥♦✇ ❢♦✉♥❞ ❛�❡

�✉❜��✐�✉�❡❞ ✐♥ �❤❡ ❧❛�� �❤�❡❡ ♦❢ ❡"✉❛�✐♦♥� ✭✾✮✱ ✇❡ �❡❡ �❡�✉❧�✐♥❣ ❢�♦♠ �❤❡♠

s3 + e = 0 ; j + s2 = 0 ; s1 + k = 0 ,

❢�♦♠ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡❞✉❝❡ �❤❡ e, j, k ❣✐✈❡♥ ❜② ♠❡❛♥� ♦❢ �❤❡ s3, s2, s1✳

❆❢�❡� �❤❛�✱ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ l, m, n ❜❡❝♦♠❡

✭✶✷✮

l = w1 + s2z − s3y

m = w2 + s3x− s1z

n = w3 + s1y − s2x .

❚❤❡�❡ ❛�❡ �❤❡ �❛♠❡ ✈❛❧✉❡� ❢♦� �❤❡ l, m, n✱ �❤❛� ✐�✱ δx, δy, δz ✭�❡❝❛❧❧ �❤❡ ❡"✉❛�✐♦♥� ✭✷✮✮✱ �❤❛� ✇❡

❢♦✉♥❞ ❛� �❤❡ ❡♥❞ ♦❢ ❈❛♣♦ ■■■✱ ❡"✉❛�✐♦♥� ✭✸✾✮ �❡❝�✳ ✹✸ ♣✳ ♠✳✱ ❜② ❧❡��✐♥❣ ✈❛�② �❤❡ �✇❡❧✈❡ ❝♦♥��❛♥��

f, g, h, α1✱ ❛♥❞ �♦ ♦♥✱ ✐♥ �❤❡ ❡"✉❛�✐♦♥� ✭✶✮✱ �❤❛� ✐�✱ ❜② �✉♣♣♦�✐♥❣ ❛ �♠❛❧❧ ❞✐�♣❧❛❝❡♠❡♥� ✐♥ �❤❡

❛①❡�✳ ❚❤✉�✱ ✐� ✐� ♣�♦✈❡❞ �❤❛� ❜② �❤✐� ♠❡❛♥� ♦♥❧②✱ ♦❢ ❞✐�♣❧❛❝✐♥❣ �❤❡ ❛①❡�✱ ♦� ♦❢ ❧❡��✐♥❣ �❤❡ �✇❡❧✈❡

❝♦♥��❛♥�� f, g, h, α1✱ ❛♥❞ �♦ ♦♥✱ ✈❛�② ✐♥ ✭✶✮✱ ✇❡ ♦❜�❛✐♥ ❢♦� �❤❡ δx, δy, δz �❤❡ ❣❡♥❡�❛❧ ✈❛❧✉❡�

�✉✐�❛❜❧❡ ❢♦� �❤❡ "✉❡��✐♦♥✱ ✇✐�❤♦✉� ❛���✐❜✉�✐♥❣ ✐♥ �❤❡ �❛♠❡ ✭✶✮ ✈❛�✐❛�✐♦♥� �♦ �❤❡ p, q, r ❛� ✇❡❧❧❀

�❤✐� �❡♠❛�❦ ✐� ❢✉♥❞❛♠❡♥�❛❧✳



✲ ✶✶ ✲

✹✳ �♦��❛ ❧❛ ♣�♦♣♦�✐③✐♦♥❡ ♣�❡❝❡❞❡♥�❡✱ ✐ �❛❣✐♦♥❛♠❡♥�✐ ❡❞ ✐ ❝❛❧❝♦❧✐✱ ❝♦♠❡ ❞✐��✐ ✜♥ ❞❛ ♣�✐♥❝✐✲

♣✐♦✱ ♣♦��♦♥♦ ♣�❡♥❞❡�❡ ✉♥ ❛♥❞❛♠❡♥�♦ ♣✐� �❡♠♣❧✐❝❡✱ ❣✐❛❝❝❤� �✐ ♣✉� ❡✈✐�❛�❡ ❞✬✐♥��♦❞✉��❡ ♥❡❧❧❛

❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧✐��✐♠❛ ❧❡ ❞❡�✐✈❛�❡ ❡ ❣❧✬✐♥�❡❣�❛❧✐ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ ✈❛�✐❛❜✐❧✐ ✐♥�❡�♠❡❞✐❡ p, q, r

❡ ❝✐� ♣❡�❝❤� �✐ ✈❡❞❡ ♦�❛ ✐❧ ♠♦❞♦ ❞✐ ❛��❡❣♥❛�❡ ♠❡❞✐❛♥�❡ ❧❡ �♦❧❡ ❝♦♦�❞✐♥❛�❡ a, b, c ❞❡❧❧♦ ��❛�♦

❛♥�❡❝❡❞❡♥�❡✱ ❡❞ x, y, z ❞❡❧❧✬❛��✉❛❧❡✱ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ �✉��✐��❡♥�✐ ♣❡� ♦❣♥✐ ♣✉♥�♦ ❞✐

�✐��❡♠✐ ❛♥❝❤❡ ✈❛�✐❛❜✐❧✐ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞✐ ♠♦✈✐♠❡♥�✐ ✐♥�❡��✐♥✐ ❞❡❧❧❡ ❧♦�♦ ♠♦❧❡❝♦❧❡✳ ■♥❢❛��✐✱ �❡

♣❛��❡♥❞♦ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮ ❝❡�❝❤❡�❡♠♦ ✐ ✈❛❧♦�✐ ❞❡✐ �❡✐ ��✐♥♦♠❥ t1, t2, t3, t4, t5, t6 ✭❡�✉❛③✐♦♥✐

✭✻✮✱ ♥✳ ✸✹ ♠✳ ♣✳✮✱ ❡❞ ❛♥❝❤❡ �✉❡❧❧✐ ❞❡❣❧✐ ✐♥✜♥✐�✐ ��✐♥♦♠❥ T1, T2, T3✱ ❡❝✳✱ ❞❡✐ �✉❛❧✐ �♣♦♥❡♠♠♦ ✐

♣�✐♠✐ ✸✾ ♥❡❧❧❡ �✐✉♥✐♦♥✐ ✭✶✹✮✱ ✭✶✺✮ ♥✳ ✼✸✳ ♠✳ ♣✳✱ ❝✐ ❢♦�♠❡�❡♠♦ ✭❝♦♠❡ ❣✐* ❛❧ ♥✳ ✸✹✱ ❡�✉❛③✐♦♥✐ ✭✽✮

♠✳ ♣✳✮ ❛❧��❡��❛♥�❡ ❡�✉❛③✐♦♥✐ ✐♥ ❝✉✐ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ �❛�❛♥♥♦ ❢❛��✐ ❝♦❧❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ x, y, z

♣❡� ❧❡ ��❡��❡ a, b, c✱ �♣❛�✐�❛ ✐♥ �✉❡✐ �❡❝♦♥❞✐ ♦❣♥✐ ��❛❝❝✐❛ ❞❡❧❧❡ �✉❛♥�✐�* f, g, h, α1, β1, γ1✱ ❡❝✳

❖�❛✱ ❞♦♣♦ �✉❛♥�♦ ✈❡❞❡♠♠♦ ♣✐� �♦♣�❛✱ ♣�❡♥❞❡�❡ ❧❡ ✈❛�✐❛�❡ ❞✐ �❛❧✐ ❡�✉❛③✐♦♥✐ ✈✉♦❧ ❞✐�❡ ✭�✐✈❡❞✐

✐❧ ♥✳ ✹✷ ♠✳ ♣✳✮ ❛���✐❜✉✐�❡ ❛❧❧❡ ✈❛�✐❛❜✐❧✐ x, y, z ❣❧✐ ❛✉♠❡♥�✐ iδx, iδy, iδz✱ ❝❤✬❡��❡ ❛��✉♠♦♥♦

♣❡❧ ✈❛�✐❛�❡ ❞❡❧❧❡ ❞♦❞✐❝✐ �✉❛♥�✐�* f, g, h, α1✱ ❡❝✳ ▼❛ ❝♦♠❡❝❤� �✉❡��❡ �✉❛♥�✐�* ♥♦♥ ❡♥��❛♥♦ ✐♥

�✉��✐ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✐♥ ❞✐�❝♦��♦✱ ❡��✐ �♣❛�✐�❛♥♥♦ ♠❡♥��❡ �✐ ❞❡�✐✈❛ �❡❝♦♥❞♦ ❧❛

❝❛�❛��❡�✐��✐❝❛ δ✱ ❡ �✐ ❛✈�❛♥♥♦ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ✐♥✜♥✐�❡ ❡�✉❛③✐♦♥✐ ❝♦�/ ❡�♣�❡��❡

✭✶✸✮
δt1 = 0 ; δt2 = 0 ; δt3 = 0 ; δt4 = 0 ; δt5 = 0 ; δt6 = 0

δT1 = 0 ; δT2 = 0 ; δT3 = 0 ; ❡❝✳ ❛❧❧✬✐♥✜♥✐�♦✳

◆♦�✐�✐ ❜❡♥❡✿ �✉❡��✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ �✈❛♥✐�❝♦♥♦ ♥❡❧❧✬♦♣❡�❛③✐♦♥❡ ✐♥❞✐❝❛�❛ ❞❛❧❧❛ ❝❛�❛��❡�✐��✐❝❛

δ✱ ♥♦♥ ♣❡�❝❤� �✐❛♥♦ ❛��♦❧✉�❛♠❡♥�❡ ❝♦��❛♥�✐✱ ❝♦♠❡ ❧♦ ❡�❛♥♦ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐

✭✽✮✱ ♥✳ ✸✹ ♠✳ ♣✳ ♣❡✐ �✐��❡♠✐ �✐❣✐❞✐✿ �♦♥♦ ❛♥③✐ ✐❧ ♣✐� �♣❡��♦ ✈❛�✐❛❜✐❧✐✱ ♣❡� ❡�❡♠♣✐♦ ♥❡❧ ❝❛�♦

❞❡✬ ✢✉✐❞✐✱ ♠❛ �♦♥♦ ✈❛�✐❛❜✐❧✐ ♣❡❧ ✈❛�✐❛�❡ ❞✐ �✉��✬❛❧��❡ �✉❛♥�✐�*✱ ❝❤❡ ♥♦♥ �✐❛♥ �✉❡❧❧❡ ❛❧ ✈❛�✐❛�

❞❡❧❧❡ �✉❛❧✐ 3 ❞♦✈✉�♦ ✐❧ ♣�♦❞✉��✐ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz✱ ❝✐♦3 ❧❡ �♦❧✐�❡ ❞♦❞✐❝✐ f, g, h, α1✱ ❡❝✳

❙�❛♥�❡ ❧✬❛��❡♥③❛ ❞✐ �❛❧✐ ❞♦❞✐❝✐ �✉❛♥�✐�* ❞❛ �✉❡✐ �❡❝♦♥❞✐ ♠❡♠❜�✐✱ ❡��✐ ✈❛♥♥♦ ✈✐❛ ♠❡♥��❡ �✐ ❞❡�✐✈❛

�❡❝♦♥❞♦ δ✱ ❝♦♠❡ �✉❛♥❞♦ �♦♥♦ ❛��♦❧✉�❛♠❡♥�❡ ❝♦��❛♥�✐✱ ❡❞ ❡❝❝♦ ❧❛ �❛❣✐♦♥❡ ❞✐ �✉❡❧❧❛ ♣�♦♣�✐❡�* ❝❤❡

♥❡❧ ♣�❡❛♠❜♦❧♦ ❞❡❧❧❛ ▼❡♠♦�✐❛ ❞✐❝❡♠♠♦ ✐♥��❛✈❡❞✉�❛ ♠❛ ♥♦♥ ❞✐♠♦���❛�❛✳

▲❡ ✐♥✜♥✐�❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✶✸✮ �✐ �✐❞✉❝♦♥♦ ♣♦✐ ❛❧❧❡ �♦❧❡ ♣�✐♠❡ �❡✐✱ ❡��❡♥❞♦�✐ ❞✐♠♦✲

���❛�♦ ✭♥✳ ✼✹ ♠✳ ♣✳✮ ❝❤❡ �✉��✐ ❣❧✐ ✐♥✜♥✐�✐ ��✐♥♦♠❥ T1, T2, T3✱ ❡❝✳ ❡❣✉❛❣❧✐❛♥♦ ❡�♣�❡��✐♦♥✐ ❢❛��❡

❞❡✐ ♣�✐♠✐ �❡✐ t1, t2, . . . t6✱ ❡ ❞❡❧❧❡ ❧♦�♦ ❞❡�✐✈❛�❡

✲ ✶✶ ❊◆● ✲

✹✳ ❖♥❝❡ ♣♦�❡❞ �❤❡ ♣�❡❝❡❞✐♥❣ ♣�♦♣♦�✐�✐♦♥✱ �❤❡ �❡❛�♦♥✐♥❣� ❛♥❞ �❤❡ ❝❛❧❝✉❧❛�✐♦♥�✱ ❛� ■ �❛✐❞ �✐❣❤�

❢�♦♠ �❤❡ ❜❡❣✐♥♥✐♥❣✱ ♠❛② �❛❦❡ ❛ �✐♠♣❧❡� ❝♦✉��❡✱ ✐♥ �❤❛� ✇❡ ♠❛② ❛✈♦✐❞ ✐♥��♦❞✉❝✐♥❣ ✐♥ �❤❡ ♠♦��

❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ �❤❡ ❞❡�✐✈❛�✐✈❡� ❛♥❞ �❤❡ ✐♥�❡❣�❛❧� ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✐♥�❡�♠❡❞✐❛�❡ ✈❛�✐❛❜❧❡�

p, q, r✱ ❛♥❞ �❤✐� ❜❡❝❛✉�❡ ✇❡ ♥♦✇ �❡❡ �❤❡ ✇❛② ♦❢ ❛��✐❣♥✐♥❣ ❜② ♠❡❛♥� ♦❢ �❤❡ ♦♥❧② ❝♦♦�❞✐♥❛�❡�

a, b, c ♦❢ �❤❡ ❛♥�❡❝❡❞❡♥� ��❛�❡✱ ❛♥❞ x, y, z ♦❢ �❤❡ ♣�❡�❡♥� ♦♥❡✱ �❤❡ ❡�✉❛�✐♦♥� ❝♦♥❞✐�✐♦♥ ❡①✐✲

��✐♥❣ ❢♦� ❡❛❝❤ ♣♦✐♥� ♦❢ ❡✈❡♥ ✈❛�✐❛❜❧❡ �②��❡♠� ❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ✐♥�✐♠❛�❡ ♠♦✈❡♠❡♥�� ♦❢ �❤❡✐�

♠♦❧❡❝✉❧❡�✳ ■♥❞❡❡❞✱ ✐❢ ��❛��✐♥❣ ❢�♦♠ ❡�✉❛�✐♦♥� ✭✶✮ ✇❡ ❧♦♦❦ ❢♦� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �✐① ��✐♥♦♠✐❛❧�

t1, t2, t3, t4, t5, t6 ✭❡�✉❛�✐♦♥� ✭✻✮✱ �❡❝�✳ ✸✹ ♣✳ ♠✳✮✱ ❛♥❞ ❛❧�♦ �❤♦�❡ ♦❢ �❤❡ ✐♥✜♥✐�❡ ��✐♥♦♠✐❛❧�

T1, T2, T3✱ ❛♥❞ �♦ ♦♥✱ ♦❢ ✇❤✐❝❤ ✇❡ �❤♦✇❡❞ �❤❡ ✜��� ✸✾ ✐♥ �❤❡ ❣❛�❤❡�✐♥❣� ✭✶✹✮✱ ✭✶✺✮ �❡❝�✳ ✼✸ ♣✳

♠✳✱ ✇❡ ✇✐❧❧ ❢♦�♠ ✭❛� ❛❧�❡❛❞② ✐♥ �❡❝�✳ ✸✹✱ ❡�✉❛�✐♦♥� ✭✽✮ ♣✳ ♠✳✮ ❛� ♠❛♥② ❡�✉❛�✐♦♥� ✐♥ ✇❤✐❝❤ �❤❡

�✐❣❤�✲❤❛♥❞ �✐❞❡� ✇✐❧❧ ❜❡ ♠❛❞❡ ❜② �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ x, y, z ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ �❛♠❡ a, b, c✱

❜❡✐♥❣ ❞✐�❛♣♣❡❛�❡❞ ✐♥ �❤♦�❡ ❧❛��❡� ♦♥❡� ❛♥② ��❛❝❡ ♦❢ �❤❡ �✉❛♥�✐�✐❡� f, g, h, α1, β1, γ1✱ ❛♥❞ �♦ ♦♥✳

◆♦✇✱ ❛❢�❡� ✇❤❛� ✇❡ �❛✇ ❛❜♦✈❡✱ �♦ �❛❦❡ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤♦�❡ ❡�✉❛�✐♦♥ ♠❡❛♥� ✭�❡❡ �❡❝�✳ ✹✷

♣✳ ♠✳✮ �♦ ❛���✐❜✉�❡ �♦ �❤❡ ✈❛�✐❛❜❧❡� x, y, z �❤❡ ✐♥❝�❡♠❡♥�� iδx, iδy, iδz �❤❛� �❤❡② ❛��✉♠❡ ❜②

✈❛�②✐♥❣ �❤❡ �✇❡❧✈❡ �✉❛♥�✐�✐❡� f, g, h, α1✱ ❛♥❞ �♦ ♦♥✳ ❇✉� �✐♥❝❡ �❤❡�❡ �✉❛♥�✐�✐❡� ❞♦ ♥♦� ❡♥�❡�

✐♥ ❛❧❧ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✐♥ ♦✉� �♣❡❡❝❤✱ �❤❡② ✇✐❧❧ ❞✐�❛♣♣❡❛� ✇❤❡♥ ✇❡ ❞❡�✐✈❡

❛❝❝♦�❞✐♥❣ �♦ �❤❡ ❝❤❛�❛❝�❡�✐��✐❝ δ✱ ❛♥❞ ✇❡ ✇✐❧❧ ❤❛✈❡ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡ ✐♥✜♥✐�❡ ❡�✉❛�✐♦♥� �♦

❡①♣�❡��❡❞

✭✶✸✮
δt1 = 0 ; δt2 = 0 ; δt3 = 0 ; δt4 = 0 ; δt5 = 0 ; δt6 = 0

δT1 = 0 ; δT2 = 0 ; δT3 = 0 ; ❛♥❞ �♦ ♦♥ �♦ ✐♥✜♥✐�②✳

�❧❡❛�❡ ♥♦�❡✿ �❤❡�❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ✈❛♥✐�❤ ✐♥ �❤❡ ♦♣❡�❛�✐♦♥ ✐♥❞✐❝❛�❡❞ ❜② �❤❡ ❝❤❛�❛❝�❡�✐��✐❝

δ ♥♦� ❜❡❝❛✉�❡ �❤❡② ❛�❡ ❛❜�♦❧✉�❡❧② ❝♦♥��❛♥�✱ ❧✐❦❡ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ �❤❡ ❡�✉❛�✐♦♥� ✭✽✮✱ �❡❝�✳

✸✹ ♣✳ ♠✳ ❢♦� �✐❣✐❞ �②��❡♠� ✇❡�❡✿ ♦♥ �❤❡ ❝♦♥��❛�②✱ �❤❡② ❛�❡ ♠♦�� ♦❢�❡♥ ✈❛�✐❛❜❧❡�✱ ❢♦� ✐♥��❛♥❝❡ ✐♥

�❤❡ ❝❛�❡ ♦❢ ✢✉✐❞�✱ ❜✉� �❤❡② ❛�❡ ✈❛�✐❛❜❧❡� ❞✉❡ �♦ ♦�❤❡� ❝♦♠♣❧❡�❡❧② ❞✐✛❡�❡♥� ✈❛�②✐♥❣ �✉❛♥�✐�✐❡�✱

�❤❛� ❛�❡ ♥♦� �❤♦�❡ ❜② ✈❛�②✐♥❣ ✇❤✐❝❤ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ❛�❡ ♣�♦❞✉❝❡❞✱ �❤❛� ✐�✱ �❤❡ ✉�✉❛❧

f, g, h, α1✱ ❛♥❞ �♦ ♦♥✳ ❚❤♦�❡ �✇❡❧✈❡ �✉❛♥�✐�✐❡� ❜❡✐♥❣ ❛❜�❡♥� ✐♥ �❤♦�❡ �✐❣❤�✲❤❛♥❞ �✐❞❡�✱ �❤❡②

❞✐�❛♣♣❡❛� ✇❤❡♥ ✇❡ ❞❡�✐✈❡ ❛❝❝♦�❞✐♥❣ �♦ δ✱ ❧✐❦❡ ✇❤❡♥ �❤❡② ❛�❡ ❛❜�♦❧✉�❡❧② ❝♦♥��❛♥�✱ ❛♥❞ ❤❡�❡ ✐�

�❤❡ ♠♦�✐✈❛�✐♦♥ ♦❢ �❤❛� ♣�♦♣❡��② �❤❛� ✐♥ �❤❡ ♣�❡❛♠❜❧❡ ♦❢ �❤❡ ▼❡♠♦✐� ✇❡ �❛✐❞ ❣❧✐♠♣�❡❞ ❜✉� ♥♦�

♣�♦✈❡❞✳

❚❤❡ ✐♥✜♥✐�❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✭✶✸✮ �❤❡♥ �❡❞✉❝❡ �♦ �❤❡ ✜��� �✐① ♦♥❧②✱ ❤❛✈✐♥❣ ♣�♦✈❡❞

✭�❡❝�✳ ✼✹ ♣✳ ♠✳✮ �❤❛� ❛❧❧ �❤❡ ✐♥✜♥✐�❡ ��✐♥♦♠✐❛❧� T1, T2, T3✱ ❛♥❞ �♦ ♦♥✱ ❛�❡ ❡�✉❛❧ �♦ ❡①♣�❡��✐♦♥�

♦❢ �❤❡ ✜��� �✐① t1, t2, . . . t6✱ ❛♥❞ ♦❢ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝�



✲ ✶✷ ✲

♣❡� a, b, c✿ �❛❧❝❤
 �✉��❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✸✮ ❞♦♣♦ ❧❡ ♣�✐♠❡ �❡✐ �✐ ♣♦��♦♥♦ ❝♦♥�✐❞❡�❛�❡ �❡♠♣❧✐❝✐

❝♦♠❜✐♥❛③✐♦♥✐ ❞✐ ❡��❡ �❡✐ ♣�❡❝❡❞❡♥�✐✳

◗✉❛♥�✉♥�✉❡ ✉♥ �❛❧❡ �❛❣✐♦♥❛♠❡♥�♦ ♣❡� �✐❞✉��❡ ❛ �♦❧❡ �❡✐ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✸✮✱ �✐❛✱ ❛ ♣❛�❡� ♠✐♦✱

❝♦♥✈✐♥❝❡♥�✐��✐♠♦✱ ❛♠♦ ❞✐ ♣�❡❢❡�❡♥③❛ �❡❣✉✐�♥❡ ✉♥ ❛❧��♦ �✐❝❝♦♠❡ �✉❡❧❧♦ ❝❤❡✱ ❝♦❧❧❡ ❞❡❜✐�❡ ♠♦❞✐✜✲

❝❛③✐♦♥✐✱ ❝✐ ❣✐♦✈❡�" ❢�❛ ♣♦❝♦ ❛♥❝❤❡ ♣❡✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ❡ ❧✐♥❡❛�✐✳ ❆ ❞✐�❝❡�♥❡�❡ ❢�❛ ❧❡ ❡�✉❛③✐♦♥✐

✭✶✸✮✱ ♣�❡♥❞❡�❡♠♦ ❝♦♠❡ ❡��❡♥③✐❛❧♠❡♥�❡ ❞✐✈❡��❡ �✉❡❧❧❡ �♦❧❡ ❝❤❡ �♦♥♦ ♥❡❝❡��❛�✐❡ ❡ ❜❛��❛♥♦ ❛❧✲

❧✬♦❣❣❡��♦ ❞✐ ��♦✈❛�❡ ♣❡� ❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz ✐ ✈❛❧♦�✐ ✭✶✷✮✿ �✉��❡ ❧❡ ❛❧��❡ ♠❛♥✐❢❡��❛♠❡♥�❡ ♥♦♥

♣♦��❛♥♥♦ ❡��❡�❡ ❝❤❡ ❝♦♠❜✐♥❛③✐♦♥✐ ❞✐ �✉❡❧❧❡ ❛��✉♥�❡ ❛ ✜♥❡ ❞✐ ❝♦♥�❡❣✉✐�❡ ✉♥❛ �❛❧❡ ❞❡�❡�♠✐♥❛③✐♦♥❡✱

❡ ❞♦✈�❛♥♥♦ �✐✉�❝✐�❡ ✐❞❡♥�✐❝❛♠❡♥�❡ �♦❞❞✐�❢❛��❡ ♣❡� ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦�✐ ✭✶✷✮✳ ❘❛❝❝♦♠❛♥❞♦

❞✐ ✈❡�✐✜❝❛�❡ �✉❡��✬✉❧�✐♠❛ ♣�♦♣�✐❡�" ❛❧♠❡♥♦ ♣❡� ❛❧❝✉♥❡ �❝❡❧�❡ ❛ ♣✐❛❝✐♠❡♥�♦✳ ❉❡❧❧❡ ✭✶✸✮ ❧❡ ♥❡✲

❝❡��❛�✐❡ ❡ �✉✣❝✐❡♥�✐ ♣❡� ��♦✈❛�❡ ✐ ✈❛❧♦�✐ ✭✶✷✮ �♦♥♦ ❧❡ ♣�✐♠❡ �❡✐✳ ◗✉✐ ❝♦♥✈❡��❡❜❜❡ �✐♣❡�❡�❡ ✉♥

❝❛❧❝♦❧♦✱ ✐❧ �✉❛❧❡ ✭❞♦♣♦ �♦��✐�✉✐�✐ ♣❡� t1, t2, . . . t6 ✐ ��✐♥♦♠❥ ❡�✉✐✈❛❧❡♥�✐✱ ❡�✉❛③✐♦♥✐ ✭✻✮✱ ♥✉♠✳ ✸✹

♠✳ ♣✳✮ �✐ ��♦✈❛ ♣�❡❝✐�❛♠❡♥�❡ ✐❧ ♠❡❞❡�✐♠♦ ❣✐" ❡�❡❣✉✐�♦ ♣✐+ �♦♣�❛ �✉❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮ ❝♦❧❧❛ ❞✐✛❡✲

�❡♥③❛ ❞❡❧❧✬❛✈❡��✐ ❧❡ ❧❡��❡�❡ a, b, c ✐♥✈❡❝❡ ❞❡❧❧❡ p, q, r✳ ◆❡❧❧✬❛♥❞❛♠❡♥�♦ ❛♥❛❧✐�✐❝♦ ❧✬✉♥✐❝❛ ❞✐✈❡��✐�"

�✬✐♥❝♦♥��❛ ♥❡❧ ❧✉♦❣♦ ❞♦✈❡ ✈♦❧❡♥❞♦ ❞✐♠♦���❛�❡ ❧❛ �✉��✐��❡♥③❛ ❞❡❧❧❡ �❡✐ ❡�✉❛③✐♦♥✐ ✭✾✮✱ �✐❞✉❝✐❛♠♦

❧✬❡�✉❛③✐♦♥❡ �✐♠✐❧❡ ❛❧❧❛ ✭✼✮ �0 ❝❤❡ ❞✐✈❡♥�❛

(a)

(

dx

da
+ α

dx

db
+ β

dx

dc

)2

= 0 .

■✈✐✱ ❛ ❝♦♥✈✐♥❝❡�❝✐ ❝❤❡ ✐❧ �❡❝♦♥❞♦ ❢❛��♦�❡ ♥♦♥ ♣✉2 ❡��❡�❡ ③❡�♦✱ ♥♦♥ ✈❛❧❡ ♣✐+ ✐❧ ❞✐�❡ ❝❤❡ �✐

❛♥♥✉❧❧❡�❡❜❜❡ ✉♥ �❡��✐♥♦♠✐♦ ❣✐" ��♦✈❛�♦ ✉❣✉❛❧❡ ❛❧❧✬✉♥✐�"✿ ✐♥✈❡❝❡ ❜✐�♦❣♥❛ ❞✐�❡ ❝❤❡ ♠❡��✐ ✐ ✈❛❧♦�✐

❞✐ α, β �✐�✉❧�❡�❡❜❜❡ ③❡�♦ ✐❧ �❡��✐♥♦♠✐♦ H ❜❡♥ ❝♦♥♦�❝✐✉�♦ ✭✈❡❞✐ ❡�✉❛③✐♦♥❡ ✭✹✮✱ ♥✳ ✾ ♠✳ ♣✳✮ ❡

�✉✐♥❞✐ ✐♥✜♥✐�❛ ❧❛ ❞❡♥�✐�" Γ ✭✐✈✐✱ ❡�✉❛③✐♦♥❡ ✭✻✮✮✱ ❝♦�❛ ✐♠♣♦��✐❜✐❧❡✳

❆��✉♥�❡ ❝♦�0 ♣❡� �♦❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❧❡ ♣�✐♠❡ �❡✐ ❢�❛ ❧❡ ✭✶✸✮✱ �✐ ❝❛♣✐�❝❡ ❝♦♠❡ ❧✬❡�✉❛✲

③✐♦♥❡ ✭✶✵✮✱ ♥✳ ✸✺ ♠✳ ♣✳✱ ♥♦♥ 5 ✉♥✐❝❛♠❡♥�❡ �❡❧❛�✐✈❛ ❛✐ �✐��❡♠✐ �✐❣✐❞✐✱ ♠❛ ❣❡♥❡�❛❧✐��✐♠❛ ♣❡� ♦❣♥✐

�♦��❛ ❞✐ �✐��❡♠✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✳ ❙✐ ❝❛♣✐�❝❡ ✐♥♦❧��❡ ✭♣❡� ❝✐2 ❝❤❡ �❡❣✉❡ ♥❡❧❧❛ ♠✳ ♣✳ ♥✳ ✻✱ ✸✼✱ ✸✽✮

❝♦♠❡ ❢❛��❡

✭✶✹✮
Λ = Γ(■) ; Ξ = Γ(■■) ; Π = Γ(■■■)

Σ = Γ(■❱) ; Φ = Γ(❱) ; Ψ = Γ(❱■) ,

♥❡❧❧❡ �✉❛❧✐ ❧❡ �❡✐ �✉❛♥�✐�" ✭■✮✱ ✭■■✮✱ ✳ ✳ ✳ ✭❱■✮ ❤❛♥♥♦ ✐ ✈❛❧♦�✐ �❝�✐��✐ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✼✮✱

♥✳ ✸✽ ♠✳ ♣✳ ✭�✐✈❡❞✐ ❝♦❧" ❧❡ ❡�✉❛③✐♦♥✐ ✭✷✻✮✱ ✭✷✽✮✱ ✭✷✾✮✮✱ ❧❡ ��❡

✲ ✶✷ ❊◆● ✲

�♦ a, b, c✿ �♦ �❤❛� ❛❧❧ ❡�✉❛�✐♦♥� ✭✶✸✮ ❛❢�❡� �❤❡ ✜��� �✐① ♠❛② ❜❡ ❝♦♥�✐❞❡�❡❞ �✐♠♣❧❡ ❝♦♠❜✐♥❛�✐♦♥�

♦❢ �❤❡♠✱ �❤❡ ♣�❡❝❡❞✐♥❣ �✐①✳

❆❧�❤♦✉❣❤ �✉❝❤ ❛ �❡❛�♦♥✐♥❣ �♦ �❡❞✉❝❡ �❤❡ ❡�✉❛�✐♦♥� ✭✶✸✮ �♦ �✐① ♦♥❧② ✐�✱ ✐♥ ♠② ♦♣✐♥✐♦♥✱

✈❡�② ❝♦♥✈✐♥❝✐♥❣✱ ■ ♣�❡❢❡�❛❜❧② ❧♦✈❡ �♦ ❢♦❧❧♦✇ ❛♥♦�❤❡� ♦♥❡✱ ❥✉�� ❧✐❦❡ �❤❡ ♦♥❡ ✇❤✐❝❤✱ ✇✐�❤ ❞✉❡

♠♦❞✐✜❝❛�✐♦♥�✱ ✇✐❧❧ ✐♥ �❤♦�� ❜❡ ✉�❡❢✉❧ �♦ ✉� ❢♦� ❧✐♥❡❛� ❛♥❞ �✉♣❡�✜❝✐❛❧ �②��❡♠� ❛� ✇❡❧❧✳ ■♥ ♦�❞❡�

�♦ ❞✐�❝❡�♥ ❛♠♦♥❣ �❤❡ ❡�✉❛�✐♦♥� ✭✶✸✮✱ ✇❡ ✇✐❧❧ �❛❦❡ ❛� �✉❜��❛♥�✐❛❧❧② ❞✐✛❡�❡♥� ♦♥❧② �❤♦�❡ �❤❛� ❛�❡

♥❡❝❡��❛�② ❛♥❞ ❡♥♦✉❣❤ �♦ �❤❡ ❣♦❛❧ ♦❢ ✜♥❞✐♥❣ �❤❡ ✈❛❧✉❡� ✭✶✷✮ ❢♦� �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz✿ ❛❧❧ �❤❡

♦�❤❡� ♦♥❡� ✇✐❧❧ ♠❛♥✐❢❡��❧② ❜❡ ❜✉� ❝♦♠❜✐♥❛�✐♦♥� ♦❢ �❤♦�❡ ❛��✉♠❡❞ ✇✐�❤ �❤❡ ❛✐♠ ♦❢ ❣❡��✐♥❣ �✉❝❤

❛ ❞❡�❡�♠✐♥❛�✐♦♥✱ ❛♥❞ �❤❛❧❧ ❝♦♠❡ ✐❞❡♥�✐❝❛❧❧② �❛�✐�✜❡❞ ❜② �❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡ ✈❛❧✉❡� ✭✶✷✮✳ ■

�❡❝♦♠♠❡♥❞ �♦ ✈❡�✐❢② �❤✐� ❧❛�� ♣�♦♣❡��② ❛� ❧❡❛�� ❢♦� �♦♠❡ ❝❤♦✐❝❡� ❛� ✇✐❧❧✳ ❚❤❡ ♥❡❝❡��❛�② ❛♥❞

�✉✣❝✐❡♥� ♦♥❡� ❛♠♦♥❣ �❤❡ ✭✶✸✮ �♦ ✜♥❞ �❤❡ ✈❛❧✉❡� ✭✶✷✮ ❛�❡ �❤❡ ✜��� �✐①✳ ■� ✇♦✉❧❞ ❜❡ ❝♦♥✈❡♥✐❡♥�

❤❡�❡ �♦ �❡♣❡❛� ❛ ❝❛❧❝✉❧❛�✐♦♥✱ �❤❛� ✭❛❢�❡� �✉❜��✐�✉�✐♥❣ t1, t2, . . . t6 ❜② �❤❡ ❡�✉✐✈❛❧❡♥� ��✐♥♦♠✐❛❧�✱

❡�✉❛�✐♦♥� ✭✻✮✱ �❡❝�✳ ✸✹ ♣✳ ♠✳✮ ♦♥❡ ✜♥❞� ♣�❡❝✐�❡❧② �❤❡ �❛♠❡ ❛❧�❡❛❞② ♣❡�❢♦�♠❡❞ ❛❜♦✈❡ ♦♥ �❤❡

❡�✉❛�✐♦♥� ✭✸✮✱ ✇✐�❤ �❤❡ ❞✐✛❡�❡♥❝❡ �❤❛� ✇❡ ❤❛✈❡ �❤❡ ❧❡��❡�� a, b, c ✐♥��❡❛❞ ♦❢ �❤❡ p, q, r✳ ■♥ �❤❡

❛♥❛❧②�✐❝❛❧ ♣�♦❝❡❞✉�❡✱ �❤❡ ♦♥❧② ❞✐✈❡��✐�② ✐� ♠❡� ✐♥ �❤❡ ♣❧❛❝❡ ✇❤❡�❡✱ ✇❤❡♥ ✇❡ ✇❛♥� �♦ ♣�♦✈❡ �❤❡

✈❛❧✐❞✐�② ♦❢ �❤❡ �✐① ❡�✉❛�✐♦♥� ✭✾✮✱ ✇❡ �❡❞✉❝❡ �❤❡ ❡�✉❛�✐♦♥ �✐♠✐❧❛� �♦ �❤❡ ✭✼✮ �♦ �♦ ❜❡❝♦♠❡

(a)

(

dx

da
+ α

dx

db
+ β

dx

dc

)2

= 0 .

❍❡�❡✱ �♦ ❝♦♥✈✐♥❝❡ ✉� �❤❛� �❤❡ �❡❝♦♥❞ ❢❛❝�♦� ❝❛♥♥♦� ❜❡ ③❡�♦✱ �❛②✐♥❣ �❤❛� ❛ �❡①�✐♥♦♠✐❛❧ ❛❧�❡❛❞②

❢♦✉♥❞ ❡�✉❛❧ �♦ ✉♥✐� ✇♦✉❧❞ ✈❛♥✐�❤ ✐� ♥♦ ❧♦♥❣❡� ✈❛❧✐❞✿ ✐� ✐� ♥❡❝❡��❛�② �♦ �❛② ✐♥��❡❛❞ �❤❛�✱ ♦♥❝❡

♣✉� �❤❡ ✈❛❧✉❡� α, β✱ �❤❡ ✇❡❧❧ ❦♥♦✇♥ �❡①�✐♥♦♠✐❛❧ H ✭�❡❡ ❡�✉❛�✐♦♥ ✭✹✮✱ �❡❝�✳ ✾ ♣✳ ♠✳✮ ✇♦✉❧❞

�❡�✉❧� ③❡�♦✱ ❛♥❞ �❤✉� ✐♥✜♥✐�❡ �❤❡ ❞❡♥�✐�② Γ ✭✐❜✐❞❡♠✱ ❡�✉❛�✐♦♥ ✭✻✮✮✱ ✇❤✐❝❤ ✐� ✐♠♣♦��✐❜❧❡✳

❚❤✉� ❛��✉♠❡❞ ❛� �♦❧❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ �❤❡ ✜��� �✐① ❛♠♦♥❣ �❤❡ ✭✶✸✮✱ ✇❡ ✉♥❞❡���❛♥❞

❤♦✇ �❤❡ ❡�✉❛�✐♦♥ ✭✶✵✮✱ �❡❝�✳ ✸✺ ♣✳ ♠✳✱ ✐� ♥♦� �❡❧❛�✐✈❡ �♦ �✐❣✐❞ �②��❡♠� ✉♥✐�✉❡❧②✱ ❜✉� ♠♦��

❣❡♥❡�❛❧ ❢♦� ❛❧❧ �♦��� ♦❢ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�✳ ■♥ ❛❞❞✐�✐♦♥✱ ✇❡ ✉♥❞❡���❛♥❞ ✭❢♦❧❧♦✇✐♥❣ ✇❤❛�

✐� ✐♥ �❤❡ ♣✳ ♠✳ �❡❝��✳ ✻✱ ✸✼✱ ✸✽✮ ❤♦✇✱ ♦♥❝❡ ♠❛❞❡

✭✶✹✮
Λ = Γ(■) ; Ξ = Γ(■■) ; Π = Γ(■■■)

Σ = Γ(■❱) ; Φ = Γ(❱) ; Ψ = Γ(❱■) ,

✐♥ ✇❤✐❝❤ �❤❡ �✐① �✉❛♥�✐�✐�✐❡� ✭■✮✱ ✭■■✮✱ ✳ ✳ ✳ ✭❱■✮ ❤❛✈❡ �❤❡ ✈❛❧✉❡� ✇�✐��❡♥ ❜② ♠❡❛♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥�

✭✷✼✮✱ �❡❝�✳ ✸✽ ♣✳ ♠✳ ✭�❡❡ ❜❛❝❦ �❤❡�❡ �❤❡ ❡�✉❛�✐♦♥� ✭✷✻✮✱ ✭✷✽✮✱ ✭✷✾✮✮✱ �❤❡ �❤�❡❡



✲ ✶✸ ✲

❝❤❡ �✐ ❡�	❡♥❞♦♥♦ ❛ 	✉		✐ ✐ ♣✉♥	✐ ❞❡❧❧❛ ♠❛��❛✱ �♦♥♦ ❧❡

✭✶✺✮

Γ

(

❳− d2x

dt2

)

+
dΛ

dx
+

dΣ

dy
+

dΦ

dz
= 0

Γ

(

❨− d2y

dt2

)

+
dΣ

dx
+

dΞ

dy
+

dΨ

dz
= 0

Γ

(

❩− d2z

dt2

)

+
dΦ

dx
+

dΨ

dy
+

dΠ

dz
= 0

❣✐� ❞✐♠♦�	�❛	❡ ❛❧	�✐♠❡♥	✐ ✭❡�✉❛③✐♦♥✐ ✭✷✸✮✱ ♥✳ ✹✵ ♠✳ ♣✳✮❀ ❡ ❝❤❡ ❧❡ 	�❡ ✭♥✳ ✺✷ ♠✳ ♣✳✮

✭✶✻✮

λ(Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

− Φ+
dz

dx
Λ +

dz

dy
Σ = 0

μ(Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

−Ψ+
dz

dx
Σ+

dz

dy
Ξ = 0

ν(Γ)

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

−Π+
dz

dx
Φ+

dz

dy
Ψ = 0

�♦♥♦ �✉❡❧❧❡ ❝❤❡ �✐ ✈❡�✐✜❝❛♥♦ ✉♥✐❝❛♠❡♥	❡ ❛❧❧❛ �✉♣❡�✜❝✐❡ ❝♦♥	❡�♠✐♥❛♥	❡ ✐❧ ❝♦�♣♦✿ ❞♦✈❡ λ, μ, ν

�✐❣♥✐✜❝❛♥♦ ❧❡ 	�❡ ❝♦♠♣♦♥❡♥	✐ �❡❝♦♥❞♦ ✐ 	�❡ ❛��✐ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ♣�♦♣�✐❛ ❞❡❧ ♣✉♥	♦ (x, y, z)

❣❡♥❡�✐❝♦ ✐♥ 	❛❧ �✉♣❡�✜❝✐❡✱ ❡ (Γ) ' ❧❛ ❞❡♥�✐	� ❝❤❡ �❡❣♥❛ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡ ❛❧❧❛ �	❡��❛ �✉♣❡�✜❝✐❡✳

✺✳ ❯♥✬♦♣❡�❛③✐♦♥❡ ❛♥❛❧✐	✐❝❛ ❛❧�✉❛♥	♦ ♣�♦❧✐��❛ ♠❛ ❞✐ ♠♦❧	❛ ✐♠♣♦�	❛♥③❛ ♣❡� ❧❡ ❝♦�❡ ❝❤❡ ❛✈�❡✲

♠♦ ❛ ❞✐�❡ ❛♣♣�❡��♦✱ ♣�✐♥❝✐♣❛❧♠❡♥	❡ ♥❡❧ ❈❛♣♦ ❱■✱ �✐ ' �✉❡❧❧❛ ❞✐ ❞❡�✉♠❡�❡ ✐♥✈❡��❛♠❡♥	❡ ❞❛❧❧❡
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1, m2

2, m2
3, 2m1m2, 2m1m3, 2m2m3

❛♥❞ ♦♥❝❡ ♠♦
❡ ❜②

n2
1, n2

2, n2
3, 2n1n2, 2n1n3, 2n2n3 ,

�❤❡♥ �✉♠♠✐♥❣ �❤❡♠✱ ❛♥❞ ❤❛✈✐♥❣ ❛♥ ❡②❡ �♦ �❤❡ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥� ✭✷✵✮✱ ✇❡ ✜♥❞ ❢♦
 B, C �❤❡

✈❛❧✉❡� �❤❛� ❛
❡ 
❡❝♦
❞❡❞ ❤❡
❡❛❢�❡
✳
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❆❧❧✬♦❣❣❡

♦ ❞✐ ❛✈❡�❡ ✐❧ ✈❛❧♦�❡ ❞✐ D ❧❡ �❡✐ ❡�✉❛③✐♦♥✐ ❞❡❜❜♦♥♦ ❡��❡�❡ �✐�♣❡

✐✈❛♠❡♥
❡ ♠♦❧
✐♣❧✐✲

❝❛
❡ ♣❡�

l1m1, l2m2, l3m3, l1m2 +m1l2, l1m3 +m1l3, l2m3 +m2l3 ;

✐♥❞✐ �♦♠♠❛
❡❀ ❧❛ �♦♠♠❛ ♣✉� �❝�✐✈❡��✐

✭✷✷✮

− 1

Γ

{

Λl1m1 + Ξl2m2 +Πl3m3 +Σ(l1m2 +m1l2) + Φ (l1m3 +m1l3)

+Ψ (l2m3 +m2l3)
}

= 2A

(

l1
dx

da
+ l2

dy

da
+ l3

dz

da

)(

m1
dx

da
+m2

dy

da
+m3

dz

da

)

+2B

(

l1
dx

db
+ l2

dy

db
+ l3

dz

db

)(

m1
dx

db
+m2

dy

db
+m3

dz

db

)

+2C

(

l1
dx

dc
+ l2

dy

dc
+ l3

dz

dc

)(

m1
dx

dc
+m2

dy

dc
+m3

dz

dc

)

+D

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

l1
dx

da
+ l2

dy

da
+ l3

dz

da

)(

m1
dx

db
+m2

dy

db
+m3

dz

db

)

+

(

m1
dx

da
+m2

dy

da
+m3

dz

da

)(

l1
dx

db
+ l2

dy

db
+ l3

dz

db

)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

+E

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

l1
dx

da
+ l2

dy

da
+ l3

dz

da

)(

m1
dx

dc
+m2

dy

dc
+m3

dz

dc

)

+

(

m1
dx

da
+m2

dy

da
+m3

dz

da

)(

l1
dx

dc
+ l2

dy

dc
+ l3

dz

dc

)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

+F

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

l1
dx

db
+ l2

dy

db
+ l3

dz

db

)(

m1
dx

dc
+m2

dy

dc
+m3

dz

dc

)

+

(

m1
dx

db
+m2

dy

db
+m3

dz

db

)(

l1
dx

dc
+ l2

dy

dc
+ l3

dz

dc

)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

.
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♦

❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥
✐❝❤❡ ✭✷✵✮✿ ❡��♦ ❞✐✈❡♥
❛ �❡♠♣❧✐❝❡♠❡♥
❡ DH2✱ ❡ ♣❡� 
❛❧ ♠❛♥✐❡�❛ �✐ ♦

✐❡♥❡

♣�♦♥
❛♠❡♥
❡ ✐❧ ✈❛❧♦�❡ ❞✐ D ❝❡�❝❛
♦✳

$❡� ❛✈❡�❡ �✉❡❧❧✐ ❞❡❧❧❡ E, F ♥♦♥ �✐ ❞❡✈❡ ❢❛� ❛❧
�♦ ❝❤❡ �✐♣❡
❡�❡ ❞✉❡ ✈♦❧
❡ ✉♥ ❝❛❧❝♦❧♦ ❛✛❛

♦

�✐♠✐❧❡✱ ♠♦❧
✐♣❧✐❝❛♥❞♦ ✉♥❛ ✈♦❧
❛ ❧❡ �❡✐ ❡�✉❛③✐♦♥✐ �✐�♣❡

✐✈❛♠❡♥
❡ ♣❡�

l1n1, l2n2, l3n3, l1n2 + n1l2, l1n3 + n1l3, l2n3 + n2l3

❡ ✉♥✬❛❧
�❛ ✈♦❧
❛ ♣❡�

m1n1, m2n2, m3n3, m1n2 + n1m2, m1n3 + n1m3, m2n3 + n2m3 .

✲ ✶✺ ❊◆● ✲

❲✐
❤ 
❤❡ ❛✐♠ 
♦ ❤❛✈❡ 
❤❡ ✈❛❧✉❡ ♦❢ D 
❤❡ �✐① ❡�✉❛
✐♦♥� ♠✉�
 ❜❡ ♠✉❧
✐♣❧✐❡❞ �❡�♣❡❝
✐✈❡❧② ❜②

l1m1, l2m2, l3m3, l1m2 +m1l2, l1m3 +m1l3, l2m3 +m2l3 ;

❛♥❞ 
❤❡♥ �✉♠♠❡❞❀ 
❤❡ �✉♠ ♠❛② ❜❡ ✇�✐

❡♥

✭✷✷✮

− 1

Γ

{

Λl1m1 + Ξl2m2 +Πl3m3 +Σ(l1m2 +m1l2) + Φ (l1m3 +m1l3)

+Ψ (l2m3 +m2l3)
}

= 2A

(

l1
dx

da
+ l2

dy

da
+ l3

dz

da

)(

m1
dx

da
+m2

dy

da
+m3

dz

da

)

+2B

(

l1
dx

db
+ l2

dy

db
+ l3

dz

db

)(

m1
dx

db
+m2

dy

db
+m3

dz

db

)

+2C

(

l1
dx

dc
+ l2

dy

dc
+ l3

dz

dc

)(

m1
dx

dc
+m2

dy

dc
+m3

dz

dc

)

+D

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

l1
dx

da
+ l2

dy

da
+ l3

dz

da

)(

m1
dx

db
+m2

dy

db
+m3

dz

db

)

+

(

m1
dx

da
+m2

dy

da
+m3

dz

da

)(

l1
dx

db
+ l2

dy

db
+ l3

dz

db

)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

+E

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

l1
dx

da
+ l2

dy

da
+ l3

dz

da

)(

m1
dx

dc
+m2

dy

dc
+m3

dz

dc

)

+

(

m1
dx

da
+m2

dy

da
+m3

dz

da

)(

l1
dx

dc
+ l2

dy

dc
+ l3

dz

dc

)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

+F

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

l1
dx

db
+ l2

dy

db
+ l3

dz

db

)(

m1
dx

dc
+m2

dy

dc
+m3

dz

dc

)

+

(

m1
dx

db
+m2

dy

db
+m3

dz

db

)(

l1
dx

dc
+ l2

dy

dc
+ l3

dz

dc

)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

.
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❤❡ ✐❞❡♥
✐❝❛❧ ❡�✉❛
✐♦♥� ✭✷✵✮✿ ✐
 �✐♠♣❧② ❜❡❝♦♠❡� DH2✱ ❛♥❞ ✐♥ 
❤✐� ✇❛② ✇❡ �❡❛❞✐❧② ♦❜
❛✐♥ 
❤❡

�❡❛�❝❤❡❞ ✈❛❧✉❡ ♦❢ D✳

❚♦ ❤❛✈❡ 
❤❡ ✈❛❧✉❡� ♦❢ 
❤❡ E, F ✇❡ ❞♦ ♥♦
 ❤❛✈❡ 
♦ ❞♦ ♦
❤❡� 
❤❛♥ �❡♣❡❛
✐♥❣ 
✇✐❝❡ ❛ ❝❛❧❝✉❧❛
✐♦♥

❛
 ❛❧❧ �✐♠✐❧❛�✱ ❜② ♠✉❧
✐♣❧②✐♥❣ ♦♥❝❡ 
❤❡ �✐① ❡�✉❛
✐♦♥� �❡�♣❡❝
✐✈❡❧② ❜②

l1n1, l2n2, l3n3, l1n2 + n1l2, l1n3 + n1l3, l2n3 + n2l3

❛♥❞ ♦♥❝❡ ❛❣❛✐♥ ❜②

m1n1, m2n2, m3n3, m1n2 + n1m2, m1n3 + n1m3, m2n3 + n2m3 .



✲ ✶✻ ✲

■❧ �✉❛❞
♦ ❞❡✐ ✈❛❧♦
✐ �
♦✈❛�✐✱ �❡❣✉❡♥❞♦ ✐❧ �
❛❝❝✐❛�♦ ❛♥❞❛♠❡♥�♦✱ � ❝♦♠❡ �❡❣✉❡

✭✷✸✮

A = −1

2
Γ
{

Λl21 + Ξl22 +Πl23 + 2Σl1l2 + 2Φl1l3 + 2Ψl2l3
}

B = −1

2
Γ
{

Λm2
1 + Ξm2

2 +Πm2
3 + 2Σm1m2 + 2Φm1m3 + 2Ψm2m3

}

C = −1

2
Γ
{

Λn2
1 + Ξn2

2 +Πn2
3 + 2Σn1n2 + 2Φn1n3 + 2Ψn2n3

}

D = − Γ{Λl1m1 + Ξl2m2 +Πl3m3

+Σ(l1m2 +m1l2) + Φ(l1m3 +m1l3) + Ψ(l2m3 +m2l3)}

E = − Γ{Λl1n1 + Ξl2n2 +Πl3n3

+Σ(l1n2 + n1l2) + Φ(l1n3 + n1l3) + Ψ(l2n3 + n2l3)}

F = − Γ{Λm1n1 + Ξm2n2 +Πm3n3

+Σ(m1n2 + n1m2) + Φ(m1n3 + n1m3) + Ψ(m2n3 + n2m3)} .
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✐ ❡ �✉♣❡
✜❝✐❛❧✐✱

❡✱ ✈✐��❡ ❧❡ ❝♦♥�❡❣✉❡♥③❡✱ ❛✈
❡♠♦ ♣♦✐ ❝✉
❛ ❞✐

✲ ✶✻ ❊◆● ✲

❚❤❡ �❛❜❧❡ ♦❢ �❤❡ ✈❛❧✉❡� ❢♦✉♥❞ ❜② ❢♦❧❧♦✇✐♥❣ �❤❡ ♦✉�❧✐♥❡❞ ♣
♦❝❡❞✉
❡ ✐� ❛� ❢♦❧❧♦✇�

✭✷✸✮

A = −1

2
Γ
{

Λl21 + Ξl22 +Πl23 + 2Σl1l2 + 2Φl1l3 + 2Ψl2l3
}

B = −1

2
Γ
{

Λm2
1 + Ξm2

2 +Πm2
3 + 2Σm1m2 + 2Φm1m3 + 2Ψm2m3

}

C = −1

2
Γ
{

Λn2
1 + Ξn2

2 +Πn2
3 + 2Σn1n2 + 2Φn1n3 + 2Ψn2n3

}

D = − Γ{Λl1m1 + Ξl2m2 +Πl3m3

+Σ(l1m2 +m1l2) + Φ(l1m3 +m1l3) + Ψ(l2m3 +m2l3)}

E = − Γ{Λl1n1 + Ξl2n2 +Πl3n3

+Σ(l1n2 + n1l2) + Φ(l1n3 + n1l3) + Ψ(l2n3 + n2l3)}

F = − Γ{Λm1n1 + Ξm2n2 +Πm3n3

+Σ(m1n2 + n1m2) + Φ(m1n3 + n1m3) + Ψ(m2n3 + n2m3)} .

❈❆�❖ ■■✳

❆♣♣❧✐❝❛�✐♦♥ ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡ �♦ �❤❡ �❡❛�❝❤ ♦❢ �❤❡ ♠♦�� ❣❡♥❡�❛❧ ❡
✉❛�✐♦♥�

❢♦� �❤❡ ♠♦�✐♦♥ ❛♥❞ �❤❡ ❡
✉✐❧✐❜�✐✉♠ ♦❢ ❧✐♥❡❛� ❛♥❞ �✉♣❡�✜❝✐❛❧ �②��❡♠�✳

✻✳ ❲❡ �❛✐❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤❡ ♣
❡❝❡❞✐♥❣ ❈❛♣♦ �❤❛� ✐♥ ❣❡♥❡
❛❧✱ ❢♦
 ❛❧❧ �❤
❡❡ �♦
�� ♦❢

❝♦♥�✐♥✉♦✉� �②��❡♠�✱ �❤❡ ✈❛
✐❛�✐♦♥� δx, δy, δz ♠❛② ❜❡ ❝♦♥�✐❞❡
❡❞ �♦ ❤❛✈❡ �❤♦�❡ ✈❛❧✉❡� �❤❛� ❝❛♥

❜❡ ♦❜�❛✐♥❡❞ ❜② ❛��
✐❜✉�✐♥❣ �♦ �❤❡ ❝♦♦
❞✐♥❛�❡� x, y, z ♦❢ �❤❡ ❣❡♥❡
✐❝ ♣♦✐♥� ✈❡
② �♠❛❧❧ ✐♥❝
❡♠❡♥��

❝❛✉�❡❞ ❜② ❛ �❧✐❣❤� ❞✐�♣❧❛❝❡♠❡♥� ♦❢ �❤❡ 
❡❝�❛♥❣✉❧❛
 ❛①❡� �♦ ✇❤✐❝❤ �❤❡ �②��❡♠ ✐� 
❡❢❡

❡❞✿ ❜✉� ✇❡

❞✐❞ ♥♦� ♣
♦✈❡ �❤❡ ♣
♦♣♦�✐�✐♦♥ ✐❢ ♥♦� ❢♦
 �❤
❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�✳ ❆� ❢♦
 ❧✐♥❡❛
 ❛♥❞ �✉♣❡
✜❝✐❛❧

♦♥❡�✱ �❤❡ ♣
♦♦❢ �❤♦✉❧❞ ❜❡ ❞♦♥❡ ❜② 
❡❧②✐♥❣ ❢♦
 �❤❡ ❢♦
♠❡
 ♦♥ ❡�✉❛�✐♦♥� ✭✶✵✮✱ ✭✶✶✮✱ ❡�❝✳✱ ❛♥❞ ❢♦


�❤❡ ❧❛��❡
 ♦♥ ❡�✉❛�✐♦♥� ✭✸✹✮✱ �❡❝�✳ ✽✷ ♣✳ ♠✳✱ ❈❛♣♦ ❱■■ ❛♥❞ ❧❛�� ♦♥❡✳ ❆♥②✇❛②✱ �✐♥❝❡ �❤❡ ♥✉♠❜❡


♦❢ �✉❜��❛♥�✐❛❧❧② ❞✐✛❡
❡♥� ❡�✉❛�✐♦♥� ✐♥ �❤♦�❡ ✇❛� ♥♦� ✇❡❧❧ ❞❡�❡
♠✐♥❡❞ ❜② ✉� ✐♥ �❤❛� ❈❛♣♦✱ ✇❤✐❧❡

�♦ ✇❛� ✐♥��❡❛❞ �❤❛� ♦❢ �❤❡ ✭✶✹✮✱ �❡❝�✳ ✹✼ ♣✳ ♠✳ ❢♦
 �❤
❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�✱ ✐� ✐� ❝❧❡❛


�❤❛� ✇✐�❤♦✉� �✉❝❤ ❛ ❜❛�✐� �❤❡ �❛✐❞ ♣
♦♦❢ ❝❛♥♥♦� �❛❦❡ ♣❧❛❝❡✳ ❲❡ ✇✐❧❧ �❤❡♥ ❦❡❡♣ ✐♥ �❤❡ ♣
❡�❡♥�

❝✐
❝✉♠��❛♥❝❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡✱ �❤❛� �❡❡♠� �♦ ✉� ♠♦
❡ ❛❞✈❛♥�❛❣❡♦✉�✿ ✇❡ ✇✐❧❧ ✜
�� �✉♣♣♦�❡ ✭❛

❧✐��❧❡ ❜✐� ❛✈❛✐❧✐♥❣ �❤❡♠�❡❧✈❡� ♦❢ �❤❡ ❛♥❛❧♦❣②✮ �
✉❡ �❤❡ ♣
♦♣♦�✐�✐♦♥ ❛❧�♦ ❢♦
 ❧✐♥❡❛
 ❛♥❞ �✉♣❡
✜❝✐❛❧

�②��❡♠�✱ ❛♥❞✱ ♦♥❝❡ �❡❡♥ �❤❡ ❝♦♥�❡�✉❡♥❝❡�✱ ✇❡ ✇✐❧❧ �❤❡♥ �❛❦❡ ❝❛
❡ ♦❢
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�✐❝♦♥❢❡�♠❛�❧❡ �✐❣♦�♦�❛♠❡♥�❡ ♠❡❞✐❛♥�❡ ❧✬❛❧��♦ ♣�♦❝❡��♦ ❛♥❛❧✐�✐❝♦ ❞❡❧ ❈❛♣♦ ❱■ ♠✳ ♣✳✱ ❧❛ ❞✐ ❝✉✐

❛♣♣❧✐❝❛③✐♦♥❡ ❛♥❝❤❡ ❛✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ❡ �✉♣❡�✜❝✐❛❧✐ ✈❡♥♥❡ ✐♥❞✐❝❛�❛ �✉❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ �✉❝❝✐�❛�♦

❈❛♣♦ ❱■■✱ ♠❛ ✐✈✐ ♦♠♠❡��❛ ♣❡� ❜�❡✈✐��✳

❆❧❧❛ ✜♥❡ ❞❡❧ ❈❛♣♦ ■■■✱ !✉❛♥❞♦ �❛�❛♥♦ ��❛�❡ ❡�♣♦��❡ ✐♥ ♣✐" ♠❛♥✐❡�❡ ❧❡ ❞✐♠♦���❛③✐♦♥✐ ❞❡❧❧❡

❡!✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐��✐♠❡ ♣❡� �✉��✐ ✐ �✐��❡♠✐✱ �✐❛��✉♠❡�❡♠♦ ❧✬♦�❞✐♥❡ ❞❡✐ �❛❣✐♦♥❛♠❡♥�✐✱ ♣�❡�❡♥✲

�❛♥❞♦❧♦ �♦��♦ !✉❡❧ ♣✉♥�♦ ❞✐ ✈✐��❛ ❝❤❡ ❧❛�❝✐ �❝♦�❣❡�❡ ❛❧ ❧❡��♦�❡ ♥✉❧❧❛ �✐♠❛♥❡�❡ ❝❤❡ ♥♦♥ �✐❛ ❜❡♥

❞✐♠♦���❛�♦✳

#❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ♥❡✐ !✉❛❧✐ ❧❡ ❝♦♦�❞✐♥❛�❡ x, y, z �♣❡��❛♥�✐ ❛❧❧♦ ��❛�♦ �❡❛❧❡ �✐ ❝♦♥�✐❞❡�❛♥♦

❢✉♥③✐♦♥✐ ❞✐ ✉♥❛ �♦❧❛ ✈❛�✐❛❜✐❧❡ a �❡❧❛�✐✈❛ ❛❧❧♦ ��❛�♦ ♣�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡ ✭♥✳ ✶✶ ♠✳ ♣✳✮✱ ✐ ��✐♥♦♠❥

✭✶✮

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2

(

d3x

da3

)2

+

(

d3y

da3

)2

+

(

d3z

da3

)2

(

d4x

da4

)2

+

(

d4y

da4

)2

+

(

d4z

da4

)2

❡❝✳ , ❡❝✳ , ❡❝✳

❛❧❧✬✐♥✜♥✐�♦ �♦♥♦ !✉❡❧❧✐ ❝❤❡✱ �♦��✐�✉❡♥❞♦ ♣❡� x, y, z ✐ ✈❛❧♦�✐ ✭✶✮ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✱ �✐❝♦♠♣❛❥♦♥♦

❢❛��✐ ❝♦❧❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ p, q, r ❛❧❧❛ ��❡��❛ ♠❛♥✐❡�❛✱ ❡❧✐♠✐♥❛�❛ ♦❣♥✐ ��❛❝❝✐❛ ❞❡❧❧❡ ❞♦❞✐❝✐ !✉❛♥�✐��

f, g, h, α1✱ ❡❝✳ ■♥��✐�✉✐�❡ !✉✐♥❞✐ ❛❧��❡��❛♥�❡ ❡!✉❛③✐♦♥✐ ❢�❛ ❡��✐ ❡ ✐ ❧♦�♦ ✈❛❧♦�✐ ❡�♣�❡��✐ ❝♦❧❧❡ p, q, r✱

�❡ ❞✐ �❛❧✐ ❡!✉❛③✐♦♥✐ �✐ ♣�❡♥❞♦♥♦ ❧❡ ✈❛�✐❛�❡✱ ❛✈�❡♠♦

✭✷✮

δ

{

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2
}

= 0

δ

{

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2
}

= 0

❡❝✳ , ❡❝✳ , ❡❝✳

❛❧❧✬✐♥✜♥✐�♦✿ ❡ ❧❛ �❛❣✐♦♥❡ ❞❡❧❧♦ �♣❛�✐�❡ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ) ❧❛ ♠❡❞❡�✐♠❛ ❣✐� ❛❞❞♦��❛ ♥❡❧ ❈❛♣♦

♣�❡❝❡❞❡♥�❡❀ ❧✬♦♣❡�❛③✐♦♥❡ δ ) �❡❧❛�✐✈❛ ❛❧ ✈❛�✐❛�❡ ❞✐ ❞♦❞✐❝✐ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐ f, g, h, α1✱ ❡❝✳ ❝❤❡

♥♦♥ ❡♥��❛♥♦ ✐♥ !✉❡✐ �❡❝♦♥❞✐ ♠❡♠❜�✐✱ ✐ !✉❛❧✐ ✈❡♥❣♦♥♦ !✉✐♥❞✐ ��❛��❛�✐ ❝♦♠❡ �❡ ❢♦��❡�♦ ❝♦��❛♥�✐✱

�❡❜❜❡♥❡ ♣♦��❛♥♦ ❡��❡�❡ ✈❛�✐❛❜✐❧✐ ♣❡❧ ✈❛�✐❛�❡ ❞✐ ❛❧��✐ ❡❧❡♠❡♥�✐✳
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�❡❝♦♥✜�♠✐♥❣ �❤❡♠ �✐❣♦�♦✉�❧② ❜② ♠❡❛♥� ♦❢ �❤❡ ♦�❤❡� ❛♥❛❧②�✐❝❛❧ ♣�♦❝❡�� ♦❢ ❈❛♣♦ ❱■ ♣✳ ♠✳✱ �❤❡

❛♣♣❧✐❝❛�✐♦♥ ♦❢ ✇❤✐❝❤ �♦ ❧✐♥❡❛� ❛♥❞ �✉♣❡�✜❝✐❛❧ �②��❡♠� ❛❧�♦ ✇❛� ❤✐♥�❡❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤❡

❛❜♦✈❡ !✉♦�❡❞ ❈❛♣♦ ❱■■✱ ❜✉� ♦♠✐��❡❞ �❤❡�❡ ❢♦� ❜�❡✈✐�②✳

❆� �❤❡ ❡♥❞ ♦❢ ❈❛♣♦ ■■■✱ ✇❤❡♥ �❤❡ ♣�♦♦❢� ♦❢ �❤❡ ♠♦�� ❣❡♥❡�❛❧ ❡!✉❛�✐♦♥� ❢♦� ❛❧❧ �②��❡♠� ✇✐❧❧

❤❛✈❡ ❜❡❡♥ ❡①♣♦�❡❞ ✐♥ ♠❛♥② ✇❛②�✱ ✇❡ ✇✐❧❧ �✉♠♠❛�✐③❡ �❤❡ ❧✐♥❡ ♦❢ �❡❛�♦♥✐♥❣✱ ♣�❡�❡♥�✐♥❣ ✐� ✉♥❞❡�

�✉❝❤ ❛ ♣♦✐♥� ♦❢ ✈✐❡✇ �❤❛� ❧❡❛✈❡� �❤❡ �❡❛❞❡� �♦ ♥♦�✐❝❡ ♥♦�❤✐♥❣ �❡♠❛✐♥✐♥❣ ♥♦� ✇❡❧❧ ♣�♦✈❡❞✳

❋♦� ❧✐♥❡❛� �②��❡♠�✱ ✐♥ ✇❤✐❝❤ �❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z ♦❢ �❤❡ �❡❛❧ ��❛�❡ ❛�❡ ❝♦♥�✐❞❡�❡❞ ❛�

❢✉♥❝�✐♦♥� ♦❢ ❛ ✈❛�✐❛❜❧❡ ♦♥❧② a �❡❧❛�✐✈❡ �♦ �❤❡ ♣�❡❝❡❞❡♥� ✐❞❡❛❧ ��❛�❡ ✭�❡❝�✳ ✶✶ ♣✳ ♠✳✮✱ �❤❡

��✐♥♦♠✐❛❧�

✭✶✮

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2

(

d3x

da3

)2

+

(

d3y

da3

)2

+

(

d3z

da3

)2

(

d4x

da4

)2

+

(

d4y

da4

)2

+

(

d4z

da4

)2

❡�❝✳ , ❡�❝✳ , ❡�❝✳

�♦ ✐♥✜♥✐�② ❛�❡ �❤♦�❡ �❤❛�✱ ❜② �❡♣❧❛❝✐♥❣ ✐♥�♦ x, y, z �❤❡ ✈❛❧✉❡� ✭✶✮ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ❈❛♣♦✱

�❡✲❛♣♣❡❛� ✇✐�❤ ❞❡�✐✈❛�✐✈❡� ♠❛❞❡ ✇✐�❤ �❡�♣❡❝� �♦ p, q, r ✐♥ �❤❡ �❛♠❡ ✇❛②✱ ♦♥❝❡ ❛♥② ��❛❝❡ ♦❢

�❤❡ �✇❡❧✈❡ !✉❛♥�✐�✐❡� f, g, h, α1✱ ❡�❝ ❤❛� ❜❡❡♥ ❡❧✐♠✐♥❛�❡❞✳ ❖♥❝❡ �❤❡♥ ❜✉✐❧� ❛� ♠❛♥② ❡!✉❛�✐♦♥�

❛♠♦♥❣ �❤❡♠ ❛♥❞ �❤❡✐� ✈❛❧✉❡� ❡①♣�❡��❡❞ ❜② �❤❡ p, q, r✱ ✐❢ ✇❡ �❛❦❡ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �✉❝❤ ❡!✉❛�✐♦♥�✱

✇❡ ✇✐❧❧ ❤❛✈❡

✭✷✮

δ

{

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2
}

= 0

δ

{

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2
}

= 0

❡�❝✳ , ❡�❝✳ , ❡�❝✳

�♦ ✐♥✜♥✐�②✿ ❛♥❞ �❤❡ �❡❛�♦♥ ♦❢ �❤❡ ✈❛♥✐�❤✐♥❣ ♦❢ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ✐� �❤❡ �❛♠❡ ❛❧�❡❛❞② ♣�❡�❡♥�❡❞

✐♥ �❤❡ ♣�❡❝❡❞✐♥❣ ❈❛♣♦❀ �❤❡ ♦♣❡�❛�✐♦♥ δ ✐� �❡❧❛�✐✈❡ �♦ �❤❡ ✈❛�✐❛�✐♦♥ ♦❢ �✇❡❧✈❡ ❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥��

f, g, h, α1✱ ❡�❝✳✱ ✇❤✐❝❤ ❞♦ ♥♦� ❡♥�❡� �❤♦�❡ �✐❣❤�✲❤❛♥❞ �✐❞❡�✱ �❤❛� ❛�❡ �❤❡♥ ❝♦♥�✐❞❡�❡❞ ❛� �❤❡②

✇❡�❡ ❝♦♥��❛♥��✱ ❡✈❡♥ �❤♦✉❣❤ �❤❡② ♠❛② ❜❡ ✈❛�✐❛❜❧❡ ❜② �❤❡ ✈❛�✐❛�✐♦♥ ♦❢ ♦�❤❡� ❡❧❡♠❡♥��✳



✲ ✶✽ ✲

❊�♣�✐♠❡♥❞♦ ❛♥❝❤❡ �✉✐ ♣✐� ❝♦♠♣❡♥❞✐♦�❛♠❡♥�❡ ❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz ♣❡� ♠❡③③♦ ❞❡❧❧❡ ❧❡��❡�❡

l, m, n✱ ❧❡ ❡�✉❛③✐♦♥✐ ✭✷✮ ❞✐✈❡♥�❛♥♦

✭✸✮

dx

da

dl

da
+

dy

da

dm

da
+

dz

da

dn

da
= 0

d2x

da2
d2l

da2
+

d2y

da2
d2m

da2
+

d2z

da2
d2n

da2
= 0

❡❝✳ , ❡❝✳ , ❡❝✳

❡ �✉❡��❡ �♦♥♦ �✉❡❧❧❡ ✐ ❝✉✐ ♣�✐♠✐ ♠❡♠❜�✐ ❞❡❜❜♦♥♦ ❡��❡�❡ ♠♦❧�✐♣❧✐❝❛�✐ ♣❡� ❛❧��❡��❛♥�✐ ❝♦❡✣❝✐❡♥�✐

✐♥❞❡�❡�♠✐♥❛�✐ ❛❧❧✬♦❣❣❡��♦ ❞✬✐♥��♦❞✉�♥❡ ✐ ♣�♦❞♦��✐ �♦��♦ ✉♥ ✐♥�❡❣�❛❧❡ �❡❧❛�✐✈♦ ❛❧❧❛ ✈❛�✐❛❜✐❧❡ a

♥❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧✐��✐♠❛ ❞❡❧ ♠♦�♦ ❡ ❞❡❧❧✬❡�✉✐❧✐❜�✐♦ ❞❡✬ �✐��❡♠✐ ❧✐♥❡❛�✐ ✭❡�✉❛③✐♦♥❡ ✭✶✷✮✱ ♥✳ ✼✾

♠✳ ♣✳✮✳

▼❛ ❞♦✈�❛♥♥♦ ❡��❡�❡ ✐♥✜♥✐�❡ ❞✐ ♥✉♠❡�♦ �❛❧✐ ❡�✉❛③✐♦♥✐ ✭✸✮✱ ❡ �✉✐♥❞✐ ✐♥✜♥✐�✐ ✐ ♠♦❧�✐♣❧✐❝❛�♦�✐

✐♥��♦❞♦��✐ ❝♦♠❡ �♦♣�❛❄ ◆♦✿ ❛♥❛❧♦❣❛♠❡♥�❡ ❛❧ ❣✐) ❞❡��♦ ✭❛❧ ♥✳ ✶✹✮ ❞♦✈�❡♠♦ ♣�❡♥❞❡�❡ ❞❡❧❧❡

❡�✉❛③✐♦♥✐ ✭✸✮ �✉❡❧❧❡ �♦❧❡ ❝❤❡ �♦♥♦ ♥❡❝❡��❛�✐❡ ❡ ❜❛��❛♥♦ ❛ ��♦✈❛�❡ ♣❡� l, m, n ✐ ✈❛❧♦�✐ ✭✶✷✮ ❞❡❧

❈❛♣♦ ♣�❡❝❡❞❡♥�❡❀ ❧❡ ❛❧��❡ ♥♦♥ �❛�❛♥♥♦ ❝❤❡ ✉♥❛ ❝♦♠❜✐♥❛③✐♦♥❡ ❞✐ ❡��❡✳ -❛��✐❛♠♦ ❛ ✈❡❞❡�❡ ❝❤❡

♣❡� ��♦✈❛�❡ ❣❧✐ ❛♥③✐❞❡��✐ ✈❛❧♦�✐ ❞✐ l, m, n ❝♦♥✈✐❡♥❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮ ♣�❡♥❞❡�❡ ❧❡ ♣�✐♠❡ ��❡✿

�✉❡��❡ �♦❧❡ ❛❞✉♥�✉❡ �❛�❛♥♥♦ ❧❡ �♦��❛♥③✐❛❧♠❡♥�❡ ❞✐✈❡��❡✳ ❈✐. ♣♦✐ �✐ ❢❛�) ❧✉❝✐❞✐��✐♠♦ ♣✐� �❛�❞✐

�✉❛♥❞♦ ♣�♦✈❡�❡♠♦ ❝❤❡ �✉��✐ ✐ ��✐♥♦♠❥ ✭✶✮ ❞♦♣♦ ✐ ♣�✐♠✐ ��❡ ♣♦��♦♥♦ ❛✈❡��✐ ❡�♣�❡��✐ ♣❡� �✉❡��✐

�♦❧✐ ��❡ ❡ ❧♦�♦ ❞❡�✐✈❛�❡✳

❊��❡♥❞♦ ❧❡❝✐�♦ ✐♥�❡♥❞❡�❡ ❝❛✈❛�♦ ❞❛❧❧❛ ❡�✉❛③✐♦♥❡ x = x(a) ✐♥✈❡��❛♠❡♥�❡ a ♣❡� x✱ 1 ❛♥❝❤❡

❧❡❝✐�♦ ❝♦♥�✐❞❡�❛�❡ ❧❡ ❝✐♥�✉❡ �✉❛♥�✐�) y, z, l, m, n ❢✉♥③✐♦♥✐ ❞✐ a ✐♥ �✉❛♥�♦ ♣�✐♠❛ ❧♦ �♦♥♦ ❞✐ x✳

■♥❞✐❝❤❡�❡♠♦ ❝♦♥ ❛♣✐❝✐ ❧❡ ❧♦�♦ ❞❡�✐✈❛�❡ ♣❡� ❧❛ x✱ �✉✐♥❞✐

dy

da
= y′

dx

da
;

d2y

da2
= y′′

(

dx

da

)2

+ y′
d2x

da2

d3y

da3
= y′′′

(

dx

da

)3

+ 3y′′
dx

da

d2x

da2
+ y′

d3x

da3

❡ �✐♠✐❧♠❡♥�❡ ♣❡� ❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ ❛❧��❡ �✉❛���♦ �✉❛♥�✐�)✳ ❈✐. ♣♦��♦✿ ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✸✮ ❞✐✈❡♥�❛

(

dx

da

)2

(l′ + y′m′ + z′n′) = 0

❡ �✐❝❝♦♠❡ dx
da

♥♦♥ ♣♦��❡❜❜❡ ❡��❡�❡ ③❡�♦✱ ♣❡�❝❤3 ❛❧❧♦�❛ ❧❛ x �❛�❡❜❜❡ ❝♦��❛♥�❡✱ ❛✈�❡♠♦

✭✹✮ l′ + y′m′ + z′n′ = 0 .

✲ ✶✽ ❊◆● ✲

❇② ❡①♣�❡��✐♥❣ ❤❡�❡ ❛� ✇❡❧❧ ✐♥ ❛ ♠♦�❡ ❝♦♥✈❡♥✐❡♥� ✇❛② �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ❜② ♠❡❛♥� ♦❢

�❤❡ ❧❡��❡�� l, m, n✱ �❤❡ ❡�✉❛�✐♦♥� ✭✷✮ ❜❡❝♦♠❡

✭✸✮

dx

da

dl

da
+

dy

da

dm

da
+

dz

da

dn

da
= 0

d2x

da2
d2l

da2
+

d2y

da2
d2m

da2
+

d2z

da2
d2n

da2
= 0

❡�❝✳ , ❡�❝✳ , ❡�❝✳

❛♥❞ �❤❡② ❛�❡ �❤♦�❡ ✇❤♦�❡ ❧❡❢�✲❤❛♥❞ �✐❞❡� �❤❛❧❧ ❜❡ ♠✉❧�✐♣❧✐❡❞ ❜② ❛� ♠❛♥② ✐♥❞❡�❡�♠✐♥❛�❡ ❝♦❡✣✲

❝✐❡♥�� ✇✐�❤ �❤❡ ❛✐♠ ♦❢ ✐♥��♦❞✉❝✐♥❣ �❤❡✐� ♣�♦❞✉❝�� ✐♥ ❛♥ ✐♥�❡❣�❛❧ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡ a

✐♥ �❤❡ ♠♦�� ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ♦❢ �❤❡ ♠♦�✐♦♥ ❛♥❞ ❡�✉✐❧✐❜�✐✉♠ ❢♦� ❧✐♥❡❛� �②��❡♠� ✭❡�✉❛�✐♦♥ ✭✶✷✮✱

�❡❝�✳ ✼✾ ♣✳ ♠✳✮✳

❙❤❛❧❧✱ ❤♦✇❡✈❡�✱ ❜❡ ✐♥✜♥✐�❡ ✐♥ ♥✉♠❜❡� �❤♦�❡ ❡�✉❛�✐♦♥� ✭✸✮✱ ❛♥❞ �❤✉� ✐♥✜♥✐�❡ �❤❡ ♠✉❧�✐♣❧✐❡��

✐♥��♦❞✉❝❡❞ ❛� ❛❜♦✈❡❄ ◆♦✿ ❛♥❛❧♦❣♦✉�❧② �♦ ✇❤❛� ❛❧�❡❛❞② �❛✐❞ ✭✐♥ �❡❝�✳ ✶✹✮✱ ✇❡ �❤❛❧❧ �❛❦❡ ❢�♦♠

❡�✉❛�✐♦♥� ✭✸✮ �❤♦�❡ ♦♥❧② �❤❛� ❛�❡ ♥❡❝❡��❛�② ❛♥❞ ❡♥♦✉❣❤ �♦ ✜♥❞ ❢♦� l, m, n �❤❡ ✈❛❧✉❡� ✭✶✷✮ ♦❢

�❤❡ ♣�❡❝❡❞✐♥❣ ❈❛♣♦✿ �❤❡ ♦�❤❡� ♦♥❡� ✇✐❧❧ ❜❡ ❜✉� ❛ ❝♦♠❜✐♥❛�✐♦♥ ♦❢ �❤❡♠✳ ▲❡� ✉� ♣❛�� ♦♥ �♦ �❡❡

�❤❛�✱ ✐♥ ♦�❞❡� �♦ ✜♥❞ �❤❡ ❛❜♦✈❡ �❛✐❞ ✈❛❧✉❡� ♦❢ l, m, n✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ �❛❦❡ �❤❡ ✜��� �❤�❡❡

❢�♦♠ ❡�✉❛�✐♦♥� ✭✸✮✿ �❤❡�❡ ♦♥❧② ✇✐❧❧ �❤✉� ❜❡ �❤❡ �✉❜��❛♥�✐❛❧❧② ❞✐✛❡�❡♥� ♦♥❡�✳ ▲❛�❡� �❤✐� ✇✐❧❧ ❜❡

♠❛❞❡ ♠♦�� ❝❧❡❛� ✇❤❡♥ ✇❡ ✇✐❧❧ ♣�♦✈❡ �❤❛� ❛❧❧ �❤❡ ��✐♥♦♠✐❛❧� ✭✶✮ ❛❢�❡� �❤❡ ✜��� �❤�❡❡ ❝❛♥ ❜❡ ♠❛❞❡

❡①♣�❡��❡❞ ❜② �❤❡�❡ �❤�❡❡ ♦♥❧② ❛♥❞ �❤❡✐� ❞❡�✐✈❛�✐✈❡�✳

❙✐♥❝❡ ✇❡ ❛�❡ ♣❡�♠✐��❡❞ ❢�♦♠ ❡�✉❛�✐♦♥ x = x(a) �♦ ❡①��❛❝� ✐♥✈❡��❡❧② a �❤�♦✉❣❤ x✱ ✇❡ ❛�❡ ❛❧�♦

♣❡�♠✐��❡❞ �♦ ❝♦♥�✐❞❡� �❤❡ ✜✈❡ �✉❛♥�✐�✐❡� y, z, l, m, n ❛� ❢✉♥❝�✐♦♥� ♦❢ a �✐♥❝❡ �❤❡② ❛�❡ ❢✉♥❝�✐♦♥�

♦❢ x ❜❡❢♦�❡✳ ❲❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② ♣�✐♠❡� �❤❡✐� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ x✱ �❤✉�

dy

da
= y′

dx

da
;

d2y

da2
= y′′

(

dx

da

)2

+ y′
d2x

da2

d3y

da3
= y′′′

(

dx

da

)3

+ 3y′′
dx

da

d2x

da2
+ y′

d3x

da3

❛♥❞ �✐♠✐❧❛�❧② ❢♦� �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ ♦�❤❡� ❢♦✉� �✉❛♥�✐�✐❡�✳ ❚❤❛� ♣♦�❡❞✱ �❤❡ ✜��� ♦❢ �❤❡ ✭✸✮

❜❡❝♦♠❡�
(

dx

da

)2

(l′ + y′m′ + z′n′) = 0

❛♥❞ �✐♥❝❡ dx
da

❝♦✉❧❞ ♥♦� ❜❡ ③❡�♦✱ ❜❡❝❛✉�❡ x ✇♦✉❧❞ �❤❡♥ ❜❡ ❝♦♥��❛♥�✱ ✇❡ ✇✐❧❧ ❤❛✈❡

✭✹✮ l′ + y′m′ + z′n′ = 0 .



✲ ✶✾ ✲

▲❛ �❡❝♦♥❞❛ ❞❡❧❧❡ ✭✸✮✱ ❞♦♣♦ ❧❡ �♦��✐�✉③✐♦♥✐✱ ♣✉� ♠❡��❡��✐ �♦��♦ ❧❛ ❢♦�♠❛

(

dx

da

)2
d2x

da2
(l′ + y′m′ + z′n′)

′
+

(

d2x

da2

)2

(l′ + y′m′ + z′n′)

+

(

dx

da

)4

(m′′y′′ + n′′z′′) = 0

❧❛ �✉❛❧❡ �✐ �❡♠♣❧✐✜❝❛ ❛��❛✐ ✐♥ ❢♦�③❛ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡✱ ❡ ❝✐ �♦♠♠✐♥✐���❛ ❧✬❛❧��❛

✭✺✮ m′′y′′ + n′′z′′ = 0 .

▲❛ �❡�③❛ ❞❡❧❧❡ ✭✸✮✱ ❡�❡❣✉✐�❡ ❧❡ �♦��✐�✉③✐♦♥✐✱ �✐ ♣�❡�❡♥�❛ ❛❧�✉❛♥�♦ ❝♦♠♣❧✐❝❛�❛✱ ♠❛ ❝♦♥ ✉♥ ♣♦✬ ❞✐

♣❛③✐❡♥③❛ �✐ ✈❡❞❡ ❝❤❡ �✐ ♣✉� �✐❞✉��❡ ❛❧❧❛ ❢♦�♠❛

(

dx

da

)3
d3x

da3

{

(l′ + y′m′ + z′n′)
′′ − 2 (m′′y′′ + n′′z′′)

}

+3
dx

da

d2x

da2
d3x

da3
(l′ + y′m′ + z′n′)

′
+

(

d3x

da3

)2

(l′ + y′m′ + z′n′)

+3

(

dx

da

)4
d2x

da2
(m′′y′′ + n′′z′′)

′
+ 9

(

dx

da

)2 (
d2x

da2

)2

(m′′y′′ + n′′z′′)

+

(

dx

da

)6

(m′′′y′′′ + n′′′z′′′) = 0 .

◗✉✐♥❞✐✱ ��❛♥�✐ ❧❡ ❡�✉❛③✐♦♥✐ ✭✹✮✱ ✭✺✮✱ ♥❡ ❝❛✈✐❛♠♦ ❧❛ �❡�③❛

✭✻✮ m′′′y′′′ + n′′′z′′′ = 0 .

▲✬✐♥�❡❣�❛③✐♦♥❡ ❞❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ✭✹✮✱ ✭✺✮✱ ✭✻✮✱ ♣❡� ❞❡❞✉�♥❡ ✐ ✈❛❧♦�✐ ❞✐ l, m, n✱ $ ��❛�❛ ❢❛��❛

❞❛ ▲❛❣�❛♥❣❡ ✭▼✳ ❆✳✱ �✳ ✶✳o✱ ♣❛❣✳ ✶✻✽✲✶✻✾ ✷a ❡❞✐③✐♦♥❡❀ ♣❛❣✳ ✶✻✶ ✸✳a ❡❞✐③✐♦♥❡✮✿ ❧❛ �✐♣�♦❞✉❝♦ ❝♦♥

�✉❛❧❝❤❡ ♠♦❞✐✜❝❛③✐♦♥❡✳

❙✐ �♦♠♠✐ ❧❛ ✭✺✮ ❝♦❧❧❛ �✉❛ ❞❡�✐✈❛�❛ ♠♦❧�✐♣❧✐❝❛�❛ ♣❡� α✱ ❡ ❝♦❧❧❛ ✭✻✮ ♠♦❧�✐♣❧✐❝❛�❛ ♣❡� β✱ ❡��❡♥❞♦

αβ ❞✉❡ ❛�❜✐��❛�✐❡✿ ❛✈�❡♠♦

m′′ (y′′ + αy′′′) +m′′′ (αy′′ + βy′′′)

+ n′′ (z′′ + αz′′′) + n′′′ (αz′′ + βz′′′) = 0 .

❉✐�♣♦♥✐❛♠♦ ❞❡❧❧❡ ❞✉❡ ❛�❜✐��❛�✐❡ α, β ❝♦❧ ♣♦��❡

y′′ + αy′′′ = 0 ; αy′′ + βy′′′ = 0 ;

❧✬❡�✉❛③✐♦♥❡ ♣�❡❝❡❞❡♥�❡ ❞✐✈❡♥�❛ �❛❧❡ ❝❤❡ ♣✉� �❝�✐✈❡��✐

✭✼✮ (z′′y′′′ − y′′z′′′) (n′′y′′′ − y′′n′′′) = 0 .

✲ ✶✾ ❊◆● ✲

❚❤❡ �❡❝♦♥❞ ♦❢ �❤❡ ✭✸✮✱ ❛❢�❡� �❤❡ �✉❜��✐�✉�✐♦♥�✱ ❝❛♥ ❜❡ ♣✉� ✉♥❞❡� �❤❡ ❢♦�♠

(

dx

da

)2
d2x

da2
(l′ + y′m′ + z′n′)

′
+

(

d2x

da2

)2

(l′ + y′m′ + z′n′)

+

(

dx

da

)4

(m′′y′′ + n′′z′′) = 0

✇❤✐❝❤ ✐� ♠✉❝❤ �✐♠♣❧✐✜❡❞ ❜② ✈✐��✉❡ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ♦♥❡✱ ❛♥❞ �❡�✈❡� ✉� �❤❡ ♦�❤❡�

✭✺✮ m′′y′′ + n′′z′′ = 0 .

❚❤❡ �❤✐�❞ ♦❢ �❤❡ ✭✸✮✱ ♦♥❝❡ �❤❡ �✉❜��✐�✉�✐♦♥� ❤❛✈❡ ❜❡❡♥ ♣❡�❢♦�♠❡❞✱ ♣�❡�❡♥�� ✐��❡❧❢ �❛�❤❡� ❝♦♠✲

♣❧✐❝❛�❡❞✱ ❜✉� ✇✐�❤ ❛ ❜✐� ♦❢ ♣❛�✐❡♥❝❡ ✇❡ �❡❡ �❤❛� ✐� ❝❛♥ ❜❡ �❡❞✉❝❡❞ �♦ �❤❡ ❢♦�♠

(

dx

da

)3
d3x

da3

{

(l′ + y′m′ + z′n′)
′′ − 2 (m′′y′′ + n′′z′′)

}

+3
dx

da

d2x

da2
d3x

da3
(l′ + y′m′ + z′n′)

′
+

(

d3x

da3

)2

(l′ + y′m′ + z′n′)

+3

(

dx

da

)4
d2x

da2
(m′′y′′ + n′′z′′)

′
+ 9

(

dx

da

)2 (
d2x

da2

)2

(m′′y′′ + n′′z′′)

+

(

dx

da

)6

(m′′′y′′′ + n′′′z′′′) = 0 .

❚❤❡♥✱ ❛❝❝♦�❞✐♥❣ �♦ ❡�✉❛�✐♦♥� ✭✹✮✱ ✭✺✮✱ ✇❡ ♦❜�❛✐♥ �❤❡ �❤✐�❞

✭✻✮ m′′′y′′′ + n′′′z′′′ = 0 .

❚❤❡ ✐♥�❡❣�❛�✐♦♥ ♦❢ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ✭✹✮✱ ✭✺✮✱ ✭✻✮✱ �♦ ❞❡❞✉❝❡ �❤❡ ✈❛❧✉❡� ♦❢ l, m, n✱ ❤❛�

❜❡❡♥ ❞♦♥❡ ❜② ▲❛❣�❛♥❣❡ ✭❆✳ ▼✳✱ �♦♠❡ ✶st✱ ♣❛❣❡�✳ ✶✻✽✲✶✻✾ ✷nd ❡❞✐�✐♦♥❀ ♣❛❣❡� ✶✻✶ ✸rd ❡❞✐�✐♦♥✮✿ ■

�❡♣�♦❞✉❝❡ ✐� ✇✐�❤ �♦♠❡ ♠♦❞✐✜❝❛�✐♦♥�✳

▲❡� ✉� �✉♠ �❤❡ ✭✺✮ ✇✐�❤ ❤✐� ❞❡�✐✈❛�✐✈❡ ♠✉❧�✐♣❧✐❡❞ ❜② α✱ ❛♥❞ ✇✐�❤ ✭✻✮ ♠✉❧�✐♣❧✐❡❞ ❜② β✱ �❤❡

�✇♦ α✱ β ❜❡✐♥❣ ❛�❜✐��❛�②✿ ✇❡ ✇✐❧❧ ❤❛✈❡

m′′ (y′′ + αy′′′) +m′′′ (αy′′ + βy′′′)

+ n′′ (z′′ + αz′′′) + n′′′ (αz′′ + βz′′′) = 0 .

▲❡� ✉� ❛��❛♥❣❡ �❤❡ �✇♦ ❛�❜✐��❛�② α, β ❜② ♣♦�✐♥❣

y′′ + αy′′′ = 0 ; αy′′ + βy′′′ = 0 ;

�❤❡ ♣�❡❝❡❞✐♥❣ ❡�✉❛�✐♦♥ ❜❡❝♦♠❡� �♦ �❤❛� ✐� ❝❛♥ ❜❡ ✇�✐�❡♥

✭✼✮ (z′′y′′′ − y′′z′′′) (n′′y′′′ − y′′n′′′) = 0 .



✲ ✷✵ ✲

■♥ �✉❡	
❛ ✐❧ ♣�✐♠♦ ❢❛

♦�❡ ♥♦♥ ♣✉� ❡		❡�❡ ③❡�♦✿ 	❡ ❧♦ ❢♦		❡✱ 	❡ ♥❡ ❝❛✈❡�❡❜❜❡ z′′′

z′′ = y′′′

y′′ ✱

�✉✐♥❞✐✱ ♠❡❞✐❛♥
❡ ✉♥❛ ✐♥
❡❣�❛③✐♦♥❡✱ z′′ = Gy′′ ✭G ❝♦	
❛♥
❡ ♣❡� �✐❣✉❛�❞♦ ❛❞ x✮✱ ❡ ❝♦♥ ❛❧
�❡

❞✉❡ ✐♥
❡❣�❛③✐♦♥✐ 	✐ ❛✈�❡❜❜❡ ❧✬❡�✉❛③✐♦♥❡ ❞✐ ✉♥ ♣✐❛♥♦ ❛ ❝✉✐ ❧❡ ❝♦♦�❞✐♥❛
❡ ❞❡❧❧❛ ❝✉�✈❛ ❞♦✈�❡❜❜❡�♦

	❡♠♣�❡ 	♦❞❞✐	❢❛�❡✿ ✐❧ ❝❤❡ ♥♦♥  ❛♠♠✐		✐❜✐❧❡ ✐♥ ❣❡♥❡�❛❧❡✳ ❉✉♥�✉❡ 	❛�# ③❡�♦ ❧✬❛❧
�♦ ❢❛

♦�❡ ♥❡❧❧❛

✭✼✮✱ ❝✐♦ 	✐ ❛✈�#
n′′′

n′′
=

y′′′

y′′
.

❉✐ �✉✐ ❝♦♥ ✉♥❛ ✐♥
❡❣�❛③✐♦♥❡ n′′ = s1y
′′

❡ ❝♦♥ ❛❧
�❡ ❞✉❡ n = w3 + s1y − s2x ,

❡		❡♥❞♦ s1, −s2, w3 
�❡ ❝♦	
❛♥
✐ ❛�❜✐
�❛�✐❡✳ ■❧ ✈❛❧♦�❡ ❞✐ n′′ �✉✐ 	♦♣�❛ 
�♦✈❛
♦ 	✐ ♣♦♥❣❛ ♥❡❧❧❛ ✭✺✮✱

♥❡ ❞❡❞✉��❡♠♦

m′′ = −s1z
′′

❡ ❞♦♣♦ ❞✉❡ ✐♥
❡❣�❛③✐♦♥✐ m = w2 − s1z + s2x

❡		❡♥❞♦ w2, s3 ❧❡ ♥✉♦✈❡ ❝♦	
❛♥
✐ ❞❛ ❡		♦ ✐♥
�♦❞♦

❡✳ &❡� ✉❧
✐♠♦ ✐ ✈❛❧♦�✐

m′ = −s1z
′ + s3 ; n′ = s1y

′ − s2

❝❤❡ ✐♥❝♦♥
�✐❛♠♦ ♣❡� ✈✐❛ ♥❡❧❧❡ ♦♣❡�❛③✐♦♥✐ ♣�❡❝❡❞❡♥
✐✱ 	♦	
✐
✉✐
✐ ♥❡❧❧❡ ✭✹✮✱ ❝♦♥❞✉❝♦♥♦ ❛ 
�♦✈❛�❡

❞♦♣♦ ✉♥❛ ✐♥
❡❣�❛③✐♦♥❡ ❡ ❧✬✐♥
�♦❞✉③✐♦♥❡ ❞✐ ✉♥❛ ♥✉♦✈❛ ❝♦	
❛♥
❡ w1, l = w1 + s2z − s3y✳ ❊❝❝♦

�✐
♦�♥❛
✐ ♣❡� l, m, n ✐ ✈❛❧♦�✐ ✭✶✷✮ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥
❡✳

✼✳ ❘✐	✉❧
❛♥❞♦ ❞❛❧ 	✐♥ �✉✐ ❞❡

♦ ❝❤❡ ❧❡ 	♦❧❡ ♣�✐♠❡ 
�❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮ 	♦♥♦ ❧❡ 	♦	
❛♥③✐❛❧✲

♠❡♥
❡ ❞✐✈❡�	❡✱ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧✐		✐♠❛ ❞❡❧ ♠♦
♦ ❡ ❞❡❧❧✬❡�✉✐❧✐❜�✐♦ ❞❡✬ 	✐	
❡♠✐ ❧✐♥❡❛�✐ 	❛�#

✭✽✮

∫

da.

{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz

}

+
∫

da.

{

λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+μ

(

d2x

da2
d2δx

da2
+

d2y

da2
d2δy

da2
+

d2z

da2
d2δz

da2

)

+ν

(

d3x

da3
d3δx

da3
+

d3y

da3
d3δy

da3
+

d3z

da3
d3δz

da3

)}

+Ω = 0

✐♥
❡♥❞❡♥❞♦ ❡	♣�❡		✐ ❝♦❧❧❛ Ω ✐ 
❡�♠✐♥✐ ✐♥
�♦❞♦

✐ ❞❛ ❢♦�③❡✱ 	❡ ♠❛✐ ✈✐ 	♦♥♦✱ ❛♣♣❧✐❝❛
✐ ❛ ♣✉♥
✐

❞❡
❡�♠✐♥❛
✐✳

&�❛
✐❝❛♥❞♦ ❧❡ 	♦❧✐
❡ 
�❛	❢♦�♠❛③✐♦♥✐ ❛ ✜♥❡ ❞✐ ❧✐❜❡�❛�❡ ❞❛❧❧❡ ❞❡�✐✈❛③✐♦♥✐ ❧❡ δx, δy, δz 	♦

♦ ✐❧

	❡❣♥♦ ✐♥
❡❣�❛❧❡ ✭✈❡❞✐ ▼✳ ❆✳✱ 
♦♠✳ ✶✳o✱ ♥✉♠✳ ✺✹✮✱ ❡ ♣♦♥❡♥❞♦ ♣❡�

✲ ✷✵ ❊◆● ✲

■♥ 
❤✐	 ♦♥❡ 
❤❡ ✜�	
 ❢❛❝
♦� ❝❛♥♥♦
 ❜❡ ③❡�♦✿ ✐❢ ✐
 ✇❡�❡ 	♦✱ ✇❡ ✇♦✉❧❞ ❣❡
 z′′′

z′′ = y′′′

y′′ ✱ 
❤❡♥✱ ❜② ❛♥

✐♥
❡❣�❛
✐♦♥✱ z′′ = Gy′′ ✭G ❝♦♥	
❛♥
 ✇✐
❤ �❡	♣❡❝
 
♦ x✮✱ ❛♥❞ ❜② 
✇♦ ♦
❤❡� ✐♥
❡❣�❛
✐♦♥	 ✇❡ ✇♦✉❧❞

❤❛✈❡ 
❤❡ ❡�✉❛
✐♦♥ ♦❢ ❛ ♣❧❛♥❡✱ ✇❤✐❝❤ 
❤❡ ❝♦♦�❞✐♥❛
❡	 ♦❢ 
❤❡ ❝✉�✈❡ 	❤♦✉❧❞ ❛❧✇❛②	 	❛
✐	❢②✿ ✇❤✐❝❤

✐	 ♥♦
 ❛❞♠✐		✐❜❧❡ ✐♥ ❣❡♥❡�❛❧✳ ❚❤✉	✱ 
❤❡ ♦
❤❡� ❢❛❝
♦� ✐♥ ✭✼✮ ✇✐❧❧ ❜❡ ③❡�♦✱ 
❤❛
 ✐	✱ ✇❡ ✇✐❧❧ ❤❛✈❡

n′′′

n′′
=

y′′′

y′′
.

❋�♦♠ ❤❡�❡✱ ❜② ❛♥ ✐♥
❡❣�❛
✐♦♥ n′′ = s1y
′′

❛♥❞ ❜② ♦
❤❡� 
✇♦ n = w3 + s1y − s2x ,

s1, −s2, w3 ❜❡✐♥❣ 
❤�❡❡ ❛�❜✐
�❛�② ❝♦♥	
❛♥
	✳

▲❡
 ✉	 ✐♥
�♦❞✉❝❡ 
❤❡ ✈❛❧✉❡ ♦❢ n′′ ❢♦✉♥❞ ❤❡�❡ ❛❜♦✈❡ ✐♥ ✭✺✮✱ ✇❡ ✇✐❧❧ ❤❡♥❝❡ ❞❡❞✉❝❡

m′′ = −s1z
′′

❛♥❞ ❛❢
❡� 
✇♦ ✐♥
❡❣�❛
✐♦♥	 m = w2 − s1z + s2x

w2, s3 ❜❡✐♥❣ 
❤❡ ♥❡✇ ❝♦♥	
❛♥
	 ✐♥
�♦❞✉❝❡❞ ❜② ✐
✳ ▲❛	
❧②✱ 
❤❡ ✈❛❧✉❡	

m′ = −s1z
′ + s3 ; n′ = s1y

′ − s2

✇❤✐❝❤ ✇❡ ♠❡❡
 
❤�♦✉❣❤ 
❤❡ ♣�❡❝❡❞✐♥❣ ♦♣❡�❛
✐♦♥	✱ 	✉❜	
✐
✉
❡❞ ✐♥
♦ ✭✹✮✱ ❧❡❛❞ 
♦ ✜♥❞✱ ❛❢
❡� ❛♥

✐♥
❡❣�❛
✐♦♥ ❛♥❞ 
❤❡ ✐♥
�♦❞✉❝
✐♦♥ ♦❢ ❛ ♥❡✇ ❝♦♥	
❛♥
 w1, l = w1 + s2z − s3y✳ ❍❡�❡ 
❤❡ ✈❛❧✉❡	

✭✶✷✮ ♦❢ 
❤❡ ♣�❡❝❡❞❡♥
 ❈❛♣♦ ❝♦♠❡ ❛❣❛✐♥ ❢♦� l, m, n✳

✼✳ ❙✐♥❝❡✱ ❢�♦♠ ✇❤❛
 ❤❛	 ❜❡❡♥ 	❛✐❞ ✉♥
✐❧ ♥♦✇✱ ✐
 �❡	✉❧
	 
❤❛
 
❤❡ ♦♥❧② ✜�	
 
❤�❡❡ ♦❢ ❡�✉❛
✐♦♥	

✭✸✮ ❛�❡ 	✉❜	
❛♥
✐❛❧❧② ❞✐✛❡�❡♥
✱ 
❤❡ ♠♦	
 ❣❡♥❡�❛❧ ❡�✉❛
✐♦♥ ♦❢ 
❤❡ ♠♦
✐♦♥ ❛♥❞ ❡�✉✐❧✐❜�✐✉♠ ♦❢

❧✐♥❡❛� 	②	
❡♠	 ✇✐❧❧ ❜❡

✭✽✮

∫

da.

{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz

}

+
∫

da.

{

λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+μ

(

d2x

da2
d2δx

da2
+

d2y

da2
d2δy

da2
+

d2z

da2
d2δz

da2

)

+ν

(

d3x

da3
d3δx

da3
+

d3y

da3
d3δy

da3
+

d3z

da3
d3δz

da3

)}

+Ω = 0

❜❡✐♥❣ ❡①♣�❡		❡❞ ❜② Ω 
❤❡ 
❡�♠	 ✐♥
�♦❞✉❝❡❞ ❜② ❢♦�❝❡	✱ ✐❢ ❛♥②✱ ❛♣♣❧✐❡❞ 
♦ ❞❡
❡�♠✐♥❡❞ ♣♦✐♥
	✳

❖♣❡�❛
✐♥❣ 
❤❡ ✉	✉❛❧ 
�❛♥	❢♦�♠❛
✐♦♥	 ✇✐
❤ 
❤❡ ❛✐♠ ♦❢ ❢�❡❡✐♥❣ 
❤❡ δx, δy, δz ❢�♦♠ ❞❡�✐✈❛
✐♦♥	

✉♥❞❡� 
❤❡ ✐♥
❡❣�❛❧ 	✐❣♥ ✭	❡❡ ❆✳ ▼✳✱ 
♦♠❡ ✶st✱ 	❡❝
✳ ✺✹✮✱ ❛♥❞ ♣♦	✐♥❣ ❢♦�



✲ ✷✶ ✲

❛❜❜�❡✈✐❛�❡

✭✾✮

P = λ
dx

da
−

d
(

μd2x
da2

)

da
+

d2
(

ν d3x
da3

)

da2

Q = λ
dy

da
−

d
(

μd2y
da2

)

da
+

d2
(

ν d3y
da3

)

da2

R = λ
dz

da
−

d
(

μ d2z
da2

)

da
+

d2
(

ν d3z
da3

)

da2

T = Pδx+Qδy +Rδz

+

⎛

⎝μ
d2x

da2
−

d
(

ν d3x
da3

)

da

⎞

⎠

dδx

da
+

⎛

⎝μ
d2y

da2
−

d
(

ν d3y
da3

)

da

⎞

⎠

dδy

da
+

⎛

⎝μ
d2z

da2
−

d
(

ν d3z
da3

)

da

⎞

⎠

dδz

da

+ν
d3x

da3
d2δx

da2
+ ν

d3y

da3
d2δy

da2
+ ν

d3z

da3
d2δz

da2
;

❧❛ �✉❛♥�✐�� �♦��♦♣♦��❛ ♥❡❧❧❛ ✭✽✮ ❛❧ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡ ❞✐✈❡♥�❛

−dP

da
δx− dQ

da
δy − dR

da
δz +

dT

da
.

�❡��❛♥�♦✱ ❣✐✉��❛ ✐❧ ♠❡�♦❞♦ ❝♦♥♦�❝✐✉�♦✱ �✐ �✐❝❛✈❛♥♦ ❞❛❧❧❛ ✭✽✮ ❧❡ �✉❛���♦ ❡�✉❛③✐♦♥✐

X − d2x

dt2
=

dP

da

Y − d2y

dt2
=

dQ

da
✭✶✵✮

Z − d2z

dt2
=

dR

da

T2 − T1 +Ω = 0✭✶✶✮

♥❡❧❧✬✉❧
✐♠❛ ❞❡❧❧❡ �✉❛❧✐ T2, T1 �✐❣♥✐✜❝❛♥♦ ✐ ✈❛❧♦�✐ ❝❤❡ �✐❝❡✈❡ ❧❛ T ❛✐ ❞✉❡ ❧✐♠✐
✐ ❞❡❧ �✐�
❡♠❛ ❧✐♥❡❛�❡

♣❡✐ ✈❛❧♦�✐ ♣❛�
✐❝♦❧❛�✐ ✐✈✐ ♣�❡�✐ ❞❛❧❧❛ ✈❛�✐❛❜✐❧❡ a✳

❋❛❝✐❧❡ � ❝❛♠❜✐❛�❡ ❧❡ ♣�❡❝❡❞❡♥
✐ ✭✶✵✮ ♥❡❧❧❡ ✭✷✺✮✱ ♥✳ ✽✵ ♠✳ ♣✳✱ ❝❤❡ ❤❛♥♥♦ ❧❡ ❞❡�✐✈❛
❡ ♣�❡�❡ ♣❡�

❧❛ x ❞❡❧❧♦ �
❛
♦ ❛

✉❛❧❡✱ ❝✐♦�

✭✶✷✮

Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2 (

X − d2x

dt2

)

=
dP

dx

Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2 (

Y − d2y

dt2

)

=
dQ

dx

Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2 (

Z − d2x

dt2

)

=
dR

dx
.
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�❤♦�
❡♥✐♥❣

✭✾✮

P = λ
dx

da
−

d
(

μd2x
da2

)

da
+

d2
(

ν d3x
da3

)

da2

Q = λ
dy

da
−

d
(

μd2y
da2

)

da
+

d2
(

ν d3y
da3

)

da2

R = λ
dz

da
−

d
(

μ d2z
da2

)

da
+

d2
(

ν d3z
da3

)

da2

T = Pδx+Qδy +Rδz

+

⎛

⎝μ
d2x

da2
−

d
(

ν d3x
da3

)

da

⎞

⎠

dδx

da
+

⎛

⎝μ
d2y

da2
−

d
(

ν d3y
da3

)

da

⎞

⎠

dδy

da
+

⎛

⎝μ
d2z

da2
−

d
(

ν d3z
da3

)

da

⎞

⎠

dδz

da

+ν
d3x

da3
d2δx

da2
+ ν

d3y

da3
d2δy

da2
+ ν

d3z

da3
d2δz

da2
;


❤❡ �✉❛♥
✐
② �✉❜❥❡❝
❡❞ ✐♥ ✭✽✮ 
♦ 
❤❡ �❡❝♦♥❞ ✐♥
❡❣�❛❧ �✐❣♥ ❜❡❝♦♠❡�

−dP

da
δx− dQ

da
δy − dR

da
δz +

dT

da
.

❚❤❡�❡❢♦�❡✱ ❛❝❝♦�❞✐♥❣ 
♦ 
❤❡ ❦♥♦✇♥ ♠❡
❤♦❞✱ ✇❡ ♦❜
❛✐♥ ❢�♦♠ ✭✽✮ 
❤❡ ❢♦✉� ❡�✉❛
✐♦♥�

X − d2x

dt2
=

dP

da

Y − d2y

dt2
=

dQ

da
✭✶✵✮

Z − d2z

dt2
=

dR

da

T2 − T1 +Ω = 0✭✶✶✮

✐♥ 
❤❡ ❧❛�
 ♦❢ ✇❤✐❝❤ T2, T1 ♠❡❛♥ 
❤❡ ✈❛❧✉❡� 
❤❛
 T ❛

❛✐♥� ❛
 
❤❡ 
✇♦ ❧✐♠✐
� ♦❢ 
❤❡ ❧✐♥❡❛�

�②�
❡♠�✱ ❢♦� 
❤❡ ♣❛�
✐❝✉❧❛� ✈❛❧✉❡� 
❛❦❡♥ 
❤❡�❡ ❜② 
❤❡ ✈❛�✐❛❜❧❡ a✳

■
 ✐� ❡❛�② 
♦ ❝❤❛♥❣❡ 
❤❡ ♣�❡❝❡❞✐♥❣ ✭✶✵✮ ✐♥
♦ 
❤❡ ✭✷✺✮✱ �❡❝
✳ ✽✵ ♣✳ ♠✳✱ 
❤❛
 ❤❛✈❡ 
❤❡ ❞❡�✐✈❛
✐✈❡�


❛❦❡♥ ✇✐
❤ �❡�♣❡❝
 
♦ x ♦❢ 
❤❡ ♣�❡�❡♥
 �
❛
❡✱ 
❤❛
 ✐�✱

✭✶✷✮

Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2 (

X − d2x

dt2

)

=
dP

dx

Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2 (

Y − d2y

dt2

)

=
dQ

dx

Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2 (

Z − d2x

dt2

)

=
dR

dx
.
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❇❛��❛ ❛ �❛❧ ✉♦♣♦ ♦��❡�✈❛�❡ ❝❤❡ dP
da

= dP
dx

dx
da

; dQ
da

= dQ
dx

dx
da

; dR
da

= dR
dx

dx
da
❀ ❡ ♠❡��❡�❡ ♣❡� dx

da
✐❧ �✉♦

✈❛❧♦�❡ ❝❛✈❛�♦ ❞❛❧❧✬❡�✉❛③✐♦♥❡ ✐❞❡♥�✐❝❛

✭✶✸✮ Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2

.
dx

da
= 1

❝❤❡ � ❧❛ ✭✶✸✮✱ ♥✳ ✼✾ ♠✳ ♣✳

◆♦�❡�" ❝❤❡ ♣♦��♦♥♦ ❛��✉♠❡��✐ ❧❡ ��❡ ✐♥❞❡�❡�♠✐♥❛�❡ P, Q, R ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ λ, μ, ν❀ ♠❛ ❝❤❡

♣❡�" ❡♥��❛♥❞♦ �✉❡��❡ ❛ ❝♦♠♣♦��❡ ❧✬❡�♣�❡��✐♦♥❡ ❞❡❧❧❛ T ❝❤❡ ❣✐✉♦❝❛ ❛✐ ❧✐♠✐�✐✱ ❝♦♥✈✐❡♥❡ ❡❧✐♠✐♥❛�✲

✈❡❧❡ �♦��✐�✉❡♥❞♦ ✐ ❧♦�♦ ✈❛❧♦�✐ ❞❡❞♦��✐ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✾✮❀ �✉ ❞✐ ❝✐" ♣❡� ♦�❛ ♥♦♥ ♠✐ ��❛��❡♥❣♦✳

❖��❡�✈❡�" ✐♥♦❧��❡ ❝❤❡ �✉❛♥❞♦ μ, ν �♦♥♦ ③❡�♦✱ ❛❜❜✐❛♠♦ ❞❛❧❧❡ ✭✾✮ ❡ ❞❛❧❧❛ ✭✶✸✮

✭✶✹✮ P =
λ

ΓV
; Q =

λ

ΓV

dy

dx
; R =

λ

ΓV

dz

dx

��❛♥❞♦ ❧❛ V ✐♥ ❧✉♦❣♦ ❞❡❧ �❛❞✐❝❛❧❡ ✈✐�✐❜✐❧❡ ♥❡❧❧❛ ✭✶✸✮❀ ❡ ❧❛ �✉❛♥�✐�' T �✐ �✐❞✉❝❡

T =
λ

ΓV

(

δx+
dy

dx
δy +

dz

dx
δz

)

.

❈♦✐ ✈❛❧♦�✐ ✭✶✹✮ �♦��✐�✉✐�✐ ♥❡❧❧❡ ✭✶✷✮✱ ❢❛��❛ ❛✈✈❡��❡♥③❛ ❛❧❧✬❡�✉❛③✐♦♥❡ ✐❞❡♥�✐❝❛

(

1

V

)′

+ y′
(

y′

V

)′

+ z′
(

z′

V

)′

= 0 ,

�✐ ❝❛✈❛ ❢❛❝✐❧♠❡♥�❡ ❧❛

✭✶✺✮

(

λ

Γ

)′

= Γ

{

X − d2x

dt2
+ y′

(

Y − d2y

dt2

)

+ z′
(

Z − d2z

dt2

)}

❝❤❡ �❡�✈❡ ❛❧❧❛ ❞❡�❡�♠✐♥❛③✐♦♥❡ ❞❡❧❧❛ λ✿ ✐♥ �✉❡��❡ ❞✉❡ ✉❧�✐♠❡ ❡�✉❛③✐♦♥❡ ❣❧✐ ❛♣✐❝✐ ✐♥❞✐❝❛♥♦ ❞❡�✐✈❛�❡

�✐❣✉❛�❞♦ ❛❧❧❛ x✳

❘✐�❡♥❣❛�✐ ♣❡� ❛❧��♦ ❝❤❡ ♥❡❧ ♣✐- ❞❡✐ ❝❛�✐ ❣✐♦✈❛ ❝♦♥�❡�✈❛�❡ ❧❛ �♦❧✉③✐♦♥❡ ❝♦♠❡ � ❡�♣�❡��❛ ❞❛❧❧❡

❢♦�♠♦❧❡ ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮✿ �/ ❢❛��❛ �♦❧✉③✐♦♥❡ � ❧❛ ♣✐- ❣❡♥❡�❛❧❡✱ �❛❧❝❤0 � ✐♠♣♦��✐❜✐❧❡ �✐❛♥✈✐ ❝❛�✐

❞✐ ♠♦�✐ ❧✐♥❡❛�✐ ❝❤❡ ✐♥ ❞❡��❡ ❡�✉❛③✐♦♥✐ ♥♦♥ �❡��✐♥♦ ❝♦♠♣�❡�✐✳ ❘✐�♦�♥❡�" ♣✐- �❛�❞✐ ❛ �❛❣✐♦♥❛�❡

✐♥�♦�♥♦ ❛❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❞✐ �❛❧✐ �✐��❡♠✐ ❡ ❛❧ ♠♦❞♦ ❞✐ ✈❛❧✉�❛�❧❡✳

✽✳ 2❛��✐❛♠♦ ❛✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐✳ ❙♦♥♦ ❞✐ ✈❛�✐❡ �♦��❡ ✐♥ �❛❧ ❝❛�♦ ✐ ��✐♥♦♠❥ ♥❡✐ �✉❛❧✐ �✐

✈❡�✐✜❝❛ ❧❛ ♣�♦♣✐❡�' ❝❤❡✱ �♦��✐�✉✐�✐ ♣❡� ❧❡ x, y, z ✐ ✈❛❧♦�✐ ✭✶✮ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✱ �✐�♦�♥❛♥♦

❢❛��✐ ❝♦❧❧❡ p, q, r ❛❧❧♦ ��❡��♦ ♠♦❞♦✱ �❝♦♠♣❛��❛ ♦❣♥✐ ��❛❝❝✐❛ ❞❡✐ ❞♦❞✐❝✐ ❡❧❡♠❡♥�✐ f, g, h, α1✱ ❡❝✳

❙✐❝❝♦♠❡ ♣❡✬ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ❧❡ x, y, z �✐ ❝♦♥�✐❞❡�❛♥♦ ❢✉♥③✐♦♥✐ ❞✐ ❞✉❡ ✈❛�✐❛❜✐❧✐ �❡♠♣❧✐❝✐ a, b

�❡❧❛�✐✈❡ ❛❧❧♦

✲ ✷✷ ❊◆● ✲

■� �✉✣❝❡� ❢♦� �❤✐� ♣✉�♣♦�❡ �♦ �❡♠❛�❦ �❤❛� dP
da

= dP
dx

dx
da

; dQ
da

= dQ
dx

dx
da

; dR
da

= dR
dx

dx
da
❀ ❛♥❞ �♦ ♣✉�

❢♦� dx
da

✐�� ✈❛❧✉❡ ♣✉❧❧❡❞ ♦✉� ❢�♦♠ �❤❡ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥

✭✶✸✮ Γ

√

1 +

(

dy

dx

)2

+

(

dz

dx

)2

.
dx

da
= 1

�❤❛� ✐� �❤❡ ✭✶✸✮✱ �❡❝�✳ ✼✾ ♣✳ ♠✳

■ ✇✐❧❧ ♥♦�✐❝❡ �❤❛� ✇❡ ♠❛② ❛��✉♠❡ �❤❡ �❤�❡❡ ✐♥❞❡�❡�♠✐♥❛�❡ P,Q,R ✐♥ ♣❧❛❝❡ ♦❢ λ, μ, ν❀ ❜✉� �✐♥❝❡

�❤❡�❡ ❡♥�❡� �♦ ❝♦♠♣♦�❡ �❤❡ ❡①♣�❡��✐♦♥ ♦❢ T ❛❝�✐♥❣ ❛� �❤❡ ❧✐♠✐��✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ❡❧✐♠✐♥❛�❡

�❤❡♠ �✉❜��✐�✉�✐♥❣ �❤❡✐� ✈❛❧✉❡� ❞❡❞✉❝❡❞ ❢�♦♠ ❡�✉❛�✐♦♥� ✭✾✮❀ ■ ❞♦ ♥♦� ❞✇❡❧❧ ♦♥ �❤✐� ❢♦� ♥♦✇✳

▼♦�❡♦✈❡�✱ ■ ✇✐❧❧ ♦❜�❡�✈❡ �❤❛� ✇❤❡♥ μ, ν ❛�❡ ③❡�♦✱ ✇❡ ❤❛✈❡ ❢�♦♠ ✭✾✮ ❛♥❞ ✭✶✸✮

✭✶✹✮ P =
λ

ΓV
; Q =

λ

ΓV

dy

dx
; R =

λ

ΓV

dz

dx

✇❤❡�❡ V ��❛♥❞� ✐♥ ♣❧❛❝❡ ♦❢ �❤❡ �❛❞✐❝❛❧ ✈✐�✐❜❧❡ ✐♥ �❤❡ ✭✶✸✮❀ ❛♥❞ �❤❡ �✉❛♥�✐�② T �❡❞✉❝❡� �♦

T =
λ

ΓV

(

δx+
dy

dx
δy +

dz

dx
δz

)

.

❇② �❤❡ ✈❛❧✉❡� ✭✶✹✮ �✉❜��✐�✉�❡❞ ✐♥�♦ �❤❡ ✭✶✷✮✱ ♦♥❝❡ �❡♠❛�❦❡❞ �❤❡ ✐❞❡♥�✐❝❛❧ ❡�✉❛�✐♦♥

(

1

V

)′

+ y′
(

y′

V

)′

+ z′
(

z′

V

)′

= 0 ,

✇❡ ❡❛�✐❧② ♦❜�❛✐♥

✭✶✺✮

(

λ

Γ

)′

= Γ

{

X − d2x

dt2
+ y′

(

Y − d2y

dt2

)

+ z′
(

Z − d2z

dt2

)}

�❤❛� �❡�✈❡� ❢♦� �❤❡ ❞❡�❡�♠✐♥❛�✐♦♥ ♦❢ �❤❡ λ✿ ✐♥ �❤❡�❡ �✇♦ ❧❛��❡� ❡�✉❛�✐♦♥� �❤❡ ♣�✐♠❡� ��❛♥❞ ❢♦�

❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ x✳

❙✉♣♣♦�❡✱ ♠♦�❡♦✈❡�✱ �❤❛� ✐♥ ♠♦�� ❝❛�❡� ✐� ✐� ✉�❡❢✉❧ �♦ ❦❡❡♣ �❤❡ �♦❧✉�✐♦♥ ❛� ❡①♣�❡��❡❞ ❜② �❤❡

❢♦�♠✉❧? ✭✾✮✱ ✭✶✵✮✱ ✭✶✶✮✿ �✉❝❤ �♦❧✉�✐♦♥ ✐� �❤❡ ♠♦�� ❣❡♥❡�❛❧ ♦♥❡✱ �♦ �❤❛� ✐� ✐� ✐♠♣♦��✐❜❧❡ �❤❛�

�❤❡�❡ ❛�❡ ❝❛�❡� ♦❢ ❧✐♥❡❛� ♠♦�✐♦♥� ♥♦� ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ �❛✐❞ ❡�✉❛�✐♦♥�✳ ■ ✇✐❧❧ ❣♦ ❜❛❝❦ ❧❛�❡� �♦

❞✐�❝✉�� ❛❜♦✉� �❤❡ ✐♥♥❡� ❢♦�❝❡� ♦❢ �✉❝❤ �②��❡♠� ❛♥❞ ❛❜♦✉� �❤❡ ✇❛② �♦ ❡✈❛❧✉❛�❡ �❤❡♠✳

✽✳ ▲❡� ✉� ♣❛�� �♦ �✉♣❡�✜❝✐❛❧ �②��❡♠�✳ ■♥ �✉❝❤ ❝❛�❡✱ ♦❢ ✈❛�✐♦✉� �♦��� ❛�❡ �❤❡ ��✐♥♦♠✐❛❧� ✐♥

✇❤✐❝❤ �❤❡ ♣�♦♣❡��② ✐� ✈❡�✐✜❡❞✱ �❤❛�✱ �✉❜��✐�✉�❡❞ ✐♥ x, y, z �❤❡ ✈❛❧✉❡� ✭✶✮ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ❈❛♣♦✱

�❤❡② ❝♦♠❡ ♦✉� ♠❛❞❡ ✐♥ �❤❡ �❛♠❡ ✇❛② ❜② �❤❡ p, q, r✱ ❛♥② ��❛❝❡ ♦❢ �❤❡ �✇❡❧✈❡ ❡❧❡♠❡♥�� f, g, h, α1✱

❡�❝✳ ❜❡✐♥❣ ❞✐�❛♣♣❡❛�❡❞✳ ❙✐♥❝❡ ❢♦� �✉♣❡�✜❝✐❛❧ �②��❡♠� �❤❡ x, y, z ❛�❡ ❝♦♥�✐❞❡�❡❞ ❢✉♥❝�✐♦♥� ♦❢

�✇♦ �✐♠♣❧❡ ✈❛�✐❛❜❧❡� a, b �❡❧❛�✐✈❡ �♦ �❤❡



✲ ✷✸ ✲

��❛�♦ ❛♥�❡❝❡❞❡♥�❡ ✭♥✳ ✶✷ ♠✳ ♣✳✮✱ ❞✐ �✉❡✬ ��✐♥♦♠❥ ��❡ �♦♥♦ ❢♦�♠❛�✐ ❝♦❧❧❡ ❞❡�✐✈❛�❡ ❞✐ ♣�✐♠♦ ♦�❞✐♥❡✱

❡ �♦♥♦✿

✭✶✻✮

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2

(

dx

db

)2

+

(

dy

db

)2

+

(

dz

db

)2

dx

da

dx

db
+

dy

da

dy

db
+

dz

da

dz

db
;

✐♥ ♥✉♠❡�♦ ❞✐ �❡✐ ❝♦♥��❛♥♦ ❞✐ ❞❡�✐✈❛�❡ ❞✐ ♣�✐♠♦ ❡ ❞✐ �❡❝♦♥❞♦ ♦�❞✐♥❡✱ ❝✐♦�

✭✶✼✮

dx

da

d2x

da2
+

dy

da

d2y

da2
+

dz

da

d2z

da2

dx

da

d2x

da db
+

dy

da

d2y

da db
+

dz

da

d2z

da db

dx

da

d2x

db2
+

dy

da

d2y

db2
+

dz

da

d2z

db2

dx

db

d2x

da2
+

dy

db

d2y

da2
+

dz

db

d2z

da2

dx

db

d2x

da db
+

dy

db

d2y

da db
+

dz

db

d2z

da db

dx

db

d2x

db2
+

dy

db

d2y

db2
+

dz

db

d2z

db2

❡ ✈❡ ♥❡ ❤❛♥♥♦ ❛❧��✐ �❡✐ ❝♦♥ �♦❧❡ ❞❡�✐✈❛�❡ ❞✐ �❡❝♦♥❞♦ ♦�❞✐♥❡

✭✶✽✮

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2

(

d2x

db2

)2

+

(

d2y

db2

)2

+

(

d2z

db2

)2

(

d2x

da db

)2

+

(

d2y

da db

)2

+

(

d2z

da db

)2

d2x

da2
d2x

db2
+

d2y

da2
d2y

db2
+

d2z

da2
d2z

db2

d2x

da2
d2x

da db
+

d2y

da2
d2y

da db
+

d2z

da2
d2z

da db

d2x

db2
d2x

da db
+

d2y

db2
d2y

da db
+

d2z

db2
d2z

da db
.

"♦✐ �❡❣✉♦♥♦ ✐ ��✐♥♦♠❥ ❝♦♥ ❞❡�✐✈❛�❡ ❞✐ �❡�③✬♦�❞✐♥❡ ❡ ❞✐ ♦�❞✐♥❡ ♣✐% ❡❧❡✈❛�♦✱ ❛❧❧✬✐♥✜♥✐�♦✳

✲ ✷✸ ❊◆● ✲

❛♥�❡❝❡❞❡♥� ��❛�❡ ✭�❡❝�✳ ✶✷ ♣✳ ♠✳✮✱ ♦❢ �❤♦�❡ ��✐♥♦♠✐❛❧� �❤�❡❡ ❛�❡ ❢♦�♠❡❞ ❜② �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢

✜��� ♦�❞❡�✱ ❛♥❞ ❛�❡✿

✭✶✻✮

(

dx

da

)2

+

(

dy

da

)2

+

(

dz

da

)2

(

dx

db

)2

+

(

dy

db

)2

+

(

dz

db

)2

dx

da

dx

db
+

dy

da

dy

db
+

dz

da

dz

db
;

�✐① ✐♥ ♥✉♠❜❡� ❛�❡ ♠❛❞❡ ♦❢ ❞❡�✐✈❛�✐✈❡� ♦❢ ✜��� ❛♥❞ �❡❝♦♥❞ ♦�❞❡�✱ �❤❛� ✐�

✭✶✼✮

dx

da

d2x

da2
+

dy

da

d2y

da2
+

dz

da

d2z

da2

dx

da

d2x

da db
+

dy

da

d2y

da db
+

dz

da

d2z

da db

dx

da

d2x

db2
+

dy

da

d2y

db2
+

dz

da

d2z

db2

dx

db

d2x

da2
+

dy

db

d2y

da2
+

dz

db

d2z

da2

dx

db

d2x

da db
+

dy

db

d2y

da db
+

dz

db

d2z

da db

dx

db

d2x

db2
+

dy

db

d2y

db2
+

dz

db

d2z

db2

❛♥❞ �❤❡�❡ ❛�❡ �✐① ♦�❤❡�� ✇✐�❤ ♦♥❧② �❡❝♦♥❞ ♦�❞❡� ❞❡�✐✈❛�✐✈❡�

✭✶✽✮

(

d2x

da2

)2

+

(

d2y

da2

)2

+

(

d2z

da2

)2

(

d2x

db2

)2

+

(

d2y

db2

)2

+

(

d2z

db2

)2

(

d2x

da db

)2

+

(

d2y

da db

)2

+

(

d2z

da db

)2

d2x

da2
d2x

db2
+

d2y

da2
d2y

db2
+

d2z

da2
d2z

db2

d2x

da2
d2x

da db
+

d2y

da2
d2y

da db
+

d2z

da2
d2z

da db

d2x

db2
d2x

da db
+

d2y

db2
d2y

da db
+

d2z

db2
d2z

da db
.

❚❤❡♥ �❤❡ ��✐♥♦♠✐❛❧� ✇✐�❤ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤✐�❞ ♦�❞❡� ❛♥❞ ❤✐❣❤❡� ♦�❞❡� ❢♦❧❧♦✇✱ �♦ ✐♥✜♥✐�②✳



✲ ✷✹ ✲

◗✉✐ ♣✉�❡✱ ❝♦♠❡ ♥❡❧ ❝❛�♦ ❞❡✬ ��✐♥♦♠❥ �❡❣♥❛�✐ ✭✶✮ ❛❧ ♣�✐♥❝✐♣✐♦ ❞✐ �✉❡��♦ ❈❛♣♦✱ ♣♦��♦♥♦ ✐♥��✐✲

�✉✐��✐ ✐♥✜♥✐�❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝✉✐ �♣❛�✐�❝♦♥♦ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ �✉❛♥❞♦ �✐ ❞❡�✐✈❛ ♥❡❧ �❡♥�♦ ✐♥❞✐❝❛�♦

❞❛❧❧❛ ❝❛�❛��❡�✐��✐❝❛ δ✱ ❝✐♦ �✐ ♦♣❡�❛ �❡❧❛�✐✈❛♠❡♥�❡ ❛❞ ❡❧❡♠❡♥�✐ ❛♥❛❧✐�✐❝✐ ❞❡✐ �✉❛❧✐ �✉❡✬ �❡❝♦♥❞✐

♠❡♠❜�✐ �♦♥♦ ♣�✐✈✐✱ �✉❛♥�✉♥�✉❡ ♣♦��❛♥♦ ❡��❡�❡ ❛❧��✐♠❡♥�✐ ✈❛�✐❛❜✐❧✐✳ ◗✉✐♥❞✐ ✐♥✜♥✐�❡ ❡�✉❛③✐♦✲

♥✐ ✈❛�✐❛�❡ ❝♦♠❡ ❧❡ ✭✷✮✱ ✭✸✮ ❞❛ ��❛��❛��✐ ❝♦❧ �♦❧♦ ♠❡�♦❞♦ ❞❡✐ ♠♦❧�✐♣❧✐❝❛�♦�✐✳ ❉✐ �✉❡��❡ ✐♥✜♥✐�❡

❡�✉❛③✐♦♥✐ ♣❡�$✱ ��❛♥♥❡ �❡✐✱ �✉��❡ ❧❡ ❛❧��❡ ♥♦♥ �♦♥♦ ❝❤❡ ❝♦♠❜✐♥❛③✐♦♥✐ ❞✐ ❡��❡✱ ❡ ❧❡ �❡✐ �♦��❛♥✲

③✐❛❧♠❡♥�❡ ❞✐✈❡��❡ �♦♥♦ �✉❡❧❧❡ ♥❡❝❡��❛�✐❡ ❡ ❜❛��❛♥�✐ ❛ ❢♦�♥✐�❡ ♣❡� ❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz✱ ♦✈✈❡�♦

l, m, n ✐ �♦❧✐�✐ ✈❛❧♦�✐ ✭✶✷✮ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✳ ❊��❡ ❝✐ ✈❡♥❣♦♥♦ �♦♠♠✐♥✐���❛�❡ ❞❛✐ ��✐♥♦♠❥

❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡ �✐✉♥✐♦♥❡ ✭✶✻✮✱ ❡ ❞❛✐ ♣�✐♠✐ ��❡ ❞❡❧❧❛ �✐✉♥✐♦♥❡ ✭✶✽✮✿ �♦♥♦ ❝✐♦ ❧❡ �❡✐ �❡❣✉❡♥�✐✿

✭✶✾✮

dx

da

dl

da
+

dy

da

dm

da
+

dz

da

dn

da
= 0

dx

db

dl

db
+

dy

db

dm

db
+

dz

db

dn

db
= 0

dx

da

dl

db
+

dy

da

dm

db
+

dz

da

dn

db

+
dx

db

dl

da
+

dy

db

dm

da
+

dz

db

dn

da
= 0

d2x

da2
d2l

da2
+

d2y

da2
d2m

da2
+

d2z

da2
d2n

da2
= 0

d2x

db2
d2l

db2
+

d2y

db2
d2m

db2
+

d2z

db2
d2n

db2
= 0

d2x

da db

d2l

da db
+

d2y

da db

d2m

dadb
+

d2z

da db

d2n

da db
= 0 .

❈✐$ �✐ ❢❛�, ♠❛♥✐❢❡��♦ ♣❡❧ ❝❛❧❝♦❧♦ ❝❤❡ ♦�❛ ✐♥��❛♣�❡♥❞✐❛♠♦✱ ❛❧ �✉❛❧❡ �✐ ❡�✐❣♦♥♦ �✉��❡ ❧❡ ❡�✉❛③✐♦♥✐

✭✶✾✮ ♥- ♣✐. ♥- ♠❡♥♦✳

◗✉✐ ❞❡❧❧❡ �❡✐ �✉❛♥�✐�, x, y, z, l, m, n ✐♥�❡♥❞❡�❡♠♦ ❧❡ ✉❧�✐♠❡ �✉❛���♦ ❢✉♥③✐♦♥✐ ❞✐ a, b ✐♥

�✉❛♥�♦ ♣�✐♠❛ ❧♦ �♦♥♦ ❞❡❧❧❡ x, y✱ ❡ ✐♥❞✐❝❤❡�❡♠♦ ❝♦♥ ❛♣✐❝✐ ✐♥ ❛❧�♦ ❧❡ ❞❡�✐✈❛�♦ ♣❡� x✱ ❡ ❝♦♥ ❛♣✐❝✐

✐♥ ❜❛��♦ �✉❡❧❧❡ ♣❡� y✳ /♦♥❡♥❞♦ ♣♦✐ ♣❡� ❜�❡✈✐�,

✭✷✵✮
L = l′ + n′z′ ; M = m′ + n′z′

N = l′ +m′ + n′z
′ + n′z′ ;

�✐�♦✈✈❡♥❡♥❞♦❝✐ ❝❤❡ ❛❜❜✐❛♠♦

dz

da
= z′

dx

da
+ z′

dy

da
;

dz

db
= z′

dx

db
+ z′

dy

db

✲ ✷✹ ❊◆● ✲

❍❡�❡ �♦♦✱ ❛� ✐♥ �❤❡ ❝❛�❡ ♦❢ �❤❡ ��✐♥♦♠✐❛❧� ❞❡♥♦�❡❞ ✭✶✮ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤✐� ❈❛♣♦✱ ✇❡ ♠❛②

❡��❛❜❧✐�❤ ✐♥✜♥✐�❡ ❡�✉❛�✐♦♥� ✇❤♦�❡ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ❞✐�❛♣♣❡❛� ✇❤❡♥ ✇❡ ❞❡�✐✈❡ ✐♥ �❤❡ �❡♥�❡

✐♥❞✐❝❛�❡❞ ❜② �❤❡ ❝❤❛�❛❝�❡�✐��✐❝ δ✱ ✐✳❡✳✱ ✇❡ ♦♣❡�❛�❡ ✇✐�❤ �❡�♣❡❝� �♦ ❛♥❛❧②�✐❝❛❧ ❡❧❡♠❡♥�� ✇❤♦�❡

�❤♦�❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ❛�❡ ❞❡✈♦✐❞✱ ❛❧�❤♦✉❣❤ �❤❡② ♠❛② ❜❡ ♦�❤❡�✇✐�❡ ✈❛�✐❛❜❧❡✳ ❚❤✉�✱ ✐♥✜♥✐�❡

✈❛�✐❡❞ ❡�✉❛�✐♦♥� ❧✐❦❡ ✭✷✮✱ ✭✸✮ �♦ ❜❡ ♠❛♥✐♣✉❧❛�❡❞ ♦♥❧② ❜② �❤❡ ♠❡�❤♦❞ ♦❢ ♠✉❧�✐♣❧✐❡��✳ ❖❢ �❤❡�❡

✐♥✜♥✐�❡ ❡�✉❛�✐♦♥�✱ ❤♦✇❡✈❡�✱ ❛❧❧ ♦�❤❡�� ❡①❝❡♣� �✐① ❛�❡ ❜✉� ❝♦♠❜✐♥❛�✐♦♥� ♦❢ �❤❡♠✱ ❛♥❞ �❤❡ �✐①

�✉❜��❛♥�✐❛❧❧② ❞✐✛❡�❡♥� ❛�❡ �❤♦�❡ ♥❡❝❡��❛�② ❛♥❞ �✉✣❝✐❡♥� �♦ ②✐❡❧❞ �❤❡ ✉�✉❛❧ ✈❛❧✉❡� ✭✶✷✮ ♦❢ �❤❡

♣�❡❝❡❞✐♥❣ ❈❛♣♦ ❢♦� �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz✱ ♦� l, m, n✳ ❚❤❡② ❛�❡ ♣�♦✈✐❞❡❞ ❜② �❤❡ ��✐♥♦♠✐❛❧�

♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ❣❛�❤❡�✐♥❣ ✭✶✻✮✱ ❛♥❞ ❜② �❤❡ ✜��� �❤�❡❡ ♦❢ �❤❡ ❣❛�❤❡�✐♥❣ ✭✶✽✮✿ �❤❡② ❛�❡ �♦ �❤❡

❢♦❧❧♦✇✐♥❣✿

✭✶✾✮

dx

da

dl

da
+

dy

da

dm

da
+

dz

da

dn

da
= 0

dx

db

dl

db
+

dy

db

dm

db
+

dz

db

dn

db
= 0

dx

da

dl

db
+

dy

da

dm

db
+

dz

da

dn

db

+
dx

db

dl

da
+

dy

db

dm

da
+

dz

db

dn

da
= 0

d2x

da2
d2l

da2
+

d2y

da2
d2m

da2
+

d2z

da2
d2n

da2
= 0

d2x

db2
d2l

db2
+

d2y

db2
d2m

db2
+

d2z

db2
d2n

db2
= 0

d2x

da db

d2l

da db
+

d2y

da db

d2m

dadb
+

d2z

da db

d2n

da db
= 0 .

❚❤✐� ✇✐❧❧ ❜❡ ♠❛♥✐❢❡�� ❜② �❤❡ ❝❛❧❝✉❧❛�✐♦♥ �❤❛� ✇❡ ✉♥❞❡��❛❦❡ ♥♦✇✱ ❢♦� ✇❤✐❝❤ ❛❧❧ ❡�✉❛�✐♦♥� ✭✶✾✮✱

♥♦ ♠♦�❡✱ ♥♦ ❧❡��✱ ❛�❡ �❡�✉✐�❡❞✳

❖❢ �❤❡ �✐① �✉❛♥�✐�✐❡� x, y, z, l, m, n ✇❡ ✐♥�❡♥❞ �❤❡ ❧❛�� ❢♦✉� ❛� ❢✉♥❝�✐♦♥� ♦❢ a, b ❛� �❤❡②

❛�❡ ❢✉♥❝�✐♦♥� ♦❢ x, y ❜❡❢♦�❡✱ ❛♥❞ ✇✐❧❧ ❞❡♥♦�❡ ❜② �✉♣❡��❝�✐♣� ♣�✐♠❡� ❛❜♦✈❡ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤

�❡�♣❡❝� �♦ x✱ ❛♥❞ ✇✐�❤ �✉❜�❝�✐♣� ♣�✐♠❡� ❜❡❧♦✇ �❤♦�❡ ✇✐�❤ �❡�♣❡❝� �♦ y✳ ❚❤❡♥✱ ♣♦�✐♥❣ ❢♦� ❜�❡✈✐�②

✭✷✵✮
L = l′ + n′z′ ; M = m′ + n′z′

N = l′ +m′ + n′z
′ + n′z′ ;

❛♥❞ �❡♠❡♠❜❡�✐♥❣ �❤❛� ✇❡ ❤❛✈❡

dz

da
= z′

dx

da
+ z′

dy

da
;

dz

db
= z′

dx

db
+ z′

dy

db



✲ ✷✺ ✲

❡❞ ❡�♣�❡��✐♦♥✐ �✐♠✐❧✐ ♣❡� ❧❡ ❞❡�✐✈❛�❡ ❞❡❧❧❡ l, m, n✿ ��♦✈❡�❡♠♦ ❝❤❡ ❧❡ ��❡ ♣�✐♠❡ ❡�✉❛③✐♦♥✐ ✭✶✾✮

❞✐✈❡♥�❛♥♦ ❞♦♣♦ ❧❡ �♦��✐�✉③✐♦♥✐✿

(

dx

da

)2

L+

(

dy

da

)2

M +
dx

da

dy

da
N = 0

(

dx

db

)2

L+

(

dy

db

)2

M +
dx

db

dy

db
N = 0

2
dx

da

dx

db
L+ 2

dy

da

dy

db
M +

(

dx

da

dy

db
+

dy

da

dx

db

)

N = 0 .

❉✐ �✉❡��❡ �✐ ♠♦❧�✐♣❧✐❝❤✐ ❧❛ �❡❝♦♥❞❛ ♣❡� α2✱ ❡ ❧❛ �❡�③❛ ♣❡� α✱ ❡��❡♥❞♦ α ✉♥✬❛�❜✐��❛�✐❛✱ ✐♥❞✐ ❧❡ ��❡

❡�✉❛③✐♦♥✐ �✐ �♦♠♠✐♥♦❀ ❧✬✉♥✐❝❛ ❡�✉❛③✐♦♥❡ �✐�✉❧�❛♥�❡ ♣♦�� �❝�✐✈❡��✐

✭✷✶✮ L

(

dx

da
+ α

dx

db

)2

+M

(

dy

da
+ α

dy

db

)2

+N

(

dx

da
+ α

dx

db

)(

dy

da
+ α

dy

db

)

= 0 .

❙❡ ♦�❛ ❞✐�♣♦♥✐❛♠♦ ❞❡❧❧✬❛�❜✐��❛�✐❛ α ♣❡� ✈❡�✐✜❝❛�❡ ❧✬❡�✉❛③✐♦♥❡

dy

da
+ α

dy

db
= 0 ,

❧❛ ♣�❡❝❡❞❡♥�❡ �✐ �✐❞✉�� ❛❧❧❛

L

(

dx

da

dy

db
+

dy

da

dx

db

)2

= 0

❞♦✈❡ ✐❧ ❝♦❡✣❝✐❡♥�❡ ❞✐ L ♥♦♥ ♣✉$ ❡��❡�❡ ③❡�♦✱ ❛❧��✐♠❡♥�✐ ✈❡��❡❜❜❡ ✐♥✜♥✐�❛ ❧❛ ❞❡♥�✐� �✉♣❡�✜❝✐❛❧❡

✭❡�✉❛③✐♦♥✐ ✭✷✵✮✱ ✭✷✷✮✱ ♥✳ ✶✷ ♠✳ ♣✳✮✿ ❞✉♥�✉❡ ❝♦♥✈✐❡♥ ❝❤❡ �✐❛ L = 0✳ '❡� �✐♠✐❧ ❣✉✐�❛✱ ❞✐�♣♦♥❡♥❞♦

✐♥✈❡❝❡ ❞❡❧❧❛ α ❛ ✜♥❡ ❞✐ ✈❡�✐✜❝❛�❡ ❧✬❡�✉❛③✐♦♥❡

dx

da
+ α

dx

db
= 0 ,

�✐ ♣�♦✈❛ M = 0❀ ❡ �✉❛♥❞♦ ✐♥ ✈✐��❛ ❞✐ �✉❡��✐ �✐�✉❧�❛�✐ �✐ ❝❛♥❝❡❧❧✐♥♦ ♥❡❧❧❛ ✭✷✶✮ ✐ ❞✉❡ ♣�✐♠✐ �❡�♠✐♥✐✱

❡��❛ ❝✐ ❞ ❛❧��❡�) N = 0✱ ♣❡�❝❤* ♥♦♥ ♣✉$ ❡��❡�❡ ③❡�♦ ✐❧ ❝♦❡✣❝✐❡♥�❡ ♦✈❡ ❧❛ α ❝♦♥�❡�✈❛ ✐❧ �✉♦ ✈❛❧♦�❡

✐♥❞❡�❡�♠✐♥❛�♦✳

❈♦♠✐♥❝✐❛♠♦ ♣❡��❛♥�♦ ❛❞ ❛✈❡�❡

✭✷✷✮ L = 0 ; M = 0 ; N = 0

♦��✐❛✱ ✈✐��❡ ❧❡ ❞❡�❡�♠✐♥❛③✐♦♥✐ ✭✷✵✮✱

✭✷✸✮
l′ + n′z′ = 0 ; m′ + n′z′ = 0

l′ +m′ + n′z
′ + n′z′ = 0 .

✲ ✷✺ ❊◆● ✲

❛♥❞ �✐♠✐❧❛� ❡①♣�❡��✐♦♥� ❢♦� �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ l, m, n✿ ✇❡ ✇✐❧❧ ✜♥❞ �❤❛� �❤❡ ✜��� �❤�❡❡

❡�✉❛�✐♦♥� ✭✶✾✮ ❜❡❝♦♠❡✱ ❛❢�❡� �❤❡ �✉❜��✐�✉�✐♦♥�✿

(

dx

da

)2

L+

(

dy

da

)2

M +
dx

da

dy

da
N = 0

(

dx

db

)2

L+

(

dy

db

)2

M +
dx

db

dy

db
N = 0

2
dx

da

dx

db
L+ 2

dy

da

dy

db
M +

(

dx

da

dy

db
+

dy

da

dx

db

)

N = 0 .

▲❡� ✉� ♠✉❧�✐♣❧② �❤❡ �❡❝♦♥❞ ♦❢ �❤❡�❡ ❜② α2✱ ❛♥❞ �❤❡ �❤✐�❞ ❜② α✱ α ❜❡✐♥❣ ❛�❜✐��❛�②✱ �❤❡♥ ❧❡� ✉�

�✉♠ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥�❀ �❤❡ ♦♥❧② �❡�✉❧�✐♥❣ ❡�✉❛�✐♦♥ ❝❛♥ ❜❡ ✇�✐��❡♥

✭✷✶✮ L

(

dx

da
+ α

dx

db

)2

+M

(

dy

da
+ α

dy

db

)2

+N

(

dx

da
+ α

dx

db

)(

dy

da
+ α

dy

db

)

= 0 .

■❢ ✇❡ ♥♦✇ �❡�✉✐�❡ �❤❡ ❛�❜✐��❛�② α �♦ ✈❡�✐❢② �❤❡ ❡�✉❛�✐♦♥

dy

da
+ α

dy

db
= 0 ,

�❤❡ ♣�❡❝❡❞✐♥❣ ♦♥❡ ✇✐❧❧ �❡❞✉❝❡ �♦

L

(

dx

da

dy

db
+

dy

da

dx

db

)2

= 0

✇❤❡�❡ �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ L ❝❛♥♥♦� ❜❡ ③❡�♦✱ ♦�❤❡�✇✐�❡ �❤❡ �✉�❢❛❝❡ ❞❡♥�✐�② ✇♦✉❧❞ �❡�✉❧� ✐♥✜♥✐�❡

✭❡�✉❛�✐♦♥� ✭✷✵✮✱ ✭✷✷✮✱ �❡❝�✳ ✶✷ ♣✳ ♠✳✮✿ ✐� �✉�♥� ♦✉�✱ �❤❡♥✱ �❤❛� L = 0✳ ❇② ❛ �✐♠✐❧❛� ♠❛♥♥❡�✱

�❡�✉✐�✐♥❣ α ✇✐�❤ �❤❡ ❛✐♠ �♦ ✈❡�✐❢② ✐♥��❡❛❞ �❤❡ ❡�✉❛�✐♦♥

dx

da
+ α

dx

db
= 0 ,

✇❡ ♣�♦✈❡ M = 0❀ ❛♥❞ ✇❤❡♥✱ ♦♥❝❡ �❤❡�❡ �❡�✉❧�� ❤❛✈❡ ❜❡❡♥ �❡❡♥✱ ✇❡ ❝❛♥❝❡❧ ✐♥ ✭✷✶✮ �❤❡ ✜��� �✇♦

�❡�♠�✱ ✐� ✇✐❧❧ ❛❧�♦ ♣�♦✈✐❞❡ N = 0✱ �✐♥❝❡ �❤❡ ❝♦❡✣❝✐❡♥� ✇❤❡�❡ α ❦❡❡♣� ✐�� ✐♥❞❡�❡�♠✐♥❛�❡ ✈❛❧✉❡

❝❛♥♥♦� ❜❡ ③❡�♦✳

▲❡� ✉� �❤✉� ❜❡❣✐♥ �♦ ❤❛✈❡

✭✷✷✮ L = 0 ; M = 0 ; N = 0

♥❛♠❡❧②✱ ♦♥❝❡ �❤❡ ❞❡✜♥✐�✐♦♥� ✭✷✵✮ ❤❛✈❡ ❜❡❡♥ �❡❡♥✱

✭✷✸✮
l′ + n′z′ = 0 ; m′ + n′z′ = 0

l′ +m′ + n′z
′ + n′z′ = 0 .



✲ ✷✻ ✲

�❛��✐❛♠♦ ❛❧❧❛ �✉❛
�❛ ❞❡❧❧❡ ✭✶✾✮✱ ♦��❡
✈❛♥❞♦ ❡��❡
❡

d2l

da2
= l′′

(

dx

da

)2

+ 2l′′
dx

da

dy

da
+ l′′

d2x

da2
+ l′

d2y

da2

❡❞ ❛✈❡
�✐ ❡�♣
❡��✐♦♥✐ ❛✛❛��♦ �✐♠✐❧✐ ♣❡
 d2m
da2 ,

d2n
da2 ,

d2z
da2 ✳

❋❛��❡ ❧❡ �♦��✐�✉③✐♦♥✐ ❡❞ ❡�❡❣✉✐�✐ ♣❛③✐❡♥�❡♠❡♥�❡ ✐ ♣
♦❞♦��✐✱ �✐ �
♦✈❛ ❞✐ ♣♦�❡
 ♠❡��❡
❡ ❧✬❡�✉❛✲

③✐♦♥❡ 
✐�✉❧�❛♥�❡ �♦��♦ ❧❛ ❢♦
♠❛ �❡❣✉❡♥�❡

(

dx

da

)2
d2x

da2
L′ + 2

dx

da

dy

da

d2x

da2
L′ +

(

dy

da

)2
d2x

da2
(N′ −M ′)

+

(

dx

da

)2
d2y

da2
(N ′ + L′) + 2

dx

da

dy

da

d2y

da2
M ′ +

(

dy

da

)2
d2y

da2
M′

+

(

d2x

da2

)2

L+

(

d2y

da2

)2

M +
d2x

da2
d2y

da2
N

+

(

dx

da

)4

z′′n′′ + 2

(

dx

da

)3
dy

da
(z′′n′

′ + z′′n
′′)

+

(

dx

da

)2 (
dy

da

)2

(z′′n′′ + 4z′′n
′
′ + z′′n

′′)

+2
dx

da

(

dy

da

)3

(z′′n′′ + z′′n
′
′) +

(

dy

da

)4

z′′n′′ = 0 .

■ ♣
✐♠✐ ♥♦✈❡ �❡
♠✐♥✐ ❞✐ �✉❡��❛ ❡�♣
❡��✐♦♥❡ ✈❛♥♥♦ ✈✐❛ ❞❛ �! ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✷✮

�♦♣
❛ ❞✐♠♦��
❛�❡✿ ❣❧✐ ❛❧�
✐ ♣♦��♦♥♦ 
✐❞✉
�✐ ❛❧ ♣
♦❞♦��♦ ❞✐ ❞✉❡ �
✐♥♦♠❥ ❝♦♠❡ �❡❣✉❡

✭✷✹✮

{

n′′

(

d2x

da2

)2

+ 2n′
′
dx

da

dy

da
+ n′′

(

dy

da

)2
}

×
{

z′′
(

d2x

da2

)2

+ 2z′′
dx

da

dy

da
+ z′′

(

dy

da

)2
}

= 0 .

❙❡♥③❛ 
✐♣❡�❡
❡ ✐❧ ❝❛❧❝♦❧♦ ♥♦♥ ❝✐ ♣✉' ❡��❡
❡ ❞✐✣❝♦❧�) ❛ ❝❛♣✐
❡ ❝❤❡ ❧❛ �✉✐♥�❛ ❞❡❧❧❡ ✭✶✾✮ ❝✐ ❝♦♥❞✉❝❡

❛ �
♦✈❛
❡ ❧✬❡�✉❛③✐♦♥❡ ❛♥❛❧♦❣❛

✭✷✺✮

{

n′′

(

d2x

db2

)2

+ 2n′
′
dx

db

dy

db
+ n′′

(

dy

db

)2
}

×
{

z′′
(

d2x

db2

)2

+ 2z′′
dx

db

dy

db
+ z′′

(

dy

db

)2
}

= 0

❣✐❛❝❝❤! �✉��♦ ❞❡✈❡ ♣
♦❝❡❞❡
❡ ❡❣✉❛❧♠❡♥�❡✱ ❝♦❧❧❛ �♦❧❛ ❞✐✛❡
❡♥③❛ ❞✐ ❛✈❡
❡ ❧❡ ❞❡
✐✈❛③✐♦♥✐ ♣❡
 b

✐♥✈❡❝❡ ❝❤❡ ♣❡
 a✳

❱♦❧❡♥❞♦ ♦
❛ 
✐❝♦♥♦�❝❡
❡ ❝❤❡ ❝♦�❛ ❝✐ ❞✐❛ ❧❛ �❡��❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✾✮✱ ♦��❡
✈❡
❡♠♦ ❡��❡
❡

d2l

da db
= l′′

dx

da

dx

db
+ l′′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ l′′
dy

da

dy

db
+ l′

d2x

da db
+ l′

d2y

da db

✲ ✷✻ ❊◆● ✲

▲❡� ✉� ♣❛�� �♦ �❤❡ ❢♦✉
�❤ ♦♥❡ ♦❢ �❤❡ ✭✶✾✮✱ ❝❤❡❝❦✐♥❣ �❤❛� ✐� ✐�

d2l

da2
= l′′

(

dx

da

)2

+ 2l′′
dx

da

dy

da
+ l′′

d2x

da2
+ l′

d2y

da2

❛♥❞ �❤❛� ✇❡ ❤❛✈❡ ❡①♣
❡��✐♦♥� ❛� ❛❧❧ �✐♠✐❧❛
 ❢♦
 d2m
da2 ,

d2n
da2 ,

d2z
da2 ✳

❖♥❝❡ �❤❡ �✉❜��✐�✉�✐♦♥� ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ❛♥❞ �❤❡ ♣
♦❞✉❝�� ❤❛✈❡ ❜❡❡♥ ♣❛�✐❡♥�❧② ♣❡
❢♦
♠❡❞✱

✇❡ �❡❡ �❤❛� ✇❡ ♠❛② ♣✉� �❤❡ 
❡�✉❧�✐♥❣ ❡�✉❛�✐♦♥ ✉♥❞❡
 �❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦
♠

(

dx

da

)2
d2x

da2
L′ + 2

dx

da

dy

da

d2x

da2
L′ +

(

dy

da

)2
d2x

da2
(N′ −M ′)

+

(

dx

da

)2
d2y

da2
(N ′ + L′) + 2

dx

da

dy

da

d2y

da2
M ′ +

(

dy

da

)2
d2y

da2
M′

+

(

d2x

da2

)2

L+

(

d2y

da2

)2

M +
d2x

da2
d2y

da2
N

+

(

dx

da

)4

z′′n′′ + 2

(

dx

da

)3
dy

da
(z′′n′

′ + z′′n
′′)

+

(

dx

da

)2 (
dy

da

)2

(z′′n′′ + 4z′′n
′
′ + z′′n

′′)

+2
dx

da

(

dy

da

)3

(z′′n′′ + z′′n
′
′) +

(

dy

da

)4

z′′n′′ = 0 .

❚❤❡ ✜
�� ♥✐♥❡ �❡
♠� ♦❢ �❤✐� ❡①♣
❡��✐♦♥ ✈❛♥✐�❤ ❜② �❤❡♠�❡❧✈❡� ❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ❡�✉❛�✐♦♥� ✭✷✷✮✱

❛❜♦✈❡ ♣
♦✈❡❞✿ �❤❡ ♦�❤❡
� ♠❛② ❜❡ 
❡❞✉❝❡❞ �♦ �❤❡ ♣
♦❞✉❝� ♦❢ �✇♦ �
✐♥♦♠✐❛❧� ❛� ❢♦❧❧♦✇�

✭✷✹✮

{

n′′

(

d2x

da2

)2

+ 2n′
′
dx

da

dy

da
+ n′′

(

dy

da

)2
}

×
{

z′′
(

d2x

da2

)2

+ 2z′′
dx

da

dy

da
+ z′′

(

dy

da

)2
}

= 0 .

❲✐�❤♦✉� 
❡♣❡❛�✐♥❣ �❤❡ ❝❛❧❝✉❧❛�✐♦♥✱ �❤❡
❡ ❝❛♥♥♦� ❜❡ ❞✐✣❝✉❧�② ✐♥ ✉♥❞❡
��❛♥❞✐♥❣ �❤❛� �❤❡ ✜❢�❤

♦♥❡ ♦❢ �❤❡ ✭✶✾✮ ❧❡❛❞� ✉� �♦ ✜♥❞ �❤❡ ❛♥❛❧♦❣♦✉� ❡�✉❛�✐♦♥

✭✷✺✮

{

n′′

(

d2x

db2

)2

+ 2n′
′
dx

db

dy

db
+ n′′

(

dy

db

)2
}

×
{

z′′
(

d2x

db2

)2

+ 2z′′
dx

db

dy

db
+ z′′

(

dy

db

)2
}

= 0

�✐♥❝❡ ❡✈❡
②�❤✐♥❣ ♠✉�� ♣
♦❝❡❡❞ ❡�✉❛❧❧②✱ ✇✐�❤ �❤❡ ♦♥❧② ❞✐✛❡
❡♥❝❡ �♦ ❤❛✈❡ ❞❡
✐✈❛�✐♦♥� ✇✐�❤ 
❡�♣❡❝�

�♦ b ✐♥��❡❛❞ ♦❢ a✳

❲✐�❤✐♥❣ ♥♦✇ �♦ 
❡❝♦❣♥✐③❡ ✇❤❛� �❤❡ �✐①�❤ ♦❢ ❡�✉❛�✐♦♥� ✭✶✾✮ ♣
♦✈✐❞❡�✱ ✇❡ ✇✐❧❧ �❡❡ �❤❛� ✐� ✐�

d2l

da db
= l′′

dx

da

dx

db
+ l′′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ l′′
dy

da

dy

db
+ l′

d2x

da db
+ l′

d2y

da db



✲ ✷✼ ✲

❡❞ ❛✈❡�	✐ ❡	♣�❡		✐♦♥✐ ❞❡❧ �✉��♦ 	✐♠✐❧✐ ♣❡� d2m
dadb

, d2m
dadb

, d2z
da db

✳ ❊✛❡��✉❛�❡ ❧❡ 	♦	�✐�✉③✐♦♥✐ 	✐ ��♦✈❛

❝❤❡ �✉❡❧❧❛ ❡�✉❛③✐♦♥❡ 	❡	�❛ �✐❞✉❝❡	✐ ❛❞ ✉♥❛ ❢♦�♠❛ ❞♦✈❡ ♣�✐♠✐❡�❛♠❡♥�❡ 	✐ ♥♦�❛♥♦ ✐ ♥♦✈❡ �❡�♠✐♥✐

d2x

da db

{

dx

da

dx

db
L′ +

(

dx

da

dy

db
+

dy

da

dx

db

)

L′ +
dy

da

dy

db
(N′ −M ′)

}

+
d2y

da db

{

dx

da

dx

db
(N ′ + L′) +

(

dx

da

dy

db
+

dy

da

dx

db

)

M ′ +
dy

da

dy

db
M′

}

+

(

d2x

da db

)2

L+
d2x

da db

d2y

da db
N +

(

d2y

da db

)2

M

✐ �✉❛❧✐ 	♣❛�✐	❝♦♥♦ �✉��✐ ✐♥ ✈✐��� ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✷✮✿ ❛ ❝✐� ❝❤❡ �❡	�❛ ♣✉� ❞❛�	✐ ❧✬❡	♣�❡		✐♦♥❡

✭✷✻✮

{

n′′ dx

da

dx

db
+ n′

′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ n′′
dy

da

dy

db

}

×
{

z′′
dx

da

dx

db
+ z′′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ z′′
dy

da

dy

db

}

= 0 .

▲❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮✱ ✭✷✺✮✱ ✭✷✻✮ ♥♦♥ ♣♦		♦♥♦ ✈❡�✐✜❝❛�	✐ ✐♥ ❣❡♥❡�❛❧❡ ❝♦❧ �❡♥❞❡�❡ ♥✉❧❧✐ ✐ 	❡❝♦♥❞✐ ❢❛��♦�✐

❞❡✐ ❧♦�♦ ♣�✐♠✐ ♠❡♠❜�✐✱ ♣❡�❝❤( ✐	�✐�✉❡♥❞♦ ❛♥❝❤❡ ✉♥❛ 	♦❧❛ ❞✐ �❛❧✐ ❡�✉❛③✐♦♥✐ 	✐ ♣♦��❡❜❜❡�♦ ♥✉♦✈✐

✈✐♥❝♦❧✐ ❢�❛ ❧❡ x, y, z✱ 	✐❝❝♦♠❡ ✈❡❞❡♠♠♦ ♥❡❧ ❝❛	♦ 	✐♠✐❧❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✼✮❀ 	✐ ✈❡�✐✜❝❤❡�❛♥♥♦

�✉✐♥❞✐ ♣❡� ❧✬❛♥♥✉❧❧❛�	✐ ❞❡✐ ♣�✐♠✐ ❢❛��♦�✐✱ ❡ ❝♦	* ❛✈�❡♠♦ ❧❡ ��❡

n′′

(

dx

da

)2

+ 2n′
′
dx

da

dy

da
+ n′′

(

dy

da

)2

= 0

n′′

(

dx

db

)2

+ 2n′
′
dx

db

dy

db
+ n′′

(

dy

db

)2

= 0

n′′ dx

da

dx

db
+ n′

′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ n′′
dy

da

dy

db
= 0 .

❉✐ �✉❡	�❡ 	✐ ♠♦❧�✐♣❧✐❝❤✐♥♦ ❧❛ 	❡❝♦♥❞❛ ♣❡� α2 ❡ ❧❛ �❡�③❛ ♣❡� 2α✱ ❡		❡♥❞♦ α ✉♥❛ ❛�❜✐��❛�✐❛✱ ♣♦✐ 	✐

	♦♠♠✐♥♦✿ ❧✬❡�✉❛③✐♦♥❡ �✐	✉❧�❛♥�❡ ♣♦��, 	❝�✐✈❡�	✐

n′′

(

dx

da
+ α

dx

db

)2

+ n′′

(

dy

da
+ α

dy

db

)2

+2n′
′

(

dx

da
+ α

dx

db

)(

dy

da
+ α

dy

db

)

= 0 ,

❞❛❧❧❛ �✉❛❧❡✱ ❝♦♥ ✉♥ �❛❣✐♦♥❛♠❡♥�♦ ❝❤❡ ( ♣�❡❝✐	❛♠❡♥�❡ ✐❧ ♠❡❞❡	✐♠♦ ✐	�✐�✉✐�♦ 	✉❧❧❛ ✭✷✶✮✱ ❞❡❞✉��❡♠♦

❧❡ ��❡

✭✷✼✮ n′′ = 0 ; n′′ = 0 ; n′
′ = 0 .

✲ ✷✼ ❊◆● ✲

❛♥❞ �❤❛� ✇❡ ❤❛✈❡ ❡①♣�❡		✐♦♥	 	✐♠✐❧❛� ❛� ❛❧❧ ❢♦� d2m
dadb

, d2m
dadb

, d2z
da db

✳ ❖♥❝❡ �❤❡ 	✉❜	�✐�✉�✐♦♥	 ❤❛✈❡

❜❡❡♥ ♠❛❞❡ ✇❡ ✜♥❞ �❤❛� �❤❛� 	✐①�❤ ❡�✉❛�✐♦♥ �❡❞✉❝❡	 �♦ ❛ ❢♦�♠ ✇❤❡�❡ ✇❡ ✜�	�❧② ♥♦�✐❝❡ �❤❡ ♥✐♥❡

�❡�♠	
d2x

da db

{

dx

da

dx

db
L′ +

(

dx

da

dy

db
+

dy

da

dx

db

)

L′ +
dy

da

dy

db
(N′ −M ′)

}

+
d2y

da db

{

dx

da

dx

db
(N ′ + L′) +

(

dx

da

dy

db
+

dy

da

dx

db

)

M ′ +
dy

da

dy

db
M′

}

+

(

d2x

da db

)2

L+
d2x

da db

d2y

da db
N +

(

d2y

da db

)2

M

✇❤✐❝❤ ❛❧❧ ❞✐	❛♣♣❡❛� ❜② ✈✐��✉❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥	 ✭✷✷✮✿ �♦ �❤❡ �❡♠❛✐♥✐♥❣ ✇❡ ♠❛② ❣✐✈❡ �❤❡ ❡①♣�❡		✐♦♥

✭✷✻✮

{

n′′ dx

da

dx

db
+ n′

′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ n′′
dy

da

dy

db

}

×
{

z′′
dx

da

dx

db
+ z′′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ z′′
dy

da

dy

db

}

= 0 .

❊�✉❛�✐♦♥	 ✭✷✹✮✱ ✭✷✺✮✱ ✭✷✻✮ ❝❛♥♥♦� ✐♥ ❣❡♥❡�❛❧ ♦❝❝✉� ❜② ♠❛❦✐♥❣ �❤❡ 	❡❝♦♥❞ ❢❛❝�♦�	 ♦❢ �❤❡✐� ❧❡❢�✲

❤❛♥❞ 	✐❞❡	 ♥✐❧✱ 	✐♥❝❡ ❜② ✐♥	�✐�✉�✐♥❣ ❡✈❡♥ ❛ 	✐♥❣❧❡ ♦♥❡ ♦❢ �❤♦	❡ ❡�✉❛�✐♦♥	 ✇❡ ✇♦✉❧❞ ♣♦	❡ ♦�❤❡�

❝♦♥	��❛✐♥�	 ❛♠♦♥❣ �❤❡ x, y, z✱ ❧✐❦❡ ✇❡ 	❛✇ ✐♥ �❤❡ 	✐♠✐❧❛� ❝❛	❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✼✮❀ �❤❡② ✇✐❧❧

�❤❡♥ ❜❡ ✈❡�✐✜❡❞ ❜② �❤❡ ✈❛♥✐	❤✐♥❣ ♦❢ �❤❡ ✜�	� ❢❛❝�♦�	✱ ❛♥❞ ✇❡ ✇✐❧❧ �❤✉	 ❤❛✈❡ �❤❡ �❤�❡❡

n′′

(

dx

da

)2

+ 2n′
′
dx

da

dy

da
+ n′′

(

dy

da

)2

= 0

n′′

(

dx

db

)2

+ 2n′
′
dx

db

dy

db
+ n′′

(

dy

db

)2

= 0

n′′ dx

da

dx

db
+ n′

′

(

dx

da

dy

db
+

dy

da

dx

db

)

+ n′′
dy

da

dy

db
= 0 .

❖❢ �❤❡	❡✱ ❧❡� ✉	 ♠✉❧�✐♣❧② �❤❡ 	❡❝♦♥❞ ❜② α2 ❛♥❞ �❤❡ �❤✐�❞ ❜② 2α✱ α ❜❡✐♥❣ ❛�❜✐��❛�②✱ �❤❡♥ ❧❡� ✉	

	✉♠ �❤❡♠✿ �❤❡ �❡	✉❧�✐♥❣ ❡�✉❛�✐♦♥ ♠❛② ❜❡ ✇�✐��❡♥

n′′

(

dx

da
+ α

dx

db

)2

+ n′′

(

dy

da
+ α

dy

db

)2

+2n′
′

(

dx

da
+ α

dx

db

)(

dy

da
+ α

dy

db

)

= 0 ,

❢�♦♠ ✇❤✐❝❤✱ ❜② ❛ �❡❛	♦♥✐♥❣ �❤❛� ✐	 ♣�❡❝✐	❡❧② �❤❡ 	❛♠❡ ❛	 �❤❛� ✐♥	�✐�✉�❡❞ ♦♥ �❤❡ ✭✷✶✮✱ ✇❡ ✇✐❧❧

❞❡❞✉❝❡ �❤❡ �❤�❡❡

✭✷✼✮ n′′ = 0 ; n′′ = 0 ; n′
′ = 0 .



✲ ✷✽ ✲

◗✉❡��❡ �♦♥♦ ✐♥�❡❣
❛❜✐❧✐ ❛ ❝♦❧♣♦ ❞✬♦❝❝❤✐♦❀ ❧❡ ❞✉❡ ♣
✐♠❡ ❝✐ ❞✐❝♦♥♦ ❝❤❡ ❧❛ n ♥♦♥ ♣✉� ❝♦♥�❡♥❡
❡ �❡

♥♦♥ ❧✐♥❡❛
♠❡♥�❡ ❧❡ x, y✿ ♠❛ ❢❛ ❜✐�♦❣♥♦ ❛♥❝❤❡ ❞❡❧❧❛ �❡
③❛ ♣❡
 ♠♦��
❛
❡ ❧✬❛��❡♥③❛ ❞❡❧ �❡
♠✐♥❡

❝❤❡ ❝♦♥�❡♥❡��❡ ✐❧ ♣
♦❞♦��♦ xy✿ ❝♦❧ ❝♦♥❝♦
�♦ ❞✐ �✉��❡ ❡ �
❡ ♦��❡♥✐❛♠♦

✭✷✽✮ n = w3 + s1y − s2x

❡��❡♥❞♦ w3, s1, −s2 �
❡ ❝♦��❛♥�✐ ❛
❜✐�
❛
✐❡ 
❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❡ ✈❛
✐❛❜✐❧✐ x, y✳ ▲✬❡��❡
❡ ♥❡❝❡��❛
✐❡

❛ !✉❡��❛ ❞❡�❡
♠✐♥❛③✐♦♥❡ �✉��❡ �
❡ ❧❡ ❡!✉❛③✐♦♥✐ ✭✷✼✮ ♣
♦✈❛ ❝❤❡ ❡
❛ ♥❡❝❡��❛
✐♦ ❛��✉♠❡
❡ ❧❡ �
❡

✉❧�✐♠❡ ❡!✉❛③✐♦♥✐ ✭✶✾✮✱ �❡♥③❛ ❞✐ ❝❤❡ !✉❡❧❧❡ ✭✷✼✮ ♥♦♥ �❛
❡❜❜❡
♦ 
✐�✉❧�❛�❡✳

▲❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦
✐ n′ = −s2, n′ = s1 ♥❡❧❧❡ ❡!✉❛③✐♦♥✐ ✭✷✸✮ ❧❡ 
✐❞✉❝❡

l′ − s2z
′ = 0 ; m′ + s1z′ = 0

l′ +m′ − s2z′ + s1z
′ = 0 .

▲✬✐♥�❡❣
❛③✐♦♥❡ ❞❡❧❧❡ ♣
✐♠❡ ❞✉❡ ❝✐ ♣♦
❣❡

✭✷✾✮ l = s2z + ϕ(y) ; m = −s1z + ψ(x) ,

ϕ(y), ψ(x) �♦♥♦ ❢✉♥③✐♦♥✐ ❛
❜✐�
❛
✐❡ ❧✬✉♥❛ ❞✐ y✱ ❧✬❛❧�
❛ ❞✐ x✿ ♠❛ ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦
✐ 
✐�✉❧�❛♥�✐

❞❛ !✉❡��❡ ♠❡❞❡�✐♠❡ ✭✷✾✮

l′ = s2z′ + ϕ′(y) ; m′ = −s1z
′ + ψ′(x)

♥❡❧❧❛ �❡
③❛✱ ❧❛ 
✐❞✉❝❡

ϕ′(y) + ψ′(x) = 0 .

❖
 !✉❡��❛ ❝✐ ❞✐❝❡ ❝❤❡ ϕ(y) ❝♦♥�✐❡♥❡ ❧✐♥❡❛
♠❡♥�❡ ❧❛ y✱ ❡ ❝♦�( ψ(x) ❧❛ x✱ ♦��✐❛ ❤❛♥♥♦ ✈❛❧♦
✐ ❞❡❧❧❛

❢♦
♠❛

ϕ(y) = Ay + ω1 ; ψ(x) = Bx+ ω2

❡��❡♥❞♦ A, B, ω1, ω2 !✉❛��
♦ ❝♦��❛♥�✐✳ ❈✐ ❞✐❝❡ ❞✐ ♣✐* ❝❤❡ �( ❢❛��✐ ✈❛❧♦
✐ �♦��✐�✉✐�✐ ✐♥ ❡��❛✱

♣❛❧❡�❛♥♦ �✉��✐��❡
❡ �
❛ ❧❡ A, B ❧✬❡!✉❛③✐♦♥❡

A+B = 0 ,

�❛❧❝❤+ ❢❛��❛ B = s3 ❞❡✈❡ ❡��❡
❡ A = −s3✳ ❊�❡❣✉✐�❡ ❧❡ �♦��✐�✉③✐♦♥✐ ♥❡❧❧❡ ❡!✉❛③✐♦♥✐ ✭✷✾✮✱ ✈❡❞✐❛♠♦

❝♦♥ ❡��❡ ❡ ❝♦❧❧❛ ✭✷✽✮ 
✐♣
♦❞♦��✐ ♣❡
 l, m, n ✐ �♦❧✐�✐ ✈❛❧♦
✐ ✭✶✷✮ ❞❡❧ ❈❛♣♦ ♣
❡❝❡❞❡♥�❡✳

❱✐❡♥❡ ❝♦�( ♣
♦✈❛�♦ ❝❤❡ ❧❡ �❡✐ ❡!✉❛③✐♦♥✐ ✈❛
✐❛�❡ ✭✶✾✮ �♦♥♦ ❧❡ ♥❡❝❡��❛
✐❡ ❡ �✉✣❝✐❡♥�✐ ♣❡


❛❜❜
❛❝❝✐❛
❡ ✐♥ �✉��❛ ❧❛ �✉❛ ❛♠♣✐❡③③❛ ✐❧ ♣
♦❜❧❡♠❛ ❞❡❧ ♠♦�♦ ❡

✲ ✷✽ ❊◆● ✲

❚❤❡�❡ ❛
❡ ✐♥�❡❣
❛❜❧❡ ❛� ❛ ❣❧❛♥❝❡❀ �❤❡ ✜
�� �✇♦ �❡❧❧ ✉� �❤❛� n ❝❛♥♥♦� ❝♦♥�❛✐♥ x, y ✐❢ ♥♦� ❧✐♥❡❛
❧②✿

❜✉� �❤❡ �❤✐
❞ ♦♥❡ ❛� ✇❡❧❧ ✐� ♥❡❝❡��❛
② �♦ �❤♦✇ �❤❡ ❛❜�❡♥❝❡ ♦❢ �❤❡ �❡
♠ ❝♦♥�❛✐♥✐♥❣ �❤❡ ♣
♦❞✉❝�

xy✿ ❜② �❤❡ ♦❝❝✉

❡♥❝❡ ♦❢ ❛❧❧ �❤
❡❡ ♦♥❡� ✇❡ ♦❜�❛✐♥

✭✷✽✮ n = w3 + s1y − s2x

w3, s1, −s2 ❜❡✐♥❣ �❤
❡❡ ❛
❜✐�
❛
② ❝♦♥��❛♥�� 
❡❧❛�✐✈❡ �♦ �❤❡ ✈❛
✐❛❜❧❡� x, y✳ ❆❧❧ �❤❡ �❤
❡❡ ❡!✉❛✲

�✐♦♥� ✭✷✼✮ ❜❡✐♥❣ ♥❡❝❡��❛
② �♦ �❤✐� ❞❡�❡
♠✐♥❛�✐♦♥ ♣
♦✈❡� �❤❛� ✐� ✇❛� ♥❡❝❡��❛
② �♦ ❛��✉♠❡ �❤❡

❧❛�� �❤
❡❡ ❡!✉❛�✐♦♥� ✭✶✾✮✱ ✇✐�❤♦✉� ✇❤✐❝❤ �❤♦�❡ ✭✷✼✮ ✇♦✉❧❞ ♥♦� ❤❛✈❡ ❝♦♠❡ ♦✉�✳

❚❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡ ✈❛❧✉❡� n′ = −s2, n′ = s1 ✐♥�♦ ❡!✉❛�✐♦♥� ✭✷✸✮ 
❡❞✉❝❡� �❤❡♠ �♦

l′ − s2z
′ = 0 ; m′ + s1z′ = 0

l′ +m′ − s2z′ + s1z
′ = 0 .

❚❤❡ ✐♥�❡❣
❛�✐♦♥ ♦❢ �❤❡ ✜
�� �✇♦ ❣✐✈❡� ✉�

✭✷✾✮ l = s2z + ϕ(y) ; m = −s1z + ψ(x) ,

ϕ(y), ψ(x) ❛
❡ ❛
❜✐�
❛
② ❢✉♥❝�✐♦♥�✱ �❤❡ ♦♥❡ ♦❢ y✱ �❤❡ ♦�❤❡
 ♦❢ x✿ ❜✉� �❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡

✈❛❧✉❡� 
❡�✉❧�✐♥❣ ❢
♦♠ �❤❡�❡ �❛♠❡ ✭✷✾✮

l′ = s2z′ + ϕ′(y) ; m′ = −s1z
′ + ψ′(x)

✐♥ �❤❡ �❤✐
❞✱ 
❡❞✉❝❡� ✐�

ϕ′(y) + ψ′(x) = 0 .

◆♦✇ �❤✐� �❡❧❧� ✉� �❤❛� ϕ(y) ❝♦♥�❛✐♥� y ❧✐♥❡❛
❧②✱ ❛♥❞ �♦ ψ(x) ✇✐�❤ x✱ ✐✳❡✳✱ �❤❡② ❤❛✈❡ ✈❛❧✉❡� ♦❢ �❤❡

❢♦
♠

ϕ(y) = Ay + ω1 ; ψ(x) = Bx+ ω2

A, B, ω1, ω2 ❜❡✐♥❣ ❢♦✉
 ❝♦♥��❛♥��✳ ▼♦
❡♦✈❡
✱ ✐� �❡❧❧� ✉� �❤❛� �❤♦�❡ ✈❛❧✉❡�✱ �✉❜��✐�✉�❡❞ ✐♥�♦ ✐�✱

♠❛❦❡ ✐� ❛♣♣❛
❡♥� �❤❛� ❛♠♦♥❣ �❤❡ A, B �❤❡ ❡!✉❛�✐♦♥ ❤♦❧❞�

A+B = 0 ,

�♦ �❤❛�✱ ♠❛❞❡ B=s3✱ ✐� ♠✉�� ❜❡ A=−s3✳ ❖♥❝❡ �❤❡ �✉❜��✐�✉�✐♦♥� ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✐♥ ❡!✉❛�✐♦♥�

✭✷✾✮✱ ✇❡ �❡❡ 
❡♣
♦❞✉❝❡❞ ❜② �❤❡♠ ❛♥❞ ✭✷✽✮ �❤❡ ✉�✉❛❧ ✈❛❧✉❡� ✭✶✷✮ ♦❢ �❤❡ ♣
❡❝❡❞✐♥❣ ❈❛♣♦ ❢♦


l,m, n✳

■� ✐� �♦ ♣
♦✈❡❞ �❤❛� �❤❡ �✐① ✈❛
✐❡❞ ❡!✉❛�✐♦♥� ✭✶✾✮ ❛
❡ �❤❡ ♥❡❝❡��❛
② ❛♥❞ �✉✣❝✐❡♥� ♦♥❡� �♦

❡♠❜
❛❝❡ ✐♥ ❛❧❧ ✐�� ✇✐❞�❤ �❤❡ ♣
♦❜❧❡♠ ♦❢ ♠♦�✐♦♥ ❛♥❞



✲ ✷✾ ✲

❞❡❧❧✬❡�✉✐❧✐❜�✐♦ ❞❡✬ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐❀ ✐❧ ❝❤❡ �✐❝❡✈❡�� ✉♥❛ ❧✉❝✐❞❛ �✐❝♦♥❢❡�♠❛ ♣✐� �❛�❞✐ �✉❛♥❞♦

♣�♦✈❡�❡♠♦ ❝❤❡ �✉��✐ ✐ ��✐♥♦♠❥ ✭✶✼✮✱ ✭✶✽✮ ❡ �❡❣✉❡♥�✐ ❛❧❧✬✐♥✜♥✐�♦ ♣♦��♦♥♦ ❛✈❡��✐ ❡�♣�❡��✐ ♣❡✐ �❡✐

❝❤❡ ❝✐ ❣✉✐❞❛�♦♥♦ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✾✮✳

✾✳ ➮ ♦�❛ ♠❛♥✐❢❡��♦ ❝❤❡ ❧✬❡�✉❛③✐♦♥❡ ♠❡❝❝❛♥✐❝❛ ❣❡♥❡�❛❧✐��✐♠❛ ♣❡✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ✭❧❛ ✭✸✺✮✱

♥✳ ✽✸ ♠✳ ♣✳✮✱ ✉�❛�♦ ✐❧ �♦❧✐�♦ ♠❡�♦❞♦ ❞❡✐ ♠♦❧�✐♣❧✐❝❛�♦�✐ ♣❡� ♠❡��❡�❡ ❛ ❝❛❧❝♦❧♦ ❧❡ ✈❛�✐❛�❡ ✭✶✾✮ ♥❡❧❧❡

❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✱ �❛��

✭✸✵✮

∫

da
∫

db.

{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz

}

+
∫

da
∫

db.

{

λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+μ

(

dx

db

dδx

db
+

dy

db

dδy

db
+

dz

db

dδz

db

)

+ν

⎛

⎜

⎝

dx

db

dδx

da
+

dy

db

dδy

da
+

dz

db

dδz

da

+
dx

da

dδx

db
+

dy

da

dδy

db
+

dz

da

dδz

db

⎞

⎟

⎠

+ρ

(

d2x

da2
d2δx

da2
+

d2y

da2
d2δy

da2
+

d2z

da2
d2δz

da2

)

+θ

(

d2x

db2
d2δx

db2
+

d2y

db2
d2δy

db2
+

d2z

db2
d2δz

db2

)

+τ

(

d2x

da db

d2δx

da db
+

d2y

da db

d2δy

da db
+

d2z

da db

d2δz

da db

)}

+Ω = 0

❞♦✈❡ ✐♥ Ω �✬✐♥�❡♥❞♦♥♦ ❡�♣�❡��✐ ✐ �❡�♠✐♥✐ ✐♥��♦❞♦��✐ ❞❛ ❢♦�③❡ ❛♣♣❧✐❝❛�❡ ❛ ❧✐♥❡❡ ♦ ❛ ♣✉♥�✐ ❞❡�❡�♠✐✲

♥❛�✐✳

❋❛❝❝✐❛♥�✐ ❧❡ ❞❡❜✐�❡ ��❛�❢♦�♠❛③✐♦♥✐ ♣❡� �✐❞✉��❡ ❧❛ �✉❛♥�✐�� �♦��♦ ✐❧ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥�❡❣�❛❧❡

❛❧❧❛ ❢♦�♠❛

✭✸✶✮ (■)δx+ (■■)δy + (■■■)δz +
dΛ

da
+

dΘ

db
;

��♦✈❡�❡♠♦✱ �❡❣✉❡♥❞♦ ✉♥ ❛♥❞❛♠❡♥�♦ ❞❡❧ �✉❛❧❡ ❞❛�, �✉✐ �♦��♦ ✉♥ ❝❡♥♥♦✱ ❝❤❡ ♣♦��❡ ♣❡� ❝♦♠♦❞♦

L1 = λ
dx

da
+ ν

dx

db
− d.ρd2x

da2

da
− 1

2
.
d.τ d2x

da db

db

M1 = ν
dx

da
+ μ

dx

db
− d.θ d2x

db2

db
− 1

2
.
d.τ d2x

da db

da

L2 = λ
dy

da
+ ν

dy

db
− d.ρd2y

da2

da
− 1

2
.
d.τ d2y

da db

db
✭✸✷✮

M2 = ν
dy

da
+ μ

dy

db
− d.θ d2y

db2

db
− 1

2
.
d.τ d2y

da db

da

✲ ✷✾ ❊◆● ✲

❡�✉✐❧✐❜�✐✉♠ ♦❢ �✉♣❡�✜❝✐❛❧ �②��❡♠�❀ ✇❤✐❝❤ ✇✐❧❧ �❡❝❡✐✈❡ ❛ ❝❧❡❛� ❝♦♥✜�♠❛�✐♦♥ ❧❛�❡� ♦♥ ✇❤❡♥ ✇❡ ✇✐❧❧

♣�♦✈❡ �❤❛� ❛❧❧ �❤❡ ��✐♥♦♠✐❛❧� ✭✶✼✮✱ ✭✶✽✮ ❛♥❞ �❤❡ ❢♦❧❧♦✇✐♥❣ �♦ ✐♥✜♥✐�② ♠❛② ❜❡ ♦❜�❛✐♥❡❞ ❡①♣�❡��❡❞

❜② �❤❡ �✐① ♦♥❡� �❤❛� ❧❡❛❞ ✉� �♦ �❤❡ ❡�✉❛�✐♦♥� ✭✶✾✮✳

✾✳ ■� ✐� ♥♦✇ ❛♣♣❛�❡♥� �❤❛� �❤❡ ♠♦�� ❣❡♥❡�❛❧ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥ ❢♦� �✉♣❡�✜❝✐❛❧ �②��❡♠�

✭✭✸✺✮✱ �❡❝�✳ ✽✸ ♣✳ ♠✳✮✱ ♦♥❝❡ �❤❡ ✉�✉❛❧ ♠❡�❤♦❞ ♦❢ ♠✉❧�✐♣❧✐❡�� ❤❛� ❜❡❡♥ ✉�❡❞ �♦ ♦♣❡�❛�❡ ❝❛❧❝✉❧✉�

❢♦� �❤❡ ✈❛�✐❛�✐♦♥� ✭✶✾✮ ✐♥ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥✱ ✇✐❧❧ ❜❡

✭✸✵✮

∫

da
∫

db.

{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz

}

+
∫

da
∫

db.

{

λ

(

dx

da

dδx

da
+

dy

da

dδy

da
+

dz

da

dδz

da

)

+μ

(

dx

db

dδx

db
+

dy

db

dδy

db
+

dz

db

dδz

db

)

+ν

⎛

⎜

⎝

dx

db

dδx

da
+

dy

db

dδy

da
+

dz

db

dδz

da

+
dx

da

dδx

db
+

dy

da

dδy

db
+

dz

da

dδz

db

⎞

⎟

⎠

+ρ

(

d2x

da2
d2δx

da2
+

d2y

da2
d2δy

da2
+

d2z

da2
d2δz

da2

)

+θ

(

d2x

db2
d2δx

db2
+

d2y

db2
d2δy

db2
+

d2z

db2
d2δz

db2

)

+τ

(

d2x

da db

d2δx

da db
+

d2y

da db

d2δy

da db
+

d2z

da db

d2δz

da db

)}

+Ω = 0

✇❤❡�❡ ✐♥ Ω ✇❡ ✐♥�❡♥❞ ❡①♣�❡��❡❞ �❤❡ �❡�♠� ✐♥��♦❞✉❝❡❞ ❜② ❢♦�❝❡� ❛♣♣❧✐❡❞ �♦ ❞❡�❡�♠✐♥❡❞ ❧✐♥❡� ♦�

♣♦✐♥��✳

▲❡� ✉� ♦♣❡�❛�❡ �❤❡ �❡❧❡✈❛♥� ��❛♥�❢♦�♠❛�✐♦♥� �♦ �❡❞✉❝❡ �❤❡ �✉❛♥�✐�② ✉♥❞❡� �❤❡ �❡❝♦♥❞ ✐♥�❡❣�❛❧

�✐❣♥ �♦ �❤❡ ❢♦�♠

✭✸✶✮ (■)δx+ (■■)δy + (■■■)δz +
dΛ

da
+

dΘ

db
;

✇❡ ✇✐❧❧ ✜♥❞✱ ❢♦❧❧♦✇✐♥❣ ❛ ❧✐♥❡ ✇❤✐❝❤ ■ ✇✐❧❧ ❤✐♥� ❜❡❧♦✇ ❤❡�❡✱ �❤❛�✱ ♣♦�❡❞ ❢♦� ❝♦♥✈❡♥✐❡♥❝❡

L1 = λ
dx

da
+ ν

dx

db
− d.ρd2x

da2

da
− 1

2
.
d.τ d2x

da db

db

M1 = ν
dx

da
+ μ

dx

db
− d.θ d2x

db2

db
− 1

2
.
d.τ d2x

da db

da

L2 = λ
dy

da
+ ν

dy

db
− d.ρd2y

da2

da
− 1

2
.
d.τ d2y

da db

db
✭✸✷✮

M2 = ν
dy

da
+ μ

dy

db
− d.θ d2y

db2

db
− 1

2
.
d.τ d2y

da db

da



✲ ✸✵ ✲

L3 = λ
dz

da
+ ν

dz

db
− d.ρ d2z

da2

da
− 1

2
.
d.τ d2z

da db

db

M3 = ν
dz

da
+ μ

dz

db
− d.θ d2z

db2

db
− 1

2
.
d.τ d2z

da db

da

✈❡♥❣♦♥♦

✭✸✸✮

(■) = −dL1

da
− dM1

db

(■■) = −dL2

da
− dM2

db

(■■■) = −dL3

da
− dM3

db

✭✸✹✮

Δ = L1δx +L2δy + L3δz

+ ρ

(

d2x

da2
dδx

da
+

d2y

da2
dδy

da
+

d2z

da2
dδz

da

)

+
1

2
τ

(

d2x

da db

dδx

db
+

d2y

da db

dδy

db
+

d2z

da db

dδz

db

)

✭✸✺✮

Θ = M1δx +M2δy +M3δz

+ θ

(

d2x

db2
dδx

db
+

d2y

db2
dδy

db
+

d2z

db2
dδz

db

)

+
1

2
τ

(

d2x

da db

dδx

da
+

d2y

da db

dδy

da
+

d2z

da db

dδz

da

)

.

❊❝❝♦ ✐❧ ❝❡♥♥♦ ❝❤❡ ❜❛��❛ ♣❡� ♣♦�❡� �❡♥❡� ❞✐❡��♦ ❛❧❧❡ ��❛�❢♦�♠❛③✐♦♥✐✿ ❡��♦ � ❧✐♠✐�❛�♦ ❛❧❧❛

��❛�❢♦�♠❛③✐♦♥❡ ❞❡✐ �❡�♠✐♥✐ ❝❤❡ ❝♦♥�❡♥❣♦♥♦ ❧❛ x✱ ♠❛ �✐ ❡��❡♥❞❡ �✉❜✐�♦ ❛❧❧❛ ��❛�❢♦�♠❛③✐♦♥❡ ❞❡❣❧✐

❛❧��✐ �❡�♠✐♥✐ ❝❛♠❜✐❛♥❞♦ ❧❛ ❧❡��❡�❛ x ♥❡❧❧❛ y ♦ ♥❡❧❧❛ z✳ ❚✉��♦ �✐ �✐❞✉❝❡ ❛ �✐❝♦♥♦�❝❡�❡ ✈❡�❡ ✭✐❧

❝❤❡ � ❢❛❝✐❧✐��✐♠♦ ❛ ♣♦��❡�✐♦�✐ ✮ ❧❡ �❡❣✉❡♥�✐ �❡✐ ✐❞❡♥�✐�# ❝❤❡ ♣❡� ♠✐♥♦� ❝♦♠♣❧✐❝❛③✐♦♥❡ ❤♦ �❝�✐��❡

✐♥❞✐❝❛♥❞♦ $✉✐ ❝♦❣❧✐ ❛♣✐❝✐ ✐♥ ❛❧�♦ ❧❡ ❞❡�✐✈❛�❡ ♣❡� a ❡ ❝♦♥ ❛♣✐❝✐ ✐♥ ❜❛��♦ $✉❡❧❧❡ ♣❡� b✿

✭✸✻✮

λx′δx′ = −(λx′)′δx+ (λx′δx)′

μx′δx′ = −(μx′)δx+ (μx′δx)′

νx′δx
′ + νx′δx′ = −

[

(νx′)
′
+ (νx′)′

]

δx+ (νx′δx)
′
+ (νx′δx)′

ρx′′δx′′ = (ρx′′)
′′
δx−

[

(ρx′′)
′
δx− ρx′′δx′

]′

θx′′δx′′ = (θx′′)′′ δx− [(θx′′)′ δx− θx′′δx′]′

τx′
′δx

′
′ = (τx′

′)
′
′ δx−

[

1

2
(τx′

′)
′
′ δx− 1

2
τx′

′δx′

]′

−
[

1

2
(τx′

′)
′
δx− 1

2
τx′

′δx
′

]

′

.

✲ ✸✵ ❊◆● ✲

L3 = λ
dz

da
+ ν

dz

db
− d.ρ d2z

da2

da
− 1

2
.
d.τ d2z

da db

db

M3 = ν
dz

da
+ μ

dz

db
− d.θ d2z

db2

db
− 1

2
.
d.τ d2z

da db

da

✐� �✉�♥� ♦✉�

✭✸✸✮

(■) = −dL1

da
− dM1

db

(■■) = −dL2

da
− dM2

db

(■■■) = −dL3

da
− dM3

db

✭✸✹✮

Δ = L1δx +L2δy + L3δz

+ ρ

(

d2x

da2
dδx

da
+

d2y

da2
dδy

da
+

d2z

da2
dδz

da

)

+
1

2
τ

(

d2x

da db

dδx

db
+

d2y

da db

dδy

db
+

d2z

da db

dδz

db

)

✭✸✺✮

Θ = M1δx +M2δy +M3δz

+ θ

(

d2x

db2
dδx

db
+

d2y

db2
dδy

db
+

d2z

db2
dδz

db

)

+
1

2
τ

(

d2x

da db

dδx

da
+

d2y

da db

dδy

da
+

d2z

da db

dδz

da

)

.

❍❡�❡ ✐� �❤❡ ❤✐♥� ✇❤✐❝❤ �✉✣❝❡� �♦ ❜❡ ❛❜❧❡ �♦ ❢♦❧❧♦✇ �❤❡ ��❛♥�❢♦�♠❛�✐♦♥�✿ ✐� ✐� ❧✐♠✐�❡❞ �♦ �❤❡

��❛♥�❢♦�♠❛�✐♦♥ ♦❢ �❤❡ �❡�♠� ❝♦♥�❛✐♥✐♥❣ x✱ ❜✉� ✐� ❡①�❡♥❞� ❛� ♦♥❝❡ �♦ �❤❡ ��❛♥�❢♦�♠❛�✐♦♥ ♦❢ �❤❡

♦�❤❡� �❡�♠� ❜② ❝❤❛♥❣✐♥❣ �❤❡ ❧❡��❡� x ✐♥�♦ y ♦� ✐♥�♦ z✳ ❊✈❡�②�❤✐♥❣ �❡❞✉❝❡� �♦ �❡❝♦❣♥✐③❡ ��✉❡

✭✇❤✐❝❤ ✐� ✈❡�② ❡❛�② ❛ ♣♦��❡�✐♦�✐ ✮ �❤❡ ❢♦❧❧♦✇✐♥❣ �✐① ✐❞❡♥�✐�✐❡�✱ �❤❛� ❢♦� ❧❡�� ❝♦♠♣❧✐❝❛�✐♦♥ ■ ❤❛✈❡

✇�✐��❡♥ ❤❡�❡ ❞❡♥♦�✐♥❣ ❜② �✉♣❡��❝�✐♣� ♣�✐♠❡� �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ a ❛♥❞ ❜② �✉❜�❝�✐♣�

♣�✐♠❡� �❤♦�❡ ✇✐�❤ �❡�♣❡❝� �♦ b✿

✭✸✻✮

λx′δx′ = −(λx′)′δx+ (λx′δx)′

μx′δx′ = −(μx′)δx+ (μx′δx)′

νx′δx
′ + νx′δx′ = −

[

(νx′)
′
+ (νx′)′

]

δx+ (νx′δx)
′
+ (νx′δx)′

ρx′′δx′′ = (ρx′′)
′′
δx−

[

(ρx′′)
′
δx− ρx′′δx′

]′

θx′′δx′′ = (θx′′)′′ δx− [(θx′′)′ δx− θx′′δx′]′

τx′
′δx

′
′ = (τx′

′)
′
′ δx−

[

1

2
(τx′

′)
′
′ δx− 1

2
τx′

′δx′

]′

−
[

1

2
(τx′

′)
′
δx− 1

2
τx′

′δx
′

]

′

.



✲ ✸✶ ✲

❙♦��✐�✉✐�❛ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✸✵✮ ❧✬❡�♣�❡��✐♦♥❡ ✭✸✶✮ ❡ ❝♦♠♣❡♥❡��❛�✐ ✐ ❞✉❡ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐✱

�❛♣♣✐❛♠♦ ♣❡❧ ♥♦�♦ ♣�✐♥❝✐♣✐♦✱ ❡ ♣❡� ❧❡ ✭✸✸✮✱ ❝❤❡ ♥❡ �✐�✉❧�❛♥♦ ❧❡ �✉❛���♦

✭✸✼✮

X − d2x

dt2
=

dL1

da
+

dM1

db

Y − d2y

dt2
=

dL2

da
+

dM2

db

Z − d2z

dt2
=

dL3

da
+

dM3

db

✭✸✽✮

∫

da. (Θ2 −Θ1) +

∫

db.(Δ2 −Δ1) + Ω = 0

✐♥❞✐❝❛♥❞♦ Θ2, Θ1 ✐ ✈❛❧♦�✐ ❝❤❡ �✐❝❡✈❡ ❧❛ Θ ❛✐ ❞✉❡ ❧✐♠✐�✐ ❞❡❧❧✬✐♥�❡❣�❛③✐♦♥❡ ♣❡� b✱ ❡ Δ2, Δ1 ✐ ✈❛❧♦�✐

❝❤❡ �✐❝❡✈❡ ❧❛ Δ ❛✐ ❞✉❡ ❧✐♠✐�✐ ❞❡❧❧✬✐♥�❡❣�❛③✐♦♥❡ ♣❡� a✳

✶✵✳ ◆❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ✭✸✼✮ ❧❡ ❞❡�✐✈❛�❡ ♣❡� a, b ♣♦��♦♥♦ ��❛�❢♦�♠❛��✐ ✐♥ ❞❡�✐✈❛�❡ ♣❡� x, y

♠❡❞✐❛♥�❡ ❧❛ ❢♦�♠♦❧❛ ❣❡♥❡�❛❧❡

✭✸✾✮
dL

da
+

dM

db
=

1

ω
.
d.ω (Lx′ +Mx′)

dx
+

1

ω
.
d.ω (Ly′ +My′)

dy

❞♦✈❡

ω =
1

x′y′ − y′x′

❡ x′, x′, y
′, y′ ��❛♥♥♦ ♣❡� ❧❡

dx
da
, dx

db
, dy

da
, dy

db
✳

◆♦♥ �✐♣❡�♦ ❧❛ ❞✐♠♦���❛③✐♦♥❡ ❞❡❧ ♣�✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ ❝♦♥�❡♥✉�♦ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ✭✸✾✮ ♣❡�❝❤#

$ �✉❡❧❧❛ ��❡��❛ ❝❤❡ ❧❡❣❣❡�✐ ❛❧ ♥✳ ✽✹ ♠✳ ♣✳✱ ❡ ❝❤❡ ♣♦��❡❜❜❡ ❡��❡�❡ �✉✐ ❧❡��❡�❛❧♠❡♥�❡ ✐♥�❡�✐�❛

❝❛♠❜✐❛♥❞♦ ❧❡ ❧❡��❡�❡ p, q ♥❡❧❧❡ a, b✳ ❖��❡�✈❡�❡♠♦ ❝❤❡ ♣❡� ❧❡ ❢♦�♠♦❧❡ ✭✷✵✮✱ ✭✷✷✮✱ ♥✳ ✶✷ ♠✳ ♣✳✱ ❧❛

ω✱ ❞✐ ❝✉✐ �✉✐ �♦♣�❛ ♥♦�❛♠♠♦ ✉♥ ✈❛❧♦�❡✱ �✐❝❡✈❡ �✉❡��✬❛❧��❛ ❡�♣�❡��✐♦♥❡

✭✹✵✮ ω = ΓR

�✐❣♥✐✜❝❛♥❞♦ Γ ❧❛ ❞❡♥�✐�* �✉♣❡�✜❝✐❛❧❡ ♥❡❧ ♣✉♥�♦ (x, y, z) ❡ ��❛♥❞♦ ❧❛ R ✐♥ ❧✉♦❣♦ ❞✐ ❜❡♥ ♥♦�♦

�❛❞✐❝❛❧❡✱ ❝✐♦$ ❡��❡♥❞♦

R =

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

.

❉✐�, ♣❡�, ✐♥ �✉❡��♦ ❧✉♦❣♦✱ ❝♦♥❢♦�♠❡♠❡♥�❡ ❛ ❝✐, ❝❤❡ �✐ $ ♣♦�✉�♦ ♥♦�❛�❡ ♥❡❧ ♣❛��♦ ❛♥❛❧♦❣♦ ❞❡❧ ♥✳

✼✱ ❝❤❡ ❧❛ ��❛�❢♦�♠❛③✐♦♥❡ ♦♣❡�❛�❛ ❞❛❧ ♣�✐♥❝✐♣✐♦ ❛♥❛❧✐�✐❝♦ ✭✸✾✮ ✈✐❡♥❡ ✉�✐❧❡ ♥❡❧ ❝❛�♦ ♣✐- �✐���❡��♦

✐♥ ❝✉✐ ❞✐✈❡♥�❛��❡�♦ ♥✉❧❧❡ ❧❡ ��❡ ❢♦�③❡ ρ, θ, τ �❡♥❞❡♥�✐ ❛ ❢❛� ❝❛♠❜✐❛�❡ ✐ ✈❛❧♦�✐ ❞❡✐ ��✐♥♦♠❥ ❝♦❧❧❡

❞❡�✐✈❛�❡ ❞✐ �❡❝♦♥❞✬♦�❞✐♥❡✳ ❆❧❧♦�❛

✲ ✸✶ ❊◆● ✲

❖♥❝❡ �❤❡ ❡①♣�❡��✐♦♥ ✭✸✶✮ ❤❛� ❜❡❡♥ �✉❜��✐�✉�❡❞ ✐♥�♦ ❡�✉❛�✐♦♥ ✭✸✵✮ ❛♥❞ ❥♦✐♥❡❞ �❤❡ �✇♦ ❞♦✉❜❧❡

✐♥�❡❣�❛❧�✱ ✇❡ ❦♥♦✇✱ ❜② �❤❡ ❦♥♦✇♥ ♣�✐♥❝✐♣❧❡✱ ❛♥❞ ❜② �❤❡ ✭✸✸✮✱ �❤❛� ❢�♦♠ �❤✐� �❡�✉❧� �❤❡ ❢♦✉�

✭✸✼✮

X − d2x

dt2
=

dL1

da
+

dM1

db

Y − d2y

dt2
=

dL2

da
+

dM2

db

Z − d2z

dt2
=

dL3

da
+

dM3

db

✭✸✽✮

∫

da. (Θ2 −Θ1) +

∫

db.(Δ2 −Δ1) + Ω = 0

❞❡♥♦�✐♥❣ Θ2,Θ1 �❤❡ ✈❛❧✉❡� �❡❝❡✐✈❡❞ ❜② Θ ❛� �❤❡ �✇♦ ❧✐♠✐�� ♦❢ ✐♥�❡❣�❛�✐♦♥ ✇✐�❤ �❡�♣❡❝� �♦ b✱

❛♥❞ Δ2,Δ1 �❤❡ ✈❛❧✉❡� �❡❝❡✐✈❡❞ ❜② Δ ❛� �❤❡ �✇♦ ❧✐♠✐�� ♦❢ ✐♥�❡❣�❛�✐♦♥ ✇✐�❤ �❡�♣❡❝� �♦ a✳

✶✵✳ ■♥ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ✭✸✼✮ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ a, b ♠❛② ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦

❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ x, y ❜② ♠❡❛♥� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❢♦�♠✉❧❛

✭✸✾✮
dL

da
+

dM

db
=

1

ω
.
d.ω (Lx′ +Mx′)

dx
+

1

ω
.
d.ω (Ly′ +My′)

dy

✇❤❡�❡

ω =
1

x′y′ − y′x′

❛♥❞ x′, x′, y
′, y′ ��❛♥❞ ❢♦�

dx
da
, dx

db
, dy

da
, dy

db
✳

■ ❞♦ ♥♦� �❡♣❡❛� �❤❡ ♣�♦♦❢ ♦❢ �❤❡ ❛♥❛❧②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ❝♦♥�❛✐♥❡❞ ✐♥ �❤❡ ♣�❡❝❡❞✐♥❣ ✭✸✾✮ ❜❡❝❛✉�❡

✐� ✐� �❤❡ �❛♠❡ �❤❛� ❝❛♥ ❜❡ �❡❛❞ ❛� �❡❝�✳ ✽✹ ♣✳ ♠✳✱ ❛♥❞ �❤❛� ❝♦✉❧❞ ❜❡ ❧✐�❡�❛❧❧② ✐♥�❡��❡❞ ❤❡�❡

❝❤❛♥❣✐♥❣ �❤❡ ❧❡��❡�� p, q ✐♥�♦ a, b✳ ❲❡ ✇✐❧❧ ♦❜�❡�✈❡ �❤❛� ❜② �❤❡ ❢♦�♠✉❧8 ✭✷✵✮✱ ✭✷✷✮✱ �❡❝�✳ ✶✷ ♣✳

♠✳✱ ω✱ ♦❢ ✇❤✐❝❤ ✇❡ �❡♠❛�❦❡❞ ❛ ✈❛❧✉❡ ❤❡�❡ ❛❜♦✈❡✱ �❡❝❡✐✈❡� �❤✐� ♦�❤❡� ❡①♣�❡��✐♦♥

✭✹✵✮ ω = ΓR

Γ ♠❡❛♥✐♥❣ �❤❡ �✉♣❡�✜❝✐❛❧ ❞❡♥�✐�② ❛� �❤❡ ♣♦✐♥� (x, y, z)✱ ❛♥❞ R ❜❡✐♥❣ ✐♥ ♣❧❛❝❡ ♦❢ ❛ ✇❡❧❧ ❦♥♦✇♥

�❛❞✐❝❛❧✱ ✐✳❡✳✱ ❜❡✐♥❣

R =

√

1 +

(

dz

dx

)2

+

(

dz

dy

)2

.

❍♦✇❡✈❡�✱ ■ ✇✐❧❧ �❛② ❤❡�❡✱ ✐♥ ❛❝❝♦�❞❛♥❝❡ ✇✐�❤ ✇❤❛� ✇❛� �❡♠❛�❦❡❞ ✐♥ �❤❡ ❛♥❛❧♦❣♦✉� ♣❛��❛❣❡ ♦❢

�❡❝�✳ ✼✱ �❤❛� �❤❡ ��❛♥�❢♦�♠❛�✐♦♥ ♣❡�❢♦�♠❡❞ ❜② �❤❡ ❛♥❛❧②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ✭✸✾✮ ✐� ✉�❡❢✉❧ ✐♥ �❤❡ ♠♦�❡

�❡���✐❝�❡❞ ❝❛�❡ ✇❤❡♥ �❤❡ �❤�❡❡ ❢♦�❝❡� ρ, θ, τ ✱ �❡♥❞✐♥❣ �♦ ❝❤❛♥❣❡ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ��✐♥♦♠✐❛❧� ✇✐�❤

�❡❝♦♥❞✲♦�❞❡� ❞❡�✐✈❛�✐✈❡�✱ ✇♦✉❧❞ ❜❡❝♦♠❡ ♥✐❧✳ ❚❤❡♥✱



✲ ✸✷ ✲

✐♥❢❛��✐ ❧❡ ✭✸✷✮ 
✐ �✐❞✉❝♦♥♦

✭✹✶✮

L1 = λx′ + νx′ ; M1 = νx′ + μx′

L2 = λy′ + νy′ ; M2 = νy′ + μy′

L3 = λz′ + νz′ ; M3 = νz′ + μz′

❡ �✉❡
�❡ ✉❧�✐♠❡ ❞✉❡✱ ❛ ♠♦�✐✈♦ ❞❡✐ ♥♦�✐ ✈❛❧♦�✐ ❞✐ z′, z′ ✐♥ x′, y′, x′, y′ ❞✐✈❡♥�❛♥♦

✭✹✷✮ L3 =
dz

dx
L1 +

dz

dy
L2 ; M3 =

dz

dx
M1 +

dz

dy
M2 .

�♦♥✐❛♠♦ ♣❡� ❛❜❜�❡✈✐❛�❡

✭✹✸✮
A = ω (L1x

′ +M1x′) ; B = ω (L2y
′ +M2y′)

C = ω (L1y
′ +M1y′) = ω (L2x

′ +M2x′) ;

❤♦ ❞❛�♦ ❛ �✉❡
�✬✉❧�✐♠❛ C ❞✉❡ ✈❛❧♦�✐ ♣❡�❝❤� �❡❛❧♠❡♥�❡✱ 
♦
�✐�✉✐�✐ ✐ ✈❛❧♦�✐ ✭✹✶✮✱ 
✐ ��♦✈❛♥♦ ❡❣✉❛❧✐✳

◆♦�✐❛♠♦ ❞✐ ♣✐" ❝❤❡ ✐ ❞✉❡ ❜✐♥♦♠❥

ω (L3x
′ +M3x′) ; ω (L3y

′ +M3y′)

♣❡� ❡✛❡��♦ ❞❡❧❧❡ ✭✹✷✮ ❡ ❞❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ❞❡♥♦♠✐♥❛③✐♦♥✐ �✐❝❡✈♦♥♦ �✐
♣❡��✐✈❛♠❡♥�❡ ✐ ✈❛❧♦�✐

dz

dx
A+

dz

dy
C ;

dz

dx
C +

dz

dy
B ;

❡ ❧✬❛♣♣❧✐❝❛③✐♦♥❡ 
✉❝❝❡

✐✈❛ ❞❡❧ ♣�✐♥❝✐♣✐♦ ✭✸✾✮ ❛❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ✭✸✼✮ ❝✐ ♣♦�❣❡�( 
❡♥③❛ ❞✐✣❝♦❧�(

✭�✐❝♦�❞❛�❛ ❧❛ ✭✹✵✮✮ ❧❡ ��❡

✭✹✹✮

ΓR

(

X − d2x

dt2

)

=
dA

dx
+

dC

dy

ΓR

(

Y − d2y

dt2

)

=
dC

dx
+

dB

dy

ΓR

(

Z − d2z

dt2

)

=
d.

(

A d
dx

+ C dz
dy

)

dx
+

d.
(

C d
dx

+B dz
dy

)

dy
;


♦♥♦ �✉❡
�❡ ❧❡ 
�❡

❡ ✭✺✸✮ ❞❡❧ ♥✳ ✽✺ ♠✳ ♣✳

❱♦❧❡♥❞♦ ✐♥♦❧��❡ ❝♦♥♦
❝❡�❡✱ ♣❡� �✉❡
�♦ ❝❛
♦ ♣✐" �✐
��❡��♦ ❞✐ ��❡ 
♦❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ✐♥✈❡❝❡ ❞✐


❡✐✱ ❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ 
✐ ✈❡�✐✜❝❛♥♦ 
♦❧�❛♥�♦ ❛✐ ❧✐♠✐�✐✱ 
✐ ❞❡✈❡✱ ✐♥ �✐
❝♦♥��♦ ❞❡❧ ❣✐( ❞❡��♦ ♣❡✬ 
✐
�❡♠✐

❛ ��❡ ❞✐♠❡♥
✐♦♥✐ ❛❧ ♥✳ ✺✶ ♠✳ ♣✳✱ ✐♥❝♦♠✐♥❝✐❛�❡ ❞❛❧ ��❛
❢♦�♠❛�❡ ✐♥ ❞❡�✐✈❛�❡ ♣❡� x, y ✐❧ ❜✐♥♦♠✐♦
dΔ
da

+ dΘ
db

❝❤❡ ❢♦�♠❛

✲ ✸✷ ❊◆● ✲

✐♥❞❡❡❞✱ �❤❡ ✭✸✷✮ �❡❞✉❝❡ �♦

✭✹✶✮

L1 = λx′ + νx′ ; M1 = νx′ + μx′

L2 = λy′ + νy′ ; M2 = νy′ + μy′

L3 = λz′ + νz′ ; M3 = νz′ + μz′

❛♥❞ �❤❡
❡ ❧❛
� �✇♦✱ ❜❡❝❛✉
❡ ♦❢ �❤❡ ❦♥♦✇♥ ✈❛❧✉❡
 ♦❢ z′, z′ ✐♥ x′, y′, x′, y′ ❜❡❝♦♠❡

✭✹✷✮ L3 =
dz

dx
L1 +

dz

dy
L2 ; M3 =

dz

dx
M1 +

dz

dy
M2 .

▲❡� ✉
 ♣♦
❡✱ �♦ 
❤♦��❡♥✱

✭✹✸✮
A = ω (L1x

′ +M1x′) ; B = ω (L2y
′ +M2y′)

C = ω (L1y
′ +M1y′) = ω (L2x

′ +M2x′) ;

■ ❣❛✈❡ �♦ �❤✐
 ❧❛
� C �✇♦ ✈❛❧✉❡
 ❜❡❝❛✉
❡ ✐♥ �❡❛❧✐�②✱ ♦♥❝❡ �❤❡ ✈❛❧✉❡
 ✭✹✶✮ ❤❛✈❡ ❜❡❡♥ 
✉❜
�✐�✉�❡❞✱

�❤❡② ❛�❡ ❢♦✉♥❞ ❡�✉❛❧✳ ■♥ ❛❞❞✐�✐♦♥✱ ✇❡ �❡♠❛�❦ �❤❛� �❤❡ �✇♦ ❜✐♥♦♠✐❛❧


ω (L3x
′ +M3x′) ; ω (L3y

′ +M3y′)

❜② ❡✛❡❝� ♦❢ �❤❡ ✭✹✷✮ ❛♥❞ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ♥♦�❛�✐♦♥
 �❡❝❡✐✈❡ �❤❡ ✈❛❧✉❡
✱ �❡
♣❡❝�✐✈❡❧②✱

dz

dx
A+

dz

dy
C ;

dz

dx
C +

dz

dy
B ;

❛♥❞ �❤❡ 
✉❜
❡�✉❡♥� ❛♣♣❧✐❝❛�✐♦♥ ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡ ✭✸✾✮ �♦ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥
 ✭✸✼✮ ✇✐❧❧ ♣�♦✈✐❞❡ ✉


✇✐�❤♦✉� ❞✐✣❝✉❧�② ✭�❡♠❡♠❜❡�✐♥❣ �❤❡ ✭✹✵✮✮ �❤❡ �❤�❡❡

✭✹✹✮

ΓR

(

X − d2x

dt2

)

=
dA

dx
+

dC

dy

ΓR

(

Y − d2y

dt2

)

=
dC

dx
+

dB

dy

ΓR

(

Z − d2z

dt2

)

=
d.

(

A d
dx

+ C dz
dy

)

dx
+

d.
(

C d
dx

+B dz
dy

)

dy
;

�❤❡
❡ ❛�❡ �❤❡ 
❛♠❡ ✭✺✸✮ ♦❢ 
❡❝�✳ ✽✺ ♣✳ ♠✳

❲✐
❤✐♥❣ ❜❡
✐❞❡
 �♦ ❦♥♦✇✱ ❢♦� �❤✐
 ♠♦�❡ �❡
��✐❝�❡❞ ❝❛
❡ ♦❢ �❤�❡❡ ♦♥❧② ✐♥♥❡� ❢♦�❝❡
 ✐♥
�❡❛❞

♦❢ 
✐①✱ �❤❡ ❡�✉❛�✐♦♥
 �❤❛� ❤♦❧❞ ♦♥❧② ❛� �❤❡ ❧✐♠✐�
✱ ✐♥ �❡
♣♦♥
❡ �♦ ✇❤❛� ❛❧�❡❛❞② 
❛✐❞ ❢♦� �❤�❡❡✲

❞✐♠❡♥
✐♦♥❛❧ 
②
�❡♠
 ✐♥ 
❡❝�✳ ✺✶ ♣✳ ♠✳✱ ✇❡ ♠✉
� ❜❡❣✐♥ ❢�♦♠ ��❛♥
❢♦�♠✐♥❣ ✐♥�♦ ❞❡�✐✈❛�✐✈❡
 ✇✐�❤

�❡
♣❡❝� �♦ x, y �❤❡ ❜✐♥♦♠✐❛❧ dΔ
da

+ dΘ
db

�❤❛� ❢♦�♠




✲ ✸✸ ✲

❧✬✉❧�✐♠❛ ♣❛��❡ ❞❡❧❧✬❡�♣�❡��✐♦♥❡ ✭✸✶✮✳ ❊��♦✱ ❛♣♣❧✐❝❛�❛ ❧❛ �❡❣♦❧❛ ❢♦�♥✐�❛❝✐ ❞❛❧❧✬❡�✉❛③✐♦♥❡ ✭✸✾✮✱

♣�✐♠✐❡�❛♠❡♥�❡ ❞✐✈❡♥�❛

1

ω
.
d.ω (Δx′ +Θx′)

dx
+

1

ω
.
d.ω (Δy′ +Θy′)

dy

♦��✐❛✱ �❡ �✐ ♠❡��♦♥♦ ♣❡� Δ, Θ ✐ ✈❛❧♦�✐ ✭✸✹✮✱ ✭✸✺✮ �❡�✐ ♣✐ �❡♠♣❧✐❝✐ ❞❛❧❧✬❛♥♥✉❧❧❛♠❡♥�♦ ❞❡❧❧❡ ♣❛��✐

❝♦♥�❡♥❡♥�✐ ❧❡ ρ, θ, τ ❀

1

ω
.
d. {ω (L1x

′ +M1x′) δx+ ω (L2x
′ +M2x′) δy + ω (L3x

′ +M3x′) δz}
dx

+
1

ω
.
d. {ω (L1y

′ +M1y′) δx+ ω (L2y
′ +M2y′) δy + ω (L3y

′ +M3y′) δz}
dy

✈✐��❡ ♣♦✐ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✹✸✮ ❡ ❝✐" ❝❤❡ ✐✈✐ ❞♦♣♦ �✐ ❞✐��❡ ❞❡✐ ❞✉❡ ❜✐♥♦♠❥ �✐♠✐❧✐✱ ❧✬❡�♣�❡��✐♦♥❡

�✐�✉❧�❛

✭✹✺✮

1

ω
.
d.

{

Aδx+ Cδy +
(

A dz
dx

+ C dz
dy

)

δz
}

dx

+
1

ω
.
d.

{

Cδx+Bδy +
(

C dz
dx

+B dz
dy

)

δz
}

dy
.

◗✉❡��❛ ' ❧❛ �✉❛♥�✐�( ❝❤❡ ♥❡❧❧❛ ✭✸✵✮ ✈✐❡♥❡ �♦��♦♣♦��❛ ❛❞ ✉♥ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ �❡❧❛�✐✈♦ ❛❧❧❡

a, b✱ ✐♥�❡❣�❛❧❡ ❝❤❡ �✐ ❝❛♠❜✐❛ �✉❜✐�♦ ✐♥ ✉♥ ❛❧��♦ �❡❧❛�✐✈♦ ❛❧❧❡ x, y✱ ♣❡�❝❤* ✐❧ ❢❛��♦�❡ 1
ω
✭❣✐✉��❛ ✐❧

♣�✐♠♦ ✈❛❧♦�❡ ❞✐ ω ♣✐ �♦♣�❛ �❝�✐��♦✮ ' dx
da

dy
db

− dy
da

dx
db
✱ ❝✐♦'✱ �❡❝♦♥❞♦ ✐❧ ♥♦�♦ �❡♦�❡♠❛✱ �✉❛❧❡ �✐ ❡�✐❣❡

❝❤❡ �✐❛ ♣❡� ❧✬✐♥❞✐❝❛�❛ ��❛�❢♦�♠❛③✐♦♥❡ ❞❡❧❧✬✐♥�❡❣�❛❧❡✳ ❈♦�, ✐❧ ❜✐♥♦♠✐♦ ✭✹✺✮ ❞( �♦��♦ ✉♥ ✐♥�❡❣�❛❧❡

❞✉♣❧✐❝❛�♦ ♣❡� x, y ❧❛ �♦♠♠❛ ❞✐ ❞✉❡ ❞❡�✐✈❛�❡ ❡�❛��❡✱ ❧✬✉♥❛ ♣❡� x✱ ❧✬❛❧��❛ ♣❡� y✱ ❞✐ ♠♦❞♦ ❝❤❡ ✉♥❛

❞❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐ �✐ ❢❛✱ ❡ �✐ ❤❛ ❧❛ �✉❛♥�✐�(

✭✹✻✮

∫

dy.

{

Aδx+ Cδy +

(

A
dz

dx
+ C

dz

dy

)

δz

}

+
∫

dx.

{

Cδx+Bδy +

(

C
dz

dx
+B

dz

dy

)

δz

}

;

✐♥�❡♥❞❡♥❞♦ ❝❤❡ ♥❡❧ ♣�✐♠♦ ❞✐ �✉❡��✐ ✐♥�❡❣�❛❧✐ x ❞✐✈❡♥�✐ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ y ❞❛�❛ ❞❛❧❧✬❡�✉❛③✐♦♥❡

❝❤❡ ✐♥�✐❡♠❡ ❝♦❧❧❛ ❡�✉❛③✐♦♥❡ z = z(x, y) ❞❡❧❧❛ �✉♣❡�✜❝✐❡✱ ❞❡�❡�♠✐♥❛ ❧❛ ❧✐♥❡❛ ❞✐ ❝♦♥�♦�♥♦✿ ❡ ♥❡❧

�❡❝♦♥❞♦ �✐❛ ✐♥✈❡❝❡ y ❧❛ ❢✉♥③✐♦♥❡ ❞✐ x ❝❛✈❛�❛ ❞❛❧❧❡ ��❡��❡ ❡�✉❛③✐♦♥✐✳ ❱❡�❛♠❡♥�❡ ❞♦✈�❡❜❜❡�♦ ❡��❡�❡

❞✉❡ ✐ ❧✐♠✐�✐ ♣❡� ❧❛ x ❢✉♥③✐♦♥❡ ❞✐ y✱ ❡ ❞✉❡ �✉❡❧❧✐ ♣❡� ❧❛ y ❢✉♥③✐♦♥❡ ❞❡❧❧❛ x✱ ♠❛ ♣✉" ❜❛��❛�❡ ❧❛

❝♦♥�✐❞❡�❛③✐♦♥❡ ❞✐ ✉♥♦✱ ❣✐✉��❛ �✉❛♥�♦ �✐ ' ❛��❡�✐�♦ ✐♥ ✉♥ ❝❛�♦ ❛♥❛❧♦❣♦ ❛❧ ♥✳ ✺✶ ♠✳ ♣✳

✲ ✸✸ ❊◆● ✲

�❤❡ ❧❛�� ♣❛�� ♦❢ �❤❡ ❡①♣�❡��✐♦♥ ✭✸✶✮✳ ❋✐���❧② ✐� ❜❡❝♦♠❡�✱ ✇❤❡♥ ❛♣♣❧✐❡❞ �❤❡ �✉❧❡ ♣�♦✈✐❞❡❞ ❜② �❤❡

❡�✉❛�✐♦♥ ✭✸✾✮✱
1

ω
.
d.ω (Δx′ +Θx′)

dx
+

1

ω
.
d.ω (Δy′ +Θy′)

dy

✐✳❡✳✱ ✐❢ ✇❡ ♣✉� ❢♦� Δ, Θ �❤❡ ✈❛❧✉❡� ✭✸✹✮✱ ✭✸✺✮ ♠❛❞❡ �✐♠♣❧❡� ❜② �❤❡ ✈❛♥✐�❤✐♥❣ ♦❢ �❤❡ ♣❛���

❝♦♥�❛✐♥✐♥❣ �❤❡ ρ, θ, τ ❀

1

ω
.
d. {ω (L1x

′ +M1x′) δx+ ω (L2x
′ +M2x′) δy + ω (L3x

′ +M3x′) δz}
dx

+
1

ω
.
d. {ω (L1y

′ +M1y′) δx+ ω (L2y
′ +M2y′) δy + ω (L3y

′ +M3y′) δz}
dy

�❤❡♥ ♦♥❝❡ �❤❡ ♥♦�❛�✐♦♥� ✭✹✸✮ ❤❛✈❡ ❜❡❡♥ �❡❡♥ ❛♥❞ ✇❤❛� ✇❡ �❛✐❞ �❤❡�❡❛❢�❡� ♦❢ �❤❡ �✇♦ �✐♠✐❧❛�

❜✐♥♦♠✐❛❧�✱ �❤❡ ❡①♣�❡��✐♦♥ ❜❡❝♦♠❡�

✭✹✺✮

1

ω
.
d.

{

Aδx+ Cδy +
(

A dz
dx

+ C dz
dy

)

δz
}

dx

+
1

ω
.
d.

{

Cδx+Bδy +
(

C dz
dx

+B dz
dy

)

δz
}

dy
.

❚❤✐� ✐� �❤❡ �✉❛♥�✐�② �❤❛� ✐� �✉❜❥❡❝�❡❞ ✐♥ �❤❡ ✭✸✵✮ �♦ ❛ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ �❡❧❛�✐✈❡ �♦ �❤❡ a, b✱

✐♥�❡❣�❛❧ �❤❛� ✐� ❝❤❛♥❣❡❞ ❛� ♦♥❝❡ ✐♥�♦ ❛♥♦�❤❡� �❡❧❛�✐✈❡ �♦ �❤❡ x, y✱ ❜❡❝❛✉�❡ �❤❡ ❢❛❝�♦� 1
ω
✭❣✐✈❡♥

�❤❡ ✈❛❧✉❡ ♦❢ ω ✇�✐��❡♥ ❛❜♦✈❡✮ ✐� dx
da

dy
db

− dy
da

dx
db
✱ �❤❛� ✐�✱ ❛❝❝♦�❞✐♥❣ �♦ ❛ ❦♥♦✇♥ �❤❡♦�❡♠✱ ✇❤❛�

✐� �❡�✉✐�❡❞ �♦ ❜❡ ❢♦� �❤❡ ✐♥❞✐❝❛�❡❞ ��❛♥�❢♦�♠❛�✐♦♥ ♦❢ �❤❡ ✐♥�❡❣�❛❧✳ ❚❤✉�✱ �❤❡ ❜✐♥♦♠✐❛❧ ✭✹✺✮

♣�♦✈✐❞❡�✱ ✉♥❞❡� ❛ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ ✐♥ x, y✱ �❤❡ �✉♠ ♦❢ �✇♦ ❡①❛❝� ❞❡�✐✈❛�✐✈❡�✱ ♦♥❡ ✐♥ x✱ ❛♥♦�❤❡�

✐♥ y✱ �♦ �❤❛� ♦♥❡ ♦❢ �❤❡ �✇♦ ✐♥�❡❣�❛�✐♦♥� ✐� ♣❡�❢♦�♠❡❞✱ ❛♥❞ ✇❡ ❤❛✈❡ �❤❡ �✉❛♥�✐�②

✭✹✻✮

∫

dy.

{

Aδx+ Cδy +

(

A
dz

dx
+ C

dz

dy

)

δz

}

+
∫

dx.

{

Cδx+Bδy +

(

C
dz

dx
+B

dz

dy

)

δz

}

;

♠❡❛♥✐♥❣ �❤❛� ✐♥ �❤❡ ✜��� ♦❢ �❤❡�❡ ✐♥�❡❣�❛❧� x ❜❡❝♦♠❡� �❤❡ ❢✉♥❝�✐♦♥ ♦❢ y ❣✐✈❡♥ ❜② �❤❡ ❡�✉❛�✐♦♥

�❤❛�✱ �♦❣❡�❤❡� ✇✐�❤ �❤❡ ❡�✉❛�✐♦♥ z = z(x, y) ♦❢ �❤❡ �✉�❢❛❝❡✱ ❞❡�❡�♠✐♥❡� �❤❡ ❜♦✉♥❞❛�② ❧✐♥❡✿ ❛♥❞

✐♥ �❤❡ �❡❝♦♥❞ ✐� ✐� ✐♥��❡❛❞ y �❤❡ ❢✉♥❝�✐♦♥ ♦❢ x ♣✉❧❧❡❞ ♦✉� ❢�♦♠ �❤❡ �❛♠❡ ❡�✉❛�✐♦♥�✳ ■♥ �❡❛❧✐�②✱ �✇♦

�❤♦✉❧❞ ❜❡ �❤❡ ❧✐♠✐�� ❢♦� x ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ y✱ ❛♥❞ �✇♦ ❢♦� y ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ x✱ ❜✉� ❝♦♥�✐❞❡�✐♥❣

♦♥❧② ♦♥❡ ♠❛② ❜❡ ❡♥♦✉❣❤✱ ❜❡✐♥❣ �✐❣❤� ✇❤❛� ✇❡ ❤❛✈❡ ��❛�❡❞ ✐♥ ❛♥ ❛♥❛❧♦❣♦✉� ❝❛�❡ ✐♥ �❡❝�✳ ✺✶ ♣✳

♠✳



✲ ✸✹ ✲

■ ❞✉❡ ✐♥
❡❣�❛❧✐ ❞❡❧❧❛ �✉❛♥
✐
� ✭✹✻✮ ♣♦��♦♥♦ �✐❞✉��✐ ❛❞ ✉♥ �♦❧♦ �❡❧❛
✐✈♦ ❛❧❧❛ ✈❛�✐❛❜✐❧❡ x✱

�❝�✐✈❡♥❞♦ ♥❡❧ ♣�✐♠♦
∫

dx. dy
dx

✐♥✈❡❝❡ ❞✐
∫

dy✿ ♠❛ ❜✐�♦❣♥❛ ❛✈✈❡�
✐�❡ ❝❤❡ ❢❛❝❡♥❞♦ ✉♥❛ 
❛❧ �✐❞✉③✐♦♥❡

✐❧ �❡❣♥♦ ✈❛ ❝❛♠❜✐❛
♦✳ ▲❛ �❛❣✐♦♥❡ �✐ " ❝❤❡ ♥❡❧❧✬✐♥
❡❣�❛❧❡ ♣❡� y ✐ ❞✉❡ ❧✐♠✐
✐ �♦♥♦✱ ♣❡� ♣�✐♠♦ ✐❧ �✉♦

♠✐♥✐♠♦ ✈❛❧♦�❡ ❞❛
♦ ❞❛❧❧❛ ❡�✉❛③✐♦♥❡ ❞❡❧ ❝♦♥
♦�♥♦✱ ❡ ♣❡� �❡❝♦♥❞♦ ✐❧ ♠❛��✐♠♦✿ ❡ ❝♦�$ ❞❡✐ ✈❛❧♦�✐ ❞✐

x ♥❡❧ �✐�♣❡

✐✈♦ ✐♥
❡❣�❛❧❡✳ ▼❛ ❞✬♦�❞✐♥❛�✐♦ ✐❧ ✈❛❧♦� ♠❛��✐♠♦ ❞❡❧❧❛ y ❝♦��✐�♣♦♥❞❡ ❛❧ ♠✐♥✐♠♦ ❞❡❧❧❛

x ❡ ✈✐❝❡✈❡��❛✱ ❝♦�✐❝❝❤& ♣❡� ❢❛�❡ ❛♥❞❛� ❞✬❛❝❝♦�❞♦ ✐ ❧✐♠✐
✐ �✉❛♥❞♦ ❡♥
�❛♠❜✐ ❣❧✐ ✐♥
❡❣�❛❧✐ �♦♥♦ ♣❡�

x✱ ❝♦♥✈✐❡♥❡ ✐♥ �✉❡❧ ♣�✐♠♦ �♦✈❡�❝✐❛�❡ ✐ ❧✐♠✐
✐✱ ✐❧ ❝❤❡ �✐ �❛ ✐♠♣♦�
❛�❡ ✉♥ ❝❛♠❜✐❛♠❡♥
♦ ❞✐ �❡❣♥♦✳

'❡�
❛♥
♦ ❧❛ �✉❛♥
✐
� ✭✹✻✮ ♣✉( ❛♥❝❤❡ �❝�✐✈❡��✐

∫

dx.

{(

C −A
dy

dx

)

δx+

(

B − C
dy

dx

)

δy

+

[(

C −A
dy

dx

)

dz

dx
+

(

B − C
dy

dx

)

dz

dy

]

δz

}

;

❡ ❛ �✉❡�
❛ �✐ ❞❡✈❡ ❛❣❣✐✉♥❣❡�❡ ❧✬✐♥
❡❣�❛❧❡

∫

dx.(Γ)V {(λ)δx+ (μ)δy + (ν)δz}

❝❤❡ ♣♦
❡✈❛ ✐♥
❡♥❞❡��✐ ❝♦♠♣�❡�♦ ♥❡❧❧❛ Ω ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✸✵✮✿ �✐❣♥✐✜❝❛♥❞♦ (Γ) ❧❛ ❞❡♥�✐
� ❧✐♥❡❛�❡

♥❡❧ ♣✉♥
♦ (x, y, z) ❞❡❧❧❛ ❝✉�✈❛ ❞✐ ❝♦♥
♦�♥♦✱ V ✐❧ �❛❞✐❝❛❧❡

√

1 +
(

dy
dx

)2

+
(

dz
dx

)2
✱ ❡ (λ), (μ), (ν)

❧❡ 
�❡ ❝♦♠♣♦♥❡♥
✐ �❡

❛♥❣♦❧❛�✐ ❞✐ ✉♥❛ ♣�❡��✐♦♥❡ ♣�♦♣�✐❛ ❞❡❧ ❞❡

♦ ♣✉♥
♦ (x, y, z) ❡ ✈❛�✐❛❜✐❧❡ ❞✐

♣✉♥
♦ ✐♥ ♣✉♥
♦ ✐♥ �✉❡❧❧❛ ❝✉�✈❛✳ ❚✉

♦ ✐❧ �✉✐ ❞❡

♦ ❞❛ ✉❧
✐♠♦✱ �✐ �✐❧❡✈❛ ❞❛✐ ♥♥✳ ✷✻✱ ✷✼ ♠✳ ♣✳✱ ❡

❞❛❧❧❛ ❡�✉❛③✐♦♥❡ (Γ)V dx
da

= 1 ✭❧❛ ✭✶✹✮ ♥✳ ✶✶ ♠✳ ♣✳✮ ❛❞♦♣❡�❛
❛ ❛❧❧✬♦❣❣❡

♦ ❞✐ ❝❛♠❜✐❛�❡ ❧✬✐♥
❡❣�❛❧❡

♣�❡�♦ ♣❡� ❧❛ a ✐♥ ❛❧
�♦ ♣�❡�♦ ♣❡� ❧❛ x✳

❘✐✉♥❡♥❞♦ ✐ ❞✉❡ ✐♥
❡❣�❛❧✐ ✉❧
✐♠❛♠❡♥
❡ �❝�✐

✐✱ �✐ �❛ ❝❤❡ ❞❡❜❜♦♥♦ ❛♥♥✉❧❧❛��✐ �♦

♦ ✐❧ �❡❣♥♦

✉♥✐❝♦ ✐ ❝♦❡✣❝✐❡♥
✐ 
♦
❛❧✐ ❞❡❧❧❡ δx, δy, δz❀ ❡ ❝♦�$ ❛❜❜✐❛♠♦ ❧❡ 
�❡ ❡�✉❛③✐♦♥✐

✭✹✼✮

(λ)(Γ)V + C −A
dy

dx
= 0

(μ)(Γ)V +B − C
dy

dx
= 0

(λ)(Γ)V +

(

C −A
dy

dx

)

dz

dx
+

(

B − C
dy

dx

)

dz

dy
= 0 .

◗✉✐✱ ♣❡� ✐�❝❛♥�❛�❡ ✉♥ ❢❛❝✐❧❡ ❡�✉✐✈♦❝♦✱ " ❜❡♥❡ ♦��❡�✈❛�❡ ❝❤❡ ❧❛ dz
dx

♥❡❧ �❛❞✐❝❛❧❡ V " ✉♥❛ ❞❡�✐✈❛
❛


♦
❛❧❡ ♣❡� x✱ ❝✐♦" ✐❧ ❜✐♥♦♠✐♦ dz
dx

+ dz
dy

dy
dx

✱ �✉❛♥❞♦ dz
dx
, dz

dy
❡�♣�✐♠♦♥♦ ❧❡ ❞❡�✐✈❛
❡ ♣❛�③✐❛❧✐ ❞❡❧❧❛

z(x, y)✱ �❡♥③❛ ❜❛❞❛�❡ ❝❤❡ y ❞✐✈❡♥
✐ ♣♦✐

✲ ✸✹ ❊◆● ✲

❚❤❡ 
✇♦ ✐♥
❡❣�❛❧� ♦❢ 
❤❡ �✉❛♥
✐
② ✭✹✻✮ ♠❛② �❡❞✉❝❡ 
♦ ♦♥❡ ♦♥❧② �❡❧❛
✐✈❡ 
♦ 
❤❡ ✈❛�✐❛❜❧❡ x✱

✇�✐
✐♥❣ ✐♥ 
❤❡ ✜��

∫

dx. dy
dx

✐♥�
❡❛❞ ♦❢
∫

dy✿ ❜✉
 ✇❡ ♠✉�
 ✇❛�♥ 
❤❛
 ✐❢ ✇❡ ♠❛❦❡ �✉❝❤ ❛ �❡❞✉❝
✐♦♥


❤❡ �✐❣♥ �❤❛❧❧ ❜❡ ❝❤❛♥❣❡❞✳ ❚❤❡ �❡❛�♦♥ ✐� 
❤❛
 ✐♥ 
❤❡ ✐♥
❡❣�❛❧ ❜② y 
❤❡ 
✇♦ ❧✐♠✐
� ❛�❡✱ ✜��
 
❤❡

♠✐♥✐♠✉♠ ✈❛❧✉❡ ❣✐✈❡♥ ❜② 
❤❡ ❡�✉❛
✐♦♥ ♦❢ 
❤❡ ❜♦✉♥❞❛�②✱ ❛♥❞ �❡❝♦♥❞ ✐
� ♠❛①✐♠✉♠✿ ❛♥❞ �♦ ❢♦�


❤❡ ✈❛❧✉❡� ♦❢ x ✐♥ 
❤❡ ♣❡�
❛✐♥✐♥❣ ✐♥
❡❣�❛❧✳ ❇✉
 ✉�✉❛❧❧② 
❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ y ❝♦��❡�♣♦♥❞� 
♦


❤❡ ♠✐♥✐♠✉♠ ♦❢ x ❛♥❞ ✈✐❝❡✲✈❡��❛✱ �♦ 
❤❛
 
♦ ❣❡
 
❤❡ 
✇♦ ❧✐♠✐
� ❛❧♦♥❣ ✇❤❡♥ ❜♦
❤ ✐♥
❡❣�❛❧� ❛�❡

❜② x✱ ✐
 ✐� ❝♦♥✈❡♥✐❡♥
 
♦ ❡①❝❤❛♥❣❡ 
❤❡ ❧✐♠✐
� ✐♥ 
❤❛
 ✜��
 ♦♥❡✱ ✇❤✐❝❤ ✐� ❦♥♦✇♥ 
♦ ❜�✐♥❣ ❛ ❝❤❛♥❣❡

♦❢ �✐❣♥✳ ❚❤✉�✱ 
❤❡ �✉❛♥
✐
② ✭✹✻✮ ♠❛② ❛❧�♦ ❜❡ ✇�✐

❡♥

∫

dx.

{(

C −A
dy

dx

)

δx+

(

B − C
dy

dx

)

δy

+

[(

C −A
dy

dx

)

dz

dx
+

(

B − C
dy

dx

)

dz

dy

]

δz

}

;

❛♥❞ 
♦ ✐
 ✇❡ ♠✉�
 ❛❞❞ 
❤❡ ✐♥
❡❣�❛❧

∫

dx.(Γ)V {(λ)δx+ (μ)δy + (ν)δz}


❤❛
 ❝♦✉❧❞ ❜❡ ♠❡❛♥
 ✐♥❝❧✉❞❡❞ ✐♥ 
❤❡ Ω ♦❢ 
❤❡ ❡�✉❛
✐♦♥ ✭✸✵✮✿ (Γ) ♠❡❛♥✐♥❣ 
❤❡ ❧✐♥❡❛� ❞❡♥�✐
② ❛



❤❡ ♣♦✐♥
 (x, y, z) ♦❢ 
❤❡ ❜♦✉♥❞❛�② ❝✉�✈❡✱ V 
❤❡ �❛❞✐❝❛❧

√

1 +
(

dy
dx

)2

+
(

dz
dx

)2
✱ ❛♥❞ (λ), (μ), (ν)


❤❡ 
❤�❡❡ �❡❝
❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥
� ♦❢ ❛ ♣�❡��✉�❡ 
②♣✐❝❛❧ ♦❢ 
❤❡ �❛✐❞ ♣♦✐♥
 (x, y, z)✱ ❛♥❞ ✈❛�✐❛❜❧❡

❢�♦♠ ♣♦✐♥
 
♦ ♣♦✐♥
 ✐♥ 
❤❛
 ❝✉�✈❡✳ ❆
 ❧❛�
✱ ✇❤❛
 ✐� ❤❡�❡ �❛✐❞✱ ❝❛♥ ❜❡ ❞❡�✐✈❡❞ ✐♥ �❡❝
�✳ ✷✻✱ ✷✼

♣✳ ♠✳✱ ❛♥❞ ❢�♦♠ ❡�✉❛
✐♦♥ (Γ)V dx
da

= 1 ✭✭✶✹✮ �❡❝
✳ ✶✶ ♣✳ ♠✳✮✱ ✉�❡❞ 
♦ 
❤❡ ❛✐♠ ♦❢ ❝❤❛♥❣✐♥❣ 
❤❡

✐♥
❡❣�❛❧ 
❛❦❡♥ ❜② a ✐♥ ❛♥♦
❤❡� 
❛❦❡♥ ❜② x✳

❏♦✐♥✐♥❣ 
❤❡ 
✇♦ ✐♥
❡❣�❛❧� ✇�✐

❡♥ ❧❛
❡❧②✱ ✇❡ ❦♥♦✇ 
❤❛
 
❤❡ 
♦
❛❧ ❝♦❡✣❝✐❡♥
� ♦❢ 
❤❡ δx, δy, δz

♠✉�
 ✈❛♥✐�❤ ✉♥❞❡� 
❤❡ ❥♦✐♥
 �✐❣♥❀ ❛♥❞ �♦ ✇❡ ❤❛✈❡ 
❤❡ 
❤�❡❡ ❡�✉❛
✐♦♥�

✭✹✼✮

(λ)(Γ)V + C −A
dy

dx
= 0

(μ)(Γ)V +B − C
dy

dx
= 0

(λ)(Γ)V +

(

C −A
dy

dx

)

dz

dx
+

(

B − C
dy

dx

)

dz

dy
= 0 .

❍❡�❡✱ 
♦ ❛✈♦✐❞ ❛♥ ❡❛�② ♠✐�✉♥❞❡��
❛♥❞✐♥❣✱ ✐
 ✐� ❣♦♦❞ 
♦ ♥♦
✐❝❡ 
❤❛
 dz
dx

✐♥ 
❤❡ �❛❞✐❝❛❧ V ✐� ❛ 
♦
❛❧

❞❡�✐✈❛
✐✈❡ ❜② x✱ 
❤❛
 ✐�✱ 
❤❡ ❜✐♥♦♠✐❛❧ dz
dx

+ dz
dy

dy
dx

✱ ✇❤❡♥ dz
dx
, dz

dy
❡①♣�❡�� 
❤❡ ♣❛�
✐❛❧ ❞❡�✐✈❛
✐✈❡�

♦❢ z(x, y)✱ ✇✐
❤♦✉
 ❝❛�✐♥❣ 
❤❛
 y ❜❡❝♦♠❡� ❛



✲ ✸✺ ✲

❢✉♥③✐♦♥❡ ❞✐ x✳ ◗✉❡��❡ ✭✹✼✮ �✉��✐��♦♥♦ �✐♠✉❧�❛♥❡❛♠❡♥�❡ ❝♦❧❧❡ ✭✹✹✮✿ ♠❛ ❧❡ ✭✹✹✮ �✐ ❡��❡♥❞♦♥♦ ❛

�✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛ ❛♥❝❤❡ ♣❡� ❧✬✐♥�❡�♥♦✱ ♠❡♥��❡ ❧❡ ✭✹✼✮ �✐❣✉❛�❞❛♥♦ ✐ �♦❧✐ ♣✉♥�✐ ❞❡❧❧❛ ❝✉�✈❛

❞✐ ❝♦♥�♦�♥♦✳

◗✉❛♥�✉♥ ✉❡ ❧✬❛♥❛❧✐�✐ �✐❢❡�✐�❛ ✐♥  ✉❡��♦ ♥✉♠❡�♦ ♣♦��❛ ❛✈❡�❡ ✈❛�✐❡ ❛♣♣❧✐❝❛③✐♦♥✐✱ �✐❝♦�❞✐❛♠♦❝✐

❝❤❡ ! �✐���❡��❛ ❛❧ ❝❛�♦ ❞✐ ��❡ �♦❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ✐♥✈❡❝❡ ❞✐ �❡✐❀ ❝♦�✐❝❝❤! ❧✬❛♥❛❧✐�✐ ✈❡�❛♠❡♥�❡ ❣❡♥❡�❛❧❡

!  ✉❡❧❧❛ ❝❤❡ �✐�✉❧�❛ ❞❛❧ ❝♦♠♣❧❡��♦ ❞❡❧❧❡ ❢♦�♠♦❧❡ ❞❡❧ ♥✉♠❡�♦ ♣�❡❝❡❞❡♥�❡✱ ❡❞ ! ♣�♦✈❛�♦ ✐♠♣♦�✲

�✐❜✐❧❡ ❝❤❡ ♥❡ ❡�✐��❛ ✉♥✬❛❧��❛ ❞♦�❛�❛ ❞✐ ♠❛❣❣✐♦�❡ ❣❡♥❡�❛❧✐�$✳ ✶✶✳ ●✐✉♥�♦ ❛  ✉❡��♦ ♣✉♥�♦ ♣❛�♠✐

❞✐ ❛✈❡� ❣✐$ �✉♣♣❧✐�♦ ❛❧❧❡ ❞✉❡ ♠❛♥❝❛♥③❡ ❝❤❡ ♥❡❧ ♣�❡❛♠❜♦❧♦ ❞❡❧❧❛ ▼❡♠♦�✐❛ ❤♦ ❞❡��♦ �✐♠❛♥❡�❡ ❛

�♦❣❧✐❡�❡ ♣❡� ♣♦�❡� ❛❜❜�❛❝❝✐❛�❡ ❝♦♥ �✐❝✉�❡③③❛ ❧✬✉�♦ ❞❡❧ ♣�✐♥❝✐♣✐♦ ❧❛❣�❛♥❣✐❛♥♦✳ ❈✐�❝❛ ❧❛  ✉❡��✐♦♥❡✿

�✉❛❧✐ �♦♥♦ ❧❡ ❢✉♥③✐♦♥✐ ❢❛��❡ ✈❛�✐❛�❡ ❞❛❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❝❤❡ �✐ ❞❡❜❜♦♥♦ ❛❞♦♣❡�❛�❡ ❛ ♣�❡❢❡�❡♥③❛ ❞✐

❛❧��❡✱ ❤♦ ❞✐♠♦���❛�♦ ❝❤❡ �♦♥♦  ✉❡✬ ��✐♥♦♠❥ ❛❧❧❡ ❞❡�✐✈❛�❡✱ ♠♦❧�✐��✐♠✐ ❞✐ ♥✉♠❡�♦✱ ✐  ✉❛❧✐  ✉❛♥❞♦

�✐ �♦��✐�✉✐�❝♦♥♦ ❛❧❧❡ x, y, z ✐ ✈❛❧♦�✐ ✭✶✮ ❞❡❧ ❈❛♣♦ ■ �✐❝♦♠♣❛❥♦♥♦ ❢❛��✐ ❝♦❧❧❡ ♥✉♦✈❡ ✈❛�✐❛❜✐❧✐ p, q, r

❛❧❧❛ ��❡��❛ ♠❛♥✐❡�❛✱ �♣❛�✐�❛ ♦❣♥✐ ��❛❝❝✐❛ ❞❡❧❧❡ ❞♦❞✐❝✐  ✉❛♥�✐�$ f, g, h, α1✱ ❡❝✳ ✿ ❡ ❣♦❞♦♥♦ ❛♥❝❤❡

❞✐  ✉❡��✬❛❧��❛ ♣�♦♣�✐❡�$ ❝♦♥�❡❣✉❡♥③❛ ❞❡❧❧❛ ♣�✐♠❛✱ ❝❤❡ ♣�❡♥❞❡♥❞♦♥❡ ❧❡ ✈❛�✐❛�❡✱ ❡ �♦��✐�✉❡♥❞♦✈✐

❛❧❧❡ δx, δy, δz ✐ ✈❛❧♦�✐ ✭✶✷✮ ❈❛♣♦ ■✱ �✐ �✐❞✉❝♦♥♦ ✐❞❡♥�✐❝❛♠❡♥�❡ ❛ ③❡�♦✳ ❘❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧✬❛❧��❛

 ✉❡��✐♦♥❡✿ �✉❛♥�❡ ♣♦✐ ❞❡❜❜♦♥♦ ❡��❡�❡ �❛❧✐ ❢✉♥③✐♦♥✐✱ ❝✐♦!  ✉❛♥�✐ ❞✐  ✉❡✬ ��✐♥♦♠❥ �✐ ❤❛♥♥♦ ❛ ♣�❡♥✲

❞❡�❡ ❛✣♥❝❤. ❧✬❡✛❡��♦ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❛❜❜✐❛ ❛❞ ❡��❡�❡ ❡�♣�❡��♦ �❡♥③❛ �✐♣❡�✐③✐♦♥✐ ❡ �♦�❛❧♠❡♥�❡✿

❤♦ �✐�♣♦��♦ �❛♥�✐  ✉❛♥�✐ ❝❡ ♥❡ ✈♦❣❧✐♦♥♦ ♣❡� �✐�❛❧✐�❡ ❞❛❧❧❡ ✈❛�✐❛�❡ ❞✐  ✉❡✬ ��✐♥♦♠❥ ♣♦��❡ ✉❣✉❛❧✐ ❛

③❡�♦✱ ❛❧ �✐��♦✈❛♠❡♥�♦ ❞❡✐ ✈❛❧♦�✐ ✭✶✷✮ ❈❛♣♦ ■ ♣❡� ❧❡ ✈❛�✐❛③✐♦♥✐ δx, δy, δz✿ ❡ ✈❡❞❡♠♠♦ ❝❤❡ �♦♥♦

��❡ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐✱ �❡✐ ♣❡✐ �✉♣❡�✜❝✐❛❧✐✱ ❡ �❡✐ ♣❡�  ✉❡❧❧✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✳ ❈✐�❝❛ ♣♦✐ ❛❧ ❞❛�❡

✉♥❛ ♣❡��✉❛❞❡♥�❡ ❞✐♠♦���❛③✐♦♥❡ ❞❡❧ ♣�✐♥❝✐♣✐♦✱ ❝�❡❞♦ ❞✬❡��❡�✈✐ �✐✉�❝✐�♦ ❢❛❝❡♥❞♦ ✈❡❞❡�❡ ❝❤❡ �❛❧✐

��✐♥♦♠❥ ❝♦��✐�✉✐�❝♦♥♦ ✐ ♣�✐♠✐ ♠❡♠❜�✐ ❞✐ ❡ ✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡ ❞❡❧❧❡  ✉❛❧✐ ✐ �❡❝♦♥❞✐ ✈❛♥♥♦

✈✐❛ ♥❡❧❧✬♦♣❡�❛③✐♦♥❡ ✐♥❞✐❝❛�❛ ❞❛❧❧❛ ❝❛�❛��❡�✐��✐❝❛ δ✱ ♣❡�❝❤.  ✉❛♥�✉♥ ✉❡ ♣♦��❛♥♦ ❡��❡�❡ ✈❛�✐❛❜✐❧✐✱

�♦♥♦ ❝♦��❛♥�✐ ✐♥ �❡❧❛③✐♦♥❡ ❝♦❧❧❡  ✉❛♥�✐�$ ❛❧ ✈❛�✐❛� ❞❡❧❧❡  ✉❛❧✐ ! ❞♦✈✉�❛ ❧❛ ❢♦�♠❛③✐♦♥❡ ❞❡❧❧❡ ��❡

✈❛�✐❛③✐♦♥✐ δx, δy, δz✳ ◆♦♥ ♠✐ ! ✐❣♥♦�♦ ❝❤❡ ▲❛❣�❛♥❣❡ ❡❞ ❛❧��✐ ❛✉�♦�✐ ♣�❡�❡�♦ ♣❡� ❢✉♥③✐♦♥✐ ❝❤❡

❧❡ ❢♦�③❡ ✐♥�❡�♥❡ �❡♥❞♦♥♦ ❛ ❢❛� ✈❛�✐❛�❡ ❛❧��❡ ❡�♣�❡��✐♦♥✐ ♣✐3 ❝♦♠♣❧✐❝❛�❡ ❞❡✐ ��✐♥♦♠❥ �✉��✐❢❡�✐�✐✿

♠❛ ❝❤❡ ♥❡❧❧❛ �♦��❛♥③❛ ✐♦ ♥♦♥ ❞✐��❡♥�❛ ❞❛ ❧♦�♦✱ ❡ ❝♦♥ ♠❛❣❣✐♦�❡ �❡♠♣❧✐❝✐�$ �❛❣❣✐✉♥❣❛ ❧❡ ��❡��❡

❝♦♥�❡❣✉❡♥③❡✱ !  ✉❡��♦ ✉♥ ❛�❣♦♠❡♥�♦ ❝❤❡ ✈❡��$ ❜❡♥ ❝❤✐❛�✐�♦ ♥❡❧ ❈❛♣♦ ❱✳

5�❡✈❡❞♦ ✉♥✬♦❜❥❡③✐♦♥❡✳ ❘✐�✉❧�❛ ❞❛❧❧❛ ♥♦���❛ ❛♥❛❧✐�✐ ❝❤❡ ❡③✐❛♥❞✐♦ ♣❡� ❝♦�♣✐  ✉❛❧✉♥ ✉❡ ♣♦�✲

�✐❛♠♦ �✉♣♣♦��❡ ❝❤❡ ❧❡ ✈❛�✐❛③✐♦♥✐ ❛❜❜✐❛♥♦ ✐ ✈❛❧♦�✐ ✭✶✷✮ ♥✳ ✸✿ ♦�❛ ▲❛❣�❛♥❣❡ ❡❞ ❛❧��✐ ❞✐��❡�♦ �❛❧✐

✈❛❧♦�✐ ❛♣♣❛��❡♥❡�❡ �♦❧�❛♥�♦ ❛✐ ❝♦�♣✐ �♦❧✐❞✐✱ ❛❧❧❡ �✉♣❡�✜❝✐❡ ♦ ❧✐♥❡❡ �✐❣✐❞❡✿ ❝♦♠❡ ❞✉♥ ✉❡ �✐ ❛��✉✲

♠♦♥♦ ❣❡♥❡�❛❧✐❄ ❘✐�♣♦♥❞♦✿ ✐♦ ♥♦♥ ❞✐��✐ ♠❛✐ ❝❤❡ ❣❧✐ ❛✉♠❡♥�✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ♥❡✐ �✐��❡♠✐ ✢✉✐❞✐

♦ ♠✉�❛❜✐❧✐ ✐♥�✐♠❛♠❡♥�❡

✲ ✸✺ ❊◆● ✲

❢✉♥❝�✐♦♥ ♦❢ x ❛❢�❡�✳ ❚❤❡�❡ ✭✹✼✮ ♦❝❝✉� �✐♠✉❧�❛♥❡♦✉�❧② ✇✐�❤ �❤❡ ✭✹✹✮✿ ❜✉� �❤❡ ✭✹✹✮ ❡①�❡♥❞ �♦ ❛❧❧

♣♦✐♥�� ♦❢ �❤❡ �②��❡♠✱ ❛❧�♦ ❢♦� �❤❡ ✐♥�❡�✐♦�✱ ✇❤✐❧❡ �❤❡ ✭✹✼✮ ❛✛❡❝� �❤❡ �♦❧❡ ♣♦✐♥�� ♦❢ �❤❡ ❜♦✉♥❞❛�②

❝✉�✈❡✳

❊✈❡♥ ✐❢ �❤❡ ❛♥❛❧②�✐� �❡♣♦��❡❞ ✐♥ �❤✐� �❡❝�✐♦♥ ♠❛② ❤❛✈❡ ✈❛�✐♦✉� ❛♣♣❧✐❝❛�✐♦♥�✱ ❧❡� ✉� �❡♠❡♠❜❡�

�❤❛� ✐� ✐� �❡���✐❝�❡❞ �♦ �❤❡ ❝❛�❡ ♦❢ �❤�❡❡ ✐♥♥❡� ❢♦�❝❡� ♦♥❧② ✐♥��❡❛❞ ♦❢ �✐①❀ �♦ �❤❛� �❤❡ �❡❛❧❧②

❣❡♥❡�❛❧ ❛♥❛❧②�✐� ✐� �❤❛� �❡�✉❧�✐♥❣ ❢�♦♠ �❤❡ ❝♦♠♣❧❡① ♦❢ ❢♦�♠✉❧= ♦❢ �❤❡ ♣�❡❝❡❞❡♥� �❡❝�✐♦♥✱ ❛♥❞ ✐�

✐� ♣�♦✈❡❞ ✐♠♣♦��✐❜❧❡ �♦ ❡①✐�� ❛♥♦�❤❡� ♦♥❡ ❡♥❞♦✇❡❞ ✇✐�❤ ♠♦�❡ ❣❡♥❡�❛❧✐�②✳

✶✶✳ ❈♦♠✐♥❣ ❛� �❤✐� ♣♦✐♥� ✐� �❡❡♠� �♦ ♠❡ �♦ ❤❛✈❡ ❛❧�❡❛❞② ❝♦♠♣❡♥�❛�❡❞ �❤❡ �✇♦ ❧❛❝❦� �❤❛� ✐♥

�❤❡ ♣�❡❛♠❜❧❡ ♦❢ �❤❡ ▼❡♠♦✐� ■ �❛✐❞ �❡♠❛✐♥❡❞ �♦ �❡♠♦✈❡ �♦ ❜❡ ❛❜❧❡ �♦ ❡♠❜�❛❝❡ ✇✐�❤ �❛❢❡�② �❤❡

✉�❡ ♦❢ �❤❡ ▲❛❣�❛♥❣❡❛♥ ♣�✐♥❝✐♣❧❡✳ ❆� ❢♦� �❤❡  ✉❡��✐♦♥✿ ✇❤✐❝❤ ❛�❡ �❤❡ ❢✉♥❝�✐♦♥� ✈❛�✐❡❞ ❜② �❤❡

✐♥♥❡� ❢♦�❝❡� �❤❛� ♠✉�� ❜❡ ✉�❡❞ ✐♥ ♣�❡❢❡�❡♥❝❡ �♦ ♦�❤❡��✱ ■ ❤❛✈❡ ♣�♦✈❡❞ �❤❡② ❛�❡ �❤♦�❡ ��✐♥♦♠✐❛❧�

✇✐�❤ ❞❡�✐✈❛�✐✈❡�✱ ✈❡�② ♥✉♠❡�♦✉�✱ ✇❤✐❝❤✱ ✇❤❡♥ ✇❡ �✉❜��✐�✉�❡ ✐♥�♦ x, y, z �❤❡ ✈❛❧✉❡� ✭✶✮ ♦❢ ❈❛♣♦

■✱ �❡✲❛♣♣❡❛� ❜✉✐❧� ✇✐�❤ �❤❡ ♥❡✇ ✈❛�✐❛❜❧❡� p, q, r ✐♥ �❤❡ �❛♠❡ ✇❛②✱ ❛♥❞ ✈❛♥✐�❤❡❞ ❛♥② ��❛❝❡ ♦❢ �❤❡

�✇❡❧✈❡  ✉❛♥�✐�✐❡� f, g, h, α1✱ ❡�❝✳✿ ❛♥❞ �❤❡② ❛❧�♦ ❤❛✈❡ �❤✐� ♦�❤❡� ♣�♦♣❡��②✱ ❝♦♥�❡ ✉❡♥❝❡ ♦❢ �❤❡

✜���✱ �❤❛� �❛❦✐♥❣ �❤❡✐� ✈❛�✐❛�✐♦♥�✱ ❛♥❞ �❤❡�❡ �✉❜��✐�✉�✐♥❣ ✐♥�♦ δx, δy, δz �❤❡ ✈❛❧✉❡� ✭✶✷✮ ❈❛♣♦ ■✱

�❡❞✉❝❡ ✐❞❡♥�✐❝❛❧❧② �♦ ③❡�♦✳ ❆� ❢♦� �❤❡ ♦�❤❡�  ✉❡��✐♦♥✿ ❤♦✇ ♠❛♥② �❤♦✉❧❞ �❤❡♥ �✉❝❤ ❢✉♥❝�✐♦♥� ❜❡✱

✐✳❡✳✱ ❤♦✇ ♠❛♥② ♦❢ �❤❡�❡ ��✐♥♦♠✐❛❧� �❤♦✉❧❞ ❜❡ �❛❦❡♥ �♦ �❤❛� �❤❡ ❡✛❡❝� ♦❢ �❤❡ ✐♥♥❡� ❢♦�❝❡� ♠❛②

❜❡ ❡①♣�❡��❡❞ �♦�❛❧❧② ❛♥❞ ✇✐�❤♦✉� �❡♣❡�✐�✐♦♥�✿ ■ ❤❛✈❡ ❛♥�✇❡�❡❞ ❛� ♠❛♥② ❛� ♥❡❡❞❡❞ �♦ ❣♦ ❜❛❝❦

❢�♦♠ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤♦�❡ ��✐♥♦♠✐❛❧� �❡� ❡ ✉❛❧ �♦ ③❡�♦ �♦ ✜♥❞ �❤❡ ✈❛❧✉❡� ✭✶✷✮ ❈❛♣♦ ■ ❢♦� �❤❡

✈❛�✐❛�✐♦♥� δx, δy, δz✿ ❛♥❞ ✇❡ �❛✇ �❤❡② ❛�❡ �❤�❡❡ ❢♦� ❧✐♥❡❛� �②��❡♠�✱ �✐① ❢♦� �❤❡ �✉♣❡�✜❝✐❛❧ ♦♥❡�✱

❛♥❞ �✐① ❢♦� �❤❡ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ♦♥❡�✳ ❆� �❤❡♥ ❢♦� ❣✐✈✐♥❣ ❛ ♣❡��✉❛❞✐♥❣ ♣�♦♦❢ ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡✱

■ ❜❡❧✐❡✈❡ �♦ ❤❛✈❡ �✉❝❝❡❡❞❡❞ �❤♦✇✐♥❣ �❤❛� �❤♦�❡ ��✐♥♦♠✐❛❧� ❝♦♥��✐�✉�❡ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡� ♦❢

❡ ✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ♦❢ ✇❤✐❝❤ ❞✐�❛♣♣❡❛� ✐♥ �❤❡ ♦♣❡�❛�✐♦♥ ✐♥❞✐❝❛�❡❞ ❜②

�❤❡ ❝❤❛�❛❝�❡�✐��✐❝ δ✱ ❜❡❝❛✉�❡ ❡✈❡♥ ✐❢ �❤❡② ♠❛② ❜❡ ✈❛�✐❛❜❧❡�✱ �❤❡② ❛�❡ ❝♦♥��❛♥� �❡❧❛�✐✈❡ �♦ �❤❡

 ✉❛♥�✐�✐❡�✱ �♦ �❤❡ ✈❛�✐❛�✐♦♥ ♦❢ ✇❤✐❝❤ ✐� ❞✉❡ �❤❡ ❢♦�♠❛�✐♦♥ ♦❢ �❤❡ �❤�❡❡ ✈❛�✐❛�✐♦♥� δx, δy, δz✳ ■� ✐�

♥♦� ✉♥❦♥♦✇♥ �♦ ♠❡ �❤❛� ▲❛❣�❛♥❣❡ ❛♥❞ ♦�❤❡� ❛✉�❤♦�� �♦♦❦ ♦�❤❡� ♠♦�❡ ❝♦♠♣❧✐❝❛�❡❞ ❡①♣�❡��✐♦♥�

�❤❛♥ �❤❡ ❛❜♦✈❡ �❛✐❞ ��✐♥♦♠✐❛❧� ❛� ❢✉♥❝�✐♦♥� �❤❛� �❤❡ ✐♥♥❡� ❢♦�❝❡� �❡♥❞ �♦ ✈❛�②✿ ❜✉� ✐♥ ❢❛❝� ■ ❞♦

♥♦� ❞✐�❛❣�❡❡ ✇✐�❤ �❤❡♠✱ ❛♥❞ ✇✐�❤ ❣�❡❛�❡� �✐♠♣❧✐❝✐�② ■ �❡❛❝❤ �❤❡ �❛♠❡ ❝♦♥�❡ ✉❡♥❝❡�✱ �❤✐� ✐� ❛

�✉❜❥❡❝� �❤❛� ✇✐❧❧ ❜❡ ✇❡❧❧ ❡①♣❧❛✐♥❡❞ ✐♥ ❈❛♣♦ ❱✳

■ ❢♦�❡�❡❡ ❛♥ ♦❜❥❡❝�✐♦♥✳ ■� ❝♦♠❡� ♦✉� ❢�♦♠ ♦✉� ❛♥❛❧②�✐� �❤❛� ❛❧�♦ ❢♦� ✇❤❛�❡✈❡� ❜♦❞② ✇❡ ♠❛②

❛��✉♠❡ �❤❛� �❤❡ ✈❛�✐❛�✐♦♥� ❤❛✈❡ �❤❡ ✈❛❧✉❡� ✭✶✷✮ �❡❝�✳ ✸✿ ♥♦✇✱ ▲❛❣�❛♥❣❡ ❛♥❞ ♦�❤❡�� �❛✐❞ �✉❝❤

✈❛❧✉❡� �♦ ❜❡❧♦♥❣ ♦♥❧② �♦ �♦❧✐❞ ❜♦❞✐❡�✱ �♦ �✐❣✐❞ �✉�❢❛❝❡� ❛♥❞ ❧✐♥❡�✿ ❤♦✇✱ �❤❡♥✱ �❤❛❧❧ �❤❡② ❜❡

❛��✉♠❡❞ ❛� ❣❡♥❡�❛❧❄ ■ ❛♥�✇❡�✿ ■ ♥❡✈❡� �❛✐❞ �❤❛� �❤❡ ✐♥❝�❡♠❡♥�� ♦❢ ❝♦♦�❞✐♥❛�❡� ✐♥ ✢✉✐❞ �②��❡♠�✱
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✐ ♥❡❧❧❛ ❢♦�♠❛ ❞❡✐ ✭✶✷✮ ♥✳ ✸✳ ❉❡❧ �❡
�♦✱  ❣✐! ♥♦�♦ ❛✐ ❣❡♦♠❡��✐ ❡ ❛♠♠❡

♦
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5 ❣❡♥❡�❛❧✐ ❞❛ ❛❜❜�❛❝❝✐❛�❡ ❛♥❝❤❡

❣❧✐ ❛✉♠❡♥�✐ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ♣�♦❞♦��✐ ❞❛✐ ♠♦�✐ ✈❡�✐✳ ❖�❛ ✐♦ ♥♦♥ ❢❛❝❝✐♦ ❝❤❡ ♣♦��❡ �✉❡
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�❛② ❛��❡♥�✐♦♥ �♦ �❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ✇❡ �❛✐❞ �♦ ❣❡♥❡�❛�❡ �❤❡ ✈❛�✐❛�✐♦♥� ❡�✉❛�✐♦♥� ✭✶✸✮ �❡❝�✳ ✹✱ ✭✷✮

�❡❝�✳ ✻✱ ✭✶✾✮ �❡❝�✳ ✽✱ ❛♥❞ ✇❡ ✇✐❧❧ ❡❛�✐❧② ✉♥❞❡���❛♥❞ �❤❛� �✉❝❤ ❡�✉❛�✐♦♥� ✇✐❧❧ ♥♦� ❤♦❧❞ ❛♥② ♠♦�❡

❢♦� ✐♥❝�❡♠❡♥�� �❛❦❡♥ ❜② �❤❡ x, y, z ❛� �✐♠❡ ✈❛�✐❡�✱ ✐❢ �❤❡ �②��❡♠ ✐� ✈❛�✐❛❜❧❡✱ ❢♦� ✐♥��❛♥❝❡✱ ✢✉✐❞✳

■♥❞❡❡❞✱ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� �❛❦❡♥ ❜② �❤❡ p, q, r✱ ❛� �❤❡ ❧❡❢�✲❤❛♥❞ ♦♥❡� ❜② �❤❡ x, y, z✱ ❝❤❛♥❣❡ ❛�

✇❡❧❧ ❛� �✐♠❡ ✈❛�✐❡�✱ ❛♥❞ ❞♦ ♥♦� ✈❛♥✐�❤✱ ✇❤✐❧❡ �❤❡② ❞♦ ✈❛♥✐�❤ ✇❤❡♥ ♦♣❡�❛�✐♥❣ ❛❝❝♦�❞✐♥❣ �♦ �❤❡

❝❤❛�❛❝�❡�✐��✐❝ δ✳ ❚❤♦�❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ✈❛♥✐�❤ ❛❧�♦ ✇❤❡♥ x, y, z ✈❛�② ✇✐�❤ �✐♠❡✱ ✇❤❡♥ �②��❡♠�

❛�❡ �✐❣✐❞✱ ❛♥❞ �♦ ✐� ✐� ✇❤② ✐♥ �✉❝❤ ❝❛�❡ �❤❡ ✜❝�✐�✐♦✉� ♠♦�✐♦♥ ✐♥❝❧✉❞❡� �❤❡ ��✉❡ ♦♥❡✱ ✐✳❡✳✱ �❤❡

✈❛�✐❛�✐♦♥� ✐♥❝❧✉❞❡ �❤❡ ✈❡❧♦❝✐�✐❡�✳ ●❡♥❡�❛❧❧② �♣❡❛❦✐♥❣✱ �❤✐� ❞♦❡� ♥♦� ❤❛♣♣❡♥✿ �❤❡ ✐♥❝�❡♠❡♥�� ♦❢

�❤❡ ❝♦♦�❞✐♥❛�❡� x, y, z ❛� �✐♠❡ ❣�♦✇�✱ ❛�❡ ♥♦� ❝♦♥���❛✐♥❡❞ ❜② ❞✐✛❡�❡♥�✐❛❧ ❡�✉❛�✐♦♥� ✇✐�❤ ❢♦�♠

�✐♠✐❧❛� �♦ �❤❡ ✈❛�✐❡❞ ❡�✉❛�✐♦♥� ❛❜♦✈❡ �❛✐❞✱ �♦ ♥♦ ✇♦♥❞❡� ✐❢ �❤❡✐� ✈❛❧✉❡� ❛�❡ ♥♦� ✐♥❝❧✉❞❡❞ ✐♥ �❤❡

❢♦�♠ ♦❢ �❤❡ ✭✶✷✮ �❡❝�✳ ✸✳ ■♥❞❡❡❞✱ ✐� ✐� ❛❧�❡❛❞② ❦♥♦✇♥ �♦ ❣❡♦♠❡�❡��✱ ❛♥❞ ❛❝❝❡♣�❡❞ �✐♥❝❡ ❧♦♥❣

�✐♠❡ ✭�❡❡ ❆✳ ▼✳✱ �♦♠❡ ■✱ ♣❛❣❡ ✷✽✾✮ �❤❛� ✇❤❡♥ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ❡①♣❧✐❝✐�❧② ❝♦♥�❛✐♥

�✐♠❡✱ ✐� ✐� ♥♦� ❛♥②❧♦♥❣❡� ♣❡�♠✐��❡❞ �♦ �✉❜��✐�✉�❡ ✈❡❧♦❝✐�✐❡� ✇✐�❤ �❤❡ ✈❛�✐❛�✐♦♥� ❛♥②♠♦�❡✳ ❍❡�❡

✐� ✐� ✇❤❛� ✇❛� �✉✣❝✐❡♥� �♦ ♠❛❦❡ ✉� ❛✇❛�❡ �❤❛� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ❛�❡ �❤❡♥

♥♦� �♦ ❣❡♥❡�❛❧ �♦ ✐♥❝❧✉❞❡ ❛❧�♦ �❤❡ ✐♥❝�❡♠❡♥�� ♦❢ ❝♦♦�❞✐♥❛�❡� ♣�♦❞✉❝❡❞ ❜② ��✉❡ ♠♦�✐♦♥�✳ ◆♦✇

■ ❞♦ ♥♦� ❜✉� ♣♦�❡ �❤✐� ��✉�❤ ✉♥❞❡� ♠♦�❡ ❧✐❣❤� ❛♥❞ �❤♦✇ ✐� ❤❛� ♠♦�❡ ❜�❡❛❞�❤✳ ❆���✐❜✉�✐♥❣ �♦♦

♠✉❝❤ ❣❡♥❡�❛❧✐�② �♦ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δx, δy, δz ✐� ❛ ♠✐��❛❦❡ ✇❡ ❛�❡ ❡❛�✐❧② ✐♥❞✉❝❡❞ ✐♥�♦

�❡♠❡♠❜❡�✐♥❣ ♦�❤❡� ❛♣♣❧✐❝❛�✐♦♥� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥�✱ ❞✐✛❡�❡♥� ❢�♦♠ �❤❡ ♠❡❝❤❛♥✐❝❛❧ ♦♥❡�✿ �❤❛� ❤❡�❡

�❤❡�❡ �❡❞✉❝❡❞ ✈❛❧✉❡� ❛�❡ ♠♦�❡ �❡���✐❝�❡❞ �❤❛♥ �❤♦�❡ ♦❢ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ �✐♠❡✱

❞♦❡� ♥♦ ❧♦♥❣❡� ❤✉�� ✇❤❡♥ ✇❡ ❝♦♥�✐❞❡� �❤❛� �❤❡ ❢♦�♠❡� ♦♥❡� ✐♠♣❧② ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ �❤❛�

♥♦ ❧♦♥❣❡� ❤♦❧❞ ❢♦� �❤❡ ❧❛��❡� ♦♥❡�✳ ❆♥❞ �❤❛� ✇❡ �❤❛❧❧ ✉�❡ ❢♦� �❤❡ ✈❛�✐❛�✐♦♥� �❤❡ ❛❜♦✈❡ �❛✐❞

❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ �❤❛� ❢♦�❝❡ �❤❡♠ �♦ ❛��✉♠❡ ✐♥ ❛♥② ❝❛�❡ �❤❡ ✈❛❧✉❡� ✭✶✷✮ �❡❝�✳ ✸✱ ✐� ❛ ��✉�❤

�❤❛� �❡❡♠� �♦ ♠❡ ✇❡❧❧ ❝♦♥✜�♠❡❞ ❜② �❤❡ ❝♦♥�✐❞❡�❛�✐♦♥� ♠❛❞❡ ✐♥ ❈❛♣♦� ■❱ ❛♥❞ ❱■■ ♣✳ ♠✳✱ ❛♥❞

�❡❝♦♥✜�♠❡❞ ❜② �❤❡ �❤❡♦�✐❡� �❤♦✇♥ ✐♥ ❈❛♣♦� ❱■ ♣✳ ♠✳ ❛♥❞ ■■■ ♦❢ �❤❡ ♣�❡�❡♥� ♦♥❡✿ ✇❤✐❝❤ ✇❡

♥♦✇ ❣♦ �♦ ❡①❛♠✐♥❡ ❢♦� �❤❡ ❧❛�� ♣❛��✳
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❘✐❝♦♥❢❡�♠❛ ❞❡❧❧❡ ❡
✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐��✐♠❡ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ❡ �✉♣❡�✜❝✐❛❧✐

♦��❡♥✉�❡ ♥❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✳

✶✷✳ ●✐✉��❛ ❧✬❡�♣♦��♦ ❛❧ ♥✳ ✻ ❝❡�❝❤❡�� ♦�❛ ❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ❞❡❧ ♠♦�♦ ❞❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐

❡ �✉♣❡�✜❝✐❛❧✐ ♠❡��❡♥❞♦ ❛ ❝❛❧❝♦❧♦ ❧❡ ❛③✐♦♥✐ ♠♦❧❡❝♦❧❛�✐ ♠❡❞✐❛♥�❡ ❧❛ �❡❝♦♥❞❛ ♣❛��❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡

❣❡♥❡�❛❧❡ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ❝❤❡ �✐ �✐❢❡�✐�❝❡ ❛❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❛��✐✈❡ ✭ ♥✳✶✻ ♠✳♣✳✮✱ ♣�❡❝✐�❛♠❡♥�❡ ❝♦♠❡

❤♦ ❢❛��♦ ♥❡❧ ❈❛♣♦ ❱■ ❞✐ ❞❡��❛ ▼❡♠♦�✐❛ �❡❧❛�✐✈❛♠❡♥�❡ ❛❞ ✉♥ �✐��❡♠❛ ❞♦�❛�♦ ❞❡❧❧❡ ��❡ ❞✐♠❡♥�✐♦♥✐✳

❊ �✉✐ �✉♣♣♦♥❡♥❞♦ ❝❤❡ ✐❧ ❧❡��♦�❡ ❛❜❜✐❛ ♣❡�❝♦��♦ �✉❡❧ ❈❛♣♦ ❱■✱ ❝�❡❞♦ ♣♦�❡�♠✐ ❞✐�♣❡♥�❛�❡ ❞❛❧

�✐♣❡�❡�❡ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ❡ �✉♣❡�✜❝✐❛❧✐ ✐ �❛❣✐♦♥❛♠❡♥�✐ ❛♥❛❧♦❣❤✐ ✜♥♦ ❛❧❧✬✐♠♣✐❛♥�♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡

❣❡♥❡�❛❧❡ ✭✶✷✮✱ ♥✳ ✼✷ ♠✳♣✳✱ ❣✐❛❝❝❤, �✉❜✐�♦ �✐ ♣�❡�❡♥�❛♥♦ ❧❡ ♠♦❞✐✜❝❛③✐♦♥✐ ❝❤❡ �✐❞✉❝♦♥♦ ❧❛ ❝♦�❛ ❞❛

♠❛❣❣✐♦�❡ ❛ ♠✐♥♦�❡ ❝♦♠♣❧✐❝❛③✐♦♥❡✳ ❈♦�- ✭ �✐❝❤✐❛♠❛�❡ ❛♥❝❤❡ ❧❡ �❡♦�✐❝❤❡ ❞❡❧ ❈❛♣♦ ■■✱ ➓ ✶✱✷ ♠✳♣✳✮

�✐ ❝❛♣✐�/ ❝❤❡ ❧✬❛❣❣�❡❣❛�♦ ❞✐ �✉��✐ ✐ �❡♠✐♥✐ �♦♠♠✐♥✐���❛�✐ ❞❛ ❞❡��❡ ❢♦�③❡ ✐♥�❡�♥❡✱ ✐♥✈❡❝❡ ❞✐ ❡��❡�❡

�✐❣♥✐✜❝❛�♦ ❝♦♠❡ ❧/ ✭ ❡�♣�❡��✐♦♥❡ ✭✾✮✱ ♥✳ ✼✶ ♠✳♣✳✮ ♣❡� ♠❡③③♦ ❞✐ ✉♥❛ �♦♠♠❛�♦�✐❛ �❡��✉♣❧❛✱ ❧♦

�❛�/ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ♠❡❞✐❛♥�❡ ❧❛ ❞♦♣♣✐❛

∑

Δa
∑

Δf · 1
2
mimjKδρ,

❡ ♣❡✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ♠❡❞✐❛♥�❡ ❧❛ �✉❛❞�✉♣❧❛

∑

Δa
∑

Δb
∑

Δf
∑

Δg · 1
2
mimjKδρ.

�❛��❛♥❞♦ ♣♦✐ ❛❧❧❡ ❡�♣�❡��✐♦♥✐ ❝♦❣❧✐ ✐♥�❡❣�❛❧✐ ❝♦♥�✐♥✉✐✱ ❛✈�❡♠♦ ✐♥✈❡❝❡ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✷✮✱ ♥✳✼✷

♠✳♣✳✱ ❡ �❡❧❛�✐✈❛ ✭✽✮✿ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐

✭✶✮

∫

da ·
{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz +

∫

df · Λδρ2
}

+Ω = 0

❡��❡♥❞♦

✭✷✮ ρ2 = [x (a+ f)− x (a)]
2
+ [y (a+ f)− y (a)]

2
+ [z (a+ f)− z (a)]

2
;

❡ ♣❡✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐

✭✸✮
∫

da

∫

db ·
{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz +

∫

df

∫

dg · Λδρ2
}

+Ω = 0
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◆❡✇ ❞❡❞✉❝�✐♦♥ ♦❢ �❤❡ ♠♦�� ❣❡♥❡�❛❧ ❡
✉❛�✐♦♥� ❢♦� ❧✐♥❡❛� ❛♥❞ �✉♣❡�✜❝✐❛❧ �②��❡♠�

❛❧�❡❛❞② ♦❜�❛✐♥❡❞ ✐♥ �❤❡ ♣�❡✈✐♦✉� ❈❛♣♦

✶✷✳ ❋♦❧❧♦✇✐♥❣ �❤❡ ♠❡�❤♦❞� ❡①♣♦✉♥❞❡❞ ✐♥ �❤❡ �❡❝�✳ ✻✱ ■ ✇✐❧❧ ♥♦✇ ❧♦♦❦ ❢♦� �❤❡ ❣❡♥❡�❛❧

❡�✉❛�✐♦♥� ♦❢ �❤❡ ♠♦�✐♦♥ ♦❢ �❤❡ ❧✐♥❡❛� ❛♥❞ �✉♣❡�✜❝✐❛❧ �②��❡♠� ✐♥❝❧✉❞✐♥❣ ✐♥ �❤❡ ❝❛❧❝✉❧❛�✐♦♥� �❤❡

♠♦❧❡❝✉❧❛� ❛❝�✐♦♥� ❜② ♠❡❛♥� ♦❢ �❤❡ �❡❝♦♥❞ ♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ♦❢ ▼❡❝❤❛♥✐❝� ✇❤✐❝❤

❝♦♥❝❡�♥� �❤❡ ❛❝�✐✈❡ ✐♥�❡�♥❛❧ ❢♦�❝❡� ✭�❡❝�✳ ✶✻ ♣✳♠✳✮ ❡①❛❝�❧② ❛� ■ ❞✐❞ ✐♥ �❤❡ ❈❛♣♦ ❱■ ♦❢ ♠❡♥�✐♦♥❡❞

▼❡♠♦✐� �❡❧❛�✐✈❡❧② �♦ ❛ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠✳ ❍❡�❡✱ ❜② ❛��✉♠✐♥❣ �❤❛� �❤❡ �❡❛❞❡� ❤❛�

❛❧�❡❛❞② ❧♦♦❦❡❞ ❛� �❤❛� ❈❛♣♦ ❱■✱ ■ ❜❡❧✐❡✈❡ ■ ✇✐❧❧ ❜❡ ❛❧❧♦✇❡❞ �♦ ❛✈♦✐❞ �❤❡ �❡♣❡�✐�✐♦♥ ♦❢ �❤♦�❡

�❡❛�♦♥✐♥❣� ✇❤✐❝❤ ❛�❡ ❛♥❛❧♦❣♦✉� �♦ �❤♦�❡ ❧❡❛❞✐♥❣ �♦ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✷✮✱ �❡❝�✳ ✼✷ ♣✳♠✳✱ ❛�

✐� ✐� ✐♠♠❡❞✐❛�❡❧② �❡❡♥ ❤♦✇ �♦ ✐♥��♦❞✉❝❡ �❤❡ ♠♦❞✐✜❝❛�✐♦♥� ♥❡❡❞❡❞ �♦ �❡❞✉❝❡ �❤❡ ♠♦�� ❝♦♠♣❧❡①

♠♦❞❡❧ �♦ ❛ �✐♠♣❧❡� ♦♥❡✳ ❚❤❡�❡❢♦�❡ ✭♦♥❝❡ ♦♥❡ ❛❧�♦ ❤❛� �❡❝❛❧❧❡❞ �❤❡ �❤❡♦�✐❡� ♦❢ �❤❡ ❈❛♣♦ ■■✱ �❡❝��✳

✶✱✷ ♣✳♠✳✮ ✐� ✇✐❧❧ ❜❡ ❡❛�✐❧② ✉♥❞❡���♦♦❞ �❤❛� �❤❡ �✉♠ ♦❢ ❛❧❧ �❡�♠� ✐♥✈♦❧✈✐♥❣ �❤❡ �❛✐❞ ✐♥�❡�♥❛❧ ❢♦�❝❡�

✐♥��❡❛❞ ♦❢ ❜❡✐♥❣ ❣✐✈❡♥ ❜② ♠❡❛♥� ♦❢ ❛ �❡①�✉♣❧❡ �✉♠♠❛�✐♦♥ ❛� ✐� ❤❛♣♣❡♥❡❞ ✐♥ �❤❡ ❝✐�❡❞ ❡①♣�❡��✐♦♥

✭✾✮✱ �❡❝�✳ ✼✶ ♣✳♠✳✱ ✇✐❧❧ ❜❡ ❡①♣�❡��❡❞ ❢♦� ❧✐♥❡❛� �②��❡♠� ❜② ♠❡❛♥� ♦❢ �❤❡ ❞♦✉❜❧❡ �✉♠♠❛�✐♦♥

∑

Δa
∑

Δf · 1
2
mimjKδρ,

❛♥❞ ❢♦� �❤❡ �✉♣❡�✜❝✐❛❧ �②��❡♠� ❜② ♠❡❛♥� ♦❢ �❤❡ �✉❛❞�✉♣❧❡ �✉♠♠❛�✐♦♥

∑

Δa
∑

Δb
∑

Δf
∑

Δg · 1
2
mimjKδρ.

❚❤❡♥✱ ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ �❤❡ ❡①♣�❡��✐♦♥� ❢♦� ❝♦♥�✐♥✉♦✉� ✐♥�❡❣�❛❧�✱ ✇❡ ✇✐❧❧ ❤❛✈❡✱ ✐♥��❡❛❞ ♦❢

�❤❡ ❡�✉❛�✐♦♥� ✭✶✷✮ ❛♥❞ ✭✽✮✱ �❡❝�✳ ✼✷ ♣✳♠✳✿ ❢♦� �❤❡ ❧✐♥❡❛� �②��❡♠�

✭✶✮

∫

da ·
{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz +

∫

df · Λδρ2
}

+Ω = 0

❜❡✐♥❣

✭✷✮ ρ2 = [x (a+ f)− x (a)]
2
+ [y (a+ f)− y (a)]

2
+ [z (a+ f)− z (a)]

2
;

❛♥❞ ❢♦� �✉♣❡�✜❝✐❛❧ �②��❡♠�

✭✸✮
∫

da

∫

db ·
{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz +

∫

df

∫

dg · Λδρ2
}

+Ω = 0
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❡��❡♥❞♦

ρ2 = [x (a+ f, b+ g)− x (a, b)]
2
+ [y (a+ f, b+ g)− y (a, b)]

2
✭✹✮

+ [z (a+ f, b+ g)− z (a, b)]
2
.

✶✸✳ ❈♦♠✐♥❝✐❛♠♦ ❞❛✐ �✐��❡♠✐ ❧✐♥❡❛�✐✳ ▲✬❡�✉❛③✐♦♥❡ ✭✷✮✱ ✈♦❧❣❡♥❞♦ ✐♥ �❡�✐❡ �♦��♦ ❧❡ ♣❛�❡♥�❡�✐✱ �✐

♣�❡�❡♥�❛

ρ2 =

(

fx
′

+
f2

2
x

′′

+
f3

2.3
x

′′′

+
f4

2.3.4
x

IV

+ ❡❝✳

)2

+

(

fy
′

+
f2

2
y

′′

+
f3

2.3
y

′′′

+
f4

2.3.4
y

IV

+ ❡❝✳

)2

+

(

fz
′

+
f2

2
z

′′

+
f3

2.3
z

′′′

+
f4

2.3.4
z

IV

+ ❡❝✳

)2

❞♦✈❡ ❤♦ ♠❡��♦ ❣❧✐ ❛♣✐❝✐ ❛❞ ❡�♣�✐♠❡�❡ ❧❡ ❞❡�✐✈❛�❡ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❛ a✳ ❱♦❧❣❡♥❞♦ ❛♥❝❤❡ ✐ �✉❛❞�❛�✐✱

❛✈�❡♠♦ ✿

ρ2 = f2α+
f4

4
β +

f6

36
γ✭✺✮

+ f3T
1
+

f4

3
T

2
+

f5

12
(T

3
+ 2T

4
) +

f6

120
(2T

5
+ 5T

6
) + ❡❝✳

❛✈❡♥❞♦ ♣♦��♦ ♣❡� ❛❜❜�❡✈✐❛�❡

α = x
′2 + y

′2 + z
′2

β = x
′′2 + y

′′2 + z
′′2✭✻✮

γ = x
′′′2 + y

′′′2 + z
′′′2

❡ ❛��✉♥�❡ ❧❡ T
1
, T

2
, T

3
, ec✳ ❛❧❧✬✐♥✜♥✐�♦ ♣❡� ❡�♣�✐♠❡�❡ ❛❧��✐ ��✐♥♦♠❥ ❞❡✐ �✉❛❧✐ �❝�✐✈♦ ❛❧❝✉♥✐

T
1
= x

′

x
′′

+ y
′

y
′′

+ z
′

z
′′

T
2
= x

′

x
′′′

+ y
′

y
′′′

+ z
′

z
′′′

T
3
= x

′

x
IV

+ y
′

y
IV

+ z
′

z
IV

T
4
= x

′′

x
′′′

+ y
′′

y
′′′

+ z
′′

z
′′′

✭✼✮

T
5
= x

′

x
V

+ y
′

y
V

+ z
′

z
V

T
6
= x

′′

x
IV

+ y
′′

y
IV

+ z
′′

z
IV

❡❝✳ ❡❝✳ ❡❝✳

▲❛ ✭✺✮ ��❛ ❛ �✐�❝♦♥��♦ ❞❡❧❧❛ ✭✶✸✮ ❈❛♣♦ ❱■ ❝✐�❛�♦ ♠✳♣✳ ✿ ♥❡ ♣�❡♥❞❡�❡♠♦ ❧❛

✲ ✸✽ ✲❊◆●

❜❡✐♥❣

ρ2 = [x (a+ f, b+ g)− x (a, b)]
2
+ [y (a+ f, b+ g)− y (a, b)]

2
✭✹✮

+ [z (a+ f, b+ g)− z (a, b)]
2
.

✶✸✳ ▲❡� ✉� ❜❡❣✐♥ ✇✐�❤ �❤❡ ❧✐♥❡❛� �②��❡♠� ❚❤❡ ❡�✉❛�✐♦♥ ✭✷✮✱ ❞❡✈❡❧♦♣✐♥❣ �❤❡ ❡①♣�❡��✐♦♥� ✐♥�✐❞❡

♣❛�❡♥�❤❡�❡� ✐♥ ❚❛②❧♦� �❡�✐❡�✱ ✇✐❧❧ ❜❡❝♦♠❡✿

ρ2 =

(

fx
′

+
f2

2
x

′′

+
f3

2.3
x

′′′

+
f4

2.3.4
x

IV

+ ❡�❝✳

)2

+

(

fy
′

+
f2

2
y

′′

+
f3

2.3
y

′′′

+
f4

2.3.4
y

IV

+ ❡�❝✳

)2

+

(

fz
′

+
f2

2
z

′′

+
f3

2.3
z

′′′

+
f4

2.3.4
z

IV

+ ❡�❝✳

)2

✇❤❡�❡ ■ ❤❛✈❡ ✉�❡❞ �❤❡ ♣�✐♠❡� �♦ ❡①♣�❡�� �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ ✈❛�✐❛❜❧❡ a✳ ❊✈❛❧✉❛�✐♥❣

❛❧�♦ �❤❡ ��✉❛�❡�✱ ✇❡ ✇✐❧❧ ❤❛✈❡

ρ2 = f2α+
f4

4
β +

f6

36
γ✭✺✮

+ f3T
1
+

f4

3
T

2
+

f5

12
(T

3
+ 2T

4
) +

f6

120
(2T

5
+ 5T

6
) + ❡�❝✳

✇❤❡�❡ �❤✐� �❤♦��✲❤❛♥❞ ♥♦�❛�✐♦♥ ❤❛� ❜❡❡♥ ✉�❡❞

α = x
′2 + y

′2 + z
′2

β = x
′′2 + y

′′2 + z
′′2✭✻✮

γ = x
′′′2 + y

′′′2 + z
′′′2

❛♥❞ ✇❤❡�❡ ✇❡ ✐♥��♦❞✉❝❡❞ �❤❡ �②♠❜♦❧� T
1
, T

2
, T

3
, ❡�❝✳ ❢♦� ❛♥ ✐♥✜♥✐�❡ �❡�✉❡♥❝❡ ♦❢ ��✐♥♦♠✐❛❧�✱ �❤❡

✜��� ♦♥❡� ♦❢ �❤❡♠ ■ ❡①♣❧✐❝✐�❧② ✇�✐�❡ ❞♦✇♥

T
1
= x

′

x
′′

+ y
′

y
′′

+ z
′

z
′′

T
2
= x

′

x
′′′

+ y
′

y
′′′

+ z
′

z
′′′

T
3
= x

′

x
IV

+ y
′

y
IV

+ z
′

z
IV

T
4
= x

′′

x
′′′

+ y
′′

y
′′′

+ z
′′

z
′′′

✭✼✮

T
5
= x

′

x
V

+ y
′

y
V

+ z
′

z
V

T
6
= x

′′

x
IV

+ y
′′

y
IV

+ z
′′

z
IV

❡�❝✳ ❡�❝✳ ❡�❝✳

❚❤❡ ❡�✉❛�✐♦♥ ✭✺✮ ♠✉�� ❜❡ ❝♦♠♣❛�❡❞ ✇✐�❤ �❤❡ ❡�✉❛�✐♦♥ ✭✶✸✮ ✐♥ �❤❡ ❛❧�❡❛❞② ❝✐�❡❞ ❈❛♣♦ ❱■ ♣✳♠✳✿

✇❡ ✇✐❧❧ ❝♦♥�✐❞❡� ✐��
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✈❛�✐❛�❛ ✐♥ ❝♦��✐�♣♦♥❞❡♥③❛ ❞❡❧❧❛ ✭✶✻✮ ❞✐ �✉❡❧ ❧✉♦❣♦✱ ❡ ❛ �✐�❝♦♥��♦ ❞✐ �✉❡❧❧❛ ✭✶✼✮ ❢♦�♠❡�❡♠♦

❧✬❡�♣�❡��✐♦♥❡

✭✽✮
∫

df · Λδρ2 =

(1) δα+ (2) δβ + (3) δγ + (4) δT1 + (5) δT2 + (6) δT3 + ❡❝✳

❞❛ ✐♥��♦❞✉��✐ �♦��♦ ✐❧ �❡❣♥♦ ✐♥�❡❣�❛❧❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✮ ❣❡♥❡�❛❧✐��✐♠❛ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐✳ ■

❝♦❡✣❝✐❡♥�✐ (1) , (2) , (3) ....�♦♥♦ ❞❛ ❝♦♥�✐❞❡�❛��✐ ❢✉♥③✐♦♥✐ ❞✐ a✱ ❡��❡♥❞♦✈✐ �♣❛�✐�❛ ❧❛ f ♣❡� ❡✛❡��♦

❞❡❧❧❡ ✐♥�❡❣�❛③✐♦♥✐ ❞❡✜♥✐�❡✳

✶✹✳ ◗✉✐✱ ❝♦♠❡ ❛❧ ♥✳✼✹ ♠✳♣✳ ✱ ❢❛�❡♠♦ ✈❡❞❡�❡ ❝❤❡ �✉��✐ ✐ ��✐♥♦♠❥ T
1
, T

2
, T

3
, ec✳ ❛❧❧✬✐♥✜♥✐�♦

♣♦��♦♥♦ ❛✈❡��✐ ❡�♣�❡��✐ ♣❡✐ ♣�✐♠✐ ��❡ α, β, γ ✭ ❡�✉❛③✐♦♥✐ ✭✻✮✮ ❡ ♣❡� ❧❡ ❧♦�♦ ❞❡�✐✈❛�❡ �✐�♣❡��♦ ❛❞ a

❞✐ �✉❛❧✉♥�✉❡ ♦�❞✐♥❡✳

➮ ❢❛❝✐❧❡ ❛❝❝♦�❣❡��✐ ❝❤❡ �♦♥♦

T1 =
1

2
α′; T2 =

1

2
α′′ − β; T3 =

1

2
α′′′ − 3

2
β′✭✾✮

T4 =
1

2
β′; T5 =

1

2
α

IV − 2β′′ + γ; T6 =
1

2
β′′ − γ; ❡❝✳

❉♦✈❡ �✬✐♥❝♦♥��❛ ♠❛❣❣✐♦�❡ ❞✐✣❝♦❧�* + ♥❡❧ ♣�♦✈❛�❡ ❞✐♣❡♥❞❡♥�✐ ❞❛✐ �♦❧✐ ��❡ ��✐♥♦♠❥ α, β, γ ❡ ❧♦�♦

❞❡�✐✈❛�❡ �✉❡❧❧✐ ❝❤❡ ❧♦�♦ �❡��❡❜❜❡�♦ ❞✐❡��♦ ♥❡❧❧✬♦�❞✐♥❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✻✮✱ ❝✐♦+ ✐ ��✐♥♦♠❥

✭✶✵✮ xIV 2 + yIV 2 + zIV 2; xV 2 + yV 2 + zV 2; ❡❝✳

❆ ❝♦♥�❡❣✉✐�❡ ✉♥ �❛❧ ✜♥❡ ❤❛✈✈✐ ✉♥ ♠❡�♦❞♦ ❞✐ ❞✐♠♦���❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❝❤❡✱ �✉❛♥�✉♥�✉❡ ✉♥ ♣/

❧✉♥❣♦✱ ♠❡�✐�❛ ❞✐ ❡��❡�❡ �✐❢❡�✐�♦ ❛♥❝❤❡ ♣❡�❝❤+ ❝✐ ✈❡��* ✉�✐❧✐��✐♠♦ ♣❡� ✉♥ ♣❛��♦ ❞❡❧ ❈❛♣♦ ❱✳

❙✐❛♥♦ ��❡ ❡�✉❛③✐♦♥✐✱ ❝♦♠❡ ❧❡ �❡❣✉❡♥�✐

x′X + y′Y + z′Z = L

x′′X + y′′Y + z
′′

Z = M✭✶✶✮

x′′′X + y′′′Y + z′′′Z = N.

❈❛✈❛♥❞♦ ❞❛ �✉❡��❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ X,Y, Z ♣❡� ♠❡③③♦ ❞❡❧❧❡ ❢♦�♠♦❧❡ ❡❧❡♠❡♥�❛�✐ ❝❤❡ ❞❛♥♥♦ ❧❛

�✐�♦❧✉③✐♦♥❡ ❞✐ ��❡ ❡�✉❛③✐♦♥✐ ❞✐ ♣�✐♠♦ ❣�❛❞♦ ❛ ��❡ ✐♥❝♦❣♥✐�❡✱ ♦��❡♥✐❛♠♦

X =
1

D
{L(y′′z′′′ − z′′y′′′) +M (z′y′′′ − y′z′′′) +N (y′z′′ − z′y′′)}

Y =
1

D
{L(z′′x′′′ − x′′z′′′) +M (x′z′′′ − z′x′′′) +N (z′x′′ − x′z′′)}✭✶✷✮

Z =
1

D
{L(x′′y′′′ − y′′x′′′) +M (y′x′′′ − x′y′′′) +N (x′y′′ − y′x′′)}

✲ ✸✾ ✲❊◆●

✈❛�✐❛�✐♦♥ ✇❤✐❝❤ ❝♦��❡�♣♦♥❞� �♦ �❤❡ ❡�✉❛�✐♦♥ ✭✶✻✮ ✐♥ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❈❛♣♦✱ ❛♥❞ ✇❡ ✇✐❧❧

♦❜�❛✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣�❡��✐♦♥✱ ✇❤✐❝❤ ♣❛�❛❧❧❡❧� ❡�✉❛�✐♦♥ ✭✶✼✮ ❬❛❣❛✐♥ ✐♥ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❈❛♣♦❪✱

✭✽✮
∫

df · Λδρ2 =

(1) δα+ (2) δβ + (3) δγ + (4) δT1 + (5) δT2 + (6) δT3 + ❡�❝✳

✇❤✐❝❤ ❤❛� �♦ ❜❡ ✐♥��♦❞✉❝❡❞ ✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ �✐❣♥ ♦❢ �❤❡ ♠♦�� ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✶✮ ✇❤✐❝❤ ✐�

✈❛❧✐❞ ❢♦� �❤❡ ❧✐♥❡❛� �②��❡♠�✳ ❚❤❡ ❝♦❡✣❝✐❡♥�� (1) , (2) , (3) .... ❛�❡ �♦ ❜❡ �❡❣❛�❞❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢

✈❛�✐❛❜❧❡ a✱ �✐♥❝❡ ✈❛�✐❛❜❧❡ f ❞✐�❛♣♣❡❛�❡❞ ✐♥ �❤❡♠ ❜❡❝❛✉�❡ ♦❢ �❤❡ ♣❡�❢♦�♠❡❞ ❞❡✜♥✐�❡ ✐♥�❡❣�❛�✐♦♥�✳

✶✹✳ ❍❡�❡✱ ❡①❛❝�❧② ❛� ✐� ✐� ❞♦♥❡ ✐♥ �❤❡ �❡❝�✳ ✼✹ ♣✳♠✳✱ ✇✐❧❧ ✇❡ �❤♦✇ �❤❛� ❛❧❧ ✐♥✜♥✐�❡ ��✐♥♦♠✐❛❧�

T
1
, T

2
, T

3
, ❡�❝✳ ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ✐♥ �❡�♠� ♦❢ �❤❡ ✜��� �❤�❡❡ α, β, γ ✭ ❡�✉❛�✐♦♥� ✭✻✮✮ ❛♥❞ ✐♥ �❡�♠�

♦❢ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ♦❢ ❛❧❧ ♦�❞❡�� ✇✐�❤ �❡�♣❡❝� �♦ ✈❛�✐❛❜❧❡ a✳

■� ✐� ❡❛�② �♦ ❜❡ ♣❡��✉❛❞❡❞ �❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛❧✐�✐❡� ❤♦❧❞✿

T1 =
1

2
α′; T2 =

1

2
α′′ − β; T3 =

1

2
α′′′ − 3

2
β′✭✾✮

T4 =
1

2
β′; T5 =

1

2
α

IV − 2β′′ + γ; T6 =
1

2
β′′ − γ; ❡�❝✳

❲❤❡�❡ ♦♥❡ ✜♥❞� ♠♦�❡ ❞✐✣❝✉❧�✐❡� ✐� ✐� ✐♥ ❞❡♠♦♥���❛�✐♥❣ �❤❛� ��✐♥♦♠✐❛❧� ✇❤✐❝❤ ✇✐❧❧ ❢♦❧❧♦✇ ✐♥ �❤❡

❞❡�✐✈❛�✐♦♥ ♦�❞❡� ✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✻✮✱ ✐✳❡✳ ��✐♥♦♠✐❛❧�

✭✶✵✮ xIV 2 + yIV 2 + zIV 2; xV 2 + yV 2 + zV 2; ❡�❝✳

❛❧�♦ ❞❡♣❡♥❞ ♦♥❧② ♦♥ ��✐♥♦♠✐❛❧� α, β, γ ❛♥❞ �❤❡✐� ❞❡�✐✈❛�✐✈❡�✳

■♥ ♦�❞❡� �♦ ♣✉��✉❡ �❤✐� ❛✐♠ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❝♦♥❝❡✐✈❡ ❛ ❣❡♥❡�❛❧ ❞❡♠♦♥���❛�✐♦♥ ♠❡�❤♦❞ ✇❤✐❝❤✱

�❤♦✉❣❤ �♦♠❡❤♦✇ ❧❡♥❣�❤②✱ ❞❡�❡�✈❡� ❜❡✐♥❣ ♣�❡�❡♥�❡❞ ❛❧�♦ ❜❡❝❛✉�❡ ✐� ✇✐❧❧ ❜❡ ✈❡�② ✉�❡❢✉❧ ✐♥ ♦✉�

��❡❛�♠❡♥� ♦❢ ❛ ♣❛��❛❣❡ ✐♥ ❈❛♣♦ ❱✳

▲❡� ✉� ❝♦♥�✐❞❡� �❤�❡❡ ❡�✉❛�✐♦♥�✱ ❛� �❤❡ ❢♦❧❧♦✇✐♥❣

x′X + y′Y + z′Z = L

x′′X + y′′Y + z
′′

Z = M✭✶✶✮

x′′′X + y′′′Y + z′′′Z = N.

❇② ❝❛❧❝✉❧❛�✐♥❣ ❢�♦♠ �❤❡�❡ �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ✉♥❦♥♦✇♥� X,Y, Z ❜② ♠❡❛♥� ♦❢ �❤❡ ❡❧❡♠❡♥�❛�②

❢♦�♠✉❧❛❡ ✇❤✐❝❤ ❣✐✈❡ �❤❡ �♦❧✉�✐♦♥ ♦❢ �❤�❡❡ ❧✐♥❡❛� ❡�✉❛�✐♦♥� ✐♥ �❤�❡❡ ✉♥❦♥♦✇♥ ✈❛�✐❛❜❧❡�✱ ✇❡ ❣❡�

X =
1

D
{L(y′′z′′′ − z′′y′′′) +M (z′y′′′ − y′z′′′) +N (y′z′′ − z′y′′)}

Y =
1

D
{L(z′′x′′′ − x′′z′′′) +M (x′z′′′ − z′x′′′) +N (z′x′′ − x′z′′)}✭✶✷✮

Z =
1

D
{L(x′′y′′′ − y′′x′′′) +M (y′x′′′ − x′y′′′) +N (x′y′′ − y′x′′)}



✲ ✹✵ ✲

❡��❡♥❞♦

✭✶✸✮ D = x′(y′′z′′′ − z′′y′′′) + x′′ (z′y′′′ − y′z′′′) + x′′′ (y′z′′ − z′y′′) .

◗✉❛❞�❛♥❞♦ �✉❡��❡ ❡�✉❛③✐♦♥✐ ✭✶✷✮ ❡ �♦♠♠❛♥❞♦❧❡✱ ❞❡❞✉❝✐❛♠♦

D2
(

X2 + Y 2 + Z2
)

=✭✶✹✮

L2
{

(y′′z′′′ − z′′y′′′)2 + (z′′x′′′ − x′′z′′′)
2
+ (x′′y′′′ − y′′x′′′)

2
}

+M2
{

(z′y′′′ − y′z′′′)2 + (x′z′′′ − z′x′′′)
2
+ (y′x′′′ − x′y′′′)

2
}

+N2
{

(y′z′′ − z′y′′)2 + (z′x′′ − x′z′′)
2
+ (x′y′′ − y′x′′)

2
}

+ 2LM {(y′′z′′′ − z′′y′′′)(z′y′′′ − y′z′′′) + (z′′x′′′ − x′′z′′′) (x′z′′′ − z′x′′′)

+ (x′′y′′′ − y′′x′′′) (y′x′′′ − x′y′′′)}
+ 2LN {(y′′z′′′ − z′′y′′′)(y′z′′ − z′y′′) + (z′′x′′′ − x′′z′′′) (z′x′′ − x′z′′)

+ (x′′y′′′ − y′′x′′′) (x′y′′ − y′x′′)}
+ 2MN {(z′y′′′ − y′z′′′)(y′z′′ − z′y′′) + (x′z′′′ − z′x′′′) (z′x′′ − x′z′′)

+ (y′x′′′ − x′y′′′) (x′y′′ − y′x′′)} .

❖�❛ �✐ �✐❝❤✐❛♠✐♥♦ ❧❡ ❢♦�♠♦❧❡ ✭✸✵✮✱ ✭✸✷✮ ❞❡❧ ♥✳✻✼ ♠✳♣✳✱ ❡ ❛♣♣❧✐❝❛♥❞♦ ♣❛③✐❡♥�❡♠❡♥�❡ ��❡ ✈♦❧�❡

❧❛ ♣�✐♠❛ ❛ ��❛�❢♦�♠❛�❡ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ✐ ❝♦❡✣❝✐❡♥�✐ ❞✐ L2,M2, N2, ❡ ��❡ ✈♦❧�❡ ❧❛ �❡❝♦♥❞❛ ❛

��❛�❢♦�♠❛�❡ �✉❡❧❧✐ ❞✐ 2LM, 2LN, 2MN, ��♦✈❡�❡♠♦ ❝❤❡ ✐❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❞✐ �✉❡��❛ ✭✶✹✮ ✭ ✈✐��❡

❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✻✮✱ ✭✼✮ ❛❞♦��❛�❡ ♣✐$ �♦♣�❛✮ ♣�❡♥❞❡ ❧❛ ❢♦�♠❛

L2
(

βγ − T 2
4

)

+M2(αγ − T
2

2
) +N2

(

αβ − T 2
1

)

✭✶✺✮

+ 2LM (T
4
T

2
− γT

1
) + 2LN (T

1
T

4
− βT

2
) + 2MN (T

1
T

2
− αT

4
) .

◗✉✐♥❞✐✱ �♦��✐�✉❡♥❞♦ ♣❡� T
1
, T

2
, T

3
✐ ✈❛❧♦�✐ ❞❛�✐❝✐ ❞❛❧❧❡ ✭✾✮✱ ❧❛ ✭✶✹✮ ❞✐✈❡♥�❡�'

D2
(

X2 + Y 2 + Z2
)

=✭✶✻✮

L2

(

βγ − 1

4
β′2

)

+M2

(

αγ − 1

4
(α′′ − 2β)

2
)

+N2

(

αβ − 1

4
α′2

)

+LM

(

1

2
β′ (α′′ − 2β)− γα′

)

+ LN

(

1

2
α′β′ − β (α′′ − 2β)

)

+MN

(

1

2
α′ (α′′ − 2β)− αβ′

)

.

(�❡�❡♥�❡♠❡♥�❡ ❝✐ ❝♦♥✈✐❡♥❡ ��❛��❡♥❡�❝✐ ❛ ❞✐♠♦���❛�❡ ❝❤❡ ❧❛ �✉❛♥�✐�' D✱ �✉❛❧❡ ) ❞❛�❛ ❞❛❧❧❛ ✭✶✸✮✱

♣✉* ❡��❡�❡ �✐❞♦��❛ ❛❞ ✉♥❛ ❡�♣�❡��✐♦♥❡ ❢❛��❛ ❞❡❧❧❡ �♦❧❡ α, β, γ ❡ ❧♦�♦ ❞❡�✐✈❛�❡✳ ❖��❡�✈✐❛♠♦ ❧❡ ��❡

❡�✉❛③✐♦♥✐

D = x′(y′′z′′′ − z′′y′′′) + x′′(z′y′′′ − y′z′′′) + x′′′(y′z′′ − z′y′′)

0 = y′(y′′z′′′ − z′′y′′′) + y′′(z′y′′′ − y′z′′′) + y′′′(y′z′′ − z′y′′)

0 = z′(y′′z′′′ − z′′y′′′) + z′′(z′y′′′ − y′z′′′) + z′′′(y′z′′ − z′y′′)

✲ ✹✵ ✲❊◆●

❜❡✐♥❣

✭✶✸✮ D = x′(y′′z′′′ − z′′y′′′) + x′′ (z′y′′′ − y′z′′′) + x′′′ (y′z′′ − z′y′′) .

❇② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ��✉❛�❡ ♦❢ �❤❡ ♦❜�❛✐♥❡❞ ❡�✉❛�✐♦♥� ✭✶✷✮ ❛♥❞ �✉♠♠✐♥❣ �❤❡♠ ✉♣ ✇❡ ❞❡❞✉❝❡

D2
(

X2 + Y 2 + Z2
)

=✭✶✹✮

L2
{

(y′′z′′′−z′′y′′′)2+(z′′x′′′−x′′z′′′)
2
+(x′′y′′′−y′′x′′′)

2
}

+M2
{

(z′y′′′−y′z′′′)2+(x′z′′′−z′x′′′)
2
+(y′x′′′−x′y′′′)

2
}

+N2
{

(y′z′′−z′y′′)2+(z′x′′−x′z′′)
2
+(x′y′′−y′x′′)

2
}

+2LM{(y′′z′′′−z′′y′′′)(z′y′′′−y′z′′′)+(z′′x′′′−x′′z′′′)(x′z′′′−z′x′′′)

+(x′′y′′′−y′′x′′′)(y′x′′′−x′y′′′)}
+2LN{(y′′z′′′−z′′y′′′)(y′z′′−z′y′′)+(z′′x′′′−x′′z′′′)(z′x′′−x′z′′)

+(x′′y′′′−y′′x′′′)(x′y′′−y′x′′)}
+2MN{(z′y′′′−y′z′′′)(y′z′′−z′y′′)+(x′z′′′−z′x′′′)(z′x′′−x′z′′)

+(y′x′′′−x′y′′′)(x′y′′−y′x′′)}.

❇② �❡❝❛❧❧✐♥❣ ♥♦✇ �❤❡ ❢♦�♠✉❧❛� ✭✸✵✮✱ ✭✸✷✮ ✐♥ �❤❡ �❡❝�✳ ✻✼ ♣✳♠✳ ❛♥❞ ❛♣♣❧②✐♥❣ ♣❛�✐❡♥�❧② �❤�❡❡

�✐♠❡� �❤❡ ✜��� ♦♥❡ ✐♥ ♦�❞❡� �♦ ��❛♥�❢♦�♠ ✐♥ �❤❡ ♣�❡✈✐♦✉� ♦♥❡ �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ �✉❛♥�✐✲

�✐❡� L2,M2, N2, ❛♥❞ ❬❛♣♣❧②✐♥❣❪ �❤❡ �❡❝♦♥❞ ♦♥❡ �♦ ��❛♥�❢♦�♠ �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ �✉❛♥�✐�✐❡�

2LM, 2LN, 2MN, ✇❡ ✇✐❧❧ ✜♥❞ �❤❛� �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢ �❤✐� ❧❛�� ❡�✉❛�✐♦♥ ✭✶✹✮ ✭✇❤❡♥ ✉�✐♥❣

�❤❡ ♣�❡✈✐♦✉�❧② ✐♥��♦❞✉❝❡❞ ❞❡✜♥✐�✐♦♥� ✭✻✮✱ ✭✼✮✮ ❛��✉♠❡� �❤❡ ❢♦�♠

L2
(

βγ − T 2
4

)

+M2(αγ − T
2

2
) +N2

(

αβ − T 2
1

)

✭✶✺✮

+ 2LM (T
4
T

2
− γT

1
) + 2LN (T

1
T

4
− βT

2
) + 2MN (T

1
T

2
− αT

4
) .

❚❤❡�❡❢♦�❡✱ ❜② �❡♣❧❛❝✐♥❣ ❢♦� �✉❛♥�✐�✐❡� T
1
, T

2
, T

3
�❤❡ ✈❛❧✉❡� ❣✐✈❡♥ �♦ ✉� ❜② �❤❡ ❡�✉❛�✐♦♥� ✭✾✮✱ �❤❡

❡�✉❛�✐♦♥ ✭✶✹✮ ✇✐❧❧ ❜❡❝♦♠❡

D2
(

X2 + Y 2 + Z2
)

=✭✶✻✮

L2

(

βγ − 1

4
β′2

)

+M2

(

αγ − 1

4
(α′′ − 2β)

2
)

+N2

(

αβ − 1

4
α′2

)

+LM

(

1

2
β′ (α′′ − 2β)− γα′

)

+ LN

(

1

2
α′β′ − β (α′′ − 2β)

)

+MN

(

1

2
α′ (α′′ − 2β)− αβ′

)

.

■� ✐� ❝♦♥✈❡♥✐❡♥� ♥♦✇ �♦ ❡♥❣❛❣❡ ♦✉��❡❧✈❡� ✐♥ �❤♦✇✐♥❣ �❤❛� �✉❛♥�✐�② D✱ ❛� ✐� ✐� ❣✐✈❡♥ ❜② ✭✶✸✮✱ ❝❛♥

❜❡ �❡❞✉❝❡❞ �♦ ❛♥ ❡①♣�❡��✐♦♥ ✇❤❡�❡ ♦♥❧② �✉❛♥�✐�✐❡� α, β, γ ❛♥❞ ❛❧❧ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ❡✛❡❝�✐✈❡❧②

❛♣♣❡❛�✳ ▲❡� ✉� ♦❜�❡�✈❡ �❤❡�❡ �❤�❡❡ ❡�✉❛�✐♦♥�✿

D = x′(y′′z′′′ − z′′y′′′) + x′′(z′y′′′ − y′z′′′) + x′′′(y′z′′ − z′y′′)

0 = y′(y′′z′′′ − z′′y′′′) + y′′(z′y′′′ − y′z′′′) + y′′′(y′z′′ − z′y′′)

0 = z′(y′′z′′′ − z′′y′′′) + z′′(z′y′′′ − y′z′′′) + z′′′(y′z′′ − z′y′′)



✲ ✹✶ ✲

❞❡❧❧❡ �✉❛❧✐ ❧❛ ♣�✐♠❛ � ❧❛ ��❡��❛ ✭✶✸✮✱ ❡ ❧❡ ❛❧��❡ ❞✉❡ �♦♥♦ ♠❛♥✐❢❡��❛♠❡♥�❡ ✐❞❡♥�✐❝❤❡✿ �✉❡��❡✱

�✉❛❞�❛�❡ ❡ �♦♠♠❛�❡✱ ❞❛♥♥♦

D2 = α(y′′z′′′ − z′′y′′′)2 + β(z′y′′′ − y′z′′′)2 + γ(y′z′′ − z′y′′)2✭✶✼✮

+ 2T1(y
′′z′′′ − z′′y′′′)(z′y′′′ − y′z′′′) + 2T2(y

′′z′′′ − z′′y′′′)(y′z′′ − z′y′′)

+ 2T4(z
′y′′′ − y′z′′′)(y′z′′ − z′y′′).

◆♦�✐❛♠♦ �✉❡��❡ ❛❧��❡ ��❡ ❡�✉❛③✐♦♥✐

0 = x′ (z′′x′′′ − x′′z′′′) + x′′ (x′z′′′ − z′x′′′) + x′′′ (z′x′′ − x′z′′)

D = y′ (z′′x′′′ − x′′z′′′) + y′′ (x′z′′′ − z′x′′′) + y′′′ (z′x′′ − x′z′′)

0 = z′ (z′′x′′′ − x′′z′′′) + z′′ (x′z′′′ − z′x′′′) + z′′′ (z′x′′ − x′z′′)

❞✐ ❝✉✐ ❧❛ ♣�✐♠❛ ❡ ❧❛ �❡�③❛ �♦♥♦ ✈✐�✐❜✐❧♠❡♥�❡ ✐❞❡♥�✐❝❤❡✱ ❡ �✉❡❧❧❛ ❞✐ ♠❡③③♦ � ❧❛ ��❡��❛ ✭✶✸✮✱ ❛✈❡♥❞♦♥❡

❞✐✈❡��❛♠❡♥�❡ ♦�❞✐♥❛�✐ ✐ �❡�♠✐♥✐ ♥❡❧ �❡❝♦♥❞♦ ♠❡♠❜�♦✳ ◗✉❡��❡ ♣✉�❡✱ �✉❛❞�❛�❡ ❡ �♦♠♠❛�❡✱ ❝✐

♣♦�❣♦♥♦

D2 = α (z′′x′′′ − x′′z′′′)
2
+ β (x′z′′′ − z′x′′′)

2
+ γ (z′x′′ − x′z′′)

2
✭✶✽✮

+ 2T1 (z
′′x′′′ − x′′z′′′) (x′z′′′ − z′x′′′) + 2T2 (z

′′x′′′ − x′′z′′′) (z′x′′ − x′z′′)

+ 2T4 (x
′z′′′ − z′x′′′) (z′x′′ − x′z′′) .

$♦♥✐❛♠♦ ❛��❡♥③✐♦♥❡ ❞❛ ✉❧�✐♠♦ ❛❧❧❡ ��❡ ❡�✉❛③✐♦♥✐

0 = x′ (x′′y′′′ − y′′x′′′) + x′′ (y′x′′′ − x′y′′′) + x′′′ (x′y′′ − y′x′′)

0 = y′ (x′′y′′′ − y′′x′′′) + y′′ (y′x′′′ − x′y′′′) + y′′′ (x′y′′ − y′x′′)

D = z′ (x′′y′′′ − y′′x′′′) + z′′ (y′x′′′ − x′y′′′) + z′′′ (x′y′′ − y′x′′)

❞❡❧❧❡ �✉❛❧✐ ❧❡ ♣�✐♠❡ ❞✉❡ �♦♥♦ ✐❞❡♥�✐❝❤❡✱ ❡ ❧❛ �❡�③❛ � ❛♥❝♦�❛ ❧❛ ✭✶✸✮ ❞✐✈❡��❛♠❡♥�❡ ♦�❞✐♥❛�❛✳

◗✉❛❞�❛♥❞♦ ❡ �♦♠♠❛♥❞♦ ❛❧ �♦❧✐�♦✱ ❣✐✉♥❣✐❛♠♦ ❛❧❧❛ �❡❣✉❡♥�❡

D2 = α (x′′y′′′ − y′′x′′′)
2
+ β (y′x′′′ − x′y′′′)

2
+ γ (x′y′′ − y′x′′)

2
✭✶✾✮

+ 2T1 (x
′′y′′′ − y′′x′′′) (y′x′′′ − x′y′′′) + 2T2 (x

′′y′′′ − y′′x′′′) (x′y′′ − y′x′′)

+ 2T4 (y
′x′′′ − x′y′′′) (x′y′′ − y′x′′) .

❙♦♠♠✐❛♠♦ ♦�❛ ❧❡ ��❡ ❡�✉❛③✐♦♥✐ ✭✶✼✮✱ ✭✶✽✮✱ ✭✶✾✮✿ ❢♦�♠❡�❡♠♦ ✉♥❛ ❡�✉❛③✐♦♥❡ ✐❧ ❝✉✐ ♣�✐♠♦ ♠❡♠❜�♦

�❛�' 3D2✱ ❡❞ ✐❧ �❡❝♦♥❞♦ ♣♦��' ❡��❡�❡ ♦�❞✐♥❛�♦ ❝♦♠❡ �✉❡❧❧♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✹✮❀ ��❛♥❞♦ ❧❡ �✉❛♥�✐�'

α, β, δ, 2T1,2T2,2T4

✲ ✹✶ ✲❊◆●

�❤❡ ✜��� ♦♥❡ ♦❢ ✇❤✐❝❤ ✐� ❡①❛❝�❧② ❡�✉❛�✐♦♥ ✭✶✸✮✱ ❛♥❞ �❤❡ ♦�❤❡� �✇♦ ❛�❡ ♠❛♥✐❢❡��❧② ��✉❡✿ �❤❡�❡

�❤�❡❡ ❡�✉❛�✐♦♥�✱ ♦♥❝❡ ��✉❛�❡❞ ❛♥❞ �❤❡♥ �✉♠♠❡❞ ✉♣✱ ❣✐✈❡✿

D2 = α(y′′z′′′ − z′′y′′′)2 + β(z′y′′′ − y′z′′′)2 + γ(y′z′′ − z′y′′)2✭✶✼✮

+ 2T1(y
′′z′′′ − z′′y′′′)(z′y′′′ − y′z′′′) + 2T2(y

′′z′′′ − z′′y′′′)(y′z′′ − z′y′′)

+ 2T4(z
′y′′′ − y′z′′′)(y′z′′ − z′y′′).

▲❡� ✉� �❡♠❛�❦ �❤❛� ❛❧�♦ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤�❡❡ ❡�✉❛�✐♦♥� ❤♦❧❞✿

0 = x′ (z′′x′′′ − x′′z′′′) + x′′ (x′z′′′ − z′x′′′) + x′′′ (z′x′′ − x′z′′)

D = y′ (z′′x′′′ − x′′z′′′) + y′′ (x′z′′′ − z′x′′′) + y′′′ (z′x′′ − x′z′′)

0 = z′ (z′′x′′′ − x′′z′′′) + z′′ (x′z′′′ − z′x′′′) + z′′′ (z′x′′ − x′z′′)

�❤❡ ✜��� ❛♥❞ �❤❡ �❤✐�❞ ♦❢ ✇❤✐❝❤ ❛�❡ ♠❛♥✐❢❡��❧② ✈❡�✐✜❡❞ ❛♥❞ �❤❡ �❡❝♦♥❞ ✐� ❛❣❛✐♥ ❡①❛❝�❧② �❤❡

❡�✉❛�✐♦♥ ✭✶✸✮✱ �❤❡ �❡�♠� ♦❢ ✐�� �✐❣❤�✲❤❛♥❞ �✐❞❡ ❜❡✐♥❣ �✐♠♣❧② ♦�❞❡�❡❞ ❞✐✛❡�❡♥�❧②✳ ❆❣❛✐♥ �❤❡�❡

❧❛�� �❤�❡❡ ❡�✉❛�✐♦♥�✱ ♦♥❝❡ ��✉❛�❡❞ ❛♥❞ �❤❡♥ �✉♠♠❡❞ ✉♣✱ ❣✐✈❡✿

D2 = α (z′′x′′′ − x′′z′′′)
2
+ β (x′z′′′ − z′x′′′)

2
+ γ (z′x′′ − x′z′′)

2
✭✶✽✮

+ 2T1 (z
′′x′′′ − x′′z′′′) (x′z′′′ − z′x′′′) + 2T2 (z

′′x′′′ − x′′z′′′) (z′x′′ − x′z′′)

+ 2T4 (x
′z′′′ − z′x′′′) (z′x′′ − x′z′′) .

▲❡� ✉� ❝♦♥�✐❞❡� ✜♥❛❧❧② �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥�

0 = x′ (x′′y′′′ − y′′x′′′) + x′′ (y′x′′′ − x′y′′′) + x′′′ (x′y′′ − y′x′′)

0 = y′ (x′′y′′′ − y′′x′′′) + y′′ (y′x′′′ − x′y′′′) + y′′′ (x′y′′ − y′x′′)

D = z′ (x′′y′′′ − y′′x′′′) + z′′ (y′x′′′ − x′y′′′) + z′′′ (x′y′′ − y′x′′)

�❤❡ ✜��� �✇♦ ♦❢ �❤❡♠ ❛�❡ ✐❞❡♥�✐❝❛❧❧② ✈❡�✐✜❡❞ ❛♥❞ �❤❡ �❤✐�❞ ✐� ❛❣❛✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✸✮ ✇❤♦❡�❡

�❡�♠� ❤❛✈❡ ❜❡❡♥ ♦�❞❡�❡❞ ❞✐✛❡�❡♥�❧②✳ ❇② ��✉❛�✐♥❣ ❛♥❞ �✉♠♠✐♥❣ ✉♣✱ ❛� ✉�✉❛❧✱ ✇❡ ❛��✐✈❡ ❛� �❤❡

❢♦❧❧♦✇✐♥❣ ♦♥❡

D2 = α (x′′y′′′ − y′′x′′′)
2
+ β (y′x′′′ − x′y′′′)

2
+ γ (x′y′′ − y′x′′)

2
✭✶✾✮

+ 2T1 (x
′′y′′′ − y′′x′′′) (y′x′′′ − x′y′′′) + 2T2 (x

′′y′′′ − y′′x′′′) (x′y′′ − y′x′′)

+ 2T4 (y
′x′′′ − x′y′′′) (x′y′′ − y′x′′) .

▲❡� ✉� �✉♠ ✉♣ ♥♦✇ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ✭✶✼✮✱ ✭✶✽✮✱ ✭✶✾✮✿ ✇❡ ✇✐❧❧ ♦❜�❛✐♥ ♦♥❡ ❡�✉❛�✐♦♥ ✇❤♦�❡

❧❡❢�✲❤❛♥❞ �✐❞❡ ✇✐❧❧ ❜❡ 3D2✱ ✇❤✐❧❡ ✐�� �✐❣❤�✲❤❛♥❞ �✐❞❡ ❝❛♥ ❜❡ ♦�❞❡�❡❞ ❛� �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢

❡�✉❛�✐♦♥ ✭✶✹✮❀ �✉❜��✐�✉�✐♥❣ �✉❛♥�✐�✐❡�

α, β, δ, 2T1,2T2,2T4
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�✐�♣❡		✐✈❛♠❡♥	❡ ❛❧ ❧✉♦❣♦ ❞❡❧❧❡

L2,M2, N2, 2LM, 2LN,MN ;

♣♦	�❡♠♦ �✉✐♥❞✐ ♣�❛	✐❝❛�❡ ❧❡ �	❡��❡ 	�❛�❢♦�♠❛③✐♦♥✐ ❢❛		❡ �✉❧❧❛ ✭✶✹✮✿ ❝♦�� ✭�✐❝❤✐❛♠❛	❛ ❧✬❡�♣�❡��✐♦♥❡
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(
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x′xIV + y′yIV + z′zIV =
1

2
α′′′ − 3

2
β′

x′′xIV + y′′yIV + z′′zIV =
1

2
β′′ − γ

x′′′xIV + y′′′yIV + z′′′zIV =
1

2
γ′,
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❖��❡�✈✐♥�✐ ❛♥❝❤❡ ❧❡ ❡�✉❛③✐♦♥✐

x′x
V

+ y′y
V

+ z′z
V

=
1

2
α

IV ′ − 2β′′ + γ

x′′x
V

+ y′′y
V

+ z′′z
V

=
1

2
β′′′ − 3

2
γ′

x′′′x
V

+ y′′′y
V

+ z′′′z
V

=
1

2
γ′′ − ϑ

✲ ✹✷ ✲❊◆●

�❡�♣❡❝	✐✈❡❧② ❛	 	❤❡ ♣❧❛❝❡ ♦❢ 	❤❡ �✉❛♥	✐	✐❡�

L2,M2, N2, 2LM, 2LN,MN ;
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❆❢	❡� 	❤❛	✱ ❛ �✐♠♣❧❡ ✐♥�♣❡❝	✐♦♥ ♦❢ 	❤❡ ❡�✉❛	✐♦♥ ✭✶✻✮ ✇✐❧❧ �❡✈❡❛❧ 	❤❡ 	�✉	❤ ♦❢ 	❤❡ ❢♦❧❧♦✇✐♥❣

	❤❡♦�❡♠✳ ■❢ ✐♥ 	❤❡ ❡�✉❛	✐♦♥� ✭✶✶✮ ❛❧❧ 	❤❡ �✉❛♥	✐	✐❡� L,M,N ♦♥ 	❤❡ �✐❣❤	✲❤❛♥❞ �✐❞❡ ❛�❡ �✉❛♥	✐	✐❡�

❣✐✈❡♥ ❡①❝❧✉�✐✈❡❧② ✐♥ 	❡�♠� ♦❢ 	❤❡ ♦	❤❡� �✉❛♥	✐	✐❡� α, β, γ ❛♥❞ ♦❢ ❛❧❧ 	❤❡✐� ❞❡�✐✈❛	✐✈❡�✱ ❛❧�♦ 	❤❡

	�✐♥♦♠✐❛❧ X2 + Y 2 + Z2✱ ✇❤✐❝❤ ✐� ❢♦�♠❡❞ ✇✐	❤ 	❤❡ ✈❛❧✉❡� ♦❢ 	❤❡ �✉❛♥	✐	✐❡� X,Y, Z ❞❡❞✉❝❡❞

❢�♦♠ 	❤❡ ❡�✉❛	✐♦♥� ✭✶✶✮✱ ✇✐❧❧ ❜❡ ❛ �✉❛♥	✐	② ✇❤✐❝❤ ❝❛♥ ❜❡ ✉♥✐�✉❡❧② ❡①♣�❡��❡❞ ✐♥ 	❡�♠� ♦❢ 	❤❡

�✉❛♥	✐	✐❡� α, β, γ ❛♥❞ ♦❢ 	❤❡✐� ❞❡�✐✈❛	✐✈❡�✳

❖♥❡ �❤♦✉❧❞ ♥♦✇ ♦❜�❡�✈❡ 	❤❡�❡ 	❤�❡❡ ❡�✉❛	✐♦♥�

x′xIV +y′yIV +z′zIV =
1

2
α′′′ − 3

2
β′

x′′xIV +y′′yIV +z′′zIV =
1

2
β′′ − γ

x′′′xIV +y′′′yIV +z′′′zIV =
1

2
γ′,
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❞✉��❡♠♦ ❛ ❝♦❧♣♦ ❞✬♦❝❝❤✐♦ ❝❤❡ ❧❛ ♥♦�❛ ♣�♦♣�✐❡�� ❣✐� ✈❡�✐✜❝❛�❛ ♥❡❧ ��✐♥♦♠✐♦ ϑ✱ �✐ ✈❡�✐✜❝❛ ❛❧��❡��
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∫

df ·Λδρ2 ��♦✈❛�✐ ❢❛��❛ ❡❣✉❛❧❡ ❛❞ ✉♥❛ �❡�✐❡ ❝❤❡ ❝♦♥✲

�✐❡♥❡ ❧✐♥❡❛�♠❡♥�❡ ❧❡ ✈❛�✐❛�❡ δα, δβ, δγ, ❡ ❧❡ ✈❛�✐❛�❡ ❞❡❧❧❡ ❧♦�♦ ❞❡�✐✈❛�❡ δα′, δβ′, δγ′; δα′′, δβ′′, δγ′′✱

❡❝✳ ❡��❡♥❞♦♥❡ ✐ ❝♦❡✣❝✐❡♥�✐ ❢✉♥③✐♦♥✐ ❞❡❧❧❛ a ❡ ❞❡❧❧❡ ��❡��❡ α, β, γ❀ α′, β′, γ′❀ α′′, β′′, γ′′, ec✳ ❘✐�✉❧�❛

❛♥❝❤❡ ❝❤✐❛�♦ ✐❧ �❡❝♦♥❞♦ ♣❛��❛❣❣✐♦ ❞❛ ✉♥❛ �❛❧ ❡#✉❛③✐♦♥❡ ❛❞ ❛❧��❛ ✐♥ �✐�❝♦♥��♦ ❝♦❧❧❛ ✭✶✾✮ ✱ ♥ .◦

❝✐�❛�♦ ♠✳♣✳✱ ❞❡❧❧❛ ❢♦�♠❛

✭✷✶✮

∫

df · Λδρ2 = λδα+ μδβ + νδγ +
dΔ

da
;

❡ ❝✐ ��❛�❢♦�♠❛♥❞♦ �✉��✐ ✐ �❡�♠✐♥✐ ❝❤❡ ❝♦♥�❡♥❣♦♥♦ ❧❡ ✈❛�✐❛�❡ δα′, δβ′, δγ′; δα′′, δβ′′, δγ′′✱ ❡❝✳ ✐♥

❜✐♥♦♠❥ ❞❡✐ #✉❛❧✐ ✐ ♣�✐♠✐ �❡�♠✐♥✐ �♦♥♦ ❞❡❧❧❛ ❢♦�♠❛ Eδα, Fδβ,Gδγ, ❡ ✈❛♥♥♦ ❛ ❢♦♥❞❡��✐ ❝♦♥ #✉❡❧❧✐

❞✐ ✉♥❛ �❛❧ ❢♦�♠❛ ❣✐� ❡�✐��❡♥�✐✱ ❡ ✐ �❡❝♦♥❞✐ �♦♥♦ ❞❡�✐✈❛�❡ ❡�❛��❡ ♣❡� ❧❛ a✱ ❝❤❡ �✐❡�❝♦♥♦ ❝♦♠♣�❡�✐

♥❡❧❧✬✉❧�✐♠♦ �❡�♠✐♥❡ ❞❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ✭✷✶✮✳ ❆❜❜✐❛♠♦ ❞❛�♦ ❛❧ ♥✳✼✾ ♠✳♣✳ ✭❡#✉❛③✐♦♥✐ ✭✶✽✮✮ ✉♥♦

�❝❤✐③③♦ ❝❤❡ ♣✉ �❡�✈✐�❡ ❞✐ ��❛❝❝✐❛ ❛ �✐♠✐❧✐ ��❛�❢♦�♠❛③✐♦♥✐✳

■♥��♦❞✉❝❡♥❞♦ ♦�❛ ♥❡❧❧❛ ❡#✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✶✮ �♣❡��❛♥�❡ ❛✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ✐♥✈❡❝❡ ❞❡❧❧✬✐♥�❡✲

❣�❛❧❡
∫

df · Λδρ2 ❧❛ #✉❛♥�✐�� ❡#✉✐✈❛❧❡♥�❡ ❞❛�❛❝✐ ❞❛❧❧❛ ✭✷✶✮✱ �✐ ✈❡❞❡ ❝❤❡ �✉❧❧✬✉❧�✐♠♦ �❡�♠✐♥❡ dΔ
da

♣✉ ❡✛❡��✉❛��✐ ❧✬✐♥�❡❣�❛③✐♦♥❡ ♣❡� a✱ ❡ ❝❤❡ #✉✐♥❞✐ ❡��♦ ♥♦♥ ❢❛ ❝❤❡ �♦♠♠✐♥✐���❛�❡ ✉♥❛ #✉❛♥�✐�� ❝❤❡

�✐ ✉♥✐�❝❡ ❛❧❧✬❛❧��♦ �❡�♠✐♥❡ Ω ❞✐ #✉❡❧❧❛ ❡#✉❛③✐♦♥❡✳ ❙♦��♦ ✐❧ �❡❣♥♦ ✐♥�❡❣�❛❧❡ �✐♠❛♥❡ ✉♥ ��✐♥♦♠✐♦ ✐❧

✭∗✮ ▲❛ ♣�♦♣�✐❡
� ❡�♣♦�
❛ ❞❛❧❧✬❛✉
♦�❡ �✐❝❤✐❡❞❡ ❛♥❝❤❡ ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ❞❡❧❧❡ ❞✉❡ ❢♦�♠♦❧❡✿

x
IV

x(2r) + y
IV

y(2r) + z
IV

z(2r) = α

(

(

x
IV

)
2

+ y(
IV )2 + z(

IV )2
)(2r−4)

−

β

(

(

x
V
)

2

+
(

y
V
)

2

+
(

z
V
)

2)(2r−6)

+ ....

......+ (−1)r ω

(

(

x(r+2)
)

2

+
(

y(r+2)
)

2

+
(

z(r+2)
)

2
)

x
IV

x(2r+1) + y
IV

y(2r+1) + z
IV

z(2r+1) = α1

(

(

x
IV

)
2

+ y(
IV )2 + z(

IV )2
)(2r−2)

−

β1

(

(

x
V
)

2

+
(

y
V
)

2

+
(

z
V
)

2)(2r−3)

+ ....

......+ (−1)r ω1

(

(

x(r+2)
)

2

+
(

y(r+2)
)

2

+
(

z(r+2)
)

2
)

♥❡❧❧❡ �✉❛❧✐ α, β, γ....α1, β1, γ1.... ❡�♣�✐♠♦♥♦ ❝♦❡✣❝✐❡♥
✐ ♥✉♠❡�✐❝✐✳ ✭❇�✐♦�❝❤✐✮

✲ ✹✸ ✲❊◆●

✇❤✐❝❤ ❝❛♥ ❜❡ ✐♠♠❡❞✐❛�❡❧② ❞❡❞✉❝❡❞ ❜② ❞❡�✐✈✐♥❣ �❤❡ �❤�❡❡ ♣�❡✈✐♦✉� ♦♥❡�✱ ❛♥❞ ♦♥❡ ❝❛♥ ❝♦♠♣❛�❡

�❤❡♠ ✇✐�❤ �❤❡ ❡#✉❛�✐♦♥� ✭✶✶✮✿ ✇❡ ✇✐❧❧ ❞❡❞✉❝❡ ❜② �✐♠♣❧❡ ✐♥�♣❡❝�✐♦♥ �❤❛� �❤❡ ✇❡❧❧✲❦♥♦✇♥ ♣�♦♣❡��②

✈❡�✐✜❡❞ ❜② �❤❡ ��✐♥♦♠✐❛❧ ϑ✱ ✐� ❛❧�♦ ✈❡�✐✜❡❞ ❜② �❤❡ ��✐♥♦♠✐❛❧ x
V 2

+ y
V 2

+ z
V 2

✳ ❇② ❞❡�✐✈✐♥❣ ✐♥

❛ �✐♠✐❧❛� ✇❛② �❤❡ ❧❛�� �❤�❡❡ ❡#✉❛�✐♦♥�✱ ❛♥❞ ❡①♣❧♦✐�✐♥❣ ♦♥❡ ❛❢�❡� �❤❡ ♦�❤❡�✱ ✐♥ ❛ �❡#✉❡♥❝❡✱ ❛❧❧

�❤❡ ♣�♦♣❡��✐❡� ❛❧�❡❛❞② �❤♦✇♥ ❛♥❞ ❛♣♣❧②✐♥❣ ❛❧✇❛②� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ �❤❡♦�❡♠ �♦ �❤❡ ♦❜�❛✐♥❡❞

❡①♣�❡��✐♦♥�✱ ✇❡ ✇✐❧❧ ♣�♦✈❡ �❤❡ ♣�♦♣❡��② ❬✇❤✐❝❤ ❛♣♣❡❛�� ✐♥ ✐�� �❤❡�✐�❪ ❢♦� ❛❧❧ ��✐♥♦♠✐❛❧� ✇❤✐❝❤

❤❛✈❡ �❤❡ ❢♦�♠ ♦❢ ❛ �✉♠ ♦❢ �#✉❛�❡�✭∗✮✳
✶✺✳ ❖♥❝❡ ♦♥❡ ❤❛� ♣�♦✈❡♥ �❤❡ ♣�♦♣❡��② ��❛�❡❞ ✐♥ �❤❡ ♣�❡✈✐♦✉� �❡❝�✐♦♥ ✶✹ ❢♦� �❤❡ ✐♥✜♥✐�❡

�❡#✉❡♥❝❡ ♦❢ �❤❡ ��✐♥♦♠✐❛❧� T
1
, T

2
, T

3
, .... �❤❡�❡ ✐� ♥♦ ❞✐✣❝✉❧�② ✐♥ ❞❡❞✉❝✐♥❣ ❢�♦♠ �❤❡ ❡#✉❛�✐♦♥

✭✽✮ �♦ ❛♥ ❡#✉❛�✐♦♥ ✇❤✐❝❤ ♣❛�❛❧❧❡❧� �❤❡ ❡#✉❛�✐♦♥ ✭✶✽✮✱ �❡❝�✳ ✼✺ ♣✳♠✳✱ ✇❤❡�❡ #✉❛♥�✐�②
∫

df ·Λδρ2
✐� �❡❡♥ �♦ ❜❡ ❡#✉❛❧ �♦ ❛ �❡�✐❡� ✇❤✐❝❤ ❝♦♥�❛✐♥� ❧✐♥❡❛�❧② �❤❡ ✈❛�✐❛�✐♦♥� δα, δβ, δγ, �♦❣❡�❤❡� ✇✐�❤

�❤❡ ✈❛�✐❛�✐♦♥� ♦❢ �❤❡✐� ❞❡�✐✈❛�✐✈❡� δα′, δβ′, δγ′; δα′′, δβ′′, δγ′′✱ ❡�❝✳ ❜❡✐♥❣ �❤❡ ❝♦❡✣❝✐❡♥�� ❬♦❢ �✉❝❤

❛ ❧✐♥❡❛� ❢♦�♠❪ ❢✉♥❝�✐♦♥� ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ ✈❛�✐❛❜❧❡ a ❛♥❞ ♦♥ �❤❡ �❛♠❡ ❞❡♣❡♥❞❡♥� ✈❛�✐❛❜❧❡�

α, β, γ❀ α′, β′, γ′❀ α′′, β′′, γ′′✱ ❡�❝✳ ■� ✐� ❛❧�♦ ❝❧❡❛� �❤❡ �❡❝♦♥❞ ♣❛��❛❣❡ ❧❡❛❞✐♥❣ ❢�♦♠ �✉❝❤ ❡#✉❛�✐♦♥

�♦ ❛♥♦�❤❡� ♦♥❡ ✇❤✐❝❤ ♣❛�❛❧❧❡❧� �❤❡ ❡#✉❛�✐♦♥ ✭✶✾✮✱ ♦❢ �❤❡ ❝✐�❡❞ �❡❝�✳ ♣✳♠✳✱ ❤❛✈✐♥❣ �❤❡ ❢♦�♠

✭✷✶✮

∫

df · Λδρ2 = λδα+ μδβ + νδγ +
dΔ

da
;

❛♥❞ �❤✐� ❝❛♥ ❜❡ ❞♦♥❡ ❜② ��❛♥�❢♦�♠✐♥❣ ❛❧❧ �❤❡ �❡�♠� ✇❤✐❝❤ ❝♦♥�❛✐♥ �❤❡ ✈❛�✐❛�✐♦♥� δα′✱ δβ′✱ δγ′❀

δα′′✱ δβ′′✱ δγ′′✱ ❡�❝✳ ✐♥�♦ ❜✐♥♦♠✐❛❧� ✇❤♦�❡ ✜��� �❡�♠� ❤❛✈❡ �❤❡ ❢♦�♠ Eδα, Fδβ,Gδγ, �♦ ❜❡ ❛❞❞❡❞

�♦ �❤♦�❡ �❡�♠� ❤❛✈✐♥❣ �❤❡ �❛♠❡ ❢♦�♠ ✇❤✐❝❤ ✇❡�❡ ❛❧�❡❛❞② ❝❛❧❝✉❧❛�❡❞✱ ✇❤✐❧❡ �❤❡ �❡❝♦♥❞ �❡�♠�

❛�❡ �♦♠❡ ❡①❛❝� ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ ✈❛�✐❛❜❧❡ a✱ ✇❤✐❝❤ ♠✉�� ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ❧❛�� �❡�♠

♦❢ �❤❡ ♣�❡✈✐♦✉� ❡#✉❛�✐♦♥ ✭✷✶✮✳ ❲❡ ❤❛✈❡ ❛❧�❡❛❞② �❦❡�❝❤❡❞ ✐♥ �❤❡ �❡❝�✳ ✼✾ ♣✳♠✳ ✭❡#✉❛�✐♦♥� ✭✶✽✮✮

❛ �❡❛�♦♥✐♥❣ ♣❛�❤ ✇❤✐❝❤ ❝❛♥ ❣✐✈❡ ❛ ❤✐♥� ❢♦� ♣❡�❢♦�♠✐♥❣ �✉❝❤ ��❛♥�❢♦�♠❛�✐♦♥�✳ ❇② ✐♥��♦❞✉❝✐♥❣

♥♦✇ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡#✉❛�✐♦♥ ✭✶✮ ✇❤✐❝❤ ✐� ♣❡��✐♥❡♥� �♦ �❤❡ ❧✐♥❡❛� �②��❡♠� ✐♥��❡❛❞ ♦❢ �❤❡ ✐♥�❡❣�❛❧
∫

df · Λδρ2 �❤❡ ❡#✉✐✈❛❧❡♥� #✉❛♥�✐�② ❣✐✈❡♥ ❜② �❤❡ ❡#✉❛�✐♦♥ ✭✷✶✮✱ ♦♥❡ ❝❛♥ �❡❡ �❤❛� �❤❡ ❧❛�� �❡�♠
dΔ
da

❝❛♥ ❜❡ ��❛♥�❢♦�♠❡❞ ❜② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ✐♥�❡❣�❛❧ ✇✐�❤ �❡�♣❡❝� �♦ �❤❡ ✈❛�✐❛❜❧❡ a✱ ❛♥❞ �❤❛�✱

❛� ❛ ❝♦♥�❡#✉❡♥❝❡✱ ✐� �✐♠♣❧② ❛❞❞� ❛ #✉❛♥�✐�② �♦ �❤❡ ♦�❤❡� �❡�♠ Ω ✐♥ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❡#✉❛�✐♦♥✳

❯♥❞❡� �❤❡ ✐♥�❡❣�❛❧ �✐❣♥ ❛ ��✐♥♦♠✐❛❧ ✐� ❧❡❢�

✭∗✮ ❚❤❡ ♣�♦♣❡�
② ♣�❡�❡♥
❡❞ ❜② 
❤❡ ❛✉
❤♦� �❡�✉✐�❡� ❛❧�♦ 
❤❡ ❝♦♥�✐❞❡�❛
✐♦♥ ♦❢ 
❤❡ 
✇♦ ❢♦�♠✉❧❛�

x
IV

x(2r) + y
IV

y(2r) + z
IV

z(2r) = α

(

(

x
IV

)
2

+ y(
IV )2 + z(

IV )2
)(2r−4)

−

β

(

(

x
V
)

2

+
(

y
V
)

2

+
(

z
V
)

2)(2r−6)

+ ....

......+ (−1)r ω

(

(

x(r+2)
)

2

+
(

y(r+2)
)

2

+
(

z(r+2)
)

2
)

x
IV

x(2r+1) + y
IV

y(2r+1) + z
IV

z(2r+1) = α1

(

(

x
IV

)
2

+ y(
IV )2 + z(

IV )2
)(2r−2)

−

β1

(

(

x
V
)

2

+
(

y
V
)

2

+
(

z
V
)

2)(2r−3)

+ ....

......+ (−1)r ω1

(

(

x(r+2)
)

2

+
(

y(r+2)
)

2

+
(

z(r+2)
)

2
)

✇❤❡�❡ α, β, γ....α1, β1, γ1.... ❡①♣�❡�� �✉✐
❛❜❧❡ ♥✉♠❡�✐❝❛❧ ❝♦❡✣❝✐❡♥
� ✭❇�✐♦�❝❤✐✮
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�✉❛❧❡ � ✐❧ ♠❡❞❡�✐♠♦ ❝❤❡ ✈❡❞❡�✐ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✽✮ ♥✳✼ ❞✐ �✉❡��❛ ▼❡♠♦�✐❛❀ ❝♦�� ✉♥❛ �❛❧❡ ❡�✉❛✲

③✐♦♥❡ ✈✐❡♥❡ �✐❝♦♥❢❡�♠❛�❛ ❝♦♠❡ ❣❡♥❡�❛❧✐��✐♠❛ ✐♥�✐❡♠❡ ❛ �✉��❡ ❧❡ ❝♦♥�❡❣✉❡♥③❡ ❝❤❡ ♥❡ ❛❜❜✐❛♠♦

❞❡❞♦��❡✳ ❋❛�! ♣♦✐ �✉✐ ✉♥✬♦��❡�✈❛③✐♦♥❡ ❝♦��✐�♣♦♥❞❡♥�❡ ❛❧❧❛ ❣✐$ ♣♦��❛ ❛❧ ♥✳ ✼✻ ♠✳♣✳✱ ❝✐♦� ❝❤❡ ❧❛

❝♦♥�✐❞❡�❛③✐♦♥❡ ❞❡❧❧❡ ❢♦�③❡ ♠♦❧❡❝♦❧❛�✐✱ �❡❣✉❡♥❞♦ ❧✬❛♥❞❛♠❡♥�♦ �❡♥✉�♦ ♥❡✬ ♣�❡❝❡❞❡♥�✐ ♥✉♠❡�✐✱ ❝♦♥✲

❞✉❝❡ ✐♥ ♠❛♥✐❡�❛ ❞✐�❡��❛ ❡ �♣❡❞✐�❛ ❛❧❧❛ ❞✐♠♦���❛③✐♦♥❡ ❞❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✉��✐��♦♥♦ ♣❡� �✉��✐

✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛✱ ♠❛ ❝✐ ❧❛�❝✐❛ ❛❧❧✬♦�❝✉�♦ ✐♥�♦�♥♦ ❛ �✉❡❧❧❡ ❡�✉❛③✐♦♥✐ ❝❤❡ �✐ ✈❡�✐✜❝❛♥♦ �♦❧�❛♥�♦

❛✐ ❧✐♠✐�✐ ❞✐ ❡��♦✿ ❧❡ �✉❛❧✐ ❡�✉❛③✐♦♥✐ ✐♥✈❡❝❡ ❝✐ �✐❡�❝♦♥♦ ❛��❡❣♥❛❜✐❧✐ ❡ ♣✐❛♥❡ �❡ ❧❛ ��❛��❛③✐♦♥❡ ❞❡❧

♣�♦❜❧❡♠❛ �✐ ❡✛❡��✉❛ ❛❧❧❛ ♠❛♥✐❡�❛ ❡�♣♦��❛ ❛❧ ♥✳ ✼✳

✶✻✳ +❛��✐❛♠♦ ❛✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐✳

+❡� �✉❡��✐ ✐❧ ✈❛❧♦�❡ ❞❡❧❧❛ ρ2 ❞❛�♦❝✐ ❞❛❧❧❛ ❡�✉❛③✐♦♥❡ ✭✹✮ �✐ ✈♦❧❣❡ ♣�✐♠✐❡�❛♠❡♥�❡ �♦��♦ ❧❛ ❢♦�♠❛

ρ2 =

(

fx
′

+ gx′ +
f2

2
x

′′

+ fgx′
′
+

g2

2
x′′ + ❡❝✳

)2

+

(

fy
′

+ gy′ +
f2

2
y

′′

+ fgy′
′
+

g2

2
y′′ + ❡❝✳

)2

+

(

fz
′

+ gz′ +
f2

2
z

′′

+ fgz′
′
+

g2

2
z′′ + ❡❝✳

)2

✭❣❧✐ ❛♣✐❝✐ ✐♥ ❛❧�♦ �✐❣♥✐✜❝❛♥♦ ❧❡ ❞❡�✐✈❛�❡ ♣❡� ❧❛ a ❡ �✉❡❧❧✐ ❛ ❜❛��♦ ❧❡ ❞❡�✐✈❛�❡ ♣❡� b✮✿ ♣♦✐✱ ❡�❡❣✉❡♥❞♦

✐ �✉❛❞�❛�✐✱ �♦��♦ ❧✬❛❧��❛

ρ2 = f2α+ 2fgǫ+ g2ϑ+
f4

4
χ+

g4

4
ς + f2g2ω✭✷✷✮

+ f3T
1
+ f 2g (2T

2
+ T

4
) + fg2(T

3
+ 2T

5
) + g3T

6
+ ❡❝✳

❛✈❡♥❞♦ ♣♦��♦ ♣❡� ❛❜❜�❡✈✐❛�❡

α = x
′2 + y

′2 + z
′2

ǫ = x′x′ + y′y′ + z′z′

ϑ = x2
′
+ y2

′
+ z2

′
✭✷✸✮

χ = x
′′2 + y

′′2 + z
′′2

ς = x
2

′′
+ y

2

′′
+ z

2

′′

ω = x′2

′
+ y′

2

′
+ z′

2

′

❡ ❛��✉♥�❡ ❧❡ T
1
, T

2
, T

3
✱ ❡❝✳ ❛❧❧✬✐♥✜♥✐�♦ ♣❡� ❡�♣�✐♠❡�❡ ❛❧��✐ ��✐♥♦♠❥ ❞✐ ❝✉✐ �❝�✐✈♦
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✇❤✐❝❤ ✐� �❤❡ �❛♠❡ ❛♣♣❡❛�✐♥❣ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✽✮ �❡❝�✳ ✼ ✐♥ �❤❡ ❝✉��❡♥� ▼❡♠♦✐�❀ �❤❡�❡❢♦�❡ �✉❝❤

❛♥ ❡�✉❛�✐♦♥ ✐� ❝♦♥✜�♠❡❞ �♦ ❜❡ �❤❡ ♠♦�� ❣❡♥❡�❛❧ ♦♥❡✱ �♦❣❡�❤❡� ✇✐�❤ ❛❧❧ �❤❡ ❝♦♥�❡�✉❡♥❝❡� ✇❤✐❝❤

✇❡ ❤❛✈❡ ❞❡❞✉❝❡❞ ❢�♦♠ ✐�✳ ■ ✇✐❧❧ �❤❡♥ ❢♦�♠✉❧❛�❡ ❤❡�❡ ❛♥ ♦❜�❡�✈❛�✐♦♥ ✇❤✐❝❤ ❝♦��❡�♣♦♥❞� �♦ �❤❡

♦♥❡ ❛❧�❡❛❞② ❢♦�♠✉❧❛�❡❞ ✐♥ �❤❡ �❡❝�✳ ✼✻ ♣✳♠✳✿ ❬✐� ❝♦♥�✐��� ✐♥ ��❛�✐♥❣ �❤❛�❪ ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ �❤❡

♠♦❧❡❝✉❧❛� ❢♦�❝❡� ❜② ❢♦❧❧♦✇✐♥❣ �❤❡ ♣�♦❝❡❞✉�❡ ❢♦❧❧♦✇❡❞ ✐♥ �❤❡ ♣�❡✈✐♦✉� �❡❝�✐♦♥� ♦♥❡ ✐� ❧❡❛❞ ✐♥ ❛

❞✐�❡❝� ❛♥❞ �✉✐❝❦ ✇❛② �♦ �❤❡ ❞❡♠♦♥���❛�✐♦♥ ♦❢ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❤♦❧❞ ❢♦� ❛❧❧ ♣♦✐♥�� ♦❢

�❤❡ �②��❡♠✱ ❜✉� �❡♠❛✐♥� ✐♥ �❤❡ ✐❣♥♦�❛♥❝❡ ♦❢ �❤♦�❡ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❤♦❧❞ ❛� �❤❡ ❜♦✉♥❞❛�✐❡� ♦❢

�❤❡ �②��❡♠✿ ❤♦✇❡✈❡� �❤❡�❡ ❧❛�� ❡�✉❛�✐♦♥� ❛�❡ ❡❛�✐❧② ❢♦✉♥❞ ✐❢ �❤❡ ♣�♦❜❧❡♠ ✐� ��❡❛�❡❞ ✐♥ �❤❡ ✇❛②

❡①♣♦✉♥❞❡❞ ✐♥ �❤❡ �❡❝�✳ ✼✳

✶✻✳ ❲❡ ♥♦✇ ♣�♦❝❡❡❞ ✐♥ ❞❡❛❧✐♥❣ ✇✐�❤ �✉♣❡�✜❝✐❛❧ �②��❡♠�✳

❋♦� �✉❝❤ �②��❡♠� �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ �✉❛♥�✐�② ρ2 ❣✐✈❡♥ �♦ ✉� ❜② �❤❡ ❡�✉❛�✐♦♥ ✭✹✮ ❝❛♥ ❜❡✱ ✜���✱

��❛♥�❢♦�♠❡❞ �♦ ❛��✉♠❡ �❤❡ ❢♦�♠

ρ2 =
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2
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2
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✭✇❤❡�❡ �❤❡ ✉♣♣❡� ♣�✐♠❡� ❞❡♥♦�❡ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ ✈❛�✐❛❜❧❡ a ❛♥❞ �❤❡ ❧♦✇❡� ♣�✐♠❡�

♠❡❛♥ �❤❡ ❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ ✈❛�✐❛❜❧❡ b✮✿ �❤❡♥ ❜② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ��✉❛�❡�✱ ❬�❤❡ ♣�❡✈✐♦✉�

❢♦�♠✉❧❛❪ ❝❛♥ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

ρ2 = f2α+ 2fgǫ+ g2ϑ+
f4

4
χ+

g4

4
ς + f2g2ω✭✷✷✮

+ f3T
1
+ f 2g (2T

2
+ T

4
) + fg2(T

3
+ 2T

5
) + g3T

6
+ ❡�❝✳

✇❤❡�❡ ✇❡ ❤❛✈❡ ✉�❡❞ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤♦��✲❤❛♥❞ ♥♦�❛�✐♦♥

α = x
′2 + y

′2 + z
′2

ǫ = x′x′ + y′y′ + z′z′

ϑ = x2
′
+ y2

′
+ z2

′
✭✷✸✮

χ = x
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′′2 + z
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ς = x
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2
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+ z
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′′

ω = x′2

′
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2

′
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2

′

�♦❣❡�❤❡� ✇✐�❤ �❤❡ ✐♥✜♥✐�❡ �❡�✉❡♥❝❡ ♦❢ �②♠❜♦❧� T
1
, T

2
, T

3
✱ ❡�❝✳ ✉�❡❞ �♦ ❡①♣�❡�� ♦�❤❡� ��✐♥♦♠✐❛❧�✱

❛♠♦♥❣ ✇❤✐❝❤ ■ ✇✐❧❧ ✇�✐�❡ ♦♥❧②
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❛❧❝✉♥✐

T
1
= x′x′′ + y′y′′ + z′z′′

T
2
= x′x′

′ + y′y′′ + z′z′′

T
3
= x′x′′ + y′y′′ + z′z′′

T
4
= x′x

′′ + y′ y
′′ + z′ z

′′✭✷✹✮

T
5
= x′x

′
′ + y′ y

′
′ + z′ z

′
′

T
6
= x′x′′ + y′ y′′ + z′ z′′

❡❝✳ ❡❝✳ ❡❝✳

❉♦♣♦ ❞✐ ❝✐� ❝✐ ♣�❡♣❛�❡�❡♠♦ ✐♥ �✐�❝♦♥��♦ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✽✮ ❡ ❞❡❧❧❛ ✭✶✼✮✱ ♥✳✼✸ ♠✳♣✳ ❧✬❡�✉❛③✐♦♥❡

∫

df

∫

dg · Λδρ2 = (1)δα+ (2)δǫ+ (3)δϑ+ (4)δχ+ (5)δς + (6)δω✭✷✺✮

+ (7) δT1 + (8) δT2 + (9) δT3 + ❡❝✳

❡��❡♥❞♦ ✐ ❝♦❡✣❝✐❡♥�✐ (1) , (2) , (3) .... (7) , (8) .... ❞❛ ❝♦♥�✐❞❡�❛��✐ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ �♦❧❡ a, b, ❣✐❛❝❝❤$

❧❡ f, g ✈✐ �✐ ❞❡❜❜♦♥♦ ✐♥�❡♥❞❡�❡ �♣❛�✐�❡ ❛ ♠♦�✐✈♦ ❞✐ ✐♥�❡❣�❛③✐♦♥✐ ❡✛❡��✉❛�❡ ❡ ❞❡✜♥✐�❡✳

✶✼✳ ❱♦❣❧✐❛♠♦ ❛♥❝❤❡ �✉✐ ❞✐�❡ �✉❛♥�♦ ❜❛��❛ ❛ ♣❡��✉❛❞❡�❡ ✐❧ ❧❡��♦�❡ ❝❤❡ ✐ ✈❛❧♦�✐ ❞✐ �✉��✐ ✐

��✐♥♦♠❥ T
1
, T

2
, T

3
.... ❛❧❧✬✐♥✜♥✐�♦ ♣♦��♦♥♦ ❛✈❡��✐ ✐♥ ❢✉♥③✐♦♥❡ ❞❡✐ ♣�✐♠✐ �❡✐ α, ǫ, ϑ, χ, ς, ω, ❡ ❞❡❧❧❡

❧♦�♦ ❞❡�✐✈❛�❡ �✐�♣❡��♦ ❛❧❧❡ a, b ❞✐ �✉��✐ ❣❧✐ ♦�❞✐♥✐✳

➮ ♣�✐♠✐❡�❛♠❡♥�❡ ✈✐�✐❜✐❧❡ ❝❤❡ �✐ ❤❛♥♥♦

T1 =
1

2
α′; T2 =

1

2
α′ ; T3 = ǫ′ −

1

2
ϑ′✭✷✻✮

T4 = ǫ′ − 1

2
α′ ; T5 =

1

2
ϑ′; T6 =

1

2
ϑ′ ; ❡❝✳

❉♦✈❡ ❧❛ ❞✐♠♦���❛③✐♦♥❡ �✐❡�❝❡ ♣✐- ❞✐✣❝✐❧❡ $ ♥❡❧ ♣�♦✈❛�❡ �✐❞✉❝✐❜✐❧✐ ❛❞ ❡�♣�❡��✐♦♥✐ ❢❛��❡ ❞❡❧❧❡ �❡✐

α, ǫ, ϑ, χ, ς, ω ❡ ❧♦�♦ ❞❡�✐✈❛�❡ ❣❧✐ ❛❧��✐ ��✐♥♦♠❥ ❝♦♥ ❞❡�✐✈❛�❡ �✉��❡ ❞✐ �❡❝♦♥❞✬ ♦�❞✐♥❡✱ ❝✐♦$ ✐ ��❡

x′′x′
′ + y′′y′′ + z′′z′′ ; x′′x′′ + y′′y′′ + z′′z′′ ; x′

′
x′′ + y′

′
y′′ + z′

′
z′′ .

❆ �❛❧ ✜♥❡ ❡ ♣❡� ♥♦♥ ❞❡✈✐❛�❡ ✐♥ ❧✉♥❣❛❣❣✐♥✐ ❝❤❡ ♣♦��❡❜❜❡�♦ ❢❛�❝✐ ♣❡�❞❡�❡ �❡♠♣♦✱ ❝♦♥✈✐❡♥❡

❣♦✈❡�♥❛��✐ ❝♦♥ ❛��❡✱ ✐♥��♦❞✉❝❡♥❞♦ ❛❧❝✉♥❡ ❞❡♥♦♠✐♥❛③✐♦♥✐✳

✲ ✹✺ ✲❊◆●

�♦♠❡

T
1
= x′x′′ + y′y′′ + z′z′′

T
2
= x′x′

′ + y′y′′ + z′z′′

T
3
= x′x′′ + y′y′′ + z′z′′

T
4
= x′x

′′ + y′ y
′′ + z′ z

′′✭✷✹✮

T
5
= x′x

′
′ + y′ y

′
′ + z′ z

′
′

T
6
= x′x′′ + y′ y′′ + z′ z′′

❡�❝✳ ❡�❝✳ ❡�❝✳

❙✉❜�❡�✉❡♥�❧② ✇❡ ✇✐❧❧ ♣�❡♣❛�❡✱ �♦ ♣❛�❛❧❧❡❧ ❡�✉❛�✐♦♥� ✭✽✮ ❛♥❞ ✭✶✼✮✱ �❡❝�✳ ✼✸ ♣✳♠✳✱ ❡�✉❛�✐♦♥

∫

df

∫

dg · Λδρ2 = (1)δα+ (2)δǫ+ (3)δϑ+ (4)δχ+ (5)δς + (6)δω✭✷✺✮

+ (7) δT1 + (8) δT2 + (9) δT3 + ❡�❝✳

✇❤❡�❡ ❝♦❡✣❝✐❡♥�� (1) , (2) , (3) .... (7) , (8) .... ♠✉�� ❜❡ �❡❣❛�❞❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ ✈❛�✐❛❜❧❡� a, b ♦♥❧②✱

�✐♥❝❡ ✈❛�✐❛❜❧❡� f, g ♥♦ ❧♦♥❣❡� ❛♣♣❡❛� ❜❡❝❛✉�❡ ♦❢ �❤❡ ♣❡�❢♦�♠❡❞ ❞❡✜♥✐�❡ ✐♥�❡❣�❛�✐♦♥�✳

✶✼✳ ❲❡ ✇❛♥� �♦ �❛② ❤❡�❡✱ �♦♦✱ ✇❤❛� ✐� ♥❡❡❞❡❞ �♦ ♣❡��✉❛❞❡ �❤❡ �❡❛❞❡� �❤❛� �❤❡ ✈❛❧✉❡� ♦❢

❛❧❧ �❤❡ ✐♥✜♥✐�❡ ��✐♥♦♠✐❛❧� T
1
, T

2
, T

3
.... ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ✜��� �✐① ✈❛�✐❛❜❧❡�

α, ǫ, ϑ, χ, ς, ω, ❛♥❞ ♦❢ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ♦❢ ❡✈❡�② ♦�❞❡� ✇✐�❤ �❡�♣❡❝� �♦ ✈❛�✐❛❜❧❡� a, b✳

❋✐���❧②✱ ✐� ✐� ♠❛♥✐❢❡�� �❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥� ❤♦❧❞

T1 =
1

2
α′; T2 =

1

2
α′ ; T3 = ǫ′ −

1

2
ϑ′✭✷✻✮

T4 = ǫ′ − 1

2
α′ ; T5 =

1

2
ϑ′; T6 =

1

2
ϑ′ ; ❡�❝✳

❲❤❡�❡ �❤❡ ❞❡♠♦♥���❛�✐♦♥ ❜❡❝♦♠❡� ♠♦�❡ ❞✐✣❝✉❧� ✐� ✇❤❡♥ ♦♥❡ ✇❛♥�� �♦ ♣�♦✈❡ �❤❛� ❛ �✐♠✐❧❛�

❞❡♣❡♥❞❡♥❝❡ ♦♥ �❤❡ �✐① ✈❛�✐❛❜❧❡� α, ǫ, ϑ, χ, ς, ω ❛♥❞ ♦♥ �❤❡✐� ❞❡�✐✈❛�✐✈❡� ❤♦❧❞� ❛❧�♦ ❢♦� �❤❡ ♦�❤❡�

��✐♥♦♠✐❛❧� ✐♥ ✇❤✐❝❤ ❛❧❧ �❡�♠� ❝♦♥�❛✐♥ ♦♥❧② �❡❝♦♥❞ ♦�❞❡� ❞❡�✐✈❛�✐✈❡�✱ ✐✳❡✳ �❤❡ �❤�❡❡ ��✐♥♦♠✐❛❧�

x′′x′
′ + y′′y′′ + z′′z′′ ; x′′x′′ + y′′y′′ + z′′z′′ ; x′

′
x′′ + y′

′
y′′ + z′

′
z′′ .

❚♦ �❤✐� ❛✐♠✱ ❛♥❞ ✐♥ ♦�❞❡� ♥♦� �♦ ❞❡✈✐❛�❡ ✐♥ ✉�❡❧❡�� ❛♥❞ �✐♠❡✲❝♦♥�✉♠✐♥❣ ❧❡♥❣�❤② ��❡♣�✱ ✐� ✐�

✉�❡❢✉❧ �♦ ✐♥��♦❞✉❝❡ �♦♠❡ �✉✐�❛❜❧❡ �❤♦��✲❤❛♥❞ ❞❡✜♥✐�✐♦♥�✳



✲ ✹✻ ✲

▲❡ ❡�✉❛③✐♦♥✐ ❞❛ ❝✉✐ ♣�✐♠✐❡�❛♠❡♥�❡ ❞❡❞✉��❡ ✐ ✈❛❧♦�✐ ❞✐ x′′, y′′, z′′, �♦♥♦ ❧❡ ��❡

x′x′′ + y′y′′ + z′z′′ = T
1

x′x
′′ + y′ y

′′ + z′ z
′′ = T

4
✭✷✼✮

x
′′2 + y

′′2 + z
′′2 = χ.

❈❛✈✐♥�✐ ❞❛❧❧❡ ♣�✐♠❡ ❞✉❡ ✐ ✈❛❧♦�✐ ❞✐ ❞✉❡ ✐♥❝♦❣♥✐�❡ ❞❛�❡ ♣❡� ❧❛ �❡�③❛✱ ♣❡� ❡�❡♠♣✐♦✱ ❞❡❧❧❡ x′′, y′′

❞❛�❡ ♣❡� ❧❛ z′′✳ �♦♥✐❛♠♦

✭✷✽✮ p = x′y′ − y′x′ ; q = z′x′ − x′z′ ; r = y′z′ − z′y′

✭✷✾✮ A = x′T1
− x′T

4
; B = y′T1

− y′T
4
; C = z′T1

− z′T
4

❡ ��♦✈❡�❡♠♦

✭✸✵✮ x′′ =
B + rz′′

p
; y′′ =

−A+ qz′′

p
;

✈❛❧♦�✐ ❝❤❡✱ �♦��✐�✉✐�✐ ♥❡❧❧❛ �❡�③❛ ❞❡❧❧❡ ✭✷✼✮✱ ❞❛♥♥♦

(

p
2

+ q
2

+ r
2
)

z′2 − 2 (Aq −Br) z′′ +A2 +B2 = p2χ

❞❛❧❧❛ �✉❛❧❡ �✐�✉❧�❛

✭✸✶✮ z′′ =
Aq −Br ±

√

(Aq −Br)
2
+ (p2χ−A2 −B2)

(

p
2 + q

2 + r
2
)

p
2 + q

2 + r
2

.

❙✉ �✉❡��♦ ✈❛❧♦�❡ �✐ ♣♦��♦♥♦ ♣�❛�✐❝❛�❡ ✈❛�✐❡ �✐❞✉③✐♦♥✐✱ ♦��❡�✈❛♥❞♦ ❛❧❝✉♥❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥�✐❝❤❡ ❝❤❡

�✐ ❞❡❞✉❝♦♥♦ ❞❛❧❧❡ ✭✷✽✮✱ ✭✷✾✮✳

��✐♠✐❡�❛♠❡♥�❡ ❞❛❧❧❡ ✭✷✽✮ ✐♥ ❢♦�③❛ ❞❡❧❧❛ ❢♦�♠♦❧❛ ✭✸✵✮✱ ♥✳ ✻✼ ♠✳♣✳ ✭❝❤❡ ' ✉♥❛ ❛��❛✐ ♥♦�❛

❡�✉❛③✐♦♥❡ ✐❞❡♥�✐❝❛✮ �✐ ❤❛

✭✸✷✮ p
2

+ q
2

+ r
2

= αϑ− ǫ2

♣♦✐ ❡✈✐❞❡♥�❡♠❡♥�❡ �✉❡��❡ ❞✉❡ ❛❧��❡

x′r + y′q + z′p = 0✭✸✸✮

x′ r + y′ q + z′p = 0;

❡ �✐❝❝♦♠❡ ❞❛❧❧❡ ✭✷✾✮ �✐ ♦��✐❡♥❡

Ar +Bq + Cp =
(

x′ r + y′ q + z′p
)

T
1
− (x′r + y′q + z′p)T

4
;

✲ ✹✻ ✲❊◆●

❚❤❡ ❡�✉❛�✐♦♥� ❢�♦♠ ✇❤✐❝❤ ♦♥❡ ❤❛� �♦ ��❛�� ❢♦� ❞❡❞✉❝✐♥❣ �❤❡ ✈❛❧✉❡� ❢♦� �✉❛♥�✐�✐❡� x′′, y′′, z′′,

❛�❡ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤�❡❡

x′x′′ + y′y′′ + z′z′′ = T
1

x′x
′′ + y′ y

′′ + z′ z
′′ = T

4
✭✷✼✮

x
′′2 + y

′′2 + z
′′2 = χ.

❖♥❡ ❤❛� �♦ ❝❛❧❝✉❧❛�❡ ❢�♦♠ �❤❡ ✜��� �✇♦ �❤❡ ✈❛❧✉❡� ♦❢ �✇♦ ✉♥❦♥♦✇♥� ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ �❤✐�❞

♦♥❡✱ ❢♦� ✐♥��❛♥❝❡ �❤❡ ✈❛❧✉❡� ♦❢ �✉❛♥�✐�✐❡� x′′, y′′ ❣✐✈❡♥ ❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ �✉❛♥�✐�② z′′✳ ■❢ ✇❡

✐♥��♦❞✉❝❡ �❤❡ ♥♦�❛�✐♦♥�

✭✷✽✮ p = x′y′ − y′x′ ; q = z′x′ − x′z′ ; r = y′z′ − z′y′

✇❡ ✇✐❧❧ ✜♥❞

✭✷✾✮ A = x′T1
− x′T

4
; B = y′T1

− y′T
4
; C = z′T1

− z′T
4

✭✸✵✮ x′′ =
B + rz′′

p
; y′′ =

−A+ qz′′

p
;

❛♥❞ �❤❡�❡ ❡�✉❛❧✐�✐❡� ♦♥❝❡ ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ �❤✐�❞ ♦❢ �❤❡ ✭✷✼✮✱ ✇✐❧❧ ❣✐✈❡
(

p
2

+ q
2

+ r
2
)

z′2 − 2 (Aq −Br) z′′ +A2 +B2 = p2χ

❢�♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❞❡❞✉❝❡

✭✸✶✮ z′′ =
Aq −Br ±

√

(Aq −Br)
2
+ (p2χ−A2 −B2)

(

p
2 + q

2 + r
2
)

p
2 + q

2 + r
2

.

❚❤✐� ❡①♣�❡��✐♦♥ ❝❛♥ ❜❡ �❡❞✉❝❡❞ ✐♥ ✈❛�✐♦✉� ✇❛②�✱ ❜② ♦❜�❡�✈✐♥❣ �❤❛� �♦♠❡ ✐❞❡♥�✐�✐❡� ❝❛♥ ❜❡

❞❡❞✉❝❡❞ ❢�♦♠ �❤❡ ❡�✉❛�✐♦♥� ✭✷✽✮✱ ✭✷✾✮✳

❋✐��� ♦❢ ❛❧❧ ❢�♦♠ ❡�✉❛�✐♦♥� ✭✷✽✮ ❜❡❝❛✉�❡ ♦❢ ❢♦�♠✉❧❛ ✭✸✵✮✱ �❡❝�✳ ✻✼ ♣✳♠✳ ✭�❤✐� ❧❛�� ❡�✉❛�✐♦♥

✐� ❛ ✇❡❧❧✲❦♥♦✇♥ ✐❞❡♥�✐�②✮ ✇❡ ❤❛✈❡

✭✸✷✮ p
2

+ q
2

+ r
2

= αϑ− ǫ2

❛♥❞ �❤❡♥✱ ❡✈✐❞❡♥�❧②✱ �❤❡ ♦�❤❡� �✇ ❢♦❧❧♦✇

x′r + y′q + z′p = 0✭✸✸✮

x′ r + y′ q + z′p = 0;

❛♥❞ �✐♥❝❡ ❢�♦♠ �❤❡ ✭✷✾✮ ♦♥❡ ❣❡��

Ar +Bq + Cp =
(

x′ r + y′ q + z′p
)

T
1
− (x′r + y′q + z′p)T

4
;



✲ ✹✼ ✲

❝♦��✱ ✐♥ ✈✐�
� ❞❡❧❧❡ ♣�❡❝❡❞❡♥
✐ ✭✸✸✮✱ �✐ ❤❛ ❛♥❝❤❡

✭✸✹✮ Ar +Bq + Cp = 0.

❈♦♥�✐❞❡�✐❛♠♦ ♦�❛ ❧❛ �✉❛♥
✐
� �♦

♦ ✐❧ �❛❞✐❝❛❧❡ ♥❡❧❧❛ ✭✸✶✮✱ ❡��❛ ♣✉� ❝❛♠❜✐❛��✐ ❞✐ ❢♦�♠❛ �❡♥③❛

❛❧
❡�❛③✐♦♥❡ ❞✐ ✈❛❧♦�❡ ✐♥ �✉❡�
✬❛❧
�❛

(

p2 + q2 + r2
)

p2χ−A2
(

p2 + r2
)

− 2ABqr −B2
(

p2 + q2
)

;

♠❛ ❞❛❧❧❛ ✭✸✹✮✱ 
�❛�♣♦�
❛♥❞♦ Cp ♥❡❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❡ �✉❛❞�❛♥❞♦✱ ❛❜❜✐❛♠♦

A2r2 + 2ABqr +B2q2 = C2p2;

�✉✐♥❞✐ ❧❛ �✉❛♥
✐
� ♣�❡❝❡❞❡♥
❡✱ ✈✐�
❛ ❧❛ ✭✸✷✮✱ ❞✐✈❡♥
❛

p2
{

χ
(

αϑ− ǫ2
)

−A2 −B2 − C2
}

♦��✐❛ ♣❡� ❡✛❡

♦ ❞❡✐ ✈❛❧♦�✐ ✭✷✾✮

p2
{

x
(

αϑ− ǫ2
)

− ϑT 2
1
+ 2ǫT

1
T

4
− αT 2

4

}

.

&❡� 
❛❧ ♠♦❞♦ ✐❧ �❛❞✐❝❛❧❡ ♥❡❧ ✈❛❧♦�❡ ✭✸✶✮ ❞✐ z′′ ♣✉� �❝�✐✈❡��✐ pR ✿ ❛✈❡♥❞♦ ♣♦�
♦

✭✸✺✮ R = ±
{√

χ (αϑ− ǫ2)− ϑT 2
1
+ 2ǫT

1
T

4
− αT 2

4

}

;

❡ ❛✈�❡♠♦

z′′ =
Aq +Br + pR

p
2 + q

2 + r
2

.

◗✉❡�
♦ ✈❛❧♦�❡ �♦�
✐
✉✐
♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✵✮ ❝✐ ❝♦♥❞✉❝❡ ❢❛❝✐❧♠❡♥
❡ ❛ �✉❡�
✐ ❛❧
�✐

x′′ =
p2B + q (Ar +Bq) + prR

p
(

p
2 + q

2 + r
2
) ; y′′ =

−Ap2 − r (Ar +Bq) + pqR

p
(

p
2 + q

2 + r
2
) ;

♥❡✐ �✉❛❧✐✱ ❞♦♣♦ ❛✈❡� ♠❡��♦ ✐♥ ❧✉♦❣♦ ❞❡❧ ❜✐♥♦♠✐♦ Ar + Bq ✐❧ �✉♦ ✈❛❧♦�❡ −Cp ❝❛✈❛
♦ ❞❛❧❧❛ ✭✸✹✮✱

♣✉� ❡✛❡

✉❛��✐ ❧❛ ❞✐✈✐�✐♦♥❡ ♣❡� p✿ ❝♦�� ♦

❡♥✐❛♠♦

✭✸✻✮ x′′ =
pB − qC + rR

p
2 + q

2 + r
2

; y′′ =
rC − pA+ qR

p
2 + q

2 + r
2

; z′′ =
qA− rB + pR

p
2 + q

2 + r
2

❙✐ ♥♦
✐ ❝❤❡ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞❡✐ ✈❛❧♦�✐ ✭✷✾✮ ❛❜❜✐❛♠♦

pB − qC =
(

y′p− z′ q
)

T
1
− (y′p− z′q)T

4

rC − pA =
(

z′ r − x′p
)

T
1
− (z′r − x′p)T

4

qA− rB =
(

x′ q − y′ r
)

T
1
− (x′q − y′r)T

4

✲ ✹✼ ✲❊◆●

�♦✱ ❜❡❝❛✉�❡ ♦❢ 
❤❡ ♣�❡✈✐♦✉� ✭✸✸✮✱ ♦♥❡ ❛❧�♦ ♦❜
❛✐♥�

✭✸✹✮ Ar +Bq + Cp = 0.

▲❡
 ✉� ♥♦✇ ❝♦♥�✐❞❡� 
❤❡ �✉❛♥
✐
② ✉♥❞❡� 
❤❡ �❛❞✐❝❛❧ �✐❣♥ ✐♥ 
❤❡ ✭✸✶✮✿ ✐
 ❝❛♥ ❜❡ 
�❛♥�❢♦�♠❡❞✱

✇✐
❤♦✉
 ❝❤❛♥❣✐♥❣ ✐
� ✈❛❧✉❡✱ ✐♥
♦ 
❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

(

p2 + q2 + r2
)

p2χ−A2
(

p2 + r2
)

− 2ABqr −B2
(

p2 + q2
)

;

❜✉
 ❢�♦♠ 
❤❡ ✭✸✹✮✱ ❜② ♠♦✈✐♥❣ Cp 
♦ 
❤❡ �✐❣❤
✲❤❛♥❞ �✐❞❡ ❛♥❞ ��✉❛�✐♥❣ 
❤❡ �❡�✉❧
✱ ✇❡ ❤❛✈❡

A2r2 + 2ABqr +B2q2 = C2p2;

�♦ 
❤❛
 
❤❡ ♣�❡✈✐♦✉� �✉❛♥
✐
②✱ ❜② ✉�✐♥❣ 
❤❡ ✭✸✷✮✱ ❜❡❝♦♠❡�

p2
{

χ
(

αϑ− ǫ2
)

−A2 −B2 − C2
}

♦� ❡�✉✐✈❛❧❡♥
❧②✱ ❜❡❝❛✉�❡ ♦❢ 
❤❡ ✈❛❧✉❡� ✭✷✾✮✱

p2
{

x
(

αϑ− ǫ2
)

− ϑT 2
1
+ 2ǫT

1
T

4
− αT 2

4

}

.

■♥ 
❤✐� ✇❛② 
❤❡ �❛❞✐❝❛❧ ❛♣♣❡❛�✐♥❣ ✐♥ 
❤❡ ❡①♣�❡��✐♦♥ ✭✸✶✮ ❢♦� z′′ ✐� ❡�✉❛❧ 
♦ pR ✐❢ ✇❡ ❤❛✈❡

✐♥
�♦❞✉❝❡❞ 
❤❡ ♥♦
❛
✐♦♥

✭✸✺✮ R = ±
{√

χ (αϑ− ǫ2)− ϑT 2
1
+ 2ǫT

1
T

4
− αT 2

4

}

;

❛♥❞ ✇❡ ✇✐❧❧ ❣❡


z′′ =
Aq +Br + pR

p
2 + q

2 + r
2

.

❚❤✐� ✈❛❧✉❡✱ ♦♥❝❡ �❡♣❧❛❝❡❞ ✐♥ 
❤❡ ❡�✉❛
✐♦♥� ✭✸✵✮ ❡❛�✐❧② ❜�✐♥❣� ✉� 
♦ 
❤❡�❡ ❢♦❧❧♦✇✐♥❣ ♦
❤❡��

x′′ =
p2B + q (Ar +Bq) + prR

p
(

p
2 + q

2 + r
2
) ; y′′ =

−Ap2 − r (Ar +Bq) + pqR

p
(

p
2 + q

2 + r
2
) ;

✇❤❡�❡✱ ❛❢
❡� �❡♣❧❛❝✐♥❣ 
❤❡ ❜✐♥♦♠✐❛❧ Ar +Bq ✇✐
❤ ✐
� ✈❛❧✉❡ −Cp ❛� ✐
 ✐� ♦❜
❛✐♥❡❞ ❢�♦♠ ✭✸✹✮✱ ✐


✐� ♣♦��✐❜❧❡ 
♦ ❞✐✈✐❞❡ ❜② p✿ ✐♥ 
❤✐� ✇❛② ✇❡ ♦❜
❛✐♥

✭✸✻✮ x′′ =
pB − qC + rR

p
2 + q

2 + r
2

; y′′ =
rC − pA+ qR

p
2 + q

2 + r
2

; z′′ =
qA− rB + pR

p
2 + q

2 + r
2

❖♥❡ ❤❛� 
♦ �❡♠❛�❦ 
❤❛
✱ ❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ 
❤❡ ✈❛❧✉❡� ❣✐✈❡♥ ✐♥ ✭✷✾✮ ✇❡ ❤❛✈❡

pB − qC =
(

y′p− z′ q
)

T
1
− (y′p− z′q)T

4

rC − pA =
(

z′ r − x′p
)

T
1
− (z′r − x′p)T

4

qA− rB =
(

x′ q − y′ r
)

T
1
− (x′q − y′r)T

4



✲ ✹✽ ✲

❞♦✈❡✱ ♣❡
 ❡✛❡��♦ ❞❡❧❧❡ ✭✷✽✮✱ ✐ �❡✐ ❝♦❡✣❝✐❡♥�✐ ❞✐ T
1
, T

4
�✉❜✐�❝♦♥♦ 
✐❞✉③✐♦♥✐✿ ♥❡ �❝
✐✈♦ ❧❛ ♣
✐♠❛✱ ❧❡

❛❧�
❡ �♦♥♦ �✐♠✐❧✐��✐♠❡ ✿

y′p− z′ q = x′(y2
′
+ z2

′
)− x′ (y

′y′ + z′z′ )

= x′(ϑ− x′2)− x′ (ǫ− x′x′ )

= x′ϑ− x′ ǫ;

✐♥ ❣✉✐�❛ ❝❤❡ �
♦✈✐❛♠♦

pB − qC =
(

x′ϑ− x′ ǫ
)

T
1
−

(

x′ǫ− x′α
)

T
4

rC − pA =
(

y′ϑ− y′ ǫ
)

T
1
−

(

y′ǫ− y′α
)

T
4

qA− rB =
(

z′ϑ− z′ ǫ
)

T
1
−

(

z′ǫ− z′α
)

T
4

❡ ♣♦��♦♥♦ ✐♥�
♦❞✉
�✐ ♥✉♦✈❡ �❡♠♣❧✐✜❝❛③✐♦♥✐ ♣♦♥❡♥❞♦

✭✸✼✮ m = ϑT
1
− ǫT

4
; n = αT

4
− ǫT

1
;

❞♦♣♦ ❞✐ ❝❤❡ ✐ ✈❛❧♦
✐ ✭✸✻✮ �✐ 
✐❞✉❝♦♥♦

x′′ =
x′m+ x′n+ rR

αϑ− ǫ2

y′′ =
y′m+ y′n+ qR

αϑ− ǫ2
✭✸✽✮

z′′ =
z′m+ z′n+ pR

αϑ− ǫ2
.

◗✉✐ ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜
✐ ❧❡ m,n,R �♦♥♦ #✉❛♥�✐�$ ❢❛��❡ ❞❡❧❧❡ �♦❧❡ α, ǫ, ϑ, χ, α′, α′ , ǫ
′, ♣❡
❝❤& ♥❡❧❧❡

✭✸✺✮✱ ✭✸✼✮ ❞❡❜❜♦♥♦ �♦��✐�✉✐
�✐ ❛❧❧❡ T
1
, T

4
✐ ✈❛❧♦
✐ ❡#✉✐✈❛❧❡♥�✐ ❣✐$ �❝
✐��✐ ♥❡❧❧❡ ✭✷✻✮✳

)
❡♥❞❡♥❞♦ ♦
❛ ❛ ❞❡�❡
♠✐♥❛
❡ ❧❡ �
❡ #✉❛♥�✐�$ x′
′
, y′′ , z′′ ♣❡
 ♠❡③③♦ ❞❡❧❧❡ ❡#✉❛③✐♦♥✐

x′x′
′
+ y′y′′ + z′z′′ = T

2

x′x
′
′
+ y′ y

′
′ + z′ z

′
′ = T

5

x′2

′
+ y′

2

′
+ z′

2

′
= ω

✐❧ ❝♦♥❢
♦♥�♦ ❞✐ #✉❡��❡ ❝♦❧❧❡ ❡#✉❛③✐♦♥✐ ✭✷✼✮ ❝✐ ❢❛
$ ❝❛♣✐
❡ ❢❛❝✐❧♠❡♥�❡ ❝❤❡ ❧✬❛♥❞❛♠❡♥�♦ ❞❡❧❧❛ �♦✲

❧✉③✐♦♥❡ �❛
$ ✐❧ ♠❡❞❡�✐♠♦✱ ❝♦�✐❝❝❤&✱ �❡♥③❛ 
✐♣❡�❡
❡ ✐❧ ❝❛❧❝♦❧♦✱ ♣♦�
❡♠♦ ❞❡�✉♠❡
❡ ✐ ✈❛❧♦
✐ ✜♥❛❧✐

❞❛❧❧❡ ♣
❡❞❡♥�✐ ✭✸✽✮ ✐♥�
♦❞✉❝❡♥❞♦ ❧❡ ❞❡❜✐�❡

✲ ✹✽ ✲❊◆●

✇❤❡
❡✱ ❛� ❛ ❝♦♥�❡#✉❡♥❝❡ ♦❢ �❤❡ ✭✷✽✮✱ �❤❡ �✐① ❝♦❡✣❝✐❡♥�� ♦❢ #✉❛♥�✐�✐❡� T
1
, T

4
❛
❡ �✐♠♣❧✐✜❡❞✿ ■

✇
✐�❡ ❤❡
❡ �❤❡ ✜
�� ♦❢ �✉❝❤ �✐♠♣❧✐✜❝❛�✐♦♥�✱ �✐♥❝❡ �❤❡ ♦�❤❡
� ❛
❡ ✈❡
② �✐♠✐❧❛
✿

y′p− z′ q = x′(y2
′
+ z2

′
)− x′ (y

′y′ + z′z′ )

= x′(ϑ− x′2)− x′ (ǫ− x′x′ )

= x′ϑ− x′ ǫ;

�♦ �❤❛� ✇❡ ✜♥❞

pB − qC =
(

x′ϑ− x′ ǫ
)

T
1
−

(

x′ǫ− x′α
)

T
4

rC − pA =
(

y′ϑ− y′ ǫ
)

T
1
−

(

y′ǫ− y′α
)

T
4

qA− rB =
(

z′ϑ− z′ ǫ
)

T
1
−

(

z′ǫ− z′α
)

T
4

❛♥❞ ♦♥❡ ❝❛♥ ✐♥�
♦❞✉❝❡ ♥❡✇ �✐♠♣❧✐✜❝❛�✐♦♥� ❜② ✉�✐♥❣ �❤❡ ❞❡✜♥✐�✐♦♥�

✭✸✼✮ m = ϑT
1
− ǫT

4
; n = αT

4
− ǫT

1
;

�♦ �❤❛� �❤❡ ✈❛❧✉❡� ✭✸✻✮ ❛
❡ 
❡❞✉❝❡❞ �♦

x′′ =
x′m+ x′n+ rR

αϑ− ǫ2

y′′ =
y′m+ y′n+ qR

αϑ− ǫ2
✭✸✽✮

z′′ =
z′m+ z′n+ pR

αϑ− ǫ2
.

■♥ ❛❧❧ ♣
❡✈✐♦✉� ❡#✉❛�✐♦♥� ✐♥ ❡❛❝❤ 
✐❣❤�✲❤❛♥❞ �✐❞❡ #✉❛♥�✐�✐❡� m,n,R ❞❡♣❡♥❞ ♦♥❧② ♦♥ #✉❛♥�✐�✐❡�

α, ǫ, ϑ, χ, α′, α′ , ǫ
′, ❛� ✐♥ �❤❡ ✭✸✺✮✱ ✭✸✼✮ �❤❡ #✉❛♥�✐�✐❡� T

1
, T

4
♠✉�� ❜❡ 
❡♣❧❛❝❡❞ ❜② �❤❡ ✈❛❧✉❡�

♦❜�❛✐♥❡❞ ❢♦
 �❤❡♠ ✐♥ �❤❡ ✭✷✻✮✳

■❢ ✇❡ ♥♦✇ ❞❡�❡
♠✐♥❡ �❤❡ �❤
❡❡ #✉❛♥�✐�✐❡� x′
′
, y′′ , z′′ ❜② ♠❡❛♥� ♦❢ �❤❡ ❡#✉❛�✐♦♥�

x′x′
′
+ y′y′′ + z′z′′ = T

2

x′x
′
′
+ y′ y

′
′ + z′ z

′
′ = T

5

x′2

′
+ y′

2

′
+ z′

2

′
= ω

�❤❡ ❝♦♠♣❛
✐�♦♥ ♦❢ �❤❡�❡ ♦♥❡� ✇✐�❤ �❤❡ ❡#✉❛�✐♦♥� ✭✷✼✮ ✇✐❧❧ ❛❧❧♦✇ ✉� �♦ ✉♥❞❡
��❛♥❞ ❡❛�✐❧② �❤❛� �❤❡

♣
♦❝❡❞✉
❡ ❢♦
 ❣❡��✐♥❣ �❤❡ �♦❧✉�✐♦♥ ✇✐❧❧ ❜❡ �❤❡ �❛♠❡✱ �♦ �❤❛�✱ ✇✐�❤♦✉� 
❡♣❡❛�✐♥❣ �❤❡ ❝❛❧❝✉❧❛�✐♦♥✱

✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❞❡�✉♠❡ �❤❡ ✜♥❛❧ ✈❛❧✉❡� ❢
♦♠ �❤❡ ♣
❡✈✐♦✉� ✭✸✽✮ ❜② ✐♥�
♦❞✉❝✐♥❣ �❤❡ ♥❡❡❞❡❞
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♠♦❞✐✜❝❛③✐♦♥✐ ✿ ❡ �❛�❛♥♥♦

x′
′
=

x′h+ x′k + rS

αϑ− ǫ2

y′′ =
y′h+ y′k + qS

αϑ− ǫ2
✭✸✾✮

z′′ =
z′h+ z′k + pS

αϑ− ǫ2
.

❡��❡♥❞♦ ✭ �✐❝❤✐❛♠✐♥�✐ ❧❡ ✭✸✺✮✱ ✭✸✼✮✮

S = ±
√

ω (αϑ− ǫ2)− ϑT
2

2
+ 2ǫT

2
T

5
− αT

2

5

h = ϑT
2
− ǫT

5
; k = αT

5
− ǫT

2

❝✐♦� ��❡ �✉❛♥�✐�� ❢❛��❡ �♦❧❛♠❡♥�❡ ❞✐ α, ϑ, ǫ, ω, α′, ϑ′ , ❝♦♠❡ �✐ ❢❛ ♣❛❧❡�❡ �❛♠♠❡♥�❛♥❞♦ ✐ ✈❛❧♦�✐ ❞✐

T
2
, T

5
�❝�✐��✐ ♥❡❧❧❡ ✭✷✻✮✳

❙❡ ♣♦✐ ❛❞♦♣❡�❛♥❞♦ ✐ ✈❛❧♦�✐ ✭✸✽✮✱ ✭✸✾✮ ❝❡�❝❤❡�❡♠♦ �✉❡❧❧♦ ❞❡❧ ��✐♥♦♠✐♦ x′′x′
′
+ y′′y′

′
+ z′′z′

′
✱

❛✈�❡♠♦ ✉♥❛ ❢�❛③✐♦♥❡ ✐❧ ❝✉✐ ❞❡♥♦♠✐♥❛�♦�❡ �❛�� ✐❧ �✉❛❞�❛�♦
(

αϑ− ǫ2
)2
✱ ❡ ✐❧ ♥✉♠❡�❛�♦�❡ ✉♥❛

�✉❛♥�✐�� ❞✐ ✷✼ �❡�♠✐♥✐ ❝❤❡ ♣✉& �❝�✐✈❡��✐ ❛❧ �❡❣✉❡♥�❡ ♠♦❞♦

(

x′2 + y′2 + z′2
)

mh+
(

x′x′ + y′y′ + z′z′

)

(mk + nh)

+
(

x2
′
+ y2

′
+ z2

′

)

nk + (x′r + y′q + z′r) (mS + hR)

+
(

x′ r + y′ q + z′p
)

(nS + kR) + (p2 + q2 + r2)RS.

◗✉❡��❛✱ ♣❡� ❧❡ ♣�✐♠❡ ��❡ ❞❡❧❧❡ ✭✷✸✮✱ ♣❡� ❧❡ ✭✸✸✮✱ ❡ ❧❛ ✭✸✷✮ �✐ �✐❞✉❝❡

αmh+ ǫ (mk + nh) + ϑnk +
(

αϑ− ǫ2
)

RS;

❡ �✐ ❢❛ ❝♦�) ♠❛♥✐❢❡��♦ ❝❤❡ ✐❧ ��✐♥♦♠✐♦ x′′x′
′
+ y′′y′

′
+ z′′z′

′
❡�✉✐✈❛❧❡ ❛❞ ✉♥❛ ❡�♣�❡��✐♦♥❡ ♦✈❡ ♥♦♥

❡♥��❛♥♦ ❝❤❡ ❧❡ α, ǫ, ϑ, χ, ω ❡ ❛❧❝✉♥❡ ❧♦�♦ ❞❡�✐✈❛�❡ ❞✐ ♣�✐♠♦ ♦�❞✐♥❡✳

❆♣♣♦❣❣✐❛♥❞♦❝✐ ❛❧❧❡ ❡�✉❛③✐♦♥✐

x′x′′ + y′y′′ + z′z′′ = T
3

x′x′′ + y′ y′′ + z′ z′′ = T
6

x2
′′
+ y2

′′
+ z2

′′
= ς

❡ ♣❛�❛❣♦♥❛♥❞♦❧❡ ❝♦❧❧❡ ✭✷✼✮ ♣♦��❡♠♦ �✉❜✐�♦ ❢♦�♠❛�❝✐ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ x′′ , y′′ , z′′ ✐♥ �✉��♦ �✐♠✐❧✐ ❛

�✉❡❧❧✐ ❡�♣�❡��✐ ♥❡❧❧❡ ✭✸✽✮✱ ✭✸✾✮✱ ❡ ❝♦♥ ✉♥ ♣�♦❝❡❞✐♠❡♥�♦ ❛✛❛��♦ ❛♥❛❧♦❣♦ ❛❧ ♣♦❝✬❛♥③✐ ❞❡�❝�✐��♦✱

♣�♦✈❛�❡ ❧❛ ♣�♦♣�✐❡�� ✐♥ ❞✐�❝♦��♦ ❛♥❝❤❡ ♣❡✐ ��✐♥♦♠❥

x′′x′′ + y′′y′′ + z′′z′′ ; x′
′
x′′ + y′

′
y′′ + z′

′
z′′ .

✲ ✹✾ ✲❊◆●

♠♦❞✐✜❝❛�✐♦♥�✿ ❬�❤❡ ✜♥❛❧ ❡�✉❛�✐♦♥�❪ ✇✐❧❧ ❜❡

x′
′
=

x′h+ x′k + rS

αϑ− ǫ2

y′′ =
y′h+ y′k + qS

αϑ− ǫ2
✭✸✾✮

z′′ =
z′h+ z′k + pS

αϑ− ǫ2
.

✇❤❡�❡ ❬�❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐�✐♦♥� ❛�❡ ✉�❡❞❪ ✭♦♥❡ ❤❛� �♦ �❡❝❛❧❧ �❤❡ ✭✸✺✮✱ ✭✸✼✮✮

S = ±
√

ω (αϑ− ǫ2)− ϑT
2

2
+ 2ǫT

2
T

5
− αT

2

5

h = ϑT
2
− ǫT

5
; k = αT

5
− ǫT

2

✇❤✐❝❤ ✐♥��♦❞✉❝❡ �❤�❡❡ �✉❛♥�✐�✐❡� ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ✈❛�✐❛❜❧❡� α, ϑ, ǫ, ω, α′, ϑ′ , ❛� ✐� ✐� ❝❧❡❛� ✇❤❡♥

♦♥❡ �❡❝❛❧❧� �❤❡ ✈❛❧✉❡� ♦❢ T
2
, T

5
❢♦✉♥❞ ✐♥ �❤❡ ✭✷✻✮✳

■❢ ✇❡ �❤❡♥ ✉�❡ �❤❡ ✈❛❧✉❡� ✭✸✽✮✱ ✭✸✾✮ �♦ ❧♦♦❦ ❢♦� ❛♥ ❡①♣�❡��✐♦♥ ❢♦� ��✐♥♦♠✐❛❧ x′′x′
′
+y′′y′

′
+z′′z′

′

✇❡ ✇✐❧❧ ❣❡� ❛ ❢�❛❝�✐♦♥ ✇❤♦�❡ ❞❡♥♦♠✐♥❛�♦� ✇✐❧❧ ❜❡ �❤❡ ��✉❛�❡
(

αϑ− ǫ2
)2

❛♥❞ ✇❤♦�❡ ♥✉♠❡�❛�♦�

✐� ❛ �✉❛♥�✐�② ♦❢ ✷✼ �❡�♠� ✇❤✐❝❤ ❝❛♥ ❜❡ ✇�✐��❡♥ ❛� ❢♦❧❧♦✇�

(

x′2 + y′2 + z′2
)

mh+
(

x′x′ + y′y′ + z′z′

)

(mk + nh)

+
(

x2
′
+ y2

′
+ z2

′

)

nk + (x′r + y′q + z′r) (mS + hR)

+
(

x′ r + y′ q + z′p
)

(nS + kR) + (p2 + q2 + r2)RS.

❚❤✐� ❡①♣�❡��✐♦♥✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ✜��� �❤�❡❡ ❛♠♦♥❣ ✭✷✸✮✱ ❛♥❞ ❜❡❝❛✉�❡ ♦❢ �❤❡ ✭✸✸✮ ❛♥❞ �❤❡ ✭✸✷✮

❝❛♥ ❜❡ �❡❞✉❝❡❞ �♦

αmh+ ǫ (mk + nh) + ϑnk +
(

αϑ− ǫ2
)

RS;

❛♥❞ ✐� ✐� �❤✉� ♠❛♥✐❢❡�� �❤❛� �❤❡ ��✐♥♦♠✐❛❧ x′′x′
′
+ y′′y′

′
+ z′′z′

′
✐� ❡�✉✐✈❛❧❡♥� �♦ ❛♥ ❡①♣�❡��✐♦♥

✇❤❡�❡ ♦♥❧② α, ǫ, ϑ, χ, ω ❛♥❞ �♦♠❡ ♦❢ �❤❡✐� ✜��� ♦�❞❡� ❞❡�✐✈❛�✐✈❡� ❛♣♣❡❛�✳

❇② ♠❛❦✐♥❣ ✉�❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥�

x′x′′ + y′y′′ + z′z′′ = T
3

x′x′′ + y′ y′′ + z′ z′′ = T
6

x2
′′
+ y2

′′
+ z2

′′
= ς

❛♥❞ ❝♦♠♣❛�✐♥❣ �❤❡♠ ✇✐�❤ �❤❡ ❡�✉❛�✐♦♥� ✭✷✼✮ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ♦❜�❛✐♥ �♦♠❡ ❡①♣�❡��✐♦♥� ❢♦�

�❤❡ �✉❛♥�✐�✐❡� x′′ , y′′ , z′′ ✈❡�② �✐♠✐❧❛� �♦ �❤♦�❡ ❡①♣�❡��❡❞ ✐♥ �❤❡ ❡�✉❛�✐♦♥� ✭✸✽✮✱ ✭✸✾✮✱ ❛♥❞✱ ✇✐�❤

❛ ♣�♦❝❡❞✉�❡ ❝♦♠♣❧❡�❡❧② ❛♥❛❧♦❣♦✉� �♦ �❤❡ ♦♥❡ ✇❤✐❝❤ ❤❛� ❜❡❡♥ ❞❡�❝�✐❜❡❞ ❥✉�� ❜❡❢♦�❡✱ �♦ ♣�♦✈❡

�❤❡ ❝♦♥�✐❞❡�❡❞ ♣�♦♣❡��② ❛❧�♦ ❢♦� �❤❡ ��✐♥♦♠✐❛❧�

x′′x′′ + y′′y′′ + z′′z′′ ; x′
′
x′′ + y′

′
y′′ + z′

′
z′′ .
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■❧ ❧❡��♦	❡ ❝♦♠♣	❡♥❞❡	� ❝❤❡✱ �❡♥③❛ ❢❛	�✐ ✜♥ ❞✬♦	❛ ✉♥✐❝♦ ❛♣♣♦❣❣✐♦ ♥❡❧❧✬❛♥❛❧♦❣✐❛✱ � ♣♦��✐❜✐❧❡✱

❝♦♥ ♠❡�♦❞✐ ❛♥❛❧✐�✐❝✐ �✐♠✐❧✐ ❛✐ ♣	❡❝❡❞❡♥�✐✱ ❞✐♠♦��	❛	❡ ❧❛ ♣	♦♣	✐❡�� ❛♥❝❤❡ ♣❡	 �✉❛❧✉♥�✉❡ �	✐♥♦♠✐♦

❝♦♥�❡♥❡♥�❡ ❧❡ ❞❡	✐✈❛�❡ ❞✐ �❡	③✬♦	❞✐♥❡ ♦ ❞✬♦	❞✐♥❡ ♣✐� ❡❧❡✈❛�♦✿ ❡ ❝❤❡ �✉✐♥❞✐ � ❧❡❝✐�♦ ✈❡♥✐	❡ ❛❞ ✉♥❛

❝♦♥❝❧✉�✐♦♥❡ ❣❡♥❡	❛❧❡ �✐♠✐❧❡ ❛ �✉❡❧❧❡ ❞❡❧ ♥✳ ✼✹ ♠✳♣✳ ❡ ♥✳ ✶✹ ❞❡❧❧❛ ▼❡♠♦	✐❛ ♣	❡�❡♥�❡✳

✶✽✳ ❇❡♥ ♣♦♥❞❡	❛�❛ ❧✬❛♥③✐❞❡��❛ ♣	♦♣	✐❡�� ❞❡✐ �	✐♥♦♠❥ T
1
, T

2
, T

3
.... ❛❧❧✬✐♥✜♥✐�♦✱ ✈❡❞❡�✐ ❝♦✲

♠❡ �✐ �	❛�❢♦	♠❛ ❧✬❡�✉❛③✐♦♥❡ ✭✷✺✮ ✐♥ ✉♥✬❛❧�	❛ �✐♠✐❧❡ ❛❧❧❛ ✭✶✽✮✱ ♥✳✼✺ ♠✳♣✳✱ ♥❡❧❧❛ �✉❛❧❡ ❧❛ �✉❛♥�✐��
∫

df
∫

dg·Λδρ2 ❝♦♠♣❛	❡ ❡❣✉❛❧❡ ❛❞ ✉♥❛ �❡	✐❡ ❝❤❡ ❝♦♥�✐❡♥❡ ❧✐♥❡❛	♠❡♥�❡ ❧❡ �❡✐ ✈❛	✐❛�❡ δα, δǫ, δϑ, δχ, δς

❡ ❧❡ ✈❛	✐❛�❡ ❞❡❧❧❡ ❧♦	♦ ❞❡	✐✈❛�❡ ♦ ♣❡	 a ♦ ♣❡	 b✳ ❉♦♣♦ ✉♥❛ ❝♦�- ❢❛��❛ ❡�✉❛③✐♦♥❡ �✐ ❢❛ ♣❛��❛❣❣✐♦

❛❞ ❛❧�	❛ �✐♠✐❧❡ ❛❧❧❛ ✭✶✾✮ ❞❡❧ ♥✳ ❝✐�❛�♦ ♠✳♣✳ ❝❤❡ 	✐�✉❧�❛ ❞❡❧❧❛ ❢♦	♠❛

∫

df

∫

dg · Λδρ2 = λδα+ μδϑ+ νδǫ+ ǫδχ+ ϑδς + τδω✭✹✵✮

+
dΔ

da
+

dΘ

db
.

◗✉❡��♦ ✈❛❧♦	❡ ❞❡❧❧✬✐♥�❡❣	❛❧❡ ❞✉♣❧✐❝❛�♦ �✐ ❞❡✈❡ ✐♥�	♦❞✉		❡ ♥❡❧❧✬❡�✉❛③✐♦♥❡ ✭✸✮ �♣❡��❛♥�❡ ❛✐ �✐��❡♠✐

�✉♣❡	✜❝✐❛❧✐✿ ❛❧❧♦	❛ �✐ ✈❡❞❡ ❝❤❡ ✐ ❞✉❡ �❡	♠✐♥✐ dΔ
da

, dΘ
db

✱ ♣♦�❡♥❞♦�✐ ❡✛❡��✉❛	❡ ❧✬✉♥❛ ♦ ❧✬❛❧�	❛ ❞❡❧❧❡

❞✉❡ ✐♥�❡❣	❛③✐♦♥✐✱ ♥♦♥ ❢❛♥♥♦ ❝❤❡ �♦♠♠✐♥✐��	❛	❡ �✉❛♥�✐�� ❝❤❡ �✐ ✈❡	�❛♥♦ ❛✐ ❧✐♠✐�✐ ❡ �✐ ❝♦♠♣❡♥❡✲

�	❛♥♦ ❝♦❧❧❛ Ω✳ ❈✐3 ❝❤❡ 	✐♠❛♥❡ �♦��♦ ✐❧ ❞♦♣♣✐♦ �❡❣♥♦ ✐♥�❡❣	❛❧❡ � ✉♥ �❡��✐♥♦♠✐♦ ✐❞❡♥�✐❝♦ �✉❛♥�♦

❛❧❧❛ ❢♦	♠❛ ❝♦♥ �✉❡❧❧♦ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✸✵✮ ♥✳ ✾✳ 4❡	�❛♥�♦ ❞❡��❛ ❡�✉❛③✐♦♥❡ ✭✸✵✮ ♥✳ ✾ 	❡��❛

	✐❝♦♥❢❡	♠❛�❛ ❝♦♠❡ ❣❡♥❡	❛❧✐��✐♠❛ ✐♥�✐❡♠❡ ❛ �✉��❡ ❧❡ �✉❡ ❝♦♥�❡❣✉❡♥③❡ ❞❛ ♥♦✐ ❞❡❞♦��❡ ♥❡❧ ❈❛♣♦

♣	❡❝❡❞❡♥�❡✳ ◗✉✐ ♣✉	❡ ❞✐	❡♠♦ ❝❤❡ �✉❡��♦ ♠❡�♦❞♦ ♣❡	 �	♦✈❛	❡ ❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡	❛❧❡ ❛♣♣❛	�❡♥❡♥�❡

❛✐ �✐��❡♠✐ �✉♣❡	✜❝✐❛❧✐ ♣❛	�❡♥❞♦ ❞❛❧❧❛ ❝♦♥�✐❞❡	❛③✐♦♥❡ ❞❡❧❧❡ ❛③✐♦♥✐ ♠♦❧❡❝♦❧❛	✐✱ ❧❛�❝✐❛ ✐♠❜❛	❛③③❛�❡

❧❡ ❡�✉❛③✐♦♥✐ ❛✐ ❧✐♠✐�✐✱ ❡�✉❛③✐♦♥✐ ❝❤❡ ❝♦❧❧✬❛❧�	♦ ♠❡�♦❞♦ ❞❡❧ ❈❛♣♦ ♣	❡❝❡❞❡♥�❡ ❛❜❜✐❛♠♦ ♣♦�✉�♦

❛��❡❣♥❛	❡ ❡ �✈♦❧❣❡	❡✱ ❛❧♠❡♥♦ ✐♥ ✉♥❛ �✉♣♣♦�✐③✐♦♥❡ ♣✐� 	✐��	❡��❛✳

❆✈❡♥❞♦ �✉✐ �❡	♠✐♥❡ �✉��❡ ❧❡ ❞✐♠♦��	❛③✐♦♥✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡	❛❧✐��✐♠❡ ♣❡	 ❧❡ �	❡ �♦	�❡ ❞✐

�✐��❡♠✐✱ �	♦✈❛�❡ ❡ 	✐❝♦♥❢❡	♠❛�❡ ✐♥ ♣✐� ♠❛♥✐❡	❡✱ ❡�♣♦		❡♠♦ ❧✬♦	❞✐♥❡ ❞❡❧❧❡ ✐❞❡❡ ❝❤❡ ♣❛	❡ ✐❧ ♠✐❣❧✐♦	❡

❛❧❧✬♦❣❣❡��♦ ❞✐ ♣❡	�✉❛❞❡	❝❡❧❡ ✈❡	❡ ❡ ✐♥ ♥✉❧❧❛ ♠❛♥❝❛♥�✐✳ ❈	❡❞♦ ❝❤❡ ❝♦♥✈❡		❡❜❜❡ ✐♥❝♦♠✐♥❝✐❛	❡ ❞❛❧

✷✳◦ ♠❡�♦❞♦✱ ❝✐♦� ❞❛ �✉❡❧❧♦ ❞❡❧ ❈❛♣♦ ❱■ ♠✳♣✳ ❡ ❈❛♣♦ ■■■ ❞✐ �✉❡��❛✳ ❙✐ ✈❡❞♦♥♦ ❛❧❧♦	❛ ✈❡♥✐	❡ ❧❡

❡�✉❛③✐♦♥✐ ❣❡♥❡	❛❧✐ ♦��❡♥�✐❜✐❧✐ ❛ �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛✱ ♣	❡❝✐�❛♠❡♥�❡ ❝♦♠❡ ✈❡♥❣♦♥♦ ♥❡❧ ❝❛�♦

❞❡✬ �✐��❡♠✐ 	✐❣✐❞✐ �	❛��❛�✐ ❝♦❧ ♣	✐♠♦ ♠❡�♦❞♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✳ ❯♥❛ �❛❧❡ ❝♦✐♥❝✐❞❡♥③❛

❝✐ ♣♦	�❛ ♥❛�✉	❛❧♠❡♥�❡ ❛ �✉♣♣♦		❡ ❝❤❡ ❞✉♥�✉❡ ❛♥❝❤❡ ♥❡❧ ❝❛�♦ ❞✐ �✐��❡♠✐ �✉❛❧✉♥�✉❡ �✉��✐��♦♥♦ ❧❡

❡�✉❛③✐♦♥✐ ✈❛	✐❛�❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✶✸✮ ♥✳✹✱ ✭✸✮ ♥✳✻✱ ✭✶✾✮ ♥✳✽✱ ❝♦♠❡ �✉��✐��♦♥♦ ♥❡❧ ❝❛�♦ ❞❡✬ �✐��❡♠✐

	✐❣✐❞✐ ✿ ✐❧ ❝❤❡ ❛♠♠❡��♦

✲ ✺✵ ✲❊◆●

❚❤❡ 	❡❛❞❡	 ✇✐❧❧ ✉♥❞❡	��❛♥❞ �❤❛�✱ ❛❧�♦ ✇✐�❤♦✉� ♠♦�✐✈❛�✐♥❣ ✉♥✐�✉❡❧② �❤❡ 	❡�✉❧� ♦♥ ❛♥❛❧♦❣②✱

✐� ✐� ♣♦��✐❜❧❡✱ ✇✐�❤ ❛♥❛❧②�✐❝❛❧ ♠❡�❤♦❞� �✐♠✐❧❛	 �♦ �❤❡ ♣	❡✈✐♦✉� ♦♥❡�✱ �♦ �❤♦✇ �❤❡ ❬❞✐�❝✉��❡❞❪

♣	♦♣❡	�② ❛❧�♦ ❢♦	 ❡✈❡	② �	✐♥♦♠✐❛❧ ❝♦♥�❛✐♥✐♥❣ �❤❡ �❤✐	❞ ♦	❞❡	 ❞❡	✐✈❛�✐✈❡� ♦	 ❛❧�♦ �❤❡ ❞❡	✐✈❛�✐✈❡�

♦❢ ❤✐❣❤❡	 ♦	❞❡	❀ ❛♥❞ �❤❛� �❤❡	❡❢♦	❡ ✐� ✐� ❧✐❝✐� �♦ ❛		✐✈❡ ❛� ❛ ❣❡♥❡	❛❧ ❝♦♥❝❧✉�✐♦♥ �✐♠✐❧❛	 �♦ �❤❡ ♦♥❡

♣	❡�❡♥�❡❞ ✐♥ �❤❡ �❡❝�✳ ✼✹ ♣✳♠✳ ❛♥❞ ✐♥ �❤❡ �❡❝�✳ ✶✹ ♦❢ �❤❡ ❝✉		❡♥� ▼❡♠♦✐	✳

✶✽✳ ❖♥❝❡ ♦♥❡ ❤❛� ❝❛	❡❢✉❧❧② ❝♦♥�✐❞❡	❡❞ �❤❡ ❛❢♦	❡♠❡♥�✐♦♥❡❞ ♣	♦♣❡	�② ♦❢ �❤❡ ✐♥✜♥✐�❡ �❡�✉❡♥❝❡

♦❢ �	✐♥♦♠✐❛❧� T
1
, T

2
, T

3
.... ✱ ❤❡ ✇✐❧❧ �❡❡ ❤♦✇ ❡�✉❛�✐♦♥ ✭✷✺✮ �	❛♥�❢♦	♠� ✐♥�♦ ❛♥♦�❤❡	 ♦♥❡ ✇❤✐❝❤

✐� �✐♠✐❧❛	 �♦ ❡�✉❛�✐♦♥ ✭✶✽✮✱ �❡❝�✳ ✼✺ ♣✳♠✳✱ ✇❤❡	❡ �✉❛♥�✐�②
∫

df
∫

dg · Λδρ2 ❛♣♣❡❛	� �♦ ❜❡ ❡�✉❛❧

�♦ ❛ �❡	✐❡� ✇❤✐❝❤ ❝♦♥�❛✐♥� ❧✐♥❡❛	❧② �❤❡ �✐① ✈❛	✐❛�✐♦♥� δα, δǫ, δϑ, δχ, δς, δω, ❛♥❞ �❤❡ ✈❛	✐❛�✐♦♥� ♦❢

�❤❡✐	 ❞❡	✐✈❛�✐✈❡� ✇✐�❤ 	❡�♣❡❝� �♦ ✈❛	✐❛❜❧❡� a ♦	 b✳ ❆❢�❡	 �✉❝❤ ❛♥ ❡�✉❛�✐♦♥ ✐� ✐� ♣♦��✐❜❧❡ �♦ ❛		✐✈❡

❛� ❛♥♦�❤❡	 ♦♥❡ �✐♠✐❧❛	 �♦ �❤❡ ✭✶✾✮ ✐♥ �❤❡ ❝✐�❡❞ �❡❝�✐♦♥ ♣✳♠✳✱ ✇❤✐❝❤ �❛❦❡� �❤❡ ❢♦	♠✿
∫

df

∫

dg · Λδρ2 = λδα+ μδϑ+ νδǫ+ ǫδχ+ ϑδς + τδω✭✹✵✮

+
dΔ

da
+

dΘ

db
.

❚❤✐� ✈❛❧✉❡ ✐♥ �❤❡ ❞♦✉❜❧❡ ✐♥�❡❣	❛❧ ♠✉�� ❜❡ ✐♥�	♦❞✉❝❡❞ ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✸✮ ✇❤✐❝❤ ❤♦❧❞� ❢♦	

�✉♣❡	✜❝✐❛❧ �②��❡♠�✿ �❤❡♥ ♦♥❡ ❝❛♥ �❡❡ �❤❛� �❤❡ �✇♦ �❡	♠� dΔ
da

, dΘ
db

✱ �✐♥❝❡ ❡✐�❤❡	 ♦♥❡ ♦	 �❤❡

♦�❤❡	 ♦❢ �❤❡ �✇♦ ✐♥�❡❣	❛�✐♦♥� ❝❛♥ ❜❡ ♣❡	❢♦	♠❡❞✱ 	❡♣	❡�❡♥� �✇♦ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❝♦♥�	✐❜✉�❡ �♦

❜♦✉♥❞❛	② ❝♦♥❞✐�✐♦♥� ❛♥❞ ♠✉�� ❜❡ ❛❞❞❡❞ ✉♣ �♦ �✉❛♥�✐�② Ω✳ ❲❤❛� ✜♥❛❧❧② 	❡♠❛✐♥� ✉♥❞❡	 �❤❡

❞♦✉❜❧❡ ✐♥�❡❣	❛❧ �✐❣♥ ✐� ❛ �❡①�✐♥♦♠✐❛❧ ✐❞❡♥�✐❝❛❧ ✲❢♦	 ✇❤❛� ❝♦♥❝❡	♥� ✐�� ❢♦	♠✲ �♦ �❤❡ ♦♥❡ ❛♣♣❡❛	✐♥❣

✐♥ ❡�✉❛�✐♦♥ ✭✸✵✮ �❡❝�✳ ✾✳ ❚❤❡	❡❢♦	❡ �❤❡ ♠❡♥�✐♦♥❡❞ ❡�✉❛�✐♦♥ ✭✸✵✮ �❡❝�✳ ✾ 	❡♠❛✐♥� ✈❛❧✐❞✱ ❛♥❞

❛❝�✉❛❧❧② ✐� ❝♦♥✜	♠❡❞ ❛� �❤❡ ♠♦�� ❣❡♥❡	❛❧ ♦♥❡ �♦❣❡�❤❡	 ✇✐�❤ ❛❧❧ ✐�� ❝♦♥�❡�✉❡♥❝❡�✱ ✇❤✐❝❤ ✇❡

❞❡❞✉❝❡❞ ✐♥ �❤❡ ♣	❡✈✐♦✉� ❈❛♣♦✳ ❲❡ ✇✐❧❧ ❛❞❞ ❤❡	❡ �❤❛� �❤✐� ♠❡�❤♦❞ �♦ ✜♥❞ �❤❡ ❣❡♥❡	❛❧ ❡�✉❛�✐♦♥

❢♦	 �✉♣❡	✜❝✐❛❧ �②��❡♠�✱ ��❛	�✐♥❣ ❢	♦♠ �❤❡ ❝♦♥�✐❞❡	❛�✐♦♥ ♦❢ ♠♦❧❡❝✉❧❛	 ❛❝�✐♦♥�✱ ❞♦❡� ♥♦� ❡①♣❧✐❝✐�❧②

♣	♦✈✐❞❡ �❤❡ ❜♦✉♥❞❛	② ❝♦♥❞✐�✐♦♥�✱ ❝♦♥❞✐�✐♦♥� ✇❤✐❝❤✱ ✇✐�❤ �❤❡ ❞✐✛❡	❡♥� ♠❡�❤♦❞ ♣	❡�❡♥�❡❞ ✐♥

�❤❡ ♣	❡✈✐♦✉� ❈❛♣♦✱ ✇❡ ❝♦✉❧❞ ❡①♣❧✐❝✐�❧② ❛��✐❣♥ ❛♥❞ ❡①♣	❡��✱ ❛� ❧❡❛�� ✉♥❞❡	 ❛ ♠♦	❡ 	❡��	✐❝�❡❞

❤②♣♦�❤❡�✐�✳

❍❛✈✐♥❣ ❤❡	❡ ✜♥✐�❤❡❞ ❛❧❧ �❤❡ ❞❡♠♦♥��	❛�✐♦♥� ♦❢ �❤❡ ♠♦�� ❣❡♥❡	❛❧ ❡�✉❛�✐♦♥� ❢♦	 �❤❡ �❤	❡❡

❦✐♥❞� ♦❢ �②��❡♠�✱ ✇❤✐❝❤ ✇❡	❡ ❢♦✉♥❞ ❛♥❞ ❝♦♥✜	♠❡❞ ✐♥ ♠❛♥② ❞✐✛❡	❡♥� ✇❛②�✱ ✇❡ ✇✐❧❧ ❡①♣♦✉♥❞ �❤❡

♦	❞❡	 ♦❢ ✐❞❡❛� ✇❤✐❝❤ �❡❡♠� �❤❡ ❜❡�� ♣♦��✐❜❧❡ ❢♦	 ♣❡	�✉❛❞✐♥❣ ♦✉	�❡❧✈❡� �❤❛� �❤❡② ❛	❡ �	✉❡ ❛♥❞

♥♦� ❧♦❣✐❝❛❧❧② ❢❛✉❧�② ✐♥ ❛♥② ❛�♣❡❝�✳ ■ ❜❡❧✐❡✈❡ �❤❛� ✐� ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥� �♦ ��❛	� ❢	♦♠ �❤❡ �❡❝♦♥❞

♠❡�❤♦❞✱ �❤❛� ✐� ❢	♦♠ �❤❡ ♦♥❡ ❡①♣♦✉♥❞❡❞ ✐♥ �❤❡ ❈❛♣♦ ❱■ ♣✳♠✳ ❛♥❞ ✐♥ �❤❡ ❈❛♣♦ ■■■ ♦❢ �❤✐�

♠❡♠♦✐	✳ ❲❡ ✇✐❧❧ �❡❡ �❤❡♥ �❤❡ ❣❡♥❡	❛❧ ❡�✉❛�✐♦♥� �♦ ❜❡❝♦♠❡ ❝❧❡❛	❧② ✈❡	✐✜❡❞ ✐♥ ❡✈❡	② ❬♠❛�❡	✐❛❧❪

♣♦✐♥� ♦❢ �❤❡ �②��❡♠✱ ❡①❛❝�❧② ❛� �❤❡② ❛	❡ ✈❡	✐✜❡❞ ✐♥ �❤❡ ❝❛�❡ ♦❢ �❤❡ 	✐❣✐❞ �②��❡♠� �	❡❛�❡❞ ✇✐�❤ �❤❡

✜	�� ♠❡�❤♦❞ ❜❛�❡❞ ♦♥ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥✳ ❙✉❝❤ ❛ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐❧❧ ❧❡❛❞ ✉� �♦ �✉♣♣♦�❡

♥❛�✉	❛❧❧② �❤❛�✱ ❛� ❛ ❝♦♥�❡�✉❡♥❝❡✱ ❛❧�♦ ✐♥ �❤❡ ❝❛�❡ ♦❢ �②��❡♠� ✇❤❛��♦❡✈❡	 �❤❡ ✈❛	✐❛�✐♦♥� ♦❢ �❤❡

❡�✉❛�✐♦♥� ♦❢ ❝♦♥❞✐�✐♦♥ ✭✶✸✮ �❡❝�✳ ✹✱ ✭✸✮ �❡❝�✳ ✻✱ ✭✶✾✮ �❡❝�✳ ✽ ��✐❧❧ ❤♦❧❞✱ ❡①❛❝�❧② ❛� �❤❡② ❤♦❧❞ ✐♥

�❤❡ ❝❛�❡ ♦❢ 	✐❣✐❞ �②��❡♠�✿ ✐❢ ✇❡ ❛❞♠✐� �❤✐� ❬❧❛�� ��❛�❡♠❡♥� ✐� �	✉❡❪



✲ ✺✶ ✲

♣❛��✐❛♠♦ ✭ �✐❝❝♦♠❡ �✐ ❞✐��❡ �✉❧ ✜♥❡ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✮ ❛ ❝❛♣✐�❡ ❝❤❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ ✈❛�✐❛③✐♦♥✐

❣❡♥❡�✐❝❤❡ δx, δy, δz �♦♥♦ �❡♠♣�❡ ✐ ✭✶✷✮ ♥✳✸ ♣❡� ♦❣♥✐ �♦��❛ ❞✐ �✐��❡♠✐ �♦❣❣❡��✐ ❛❧❧❛ ❧❡❣❣❡ ❞✐

❝♦♥�✐♥✉✐�� ❡ ♥♦♥ ♣❡✐ �♦❧✐ �✐��❡♠✐ �✐❣✐❞✐❀ ♦��✐❛✱ ❝✐ ❝❤❡ �♦�♥❛ ❧♦ ��❡��♦✱ ❝❤❡ ❧❛ ❧♦�♦ ♣�♦❞✉③✐♦♥❡

! ❞♦✈✉�❛ ❛ "✉❡❧ ✜��✐③✐♦ ♠♦✈✐♠❡♥�♦ ❞❡❣❧✐ ❛��✐✳ ❆❧❧♦�❛ ✈❡♥✐❛♠♦ ❛ ❝♦♥♦�❝❡�❡ ❝❤❡ ❧❛ "✉❛♥�✐��

✈❡��❛�❛ ❛✐ ❧✐♠✐�✐✱ �❡❣✉❡♥❞♦ ✐ ♠❡�♦❞✐ ❞❡❧ ❈❛♣♦ ❱■ ♠✳♣✳ ❡ ■■■ ❞❡❧❧✬❛��✉❛❧❡✱ ❞❡✈❡ ❛♥♥✉❧❧❛��✐ ✐♥ ❣�❛♥

♣❛��❡ ❞❛ �❡ ❡ �✉��✐��❡�✈✐ ❧❛ �♦❧❛ ❝❤❡ ✈✐ �✐ ✈❡��❛ ✉�❛♥❞♦ ✐❧ ♠❡�♦❞♦ ❞❡❧❧❡ ❡"✉❛③✐♦♥✐ ❞✐ ❝♦♥❞✐③✐♦♥❡✳

▲✬❛♥❞❛♠❡♥�♦ ♣♦✐ �❡♥✉�♦ ♥❡✐ ❈❛♣✐ ■❱ ❡ ❱■■ ♠✳♣✳✱ ❛❞♦♣❡�❛♥❞♦ ❣❧✐ ❛��✐ ✐♥�❡�♠❡❞❥ ❞❡❧❧❡ p, q, r✱ ♣✉ 

❡��❡�❡ �✐❣✉❛�❞❛�♦ ❝♦♠❡ ✉♥✬❛♥❛❧✐�✐ ��❛❝❝❛�❛ ❡ ❝♦���✉��❛ ❞✐❡��♦ ❞✐✈❡��❡ ❝♦♥�✐❞❡�❛③✐♦♥✐✱ ❧❛ "✉❛❧❡✱

❝♦♥❞✉❝❡♥❞♦ ❛✐ ♠❡❞❡�✐♠✐ �✐�✉❧�❛♠❡♥�✐✱ ❣✐♦✈❛ ❛��❛✐ ♣❡� �✐❜❛❞✐�❡ ❧❡ ❞❡❞✉③✐♦♥✐ ♦��❡♥✉�❡ ♠❡❞✐❛♥�❡

❧✬✐♥�✐❡♠❡ ❞❡✐ �❛❣✐♦♥❛♠❡♥�✐ ❝♦♥♥❡��✐ ❛❧❧✬❛❧��❛ ♠❛♥✐❡�❛✳

❈❆*❖ ■❱✳

❉✐❣�❡��✐♦♥❡ ✐♥	♦�♥♦ ❛❧❧❡ ❧✐♥❡❡ ❞✐ ♠❛��✐♠❛ ♦ ♠✐♥✐♠❛ ❝♦♥❞❡♥�❛③✐♦♥❡

♥❡✐ �✐�	❡♠✐ ❛ ❞✉❡ ❡ 	�❡ ❞✐♠❡♥�✐♦♥✐✳

✶✾✳ ■♥♥❛♥③✐ ♣�♦❝❡❞❡�❡ ❛ "✉❡❧❧❛ ♣❛��❡ ❞❡❧ ♣�❡�❡♥�❡ ❧❛✈♦�♦ ♦✈❡ �❛❣✐♦♥❡� ♣✐- ❛❞❞❡♥��♦ ❞❡❧❧❛

♥❛�✉�❛ ❞❡❧❧❡ ❢♦�③❡ ✐♥❡�♥❡ ❞❡✬ �✐��❡♠✐ ❝♦♥�✐♥✉✐✱ ♠✐ ❝♦♥✈✐❡♥❡ ♣�❡♠❡��❡�❡ ✉♥❛ �❡♦�✐❝❛ ✉�✐❧✐��✐♠❛ ❛

�❛❧ ✜♥❡✱ �❡ ♥♦♥ ♣❡❧ �✐��❡♠❛ ❧✐♥❡❛�❡✱ ♣❡� ❣❧✐ ❛❧��✐ ❞✉❡✳

❈♦♠✐♥❝✐❛♥❞♦ ❞❛❧ �✐��❡♠❛ �✉♣❡�✜❝✐❛❧❡ �✐ ! ✈❡❞✉�♦ ✜♥ ❞❛ ♣�✐♥❝✐♣✐♦ ✭ ♥✳✶✷ ♠✳♣✳✮ ❞♦✈❡��✐ ♣❡� ❡�✲

�♦ ✐♥�❡♥❞❡�❡ ❝❤❡ ❧❡ ♠♦❧❡❝♦❧❡ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❞✐�♣♦�✐③✐♦♥❡ ✐❞❡❛❧❡ ❢♦��❡�♦ ❞✐���✐❜✉✐�❡ �❡❣♦❧❛�♠❡♥�❡

✐♥ ✉♥ ♣✐❛♥♦✱ ❞✐��❛♥❞♦ ❢�❛ ❧♦�♦ ❞✐ ♣✐❝❝♦❧✐��✐♠✐ ✐♥�❡�✈❛❧❧✐ ❡❣✉❛❧✐ �❡❝♦♥❞♦ ❞✉❡ ❛��✐ �❡��❛♥❣♦❧❛�✐ ❞✐

❝♦♦�❞✐♥❛�❡ ✈❛�✐❛❜✐❧✐ a, b✱ �✉♣♣♦��❛ ❝♦��❛♥�❡ ❧❛ �❡�③❛ ❝♦♦�❞✐♥❛�❛ c �❡❧❛�✐✈❛ ❛❧❧✬❛��❡ ♣❡�♣❡♥❞✐❝♦❧❛�❡

❛✐ ❞✉❡ ♣�❡❝❡❞❡♥�✐✳ ❉✐ ♣✐- ✿ ❝❤❡ ♦�❞✐♥❛�❡ ♣♦✐ ❧❡ ♠♦❧❡❝♦❧❡ ❝♦♠❡ ♣♦��❛ ❧❛ ♥❛�✉�❛ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡✱

❡ ❞❡��❡ x, y, z ❞♦♣♦ ✉♥ �❛❧❡ ♦�❞✐♥❛♠❡♥�♦ ❧❡ ❝♦♦�❞✐♥❛�❡ ❞❡❧❧❛ ♠♦❧❡❝♦❧❛ ❣❡♥❡�✐❝❛ �✐�♣❡��♦ ❛ ��❡

❛��✐ �❡��❛♥❣♦❧❛�✐✱ �✬❛✈❡��❡�♦ ❛ ❝♦♥�✐❞❡�❛�❡ ❧❡ x, y, z ❢✉♥③✐♦♥✐ ❞❡❧❧❡ a, b

✭✶✮ x = x (a, b) ; y = y (a, b) ; z = z (a, b)

❞✐ �❛❧ ❢♦�♠❛ ❝❤❡ �✐❣♥✐✜❝❛��❡�♦ ❧❛ ❧❡❣❣❡ ❞❡❧❧❛ ❞✐���✐❜✉③✐♦♥❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡✳

❆✈✈❡��✐�❡♠♦ ❝❤❡✱ ♣❡� ✜��❛�❡ ❧❡ ✐❞❡❡✱ ! ❜❡♥❡ ✭"✉❛♥�✉♥"✉❡ ♥♦♥ �✐❛ ♥❡❝❡��❛�✐♦✮ �✐�❡♥❡�❡ ❝❤❡ ✐ ♥✉♦✈✐

❛��✐ �❡��❛♥❣♦❧❛�✐ ❞❡❧❧❡ x, y, z ❝♦✐♥❝✐❞❛♥♦ ❝♦♥ "✉❡❧❧✐ ❞❡❧❧❡a, b, c ✿ ❝✐♦! �✐ ♣❛��❛ ❞❛❧❧❛ ♠❡❞❡�✐♠❛

♦�✐❣✐♥❡ ❡ �✐ ♣�♦❝❡❞❛ �✉❧❧❡ ��❡��❡ �❡��❡ ❛ �❡❣♥❛�❡ ✐ ✈❛❧♦�✐ ❧✐♥❡❛�✐ ❞❡❧❧❡ x, y, z ❝❤❡ ❞♦♣♦ ❧✬♦�❞✐♥❛♠❡♥�♦

❝✐

✲ ✺✶ ✲❊◆●

✇❡ ✇✐❧❧ ♣�♦❝❡❡❞ ✭❡①❛❝�❧② ❛� ✐� ✇❛� �❛✐❞ ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ ♣�❡✈✐♦✉� ❈❛♣♦✮ �♦ ✉♥❞❡���❛♥❞ �❤❛� �❤❡

✈❛❧✉❡� ♦❢ �❤❡ ❣❡♥❡�✐❝ ✈❛�✐❛�✐♦♥� δx, δy, δz ❛�❡ ❛❧✇❛②� ❣✐✈❡♥ ❜② ❡"✉❛�✐♦♥� ✭✶✷✮ �❡❝�✳ ✸ ❢♦� ❡✈❡�②

❦✐♥❞ ♦❢ �②��❡♠ �✉❜❥❡❝� �♦ �❤❡ ❧❛✇ ♦❢ ❝♦♥�✐♥✉✐�② ❛♥❞ ♥♦� ♦♥❧② ❢♦� �✐❣✐❞ �②��❡♠�❀ �❤❛� ✐�✱ ✇❤❛�

✐� ✐� ❡"✉✐✈❛❧❡♥�✱ �❤❛� �❤❡✐� ✈❛❧✐❞✐�② ✐� ❞✉❡ �♦ �❤❡ ✜❝�✐�✐♦✉� ♠♦✈❡♠❡♥� ♦❢ ❛①❡� ✇❤✐❝❤ ❤❛� ❜❡❡♥

❞❡�❝�✐❜❡❞ �❤❡�❡✳ ❚❤❡♥ ✇❡ ❛�❡ ❛❜❧❡ �♦ ✉♥❞❡���❛♥❞ �❤❛� �❤❡ "✉❛♥�✐�② ♦❜�❛✐♥❡❞ ❛� �❤❡ ❜♦✉♥❞❛�✐❡�✱

❜② ❢♦❧❧♦✇✐♥❣ �❤❡ ♠❡�❤♦❞� ♦❢ �❤❡ ❈❛♣♦ ❱■ ♣✳♠✳ ❛♥❞ ❈❛♣♦ ■■■ ♦❢ �❤❡ ♣�❡�❡♥� ♦♥❡✱ ♠✉�� ❜❡

✈❛♥✐�❤✐♥❣ ✐♥ ✐�� ❣�❡❛�❡� ♣❛�� ❛♥❞ ♦♥❧② ✐�� ♣❛�� ♦❜�❛✐♥❡❞ ❜② ✉�✐♥❣ �❤❡ ♠❡�❤♦❞ ♦❢ �❤❡ ❡"✉❛�✐♦♥�

♦❢ ❝♦♥❞✐�✐♦♥� ❤❛� �♦ ❜❡ ��✐❧❧ ❝♦♥�✐❞❡�❡❞✳ ❚❤❡ ♣�♦❝❡❞✉�❡ ✇❤✐❝❤ ✇❛� �❤❡♥ ✉�❡❞ ✐♥ �❤❡ ❈❛♣♦ ■❱

❛♥❞ ❈❛♣♦ ❱■■ ♣✳♠✳✱ ❜② ✐♥��♦❞✉❝✐♥❣ �❤❡ ✐♥�❡�♠❡❞✐❛�❡ ❛①❡� �❡❧❛�✐✈❡ �♦ �❤❡ ✈❛�✐❛❜❧❡� p, q, r✱ ❝❛♥

❜❡ �❡❣❛�❞❡❞ ❛� ❛ ❞✐✛❡�❡♥� ❛♥❛❧②�✐� ✇❤✐❝❤ ✐� ❜❛�❡❞ ♦♥ ✭❛♥❞ ❞❡✈❡❧♦♣❡❞ ❜② ♠❡❛♥� ♦❢✮ ❞✐✛❡�❡♥�

❝♦♥�✐❞❡�❛�✐♦♥�✳ ❬❚❤✐� ❧❛�� ❛♥❛❧②�✐�❪✱ ❜② ❧❡❛❞✐♥❣ �♦ �❤❡ �❛♠❡ �❡�✉❧��✱ ✐� ✈❡�② ✉�❡❢✉❧ �♦ �❡❛✣�♠

�❤❡ ❞❡❞✉❝�✐♦♥� ♦❜�❛✐♥❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ✇❤♦❧❡ �❡� ♦❢ ❛�❣✉♠❡♥�� �❡❧❛�❡❞ �♦ �❤❡ ❛❧�❡�♥❛�✐✈❡

♣�❡�❡♥�❡❞ ✇❛② ♦❢ �❡❛�♦♥✐♥❣✳

❈❆*❖ ■❱✳

❉✐❣�❡��✐♦♥ ❛❜♦✉� �❤❡ ❧✐♥❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❝♦♥❞❡♥�❛�✐♦♥

✐♥ �❤❡ �✇♦✲❞✐♠❡♥�✐♦♥❛❧ ❛♥❞ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�

✶✾✳ ❇❡❢♦�❡ ♣�♦❝❡❡❞✐♥❣ ✐♥ �❤❛� ♣❛�� ♦❢ �❤❡ ♣�❡�❡♥� ✇♦�❦ ✇❤❡�❡ ■ ✇✐❧❧ ❞✐�❝✉�� ✐♥ ❛ ♠♦�❡ ❞❡�❛✐❧❡❞

✇❛② �❤❡ ♥❛�✉�❡ ♦❢ �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡� ♦❢ ❝♦♥�✐♥✉♦✉� �②��❡♠�✱ ■ ❜❡❧✐❡✈❡ ✐� ✐� ✈❡�② ✉�❡❢✉❧ �♦ ❞✐�❝✉��

✐♥ ❛❞✈❛♥❝❡ ❛ �❤❡♦�② ✇❤✐❝❤ ✐� ✈❡�② �❡❧❡✈❛♥� �♦ �❤✐� ♣✉�♣♦�❡ ❡�♣❡❝✐❛❧❧② ❢♦� �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ❛♥❞

�✇♦✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�✳

❇② ✜��� ❝♦♥�✐❞❡�✐♥❣ �❤❡ �✉♣❡�✜❝✐❛❧ �②��❡♠✱ ✐� ❤❛� ❜❡❡♥ �❡❡♥✱ �✐♥❝❡ �❤❡ ✈❡�② ❜❡❣✐♥♥✐♥❣ ✭�❡❝�✳

✶✷ ♣✳♠✳✮✱ ❤♦✇ ♦♥❡ ❤❛❞ �♦ ❛��✉♠❡ �❤❛� �❤❡ ♠♦❧❡❝✉❧❡� ✐♥ �❤❡ ♣�❡❝❡❞✐♥❣ ✐❞❡❛❧ ❝♦♥✜❣✉�❛�✐♦♥ ✇❡�❡ �♦

❜❡ �❡❣✉❧❛�❧② ❞✐���✐❜✉�❡❞ ✐♥ ❛ ♣❧❛♥❡✱ ❜❡✐♥❣ ♣❧❛❝❡❞ ♦♥❡ ❛❢�❡� �❤❡ ♦�❤❡� ❛❧♦♥❣ �❤❡ �❡❝�❛♥❣✉❧❛� ❛①❡�

❤❛✈✐♥❣ ❝♦♦�❞✐♥❛�❡ ✈❛�✐❛❜❧❡� a, b✱ ❛� �❤❡ ❡♥❞♣♦✐♥�� ♦❢ ✈❡�② �♠❛❧❧ ❛♥❞ ❡"✉❛❧ ✐♥�❡�✈❛❧�✱ ✇❤✐❧❡ ✐� ✐�

❛��✉♠❡❞ �❤❛� �❤❡ �❤✐�❞ ❝♦♦�❞✐♥❛�❡ c �❡❧❛�✐✈❡ �♦ �❤❡ ❛①✐� ♣❡�♣❡♥❞✐❝✉❧❛� �♦ �❤❡ �✇♦ ♣�❡✈✐♦✉� ♦♥❡�

✐� ❝♦♥��❛♥�✳ ▼♦�❡♦✈❡� ❬✐� ❤❛� ❜❡❡♥ �❡❡♥❪ �❤❛�✱ ♦♥❝❡ �❤❡ ♠♦❧❡❝✉❧❡� ❛�❡ ♦�❞❡�❡❞ ❛� ✐� ✐� ❞❡�❡�♠✐♥❡❞

❜② �❤❡ ♥❛�✉�❡ ♦❢ �❤❡ �❡❛❧ ��❛�❡✱ ❛♥❞ ✐❢ �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ❣❡♥❡�✐❝ ♠♦❧❡❝✉❧❡ ✇✐�❤ �❡�♣❡❝� �♦

�❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡� ❛❢�❡� �✉❝❤ ❛ �❡✲♦�❞❡�✐♥❣ ❛�❡ ❝❛❧❧❡❞ x, y, z✱ ♦♥❡ ❤❛� �♦ ❝♦♥�✐❞❡� �❤❡

�❤�❡❡ ✈❛�✐❛❜❧❡� x, y, z ❛� ❣✐✈❡♥ ❜② �♦♠❡ ❢✉♥❝�✐♦♥� ♦❢ ✈❛�✐❛❜❧❡� a, b

✭✶✮ x = x (a, b) ; y = y (a, b) ; z = z (a, b)

�✉❝❤ �❤❛� �❤❡✐� ❢♦�♠ ❝❛♥ �❡♣�❡�❡♥� �❤❡ ❧❛✇ ♦❢ ❞✐���✐❜✉�✐♦♥ ♦❢ �❤❡ ♠♦❧❡❝✉❧❡� ✐♥ �❤❡ �❡❛❧ ��❛�❡✳

❲❡ ✇✐❧❧ ❡①♣❧✐❝✐�❧② ✇❛�♥ �❤❛�✱ �♦ ✜① �❤❡ ✐❞❡❛�✱ ✐� ✐� ✉�❡❢✉❧ ✭❛❧�❤♦✉❣❤ ✐� ✐� ♥♦� ❧♦❣✐❝❛❧❧② ♥❡❝❡��❛�②✮

�♦ ❛��✉♠❡ �❤❛� �❤❡ ♥❡✇ �❡❝�❛♥❣✉❧❛� ❛①❡� �❡❧❛�✐✈❡ �♦ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ❝♦✐♥❝✐❞❡ ✇✐�❤ �❤♦�❡

�❡❧❛�✐✈❡ �♦ ✈❛�✐❛❜❧❡� a, b, c✿ ✐♥ ♦�❤❡� ✇♦�❞� ✐� ✐� ♣♦��✐❜❧❡ �♦ ��❛�� ❢�♦♠ �❤❡ �❛♠❡ ♦�✐❣✐♥ ❛♥❞ �♦

♣�♦❝❡❡❞ ❛❧♦♥❣ �❤❡ �❛♠❡ ���❛✐❣❤� ❧✐♥❡� �♦ ♠❛�❦ �❤❡ ❧✐♥❡❛� ✈❛❧✉❡� ♦❢ �❤❡ ✈❛�✐❛❜❧❡� x, y, z ✇❤✐❝❤✱

❛❢�❡� �❤❡ �❡✲♦�❞❡�✐♥❣✱ ✇✐❧❧



✲ ✺✷ ✲

❢❛♥♥♦ �	♦✈❛	❡ ❧❛ ♠♦❧❡❝♦❧❛ ❣✐� ❞❡�❡	♠✐♥❛�❛ ❞❛✐ ✈❛❧♦	✐ ❧✐♥❡❛	✐ a, b, c✳ ❙✐ � ❛♥❝❤❡ ❞❡��♦ ❝❤❡ ✐♠✲

♠❛❣✐♥❛♥❞♦ ❡❧✐♠✐♥❛�❡ ❧❡ a, b ❞❛❧❧❡ �	❡ ♣	❡❝❡❞❡♥�✐ ❡�✉❛③✐♦♥✐ ✭✶✮✱ �✐ ❝❛♣✐�❝❡ ❝♦♠❡ ✈❡♥❣❛ ❛ ♥❛�❝❡	❡

❧✬❡�✉❛③✐♦♥❡

✭✷✮ z = z(x, y)

❡�♣	✐♠❡♥�❡ ❧❛ ♥❛�✉	❛ ❞❡❧❧❛ �✉♣❡	✜❝✐❡ ✐♥ ❝✉✐ ❧❡ ♠♦❧❡❝♦❧❡ ♥❡❧❧♦ ��❛�♦ 	❡❛❧❡ ✈❡♥❣♦♥♦ ❛❞ ❡��❡	❡

❝♦❧❧♦❝❛�❡✱ ❡ ❝❤❡ ♣✉" ❡��❡	❡ ❧❛ ♠❡❞❡�✐♠❛ ❛♥❝❤❡ ♣❡	 ♠♦❧�❡ ♠❛♥✐❡	❡ ❞✐✈❡	�❡ ❞✐ ❞✐��	✐❜✉③✐♦♥❡ ❞✐

❡��❡ ♠♦❧❡❝♦❧❡✳

❉♦♣♦ �✉❡��♦ ❝♦♥❝❡��♦ �✐ ♣	❡�❡♥�❛ �♣♦♥�❛♥❡❛♠❡♥�❡ ❧✬✐❞❡❛ ❞✐ ❝❡	❝❛	❡ �♦♣	❛ ❞❡��❛ �✉♣❡	✜❝✐❡

❧❡ ❝✉	✈❡ ♦✈❡ ♥❡❧❧♦ ��❛�♦ 	❡❛❧❡ �✐ ❞✐�♣♦♥❣♦♥♦ ❧❡ ♠♦❧❡❝♦❧❡ ♣❡	 ❧❡ �✉❛❧✐ ♥❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡

❡	❛♥♦ ❝♦��❛♥�✐ ❧❡ ❝♦♦	❞✐♥❛�❡ b✱ ♦✈✈❡	♦ ❧❡ a✱ ❝✐♦� ❧❡ ♠♦❧❡❝♦❧❡ ❝❤❡ ✐♥ �✉❡❧ ♣✐❛♥♦ �✐ �	♦✈❛✈❛♥♦ �♦♣	❛

	❡��❡ ♣❛	❛❧❧❡❧❡ ❛❧❧✬❛��❡ ❞❡❧❧❡ a ♦ ❛❧❧✬❛��❡ ❞❡❧❧❡ b✳ ◆♦♥ � ❞✐✣❝✐❧❡ ❝❛♣✐	❡ ❝❤❡ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛

♣	✐♠❛ ❝✉	✈❛ �❛	❛♥♥♦ ❧❡ ❞✉❡ ❝❤❡ �✐ ❛✈	❛♥♥♦ ❡❧✐♠✐♥❛♥❞♦ ❧❛ a ❢	❛ ❧❡ ♣	❡❝❡❞❡♥�✐ ✭✶✮✱ ❡ 	✐�❡♥❡♥❞♦✈✐

b ♣❛	❛♠❡�	♦ ❝♦��❛♥�❡✱ ✐♥ �✉❡❧❧❛ ❣✉✐�❛ ❝❤❡ �✐ ❞✐��❡ ❞❡❧❧❛ c �♦��✐♥�❡�❛ ❝♦��❛♥�❡ ♥❡❧❧❡ ��❡��❡ ✭✶✮❀ ❡

❝♦�( ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧✬❛❧�	❛ ❝✉	✈❛ �✐ ♦��❡		❛♥♥♦ ❡❧✐♠✐♥❛♥❞♦ ❢	❛ ❧❡ ✭✶✮ ❧❛ ✈❛	✐❛❜✐❧❡ b✱ ❡ 	✐�❡♥✉�❛✈✐

a ♣❛	❛♠❡�	♦ ❝♦��❛♥�❡✳

❊❝❝♦ ✉♥✬❛❧�	❛ 	✐❝❡	❝❛ ❝❤❡ ❝♦♠♣	❡♥❞❡ ❝♦♠❡ ❝❛�✐ ♣❛	�✐❝♦❧❛	✐ ❧❡ ❞✉❡ ♣	❡❝❡❞❡♥�✐✳ ◆❡❧ ♣✐❛♥♦ ❝❤❡✱

❝♦♠❡ �♦♣	❛ �✐ ❞✐��❡✱ ✐♠♠❛❣✐♥❛✈❛�✐ ❝♦♥�❡♥❡	❡ ❧❛ ♣	✐♠✐�✐✈❛ ❞✐�♣♦�✐③✐♦♥❡ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✱ �✬✐♥�❡♥❞❛

❝♦♥❞♦��❛ ♣❡❧ ♣✉♥�♦ ❣❡♥❡	✐❝♦ (a, b) ✉♥❛ 	❡��❛ �✉❛❧✉♥�✉❡ ✿ �✐ ❞♦♠❛♥❞❛♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛ ❝✉	✈❛

♦✈❡ �✐ ❝♦❧❧♦❝❛♥♦ ♥❡❧❧♦ ��❛�♦ 	❡❛❧❡ ❧❡ ♠♦❧❡❝♦❧❡ ❝❤❡ ♥❡❧❧♦ ��❛�♦ ❛♥�❡❝❡❞❡♥�❡ �✬✐♠❜❛��❡✈❛♥♦ ❛ �	♦✈❛	�✐

✐♥ �✉❡❧❧❛ 	❡��❛✳ ❈❤✐❛♠❛�❡ a+ f ✱ b+ g ❧❡ ❝♦♦	❞✐♥❛�❡ ❞✐ ✉♥ ♣✉♥�♦ �✉❛❧✉♥�✉❡ ❞✐ �❛❧ 	❡��❛✱ ❧❡ f, g

♣♦��♦♥♦ 	✐❣✉❛	❞❛	�✐ ❝♦♦	❞✐♥❛�❡ 	❡��❛♥❣♦❧❡ ❞✐ ❡��♦ ♣✉♥�♦ 	✐�♣❡��♦ ❛ ❞✉❡ ❛��✐ ❝♦♥❞♦��✐ ❞❛❧ ♣✉♥�♦

(a, b) ❝♦♠❡ ❞❛ ♦	✐❣✐♥❡ ♣❛	❛❧❧❡❧✐ ❛ �✉❡❧❧✐ ❞❡❧❧❡ a, b✳ ❙✐ �❛ ❝❤❡ ❞✐ �❛❧✐ ✈❛	✐❛❜✐❧✐ ❧❛ g � ❞❛�❛ ♣❡	 ❧❛ f

♠♦❧�✐♣❧✐❝❛�❛ ♣❡	 ✉♥❛ ❝♦��❛♥�❡ ❡�♣	✐♠❡♥�❡ ❧❛ �❛♥❣❡♥�❡ ❞❡❧❧✬❛♥❣♦❧♦ ❝❤❡ ❧❛ 	❡��❛ ❢❛ ❝♦♥ ❧✬❛��❡ ❞❡❧❧❡

f ♦ ❞❡❧❧❡ a ✿ ♠❛ � ♠❡❣❧✐♦ ✐♥✈❡❝❡ ❞✐ f, g ♣	❡♥❞❡	❡ ✐ ❧♦	♦ ✈❛❧♦	✐

✭✸✮ f = iξ; g = iη;

❡��❡♥❞♦ i ❧❛ ❞✐��❛♥③❛ ❞✐ �✉❡❧ ♣✉♥�♦ �✉❛❧✉♥�✉❡ ❞❛❧ ♣✉♥�♦ (a, b)✱ ❡ ξ, η ✐❧ ❝♦�❡♥♦ ❡ ✐❧ �❡♥♦ ❞❡❧❧✬❛♥❣♦❧♦

❛♥③✐❞❡��♦✱ ❢	❛ ✐ �✉❛❧✐ ��❛ ❧✬❡�✉❛③✐♦♥❡

✭✹✮ ξ2 + η2 = 1.

❉❡�✐❣♥❛�❡ ♣❡	�❛♥�♦ ❝♦♥ x′ , y′ , z′ ❧❡ ❝♦♦	❞✐♥❛�❡ ❞✐ �✉❡❧ ♣✉♥�♦ �✉❛❧✉♥�✉❡ ❞❡❧❧❛ 	❡��❛ �	❛�♣♦	�❛�♦

❛❧❧♦ ��❛�♦ 	❡❛❧❡ ❛✈	❡♠♦✱ ✐♥ ✈✐	�. ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✮✱

✭✺✮ x′ = x (a+ iξ, b+ iη) ; y′ = y (a+ iξ, b+ iη) ; z′ = z (a+ iξ, b+ iη) ;

✲ ✺✷ ✲❊◆●

❛❧❧♦✇ ✉� �♦ ✜♥❞ �❤❡ ♠♦❧❡❝✉❧❡ ❛❧	❡❛❞② ❧❛❜❡❧❧❡❞ ❜② �❤❡ ❧✐♥❡❛	 ✈❛❧✉❡� a, b, c✳ ■� ✇❛� ❛❧�♦ �❛✐❞ �❤❛�✱

❜② ❛��✉♠✐♥❣ �❤❛� �❤❡ ✈❛	✐❛❜❧❡� a, b ❛	❡ ❡❧✐♠✐♥❛�❡❞ ❢	♦♠ �❤❡ �❤	❡❡ ♣	❡✈✐♦✉� ❡�✉❛�✐♦♥� ✭✶✮✱ ✐� ✐�

❡❛�② �♦ ✉♥❞❡	��❛♥❞ ❤♦✇ ♦♥❡ ❝❛♥ ❣❡� �❤❡ ❡�✉❛�✐♦♥

✭✷✮ z = z(x, y)

✇❤✐❝❤ ❡①♣	❡��❡� �❤❡ ♥❛�✉	❡ ♦❢ �❤❡ �✉♣❡	✜❝✐❛❧ ✐♥ ✇❤✐❝❤ �❤❡ ♠♦❧❡❝✉❧❡�✱ ✐♥ �❤❡✐	 	❡❛❧ ��❛�❡✱ ❛	❡

♣❧❛❝❡❞✱ ❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ �❤❡ �❛♠❡ ❛❧�♦ ❢♦	 ♠❛♥② ❞✐✛❡	❡♥� ✇❛②� ✐♥ ✇❤✐❝❤ �❤❡ ♠♦❧❡❝✉❧❡� ❛	❡

❞✐��	✐❜✉�❡❞✳

❆❢�❡	 ✐♥�	♦❞✉❝✐♥❣ �❤✐� ❝♦♥❝❡♣� ✐� ♥❛�✉	❛❧❧② ❛	✐�❡� �❤❡ ✐❞❡❛ ♦❢ ❧♦♦❦✐♥❣ ❢♦	✱ ✐♥�✐❞❡ �❤❡ ♠❡♥✲

�✐♦♥❡❞ �✉	❢❛❝❡✱ �❤♦�❡ ❝✉	✈❡� ✇❤❡	❡ ✐♥ �❤❡ 	❡❛❧ ��❛�❡ ❛	❡ ♣❧❛❝❡❞ �❤❡ ♠♦❧❡❝✉❧❡� ❢♦	 ✇❤✐❝❤✱ ✐♥ �❤❡

❛♥�❡❝❡❞❡♥� ��❛�❡✱ �❤❡ ❝♦♦	❞✐♥❛�❡� b ✭♦	 �❤❡ ❝♦♦	❞✐♥❛�❡� a) ✇❡	❡ ❝♦♥��❛♥�✱ ✐✳❡✳ �❤❡ ♠♦❧❡❝✉❧❡�

✇❤✐❝❤ ✐♥ �❤❛� ♣❧❛♥❡ ✇❡	❡ ♣❧❛❝❡❞ ❛❧♦♥❣ ��	❛✐❣❤� ❧✐♥❡� ♣❛	❛❧❧❡❧ �♦ �❤❡ ❛①✐� ♦❢ ✈❛	✐❛❜❧❡ a ♦	 �❤❡ ❛①✐�

♦❢ ✈❛	✐❛❜❧❡ b✳ ■� ✐� ♥♦� ❞✐✣❝✉❧� �♦ ✉♥❞❡	��❛♥❞ �❤❛� �❤❡ ❡�✉❛�✐♦♥� ♦❢ �❤❡ ✜	�� ❝✉	✈❡ ✇✐❧❧ ❜❡ �❤♦�❡

�✇♦ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♦❜�❛✐♥❡❞ ❜② ❡❧✐♠✐♥❛�✐♥❣ a ✐♥ �❤❡ ♣	❡✈✐♦✉� ✭✶✮✱ ❛♥❞ 	❡❣❛	❞✐♥❣ �❤❡ ♣❛	❛♠❡�❡	

b ❛� ❛ ❝♦♥��❛♥�✱ ❡①❛❝�❧② ✐♥ �❤❡ �❛♠❡ ✇❛② ✇❤✐❝❤ ✇❛� ❞✐�❝✉��❡❞✱ ✇❤❡♥ ��❛�✐♥❣ �❤❛� ✈❛	✐❛❜❧❡ c

✇❡	❡ ❛��✉♠❡❞ ✐♠♣❧✐❝✐�❧② �♦ ❜❡ ❝♦♥��❛♥� ✐♥ �❤❡ �❛♠❡ ✭✶✮❀ ❛♥❞ ✐♥ �❤✐� ✇❛② �❤❡ ❡�✉❛�✐♦♥� ♦❢ �❤❡

♦�❤❡	 ❝✉	✈❡ ✇✐❧❧ ❜❡ ♦❜�❛✐♥❡❞ ❜② ❡❧✐♠✐♥❛�✐♥❣ ✈❛	✐❛❜❧❡ b ✐♥ ✭✶✮✱ ♦♥❝❡ ✈❛	✐❛❜❧❡ a ✐� ❛��✉♠❡❞ �♦ ❜❡

❛ ❝♦♥��❛♥� ♣❛	❛♠❡�❡	✳

❍❡	❡ �❤❡	❡ ✐� ♥♦✇ ❛♥♦�❤❡	 ♣	♦❜❧❡♠✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡� ❛� ❛ ♣❛	�✐❝✉❧❛	 ❝❛�❡ �❤❡ �✇♦ ♣	❡✈✐♦✉�

♦♥❡�✳ ■♥ �❤❡ ♣❧❛♥❡ ✇❤✐❝❤✱ ❛� ✐� ❤❛� ❜❡❡♥ �❛✐❞ ❜❡❢♦	❡✱ ✇❡ ✐♠❛❣✐♥❡❞ �❤❛� �❤❡ ♦	✐❣✐♥❛❧ ♣❧❛❝❡♠❡♥� ♦❢

�❤❡ ♠♦❧❡❝✉❧❡� ✇❛� ❝♦♥�❛✐♥❡❞✱ ♦♥❡ ♠❛② ❝❤♦♦�❡✱ ��❛	�✐♥❣ ❢	♦♠ �❤❡ ❣❡♥❡	✐❝ ♣♦✐♥� (a, b) ❛ ��	❛✐❣❤�

❧✐♥❡ ✇❤❛��♦❡✈❡	✿ ♦♥❡ ✐� ❛�❦❡❞ �♦ ✜♥❞ �❤❡ ❡�✉❛�✐♦♥� ♦❢ �❤❡ ❝✉	✈❡ ✇❤❡	❡✱ ✐♥ �❤❡ 	❡❛❧ ��❛�❡✱ ❛	❡

♣❧❛❝❡❞ �❤♦�❡ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� ��❛�❡ ✇❡	❡ ♣❧❛❝❡❞ ❛❧♦♥❣ �❤❡ ❣✐✈❡♥ ��	❛✐❣❤� ❧✐♥❡✳

❖♥❝❡ ❝❛❧❧❡❞ a+f ✱ b+g �❤❡ ❝♦♦	❞✐♥❛�❡� ♦❢ ❛ ❣❡♥❡	✐❝ ♣♦✐♥� ♦❢ ❛ �✉❝❤ ��	❛✐❣❤� ❧✐♥❡✱ �❤❡ ✈❛	✐❛❜❧❡� f

❛♥❞ g ❝❛♥ ❜❡ 	❡❣❛	❞❡❞ ❛� �❤❡ 	❡❝�❛♥❣✉❧❛	 ❝♦♦	❞✐♥❛�❡� ♦❢ �✉❝❤ ❛ ♣♦✐♥� ✇✐�❤ 	❡�♣❡❝� �♦ ❛ �②��❡♠

♦❢ �✇♦ ❛①❡� ❤❛✈✐♥❣ �❤❡ ♣♦✐♥� (a, b) ❛� �❤❡✐	 ❝♦♠♠♦♥ ♦	✐❣✐♥ ❛♥❞ ✇❤✐❝❤ ❛	❡ 	❡�♣❡❝�✐✈❡❧② ♣❛	❛❧❧❡❧ �♦

�❤❡ ❛①❡� 	❡❧❛�✐✈❡ �♦ ✈❛	✐❛❜❧❡� a, b✳ ■� ✐� ❦♥♦✇♥ �❤❛� ♦❢ �❤❡�❡ ✈❛	✐❛❜❧❡�✱ g ✐� ❣✐✈❡♥ ❜② f ♠✉❧�✐♣❧✐❡❞

❜② ❛ ❝♦♥��❛♥� ✇❤✐❝❤ ❣✐✈❡� �❤❡ �❛♥❣❡♥� ♦❢ �❤❡ ❛♥❣❧❡ ❢♦	♠❡❞ ❜② �❤❡ ❝♦♥�✐❞❡	❡❞ ��	❛✐❣❤� ❧✐♥❡ ❛♥❞

�❤❡ ❛①✐� ♦❢ ✈❛	✐❛❜❧❡ f ♦	 ♦❢ ✈❛	✐❛❜❧❡ a✿ ❤♦✇❡✈❡	 ✐� ✐� ♠♦	❡ �✉✐�❛❜❧❡ �♦ 	❡♣❧❛❝❡ ✈❛	✐❛❜❧❡� f, g ✇✐�❤

�❤❡✐	 ✈❛❧✉❡�

✭✸✮ f = iξ; g = iη;

i ❜❡✐♥❣ �❤❡ ❞✐��❛♥❝❡ ❜❡�✇❡❡♥ �❤❡ ❝♦♥�✐❞❡	❡❞ ❣❡♥❡	✐❝ ♣♦✐♥� ❛♥❞ ♣♦✐♥� (a, b)✱ ❛♥❞ ✇❤✐❧❡ �✉❛♥�✐�✐❡�

ξ, η ❞❡♥♦�❡ �❤❡ ❝♦�✐♥❡ ❛♥❞ �❤❡ �✐♥❡ ♦❢ �❤❡ ❛❢♦	❡♠❡♥�✐♦♥❡❞ ❛♥❣❧❡✱ ✇❤✐❝❤ ✈❡	✐❢② �❤❡ ❡�✉❛�✐♦♥

✭✹✮ ξ2 + η2 = 1.

❖♥❝❡ ✇❡ ❤❛✈❡ ❞❡♥♦�❡❞ ❜② x′ , y′ , z′ �❤❡ ❝♦♦	❞✐♥❛�❡� ♦❢ �✉❝❤ ❣❡♥❡	✐❝ ♣♦✐♥� ❜❡❧♦♥❣✐♥❣ �♦ �❤❡ ❝♦♥✲

�✐❞❡	❡❞ ��	❛✐❣❤� ❧✐♥❡ ✇❤❡♥ �	❛♥�♣♦	�❡❞ �♦ �❤❡ 	❡❛❧ ��❛�❡✱ ✇❡ ✇✐❧❧ ❤❛✈❡✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❡�✉❛�✐♦♥�

✭✶✮✱

✭✺✮ x′ = x (a+ iξ, b+ iη) ; y′ = y (a+ iξ, b+ iη) ; z′ = z (a+ iξ, b+ iη) ;



✲ ✺✸ ✲

❡ ❧❡ ❡�✉❛③✐♦♥✐ ❝❡�❝❛�❡ �❛�❛♥♥♦ �✉❡❧❧❡ ❝❤❡ �✐�✉❧�❡�❛♥♥♦ ❞❛❧❧❡ ♣�❡❝❡❞❡♥�✐ ❞♦♣♦ ❛✈❡�♥❡ ❡❧✐♠✐♥❛�❛

❧❛ ✈❛�✐❛❜✐❧❡ i ✳ ❍♦ ❛��❡�✐�♦ ❝❤❡ �✉❡��❛ �✐❝❡�❝❛ ✐♥✈♦❧❣❡ ❧❡ ❞✉❡ ♣�❡❝❡❞❡♥�✐ ✿ ✐♥❢❛��✐✱ �❡ ❢❛❝❝✐❛♥�✐

ξ = 1✱ η = 0✱ ❧❛ �❡��❛ ❞✐✈❡♥�❛ ♣❛�❛❧❧❡❧❛ ❛❧❧✬❛��❡ ❞❡❧❧❡ a ✿ ❡❧✐♠✐♥❛�❡ ❛❧❧♦�❛ ❧❛ i ❢�❛ ❧❡

x′ = x (a+ i, b) ; y′ = y (a+ i, b) ; z′ = z (a+ i, b)

♥♦♥ �✐ ♣✉� �❡♥③❛ ❡❧✐♠✐♥❛�❡ �✉��♦ ✐❧ ❜✐♥♦♠✐♦ a+ i✱ ❡ �✐ ❤❛ ❧♦ ��❡��♦ �✐�✉❧�❛�♦ ❝♦♠❡ ❡❧✐♠✐♥❛♥❞♦ ❧❛

a ❢�❛ ❧❡ ✭✶✮ ✿ ❞✐❝❛�✐ ❛ ✉♥ ❞✐♣�❡��♦ ♣❡� ❧✬❛❧��❛ ❞✐ �✉❡❧❧❡ ❝✉�✈❡ �✉❛♥❞♦ ξ = 0✱ η = 1.

❉♦♣♦ ❧✬✐♥❞✐❝❛�❛ ❡❧✐♠✐♥❛③✐♦♥❡ ❞❡❧❧❛ i ❢�❛ ❧❡ ✭✺✮✱ ❡♥��❛♠❜❡ ❧❡ a, b ❡♥��❡�❛♥♥♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐

�✐�✉❧�❛♥�✐ ❝♦♠❡ ♣❛�❛♠❡��✐ ❝♦��❛♥�✐✱ ❡ ❝♦�# ♣✉�❡ ✈✐ ❡♥��❡�❛♥♥♦ ❧❡ ❝♦��❛♥�✐ ξ✱η✱ ❞❡❧❧❛ �✉❛❧❡ ✉♥❛

�❡��❛ ✐♥❞❡�❡�♠✐♥❛�❛ ❡ ❧✬❛❧��❛ ♥♦ ❛ ♠♦�✐✈♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✹✮✳ ◗✉❡❧❧❛ ❞❡❧❧❡ ❞✉❡ ξ✱η ❝❤❡ �✐♠❛♥❡

✐♥❞❡�❡�♠✐♥❛�❛✱ ♣✉� ❢❛��✐ ❢✉♥③✐♦♥❡ �✉❛❧✉♥�✉❡ ❞❡❧❧❡ ��❡��❡ a, b, ❡ ✈❛�✐❛♥❞♦ �❛❧❡ ❢✉♥③✐♦♥❡ ✈❛�✐❡�&

❧❛ �❡��❛ ♣❛��❛♥�❡ ♣❡❧ ♣✉♥�♦ (a, b) ❞❡❧❧❡ ❝✉✐ ♠♦❧❡❝♦❧❡ �✐ ❝❡�❝❛ ❧❛ ❝♦❧❧♦❝❛③✐♦♥❡ ❞♦♣♦ ✐❧ ��❛�♣♦��♦

❛❧❧♦ ��❛�♦ �❡❛❧❡✳

❙✐❝❝♦♠❡✱ ❣✐✉��❛ ❧✬✉❧�✐♠♦ ❝♦♥❝❡��♦✱ ✉♥❛ ❞❡❧❧❡ ❞✉❡ ❢✉♥③✐♦♥✐ ❞✐ a, b ❞❛ �♦��✐�✉✐��✐ ❛❧❧❡ ξ✱η �✐♠❛♥❡

❛�❜✐��❛�✐❛✱ ♣♦��✐❛♠♦ ❞❡�❡�♠✐♥❛�❧❛ �♦❞❞✐�❢❛❝❡♥❞♦ ❛ �✉❛❧❝❤❡ ❛❧��❛ �✐❝❡�❝❛✱ ❡❞ ( ❝♦�# ❝❤❡ ❝✐ ❢❛❝❝✐❛♠♦

���❛❞❛ ❛❧❧❛ �❡❣✉❡♥�❡ ✐♠♣♦��❛♥�❡ �❡♦�✐❝❛✳

▲❛ ❞✐��❛♥③❛ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡ ❞✐ ❞✉❡ ♠♦❧❡❝♦❧❡ ❝❤❡ ♥❡❧❧❛ ❞✐���✐❜✉③✐♦♥❡ ❛♥�❡❝❡❞❡♥�❡ ❛✈❡❛♥♦

�✐�♣❡��✐✈❛♠❡♥�❡ ❧❡ ❝♦♦�❞✐♥❛�❡

a, b ; a+ f, b+ g

❢✉ ✐♥❞✐❝❛�❛ ♣❡� ρ ❡❞ ❡�♣�❡��❛ ♠❡❞✐❛♥�❡ ❧✬❡�✉❛③✐♦♥❡ ✭✷✷✮ ♥✳ ✶✻ ❀ �♦❧❛♠❡♥�❡ ❛✈✈❡��✐�❡♠♦ ❝❤❡

❛✈❡♥❞♦ ♦�❛ ❧❛ f, g ✐ ✈❛❧♦�✐ ✭✸✮✱ ❡��❛ ♣�❡♥❞❡ ❧❛ ❢♦�♠❛

✭✻✮ ρ2 = i2
(

αξ2 + 2ǫξη + ϑη2
)

+ i3k + ❡❝✳

◗✉✐ ❧❛ i ✭❞✐��❛♥③❛ ❢�❛ ❧❡ ❞✉❡ ♠♦❧❡❝♦❧❡✮ ♣✉� �✉♣♣♦��✐ �❛♥�♦ ♣✐❝❝♦❧❛ ❝❤❡ ✭�❡❝♦♥❞♦ ✉♥ ♥♦�♦ ♣�✐♥❝✐♣✐♦

❞✐♠♦���❛�♦ ❞❛ ▲❛❣�❛♥❣❡ ✿ ❚❤�♦�✐❡ ❞❡	 ❢♦♥❝
✐♦♥	 ❛♥❛❧②
✐�✉❡	 ✿ ✷ a �❛�
✐❡✱ ❛�
✳✸✱ ✷✺ ✮ ✐❧ ✈❛❧♦�❡ ❞❡❧

�❡❝♦♥❞♦ ♠❡♠❜�♦ ��✐❛ �❡♥�✐❜✐❧♠❡♥�❡ �✉��♦ ♥❡❧ ♣�✐♠♦ �❡�♠✐♥❡ ✿ ❡ ❝♦�# ❞❡❜❜✬❡��❡�❡ �✐❝✉�❛♠❡♥�❡

�❡ ✐♥�❡♥❞✐❛♠♦ �✐❣♥✐✜❝❛�❛ ❞❛ i ❧❛ ❞✐��❛♥③❛ ��❛ ❧❛ ♠♦❧❡❝♦❧❛ (a, b) ❡ ❧✬❛❧��❛ ❛ ❧❡✐ ♣✐. ✈✐❝✐♥❛ ♥❡❧❧❛

❞✐�❡③✐♦♥❡ ❞✐ �✉❡❧❧❛ �❡��❛✳ ■♠♣❡�♦❝❝❤( �❛❧❡ ❞✐��❛♥③❛ ✭ ❡ ❧♦ �✐ ✈❡❞❡ ♣❡� ❧❛ ��❡��❛ ♣�❡❝❡❞❡♥�❡

❡�✉❛③✐♦♥❡ ✭✻✮ ✮ ( ❞❡❧❧♦ ��❡��♦ ♦�❞✐♥❡ ❞✐ ❣�❛♥❞❡③③❛ ❞❡❧❧❛ ρ ✱ ❡ ❝♦♠❡ �✉❡��❛ ✐♥ ♥❛�✉�❛ ❡���❡♠❛♠❡♥�❡

♣✐❝❝♦❧❛✱ ❝♦�# ❞❡❜❜✬❡��❡�❡ ❛♥❝❤❡ ❞✐ �✉❡❧❧❛ ✿ ❡ ♥♦♥ ❝✬( ❞✉❜❜✐♦ ❝❤❡ �❛❧ ♣✐❝❝♦❧❡③③❛ ♣♦��❛ ♥♦♥ ❡��❡�❡

�✉✣❝✐❡♥�❡ ❛❧❧❛ ✈✐�✐✜❝❛③✐♦♥❡ ❞❡❧ �✉❝❝✐�❛�♦ ♣�✐♥❝✐♣✐♦ ❧❛❣�❛♥❣✐❛♥♦✱ ❝❤( ❧❛ ♣✐❝❝♦❧❡③③❛ ❞❡❧❧❡ ❞✐��❛♥③❡

♠♦❧❡❝♦❧❛�✐ ✐♥ ♥❛�✉�❛ �✉♣❡�❛ ♦❣♥✐ �❢♦�③♦ ❞✬ ✐♠♠❛❣✐♥❛③✐♦♥❡✳

✲ ✺✸ ✲❊◆●

❛♥❞ �❤❡ �❡❛�❝❤❡❞ ❡�✉❛�✐♦♥� ✇✐❧❧ ❜❡ �❤♦�❡ ✇❤✐❝❤ ✇✐❧❧ �❡�✉❧� ❢�♦♠ �❤❡ ♣�❡✈✐♦✉� ♦♥❡� ❛❢�❡� ❡❧✐♠✐✲

♥❛�✐♥❣ ✈❛�✐❛❜❧❡ i✳ ■ ❤❛✈❡ ��❛�❡❞ �❤❛� �✉❝❤ ❛ �❡❛�❝❤ ♣�♦♣♦�❡� ❛ ♣�♦❜❧❡♠ ♦❢ ✇❤✐❝❤ �❤❡ ♣�❡✈✐♦✉�

�✇♦ ❛�❡ ❛ ♣❛��✐❝✉❧❛� ❝❛�❡✿ ✐♥❞❡❡❞✱ ✐❢ ✇❡ ❛��✉♠❡ �❤❛� ξ = 1✱ η = 0✱ �❤❡ ���❛✐❣❤� ❧✐♥❡ ❜❡❝♦♠❡�

♣❛�❛❧❧❡❧ �♦ �❤❡ ❛①✐� ♦❢ ✈❛�✐❛❜❧❡ a✿ �❤❡ ❡❧✐♠✐♥❛�✐♦♥ ♦❢ ✈❛�✐❛❜❧❡ i ❢�♦♠ �❤❡ ❡�✉❛�✐♦♥�

x′ = x (a+ i, b) ; y′ = y (a+ i, b) ; z′ = z (a+ i, b)

✐� ❡�✉✐✈❛❧❡♥� �♦ ❡❧✐♠✐♥❛�❡ �❤❡ ✇❤♦❧❡ ❜✐♥♦♠✐❛❧ a+ i✱ ❛♥❞ ♦♥❡ ❣❡�� �❤❡ �❛♠❡ �❡�✉❧� ❛� ❡❧✐♠✐♥❛�✐♥❣

✈❛�✐❛❜❧❡ a ❢�♦♠ ❡�✉❛�✐♦♥� ✭✶✮ ✿ ♦♥❡ ❝❛♥ �❡♣❡❛� ❛ ✈❡�② �✐♠✐❧❛� �❡❛�♦♥✐♥❣ ❢♦� �❤❡ ♦�❤❡� ❝✉�✈❡

♦❜�❛✐♥❡❞ ✇❤❡♥ ξ = 0✱ η = 1.

❆❢�❡� ♣❡�❢♦�♠✐♥❣ �❤❡ ✐♥❞✐❝❛�❡❞ ❡❧✐♠✐♥❛�✐♦♥ ♦❢ ✈❛�✐❛❜❧❡ i ❢�♦♠ �❤❡ ✭✺✮✱ ❜♦�❤ ✈❛�✐❛❜❧❡� a, b

✇✐❧❧ ❛♣♣❡❛� ✐♥ �❤❡ �❡�✉❧�✐♥❣ ❡�✉❛�✐♦♥� ❛� ❝♦♥��❛♥� ♣❛�❛♠❡�❡��✱ ❛♥❞ �✐♠✐❧❛�❧② ✐� ✇✐❧❧ ❤❛♣♣❡♥ ❢♦�

❝♦♥��❛♥�� ξ✱η✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ✐� ✐♥❞❡�❡�♠✐♥❛�❡ ✇❤✐❧❡ �❤❡ ♦�❤❡� ♦♥❡ ✐� ❞❡�❡�♠✐♥❡❞ ❜② ❡�✉❛�✐♦♥

✭✹✮✳ ❚❤❡ ♦♥❡ ❜❡�✇❡❡♥ �❤❡ �✇♦ ✈❛�✐❛❜❧❡� ξ✱η ✇❤✐❝❤ �❡♠❛✐♥� ✐♥❞❡�❡�♠✐♥❛�❡✱ ❝❛♥ ❜❡ �❡❣❛�❞❡❞ ❛�

❛ ❣❡♥❡�✐❝ ❢✉♥❝�✐♦♥ ♦❢ �❤❡ �❛♠❡ ✈❛�✐❛❜❧❡� a, b, ❛♥❞ ❜② ✈❛�②✐♥❣ �✉❝❤ ❛ ❢✉♥❝�✐♦♥ ✐� ✇✐❧❧ ✈❛�② �❤❡

���❛✐❣❤� ❧✐♥❡ �♦ ✇❤✐❝❤ ♣♦✐♥� (a, b) ❜❡❧♦♥❣� ❛♥❞ ✇❤♦�❡ ♠♦❧❡❝✉❧❡� ♦♥❡ ✐� ❧♦♦❦✐♥❣ ❢♦� �❤❡ ♣❧❛❝❡♠❡♥�

❛❢�❡� �❤❡ ��❛♥�♣♦�� �♦ �❤❡ �❡❛❧ ��❛�❡✳

◆♦✇ �✐♥❝❡✱ ❛� ✇❡ ❤❛✈❡ ❥✉�� �❡♠❛�❦❡❞✱ ♦♥❡ ♦❢ �❤❡ �✇♦ ❢✉♥❝�✐♦♥� ♦❢ ✈❛�✐❛❜❧❡� a, b �♦ ❜❡

�✉❜��✐�✉�❡❞ �♦ �❤❡ ξ ♦� η ✐� ❛�❜✐��❛�②✱ ✇❡ ❝❛♥ ❞❡�❡�♠✐♥❡ ✐� ✐♥ ♦�❞❡� �♦ �♦❧✈❡ ❛♥♦�❤❡� �❡❧❛�❡❞

♣�♦❜❧❡♠✱ ❛♥❞ ✐� ✐� ✐♥ �❤✐� ✇❛② �❤❛� ✇❡ ♣�♦❝❡❡❞ �♦ ♣�❡�❡♥� �❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦��❛♥� �❤❡♦�②✳

❚❤❡ ❞✐��❛♥❝❡ ✐♥ �❤❡ �❡❛❧ ��❛�❡ ♦❢ �✇♦ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤✱ ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� ♣❧❛❝❡♠❡♥�✱ ❤❛❞

�❡�♣❡❝�✐✈❡❧② ❝♦♦�❞✐♥❛�❡�

a, b ; a+ f, b+ g

✇❛� ❞❡♥♦�❡❞ ✇✐�❤ �❤❡ �②♠❜♦❧ ρ ❛♥❞ ❡①♣�❡��❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✷✷✮ �❡❝�✳ ✶✻❀ ✇❡ ✇✐❧❧

♥♦✇ �✐♠♣❧② ✇❛�♥ �❤❛�✱ �✐♥❝❡ ✈❛�✐❛❜❧❡� f, g �❛❦❡ ♥♦✇ �❤❡ ✈❛❧✉❡� ❣✐✈❡♥ ❜② ❡�✉❛�✐♦♥ ✭✸✮✱ ✐� ✇✐❧❧

❤❛✈❡ �❤❡ ❢♦�♠

✭✻✮ ρ2 = i2
(

αξ2 + 2ǫξη + ϑη2
)

+ i3k + ❡�❝✳

❍❡�❡ ✈❛�✐❛❜❧❡ i ✭�❤❡ ❞✐��❛♥❝❡ ❜❡�✇❡❡♥ �❤❡ �✇♦ ❝♦♥�✐❞❡�❡❞ ♠♦❧❡❝✉❧❡�✮ ❝❛♥ ❜❡ ❛��✉♠❡❞ �♦ ❜❡

�♠❛❧❧ ❡♥♦✉❣❤ �❤❛� ✭❢♦❧❧♦✇✐♥❣ ❛ ✇❡❧❧✲❦♥♦✇ ♣�✐♥❝✐♣❧❡ �❤♦✇♥ ❜② ▲❛❣�❛♥❣❡ ✿ ❚❤�♦�✐❡ ❞❡	 ❢♦♥❝
✐♦♥	

❛♥❛❧②
✐�✉❡	 ✿ ✷ a �❛�
✐❡✱ ❛�
✳✸✱ ✷✺✮ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ✐� ❣✐✈❡♥ ♠❛✐♥❧② ❜② ✐�� ✜���

❛❞❞❡♥❞✿ ❛♥❞ �❤✐� ✐� �✉�❡❧② �❤❡ ❝❛�❡ ✐❢ ✇❡ ♠❡❛♥ ❜② �✉❛♥�✐�② i �❤❡ ❞✐��❛♥❝❡ ❜❡�✇❡❡♥ �❤❡ ♠♦❧❡❝✉❧❡

(a, b) ❛♥❞ �❤❡ ♦�❤❡� ♦♥❡ ✇❤✐❝❤ ✐� �❤❡ ❝❧♦�❡�� ♦♥❡ ✐♥ �❤❡ ❞✐�❡❝�✐♦♥ ♦❢ �❤❡ ❝♦♥�✐❞❡�❡❞ ���❛✐❣❤�

❧✐♥❡✳ ■♥❞❡❡❞ �✉❝❤ ❛ ❞✐��❛♥❝❡ ✭❛♥❞ �❤✐� ❝❛♥ ❜❡ �❡❡♥ ❜② ✉�✐♥❣ �❤❡ ♣�❡✈✐♦✉� ❡�✉❛�✐♦♥ ✭✻✮✮ ✐� ♦❢ �❤❡

�❛♠❡ ♦�❞❡� ♦❢ ♠❛❣♥✐�✉❞❡ ❛� ✈❛�✐❛❜❧❡ ρ✱ ❛♥❞ ❡①❛❝�❧② ❛� �❤✐� ❧❛�� ♦♥❡ ✐� ✐� ❡①��❡♠❡❧② �♠❛❧❧✿ ❛♥❞

✐� ✐� ❜❡②♦♥❞ ❛ �❤❛❞♦✇ ♦❢ ❛ ❞♦✉❜� �❤❛� �❤✐� �♠❛❧❧♥❡�� ✐� �✉✣❝✐❡♥� �♦ ♠❛❦❡ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞

▲❛❣�❛♥❣✐❛♥ ♣�✐♥❝✐♣❧❡ ❛♣♣❧✐❝❛❜❧❡✱ �✐♥❝❡ �❤❡ �♠❛❧❧♥❡�� ♦❢ ♠♦❧❡❝✉❧❛� ❞✐��❛♥❝❡� ✐♥ ♥❛�✉�❡ ✐� ❜❡②♦♥❞

❛♥② ❡✛♦�� ♦❢ ✐♠❛❣✐♥❛�✐♦♥✳



✲ ✺✹ ✲

▲❛ ♣�♦♣�✐❡�� ❝❤❡ ✐❧ ✈❛❧♦�❡ ❞❡❧❧❛ ρ ��✐❛ ♣�❡��♦ ❝❤❡ �✉��♦ ♥❡❧ ♣�✐♠♦ �❡�♠✐♥❡ ❞❡❧ �❡❝♦♥❞♦

♠❡♠❜�♦ ❞❡❧❧❛ ✭✻✮✱ �✉❛♥❞♦ �✐ ♣❛�❧❛ ❞✐ ♠♦❧❡❝♦❧❡ ✐♠♠❡❞✐❛�❛♠❡♥�❡ ♣�♦��✐♠❡✱ ✈❛��� �✉❛❧✉♥�✉❡

�✐❛ ❧❛ �❡��❛ ♣❛��❛♥�❡ ♣❡❧ ♣✉♥�♦(a, b)✱ ❝♦♠❡ �♦♣�❛ ❞✐❝❡♠♠♦✱ ❡ ❛✈�❡♠♦ ♥❡❧❧♦ ��❛�♦ �❡❛❧❡ ❞✐✈❡��❡

ρ ❝❤❡ �✉��❡ ♥❡ ❣♦❞♦♥♦❀ ♣❡� ❛❧��♦ ❛♥❝❤❡ ❢�❛ �✉❡��❡ ♣✐❝❝♦❧✐��✐♠❡ ❞✐��❛♥③❡ ✈✐ �❛�� ✉♥ ♣✐ ❡ ✉♥

♠❡♥♦ ❝❤❡ ❞✐♣❡♥❞❡�� ❞❛❧ ❝♦❡✣❝✐❡♥�❡ ❞❡❧❧✬ i2 ♥❡❧❧❛ ✭✻✮ ✳ ❱♦❣❧✐❛♠♦ ❞✉♥�✉❡ ❝❡�❝❛�❡ ♣❡� ξ, η �✉❡✐

✈❛❧♦�✐ ❝❤❡ ❝♦♠♣❛�✐❜✐❧♠❡♥�❡ ❝♦❧❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✹✮ �❡♥❞♦♥♦ ♠❛��✐♠♦ ♦ ♠✐♥✐♠♦ ✐❧ ❞❡��♦

❝♦❡✣❝✐❡♥�❡ ❞❡❧❧✬ i2✳ ❆❧❧♦�❛ ❧❛ ❝✉�✈❛ ❞✐ ❝✉✐ �✐ ❤❛♥♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❡❧✐♠✐♥❛♥❞♦ ❧❛ i ❢�❛ ❧❡ ✭✺✮✱

�❛�� �✉❡❧❧❛ ❞♦✈❡ ❧❛ ♠♦❧❡❝♦❧❛ (x, y, z) ❛✈�� ♣✐ ✈✐❝✐♥❛ ♦ ♣✐ ❧♦♥�❛♥❛ ❧❛ ♠♦❧❡❝♦❧❛ ✐♠♠❡❞✐❛�❛♠❡♥�❡

�❡❣✉❡♥�❡ ✐♥ ❝♦♥❢�♦♥�♦ ❞✐ ❛❧��❡ ✐♥♥✉♠❡�❛❜✐❧✐ ❝✉�✈❡ ❝❤❡ ♣♦��♦♥♦ ✐♠♠❛❣✐♥❛��✐ �✉❧❧❛ �✉♣❡�✜❝✐❡

♣❛��❛♥�✐ ♣❡❧ ♣✉♥�♦ (x, y, z)✳ ❱❡❞�❡♠♦ ❝❤❡ �✉❡��❡ ❝✉�✈❡ �♦♥♦ ❞✉❡✱ ✉♥❛ ❝♦��✐�♣♦♥❞❡♥�❡ ❛❧ ❝❛�♦ ❞❡❧

♠❛��✐♠♦✱ ❧✬❛❧��❛ ❛ �✉❡❧❧♦ ❞❡❧ ♠✐♥✐♠♦✿ ❡ ❞✐�❡♠♦ ❧❡ ❝✉�✈❡ ❞❡❧❧❛ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛ ❝♦♥❞❡♥�❛③✐♦♥❡✳

✷✵✳ ■♥♥❛♥③✐ ♠❡��❡�❝✐ ❛❧❧✬✐♥❞✐❝❛�❛ �✐❝❡�❝❛ ❛♥❛❧✐�✐❝❛ �❛�� ❜❡♥❡ �❝✐♦❣❧✐❡�❡ ✉♥❛ ❞✐✣❝♦❧��✳ ❆

�❛❧✉♥♦ ♣♦��❡❜❜❡ ♣❛�❡�❡ ✭❡ ♥♦♥ ❛ �♦��♦✮ ❝❤❡ ✐❧ ♠✐❣❧✐♦� ♠❡③③♦ ♣❡� �❡♥❞❡� ♠✐♥✐♠❛ ❧❛ ❞✐��❛♥③❛ ρ

❢�❛ ❞✉❡ ♠♦❧❡❝♦❧❡ ✭❡�✉❛③✐♦♥❡ ✭✻✮✮ �✐❛ �✉❡❧❧♦ ❞✐ �❡♥❞❡�❡ ♥✉❧❧♦ ✐❧ ❝♦❡✣❝✐❡♥�❡ ❞❡❧❧✬ i2 ✱ ❡ �✉✐♥❞✐ ❞✐

❞❡�❡�♠✐♥❛�❡ ❧❡ ξ, η �❝✐♦❣❧✐❡♥❞♦ ❧❡ ❞✉❡ ❡�✉❛③✐♦♥✐

αξ2 + 2ǫξη + ϑη2 = 0 ; ξ2 + η2 = 1.

❘✐�♣♦♥❞✐❛♠♦ ✿ �✐ ❡�❡❣✉✐�❝❛ �✉❡��❛ �♦❧✉③✐♦♥❡ ❡ �✐ ��♦✈❡�� ❝❤❡ ✐ ✈❛❧♦�✐ ❞✐ ξ, η ❝♦♥�❡♥❣♦♥♦ ✐♥

♠❛♥✐❡�❛ ✐♥❞❡���✉��✐❜✐❧❡ ✐❧ �❛❞✐❝❛❧❡
√
ǫ2 − αϑ✱ ✐❧ �✉❛❧❡ , ✐♠♠❛❣✐♥❛�✐♦✱ ♣❡�❝❤, ❧❛ �✉❛♥�✐�� �♦��♦ ❛❧

�❡❣♥♦ �❛❞✐❝❛❧❡ ❡�✉✐✈❛❧❡ ❛❧❧❛ �♦♠♠❛ ❞✐ ��❡ �✉❛❞�❛�✐ ♣�❡�✐ ❝♦❧ �❡❣♥♦ ♥❡❣❛�✐✈♦✳ ■♥❢❛��✐ ✭❡�✉❛③✐♦♥✐

✭✷✸✮ ♥✳✶✻✮ ❛❜❜✐❛♠♦

ǫ2 − αϑ =
(

x′x′ + y′y′ + z′z′

)2 −
(

x
′2 + y

′2 + z
′2
)(

x2
′
+ y2

′
+ z2

′

)

= −
(

x′y′ − y′x′

)2 −
(

z′x′ − x′z′

)2 −
(

y′z′ − z′y′

)2
.

◗✉❡��❛ ❝♦♠♣❛��❛ ❞❡❧❧✬✐♠♠❛❣✐♥❛�✐♦ �❡♥�❡♥③✐❛♥❞♦ ✐♠♣♦��✐❜✐❧❡ �✉❡❧❧♦ ❝❤❡ ❞♦♠❛♥❞✐❛♠♦✱ ❝✐ ❢❛ ❝❛✲

♣✐�❡ ❝❤❡ �✐♣✉❣♥❛ ❛❧❧✬✐♥❞♦❧❡ ❞❡❧❧❡ ♣�❡�❡♥�✐ �✉❡��✐♦♥✐ ✐❧ �✉♣♣♦� ❧❡ ♠♦❧❡❝♦❧❡ ✐♥ ✉♥ �✉❛�✐ ♣❡�❢❡��♦

❝♦♥�❛��♦✳

✷✶✳ ●✐✉��❛ �✉❛♥�♦ �✐ , ❞❛♣♣�✐♠❛ ❞❡��♦ ❞♦❜❜✐❛♠♦ ❝❡�❝❛�❡ ♣❡� ξ, η �✉❡✐ ✈❛❧♦�✐ ❝❤❡ �❡♥❞♦♥♦

♠❛��✐♠♦ ♦ ♠✐♥✐♠♦ ✐❧ ��✐♥♦♠✐♦ αξ2+2ǫξη+ϑη2 ❛✈✉�♦ �✐❣✉❛�❞♦ ❛❧❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✹✮✳

❯�❛♥❞♦ ✐❧ ♠❡�♦❞♦ ❧❛❣�❛♥❣✐❛♥♦ ❞❡❧ ♠♦❧�✐♣❧✐❝❛�♦�❡ ❝❡�❝❤❡�❡♠♦ �✉❡✐ ✈❛❧♦�✐ ❞✐ ξ, η ❝❤❡ �❡♥❞♦♥♦

♠❛��✐♠❛ ♦ ♠✐♥✐♠❛ ❧❛ �✉❛♥�✐��

αξ2 + 2ǫξη + ϑη2 + λ
(

1− ξ2 − η2
)

✲ ✺✹ ✲❊◆●

❚❤❡ ♣�♦♣❡��② �❤❛� �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ❞✐��❛♥❝❡ ρ ✐� ♠❛✐♥❧② ✐♥ �❤❡ ✜��� ❛❞❞❡♥❞ ♦❢ �❤❡ �✐❣❤�✲❤❛♥❞

�✐❞❡ ♦❢ ✭✻✮✱ ✇❤❡♥ ♦♥❡ ❝♦♥�✐❞❡�� ✐♠♠❡❞✐❛�❡❧② ❝❧♦�❡ ♠♦❧❡❝✉❧❡�✱ ✇✐❧❧ ❜❡ ✈❛❧✐❞ ❢♦� ✇❤❛��♦❡✈❡� ���❛✐❣❤�

❧✐♥❡ �♦ ✇❤✐❝❤ ♣♦✐♥� (a, b) ♠❛② ❜❡❧♦♥❣✱ ❛� ✇❡ ❛❧�❡❛❞② �❛✐❞ ❜❡❢♦�❡✱ ❛♥❞ ✇❡ ✇✐❧❧ ❤❛✈❡✱ ✐♥ �❤❡ �❡❛❧

��❛�❡✱ ♠❛♥② ❞✐✛❡�❡♥� ρ ✇❤✐❝❤ ❡♥❥♦② �✉❝❤ ❛ ♣�♦♣❡��②❀ ♦♥ �❤❡ ♦�❤❡� ❤❛♥❞ ❛❧�♦ ❛♠♦♥❣ �❤❡�❡ ✈❡�②

�♠❛❧❧ ❞✐��❛♥❝❡� �❤❡�❡ ✇✐❧❧ ❜❡ �♦♠❡ ❞✐✛❡�❡♥❝❡� ✇❤✐❝❤ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ ✈❛�✐❛❜❧❡

i2 ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✻✮✳ ❲❡ ✇✐❧❧ ✇❛♥�✱ �❤❡�❡❢♦�❡✱ �♦ ❧♦♦❦ ❢♦� �❤♦�❡ ✈❛❧✉❡� ♦❢ ✈❛�✐❛❜❧❡� ξ, η ✇❤✐❝❤✱

✐♥ ❛❣�❡❡♠❡♥� ✇✐�❤ �❤❡ ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ✭✹✮ ✇✐❧❧ ♠❛①✐♠✐③❡ ♦� ♠✐♥✐♠✐③❡ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞

❝♦❡✣❝✐❡♥� ♦❢ �✉❛♥�✐�② i2✳ ❚❤❡�❡❢♦�❡ �❤❡ ❝✉�✈❡ ✇❤♦�❡ ❡�✉❛�✐♦♥� ✇✐❧❧ ❜❡ ♦❜�❛✐♥❡❞ ❜② ❡❧✐♠✐♥❛�✐♥❣

✈❛�✐❛❜❧❡ i ❢�♦♠ ❡�✉❛�✐♦♥� ✭✺✮✱ ✇✐❧❧ ❜❡ �❤❛� ❝✉�✈❡ �✉❝❤ �❤❛� ♠♦❧❡❝✉❧❡ (x, y, z) ✇✐❧❧ ❜❡ ❧❡�� ❞✐��❛♥�

♦� ♠♦�❡ ❞✐��❛♥� ❬✐♥ �❤❡ �❡❛❧ ��❛�❡❪ ❢�♦♠ �❤❡ ♠♦❧❡❝✉❧❡ ✇❤✐❝❤ ✐� ✐♠♠❡❞✐❛�❡❧② ❝❧♦�❡�� �♦ ✐� ❬✐♥ �❤❡

❛♥�❡❝❡❞❡♥� ��❛�❡❪ ❛� ❝♦♠♣❛�❡❞ ✇✐�❤ �❤❡ ✐♥♥✉♠❡�❛❜❧❡ ♦�❤❡� ❝✉�✈❡� ✇❤✐❝❤ ♦♥❡ ❝❛♥ ✐♠❛❣✐♥❡ ♦♥

�❤❡ �✉�❢❛❝❡✱ ❛♥❞ ❛❧❧ ♣❛��✐♥❣ �❤�♦✉❣❤ ♣♦✐♥� (x, y, z)✳ ❲❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡�❡ ❝✉�✈❡� ❛�❡ �✇♦✱ ♦♥❡

❝♦��❡�♣♦♥❞✐♥❣ �♦ �❤❡ ❝❛�❡ ♦❢ ♠❛①✐♠✉♠ ❛♥❞ �❤❡ ♦�❤❡� ❝♦��❡�♣♦♥❞✐♥❣ �♦ �❤❡ ❝❛�❡ ♦❢ ♠✐♥✐♠✉♠✿

❛♥❞ ✇❡ ✇✐❧❧ ❝❛❧❧ �❤❡♠ �❤❡ ❝✉�✈❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♦❢ ♠✐♥✐♠✉♠ ❝♦♥❞❡♥�❛�✐♦♥✳

✷✵✳ ❇❡❢♦�❡ ��❛��✐♥❣ �❤❡ ✐♥❞✐❝❛�❡❞ ❛♥❛❧②�✐❝❛❧ �❡❛�❝❤ ✐� ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ �♦ �♦❧✈❡ ♦♥❡ ❞✐✣❝✉❧�②✳

❚♦ �♦♠❡❜♦❞② ✐� ❝♦✉❧❞ �❡❡♠ ✭❛♥❞ ✇✐�❤ �♦♠❡ ✇❡❧❧✲❣�♦✉♥❞❡❞ �❡❛�♦♥✮ �❤❛� �❤❡ ❜❡��❡� ✇❛② �♦

♠✐♥✐♠✐③❡ �❤❡ ❞✐��❛♥❝❡ ρ ❜❡�✇❡❡♥ �✇♦ ♠♦❧❡❝✉❧❡� ✭❡�✉❛�✐♦♥ ✭✻✮✮ ✇♦✉❧❞ ❜❡ �♦ ✐♠♣♦�❡ �❤❛� �❤❡

❝♦❡✣❝✐❡♥� ♦❢ �❤❡ ✈❛�✐❛❜❧❡ i2 ✐� ✈❛♥✐�❤✐♥❣✱ ❛♥❞ �❤❡�❡❢♦�❡ �♦ ❞❡�❡�♠✐♥❡ �❤❡ ✈❛�✐❛❜❧❡� ❜② �♦❧✈✐♥❣

�❤❡�❡ �✇♦ ❡�✉❛�✐♦♥�

αξ2 + 2ǫξη + ϑη2 = 0 ; ξ2 + η2 = 1.

❲❡ ❛♥�✇❡�✿ ❧❡� ✉� ❝❛❧❝✉❧❛�❡ �✉❝❤ ❛ �♦❧✉�✐♦♥ ❛♥❞ ✇❡ ✇✐❧❧ ✜♥❞ �❤❛� �❤❡ ✈❛❧✉❡� ❢♦� �❤❡ ✈❛�✐❛❜❧❡�

ξ, η ❝♦♥�❛✐♥✱ ✐♥ ❛ ✇❛② ✇❤✐❝❤ ❞♦❡� ♥♦� ❛❧❧♦✇ ❛♥② �✐♠♣❧✐✜❝❛�✐♦♥✱ �❤❡ �❛❞✐❝❛❧
√
ǫ2 − αϑ✱ ✇❤✐❝❤ ✐�

✐♠❛❣✐♥❛�②✱ �✐♥❝❡ �❤❡ �✉❛♥�✐�② ✉♥❞❡� �❤❡ �❛❞✐❝❛❧ �✐❣♥ ✐� ❡�✉✐✈❛❧❡♥� �♦ �❤❡ �✉♠ ♦❢ �❤�❡❡ ��✉❛�❡�

✇✐�❤ ❛ ♥❡❣❛�✐✈❡ �✐❣♥✳ ■♥❞❡❡❞ ✭❡�✉❛�✐♦♥� ✭✷✸✮ �❡❝�✳ ✶✻✮ ✇❡ ❤❛✈❡

ǫ2 − αϑ =
(

x′x′ + y′y′ + z′z′

)2 −
(

x
′2 + y

′2 + z
′2
)(

x2
′
+ y2

′
+ z2

′

)

= −
(

x′y′ − y′x′

)2 −
(

z′x′ − x′z′

)2 −
(

y′z′ − z′y′

)2
.

❆� �❤✐� ♦❝❝✉��❡♥❝❡ ♦❢ ✐♠❛❣✐♥❛�② �✉❛♥�✐�✐❡� ��❛�❡� �❤❛� ✐� ✐� ✐♠♣♦��✐❜❧❡ ✇❤❛� ✇❡ ❛�❡ ��②✐♥❣ �♦

♦❜�❛✐♥✱ ✇❡ ✉♥❞❡���❛♥❞ �❤❛� ✐� ✐� ✐♠♣♦��✐❜❧❡✱ ✐♥ �❤❡ ♣�❡�❡♥� ❝♦♥�❡①�✱ �♦ ❛��✉♠❡ �❤❛� ♠♦❧❡❝✉❧❡�

♠❛② ❜❡ ✐♥ ❛ �✉❛�✐✲♣❡�❢❡❝� ❝♦♥�❛❝�✳

✷✶✳ ■♥ ✈✐❡✇ ♦❢ ✇❤❛� ❤❛� ❜❡❡♥ ❥✉�� �❛✐❞✱ ✇❡ ♠✉�� ❧♦♦❦ ❢♦� �❤♦�❡ ✈❛❧✉❡� ♦❢ ✈❛�✐❛❜❧❡� ξ, η ✇❤✐❝❤

♠✐♥✐♠✐③❡ ♦� ♠❛①✐♠✐③❡ �❤❡ ��✐♥♦♠✐❛❧ αξ2 +2ǫξη+ ϑη2 ♦❜�❛✐♥❡❞ ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ �❤❡ ❡�✉❛�✐♦♥

♦❢ ❝♦♥❞✐�✐♦♥ ✭✹✮✳ ❇② ✉�✐♥❣ �❤❡ ♠❡�❤♦❞ ♦❢ ▲❛❣�❛♥❣✐❛♥ ♠✉❧�✐♣❧✐❡� ✇❡ ✇✐❧❧ ❧♦♦❦ ❢♦� �❤♦�❡ ✈❛❧✉❡�

♦❢ ✈❛�✐❛❜❧❡� ξ, η ✇❤✐❝❤ ♠❛①✐♠✐③❡ ♦� ♠✐♥✐♠✐③❡ �✉❛♥�✐�②

αξ2 + 2ǫξη + ϑη2 + λ
(

1− ξ2 − η2
)



✲ ✺✺ ✲

❝♦♥�✐❞❡
❛�❡ ❛❞❡��♦ ❧❡ ξ, η ❢
❛ ❧♦
♦ ✐♥❞✐♣❡♥❞❡♥�✐✱ ❡ λ ❝♦❡✣❝✐❡♥�❡ ✐♥❞❡�❡
♠✐♥❛�♦✳ ❉✐ �✉✐ ❧❡ ❞✉❡

❡�✉❛③✐♦♥✐

✭✼✮ αξ + ǫη = λξ ; ǫξ + ϑη = λη.

❙❝
✐✈✐❛♠♦❧❡ ❞❛ ❝❛♣♦ ❛❧ ♠♦❞♦ �❡❣✉❡♥�❡

✭✽✮ ǫη = ξ (λ− α) ; ǫξ = η (λ− ϑ)

❡ ♠♦❧�✐♣❧✐❝❛♥❞♦❧❡ ❢
❛ ❧♦
♦✱ ❡ ❞✐✈✐❞❡♥❞♦ ♣❡
 ξ, η, �
♦✈❡
❡♠♦

✭✾✮ ǫ2 = (λ− α) (λ− ϑ)

♦��✐❛

λ2 − (α+ ϑ)λ+ αϑ− ǫ2 = 0

❞❛❧❧❛ �✉❛❧❡

✭✶✵✮ λ =
1

2
(α+ ϑ)± 1

2

√

(α− ϑ)
2
+ 4ǫ2.

▲❡ ✭✽✮ �✉❛❞
❛�❡ ❡ ❝♦♠❜✐♥❛�❡ ❝♦❧❧❛ ✭✹✮ ❝✐ ❞❛♥♥♦ �✉❜✐�♦

✭✶✶✮ ξ =
ǫ

√

ǫ2 + (λ− α)
2
; η =

λ− α
√

ǫ2 + (λ− α)
2

♦✈✈❡
♦

✭✶✷✮ ξ =
λ− ϑ

√

ǫ2 + (λ− ϑ)
2
; η =

ǫ
√

ǫ2 + (λ− ϑ)
2
.

◗✉❡��❡ ❞✉❡ ❝♦♣♣✐❡ ❞✐ ✈❛❧♦
✐ ✭✶✶✮✱ ✭✶✷✮✱ �✉❛♥�✉♥�✉❡ ❛♣♣❛
❡♥�❡♠❡♥�❡ ❞✐✈❡
�❡✱ �♦♠♠✐♥✐��
❛♥♦

❡♥�
❛♠❜❡ ❧✬✉♥✐❝❛

✭✶✸✮ ξ =

√

λ− ϑ

2λ− α− ϑ
; η =

√

λ− α

2λ− α− ϑ

�✉❛♥❞♦ ✐♥ ❡��❡ ❛❞ ǫ2 �♦��✐�✉✐�❝❛�✐ ✐❧ ✈❛❧♦
❡ ✭✾✮✳

▼❡��✐ ♥❡❧❧❡ ✭✶✸✮ �✉❝❝❡��✐✈❛♠❡♥�❡ ✐ ❞✉❡ ✈❛❧♦
✐ ❞✐ λ ❞❛�✐❝✐ ❞❛❧❧❡ ✭✶✵✮ ✭❝❤❡ �❡❣♥❛✈❛♥♦ λ1,λ2✮

❛✈
❡♠♦ ♣❡
 ξ, η ❞✉❡ ❝♦

✐�♣♦♥❞❡♥�✐ ❝♦♣♣✐❡ ❞✐ ✈❛❧♦
✐ ❝❤❡ ✐♥❞✐❝❤❡
❡♠♦ ❝♦♥ ξ
1
, η

1
; ξ

2
, η

2
: ❡��❡

✜��❡
❛♥♥♦ 
✐�♣❡��✐✈❛♠❡♥�❡ ♥❡❧ ♣✐❛♥♦ ❞❡❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ ❛♥�❡❝❡❞❡♥�❡ ❧❡ ❞✉❡ 
❡��❡ ♣❛��❛♥�✐ ♣❡❧

♣✉♥�♦ (a, b)✱ ❞❡❧❧❡ �✉❛❧✐ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧ �
❛�♣♦
�♦ ❛❧❧❛ ❞✐�♣♦�✐③✐♦♥❡ 
❡❛❧❡ �✐ �❛
❛♥♥♦ ❝♦❧❧♦❝❛�❡

�✉❧❧❡ ❧✐♥❡❡ ❞✐ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛ ❝♦♥❞❡♥�❛③✐♦♥❡ ❝❤❡ �✬✐♥�❡
�❡❝❛♥♦ ♥❡❧ ♣✉♥�♦ (x, y, z)✳

❙❡ �✐ ♣♦♥❡ ♣❡
 ❛❜❜
❡✈✐❛
❡

K =

√

(α− ϑ)
2
+ 4ǫ2

✲ ✺✺ ✲❊◆●

✇❤❡
❡ ✇❡ ❞♦ ♥♦✇ ❝♦♥�✐❞❡
 ✈❛
✐❛❜❧❡� ξ, η �♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥� ❛♥❞ ❝♦❡✣❝✐❡♥� λ �♦ ❜❡ ✐♥❞❡�❡
♠✐♥❛�❡✳

❋
♦♠ �❤❡ ♣
❡✈✐♦✉� ❬♦♣�✐♠✐③❛�✐♦♥❪ ♣
♦❜❧❡♠ ✇❡ ❣❡� �❤❡ ❡�✉❛�✐♦♥�

✭✼✮ αξ + ǫη = λξ ; ǫξ + ϑη = λη.

❇② 
❡✇
✐�✐♥❣ �❤❡♠ ❛� ✐� ❢♦❧❧♦✇�

✭✽✮ ǫη = ξ (λ− α) ; ǫξ = η (λ− ϑ)

❛♥❞ ❜② ♠✉❧�✐♣❧②✐♥❣ ❡❛❝❤ ♦�❤❡
 ❛❢�❡
 ❞✐✈✐❞✐♥❣ ❜② ξ, η✱ ✇❡ ✇✐❧❧ ✜♥❞

✭✾✮ ǫ2 = (λ− α) (λ− ϑ)

�❤❛� ✐�

λ2 − (α+ ϑ)λ+ αϑ− ǫ2 = 0

❢
♦♠ ✇❤✐❝❤ ✇❡ ❣❡�

✭✶✵✮ λ =
1

2
(α+ ϑ)± 1

2

√

(α− ϑ)
2
+ 4ǫ2.

❚❤❡ ��✉❛
❡� ♦❢ ✭✽✮✱ ✇❤❡♥ ❝♦♠❜✐♥❡❞ ✇✐�❤ �❤❡ ✭✹✮ ✇✐❧❧ ✐♠♠❡❞✐❛�❡❧② ❣✐✈❡

✭✶✶✮ ξ =
ǫ

√

ǫ2 + (λ− α)
2
; η =

λ− α
√

ǫ2 + (λ− α)
2

✇❤✐❝❤ ❛
❡ ❡�✉✐✈❛❧❡♥� �♦

✭✶✷✮ ξ =
λ− ϑ

√

ǫ2 + (λ− ϑ)
2
; η =

ǫ
√

ǫ2 + (λ− ϑ)
2
.

❚❤❡�❡ �✇♦ ♣❛✐
� ♦❢ ✈❛❧✉❡� ✭✶✶✮✱ ✭✶✷✮✱ ❛❧�❤♦✉❣❤ ❛♣♣❛
❡♥�❧② ❞✐✛❡
❡♥�✱ ❛
❡ ❡�✉✐✈❛❧❡♥� �♦ �❤❡ �✐♥❣❧❡

♦♥❡

✭✶✸✮ ξ =

√

λ− ϑ

2λ− α− ϑ
; η =

√

λ− α

2λ− α− ϑ

✐❢ ♦♥❡ �✉❜��✐�✉�❡� ✐♥ �❤❡♠ �❤❡ ✈❛❧✉❡ ❢♦
 ǫ2 ❣✐✈❡♥ ❜② ✭✾✮✳

❖♥❝❡ 
❡♣❧❛❝❡❞ ✐♥ ✭✶✸✮ ♦♥❡ ❛❢�❡
 �❤❡ ♦�❤❡
 �❤❡ �✇♦ ✈❛❧✉❡� ❢♦
 ✈❛
✐❛❜❧❡ λ ❣✐✈❡♥ �♦ ✉� ❜② �❤❡

✭✶✵✮ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡♥♦�❡❞ λ1,λ2✮ ✇❡ ✇✐❧❧ ❤❛✈❡✱ ❝♦

❡�♣♦♥❞✐♥❣❧②✱ �✇♦ ♣❛✐
� ♦❢ ✈❛❧✉❡�✱ ❢♦
 ξ, η

✇❤✐❝❤ ✇❡ ✇✐❧❧ ✐♥❞✐❝❛�❡ ❜② ξ
1
, η

1
; ξ

2
, η

2
✿ �❤❡�❡ �✇♦ ♣❛✐
� ✇✐❧❧ 
❡�♣❡❝�✐✈❡❧② ✜①✱ ✐♥ �❤❡ ♣❧❛♥❡ ♦❢

�❤❡ ❛♥�❡❝❡❞❡♥� ❝♦♥✜❣✉
❛�✐♦♥✱ �✇♦ ��
❛✐❣❤� ❧✐♥❡� ♣❛��✐♥❣ �❤
♦✉❣❤ ♣♦✐♥� (a, b)✱ ✇❤♦�❡ ♠♦❧❡❝✉❧❡�✱

✉♥❞❡
 �❤❡ �
❛♥�♣♦
� �♦ �❤❡ 
❡❛❧ ❝♦♥✜❣✉
❛�✐♦♥✱ ✇✐❧❧ ❜❡ ♣❧❛❝❡❞ ♦♥ �❤❡ ❧✐♥❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞

♠✐♥✐♠✉♠ ❝♦♥❞❡♥�❛�✐♦♥ ✇❤✐❝❤ ✐♥�❡
�❡❝� ✐♥ �❤❡ ♣♦✐♥� (x, y, z)✳

■❢✱ ❢♦
 �❤❡ �❡❡❦ ♦❢ �✐♠♣❧✐❝✐�②✱ ✇❡ ✐♥�
♦❞✉❝❡ �❤❡ ❞❡✜♥✐�✐♦♥

K =

√

(α− ϑ)
2
+ 4ǫ2



✲ ✺✻✲

✐♥�❡♥❞❡♥❞♦ ✐❧ �❛❞✐❝❛❧❡ ♣�❡�♦ ❝♦❧ �❡❣♥♦ ♣♦�✐�✐✈♦✱ �✐ ��♦✈❛♥♦

ξ
1
=

√

λ− ϑ+K

2K
; η

1
=

√

ϑ− α+K

2K
;✭✶✹✮

ξ
2
=

√

ϑ− α+K

2K
; η

2
=

√

α− ϑ+K

2K
;

❛❧❝✉♥♦ ❞✐ �✉❡��✐ �❛❞✐❝❛❧✐ ♣❡�� ❞❡✈❡ ❡��❡�❡ ♣�❡�♦ ❝♦❧ �❡❣♥♦ ♥❡❣❛�✐✈♦ ✱ ❝♦♠❡ �✐ ❢❛�� ♠❛♥✐❢❡��♦ ❢�❛

♣♦❝♦✳

✷✷✳ ◆♦�❡�❡♠♦✱ ❡❞  ♦��❡�✈❛③✐♦♥❡ ✐♠♣♦��❛♥�❡✱ ❝❤❡ ❧❡ ❞✉❡ ❡�✉❛③✐♦♥✐ ✭✼✮✱ ♠♦❧�✐♣❧✐❝❛�❡ �✐�♣❡�✲

�✐✈❛♠❡♥�❡ ♣❡� ξ, η ❡ �♦♠♠❛�❡✱ ❞❛♥♥♦ ❛ ♠♦�✐✈♦ ❞❡❧❧❛ ✭✹✮

✭✶✺✮ λ = αξ2 + 2ǫξη + ϑη2;

❝✐♦ ✐❧ ✈❛❧♦�❡ ❞✐ λ  �✉❡❧❧♦ ��❡��♦ ❞❡❧ ��✐♥♦♠✐♦ ❝♦❡✣❝✐❡♥�❡ ❞❡❧❧✬i2 ♥❡❧❧❛ ✭✻✮ ❝❤❡ ❞✐✈❡♥�❛ ♠❛��✐♠♦

♦ ♠✐♥✐♠♦✳ ■♥ ❝♦♥�❡❣✉❡♥③❛ ✐ ❞✉❡ ✈❛❧♦�✐ ❞✐ λ ❞❛�✐❝✐ ❛❧❧❡ ✭✶✵✮ �♦♥♦ ❛ ❞✐�✐��✉�❛ �✉❡❧❧✐ ❞❡❧ ♣�♦♣♦��♦

��✐♥♦♠✐♦ ❣✐� ♣♦��❛�♦ ❛❧ ♠❛��✐♠♦ ❡ ❛❧ ♠✐♥✐♠♦✱ �✉❛❧✐ �✐�✉❧�❡�❡❜❜❡�♦ ❝♦��✐�✉❡♥❞♦✈✐ ♣❡� ξ, η ✐ ✈❛❧♦�✐

❝♦��✐�♣♦♥❞❡♥�✐ ❣✐� ✐♥❞✐❝❛�✐✳ )✉� ✈❡�✐✜❝❛��✐ �✉❡��❛ ♣�♦♣�✐❡�� �♦��✐�✉❡♥❞♦ ♥❡❧ �❡❝♦♥❞♦ ♠❡♠❜�♦

❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✺✮ ✐ ✈❛❧♦�✐ ✭✶✸✮✱ ❡ ♣❡��✉❛❞❡♥❞♦❝✐ ❝❤❡ ❞♦♣♦ ❛❧❝✉♥❡ ❢❛❝✐❧✐ �✐❞✉③✐♦♥✐ ❡��❛ ❝♦♠♣❛�❡

✐❞❡♥�✐❝❛✳

✷✸✳ ❯♥❛ ❜❡❧❧❛ ♣�♦♣�✐❡�� ❞✐ �✉❡��❡ ❝✉�✈❡ ❞✐ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛ ❝♦♥❞❡♥�❛③✐♦♥❡  ❝❤❡ ❧❡ ❧♦�♦

�❛♥❣❡♥�✐ �✐�❛�❡ ♣❡❧ ♣✉♥�♦ (x, y, z) ❢♦�♠❛♥♦ ❢�❛ ❞✐ ❧♦�♦ ❛♥❣♦❧♦ �❡��♦ ✿ ❝♦�. ❤❛♥♥♦ ❡��❡ ❝♦♠✉♥❡ �❛❧

♣�♦♣�✐❡�� ❝♦❧❧❡ ❧✐♥❡❡ ❞✐ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛ ❝✉�✈❛�✉�❛✱ ♥♦♥ ❡��❡♥❞♦ ♣❡�� ❧❡ ♠❡❞❡�✐♠❡✱ ❣✐❛❝❝❤ 

❧❛ ❧♦�♦ ✜��❛③✐♦♥❡ ❞✐♣❡♥❞❡✱ ❝♦♠❡ ✈❡❞❡♠♠♦✱ ❞❛❧❧❡ �♦❧❡ ❞❡�✐✈❛�❡ ❞✐ ♣�✐♠♦ ♦�❞✐♥❡ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡

❞❡❧ ♣✉♥�♦ (x, y, z)✱ ❡ ❧❛ ✜��❛③✐♦♥❡ ❞❡❧❧❡ �❡❝♦♥❞❡ ❞✐♣❡♥❞❡✱ ❝♦♠❡  ♥♦�♦✱ ❞❛❧❧❡ ❞❡�✐✈❛�❡ ❞✐ �❡❝♦♥❞♦

♦�❞✐♥❡✳

)❡� ❧❛ ❞✐♠♦���❛③✐♦♥❡ ❝❤✐❛♠❡�❡♠♦ ❞❛❧❧❛ ●❡♦♠❡��✐❛ ❛♥❛❧✐�✐❝❛ �✉❛♥�♦ �❡❣✉❡✳ ❆❧❧♦�❝❤ ❧❡ ��❡

❝♦♦�❞✐♥❛�❡ x1, y1,z1 ❞✐ ✉♥❛ ❝✉�✈❛ �✉❛❧✉♥�✉❡ �✐ ❝♦♥�✐❞❡�❛♥♦ ❢✉♥③✐♦♥✐ ❞✐ ✉♥❛ �✉❛��❛ ✈❛�✐❛❜✐❧❡

�❡♠♣❧✐❝❡ i ✭❛♣♣✉♥�♦ ❝♦♠❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✺✮✮✱ ❧❛ �❛♥❣❡♥�❡ ❛❧❧❛ ❝✉�✈❛ ♥❡❧ ♣✉♥�♦ (x1, y1,z1) ❢❛

❝♦✐ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐ ❛♥❣♦❧✐ ✐ ❝✉✐ ❝♦�❡♥✐ �♦♥♦ ❡�♣�❡��✐ ❞❛

✭✶✻✮
dx1

di
· 1

s′ (i)
;

dy1

di
· 1

s′ (i)
;

dz1

di
· 1

s′ (i)

❡��❡♥❞♦

s′ (i) =

√

(

dx1

di

)2

+

(

dy1

di

)2

+

(

dz1

di

)2

.

◆❡❧ ❝❛�♦ ♥♦���♦ ✉�❡�❡♠♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✺✮ ❛✈✈❡��❡♥❞♦ ❝❤❡ ❛ ✜♥❡ ❞✐ �✐❞✉�❝✐ ♣♦✐ ❞❛❧ ♣✉♥�♦

(x1, y1,z1) ❛❧ ♣✉♥�♦ (x, y, z) ❝♦♥✈✐❡♥❡✱ ❞♦♣♦ ❡�❡❣✉✐�❡ ❧❡

✲ ✺✻✲❊◆●

❛♥❞ ❛��✉♠❡ �❤❡ ❝❤♦�❡♥ �❛❞✐❝❛❧ ✇✐�❤ �❤❡ ♣♦�✐�✐✈❡ �✐❣♥✱ ✇❡ ✜♥❞

ξ
1
=

√

λ− ϑ+K

2K
; η

1
=

√

ϑ− α+K

2K
;✭✶✹✮

ξ
2
=

√

ϑ− α+K

2K
; η

2
=

√

α− ϑ+K

2K
;

❤♦✇❡✈❡� �♦♠❡ ♦❢ �❤❡�❡ �❛❞✐❝❛❧� ♠✉�� ❜❡ �❛❦❡♥ ✇✐�❤ �❤❡ ♥❡❣❛�✐✈❡ �✐❣♥✱ ❛� ✐� ✇✐❧❧ ❜❡ �♦♦♥ ♠❛♥✐❢❡��✳

✷✷✳ ❲❡ ✇✐❧❧ �❡♠❛�❦✱ ❛♥❞ �❤✐� ✐� ❛♥ ✐♠♣♦��❛♥� ♦❜�❡�✈❛�✐♦♥✱ �❤❛� �❤❡ �✇♦ ❡�✉❛�✐♦♥� ✭✼✮✱ ♦♥❝❡

♠✉❧�✐♣❧✐❡❞ �❡�♣❡❝�✐✈❡❧② ❜② ξ, η ❛♥❞ �❤❡♥ �✉♠♠❡❞ ✉♣ ✇✐❧❧ ❣✐✈❡✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ✭✹✮✱

✭✶✺✮ λ = αξ2 + 2ǫξη + ϑη2;

�❤✐� ♠❡❛♥� �❤❛� �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ♠✉❧�✐♣❧✐❡� λ ❝♦✐♥❝✐❞❡� ✇✐�❤ �❤❡ ��✐♥♦♠✐❛❧✱ ✇❤✐❝❤ ✐� �❤❡ ❝♦❡✣❝✐❡♥�

♦❢ �✉❛♥�✐�② i2 ✐♥ ✭✻✮✱ ✇❤✐❝❤ ❜❡❝♦♠❡� ♠❛①✐♠✉♠ ♦� ♠✐♥✐♠✉♠✳ ❆� ❛ ❝♦♥�❡�✉❡♥❝❡ �❤❡ �✇♦ ✈❛❧✉❡�

♦❢ λ ❣✐✈❡♥ ❜② ❡�✉❛�✐♦♥� ✭✶✵✮ ❛�❡ ❛� �❤❡ ❡♥❞ �❤♦�❡ ♦❢ �❤❡ ❞✐�❝✉��❡❞ ��✐♥♦♠✐❛❧✱ ✇❤❡♥ ❛��❛✐♥✐♥❣ ✐��

♠❛①✐♠✉♠ ♦� ♠✐♥✐♠✉♠ ✈❛❧✉❡✱ ❛� �❤❡② ❝♦✉❧❞ ❜❡ ❝❛❧❝✉❧❛�❡❞ �❡♣❧❛❝✐♥❣ �♦ ✈❛�✐❛❜❧❡� ξ, η �❤❡ ❛❧�❡❛❞②

✐♥❞✐❝❛�❡❞ ❝♦��❡�♣♦♥❞✐♥❣ ✈❛❧✉❡�✳ ❲❡ ❝❛♥ ✈❡�✐❢② �❤✐� ♣�♦♣❡��② ❜② �❡♣❧❛❝✐♥❣ ✐♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡

♦❢ ❡�✉❛�✐♦♥ ✭✶✺✮ �❤❡ ✈❛❧✉❡� ✭✶✸✮✱ ❛♥❞ ❜② ♣❡��✉❛❞✐♥❣ ♦✉��❡❧✈❡� �❤❛� ❛❢�❡� �♦♠❡ ❡❛�② �❡❞✉❝�✐♦♥�

✐� ❜❡❝❛♠❡� ❛♥ ✐❞❡♥�✐�②✳

✷✸✳ ❆ ❜❡❛✉�✐❢✉❧ ♣�♦♣❡��② ♦❢ �❤❡�❡ ❝✉�✈❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❝♦♥❞❡♥�❛�✐♦♥ ✐� �❤❛�

�❤❡✐� �❛♥❣❡♥� ❧✐♥❡� ♣❛��✐♥❣ �❤�♦✉❣❤ �❤❡ ♣♦✐♥� (x, y, z) ❛�❡ ♦��❤♦❣♦♥❛❧✿ �❤❡�❡❢♦�❡ �❤❡② ❤❛✈❡ �✉❝❤

♣�♦♣❡��② ✐♥ ❝♦♠♠♦♥ ✇✐�❤ �❤❡ ❝✉�✈❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❝✉�✈❛�✉�❡✱ ❡✈❡♥ ✐❢ �❤❡② ❞♦

♥♦� ❝♦✐♥❝✐❞❡ ✇✐�❤ �✉❝❤ ♦�❤❡� ❝✉�✈❡�✱ ❛� �❤❡② ❛�❡ ❞❡�❡�♠✐♥❡❞✱ ❛� ✇❡ ❤❛✈❡ �❡❡♥✱ ♦♥❧② ❜② �❤❡ ✜���

♦�❞❡� ❞❡�✐✈❛�✐✈❡� ♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �❤❡ ♣♦✐♥� (x, y, z)✱ ✇❤✐❧❡ �❤❡ ❝✉�✈❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞

♠✐♥✐♠✉♠ ❝✉�✈❛�✉�❡ ❛�❡✱ ❛� ✐� ✐� ✇❡❧❧✲❦♥♦✇♥✱ ❞❡�❡�♠✐♥❡❞ ❜② �❤❡ ❬❝♦��❡�♣♦♥❞✐♥❣❪ �❡❝♦♥❞ ♦�❞❡�

❞❡�✐✈❛�✐✈❡�✳

■♥ ♦�❞❡� �♦ ♦❜�❛✐♥ �❤❡ ❞❡♠♦♥���❛�✐♦♥ ♦❢ �❤❡ ��❛�❡❞ ♣�♦♣❡��② ✇❡ ✇✐❧❧ �❡❝❛❧❧ ❢�♦♠ ❆♥❛❧②�✐❝❛❧

●❡♦♠❡��② ✇❤❛� ❢♦❧❧♦✇�✳ ❲❤❡♥ �❤❡ �❤�❡❡ ❝♦♦�❞✐♥❛�❡� x1, y1,z1 ♦❢ ❛ ❝✉�✈❡ ✇❤❛��♦❡✈❡� ❛�❡ �❡✲

❣❛�❞❡❞ ❛� ❢✉♥❝�✐♦♥� ♦❢ ❛ �✐♠♣❧❡ ❢♦✉��❤ ✈❛�✐❛❜❧❡ i ✭❡①❛❝�❧② ❛� ✐� ❤❛♣♣❡♥� ✐♥ ❡�✉❛�✐♦♥� ✭✺✮✮✱ �❤❡

�❛♥❣❡♥� �♦ �❤❡ ❝✉�✈❡ ✐♥ �❤❡ ♣♦✐♥� (x1, y1,z1) ❢♦�♠� ✇✐�❤ �❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡� �❤�❡❡ ❛♥❣❧❡�

✇❤♦�❡ ❝♦�✐♥❡� ❛�❡ ❣✐✈❡♥ ❜②

✭✶✻✮
dx1

di
· 1

s′ (i)
;

dy1

di
· 1

s′ (i)
;

dz1

di
· 1

s′ (i)

✇❤❡�❡

s′ (i) =

√

(

dx1

di

)2

+

(

dy1

di

)2

+

(

dz1

di

)2

.

■♥ ♦✉� ❝❛�❡ ✇❡ ✇✐❧❧ ✉�❡ ❡�✉❛�✐♦♥� ✭✺✮ ❜② ✇❛�♥✐♥❣ �❤❛�✱ ✐♥ ♦�❞❡� �♦ �❡❞✉❝❡ ♣♦✐♥� (x1, y1,z1) �♦

♣♦✐♥� (x, y, z)✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥�✱ ❛❢�❡� ❤❛✈✐♥❣ ❝❛❧❝✉❧❛�❡❞ �❤❡



✲ ✺✼✲

❞❡�✐✈❛③✐♦♥✐ ♣❡� i✱ ❢❛�❡ i = 0✳ ❈♦�� ��♦✈❡�❡♠♦ ❝❤❡ ❧❛ �❛♥❣❡♥�❡ ♥❡❧ ♣✉♥�♦ (x, y, z) ❛❞ ✉♥❛ ❧✐♥❡❛

❧❛�❝✐❛�❛ ❛♥❝♦�❛ ❣❡♥❡�✐❝❛ ♣❡� ♥♦♥ ❛✈❡� ♣❡� ❛♥❝♦ ❞❡�❡�♠✐♥❛�❡ ❧❡ ξ, η, ❢❛ ❝♦✐ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐

❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐ ❝❤❡ ❡❣✉❛❣❧✐❛♥♦ ❡�♣�❡��✐♦♥✐ ❛✈❡♥�✐ ♣❡� ♥✉♠❡�❛�♦�✐ ✐ ❜✐♥♦♠❥

x′ξ + x′ η ; y′ξ + y′ η ; z′ξ + z′ η

❡ ♣❡� ❞❡♥♦♠✐♥❛�♦� ❝♦♠✉♥❡ ✐❧ �❛❞✐❝❛❧❡

√

(

x′ξ + x′ η
)2

+
(

y′ξ + y′ η
)2

+
(

z′ξ + z′ η
)2
.

■❧ �✉❛❧ �❛❞✐❝❛❧❡ ✭�✐❝❤✐❛♠❛�✐ ✐ ✈❛❧♦�✐ ❞✐ α, ϑ, ǫ ✭ ❡�✉❛③✐♦♥✐ ✭✸✸✮ ♥✳✶✻✮✮ �✈♦❧❣❡♥❞♦ ✐ �✉❛❞�❛�✐ �✐

�✐❞✉❝❡ �♦��♦ ✐❧ �❡❣♥♦ ❛❧ ��✐♥♦♠✐♦ ❝♦❡✣❝✐❡♥�❡ ❞✐ i2 ♥❡❧❧❛ ✭✻✮ ✿ ♣❡� ❜�❡✈✐�& ❧♦ ✐♥❞✐❝❤❡�❡♠♦ ❝♦♥
√
τ

✳

❙❡ �✉✐♥❞✐ ❧❡ ❝✉�✈❡ ❝♦♥�✐❞❡�❛�❡ �♦♥♦ ❞✉❡✱ ✐ ❝♦�❡♥✐ ♣❡� ❧❛ �❛♥❣❡♥�❡ ♥❡❧ ♣✉♥�♦ (x, y, z) ❛❞ ✉♥❛

❞✐ ❡��❡ ♣♦��❛♥♥♦ ❡�♣�✐♠❡��✐ ❝♦♥

✭✶✼✮ α
1
=

x′ξ
1
+ x′ η1√
τ
1

; β
1
=

y′ξ
1
+ y′ η1√
τ
1

; γ
1
=

z′ξ
1
+ z′ η1√
τ
1

❡ ✐ ❝♦�❡♥✐ ♣❡� ❧✬❛❧��❛ �❛♥❣❡♥�❡ ❝♦♥

✭✶✽✮ α
2
=

x′ξ
2
+ x′ η2√
τ
2

; β
2
=

y′ξ
2
+ y′ η2√
τ
2

; γ
2
=

z′ξ
2
+ z′ η2√
τ
2

.

▲✬❛♥❣♦❧♦ ♣♦✐ ❢❛��♦ ❞❛❧❧❡ ❞✉❡ �❛♥❣❡♥�✐ �❛�& �❛❧❡ ❝❤❡ ✐❧ �✉♦ ❝♦�❡♥♦✱ ♣❡� �❡♦�❡♠❛ ♥♦�✐��✐♠♦✱ ❛✈�&

✐❧ ✈❛❧♦�❡

(

x′ξ
1
+ x′ η1

) (

x′ξ
2
+ x′ η2

)

+
(

y′ξ
1
+ y′ η1

) (

y′ξ
2
+ y′ η2

)

+
(

z′ξ
1
+ z′ η1

) (

z′ξ
2
+ z′ η2

)

√
τ
1
τ
2

♦��✐❛✱ �✈♦❧❣❡♥❞♦ ✐ ♣�♦❞♦��✐ ❡ �❛♠♠❡♥�❛♥❞♦❝✐ ✐ ✈❛❧♦�✐ ❞✐ α, ϑ, ǫ,

✭✶✾✮
αξ

1
ξ
2
+ ǫ (ξ

1
η
2
+ η

1
ξ
2
) + ϑη

1
η
2√

τ
1
τ
2

.

❖�❛ ✈♦❣❧✐❛♠♦ ♣�♦✈❛�❡ ❝❤❡ �✉❛♥❞♦ ξ
1
η
1
; ξ

2
η
2

❤❛♥♥♦ ✈❛❧♦�✐ ❝❤❡ �♦❞❞✐�❢❛♥♥♦ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✼✮

✭♥❡❧ �✉❛❧ ❝❛�♦ ✐ ��✐♥♦♠❥ τ
1
, τ

2
�✐ �✐❞✉❝♦♥♦ ❛❧❧❡ �❛❞✐❝✐ λ1, λ2 ✐♥ ❢♦�③❛ ❞❡❧❧❛ ✭✶✺✮✮✱ �✉❛♥❞♦ ❝✐♦�

❧❡ ❞✉❡ ❝✉�✈❡ ❝♦♥�✐❞❡�❛�❡ �♦♥♦ �✉❡❧❧❡ ❞✐ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛ ❝♦♥❞❡♥�❛③✐♦♥❡✱ ✐❧ ♥✉♠❡�❛�♦�❡ ❞❡❧❧❛

❢�❛③✐♦♥❡ ✭✶✾✮ � ③❡�♦ ✿ �✉✐♥❞✐ ❡��❡♥❞♦ ③❡�♦ ✐❧ ❝♦�❡♥♦✱ ❧✬❛♥❣♦❧♦ ❞❡❧❧❡ �❛♥❣❡♥�✐ � �❡��♦✱ �✐❝❝♦♠❡ ❝✐

❡�❛✈❛♠♦ ♣�♦♣♦��✐ ❞✐ ❞✐♠♦���❛�❡✳

✲ ✺✼✲❊◆●

❞❡�✐✈❛�✐✈❡� ✇✐�❤ �❡�♣❡❝� �♦ ✈❛�✐❛❜❧❡ i✱ �♦ ❛��✉♠❡ i = 0✳ ■♥ �❤✐� ✇❛② ✇❡ ✇✐❧❧ ✜♥❞ �❤❛� �❤❡

�❛♥❣❡♥� ✐♥ �❤❡ ♣♦✐♥� (x, y, z) �♦ ❛ ❝✉�✈❡ ✇❤✐❝❤ ✐� ��✐❧❧ ❧❡❢� ✉♥❞❡�❡�♠✐♥❡❞ ✭�✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦� ②❡�

❞❡�❡�♠✐♥❡❞ ✈❛�✐❛❜❧❡� ξ, η✮ ❢♦�♠�✱ ✇✐�❤ �❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❝♦♦�❞✐♥❛�❡ ❛①❡�✱ �♦♠❡ ❛♥❣❧❡� ✇❤♦�❡

❝♦�✐♥❡� ❛�❡ ❡�✉❛❧ �♦ ❡①♣�❡��✐♦♥� ❤❛✈✐♥❣ ❛� ♥✉♠❡�❛�♦�� �❤❡ ❜✐♥♦♠✐❛❧�

x′ξ + x′ η ; y′ξ + y′ η ; z′ξ + z′ η

❛♥❞ �❤❡ ❞❡♥♦♠✐♥❛�♦�� ❤❛✈❡ ❛� ❛ ❝♦♠♠♦♥ ✈❛❧✉❡ �❤❡ �❛❞✐❝❛❧
√

(

x′ξ + x′ η
)2

+
(

y′ξ + y′ η
)2

+
(

z′ξ + z′ η
)2
.

❚❤✐� ❧❛�� �❛❞✐❝❛❧ ✭♦♥❝❡ ♦♥❡ �❡❝❛❧❧� �❤❡ ✈❛❧✉❡� ♦❢ ✈❛�✐❛❜❧❡� α, ϑ, ǫ ✭❡�✉❛�✐♦♥� ✭✸✸✮ �❡❝�✳ ✶✻✮✱ ♦♥❝❡

�❤❡ ��✉❛�❡� ❛�❡ ❡✈❛❧✉❛�❡❞✱ ✇✐❧❧ �❡❞✉❝❡ ✉♥❞❡� �❤❡ �✐❣♥ �♦ �❤❡ ��✐♥♦♠✐❛❧ ✇❤✐❝❤ ✐� �❤❡ ❝♦❡✣❝✐❡♥�

♦❢ i2 ✐♥ ✭✻✮ ✿ ❢♦� �❤❡ �❛❦❡ ♦❢ ❜�❡✈✐�② ✇❡ ✇✐❧❧ ✐♥❞✐❝❛�❡ ✐� ✇✐�❤ �②♠❜♦❧
√
τ ✳

❚❤❡♥✱ ✐❢ �❤❡ ❝✉�✈❡� �♦ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛�❡ �✇♦✱ �❤❡ ❝♦�✐♥❡� ❢♦� �❤❡ �❛♥❣❡♥� �♦ ♦♥❡ ♦❢ �❤❡♠ ✐♥

�❤❡ ♣♦✐♥� (x, y, z) ❝❛♥ ❜❡ ❡①♣�❡��❡❞ ❛�

✭✶✼✮ α
1
=

x′ξ
1
+ x′ η1√
τ
1

; β
1
=

y′ξ
1
+ y′ η1√
τ
1

; γ
1
=

z′ξ
1
+ z′ η1√
τ
1

✇❤✐❧❡ �❤❡ ❝♦�✐♥❡� ❢♦� �❤❡ ♦�❤❡� �❛♥❣❡♥� ❛�

✭✶✽✮ α
2
=

x′ξ
2
+ x′ η2√
τ
2

; β
2
=

y′ξ
2
+ y′ η2√
τ
2

; γ
2
=

z′ξ
2
+ z′ η2√
τ
2

.

❚❤❡♥✱ �❤❡ ❛♥❣❧❡ ❜❡�✇❡❡♥ �❤❡ �✇♦ �❛♥❣❡♥�� ✇✐❧❧ ❜❡ �✉❝❤ �❤❛� ✐�� ❝♦�✐♥❡✱ ❜❡❝❛✉�❡ ♦❢ ❛ ✈❡�②

✇❡❧❧✲❦♥♦✇♥ �❤❡♦�❡♠✱ ✇✐❧❧ ❛��✉♠❡ �❤❡ ✈❛❧✉❡

(

x′ξ
1
+ x′ η1

) (

x′ξ
2
+ x′ η2

)

+
(

y′ξ
1
+ y′ η1

) (

y′ξ
2
+ y′ η2

)

+
(

z′ξ
1
+ z′ η1

) (

z′ξ
2
+ z′ η2

)

√
τ
1
τ
2

✐✳❡✳✱ ❜② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ♣�♦❞✉❝�� ❛♥❞ �❡❝❛❧❧✐♥❣ �❤❡ ✈❛❧✉❡� ❢♦� �✉❛♥�✐�✐❡� α, ϑ, ǫ,

✭✶✾✮
αξ

1
ξ
2
+ ǫ (ξ

1
η
2
+ η

1
ξ
2
) + ϑη

1
η
2√

τ
1
τ
2

.

❲❡ ✇❛♥� ♥♦✇ �♦ ♣�♦✈❡ �❤❛� ✇❤❡♥ ✈❛�✐❛❜❧❡� ξ
1
η
1
; ξ

2
η
2

❤❛✈❡ �❤❡ ✈❛❧✉❡� ✇❤✐❝❤ ✈❡�✐❢② ❡�✉❛�✐♦♥�

✭✼✮ ✭✐♥ ✇❤✐❝❤ ❝❛�❡ �❤❡ ��✐♥♦♠✐❛❧� τ
1
, τ

2
❛�❡ �❡❞✉❝❡❞✱ ❜❡❝❛✉�❡ ♦❢ ✭✶✺✮✱ �♦ �❤❡ �♦♦�� λ1, λ2✮✱ �❤❛�

✐� ✇❤❡♥ �❤❡ �✇♦ ❝♦♥�✐❞❡�❡❞ ❝✉�✈❡� ❛�❡ �❤♦�❡ ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❝♦♥❞❡♥�❛�✐♦♥✱ �❤❡

♥✉♠❡�❛�♦� ♦❢ ❢�❛❝�✐♦♥ ✭✶✾✮ ✐� ✈❛♥✐�❤✐♥❣✿ �❤❡�❡❢♦�❡ ❜❡✐♥❣ ❡�✉❛❧ �♦ ③❡�♦ �❤❡ ❝♦�✐♥❡✱ �❤❡ ❛♥❣❧❡

❜❡�✇❡❡♥ �❤❡ �❛♥❣❡♥�� ✐� ❛ �✐❣❤� ❛♥❣❧❡✱ ❛� ✇❡ ✐♥�❡♥❞❡❞ �♦ ♣�♦✈❡✳



✲ ✺✽✲

❆ �❛❧ ✜♥❡ ♦��❡
✈✐❛♠♦ ❝❤❡ �✉❡❧ ♥✉♠❡
❛�♦
❡✱ ❝❤✐❛♠❛�♦ ♣❡
 ✉♥ ♠♦♠❡♥�♦ N ✱ ♣✉� ❡��❡
❡ �❝
✐��♦

♥❡❧❧✬✉♥❛ ❡ ♥❡❧❧✬❛❧�
❛ ❞❡❧❧❡ ❞✉❡ ♠❛♥✐❡
❡ �❡❣✉❡♥�✐

N = ξ
1
(αξ

2
+ ǫη

2
) + η

1
(ǫξ

2
+ ϑη

2
)

N = ξ
2
(αξ

1
+ ǫη

1
) + η

2
(ǫξ

1
+ ϑη

1
)

❡ �✉✐♥❞✐ ✐♥ ✈✐
�� ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✼✮ ❞❡✈❡ ❡❣✉❛❣❧✐❛
❡ ❧❡ ❞✉❡ ❡�♣
❡��✐♦♥✐

✭✷✵✮ N = λ2 (ξ1
ξ
2
+ η

1
η
2
) ; N = λ1 (ξ1

ξ
2
+ η

1
η
2
) .

▼❛ ✐♥ �✉❡��❛ ✐ ❞✉❡ ❢❛��♦
✐ λ1, λ2 �♦♥♦ ❢
❛ ❧♦
♦ ❞✐✈❡
�✐✱ ❝♦♠❡ ✈❡❞❡�✐ ♣❡
 ❧❛ ✭✶✵✮ ✿ ♥♦♥ ♣✉� ❞✉♥�✉❡

✉♥❛ ��❡��❛ �✉❛♥�✐�& N ❡��❡
❡ ❝♦♥�❡♠♣♦
❛♥❡❛♠❡♥�❡ ❡❣✉❛❧❡ ❛ �✉❡��❡ ❞✉❡ ❡�♣
❡��✐♦♥✐✱ �❡ ♥♦♥ '

③❡
♦ ❧✬❛❧�
♦ ❢❛��♦
❡ ❝♦♠✉♥❡✱ ♦��✐❛ �❡ ♥♦♥ '

✭✷✶✮ ξ
1
ξ
2
+ η

1
η
2
= 0.

◗✉❡��✬✉❧�✐♠❛ ❡�✉❛③✐♦♥❡ ♣
♦✈❛ ❞✉❡ ❝♦�❡ ✿ ♣
✐♠✐❡
❛♠❡♥�❡ ✈❡❞❡�✐ ♣❡
 ❡��❛ ❡ ♣❡
 ❧❡ ✭✷✵✮✱ ❝❤❡ ✐❧

♥✉♠❡
❛�♦
❡ N ' ③❡
♦✱ ❝♦♠❡ ❛✈❡✈❛♠♦ ❛��❡
✐�♦ ✿ ♣♦✐ ❝❤❡ ♥❡❧ ♣✐❛♥♦ ❞❡❧❧❛ ❞✐��
✐❜✉③✐♦♥❡ ❛♥�❡❝❡❞❡♥�❡

❢❛❝❡✈❛♥♦ ❢
❛ ❧♦
♦ ❛♥❣♦❧♦ 
❡��♦ �✉❡❧❧❡ ❞✉❡ 
❡��❡ ❧❡ ❝✉✐ ♠♦❧❡❝♦❧❡ ♣❛��❛
♦♥♦ �✉❧❧❡ ❧✐♥❡❡ ❞✐ ♠❛��✐♠❛

❡ ♠✐♥✐♠❛ ❝♦♥❞❡♥�❛③✐♦♥❡✳ ▲✬✉❧�✐♠❛ ❡�✉❛③✐♦♥❡ ✭✷✶✮ ♣✉� ❛♥❝❤❡ ✈❡
✐✜❝❛
�✐ ❝♦❧❧❛ �♦��✐�✉③✐♦♥❡ ❞❡✐

✈❛❧♦
✐ ✭✶✹✮✱ ♣✉
❝❤' ✉♥♦ ❞✐ �✉❡✐ 
❛❞✐❝❛❧✐✱ ♣❡
 ❡�❡♠♣✐♦ ✐❧ ✈❛❧♦
❡ ❞✐ ξ
2
✱ ♣
❡♥❞❛�✐ ♥❡❣❛�✐✈♦✳ ❊❞ '

❝❤✐❛
♦ ❝❤❡ ❞❡✈❡ ❡��❡
❡ ❝♦�. �✉❛♥❞♦ ❧✬❛♥❣♦❧♦ ❢
❛ ❧❡ 
❡��❡ ' 
❡��♦ ✿ ❣✐❛❝❝❤' �❡ ❞✐❝❡�✐ μ ❧✬❛♥❣♦❧♦ ❝❤❡

❢❛ ✉♥❛ ❞✐ �✉❡❧❧❡ 
❡��❡ ❝♦❧❧✬❛��❡ ❞❡❧❧❡ a✱ ❛❜❜✐❛♠♦

ξ
1
= cos ·μ ; η

1
= sin ·μ ; ξ

2
= cos ·

(π

2
+ μ

)

; η
2
= sin ·

(π

2
+ μ

)

,

❝✐♦'

ξ
2
= − sin ·μ = − η

1
; ξ

2
= cos ·μ = ξ

1
.

✷✹✳ /
✐♠❛ ❞✐ ❡��❡♥❞❡
❡ ❧❛ ��❡��❛ ❞♦��
✐♥❛ ❛✐ �✐��❡♠✐ ❛ �
❡ ❞✐♠❡♥�✐♦♥✐ ❝✐ ❝♦♥✈✐❡♥❡ ❛❣❣✐✉♥❣❡
❡

❛❧�
❡ ❝♦�❡ ❛♥❛❧♦❣❤❡ ❛❧❧❡ ❣✐& ❡�♣♦��❡ ♣❡
 �✉❡❧❧✐ ❞✐ ❞✉❡✱ ❧❡ �✉❛❧✐✱ �❡ ♥♦♥ �✉❜✐�♦✱ ❝✐ ✈❡

❛♥♥♦

✉�✐❧✐��✐♠❡ ♥❡❧ ❈❛♣♦ �❡❣✉❡♥�❡✳

◗✉❡❧ 
❛❞✐❝❛❧❡ ❝❤❡ ❝❤✐❛♠❛♠♠♦ S′(i) ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✻✮ �✐ �❛ ❡��❡
❡ ❧❛ ❞❡
✐✈❛�❛ ♣❡
 i ❞❡❧❧✬❛
❝♦

❞❡❧❧❛ ❝✉
✈❛ ✿ �✉✐♥❞✐ ♣♦��❛ i = 0✱ ✭✐❧ ❝❤❡ ✐♥❞✐❝❤❡
❡♠♦ ❝♦❧ �✐♠❜♦❧♦ S′(i)0✮✱ �✉❡��❛ S′(i)0 ❡�✉✐✈❛

&

❛❧❧❛ 
❛❞✐❝❡ �✉❛❞
❛�❛ ❞✐ �✉❡❧ �
✐♥♦♠✐♦ ❝❤❡ ♥❡❧ ♥✉♠❡
♦ ♣
❡❝❡❞❡♥�❡ �❡❣♥❛♠♠♦ ❝♦♥ τ ✳ ■ �
❡ ❝♦�❡♥✐

❝❤❡ ❧❛ �❛♥❣❡♥�❡ ♥❡❧ ♣✉♥�♦ (x, y, z) ❛ �✉❡❧❧❛ ❝✉
✈❛ ♣❡
 ❧❛ �✉❛❧❡ ❧❛�❝✐❛♠♠♦ ❧❡ ξ, η ✐♥❞❡�❡
♠✐♥❛�❡✱

❢❛ ❝♦✐ �
❡ ❛��✐✱ ♣♦��♦♥♦ ❛♥❝❤❡ ✐♥❞✐❝❛
�✐ ❝♦♥

✭✷✷✮
x′ (i)0
S′ (i)0

;
y′ (i)0
S′ (i)0

;
z′ (i)0
S′ (i)0

✲ ✺✽✲❊◆●

❚♦ �❤✐� ❛✐♠✱ ❧❡� ✉� ♦❜�❡
✈❡ �❤❛� �❤❡ ♣
❡✈✐♦✉�❧② ❝♦♥�✐❞❡
❡❞ ♥✉♠❡
❛�♦
✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧✱ ❢♦
 ❛

✇❤✐❧❡✱ N ✱ ❝❛♥ ❜❡ ✇
✐��❡♥ ✐♥ �❤❡ ❢♦
♠❡
 ♦
 �❤❡ ❧❛��❡
 ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ �✇♦ ✇❛②�

N = ξ
1
(αξ

2
+ ǫη

2
) + η

1
(ǫξ

2
+ ϑη

2
)

N = ξ
2
(αξ

1
+ ǫη

1
) + η

2
(ǫξ

1
+ ϑη

1
)

❛♥❞ �❤❡
❡❢♦
❡✱ ❜❡❝❛✉�❡ ♦❢ ❡�✉❛�✐♦♥� ✭✼✮ ✐� ♠✉�� ✈❡
✐❢② ❜♦�❤ ❡①♣
❡��✐♦♥�

✭✷✵✮ N = λ2 (ξ1
ξ
2
+ η

1
η
2
) ; N = λ1 (ξ1

ξ
2
+ η

1
η
2
) .

❍♦✇❡✈❡
 ✐♥ �❤✐� ❧❛�� ❡�✉❛�✐♦♥ �❤❡ �✇♦ ❢❛❝�♦
� λ1, λ2 ❛
❡ ❞✐✛❡
❡♥� ❢
♦♠ ❡❛❝❤ ♦�❤❡
✱ ❛� ✐� ❝❛♥

❜❡ �❡❡♥ ❜② ✉�✐♥❣ ✭✶✵✮✿ �❤❡
❡❢♦
❡ ♦♥❡ ❛♥❞ �❤❡ �❛♠❡ �✉❛♥�✐�② N ❝❛♥ ❜❡ �✐♠✉❧�❛♥❡♦✉�❧② ❡�✉❛❧ �♦

�❤❡�❡ �✇♦ ❡①♣
❡��✐♦♥� ♦♥❧② ✐❢ �❤❡ ♦�❤❡
 ❝♦♠♠♦♥ ❢❛❝�♦
 ✈❛♥✐�❤❡�✱ �❤❛� ✐�✱ ♦♥❧② ✐❢ �❤❡ ❢♦❧❧♦✇✐♥❣

❡�✉❛❧✐�② ❤♦❧❞�

✭✷✶✮ ξ
1
ξ
2
+ η

1
η
2
= 0.

❚❤✐� ❧❛�� ❡�✉❛�✐♦♥ ♣
♦✈❡� �✇♦ ��❛�❡♠❡♥��✿ ✜
��✱ ♦♥❡ ❝❛♥ �❡❡ ❜② ♠❡❛♥� ♦❢ ✐� ❛♥❞ ❜❡❝❛✉�❡ ♦❢

✭✷✵✮ �❤❛� �❤❡ ♥✉♠❡
❛�♦
 N ✈❛♥✐�❤❡�✱ ❛� ✇❡ ❤❛❞ ❝❧❛✐♠❡❞✿ ❛♥❞✱ �❡❝♦♥❞❧②✱ �❤❛� ✐♥ �❤❡ ♣❧❛♥❡ ♦❢

�❤❡ ❛♥�❡❝❡❞❡♥� ❝♦♥✜❣✉
❛�✐♦♥ �❤❡ �✇♦ ��
❛✐❣❤� ❧✐♥❡�✱ ✇❤♦�❡ ♠♦❧❡❝✉❧❡� ❜❡❧♦♥❣ �♦ �❤❡ ❝✉
✈❡� ♦❢

♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❝♦♥❞❡♥�❛�✐♦♥✱ ❛
❡ ♦
�❤♦❣♦♥❛❧✳ ❊�✉❛�✐♦♥ ✭✷✶✮ ❝❛♥ ❛❧�♦ ❜❡ ✈❡
✐✜❡❞ ❜②

�✉❜��✐�✉�✐♥❣ �❤❡ ✈❛❧✉❡� ✭✶✹✮✱ ✉♥❞❡
 �❤❡ ❝♦♥❞✐�✐♦♥ �❤❛� ♦♥❡ ♦❢ �❤♦�❡ 
❛❞✐❝❛❧�✱ ❢♦
 ✐♥��❛♥❝❡ �❤❡

✈❛❧✉❡ ♦❢ ξ
2
✱ ✐� ❛��✉♠❡❞ �♦ ❜❡ ♥❡❣❛�✐✈❡✳ ■� ✐� ❝❧❡❛
 �❤❛� �❤✐� ✐� �❤❡ ❝❛�❡ ✇❤❡♥ �❤❡ ❛♥❣❧❡ ❜❡�✇❡❡♥

�❤❡ ��
❛✐❣❤� ❧✐♥❡� ✐� ❛ 
✐❣❤� ♦♥❡✿ �❤❡
❡❢♦
❡ ✐❢ ✇❡ ❝❛❧❧ μ �❤❡ ❛♥❣❧❡ ✇❤✐❝❤ ♦♥❡ ♦❢ �❤❡�❡ ��
❛✐❣❤�

❧✐♥❡� ❢♦
♠� ✇✐�❤ �❤❡ ❛①✐� ♦❢ ✈❛
✐❛❜❧❡ a✱ ✇❡ ✇✐❧❧ ❤❛✈❡

ξ
1
= cos ·μ ; η

1
= sin ·μ ; ξ

2
= cos ·

(π

2
+ μ

)

; η
2
= sin ·

(π

2
+ μ

)

,

�❤❛� ✐�

ξ
2
= − sin ·μ = − η

1
; ξ

2
= cos ·μ = ξ

1
.

✷✹✳ ❇❡❢♦
❡ ❡①�❡♥❞✐♥❣ �❤❡ �❛♠❡ ❞♦❝�
✐♥❡ �♦ �❤❡ �❤
❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠� ✐� ✐� ❝♦♥✈❡♥✐❡♥�

�♦ ❛❞❞ �♦♠❡ ♦�❤❡
 
❡�✉❧�� ❝♦♥❝❡
♥✐♥❣ �❤❡ �✇♦✲❞✐♠❡♥�✐♦♥❛❧ ♦♥❡�✱ 
❡�✉❧�� ✇❤✐❝❤ ✇✐❧❧ ❜❡✱ ✐❢ ♥♦�

✐♠♠❡❞✐❛�❡❧②✱ ✈❡
② ✉�❡❢✉❧ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣♦✳

❚❤❛� 
❛❞✐❝❛❧ ✇❤✐❝❤ ✇❡ ❝❛❧❧❡❞ S′(i) ✐♥ ❡�✉❛�✐♦♥� ✭✶✻✮ ✐� ❦♥♦✇♥ �♦ ❝♦♥�✐�� ♦❢ �❤❡ ❞❡
✐✈❛�✐✈❡�

✇✐�❤ 
❡�♣❡❝� �♦ ✈❛
✐❛❜❧❡ i ♦❢ �❤❡ ❝✉
✈❡ ❛
❝ ❧❡♥❣�❤✿ �❤❡
❡❢♦
❡ ✇❤❡♥ ❛��✉♠✐♥❣ i = 0✱ ✭♦♣❡
❛�✐♦♥

✇❤♦�❡ 
❡�✉❧� ✇❡ ✇✐❧❧ ✐♥❞✐❝❛�❡ ✇✐�❤ �❤❡ �②♠❜♦❧ S′(i)0✮✱ �❤✐� �✉❛♥�✐�② S′(i)0 ✇✐❧❧ ❜❡ ❡�✉✐✈❛❧❡♥� �♦

�❤❡ ��✉❛
❡ 
♦♦� ♦❢ �❤❛� �
✐♥♦♠✐❛❧✱ ✇❤✐❝❤ ✐♥ �❤❡ ♣
❡✈✐♦✉� �❡❝�✐♦♥ ✇❡ ✐♥❞✐❝❛�❡❞ ✇✐�❤ �❤❡ �②♠❜♦❧

τ ✳ ❚❤❡ �❤
❡❡ ❝♦�✐♥❡� ✇❤✐❝❤ �❤❡ �❛♥❣❡♥�✱ ✐♥ �❤❡ ♣♦✐♥� (x, y, z)✱ �♦ �❤❛� ❝✉
✈❡✱ ❢♦
 ✇❤✐❝❤ ✇❡ ❧❡❢�

✉♥❞❡�❡
♠✐♥❡❞ ✈❛
✐❛❜❧❡� ξ, η✱ ❢♦
♠� ✇✐�❤ �❤❡ �❤
❡❡ ❝♦♦
❞✐♥❛�❡ ❛①❡�✱ ❝❛♥ ❜❡ ❛❧�♦ ✐♥❞✐❝❛�❡❞ ✇✐�❤

✭✷✷✮
x′ (i)0
S′ (i)0

;
y′ (i)0
S′ (i)0

;
z′ (i)0
S′ (i)0



✲ ✺✾✲

❞♦✈❡ ✐ ♥✉♠❡�❛�♦�✐ ❤❛♥♥♦ �✐�♣❡��✐✈❛♠❡♥�❡ ✐ ✈❛❧♦�✐

✭✷✸✮ x′ξ + x1η ; y′ξ + y1η ; z′ξ + x1η

❡ ✐❧ ❞❡♥♦♠✐♥❛�♦�❡ �
√
τ ✱ ❡��❡♥❞♦

✭✷✹✮ τ = αξ2 + 2ǫξη + ϑη2.

❙❛♣♣✐❛♠♦ ❛❧��❡�� ❞❛❧❧❛ ●❡♦♠❡��✐❛ ❛♥❛❧✐�✐❝❛ ✭❱❡❞✐ ▲❛❣�❛♥❣❡ ❚❤�♦�✐❡ ❞❡	 ❢♦♥❝
✐♦♥	 ❛♥❛❧②
✐�✉❡	 ✿

✷ a �❛�
✐❡✱ ❝❤❛♣✳❱■■✱ ♥✳ ✸✹✮ ❝❤❡ ✐❧ �❛❣❣✐♦ ❞❡❧ ❝✐�❝♦❧♦ ♦�❝✉❧❛�♦�❡ ❛❧❧❛ ❝✉�✈❛ ❞❡❧ ♣✉♥�♦ (x, y, z)

✈✐❡♥❡ ❛❞ ❛✈❡� ❧✬❡�♣�❡��✐♦♥❡

✭✷✺✮
s′ (i)

2

0
√

x′′ (i)
2

0 + y′′ (i)
2

0 + z′′ (i)
2

0 − s′′ (i)
2

0

❡ ❝❤❡ ❧❛ �✉❛ ❞✐�❡③✐♦♥❡ ❢❛ ❝♦✐ ��❡ ❛��✐ ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐ ✐ ❝✉✐ ✈❛❧♦�✐ �♦♥♦ ❢�❛③✐♦♥✐ ❛✈❡♥�✐ �✐�♣❡��✐✈❛✲

♠❡♥�❡ ♣❡� ♥✉♠❡�❛�♦�✐ ✐ ❜✐♥♦♠❥

✭✷✻✮

s′ (i)0 x′′ (i)0 − x′ (i)0 s′′ (i)0 ; s′ (i)0 y′′ (i)0 − y′ (i)0 s′′ (i)0 ; s′ (i)0 z′′ (i)0 − z′ (i)0 s′′ (i)0

❡ ✉♥ ❞❡♥♦♠✐♥❛�♦� ❝♦♠✉♥❡✱ ❝❤❡ � ❧❛ *✉❛♥�✐�+

✭✷✼✮ s′ (i)0

√

x′′ (i)
2

0 + y′′ (i)
2

0 + z′′ (i)
2

0 − s′′ (i)
2

0.

❙✐❝❝♦♠❡

x′′ (i)0 = x′′ξ2 + 2x′
′
ξη + x′′ η

2

y′′ (i)0 = y′′ξ2 + 2y′
′
ξη + y′′ η

2✭✷✽✮

z′′ (i)0 = z′′ξ2 + 2z′
′
ξη + z′′ η

2,

✐❧ ❝❤❡ �✐ ❢❛ ♠❛♥✐❢❡��♦ ♣❡� ❧❡ ❡*✉❛③✐♦♥✐ ✭✺✮ ✿ ❡ ❞✐ ♣✐. ❛❜❜✐❛♠♦✱ ❞❡�✐✈❛♥❞♦ ♣❡� i✱ ❧✬✉❧�✐♠❛ ❞❡❧❧❡

✭✶✻✮✱ ❡ �✐�♦✈✈❡♥❡♥❞♦❝✐ ❝❤❡ ✐❧ ✈❛❧♦�❡ ❞✐ s′ (i)0 � *✉❡❧❧♦ ❞✐
√
τ ❡�♣�❡��♦ ♠❡❞✐❛♥�❡ ❧❛ ✭✷✹✮✱

√
τ · s′′ (i)0 =

(

x′ξ + x′ η
)

(

x′′ξ2 + 2x′
′
ξη + x′′ η

2
)

+
(

y′ξ + y′ η
)

(

y′′ξ2 + 2y′
′
ξη + y′′ η

2
)

✭✷✾✮

+
(

z′ξ + z′ η
)

(

z′′ξ2 + 2z′
′
ξη + z′′ η

2
)

;

♣♦��✐❛♠♦ ❛✈❡�❡ ✐❧ �❛❞✐❝❛❧❡ ❞❡❧❧❡ ❡*✉❛③✐♦♥✐ ✭✷✺✮✱ ✭✷✼✮ ✭�❛❞✐❝❛❧❡ ❝❤❡ ♣❡� ✉♥ ♠♦♠❡♥�♦ ❞❡♥♦♠✐♥❡✲

�❡♠♦ R✮ ❞❛�♦ ♣❡� ❧❛ �❡❣✉❡♥�❡

✭✸✵✮ R2 = κξ4 + 4ωξ2η2 + ςη4 + 4pξ3η + 2qξ2η2 + 4rξη3 − k ;

✲ ✺✾✲❊◆●

✇❤❡�❡ �❤❡ ♥✉♠❡�❛�♦�� ❤❛✈❡ �❡�♣❡❝�✐✈❡❧② �❤❡ ✈❛❧✉❡�

✭✷✸✮ x′ξ + x1η ; y′ξ + y1η ; z′ξ + x1η

❛♥❞ �❤❡ ❞❡♥♦♠✐♥❛�♦� ✐� ❣✐✈❡♥ ❜②
√
τ ✱ ✇❤❡�❡

✭✷✹✮ τ = αξ2 + 2ǫξη + ϑη2.

❲❡ ❛❧�♦ ❦♥♦✇ ❢�♦♠ ❆♥❛❧②�✐❝❛❧ ●❡♦♠❡��② ✭�❡❡ ▲❛❣�❛♥❣❡ ❚❤�♦�✐❡ ❞❡	 ❢♦♥❝
✐♦♥	 ❛♥❛❧②
✐�✉❡	 ✿ ✷ a

�❛�
✐❡✱ ❝❤❛♣✳❱■■✱ ♥✳ ✸✹✮ �❤❛� �❤❡ �❛❞✐✉� ♦❢ �❤❡ ♦�❝✉❧❛�♦� ❝✐�❝❧❡ �♦ �❤❡ ❝✉�✈❡ ❛� ♣♦✐♥� (x, y, z)

❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣�❡��✐♦♥

✭✷✺✮
s′ (i)

2

0
√

x′′ (i)
2

0 + y′′ (i)
2

0 + z′′ (i)
2

0 − s′′ (i)
2

0

❛♥❞ �❤❛� ✐�� ❞✐�❡❝�✐♦♥ ❢♦�♠� ✇✐�❤ �❤❡ �❤�❡❡ ❛①❡� ❛♥❣❧❡� ✇❤♦�❡ ❝♦�✐♥❡� ❤❛✈❡ ✈❛❧✉❡� ❣✐✈❡♥ ❜② �♦♠❡

❢�❛❝�✐♦♥� ✇❤♦�❡ ♥✉♠❡�❛�♦�� ❛�❡ �❤❡ ❜✐♥♦♠✐❛❧�

✭✷✻✮

s′ (i)0 x′′ (i)0 − x′ (i)0 s′′ (i)0 ; s′ (i)0 y′′ (i)0 − y′ (i)0 s′′ (i)0 ; s′ (i)0 z′′ (i)0 − z′ (i)0 s′′ (i)0

❛♥❞ ❤❛✈✐♥❣ ❛ ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛�♦�✱ ✇❤✐❝❤ ✐� ❣✐✈❡♥ ❜② *✉❛♥�✐�②

✭✷✼✮ s′ (i)0

√

x′′ (i)
2

0 + y′′ (i)
2

0 + z′′ (i)
2

0 − s′′ (i)
2

0.

■♥ �❤❡ �❛♠❡ ✇❛② ✇❡ ❤❛✈❡

x′′ (i)0 = x′′ξ2 + 2x′
′
ξη + x′′ η

2

y′′ (i)0 = y′′ξ2 + 2y′
′
ξη + y′′ η

2✭✷✽✮

z′′ (i)0 = z′′ξ2 + 2z′
′
ξη + z′′ η

2,

✇❤✐❝❤ ✐� ♠❛♥✐❢❡��✱ ❜❡❝❛✉�❡ ♦❢ ❡*✉❛�✐♦♥� ✭✺✮✿ ♠♦�❡♦✈❡� ✇❡ ❤❛✈❡✱ ❜② ❞❡�✐✈✐♥❣ ✇✐�❤ �❡�♣❡❝� �♦

✈❛�✐❛❜❧❡ i �❤❡ ❧❛�� ♦❢ �❤❡ ✭✶✻✮✱ ❛♥❞ �❡❝❛❧❧✐♥❣ �❤❛� �❤❡ ✈❛❧✉❡ ♦❢ *✉❛♥�✐�② s′ (i)0✱ ✇❤✐❝❤ ✐� ❡*✉❛❧ �♦
√
τ ✱ ✐� ❛❧�♦ ❡①♣�❡��❡❞ ❜② ✭✷✹✮✱

√
τ · s′′ (i)0 =

(

x′ξ + x′ η
)

(

x′′ξ2 + 2x′
′
ξη + x′′ η

2
)

+
(

y′ξ + y′ η
)

(

y′′ξ2 + 2y′
′
ξη + y′′ η

2
)

✭✷✾✮

+
(

z′ξ + z′ η
)

(

z′′ξ2 + 2z′
′
ξη + z′′ η

2
)

;

�♦ �❤❛� �❤❡ �❛❞✐❝❛❧ ♦❢ ❡*✉❛�✐♦♥� ✭✷✺✮✱ ✭✷✼✮ ✭�❛❞✐❝❛❧ ✇❤✐❝❤✱ ❢♦� ❛ ✇❤✐❧❡✱ ✇❡ ✇✐❧❧ ❞❡♥♦�❡ ✇✐�❤ �❤❡

�②♠❜♦❧ R✮ ✐� ❣✐✈❡♥ ❜② �❤❡ ❢♦❧❧♦✇✐♥❣

✭✸✵✮ R2 = χξ4 + 4ωξ2η2 + ςη4 + 4pξ3η + 2qξ2η2 + 4rξη3 − k ;



✲ ✻✵✲

❞♦✈❡ χ, ω, ς ❤❛♥♥♦ ✐ ✈❛❧♦
✐ �✐❣♥✐✜❝❛�✐ ♥❡❧❧❡ ✭✷✸✮ ♥✳✶✻ ❀ p, q, r ��❛♥♥♦ ✐♥✈❡❝❡ ❞✐ �
❡ �
✐♥♦♠❥✱ ❝✐♦�

p = x′′x′
′
+ y′′y′

′
+ z′′z′

′

q = x′′x′′ + y′′y′′ + z′′z′′✭✸✶✮

r = x′
′
x′′ + y′

′
y′′ + z′

′
z′′ ;

�
✐♥♦♠❥ ❝❤❡ ❛❧ ♥✳ ✶✼ ♣
♦✈❛♠♠♦ ❡��❡
❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ �❡✐ #✉❛♥�✐�$ α, ǫ, ϑ, χ, ς, ω ❡ ❧♦
♦ ❞❡
✐✈❛�❡ ❀

❡ ❧❛ k � ♣♦��❛ ✐♥ ❧✉♦❣♦ ❞✐ s′′ (i)
2

0✱ ♦��✐❛ � ❞❛�❛ ❞❛❧ �❡❣✉❡♥�❡ ✈❛❧♦
❡

τk =

{

1

2
α′ξ3 + α′ ξ

2η +

(

ǫ1 −
1

2
ϑ′

)

ξη
2

✭✸✷✮

+

(

ǫ′ − 1

2
α′

)

ξ2η + ϑ′ξη
2

+
1

2
ϑ′ η

3

}2

❛ �
♦✈❛
❡ ✐❧ #✉❛❧❡ ❜✐�♦❣♥❛ ❛✈❡
 ♦❝❝❤✐♦ ❛❧❧❡ ✭✷✹✮✱ ✭✷✻✮ ❞❡✐ ni. ✶✻✱✶✼✳

■ ❜✐♥♦♠❥ ✭✷✻✮ ✈❡♥❣♦♥♦ ❝♦�( 
✐�♣❡��✐✈❛♠❡♥�❡ ❡❣✉❛❧✐ ❛❧❧❡ ❡�♣
❡��✐♦♥✐
√

τ
(

x′′ξ2 + 2x′
′
ξη + x′′ η

2

)

− x′ξ + x′ η√
τ

√
k

√

τ
(

y′′ξ2 + 2y′
′
ξη + y′′ η

2

)

− y′ξ + y′ η√
τ

√
k✭✸✸✮

√

τ
(

z′′ξ2 + 2z′
′
ξη + z′′ η

2

)

− z′ξ + z′ η√
τ

√
k

❝♦❧❧❡ #✉❛❧✐ ❡ ❝♦♥ #✉❡❧❧❛ ❞❡❧ 
❛❞✐❝❛❧❡ R ❞❛�❛ ♥❡❧❧❛ ✭✷✾✮ ♣♦�
❡♠♦ ❢♦
♠❛
❝✐ ✐ ✈❛❧♦
✐ ❞✐ #✉❡✐ �
❡

❝♦�❡♥✐ ❝❤❡ ✜��❛♥♦ ❧❛ ❞✐
❡③✐♦♥❡ ❞❡❧ �✉♠♠❡♥�♦✈❛�♦ 
❛❣❣✐♦ ♦�❝✉❧❛�♦
❡✳

❙❡ ♣♦✐ ✈❡ ♥❡ �♦♥♦ ❞✉❡ ❞✐ �❛❧✐ 
❛❣❣✐ ♦�❝✉❧❛�♦
✐✱ ❝♦

✐�♣♦♥❞❡♥�✐ ❡♥�
❛♠❜✐ ❛❧ ♣✉♥�♦ (x, y, z)✱ ♠❛


❡❧❛�✐✈✐ ❛ ❞✉❡ ❞✐✈❡
�❡ ❝✉
✈❡✱ ♣❡
 ❧✬✉♥❛ ❞❡❧❧❡ #✉❛❧✐ ❧❡ ξ, η �✐❛♥♦ ξ1,η1 ❡ ♣❡
 ❧✬❛❧�
❛ ξ2,η2 ✐♥�❡
❡��❛ ❞✐

�
♦✈❛
❡ ✐❧ ❝♦�❡♥♦ ❞❡❧❧✬❛♥❣♦❧♦ ❢❛��♦ ❞❛ ❡��✐ 
❛❣❣✐✳ ❊ ✈✐ ❝✐ �✐ ❣✐✉♥❣❡ ❝♦❧ ♠❡③③♦ ❞❡❧❧❡ ❡�♣
❡��✐♦♥✐ ❣✐$

♦��❡♥✉�❡ ✿ �♦❧♦ � ❞❛ ❛✈✈❡
�✐
❡ ❝❤❡ ❜✐�♦❣♥❛ �❝
✐✈❡
❡ τ1,τ2, K1,K2, R1, R2 ✐♥ ❧✉♦❣♦ ❞❡❧❧❡ #✉❛♥�✐�$

❝❤❡ �✐ ❤❛♥♥♦ ❞❛❧❧❡ ✭✷✹✮✱ ✭✸✵✮✱ ✭✸✷✮ #✉❛♥❞♦ ✐♥ ❡��❡ ❧❡ ξ, η ♣
❡♥❞♦♥♦ ❛❧ ♣✐❡❞❡ ❧✬✐♥❞✐❝❡ ✶✱ ♦ ✷✳

❈♦�( #✉❡❧ ❝♦�❡♥♦ ❞❡❧❧✬❛♥❣♦❧♦ ❝♦♠♣
❡�♦ ❞❛✐ ❞✉❡ 
❛❣❣✐ ♦�❝✉❧❛�♦
✐ �❛
$ ✉♥❛ ❢
❛③✐♦♥❡ ❝❤❡ ❛✈
$

♣❡
 ♥✉♠❡
❛�♦
❡ ❧✬❡�♣
❡��✐♦♥❡
{

τ1

(

x′′ξ21 + 2x′
′
ξ1η1 + x′′ η

2

1

)

−
(

x′ξ1 + x′ η1
)
√

k1

}

{

τ2

(

x′′ξ22 + 2x′
′
ξ2η2 + x′′ η

2

2

)

−
(

x′ξ2 + x′ η2
)
√

k2

}

+
{

τ1

(

y′′ξ21 + 2y′
′
ξ1η1 + y′′ η

2

1

)

−
(

y′ξ1 + y′ η1
)
√

k1

}

✭✸✹✮
{

τ2

(

y′′ξ22 + 2y′
′
ξ2η2 + y′′ η

2

2

)

−
(

y′ξ2 + y′ η2
)
√

k2

}

+
{

τ1

(

z′′ξ21 + 2z′
′
ξ1η1 + z′′ η

2

1

)

−
(

z′ξ1 + z′ η1
)
√

k1

}

{

τ2

(

z′′ξ22 + 2z′
′
ξ2η2 + z′′ η

2

2

)

−
(

z′ξ2 + z′ η2
)
√

k2

}

❡ ♣❡
 ❞❡♥♦♠✐♥❛�♦
❡ ❧❛ #✉❛♥�✐�$ τ1τ2
√
R1R2✳
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✇❤❡
❡ #✉❛♥�✐�✐❡� χ, ω, ς ❤❛✈❡ �❤❡ ♠❡❛♥✐♥❣ ❣✐✈❡♥ ✐♥ ✭✷✸✮ �❡❝�✳ ✶✻❀ ❬✇❤✐❧❡❪ p, q, r ❛
❡ ✉�❡❞ ✐♥��❡❛❞
❢♦
 ❞❡♥♦�✐♥❣ �❤❡�❡ �❤
❡❡ �
✐♥♦♠✐❛❧�✿

p = x′′x′
′
+ y′′y′

′
+ z′′z′

′

q = x′′x′′ + y′′y′′ + z′′z′′✭✸✶✮

r = x′
′
x′′ + y′

′
y′′ + z′

′
z′′ ;

✇❤✐❝❤ ❛
❡ �❤❡ �
✐♥♦♠✐❛❧� ✇❤✐❝❤ ✐♥ �❡❝�✳ ✶✼ ✇❡ ❤❛✈❡ ♣
♦✈❡♥ �♦ ❜❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ �✐① #✉❛♥�✐�✐❡�

α, ǫ, ϑ, χ, ς, ω ❛♥❞ ♦❢ �❤❡✐
 ❞❡
✐✈❛�✐✈❡�❀ ❛♥❞ ❬✇❤❡
❡❪ ❧❡��❡
 k ✐� ✉�❡❞ �♦ ❞❡♥♦�❡ #✉❛♥�✐�② s′′ (i)
2

0✱
✐✳❡✳✱ ✐� ✐� ❣✐✈❡♥ ❜② �❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡

τk =

{

1

2
α′ξ3 + α′ ξ

2η +

(

ǫ1 −
1

2
ϑ′

)

ξη
2

✭✸✷✮

+

(

ǫ′ − 1

2
α′

)

ξ2η + ϑ′ξη
2

+
1

2
ϑ′ η

3

}2

❢♦
 ✜♥❞✐♥❣ ✇❤✐❝❤ ✐� ✐� ♥❡❝❡��❛
② �♦ �❛❦❡ ✐♥�♦ ❛❝❝♦✉♥� #✉❛♥�✐�✐❡� ✭✷✹✮✱ ✭✷✻✮ ♦❢ �❤❡ �❡❝�✳ ✶✻ ❛♥❞
�❡❝�✳ ✶✼✳

❇✐♥♦♠✐❛❧� ✭✷✻✮ ❛
❡ ♣
♦✈❡♥ �❤❡
❡❢♦
❡ �♦ ❜❡ ❡#✉❛❧ �♦ ❡①♣
❡��✐♦♥�
√

τ
(

x′′ξ2+2x′
′
ξη+x′′ η

2
)

−
x′ξ+x′ η

√
τ

√
k

√

τ
(

y′′ξ2+2y′
′
ξη+y′′ η

2
)

−
y′ξ+y′ η

√
τ

√
k✭✸✸✮

√

τ
(

z′′ξ2+2z′
′
ξη+z′′ η

2
)

−
z′ξ+z′ η

√
τ

√
k

✉�✐♥❣ ✇❤✐❝❤✱ �♦❣❡�❤❡
 ✇✐�❤ �❤❡ ❡①♣
❡��✐♦♥ ♦❢ 
❛❞✐❝❛❧ R✱ ❣✐✈❡♥ ✐♥ ❡#✉❛�✐♦♥ ✭✷✾✮✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡
�♦ ♦❜�❛✐♥ �❤❡ ✈❛❧✉❡� ♦❢ �❤♦�❡ �❤
❡❡ ❝♦�✐♥❡� ✇❤✐❝❤ ❣✐✈❡ �❤❡ ❞✐
❡❝�✐♦♥ ♦❢ �❤❡ ❛❢♦
❡♠❡♥�✐♦♥❡❞ 
❛❞✐✉�
♦❢ ♦�❝✉❧❛�♦
 ❝✐
❝❧❡✳

❚❤❡♥✱ ✐❢ �❤❡
❡ ❡①✐�� �✇♦ �✉❝❤ ♦�❝✉❧❛�♦
 ❝✐
❝❧❡�✱ ❜♦�❤ ❝♦

❡�♣♦♥❞✐♥❣ �♦ �❤❡ ♣♦✐♥� (x, y, z)✱
❜✉� 
❡❧❛�✐✈❡ �♦ �✇♦ ❞✐✛❡
❡♥� ❝✉
✈❡�✱ ❢♦
 ♦♥❡ ♦❢ ✇❤✐❝❤ ✈❛
✐❛❜❧❡� ξ, η ❛
❡ ❣✐✈❡♥ ❜② �❤❡ ✈❛❧✉❡� ξ1,η1
✇❤✐❧❡ ❢♦
 �❤❡ ♦�❤❡
 ❬�❤❡② ❛
❡ ❣✐✈❡♥ ❜② �❤❡ ✈❛❧✉❡�❪ ξ2,η2, ✐� ✐� ✐♥�❡
❡��✐♥❣ �♦ ✜♥❞ �❤❡ ❝♦�✐♥❡ ♦❢ �❤❡
❛♥❣❧❡ ❢♦
♠❡❞ ❜② �❤❡ ❞✐
❡❝�✐♦♥� ♦❢ �❤❡✐
 
❛❞✐✐✳ ❚❤✐� 
❡�✉❧� ✐� ♦❜�❛✐♥❡❞ ❜② ♠❡❛♥� ♦❢ �❤❡ ❛❧
❡❛❞②
♦❜�❛✐♥❡❞ ❡①♣
❡��✐♦♥�✿ ✐� ✐� ♦♥❧② ♥❡❡❞❡❞ �♦ ✇❛
♥ �❤❛� ✐� ✐� ♥❡❡❞❡❞ �♦ ✇
✐�❡ τ1,τ2, K1,K2, R1, R2

�♦ 
❡♣❧❛❝❡ �❤❡ #✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛
❡ ❣✐✈❡♥ ❜② ✭✷✹✮✱ ✭✸✵✮✱ ✭✸✷✮ ✇❤❡♥✱ ✐♥ �❤❡♠✱ �❤❡ #✉❛♥�✐�✐❡� ξ, η
�❛❦❡ ✐♥ �❤❡✐
 ❧♦✇❡
 ✐♥❞❡① �❤❡ ✈❛❧✉❡ 1 ♦
 2✱ 
❡�♣❡❝�✐✈❡❧②✳ ❚❤❡
❡❢♦
❡ �❤❡ ❝❛❧❝✉❧❛�❡❞ ❝♦�✐♥❡ ♦❢ �❤❡
❛♥❣❧❡ ❢♦
♠❡❞ ❜② �❤❡ 
❛❞✐✐ ♦❢ �❤❡ �✇♦ ♦�❝✉❧❛�♦
 ❝✐
❝❧❡� ✇✐❧❧ ❜❡ ❛ ❢
❛❝�✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ ❛� ✐��
♥✉♠❡
❛�♦
 �❤❡ ❡①♣
❡��✐♦♥

{

τ1

(

x′′ξ21 + 2x′
′
ξ1η1 + x′′ η

2

1

)

−
(

x′ξ1 + x′ η1
)
√

k1

}

{

τ2

(

x′′ξ22 + 2x′
′
ξ2η2 + x′′ η

2

2

)

−
(

x′ξ2 + x′ η2
)
√

k2

}

+
{

τ1

(

y′′ξ21 + 2y′
′
ξ1η1 + y′′ η

2

1

)

−
(

y′ξ1 + y′ η1
)
√

k1

}

✭✸✹✮
{

τ2

(

y′′ξ22 + 2y′
′
ξ2η2 + y′′ η

2

2

)

−
(

y′ξ2 + y′ η2
)
√

k2

}

+
{

τ1

(

z′′ξ21 + 2z′
′
ξ1η1 + z′′ η

2

1

)

−
(

z′ξ1 + z′ η1
)
√

k1

}

{

τ2

(

z′′ξ22 + 2z′
′
ξ2η2 + z′′ η

2

2

)

−
(

z′ξ2 + z′ η2
)
√

k2

}

❛♥❞ ❛� ✐�� ❞❡♥♦♠✐♥❛�♦
 �❤❡ #✉❛♥�✐�② τ1τ2
√
R1R2✳



✲ ✻✶✲

❈❤❡ ✐❧ ❞❡

♦ ❞❡♥♦♠✐♥❛
♦�❡✱ ♦❧
�❡ ❧❡ �✉❛

�♦ �✉❛♥
✐
� ❛�❜✐
�❛�✐❡ ξ
1
, η

1,ξ2
, η

2
❧❡❣❛
❡ ❞❛ ❞✉❡

❡�✉❛③✐♦♥✐ ❝♦♠❡ ❧❛ ✭✹✮✱ ♥♦♥ ❝♦♥
❡♥❣❛ �❡ ♥♦♥ ❧❡ �❡✐ �✉❛♥
✐
� α, ǫ, ϑ, χ, ς, ω ❡ ❧♦�♦ ❞❡�✐✈❛
❡✱ �

❝♦�❛ ❝❤❡ �✐ �❡♥❞❡ ♠❛♥✐❢❡�
❛ ♦��❡�✈❛♥❞♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮✱ ✭✸✵✮✱ ✭✸✷✮ ❡ �✐❝❤✐❛♠❛♥❞♦ ❝✐" ❝❤❡ �✐

� ❞❡

♦ ❞❡❧❧❛ ✭✸✶✮✳ ▼❛ ✈♦��❡❜❜❡�✐ ♣�♦✈❛�❡ ❧❛ �
❡��❛ ♣�♦♣�✐❡
� ❛♥❝❤❡ ❞✐ 
✉

❛ ❧✬❡�♣�❡��✐♦♥❡ ✭✸✹✮

❝❤❡ ❝♦�
✐
✉✐�❝❡ ✐❧ ♥✉♠❡�❛
♦�❡✳ ❆ 
❛❧❡ ❡✛❡

♦ ♦��❡�✈❡�❡♠♦ ❝❤❡ �✈♦❧❣❡♥❞♦ ❧✬❡�♣�❡��✐♦♥❡ ✭✸✹✮ ❡��❛

♣�❡♥❞❡ ❧❛ ❢♦�♠❛

✭✸✺✮ Aτ1τ2 −Bτ1
√

k2 − Cτ2
√

k1 +D
√

k1k2

�✐�✉❧
❛♥❞♦ ❛ ♦♣❡�❛③✐♦♥✐ 
❡�♠✐♥❛
❡

A = χξ
2

1
ξ
2

2
+ 4ωξ1η1ξ

2
2η2 + ςη

2

1η
2

2

+ 2pξ1ξ2 (ξ1η2
+ ξ

2
η
1
) + q

(

ξ
2

1
η

2

2
+ ξ

2

2
η

2

1

)

+ 2rη
1
η
2
(ξ

1
η
2
+ ξ

2
η
1
)

B =
1

2
α′ξ

2

1
ξ2 +

(

ǫ′ − 1

2
α1

)

ξ
2

1
η
2
+ α1ξ1η1

ξ2

+ ϑ′ξ1η1
η
2
+

(

ǫ1 −
1

2
ϑ′

)

η
2

1ξ2 +
1

2
ϑ1η

2

1
η
2

✭✸✻✮

C =
1

2
α′ξ1ξ

2

2
+

(

ǫ′ − 1

2
α1

)

η
1
ξ
2

2
+ α1ξ1ξ2η2

+ ϑ′η
1
ξ2η2

+

(

ǫ1 −
1

2
ϑ′

)

ξ1η
2

2 +
1

2
ϑ1η1

η
2

2

D = αξ1ξ2 + ǫ (ξ
1
η
2
+ ξ

2
η
1
) + ϑη

1
η
2

❞♦♣♦ ❞✐ ❝❤❡✱ �❡ ❜❡♥ �✐ ❝♦♥�✐❞❡�❛✱ ❧❛ ❞✐♠♦�
�❛③✐♦♥❡ � ❝♦♠♣✐✉
❛✳

▲❛ ♣�♦♣�✐❡
� ❞✐ ❝✉✐ �✉✐ �✐ ♣❛�❧❛ �
❛✱ ❝♦♠❡ �✐ ❞✐��❡✱ ✐♥ ❣❡♥❡�❛❧❡ ❝♦❧❧❡ ξ
1
, η

1,ξ2 , η2
�✉❛❧✉♥�✉❡ ✿

♠❛ �✐ ❢❛ ♣✐, ♠❛♥✐❢❡�
❛ ♥❡❧ ❝❛�♦ ♣❛�
✐❝♦❧❛�❡ ❞❡❧❧❡ ❞✉❡ ❝✉�✈❡ ♣❡� ❧❡ �✉❛❧✐ �♦♥♦ ξ
1
= 1, η

1
= 0 ;

ξ
2
= 0, η

2
= 1, ❣✐✉�
❛ ❧❡ �♣✐❡❣❛③✐♦♥✐ ❞❛
❡ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ ♣�❡�❡♥
❡ ❈❛♣♦✳ ■♥ 
❛❧❡ �✉♣♣♦�✐③✐♦♥❡

❛❜❜✐❛♠♦ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✹✮✱ ✭✸✷✮✱ ✭✸✵✮✱ τ1 = α; τ2 = ϑ;
√

k
1
= 1

2
α′
√
α
;
√

k
2
= 1

2
ϑ′√
ϑ

R1 = χ− α′3

4α
; R2 = ς −

ϑ3
′

4ϑ
.

◗✉✐♥❞✐ ♣❡� ❧❛ ❢♦�♠♦❧❛ ✭✷✺✮ ❧❛ ❣�❛♥❞❡③③❛ ❞❡✐ ❞✉❡ �❛❣❣✐ ♦�❝✉❧❛
♦�✐ � ❞❛
❛ �✐�♣❡

✐✈❛♠❡♥
❡ ❞❛✐ ❞✉❡

✈❛❧♦�✐

✭✸✼✮
α

√

χ− α′3

4α

;
ϑ

√

ς −
ϑ3
′

4ϑ

✲ ✻✶✲❊◆●

❚❤❛
 ❛❜♦✈❡✲♠❡♥
✐♦♥❡❞ ❞❡♥♦♠✐♥❛
♦�✱ ❜❡�✐❞❡� 
❤❡ ❢♦✉� ❛�❜✐
�❛�② �✉❛♥
✐
✐❡� ξ
1
, η

1,ξ2 , η2
✭✇❤✐❝❤

❛�❡ �❡❧❛
❡❞ ❜② 
✇♦ ❡�✉❛
✐♦♥� �✐♠✐❧❛� 
♦ 
❤❡ ♦♥❡ ❣✐✈❡♥ ❜② ✭✹✮✮✱ ❝♦♥
❛✐♥� ♦♥❧② 
❤❡ �✐① �✉❛♥
✐
✐❡�

α, ǫ, ϑ, χ, ς, ω ❛♥❞ 
❤❡✐� ❞❡�✐✈❛
✐✈❡� ✐� ❛ �
❛
❡♠❡♥
 ✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛❞❡ ♠❛♥✐❢❡�
 ❜② ♦❜�❡�✈✐♥❣

❡�✉❛
✐♦♥� ✭✷✹✮✱ ✭✸✵✮✱ ✭✸✷✮ ❛♥❞ �❡❝❛❧❧✐♥❣ ✇❤❛
 ❤❛� ❜❡❡♥ �❛✐❞ ✐♥ 
❤❡ ✭✸✶✮✳ ❍♦✇❡✈❡� ✐
 ✇♦✉❧❞ ❜❡ ❞❡✲

�✐�❛❜❧❡ 
♦ ♣�♦✈❡ 
❤❡ �❛♠❡ ♣�♦♣❡�
② ❛❧�♦ ❢♦� ❛❧❧ ❡①♣�❡��✐♦♥ ✭✸✹✮ ✇❤✐❝❤ ❣✐✈❡� 
❤❡ ❬❛❢♦�❡♠❡♥
✐♦♥❡❞❪

♥✉♠❡�❛
♦�✳ ❚♦ 
❤✐� ❛✐♠ ✇❡ ✇✐❧❧ ♦❜�❡�✈❡ 
❤❛
✱ ❜② ❞❡✈❡❧♦♣✐♥❣ ❡①♣�❡��✐♦♥ ✭✸✹✮✱ ✐
 ❜❡❝♦♠❡�

✭✸✺✮ Aτ1τ2 −Bτ1
√

k2 − Cτ2
√

k1 +D
√

k1k2

✇❤❡�❡ ✐
 ✐� ♣♦��✐❜❧❡ 
♦ ✐❞❡♥
✐❢②✱ ♦♥❝❡ ❛❧❧ 
❤❡ ♦♣❡�❛
✐♦♥ ❛�❡ ♣❡�❢♦�♠❡❞✱

A = χξ
2

1
ξ
2

2
+ 4ωξ1η1ξ

2
2η2 + ςη

2

1η
2

2

+ 2pξ1ξ2 (ξ1η2
+ ξ

2
η
1
) + q

(

ξ
2

1
η

2

2
+ ξ

2

2
η

2

1

)

+ 2rη
1
η
2
(ξ

1
η
2
+ ξ

2
η
1
)

B =
1

2
α′ξ

2

1
ξ2 +

(

ǫ′ − 1

2
α1

)

ξ
2

1
η
2
+ α1ξ1η1

ξ2

+ ϑ′ξ1η1
η
2
+

(

ǫ1 −
1

2
ϑ′

)

η
2

1ξ2 +
1

2
ϑ1η

2

1
η
2
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C =
1

2
α′ξ1ξ

2

2
+

(

ǫ′ − 1

2
α1

)

η
1
ξ
2

2
+ α1ξ1ξ2η2

+ ϑ′η
1
ξ2η2

+

(

ǫ1 −
1

2
ϑ′

)

ξ1η
2

2 +
1

2
ϑ1η1

η
2

2

D = αξ1ξ2 + ǫ (ξ
1
η
2
+ ξ

2
η
1
) + ϑη

1
η
2

�♦ 
❤❛
✱ ✐❢ ♦♥❡ ♣♦♥❞❡�� ✇❡❧❧✱ 
❤❡ ❞❡♠♦♥�
�❛
✐♦♥ ✐� ❝♦♠♣❧❡
❡❞✳ ❚❤❡ ♣�♦♣❡�
② ♦❢ ✇❤✐❝❤ ✇❡ ❛�❡


❛❧❦✐♥❣ ❛❜♦✉
 ❤♦❧❞�✱ ❛� ✇❡ �❛✐❞✱ ✐♥ ❣❡♥❡�❛❧ ❢♦� ❛❧❧ ξ
1
, η

1,ξ2
, η

2
✿ ❜✉
 ✐
 ❜❡❝♦♠❡� ❝❧❡❛�❡� ✐♥


❤❡ ♣❛�
✐❝✉❧❛� ❝❛�❡ ♦❢ 
❤❡ 
✇♦ ❝✉�✈❡� ❢♦� ✇❤✐❝❤ 
❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛❧✐
✐❡� ❤♦❧❞ ξ
1
= 1, η

1
= 0

; ξ
2
= 0, η

2
= 1, ✐♥ ✈✐❡✇ ♦❢ 
❤❡ ❝♦♥�✐❞❡�❛
✐♦♥� ❣✐✈❡♥ ❛
 
❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ 
❤❡ ♣�❡�❡♥
 ❈❛♣♦✳

❯♥❞❡� �✉❝❤ ❤②♣♦
❤❡�✐� ✇❡ ❤❛✈❡ ❢�♦♠ ❡�✉❛
✐♦♥� ✭✷✹✮✱ ✭✸✷✮✱ ✭✸✵✮✱ τ1 = α; τ2 = ϑ;
√

k
1
= 1

2
α′
√
α
;

√

k
2
= 1

2
ϑ′√
ϑ

R1 = χ− α′3

4α
; R2 = ς −

ϑ3
′

4ϑ
.

❚❤❡�❡❢♦�❡✱ ❛❝❝♦�❞✐♥❣ 
♦ ❢♦�♠✉❧❛❡ ✭✷✺✮ 
❤❡ 
✇♦ �❛❞✐✐ ♦❢ 
❤❡ ♦�❝✉❧❛
♦� ❝✐�❝❧❡� ❛�❡ ❣✐✈❡♥ ❜② 
❤❡

✈❛❧✉❡�

✭✸✼✮
α

√

χ− α′3

4α

;
ϑ

√

ς −
ϑ3
′

4ϑ



✲ ✻✷✲

❡ ✐❧ ❝♦	❡♥♦ ❞❡❧❧✬❛♥❣♦❧♦ ❞❛ ❡		✐ ❝♦♠♣�❡	♦✱ ✐♥ ❝♦♥	❡❣✉❡♥③❛ ❞❡❧❧❡ ❡	♣�❡		✐♦♥✐ ✭✸✹✮✱ ✭✸✺✮✱ ✭✸✻✮✱ �✐	✉❧�❛

❡❣✉❛❧❡ ❛❧❧❛ ❢�❛③✐♦♥❡

✭✸✽✮
4q (αϑ)

3
2 − α

3
2

(

2ǫ′ − α′

)

ϑ′ − ϑ
3
2 (2ǫ′ − ϑ′)α′ + ǫα′ϑ′

αϑ
√

4αχ− α′2
√

4ϑς − ϑ
2

′

.

▲❛ ❞✐♣❡♥❞❡♥③❛ ❞✐ �✉❡	�✐ ✉❧�✐♠✐ ��❡ ✈❛❧♦�✐ ❞❛❧❧❡ 	♦❧❡ 	❡✐ �✉❛♥�✐� ♣✐! ✈♦❧�❡ �✐❝♦�❞❛�❡ " ✈✐	✐❜✐❧❡✱

❛✈✈❡��❡♥❞♦ ❝❤❡ ❧❛ q " �✉❡❧ ��✐♥♦♠✐♦ ❞✐ ♠❡③③♦ ❢�❛ ✐ 	❡❣♥❛�✐ ✭✸✶✮✱ ♣❡✐ �✉❛❧✐ ❧❛ 	�❡		❛ ♣�♦♣�✐❡� "

♣�♦✈❛�❛ ❛ ♣❛��❡✭∗✮✳ ❈✐ ♣❡�	✉❛❞❡�❡♠♦ ♥❡❧ ❈❛♣♦ 	❡❣✉❡♥�❡ ❧✬✉�✐❧✐� ❞✐ �✉❡	�❡ ❝♦♥❝❧✉	✐♦♥✐✳

✷✺✳ (�❡	❡♥�❡♠❡♥�❡ ❝✐ ♣�♦♣♦♥✐❛♠♦ ❞✐ ❡	�❡♥❞❡�❡ ❛♥❝❤❡ ❛✐ 	✐	�❡♠✐ ❛ ��❡ ❞✐♠❡♥	✐♦♥✐ ❧❛ �❡♦�✐❝❛

❡	♣♦	�❛ ♥❡✐ ♣�❡❝❡❞❡♥�✐ ♥✉♠❡�✐ ❞✐ �✉❡	�♦ ❈❛♣♦✱ ❡	❝❧✉	♦ ❧✬✉❧�✐♠♦ ♣❡�❝❤" ❧✬❛♥❛❧✐	✐ �❡❧❛�✐✈❛ ♥♦♥ ❢❛

❜✐	♦❣♥♦✳

(❡� �❛❧ 	♦��❛ ❞✐ 	✐	�❡♠✐ ❧❡ ❝♦♦�❞✐♥❛�❡ x, y, z ❞✐ ✉♥❛ ♠♦❧❡❝♦❧❛ �✉❛❧✉♥�✉❡ ❞❡❧❧♦ 	�❛�♦ �❡❛❧❡

❞❡❜❜♦♥♦ ❝♦♥	✐❞❡�❛�	✐ ✭♥✳✸ ♠✳♣✳✮ ❢✉♥③✐♦♥✐

✭✸✾✮ x = x (a, b, c) ; y = y (a, b, c) ; z = z (a, b, c)

❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ a, b, c ❞❡❧❧❛ 	�❡		❛ ♠♦❧❡❝♦❧❛ ♥❡❧❧❛ ♣�❡❝❡❞❡♥�❡ ❞✐	��✐❜✉③✐♦♥❡ ✐♠♠❛❣✐♥❛�❛ ❛ ❢♦♥✲

❞❛♠❡♥�♦ ❞✐ �✉❡	�❡ �✐❝❡�❝❤❡✳ ❙❡ ❝❡�❝❛	✐ ❧❛ ❝✉�✈❛ ❞♦✈❡ ♣❡� ❡♥��♦ ❛❧❧❛ ♠❛		❛ ♥❡❧❧♦ 	�❛�♦ �❡❛❧❡ 	✐

❝♦❧❧♦❝❛♥♦ ❧❡ ♠♦❧❡❝♦❧❡ ❞❛♣♣�✐♠❛ ❞✐	��✐❜✉✐�❡ ✐♥ ✉♥❛ �❡��❛ ♣❛�❛❧❧❡❧❛ ❛❧❧✬❛		❡ ❞❡❧❧❡ a✱ ♥♦♥ ❛✈�❡♠♦

❝❤❡ ❛❞ ❡❧✐♠✐♥❛�❡ ❧❛ a ❢�❛ ❧❡ ♣♦❝✬❛♥③✐ 	❝�✐��❡ ❡�✉❛③✐♦♥✐ ✭✸✾✮✱ �✐�❡♥❡♥❞♦✈✐ b, c ♣❛�❛♠❡��✐ ❝♦	�❛♥�✐✳

❈♦	+ ♥❡ ❡❧✐♠✐♥❡�❡♠♦ ❧❛ b✱ ♦ ❧❛ c 	❡ ✈♦��❡♠♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧❡ ❝✉�✈❡ �❡❛❧✐ ♣❡� ❧❡ ❞✉❡ ✜❧❛ ❞✐

♠♦❧❡❝♦❧❡ ❛♥�❡❝❡❞❡♥�❡♠❡♥�❡ ❡	✐	�❡♥�✐ ✐♥ ✉♥❛ �❡��❛ ♣❛�❛❧❧❡❧❛ ❛❧❧✬❛		❡ ❞❡❧❧❡ b ♦ ❛❧❧✬❛		❡ ❞❡❧❧❡ c✳

❙✬✐♠♠❛❣✐♥✐ ♣❡❧ ♣✉♥�♦ (a, b, c) ♥❡❧❧♦ 	�❛�♦ ♣�❡❝❡❞❡♥�❡ �✐�❛�❛ ✉♥❛ �❡��❛ �✉❛❧✉♥�✉❡✱ ❧❛ �✉❛❧❡

❢❛❝❝✐❛ ❝♦✐ ��❡ ❛		✐ ❛♥❣♦❧✐ ❞✐ ❝♦	❡♥✐ ξ, η, ζ, ❢�❛ ✐ �✉❛❧✐ 	�❛ ❧✬❡�✉❛③✐♦♥❡

✭✹✵✮ ξ2 + η2 + ζ2 = 1;

♣�❡♥❞❛	✐ ✐♥ �✉❡❧❧❛ �❡��❛ ❛❧❧❛ ❞✐	�❛♥③❛ i ❞❛❧ ♣✉♥�♦(a, b, c) ✉♥ ❛❧��♦ ♣✉♥�♦ ❞✐ ❝♦♦�❞✐♥❛�❡

a+ f , b+ g , c+ h ; ♦✈✈❡�♦ a+ iξ , b+ iη , c+ iζ

✭∗✮ ❱❡❞✐ ❧❛ ◆♦�❛ ✐♥ ❛♣♣❡♥❞✐❝❡✳ ❇✳

✲ ✻✷✲❊◆●

❛♥❞ �❤❡ ❝♦	✐♥❡ ♦❢ �❤❡ ❛♥❣❧❡ ✇❤✐❝❤ �❤❡② ❢♦�♠✱ ❛	 ❛ ❝♦♥	❡�✉❡♥❝❡ ♦❢ ❡①♣�❡		✐♦♥	 ✭✸✹✮✱ ✭✸✺✮✱ ✭✸✻✮✱

✐	 ❡�✉❛❧ �♦ �❤✐	 ❢�❛❝�✐♦♥

✭✸✽✮
4q (αϑ)

3
2 − α

3
2

(

2ǫ′ − α′

)

ϑ′ − ϑ
3
2 (2ǫ′ − ϑ′)α′ + ǫα′ϑ′

αϑ
√

4αχ− α′2
√

4ϑς − ϑ
2

′

.

❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ �❤❡	❡ �❤�❡❡ ✈❛❧✉❡	 ♦♥ �❤❡ 	✐① �✉❛♥�✐�✐❡	 �❡♣❡❛�❡❞❧② �❡❝❛❧❧❡❞ ♦♥❧②✱ ❝❛♥ ❜❡ 	❡❡♥

✇❤❡♥ ❝♦♥	✐❞❡�✐♥❣ �❤❛� ✈❛�✐❛❜❧❡ q ✐	 �❤❡ 	❡❝♦♥❞ ��✐♥♦♠✐❛❧ ❜❡�✇❡❡♥ �❤♦	❡ ❧❛❜❡❧❧❡❞ ❛	 ❡�✉❛�✐♦♥

✭✸✶✮✱ ❢♦� ✇❤✐❝❤ �❤❡ 	❛♠❡ ♣�♦♣❡��② ❤❛	 ❜❡❡♥ 	❡♣❛�❛�❡❧② ♣�♦✈❡♥✭∗✮✳ ❲❡ ✇✐❧❧ ❜❡ ♣❡�	✉❛❞❡❞ ❛❜♦✉�

�❤❡ ✉	❡❢✉❧♥❡		 ♦❢ �❤❡	❡ ❝♦♥❝❧✉	✐♦♥	 ✐♥ �❤❡ ♥❡①� ❈❛♣♦✳

✷✺✳ ❲❡ ✇❛♥� ♥♦✇ �♦ ❡①�❡♥❞ ❛❧	♦ �♦ �❤❡ �❤�❡❡✲❞✐♠❡♥	✐♦♥❛❧ 	②	�❡♠	 �❤❡ �❤❡♦�② ♣�❡	❡♥�❡❞ ✐♥

�❤❡ ♣�❡✈✐♦✉	 	❡❝�✐♦♥	 ♦❢ �❤✐	 ❈❛♣♦✱ ✇✐�❤ �❤❡ ❡①❝❧✉	✐♦♥ ♦❢ �❤❡ ❧❛	� ♦♥❡✱ 	✐♥❝❡ �❤❡ ❝♦��❡	♣♦♥❞✐♥❣

❛♥❛❧②	✐	 ✐	 ♥♦� ♥❡❡❞❡❞✳

❋♦� �❤✐	 ❦✐♥❞ ♦❢ 	②	�❡♠	 �❤❡ ❝♦♦�❞✐♥❛�❡	 x, y, z ♦❢ ❛ ♠♦❧❡❝✉❧❡ ✇❤❛�	♦❡✈❡� ✐♥ �❤❡ �❡❛❧ 	�❛�❡

♠✉	� ❜❡ �❡❣❛�❞❡❞ ✭	❡❝�✳ ✸ ♣✳♠✳✮ ❛	 �❤�❡❡ ❢✉♥❝�✐♦♥	

✭✸✾✮ x = x (a, b, c) ; y = y (a, b, c) ; z = z (a, b, c)

♦❢ �❤❡ ❝♦♦�❞✐♥❛�❡	 a, b, c ♦❢ �❤❡ 	❛♠❡ ♠♦❧❡❝✉❧❡ ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� ❝♦♥✜❣✉�❛�✐♦♥✱ ✇❤♦	❡ ❡①✐	�❡♥❝❡

❤❛	 ❜❡❡♥ ✐♠❛❣✐♥❡❞ ✐♥ ♦�❞❡� �♦ ❧❛② �❤❡ ❢♦✉♥❞❛�✐♦♥	 ♦❢ �❤❡	❡ �❡	❡❛�❝❤❡	✳ ■❢ ♦♥❡ ❧♦♦❦	 ❢♦� �❤❡

❝✉�✈❡ ✇❤❡�❡✱ ✐♥	✐❞❡ �❤❡ ❜♦❞②✱ ✐♥ ✐�	 �❡❛❧ 	�❛�❡ ❛�❡ ♣❧❛❝❡❞ �❤❡ ♠♦❧❡❝✉❧❡	 ✇❤✐❝❤ ❬❜❡❢♦�❡ �❤❡

❞❡❢♦�♠❛�✐♦♥❪ ✇❡�❡ ♣❧❛❝❡❞ ❛❧♦♥❣ ❛ 	��❛✐❣❤� ❧✐♥❡ ♣❛�❛❧❧❡❧ �♦ �❤❡ ❛①✐	 ♦❢ ✈❛�✐❛❜❧❡ a✱ ✇❡ ✇✐❧❧ ♥❡❡❞

	✐♠♣❧② �♦ ❡❧✐♠✐♥❛�❡ ✈❛�✐❛❜❧❡ a ❢�♦♠ �❤❡ ❛❜♦✈❡✲✇�✐��❡♥ ❡�✉❛�✐♦♥	 ✭✸✾✮✱ ❛		✉♠✐♥❣ ✐♥ �❤❡♠ �❤❛�

✈❛�✐❛❜❧❡	 b, c ❝♦♥	�✐�✉�❡ 	♦♠❡ ❝♦♥	�❛♥� ♣❛�❛♠❡�❡�	✳ ■♥ �❤❡ 	❛♠❡ ✇❛② ✇❡ ✇✐❧❧ ❡❧✐♠✐♥❛�❡ ✈❛�✐❛❜❧❡

b✱ ♦� ✈❛�✐❛❜❧❡ c ✐❢ ✇❡ ✇✐❧❧ ✇❛♥� �❤❡ ❡�✉❛�✐♦♥	 ♦❢ �❤❡ �❡❛❧ ❝✉�✈❡	 ❬✐✳❡✳ �❤❡ ♣❧❛❝❡♠❡♥� ✐♥ �❤❡ ❛❝�✉❛❧

❝♦♥✜❣✉�❛�✐♦♥❪ ❢♦� �❤❡ �✇♦ �♦✇	 ♦❢ ♠♦❧❡❝✉❧❡	 ✇❤✐❝❤ ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� �❡❢❡�❡♥❝❡ ❝♦♥✜❣✉�❛�✐♦♥

✇❡�❡ ♣❧❛❝❡❞ ♦♥ ❛ 	��❛✐❣❤� ❧✐♥❡ ♣❛�❛❧❧❡❧ �♦ �❤❡ ❛①✐	 ♦❢ ✈❛�✐❛❜❧❡ b ♦� �♦ �❤❡ ❛①✐	 ♦❢ ✈❛�✐❛❜❧❡ c✳

▲❡� ✉	 ✐♠❛❣✐♥❡ �❤❛� ❛ 	��❛✐❣❤� ❧✐♥❡ ✇❤❛�	♦❡✈❡� ✐	 ❞�❛✇♥ �❤�♦✉❣❤ ♣♦✐♥� (a, b, c) ✐♥ �❤❡ ❛♥�❡❝❡✲

❞❡♥� 	�❛�❡✱ ❛♥❞ �❤❛� �❤✐	 ❧✐♥❡ ❢♦�♠	 ✇✐�❤ �❤❡ �❤�❡❡ ❝♦♦�❞✐♥❛�❡ ❛①❡	 	♦♠❡ ❛♥❣❧❡	✱ ✇❤♦	❡ ❝♦	✐♥❡	

❛�❡ ❞❡♥♦�❡❞ ξ, η, ζ, ✇❤✐❝❤ ✈❡�✐❢② �❤❡ ❡�✉❛�✐♦♥

✭✹✵✮ ξ2 + η2 + ζ2 = 1;

❧❡� ✉	 ❝❤♦♦	❡ ❛❧♦♥❣ �❤❛� 	��❛✐❣❤� ❧✐♥❡✱ ❛� ❛ ❞✐	�❛♥❝❡ i ❢�♦♠ ♣♦✐♥� (a, b, c)✱ ❛♥♦�❤❡� ♣♦✐♥� ❤❛✈✐♥❣

❝♦♦�❞✐♥❛�❡	

a+ f , b+ g , c+ h ; �❤❛� ✐	 a+ iξ , b+ iη , c+ iζ

✭∗✮ ❙❡❡ �❤❡ ❢♦♦�♥♦�❡ ✐♥ �❤❡ ❛♣♣❡♥❞✐①✳ ❇✳



✲ ✻✸✲

❡��❡♥❞♦✱ ✐♥ ❝♦��✐�♣♦♥❞❡♥③❛ ❝♦❧❧❡ ❡�✉❛③✐♦♥✐ ✭✸✮✱

✭✹✶✮ f = iξ ; g = iη ; h = iζ.

▲❡ ❝♦♦�❞✐♥❛�❡ ❞✐ ✉♥ �❛❧ ♣✉♥�♦ ♥❡❧❧♦ ��❛�♦ �❡❛❧❡ �❛�❛♥♥♦ ❡�♣�❡��❡ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐

x′ = x (a+ iξ , b+ iη , c+ iζ)

y′ = y (a+ iξ , b+ iη , c+ iζ)✭✹✷✮

z′ = z (a+ iξ , b+ iη , c+ iζ)

❧❡ �✉❛❧✐ ��❛♥♥♦ ❛ �✐�❝♦♥��♦ ❞❡❧❧❡ ✭✺✮❀ ❡ �✉♣♣♦♥❡♥❞♦ ❞✐ ✈❛�✐❛❜✐❧❡ ❧❛ i✱ ❡ �✉✐♥❞✐ ❡❧✐♠✐♥❛�❛ ❢�❛

❡��❡✱ ❛✈�❡♠♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞❡❧❧❛ ❝✉�✈❛ ❞♦✈❡ ♥❡❧❧♦ ��❛�♦ �❡❛❧❡ �❛�❛♥♥♦ ❝♦❧❧♦❝❛�❡ ❧❡ ♠♦❧❡❝♦❧❡ ❝❤❡

♥❡❧ ♣�❡❝❡❞❡♥�❡ �✐ ��♦✈❛✈❛♥♦ �✉❧❧✬✐❞❡❛�❛ �❡��❛✳ ■♥ �✐✛❛��❡ ❡�✉❛③✐♦♥✐ �✐ ❝✉�❛♥ ❝♦♠❡ ♣❛�❛♠❡��✐

❝♦��❛♥�✐ �❛♥�♦ ❧❡ a, b, c �✉❛♥�♦ ❧❡ ξ, η, ζ✳ ❉✐ �✉❡��❡ �❡❝♦♥❞❡✱ ❞✉❡ �✉❛❧✉♥�✉❡ ✭ ❡ ❞✐❝♦ ❞✉❡ ❛

♠♦�✐✈♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✹✵✮✮ ♣♦��♦♥♦ �❡♥❡��✐ ✐♥❞❡�❡�♠✐♥❛�❡ ❛ ♥♦���♦ ♣✐❛❝✐♠❡♥�♦✱ ❡ ♣♦��♦♥♦ ❛♥❝❤❡

�✉♣♣♦��✐ ❢✉♥③✐♦♥✐ ❛�❜✐��❛�✐❡ ❞❡❧❧❡ a, b, c, ❢✉♥③✐♦♥✐ ❝❤❡ ❝❛♠❜✐❛�❡ ✐♥ ✐♥✜♥✐�✐ ♠♦❞✐ ❞❛�❛♥♥♦ �✉❛♥�♦

�✐ ✈♦❣❧✐♦♥♦ �❡��❡ �✉��❡ ♣❛��❛♥�✐ ♣❡❧ ♣✉♥�♦ (a, b, c)✳ ▲❡ ❝♦��✐�♣♦♥❞❡♥�✐ ❝✉�✈❡ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡

♣❛��❡�❛♥♥♦ �✉��❡ ♣❡❧ ♣✉♥�♦ (x, y, z) ❡ �❡ ♥❡ ❛✈�❛♥♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❛❧ ♠♦❞♦ �♦♣�❛ ✐♥❞✐❝❛�♦✳ ❆❧❧❡

��❡ ✐♣♦�❡�✐ ❞✐

✭✹✸✮ ξ = 1, η = 0, ζ = 0; ξ = 0, η = 1, ζ = 0; ξ = 0, η = 0, ζ = 1

❝♦��✐�♣♦♥❞♦♥♦ ❧❡ ��❡ ♣❛��✐❝♦❧❛�✐ ❝✉�✈❡ ❞❡❧❧❡ �✉❛❧✐ �✐ * ❢❛��❛ ♣❛�♦❧❛ ❛❧ ♣�✐♥❝✐♣✐♦ ❞✐ �✉❡��♦ ♥✉♠❡�♦✳

▲❡ ❞✉❡ ❢✉♥③✐♦♥✐ ❞✐ a, b, c ❝❤❡ ❞✐❝❡♠♠♦ �✐♠❛♥❡�❡ ❛�❜✐��❛�✐❡ �✐❣✉❛�❞♦ ❛ ❞✉❡ ❞❡✐ ��❡ ❝♦�❡♥✐

ξ, η, ζ, ❧❡ ❞❡�❡�♠✐♥❡�❡♠♦ ❛❧❧❛ �❡❣✉❡♥�❡ ♠❛♥✐❡�❛✳

▲❛ ❞✐��❛♥③❛ ♥❡❧❧♦ ��❛�♦ �❡❛❧❡ ❞✐ ❞✉❡ ♠♦❧❡❝♦❧❡✱ ❝❤❡ ♥❡❧❧❛ ❞✐���✐❜✉③✐♦♥❡ ♣�❡❝❡❞❡♥�❡ ❛✈❡❛♥♦

�✐�♣❡��✐✈❛♠❡♥�❡ ❧❡ ❝♦♦�❞✐♥❛�❡

a, b, c ; a+ f , b+ g ; c+ h

❧✬❛❜❜✐❛♠♦ �❡❣♥❛�❛ ❝♦♥ ρ ✱ ❡❞ ❡�♣❡��❛ ♠❡❞✐❛♥�❡ ❧✬❡�✉❛③✐♦♥❡ ✭✶✷✮ ♥✳ ✼✸ ♠✳♣✳ ◗✉✐ ❛✈✈❡��✐�❡♠♦

❝❤❡ ❛ ♠♦�✐✈♦ ❞❡✐ ✈❛❧♦�✐ ✭✹✶✮ �✉❡❧❧❛ ❡�♣�❡��✐♦♥❡ ♣�❡♥❞❡ ❧❛ ❢♦�♠❛

ρ
2

= i
2
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t
1
ξ
2

+ t
2
η

2

+ t
3
ζ

2

+ 2t
4
ξη + 2t

5
ξζ + 2t

6
ηζ

)

✭✹✹✮

+ i
3

k + ❡❝✳

✲ ✻✸✲❊◆●

✇❤❡�❡✱ �✐♠✐❧❛�❧② �♦ ✇❤❛� ❤❛� ❜❡❡♥ �❡❡♥ ✐♥ ❡�✉❛�✐♦♥� ✭✸✮✱

✭✹✶✮ f = iξ ; g = iη ; h = iζ.

❚❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �✉❝❤ ❛ ♣♦✐♥� ✐♥ �❤❡ �❡❛❧ ��❛�❡ ✇✐❧❧ ❜❡ ❡①♣�❡��❡❞ ❜② ♠❡❛♥� ♦❢ ❡�✉❛�✐♦♥�

x′ = x (a+ iξ , b+ iη , c+ iζ)

y′ = y (a+ iξ , b+ iη , c+ iζ)✭✹✷✮

z′ = z (a+ iξ , b+ iη , c+ iζ)

✇❤✐❝❤ ♠✉�� ❜❡ ❝♦♠♣❛�❡❞ ✇✐�❤ ✭✺✮❀ ❛♥❞ ❛��✉♠✐♥❣ ❛� ❛ ♥❡✇ ✈❛�✐❛❜❧❡ �✉❛♥�✐�② i✱ ❛♥❞ �✉❜�❡�✉❡♥�❧②

❡❧✐♠✐♥❛�✐♥❣ ✐� ❢�♦♠ �❤❡♠✱ ✇❡ ✇✐❧❧ ♦❜�❛✐♥ �❤❡ ❡�✉❛�✐♦♥� ♦❢ �❤❡ ❝✉�✈❡ ✇❤❡�❡✱ ✐♥ �❤❡ �❡❛❧ ��❛�❡✱ �❤♦�❡

♠♦❧❡❝✉❧❡� ✇✐❧❧ ❜❡ ♣❧❛❝❡❞✱ ✇❤✐❝❤ ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� ❝♦♥✜❣✉�❛�✐♦♥ ✇❡�❡ ❧②✐♥❣ ❛❧♦♥❣ �❤❡ ✐♠❛❣✐♥❡❞

���❛✐❣❤� ❧✐♥❡✳ ■♥ �✉❝❤ ❡�✉❛�✐♦♥� ♦♥❡ ❝❛♥ ❝♦♥�✐❞❡� ❛� ❝♦♥��❛♥� ♣❛�❛♠❡�❡�� ❜♦�❤ ✈❛�✐❛❜❧❡� a, b, c

❛♥❞ ✈❛�✐❛❜❧❡� ξ, η, ζ✳ ❆♠♦♥❣ �❤❡�❡ �❡❝♦♥❞ ♦♥❡�✱ ✇❡ ❝❛♥ ❛�❜✐��❛�✐❧② ❝❤♦♦�❡ �✇♦ ❣❡♥❡�✐❝ ♦♥❡�

✭❛♥❞ ■ �❛② �✇♦ ❜❡❝❛✉�❡ ♦❢ ❡�✉❛�✐♦♥ ✭✹✵✮✮ �♦ ❜❡ ✐♥❞❡�❡�♠✐♥❛�❡✱ ❜✉� �❤❡② ❝❛♥ ❛❧�♦ ❜❡ ❛��✉♠❡❞

❛� ❛�❜✐��❛�② ❢✉♥❝�✐♦♥� ♦❢ ✈❛�✐❛❜❧❡� a, b, c, ❛♥❞ �❤❡�❡ ❢✉♥❝�✐♦♥�✱ ✇❤❡♥ ❝❤❛♥❣❡❞ ✐♥ ✐♥✜♥✐�❡ ✇❛②�✱

✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❣✐✈❡ ❛❧❧ �❤❡ ���❛✐❣❤� ❧✐♥❡� ✇❤✐❝❤ ❛�❡ ♣❛��✐♥❣ �❤�♦✉❣❤ �❤❡ ♣♦✐♥� (a, b, c)✳ ❚❤❡

❝♦��❡�♣♦♥❞✐♥❣ ❝✉�✈❡� ✐♥ �❤❡ �❡❛❧ ��❛�❡ ✇✐❧❧ ❛❧❧ ♣❛�� �❤�♦✉❣❤ ♣♦✐♥� (x, y, z) ❛♥❞ ♦♥❡ ❝❛♥ ❣❡� �❤❡✐�

❡�✉❛�✐♦♥� ✐♥ �❤❡ ✇❛② ✇❤✐❝❤ ❤❛� ❜❡❡♥ ✐♥❞✐❝❛�❡❞ ❛❜♦✈❡✳ ❚♦ �❤❡ �❤�❡❡ ❤②♣♦�❤❡�❡� ❡①♣�❡��❡❞ ❜②

❡�✉❛�✐♦♥�

✭✹✸✮ ξ = 1, η = 0, ζ = 0; ξ = 0, η = 1, ζ = 0; ξ = 0, η = 0, ζ = 1

✇✐❧❧ ❝♦��❡�♣♦♥❞ �❤❡ �❤�❡❡ ♣❛��✐❝✉❧❛� ❝✉�✈❡� ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❞✐�❝✉��❡❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤✐�

�❡❝�✐♦♥✳

❲❡ ✇✐❧❧ ❞❡�❡�♠✐♥❡ ✐♥ �❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② �❤❡ �✇♦ ❢✉♥❝�✐♦♥� ♦❢ ✈❛�✐❛❜❧❡� a, b, c ✇❤✐❝❤✱ ❛� ✇❡

�❛✐❞✱ ❝♦✉❧❞ ��✐❧❧ �❡♠❛✐♥ �♦ ❜❡ �♣❡❝✐✜❡❞✱ ✐♥ ♦�❞❡� �♦ ✜① �✇♦ ♦❢ �❤❡ �❤�❡❡ ❝♦�✐♥❡� ξ, η, ζ✳

❲❡ ❤❛✈❡ ❞❡♥♦�❡❞ ✇✐�❤ �❤❡ �②♠❜♦❧ ρ✱ ❛♥❞ ✇❡ ❤❛✈❡ ❡①♣�❡��❡❞ ✐� ❜② ♠❡❛♥� ♦❢ ❡�✉❛�✐♦♥ ✭✶✷✮

�❡❝�✳ ✼✸ ♣✳♠ �❤❡ ❞✐��❛♥❝❡ ✐♥ �❤❡ �❡❛❧ ��❛�❡ ❜❡�✇❡❡♥ �✇♦ ♠♦❧❡❝✉❧❡� ✇❤✐❝❤ ✐♥ �❤❡ �❡❢❡�❡♥❝❡

❝♦♥✜❣✉�❛�✐♦♥ ❤❛❞ �❡�♣❡❝�✐✈❡❧② ❝♦♦�❞✐♥❛�❡�

a, b, c ; a+ f , b+ g ; c+ h

❲❡ �❡♠❛�❦ ❤❡�❡ �❤❛�✱ ❜❡❝❛✉�❡ ♦❢ ✈❛❧✉❡� ✭✹✶✮✱ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ❡①♣�❡��✐♦♥ ✇✐❧❧ �❛❦❡ �❤✐� ❢♦�♠✿
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)

✭✹✹✮
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k + ❡�❝✳



✲ ✻✹✲

✐ ✈❛❧♦	✐ ❞❡✬
❡✐ �	✐♥♦♠❥ t
1
, t

2
, t

3,
t
4
, t

5
, t

6
❢✉	♦♥♦ 
❝	✐��✐ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✻✮ ♥✳ ✸✹ ♠✳♣✳✿ ❣✐♦✈❡	�

	✐♣❡�❡	❧✐ ❛❞❡

♦ 
❝	✐✈❡♥❞♦

t
1
= x′2 + y′

2

+ z′
2

; t
4
= x′x′ + y′y′ + z′z′

t
2
= x

2

′
+ y

2

′
+ z

2

′
; t

5
= x′ẋ+ y′ẏ + z′ż✭✹✺✮

t
3
= ẋ

2

+ ẏ
2

+ ż
2

; t
6
= ẋx′ + ẏy′ + żz′

♦✈❡ 
✐ ✈❡❞♦♥♦ ✐♥❞✐❝❛�❡ ❝♦❣❧✐ ❛♣✐❝✐ ✐♥ ❛❧�♦ ❧❡ ❞❡	✐✈❛�❡ ♣❡	 a✱ ❝♦❣❧✐ ❛♣✐❝✐ ❛❜❜❛

♦ �✉❡❧❧❡ ♣❡	 b✱ ❡ ❝♦✐

♣✉♥�✐ �✉❡❧❧❡ ♣❡	 c✱ ❣✐❛❝❝❤# ❧✬❡
♣	✐♠❡	❡ �✉❡
�❡ �❡	③❡ ❞❡	✐✈❛�❡ ❝♦♥ ❛♣✐❝✐ ♣	❡❝❡❞❡♥�✐ ❣❡♥❡	❛ ❛❧❝✉♥❡

✈♦❧�❡ ❝♦♥❢✉
✐♦♥❡✳

❙✉♣♣♦		❡♠♦ ♥❡❧❧❛ ✭✹✹✮ ❧❛ ❞✐
�❛♥③❛ i 
♦♠♠❛♠❡♥�❡ ♣✐❝❝♦❧❛✱ �✉❛❧❡ ❝♦♥✈✐❡♥❡ ❝❤❡ 
✐❛ 
❡ ♣❡	 ❡

❛


✬✐♥�❡♥❞❡ ❧❛ ❞✐
�❛♥③❛ �	❛ ❧❛ ♠♦❧❡❝♦❧❛ (a, b, c) ❡ ❧❛ ✐♠♠❡❞✐❛�❛♠❡♥�❡ ♣	♦

✐♠❛✱ ❞❛♣♣	✐♠❛ 
❡❝♦♥❞♦

❧❛ �	❛❝❝✐❛ ❞✐ ✉♥❛ ❞✐ �✉❡❧❧❡ 	❡��❡✱ ♣♦✐ 
❡❝♦♥❞♦ ❧❛ �	❛❝❝✐❛ ❞✐ ✉♥❛ ❞✐ �✉❡❧❧❡ ❝✉	✈❡✳ ❆❧❧♦	❛✱ ♣❡	

	❛❣✐♦♥✐ ❣✐� ❛❞❞♦��❡✱ ♥❡❧❧❛ ✭✹✹✮ ✐❧ ✈❛❧♦	❡ ❞✐ ρ2 
❛	� 
❡♥
✐❜✐❧♠❡♥�❡ �✉��♦ 	❛❝❝♦❧�♦ ♥❡❧❧❛ �✉❛❧✐�� ❝❤❡

❤❛ i
2

♣❡	 ❝♦❡✣❝✐❡♥�❡✳ ❈✐( 
✐ ❛✈✈❡	❡	� 
❡♠♣	❡✱ �✉❛❧✉♥�✉❡ 
✐❛ ❧❛ ♠♦❧❡❝♦❧❛ ❝❤❡ 
✬✐♠♠❛❣✐♥❛ ♠❡

❛

✐♥ ❝♦♣♣✐❛ ❝♦❧❧❛ (a, b, c) 
❡❣✉❡♥❞♦ ❧❡ ❞✐✈❡	
❡ ✐♥✜♥✐�❡ ❞✐	❡③✐♦♥✐ 	❡
❡ ♣♦

✐❜✐❧✐ ❞❛❧ ✈❛	✐❛	❡ ❞❡✐ ❝♦
❡♥✐

ξ, η, ζ✳ ▼❛ ❛♥❝❤❡ ❢	❛ �❛❧✐ ♣✐❝❝♦❧✐

✐♠❡ ❞✐
�❛♥③❡ ρ ❞❡❧❧♦ 
�❛�♦ 	❡❛❧❡✱ ✈✐ 
❛	� ✉♥ ♣✐+ ❡ ✉♥ ♠❡♥♦

♣	♦✈❡♥✐❡♥�❡ ❞❛❧❧❛ ❣	❛♥❞❡③③❛ ❞❡❧ ❝♦❡✣❝✐❡♥�❡ ❞✐ i
2

♥❡❧❧❛ ✭✹✹✮✳ ❉❡�❡	♠✐♥❡	❡♠♦ ♣❡	�❛♥�♦ ✐ ❝♦
❡♥✐

ξ, η, ζ ♣❡	 ♠♦❞♦ ❝❤❡ ✐❧ 
❡
�✐♥♦♠✐♦ ❝♦❡✣❝✐❡♥�❡ ❞✐ i
2

♥❡❧❧❛ ✭✹✹✮ 	❛❣❣✐✉♥❣❛ ✉♥ ✈❛❧♦	 ♠❛

✐♠♦

♦ ♠✐♥✐♠♦✱ ❝♦♠♣❛�✐❜✐❧♠❡♥�❡ ❝♦❧❧✬❡�✉❛③✐♦♥❡ ❞✐ ❝♦♥❞✐③✐♦♥❡ ✭✹✵✮✳ ◗✉❡
�❛ ♦♣❡	❛③✐♦♥❡ ❝✐ ❢♦	♥✐	�

�	❡ �❡	♥❡ ❞✐ ✈❛❧♦	✐ ❞❛ ❞❛	
✐ ❛✐ ❝♦
❡♥✐ ξ, η, ζ ✿ �✉✐♥❞✐ ✈❡		❛♥♥♦ ❛

❡❣♥❛�❡ �	❡ 	❡��❡ ♥❡❧❧♦ 
�❛�♦

♣	❡❝❡❞❡♥�❡✱ ❧❡ ❝✉✐ ♠♦❧❡❝♦❧❡ �	❛
♣♦	�❛�❡ ❛❧❧♦ 
�❛�♦ 	❡❛❧❡✱ 
✐ 
❛	❛♥♥♦ ❝♦❧❧♦❝❛�❡ ✐♥ �	❡ ❞✐✛❡	❡♥�✐

❝✉	✈❡✱ ❝❤❡ ❝❤✐❛♠❡	❡♠♦ ❞❡❧❧❛ ♠❛

✐♠❛ ❡ ♠✐♥✐♠❛ ❝♦♥❞❡♥
❛③✐♦♥❡✳

✷✻✳ ▲❛ ♣❛	�❡ ❛♥❛❧✐�✐❝❛ ❞❡❧ ♣	♦❜❧❡♠❛ ❝♦♥
✐
�❡ ♥❡❧ ❝❡	❝❛	❡✱ ❣✐✉
�❛ ✐❧ ♠❡�♦❞♦ ♥♦�♦✱ ✐ ✈❛❧♦	✐ ❞✐

ξ, η, ζ ❝❤❡ 	❡♥❞♦♥♦ ♠❛

✐♠❛ ♦ ♠✐♥✐♠❛ ❧❛ �✉❛♥�✐��

t
1
ξ
2

+ t
2
η

2

+ t
3
ζ

2

+ 2t
4
ξη + 2t

5
ξζ + 2t

6
ηζ

+ λ
(

1− ξ
2 − η

2 − ζ
2
)

❝♦♥
✐❞❡	❛♥❞♦ ξ, η, ζ ❢	❛ ❞✐ ❧♦	♦ ✐♥❞✐♣❡♥❞❡♥�✐✱ ❡ λ ✉♥ ❝♦❡✣❝✐❡♥�❡ ✐♥❞❡�❡	♠✐♥❛�♦✳

❙✐ ♦��❡♥❣♦♥♦ ♣❡	 �❛❧ ♠♦❞♦ ❧❡ �	❡ ❡�✉❛③✐♦♥✐

ξt
1
+ ηt

4
+ ζt

5
= λξ

ξt
4
+ t

2
η + ζt

6
= λη✭✹✻✮

ξt
5
+ ηt

6
+ ζt

3
= λζ.

✲ ✻✹✲❊◆●

�❤❡ ✈❛❧✉❡
 ♦❢ �❤❡ 
✐① �	✐♥♦♠✐❛❧
 t
1
, t

2
, t

3,
t
4
, t

5
, t

6
✇❡	❡ ✇	✐��❡♥ ✐♥ ❡�✉❛�✐♦♥
 ✭✻✮ 
❡❝�✳ ✸✹ ♣✳♠✳✿ ✐�

✇✐❧❧ ❜❡ ✉
❡❢✉❧ �♦ 	❡✇	✐�❡ �❤❡♠ ❤❡	❡✿

t
1
= x′2 + y′

2

+ z′
2

; t
4
= x′x′ + y′y′ + z′z′

t
2
= x

2

′
+ y

2

′
+ z

2

′
; t

5
= x′ẋ+ y′ẏ + z′ż✭✹✺✮

t
3
= ẋ

2

+ ẏ
2

+ ż
2

; t
6
= ẋx′ + ẏy′ + żz′

✇❤❡	❡ ♦♥❡ ❝❛♥ 
❡❡ �❤❛� ❞❡	✐✈❛�✐✈❡
 ✇✐�❤ 	❡
♣❡❝� �♦ a ❛	❡ ❞❡♥♦�❡❞ ❜② ✉♣♣❡	 ♣	✐♠❡
✱ ❞❡	✐✈❛�✐✈❡


✇✐�❤ 	❡
♣❡❝� �♦ b ❛	❡ ❞❡♥♦�❡❞ ❜② ❧♦✇❡	 ♣	✐♠❡
 ❛♥❞ ❞❡	✐✈❛�✐✈❡
 ✇✐�❤ 	❡
♣❡❝� �♦ c ❛	❡ ❞❡♥♦�❡❞

❜② ❞♦�
✱ 
✐♥❝❡ ❡①♣	❡

✐♥❣ �❤✐
 �❤✐	❞ ❦✐♥❞ ♦❢ ❞❡	✐✈❛�✐✈❡
 ✇✐�❤ �❤❡ ♣	❡✈✐♦✉
 ♣	✐♠❡
 ❝♦✉❧❞ ❣❡♥❡	❛�❡


♦♠❡�✐♠❡
 ❝♦♥❢✉
✐♦♥✳

❲❡ ✇✐❧❧ ❛

✉♠❡ ✐♥ ❡�✉❛�✐♦♥ ✭✹✹✮ �❤❛� ❞✐
�❛♥❝❡ i ✐
 ✈❡	② 
♠❛❧❧✱ ❛
 ✐� ✐
 ♥❡❝❡

❛	✐❧② �	✉❡

✇❤❡♥ ✐� 	❡♣	❡
❡♥�
 �❤❡ ❞✐
�❛♥❝❡ ❜❡�✇❡❡♥ ♠♦❧❡❝✉❧❡ (a, b, c) ❛♥❞ �❤❡ ♦�❤❡	 ♠♦❧❡❝✉❧❡ ✇❤✐❝❤ ✐


✐♠♠❡❞✐❛�❡❧② ❝❧♦
❡
� �♦ ✐� ❬✐♥ �❤❡ 	❡❢❡	❡♥❝❡ ❝♦♥✜❣✉	❛�✐♦♥❪ ❛❧♦♥❣ ♦♥❡ ♦❢ �❤❡ ❛❜♦✈❡✲
❛✐❞ 
�	❛✐❣❤�

❧✐♥❡
 ❛♥❞ �❤❡♥ ❬✐♥ �❤❡ 	❡❛❧ 
�❛�❡❪ ❛❧♦♥❣ ♦♥❡ ♦❢ �❤❡ ❛❜♦✈❡✲♠❡♥�✐♦♥❡❞ ❝✉	✈❡
✳ ❚❤❡♥✱ ❢♦	 �❤❡ 	❡❛
♦♥


❛❧	❡❛❞② ♣	❡
❡♥�❡❞✱ ✐♥ ✭✹✹✮✱ �❤❡ ✈❛❧✉❡ ♦❢ ρ2 ✇✐❧❧ ❜❡ ♠❛✐♥❧② ❣✐✈❡♥ ❜② �❤❡ �❡	♠ ✇❤✐❝❤ ❝♦♥�❛✐♥
 ❛


❛ ❢❛❝�♦	 �❤❡ �✉❛♥�✐�② i
2

✳ ❚❤✐
 ✇✐❧❧ ❜❡ ❛❧✇❛②
 �	✉❡✱ ✇❤❛�
♦❡✈❡	 ✇✐❧❧ ❜❡ �❤❡ ♠♦❧❡❝✉❧❡ ✇❤✐❝❤ ✇✐❧❧

❢♦❧❧♦✇ �❤❡ ♦♥❡ ♣❧❛❝❡❞ ✐♥ (a, b, c) ❛❧♦♥❣ ❛♥② ♦❢ �❤❡ ❞✐✛❡	❡♥� ✐♥✜♥✐�❡ ❞✐	❡❝�✐♦♥
 ✇❤✐❝❤ ❛	❡ 
♣❛♥♥❡❞

✇❤❡♥ �❤❡ ❝♦
✐♥❡
 ξ, η, ζ �❛❦❡ ❛❧❧ �❤❡✐	 ♣♦

✐❜❧❡ ✈❛❧✉❡
✳ ❍♦✇❡✈❡	✱ ❛❧
♦ ❛♠♦♥❣ �❤❡
❡ ✈❡	② 
♠❛❧❧

❞✐
�❛♥❝❡
 ρ ✐♥ �❤❡ 	❡❛❧ 
�❛�❡ �❤❡	❡ ✇✐❧❧ ❜❡ ❞✐✛❡	❡♥❝❡
 ❞❡�❡	♠✐♥❡❞ ❜② �❤❡ ✈❛❧✉❡
 �❛❦❡♥ ❜② �❤❡ i
2

❝♦❡✣❝✐❡♥� ✐♥ ❡�✉❛�✐♦♥ ✭✹✹✮✳ ❲❡ ✇✐❧❧ �❤❡	❡❢♦	❡ ❞❡�❡	♠✐♥❡ �❤❡ ❝♦
✐♥❡
 ξ, η, ζ ✐♥ 
✉❝❤ ❛ ✇❛②✱ �❤❛�

�❤❡ 
❡①�✐♥♦♠✐❛❧ ✇❤✐❝❤ ✐
 �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ i
2

✐♥ ✭✹✹✮ ✇✐❧❧ ❛��❛✐♥ ❛ ♠❛①✐♠✉♠ ♦	 ♠✐♥✐♠✉♠ ✈❛❧✉❡✱

❝♦♠♣❛�✐❜❧② ✇✐�❤ �❤❡ ❡�✉❛�✐♦♥ ♦❢ ❝♦♥❞✐�✐♦♥ ✭✹✵✮✳ ❚❤✐
 ♦♣❡	❛�✐♦♥ ✇✐❧❧ ❣✐✈❡ ✉
 �❤	❡❡ �	✐♣❧❡
 ♦❢

✈❛❧✉❡
 ❢♦	 �❤❡ ❝♦
✐♥❡
 ξ, η, ζ ✿ �❤❡	❡❢♦	❡ �❤	❡❡ 
�	❛✐❣❤� ❧✐♥❡
 ✇✐❧❧ ❜❡ ❞❡�❡	♠✐♥❡❞ ✐♥ �❤❡ ❛♥�❡❝❡❞❡♥�


�❛�❡✱ ✇❤♦
❡ ♠♦❧❡❝✉❧❡
✱ ♦♥❝❡ �	❛♥
♣♦	�❡❞ �♦ �❤❡ 	❡❛❧ 
�❛�❡✱ ✇✐❧❧ ❜❡ ♣❧❛❝❡❞ ❛❧♦♥❣ �❤	❡❡ ❞✐✛❡	❡♥�

❝✉	✈❡
 ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❝❛❧❧ ❝✉	✈❡
 ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❝♦♥❞❡♥
❛�✐♦♥✳

✷✻✳ ❚❤❡ ❛♥❛❧②�✐❝❛❧ ♣❛	� ♦❢ �❤❡ ♣	♦❜❧❡♠ ❝♦♥
✐
�
✱ ❜② ✉
✐♥❣ �❤❡ ✇❡❧❧✲❦♥♦✇♥ ♠❡�❤♦❞✱ ✐♥ ❧♦♦❦✐♥❣

❢♦	 ✈❛❧✉❡
 ♦❢ ❝♦
✐♥❡
 ξ, η, ζ 
✉❝❤ �❤❛� ❛ ♠❛①✐♠✉♠ ♦	 ♠✐♥✐♠✉♠ ✈❛❧✉❡ ✐
 ❛��❛✐♥❡❞ ❜② �✉❛♥�✐�②

t
1
ξ
2

+ t
2
η

2

+ t
3
ζ

2

+ 2t
4
ξη + 2t

5
ξζ + 2t

6
ηζ

+ λ
(

1− ξ
2 − η

2 − ζ
2
)

✇❤❡♥ �✉❛♥�✐�✐❡
 ξ, η, ζ ❛	❡ ❛

✉♠❡❞ �♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥�✱ ❛♥❞ λ �♦ ❜❡ ❛♥ ✐♥❞❡�❡	♠✐♥❛�❡ ❝♦❡✣❝✐❡♥�✳

■♥ �❤✐
 ✇❛② �❤❡ ❢♦❧❧♦✇✐♥❣ �❤	❡❡ ❡�✉❛�✐♦♥
 ❛	❡ ♦❜�❛✐♥❡❞

ξt
1
+ ηt

4
+ ζt

5
= λξ

ξt
4
+ t

2
η + ζt

6
= λη✭✹✻✮

ξt
5
+ ηt

6
+ ζt

3
= λζ.



✲ ✻✺✲

❉✐✈✐�❡ 	✉❡��❡ ♣❡
 ✉♥❛ ❞❡❧❧❡ �
❡ ✐♥❝♦❣♥✐�❡✱ ✈❡
✳ ❣
✳ ♣❡
 ζ ✱ ❡❞ ❡❧✐♠✐♥❛�✐ ❢
❛ ❡��❡ ✐ 
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�✐ ✈♦❧�❡ ✐♥ ♠❡❝❝❛♥✐❝❛ ♦❝❝♦

❡ ✉♥✬❡	✉❛③✐♦♥❡ ❞✐ �❡
③♦ ❣
❛❞♦ ❞❡❧❧❛ ❢♦
♠❛ ♦
❛ �
♦✈❛�❛✱ ❡ ♥♦✐

❣✐" ❧✬✐♥❝♦♥�
❛♠♠♦ ❛❧ ♥✳ ✺✼ ♠✳♣✳ ❙❛♣♣✐❛♠♦ ❞✐ ✉♥❛ �❛❧❡ ❡	✉❛③✐♦♥❡ ✭❡ ❧♦ ❞✐❝❡♠♠♦ ✐♥ 	✉❡❧ ❧✉♦❣♦✮

❝❤❡ �✉��❡ �
❡ ❧❡ �✉❡ 
❛❞✐❝✐ �♦♥♦ 
❡❛❧✐ ✿ 	✉✐ ♣❡
& ❝✬� 	✉❛❧❝❤✬❛❧�
❛ ♦��❡
✈❛③✐♦♥❡ ❝✉
✐♦�❛ ❞❛ ❢❛
❡✳

❘✐❝❤✐❛♠❛♥❞♦ ❧❛ ❢♦
♠♦❧❛ ✭✸✹✮ ♥✳ ✻✼ ♠✳♣✳ ✈❡❞✐❛♠♦ ❝❤❡ ❧✬✉❧�✐♠❛ ♣❛
�❡ ♥❡❣❛�✐✈❛ ❞❡❧❧❛ ❡	✉❛③✐♦♥❡

✭✹✼✮✱ 	✉❡❧❧❛ ❝❤❡ ♥♦♥ � ♠♦❧�✐♣❧✐❝❛�❛ ♣❡
 ❧✬✐♥❝♦❣♥✐�❛ λ✱ ❡	✉✐✈❛❧❡ ❛❧❧✬✉♥✐�" ❞✐✈✐�❛ ♣❡❧ 	✉❛❞
❛�♦ ❞❡❧❧❛

❞❡♥�✐�" ❞❡❧ ❝♦
♣♦ ♥❡❧ ♣✉♥�♦ (x, y, z)✳ ❱❡❞✉�♦ ❛♥❝❤❡ 	✉❛♥�♦ ❝♦❧" �♦❣❣✐✉♥❣❡♠♠♦ ♣❡
 ❧❡ ❞❡♥�✐�"

❞❡❣❧✐ ❛❧�
✐ �✐��❡♠✐✱ 
✐❝♦♥♦�❝✐❛♠♦ ❝❤❡ ✐❧ ❝♦❡✣❝✐❡♥�❡ ❞✐ λ � ❧❛ �♦♠♠❛ ❞✐ �
❡ ❢
❛③✐♦♥✐ ❝❤❡ ❤❛♥♥♦ ♣❡


♥✉♠❡
❛�♦
❡ ❧✬✉♥✐�"✱ ❡ ♣❡
 ❞❡♥♦♠✐♥❛�♦
✐ ✐ 	✉❛❞
❛�✐ ❞✐ �
❡ ❞❡♥�✐�" �✉♣❡
✜❝✐❛❧✐✱ ❧❛ ♣
✐♠❛ ♣❡
 ❧❛

�✉♣❡
✜❝✐❡ ❧❛ ❝✉✐ ❡	✉❛③✐♦♥❡ 
✐�✉❧�❛ ❞❛❧❧❡ ✭✸✾✮ ❡❧✐♠✐♥❛♥❞♦ ❧❡ a, b ❡ �❡♥❡♥❞♦✈✐ ♣❛
❛♠❡�
♦ ❝♦��❛♥�❡

❧❛ c ❀ ❧❛ �❡❝♦♥❞❛ ♣❡
 ❧❛ �✉♣❡
✜❝✐❡ ❝❤❡ �✐ ♦��✐❡♥❡ �✐♠✐❧♠❡♥�❡ ❢❛��❡ ✈❛
✐❛❜✐❧✐ ❧❡ a, c✱ ❡ ❝♦��❛♥�❡ ❧❛

b❀ ❧❛ �❡
③❛ ♣❡
 ❧❛ �✉♣❡
✜❝✐❡ ❝♦❧❧❡ ✈❛
✐❛❜✐❧✐ b, c✱ ❡ ❝♦❧❧❛ ❝♦��❛♥�❡ a✳ ■❧ ❝♦❡✣❝✐❡♥�❡ ♣♦✐ ❞✐ λ
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♥❡❧❧❛

✭✹✼✮ � ❧❛ �♦♠♠❛ ❞✐ �
❡ ❢
❛③✐♦♥✐ ❝❤❡ ❤❛♥♥♦ ♣❡
 ♥✉♠❡
❛�♦
❡ ❧✬✉♥✐�" ❡ ♣❡
 ❞❡♥♦♠✐♥❛�♦
✐ ✐ 	✉❛❞
❛�✐

❞✐ �
❡ ❞❡♥�✐�" ❧✐♥❡❛
✐ ♣❡
 ❧❡ �
❡ ❝✉
✈❡ ✐♥❞✐❝❛�❡ ♥❡❧ ♥✉♠❡
♦ ♣
❡❝❡❞❡♥�❡✱ ♣❡
 ❧❡ 	✉❛❧✐ ✐ �
❡ ❝♦�❡♥✐

❤❛♥♥♦ ✐ ✈❛❧♦
✐ ♣❛
�✐❝♦❧❛
✐ ✭✹✸✮✳ ❆♥❝❤❡ �✉��❡ 	✉❡��❡ ✉❧�✐♠❡ �❡✐ ❞❡♥�✐�" �✬✐♥�❡♥❞♦♥♦ 
✐❞♦��❡ ❛❧

♣✉♥�♦ (x, y, z)✳

✷✼✳ ■ ✈❛❧♦
✐ ❞❡✐ �
❡ ❝♦�❡♥✐ ξ, η, ζ �✐ 
✐❝❛✈❛♥♦ ❝♦♠❜✐♥❛♥❞♦ ❞✉❡ ❞❡❧❧❡ ❡	✉❛③✐♦♥✐ ✭✹✻✮ ❝♦❧❧❛ ✭✹✵✮ ✿

❞✐ 	✉✐ �
❡ ❝♦♠❜✐♥❛③✐♦♥✐ ❝❤❡ ❝♦♥❞✉❝♦♥♦ ❛ �
❡ ♠❛♥✐❡
❡ ❞✐ ❡�♣
❡��✐♦♥❡ ❛♣♣❛
❡♥�❡♠❡♥�❡ ❞✐✈❡
�❡✱ ♠❛

❝❤❡ ♣♦��♦♥♦ �✉��❡ 
✐❞✉
�✐ ❛❞ ✉♥❛ ♠❡❞❡�✐♠❛✳ ❆ ��❡♥❞❡
❡ �❡♥③❛ ✐♥❝♦♠♦❞♦ 	✉❡��♦ �
❛��♦ ❞✬❛♥❛❧✐�✐

❣✐♦✈❛ ��❛❜✐❧✐
❡ ❧❡ �❡✐ ❞❡♥♦♠✐♥❛③✐♦♥✐
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❖♥❝❡ ✇❡ ❞✐✈✐❞❡ �❤❡�❡ ❧❛�� ❡	✉❛�✐♦♥� ❜② ♦♥❡ ♦❢ �❤❡ �❤
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❞ ♦
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▼❛♥② �✐♠❡� ✐♥ ▼❡❝❤❛♥✐❝� ❛ �❤✐
❞ ♦
❞❡
 ❡	✉❛�✐♦♥ ♦❝❝✉
� ❤❛✈✐♥❣ �❤❡ �❛♠❡ ❢♦
♠ ✇❤✐❝❤ ✐�

❢♦✉♥❞ ♥♦✇✱ ❛♥❞ ✇❡ ❢♦✉♥❞ ✐� ❛❧
❡❛❞② ✐♥ �❡❝�✳ ✺✼ ♣✳♠✳ ❲❡ ❦♥♦✇ ❛❜♦✉� �✉❝❤ ❛♥ ❡	✉❛�✐♦♥ ✭❛♥❞

✇❡ ❛❧
❡❛❞② �❛✐❞ �❤✐� ✐♥ �❤❛� ♣❧❛❝❡✮ �❤❛� ❛❧❧ ✐�� �❤
❡❡ 
♦♦�� ❛
❡ 
❡❛❧✿ ❤❡
❡✱ ❤♦✇❡✈❡
✱ �♦♠❡ ♠♦
❡

♣❛
�✐❝✉❧❛
 ♦❜�❡
✈❛�✐♦♥� ❛
❡ ♥❡❡❞❡❞✳ ❇② 
❡❝❛❧❧✐♥❣ ❢♦
♠✉❧❛ ✭✸✹✮ �❡❝�✳ ✻✼ ♣✳♠✳ ✇❡ ✇✐❧❧ �❡❡ �❤❛�

�❤❡ ❧❛�� ♣❛
� ♦❢ ❡	✉❛�✐♦♥ ✭✹✼✮✱ ✐✳❡✳ �❤❡ �❡
♠ ❝❛

②✐♥❣ �❤❡ ♠✐♥✉� �✐❣♥ ✇❤✐❝❤ ✐� ♥♦� ♠✉❧�✐♣❧✐❡❞ ❜②

�❤❡ ✉♥❦♥♦✇♥ λ✱ ✐� ❡	✉❛❧ �♦ �❤❡ ✉♥✐� ❞✐✈✐❞❡❞ ❜② �❤❡ �	✉❛
❡ ♦❢ �❤❡ ♠❛�� ❞❡♥�✐�② ♦❢ �❤❡ ❜♦❞② ✐♥

♣♦✐♥� (x, y, z)✳ ❈♦♥�✐❞❡
✐♥❣ ❛❧�♦ ✇❤❛� ✇❡ �❛✐❞ ✐♥ �❤❡ �❛♠❡ ♣❧❛❝❡ ❢♦
 �❤❡ ❞❡♥�✐�✐❡� ♦❢ �❤❡ ♦�❤❡


�②��❡♠�✱ ✇❡ ❝❛♥ 
❡❝♦❣♥✐③❡ �❤❛� �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ λ ✐� ❣✐✈❡♥ ❜② �❤❡ �✉♠ ♦❢ �❤
❡❡ ❢
❛❝�✐♦♥� ✇❤♦�❡

♥✉♠❡
❛�♦
 ✐� �❤❡ ✉♥✐� ❛♥❞ ✇❤♦�❡ ❞❡♥♦♠✐♥❛�♦
� ❛
❡ �❤❡ �	✉❛
❡� ♦❢ �❤
❡❡ �✉
❢❛❝❡ ❞❡♥�✐�✐❡�✱ �❤❡

✜
�� ♦♥❡ ✐� 
❡❧❛�✐✈❡ �♦ �❤❡ �✉
❢❛❝❡ ✇❤♦�❡ ❡	✉❛�✐♦♥ ✐� ❣✐✈❡♥ ❜② ✭✸✾✮ ❜② ❡❧✐♠✐♥❛�✐♥❣ ✈❛
✐❛❜❧❡� a, b

❛♥❞ ❝♦♥�✐❞❡
✐♥❣ ✈❛
✐❛❜❧❡ c ❛� ❛ ❝♦♥��❛♥� ♣❛
❛♠❡�❡
❀ �❤❡ �❡❝♦♥❞ ♦♥❡ ✐� 
❡❧❛�✐✈❡ �♦ �❤❡ �✉
❢❛❝❡

✇❤✐❝❤ ✐� �✐♠✐❧❛
❧② ♦❜�❛✐♥❡❞ ✇❤❡♥ ❡❧✐♠✐♥❛�✐♥❣ ✈❛
✐❛❜❧❡� a, c✱ ❛♥❞ ❝♦♥�✐❞❡
✐♥❣ b ❛� ❝♦♥��❛♥�❀ �❤❡

�❤✐
❞ ♦♥❡ 
❡❧❛�✐✈❡ �♦ �❤❡ �✉
❢❛❝❡ ✇✐�❤ ✈❛
✐❛❜❧❡� b, c✱ ❛♥❞ ❝♦♥��❛♥� a✳ ❚❤❡♥ �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ λ
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✐♥ ✭✹✼✮ ✐� �❤❡ �✉♠ ♦❢ �❤
❡❡ ❢
❛❝�✐♦♥� ✇❤✐❝❤ ❤❛✈❡ ❛ ✉♥✐� ♥✉♠❡
❛�♦
 ❛♥❞ ✇❤♦�❡ ❞❡♥♦♠✐♥❛�♦
� ❛
❡

�❤❡ �	✉❛
❡� ♦❢ �❤❡ �❤
❡❡ ❧✐♥❡❛
 ❞❡♥�✐�✐❡� ❢♦
 �❤❡ �❤
❡❡ ❝✉
✈❡� ✐♥❞✐❝❛�❡❞ ✐♥ �❤❡ ♣
❡✈✐♦✉� �❡❝�✐♦♥✱

❢♦
 ✇❤✐❝❤ �❤❡ �❤
❡❡ ❝♦�✐♥❡� ❤❛✈❡ �❤❡ ♣❛
�✐❝✉❧❛
 ✈❛❧✉❡� ✭✹✸✮✳ ❆❧�♦ ❛❧❧ �❤❡�❡ �✐① ❞❡♥�✐�✐❡� ❛
❡ �❤♦�❡

❝❛❧❝✉❧❛�❡❞ ✐♥ ♣♦✐♥� (x, y, z)✳

✷✼✳ ❚❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �❤
❡❡ ❝♦�✐♥❡� ξ, η, ζ ❛
❡ ❝❛❧❝✉❧❛�❡❞ ❜② ❝♦♠❜✐♥✐♥❣ �✇♦ ❛♠♦♥❣ ❡	✉❛�✐♦♥�

✭✹✻✮ ✇✐�❤ ✭✹✵✮ ✿ ✐♥ �❤✐� ✇❛② ✇❡ ❣❡� �❤
❡❡ ❝♦♠❜✐♥❛�✐♦♥� ❧❡❛❞✐♥❣ �♦ �❤
❡❡ ❡①♣
❡��✐♦♥� ✇❤✐❝❤ ❛
❡

❛♣♣❛
❡♥�❧② ❞✐✛❡
❡♥�✱ ❜✉� ✇❤✐❝❤ ❝❛♥ ❛❧❧ ❜❡ 
❡❞✉❝❡❞ �♦ ❛ ✉♥✐	✉❡ ♦♥❡✳ ■♥ ♦
❞❡
 �♦ �❤♦✇ ✇✐�❤♦✉�

❞✐✣❝✉❧�✐❡� �❤✐� ♣❛
� ♦❢ �❤❡ ❛♥❛❧②�✐� ✐� ✐� ✉�❡❢✉❧ �♦ ✐♥�
♦❞✉❝❡ �❤❡�❡ �✐① �❤♦
�✲❤❛♥❞ ❞❡✜♥✐�✐♦♥�

G = λ
2 − (t

2
+ t

3
)λ+ t

2
t
3
− t

2

6

O = λ
2 − (t

1
+ t

3
)λ+ t

1
t
3
− t

2

5

P = λ
2 − (t

1
+ t

2
)λ+ t

1
t
2
− t

2

4
✭✹✽✮

Q = λt
4
+ t

5
t
6
− t

3
t
4

R = λt
5
+ t

4
t
6
− t

2
t
5

S = λt
6
+ t

4
t
5
− t

1
t
6
;
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❞♦✈❡ ♦��❡�✈❡�❡♠♦ ❝❤❡ �✉��✐ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ �❡�♠✐♥❛♥♦ ❝♦♥ ❜✐♥♦♠❥ ❣✐� ✈❡♥✉�✐❝✐ �♦��✬♦❝❝❤✐♦ ❛❧

♥✳ ✻✼ ♠✳♣✳✱ ❡ ❝❤❡ ❢❛♥♥♦ ❜❡❧ ❣✐✉♦❝♦ ❛♥❝❤❡ ❛❧��♦✈❡✳ ❙❡ ♣�❡♥❞✐❛♠♦ ❛ ❞✉❡ ❛ ❞✉❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✹✻✮

❡ ❧❡ ��❛��✐❛♠♦ ❝♦❧ ♠❡�♦❞♦ ❝♦♥ ❝✉✐ �✐ �✐�♦❧✈♦♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ♣�✐♠♦ ❣�❛❞♦ ❛ ❞✉❡ ✐♥❝♦❣♥✐�❡✱

♦��❡♥✐❛♠♦ �✉❡��✬❛❧��❡

ξ

G
=

η

Q
=

ζ

R

ξ

Q
=

η

O
=

ζ

S
✭✹✾✮

ξ

R
=

η

S
=

ζ

P
.

❉✐ �✉❡��❡ ❧❡ ♣�✐♠❡ ❞✉❡ ❝♦♠❜✐♥❛�❡ ❝♦♥ ❧❛ ✭✹✵✮ ❞❛♥♥♦ ♣�♦♥�❛♠❡♥�❡

✭✺✵✮ ξ =
G

√

G
2 +Q

2 +R
2

; η =
Q

√

G
2 +Q

2 +R
2

; ζ =
R

√

G
2 +Q

2 +R
2
;

❡❞ & ❢❛❝✐❧❡ ✈❡❞❡�❡ ❧❡ ❛❧��❡ ❞✉❡ ♠❛♥✐❡�❡ ❞✐ ❡�♣�❡��✐♦♥❡ ❛♣♣❛�❡♥�❡♠❡♥�❡ ❞✐✈❡��❡ ♣❡✐ ✈❛❧♦�✐ ❞✐ ξ, η, ζ

❝❤❡ �✐ ❞❡❞✉❝❡��❡�♦ ❞❛❧❧❡ �❡❣✉❡♥�✐ ❡�✉❛③✐♦♥✐ ✭✹✾✮ ❝♦♠❜✐♥❛�❡ �✐♠✐❧♠❡♥�❡ ❝♦❧❧❛ ✭✹✵✮✳

❖�❛ ✉�❛♥❞♦ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✹✽✮❝♦♥✈✐❡♥ ✈❡�✐✜❝❛�❡ ♣❛③✐❡♥�❡♠❡♥�❡ ❧✬✐❞❡♥�✐�� ❞❡❧❧❡ ��❡ ❡�✉❛✲

③✐♦♥✐

✭✺✶✮ Q
2

= GO ; R
2

= GP ; S
2

= OP

❝❤❡ �✉��❡ �✐❝♦♥❞✉❝♦♥♦ ❧✬❡�✉❛③✐♦♥❡ ❞✐ �❡�③♦ ❣�❛❞♦ ✭✹✼✮✳ +❡� ❡�❡♠♣✐♦✱ ❧❛ ♣�✐♠❛✱ ❡�❡❣✉✐�❡ ❧❡

♠♦❧�✐♣❧✐❝❛③✐♦♥✐✱ �✐�✉❧�❛ ❛♣♣❛�❡♥�❡♠❡♥�❡ ❞✐ �✉❛��♦ ❣�❛❞♦✱ ♠❛ �✐ �✐��♦✈❛ �✉��❛ ❞✐✈✐�✐❜✐❧❡ ♣❡� λ−t
3
✱

❞♦♣♦ ❞✐ ❝❤❡ �✐ ❤❛ ❧✬❡�✉❛③✐♦♥❡ ✭✹✼✮ ❀ ❝♦�- ♣❡� ❧❡ ❛❧��❡ ❞✉❡ ❞✐✈✐❞❡♥❞♦❧❡ ♣❡� λ− t
2
, λ− t

1
✳

◗✉❡��❡ ✭✺✶✮✱ ♠♦❧�✐♣❧✐❝❛�❡ ❢�❛ ❧♦�♦✱ ❝♦♥❞✉❝♦♥♦✱ ❞♦♣♦ ❡���❛��❛ ❧❛ �❛❞✐❝❡ �✉❛❞�❛�❛✱ ❛❧❧❛

✭✺✷✮ QRS = GOP ;

♣❡� ❧❛ �✉❛❧❡ �✐ �✐❝❛✈❛♥♦ ❞❛❧❧❡ ✭✺✶✮ ❧❡ ❛❧��❡ ��❡

✭✺✸✮ PQ = RS ; OR = QS ; GS = QR ;

♣❡� ❡�❡♠♣✐♦✱ ❛ ��♦✈❛�❡ ❧❛ ♣�✐♠❛ �✐ ♠♦❧�✐♣❧✐❝❛ ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✺✶✮ ♣❡� P ✱ ❡ �✐ ❝♦♥❢�♦♥�❛ ✐❧ �✉♦

♣�✐♠♦ ♠❡♠❜�♦ ❝♦❧ ♣�✐♠♦ ♠❡♠❜�♦ ❞❡❧❧❛ ✭✺✷✮✱ ❞✐✈✐❞❡♥❞♦ ♣❡� Q✳

●✐♦✈❛♥❞♦❝✐ ❞❡❧❧❡ ✭✺✶✮✱ ✐ ✈❛❧♦�✐ ✭✺✵✮ �✐ �✐❞✉❝♦♥♦ ♣�♦♥�❛♠❡♥�❡ ❛✐ �❡❣✉❡♥�✐

✭✺✹✮ ξ =

√

G

G+O + P
; η

√

O

G+O + P
; ζ =

√

P

G+O + P

✲ ✻✻✲❊◆●

✇❤❡�❡ ✇❡ ✇✐❧❧ ♦❜�❡�✈❡ �❤❛� ❛❧❧ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ❡♥❞ ✇✐�❤ �♦♠❡ ❜✐♥♦♠✐❛❧� ✇❤✐❝❤ ✇❡ ❛❧�❡❛❞②

♠❡� ✐♥ �❤❡ �❡❝�✳ ✻✼ ♣✳♠✳ ❛♥❞ ✇❤✐❝❤ ❛�❡ ✈❡�② ✉�❡❢✉❧ ❛❧�♦ ✐♥ ♦�❤❡� ❝✐�❝✉♠��❛♥❝❡�✳ ■❢ ✇❡ �❛❦❡

�✇♦ ❜② �✇♦ ❡�✉❛�✐♦♥� ✭✹✻✮ ❛♥❞ ✇❡ ��❡❛� �❤❡♠ ✇✐�❤ �❤❡ ♠❡�❤♦❞ ✇❤✐❝❤ ✐� ✉�❡❞ ✇❤❡♥ �♦❧✈✐♥❣

❡�✉❛�✐♦♥� ♦❢ ✜��� ♦�❞❡� ✐♥ �✇♦ ✉♥❦♥♦✇♥�✱ ✇❡ ✇✐❧❧ ❣❡� �❤❡�❡ ♦�❤❡� ♦♥❡�

ξ

G
=

η

Q
=

ζ

R

ξ

Q
=

η

O
=

ζ

S
✭✹✾✮

ξ

R
=

η

S
=

ζ

P
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❆♠♦♥❣ �❤❡�❡ ❡�✉❛�✐♦♥� �❤❡ ✜��� �✇♦ ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐�❤ ✭✹✵✮ �♦ ❣✐✈❡ ✐♠♠❡❞✐❛�❡❧②

✭✺✵✮ ξ =
G

√

G
2 +Q

2 +R
2

; η =
Q

√

G
2 +Q

2 +R
2

; ζ =
R

√

G
2 +Q

2 +R
2
;

❛♥❞ ✐� ✐� ❡❛�② �♦ �❡❡ �❤❡ ♦�❤❡� �✇♦ ✇❛②� �♦ ❣❡� �♦♠❡ ❛♣♣❛�❡♥�❧② ❞✐✛❡�❡♥� ❡①♣�❡��✐♦♥� ❢♦� �❤❡

✈❛❧✉❡� ♦❢ ξ, η, ζ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢�♦♠ ❡�✉❛�✐♦♥� ✭✹✾✮ ♦♥❝❡ �❤❡② ❛�❡ �✐♠✐❧❛�❧② ❝♦♠❜✐♥❡❞

✇✐�❤ ✭✹✵✮✳

◆♦✇ ❜② ✉�✐♥❣ ❞❡✜♥✐�✐♦♥ ✭✹✽✮ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ✈❡�✐❢② ♣❛�✐❡♥�❧② �❤❛� �❤❡�❡ �❤�❡❡ ❡�✉❛�✐♦♥�

✇❤✐❝❤ ❛�❡ ✐❞❡♥�✐❝❛❧❧② �❛�✐�✜❡❞

✭✺✶✮ Q
2

= GO ; R
2

= GP ; S
2

= OP

❛❧❧ ❧❡❛❞ �♦ �❤❡ �❤✐�❞ ♦�❞❡� ❡�✉❛�✐♦♥ ✭✹✼✮✳ ❋♦� ✐♥��❛♥❝❡ �❤❡ ✜��� ♦♥❡✱ ♦♥❝❡ �❤❡ ♠✉❧�✐♣❧✐❝❛�✐♦♥�

❛�❡ ♣❡�❢♦�♠❡❞✱ �❡❡♠� ❛♣♣❛�❡♥�❧② �♦ ❜❡ ♦❢ ❢♦✉��❤ ♦�❞❡�✱ ❜✉� ✐� �❡�✉❧�� �♦ ❜❡ ❞✐✈✐�✐❜❧❡ ❜② λ− t
3
✱

�♦ �❤❛� ♦♥❡ ♦❜�❛✐♥� ❡�✉❛�✐♦♥ ✭✹✼✮❀ ❛♥❞ �❤❡ �❛♠❡ ❤❛♣♣❡♥� ❢♦� �❤❡ ♦�❤❡� �✇♦ ♦♥❝❡ �❤❡② ❛�❡

�❡�♣❡❝�✐✈❡❧② ❞✐✈✐❞❡❞ ❜② λ− t
2
, λ− t

1
✳

❊�✉❛�✐♦♥� ✭✺✶✮✱ ♠✉❧�✐♣❧✐❡❞ ♦♥❡ ❜② �❤❡ ♦�❤❡�✱ ❛❢�❡� ❡①��❛❝�✐♥❣ �❤❡ ��✉❛�❡ �♦♦�✱ ❧❡❛❞ �♦

❡�✉❛�✐♦♥

✭✺✷✮ QRS = GOP ;

❢�♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡✱ ❜② ✉�✐♥❣ ✭✺✶✮✱ �❤❡�❡ ♦�❤❡� �❤�❡❡

✭✺✸✮ PQ = RS ; OR = QS ; GS = QR ;

❢♦� ✐♥��❛♥❝❡✱ �♦ ✜♥❞ �❤❡ ✜��� ♦♥❡ �❤❡ ✜��� ❡�✉❛�✐♦♥ ❛♠♦♥❣ ✭✺✶✮ ❤❛� ❜❡❡♥ ♠✉❧�✐♣❧✐❡❞ ❜② P ✱ ❛♥❞

✐�� ❧❡❢�✲❤❛♥❞ �✐❞❡ ✇✐�❤ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡ ♦❢ ❡�✉❛�✐♦♥ ✭✺✷✮✱ ❞✐✈✐❞✐♥❣ ✐� ❜② Q✳

❇② ❡①♣❧♦✐�✐♥❣ ❡�✉❛�✐♦♥� ✭✺✶✮✱ ✈❛❧✉❡� ✭✺✵✮ ❝❛♥ ❜❡ �❡❛❞✐❧② �❡❞✉❝❡❞ �♦ �❤❡ ❢♦❧❧♦✇✐♥❣

✭✺✹✮ ξ =

√

G

G+O + P
; η

√

O

G+O + P
; ζ =

√

P

G+O + P



✲ ✻✼✲

❡ �✉❡��✐ �❛�❡❜❜❡�♦ ♣♦✐ �❡♠♣�❡ �✐�✉❧�❛�✐ ✐ ♠❡❞❡�✐♠✐ ❛♥❝❤❡ �✉❛♥❞♦ ✐♥✈❡❝❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✺✵✮

❛✈❡��✐♠♦ ❛❞♦♣❡�❛�❡ �✉❡❧❧❡ ❛❧��❡ ❞✉❡ ♠❛♥✐❡�❡ ❞✐ ❡�♣�❡��✐♦♥❡ ❝❤❡ ❣✐� ❞✐❝❡♠♠♦ ❛♣♣❛�❡♥�❡♠❡♥�❡

❞✐✈❡��❡✳

▼❡��❡♥❞♦ ♥❡❧❧❡ ✭✺✹✮ ✐♥ ❧✉♦❣♦ ❞✐ λ ❧❡ ��❡ �❛❞✐❝✐ λ
1
, λ

2
, λ

3
❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✹✼✮✱ ♥❡ ❞❡❞✉��❡♠♦

��❡ ❞✐✈❡��✐ �✐��❡♠✐ ❞✐ ✈❛❧♦�✐ ♣❡✐ ��❡ ❝♦�❡♥✐✱ ❡ ❧✐ ✐♥❞✐❝❤❡�❡♠♦ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ❡�♣�❡��✐♦♥✐

ξ
1
=

√

G
1

G
1
+O

1
+ P

1

; η
1

√

O
1

G
1
+O

1
+ P

1

; ζ
1
=

√

P
1

G
1
+O

1
+ P

1

ξ
2
=

√

G
2

G
2
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❡ ❢❛��❛ ❛��❡♥③✐♦♥❡ ❡��❡�❡ ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ ❧❡ ✭✹✷✮ ❝❤❡ ❞❛♥♥♦ x
1
, y

1
, z

1
✐♥ ❢✉♥③✐♦♥❡ ❞❡❧❧❛ �✉❛��❛

✈❛�✐❛❜✐❧❡ i✱ �✐❝♦♥♦�❝❡�❡♠♦ ❢❛❝✐❧♠❡♥�❡ ❝❤❡ ✐ ��❡ ❝♦�❡♥✐ ❞❡❣❧✐ ❛♥❣♦❧✐ ❢❛��✐ ❝♦✐ ��❡ ❛��✐ �❡��❛♥❣♦❧❛�✐

❞❛❧❧❛ �❛♥❣❡♥�❡ ❛❞ ✉♥❛ �✉❛❧✉♥�✉❡ ❞✐ �✉❡❧❧❡ ��❡ ❝✉�✈❡ ♥❡❧ ♣✉♥�♦ (x, y, z) ✱ ❤❛♥♥♦ ✈❛❧♦�✐ ❡�♣�❡��✐

❞❛ ❢�❛③✐♦♥✐ ✐ ❝✉✐ ♥✉♠❡�❛�♦�✐ �♦♥♦ �✐�♣❡��✐✈❛♠❡♥�❡ ✐ ��✐♥♦♠❥

✭✺✼✮ x′ξ + x′ η + ẋ ζ ; y′ξ + y′ η + ẏ ζ ; z′ξ + z′ η + ż ζ

❡ ✐❧ ❞❡♥♦♠✐♥❛�♦� ❝♦♠✉♥❡ � ❧❛ �❛❞✐❝❡ �✉❛❞�❛�❛ ❞❡❧❧❛ �♦♠♠❛ ❞❡✐ �✉❛❞�❛�✐ ❞✐ �✉❡��✐ ��✐♥♦♠❥✳

❯♥❛ �❛❧ �♦♠♠❛ ❞✐ �✉❛❞�❛�✐✱ ��❛♥�✐ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✹✺✮✱ �✐♣�♦❞✉❝❡ ✐❧ �❡��✐♥♦♠✐♦ ❝♦❡✣❝✐❡♥�❡

❞✐ i2 ♥❡❧❧❛ ✭✹✹✮✱ �❡��✐♥♦♠✐♦ ❝❤❡ ❞❡�✐❣♥❡�❡♠♦ ❝♦♥ τ ✳ ❈♦♥❝❤✐✉❞❡�❡♠♦ ♣❡��❛♥�♦ ❝❤❡ ✉♥❛ ❞✐ �✉❡❧❧❡

�❛♥❣❡♥�✐ ❢❛�) ❝♦✐ ��❡ ❛��✐ �❡��❛♥❣♦❧❛�✐ ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐

✭✺✽✮ α
1
=

x′ξ
1
+ x′ η1

+ ẋ ζ
1√

τ
1

; β
1
=

y′ξ
1
+ y′ η1

+ ẏ ζ
1√

τ
1

; γ
1
=

z′ξ
1
+ z′ η1

+ ż ζ
1√

τ
1

;

✉♥❛ �❡❝♦♥❞❛ �❛♥❣❡♥�❡ �✐�❛�❛ ♠❡❞❡�✐♠❛♠❡♥�❡ ♣❡❧ ♣✉♥�♦ (x, y, z) ❛❞ ❛❧��❛ ❞✐ �✉❡❧❧❡ ❝✉�✈❡ ❢❛�)

❝♦❣❧✐ ��❡��✐ ��❡ ❛��✐ ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐

✭✺✾✮ α
2
=

x′ξ
2
+ x′ η2

+ ẋ ζ
2√

τ
2

; β
2
=

y′ξ
2
+ y′ η2

+ ẏ ζ
2√

τ
2

; γ
2
=

z′ξ
2
+ z′ η2

+ ż ζ
2√

τ
2

;

❡ ❧❛ �❡�③❛ �❛♥❣❡♥�❡ ❛❧❧❛ �❡�③❛ ❝✉�✈❛ ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐

✭✻✵✮ α
3
=

x′ξ
3
+ x′ η3

+ ẋ ζ
3√

τ
3

; β
3
=

y′ξ
3
+ y′ η3

+ ẏ ζ
3√

τ
3

; γ
3
=

z′ξ
3
+ z′ η3

+ ż ζ
3√

τ
3

.

◗✉❡��❡ ❢�❛③✐♦♥✐ ✭✺✽✮✱ ✭✺✾✮✱ ✭✻✵✮ �♦♥♦ ✈❛❧♦�✐ ❞✐ ❝♦�❡♥✐ ❝❤❡ ✜��❛♥♦ ❞✐�❡③✐♦♥✐ �♣❡��❛♥�✐ ❛❧❧♦ ��❛�♦

�❡❛❧❡✱ ♠❡♥��❡ ✐ ♥♦✈❡ ❝♦�❡♥✐ ξ
1
, η

1
, ζ

1
, ξ

2
✱ ❡❝✳ ❞❡�❡�♠✐♥❛✈❛♥♦ ♣♦�✐③✐♦♥✐ ❞✐�❡��❡ �✐�❛�❡ ♣❡❧ ♣✉♥�♦

(a, b, c) ♥❡❧❧❛ �♦❧✐�❛ �✉♣♣♦�✐③✐♦♥❡ ❞✐ ✉♥❛ ❞✐���✐❜✉③✐♦♥❡ ♣�❡❝❡❞❡♥�❡ ✐❞❡❛❧❡✳

❙❡ ♦�❛ ✈♦❣❧✐❛♠♦ ❝♦♥♦�❝❡�❡ ✐❧ ❝♦�❡♥♦ ❞❡❧❧✬❛♥❣♦❧♦ ❝♦♠♣�❡�♦ ❞❛❧❧❛ �❡��❛ ❞❡✐ ❝♦�❡♥✐ ✭✺✽✮ ❡ ❞❛

�✉❡❧❧❛ ❞❡✐ ❝♦�❡♥✐ ✭✺✾✮✱ �❛♣♣✐❛♠♦ ❝❤❡ ♣♦��❡♠♦ �❝�✐✈❡�♥❡ ✐❧ ✈❛❧♦�❡ ♣❡� ♠❡③③♦ ❞❡❧❧❛ ❢�❛③✐♦♥❡

✭✻✶✮
V

√
τ
1
τ
2

,

✲ ✻✽✲❊◆●

�❤❡ ❣❡♥❡�✐❝ ♦♥❡ ✐� ✐♥❞✐❝❛�❡❞ �✐♠♣❧② ✇✐�❤ ❧❡��❡�� ξ, η, ζ✮ ❛�❡ ❝♦♠♣❧❡�❡❧② ❛�❜✐��❛�②✱ ✐✳❡✳ �❤❡② ❞♦ ♥♦�

♥❡❝❡��❛�✐❧② ✈❡�✐❢② ❡�✉❛�✐♦♥� ✭✹✻✮✳ ❖♥❝❡ �❡❝❛❧❧❡❞ �❤❡ ❣❡♦♠❡��✐❝❛❧ ♣�✐♥❝✐♣❧❡ ✇�✐��❡♥ ✐♥ ❡�✉❛�✐♦♥�

✭✶✻✮✱ ❛♥❞ ❛❢�❡� ❤❛✈✐♥❣ �❡♠❛�❦❡❞ �❤❛�✱ ✐♥ �❤❡ ♣�❡�❡♥� ❝❛�❡✱ ✭✹✷✮ ❛�❡ �❤❡ �❡❧❛�✐♦♥�❤✐♣� ✇❤✐❝❤

❣✐✈❡ �✉❛♥�✐�✐❡� x
1
, y

1
, z

1
❛� ❢✉♥❝�✐♦♥� ♦❢ �❤❡ ❢♦✉��❤ ✈❛�✐❛❜❧❡✱ i✱ ✇❡ ✇✐❧❧ ❡❛�✐❧② �❡❝♦❣♥✐③❡ �❤❛�

�❤❡ �❤�❡❡ ❝♦�✐♥❡� ♦❢ �❤❡ ❛♥❣❧❡� ❢♦�♠❡❞ ✇✐�❤ �❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡� ❜② �❤❡ �❛♥❣❡♥� ♦❢ ♦♥❡

❛♠♦♥❣ �❤❡ ❝♦♥�✐❞❡�❡❞ ❝✉�✈❡� ❛� ♣♦✐♥� (x, y, z)✱ ❛�❡ ❣✐✈❡♥ ❜② ❢�❛❝�✐♦♥� ✇❤♦�❡ ♥✉♠❡�❛�♦�� ❛�❡

❣✐✈❡♥ �❡�♣❡❝�✐✈❡❧② ❜② ��✐♥♦♠✐❛❧�

✭✺✼✮ x′ξ + x′ η + ẋ ζ ; y′ξ + y′ η + ẏ ζ ; z′ξ + z′ η + ż ζ

❛♥❞ ✇❤♦�❡ ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛�♦� ✐� ❡�✉❛❧ �♦ �❤❡ ��✉❛�❡ �♦♦� ♦❢ �❤❡ �✉♠ ♦❢ �❤❡ ��✉❛�❡� ♦❢ �❤❡�❡

��✐♥♦♠✐❛❧�✳ ❙✉❝❤ ❛ �✉♠ ♦❢ ��✉❛�❡�✱ ❜❡❝❛✉�❡ ♦❢ ❞❡✜♥✐�✐♦♥� ✭✹✺✮✱ �❡♣�♦❞✉❝❡� �❤❡ �❡①�✐♥♦♠✐❛❧

✇❤✐❝❤ ✐� �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ i2 ✐♥ ❡�✉❛�✐♦♥ ✭✹✹✮✱ �❡①�✐♥♦♠✐❛❧ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡♥♦�❡ ❜② τ ✳ ❲❡ ❝❛♥

�❤❡�❡❢♦�❡ ❝♦♥❝❧✉❞❡ �❤❛� ♦♥❡ ♦❢ �❤❡ ♠❡♥�✐♦♥❡❞ �❛♥❣❡♥�� ✇✐❧❧ ❢♦�♠ ✇✐�❤ �❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡�

❛♥❣❧❡� ❤❛✈✐♥❣ �❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦�✐♥❡�

✭✺✽✮ α
1
=

x′ξ
1
+ x′ η1

+ ẋ ζ
1√

τ
1

; β
1
=

y′ξ
1
+ y′ η1

+ ẏ ζ
1√

τ
1

; γ
1
=

z′ξ
1
+ z′ η1

+ ż ζ
1√

τ
1

;

✇❤✐❧❡ ❛ �❡❝♦♥❞ �❛♥❣❡♥�✱ ♣❛��✐♥❣ ✐♥ �❤❡ �❛♠❡ ✇❛② �❤�♦✉❣❤ ♣♦✐♥� (x, y, z)✱ �♦ ❛♥♦�❤❡� ♦♥❡ ♦❢ �❤❡

❝♦♥�✐❞❡�❡❞ ❝✉�✈❡� ✇✐❧❧ ❢♦�♠ ✇✐�❤ �❤❡ �❛♠❡ ❛①❡� �❤�❡❡ ❛♥❣❧❡� ❤❛✈✐♥❣ ❝♦�✐♥❡�

✭✺✾✮ α
2
=

x′ξ
2
+ x′ η2

+ ẋ ζ
2√

τ
2

; β
2
=

y′ξ
2
+ y′ η2

+ ẏ ζ
2√

τ
2

; γ
2
=

z′ξ
2
+ z′ η2

+ ż ζ
2√

τ
2

;

❛♥❞ �❤❡ �❤✐�❞ �❛♥❣❡♥� �♦ �❤❡ �❤✐�❞ ❝✉�✈❡ ✇✐❧❧ ❢♦�♠ ❛♥❣❧❡� ❤❛✈✐♥❣ ❝♦�✐♥❡�

✭✻✵✮ α
3
=

x′ξ
3
+ x′ η3

+ ẋ ζ
3√

τ
3

; β
3
=

y′ξ
3
+ y′ η3

+ ẏ ζ
3√

τ
3

; γ
3
=

z′ξ
3
+ z′ η3

+ ż ζ
3√

τ
3

.

❋�❛❝�✐♦♥� ✭✺✽✮✱ ✭✺✾✮✱ ✭✻✵✮ �✉♣♣❧② �❤❡ ✈❛❧✉❡� ♦❢ �❤♦�❡ ❝♦�✐♥❡� ✇❤✐❝❤ ❞❡�❡�♠✐♥❡ ❞✐�❡❝�✐♦♥�

�❡❧❛�✐✈❡ �♦ �❤❡ �❡❛❧ ��❛�❡✱ ✇❤✐❧❡ �❤❡ ♥✐♥❡ ❝♦�✐♥❡� ξ
1
, η

1
, ζ

1
, ξ

2
✱ ❡�❝✳ ❛�❡ �❡❧❛�✐✈❡ �♦ ���❛✐❣❤� ❧✐♥❡�

♣❛��✐♥❣ �❤�♦✉❣❤ ♣♦✐♥� (a, b, c) ✐♥ �❤❡ ✉�✉❛❧❧② ❝♦♥�✐❞❡�❡❞ ❛♥�❡❝❡❞❡♥� ✐❞❡❛❧ ❝♦♥✜❣✉�❛�✐♦♥✳

■❢ ✇❡ ✇❛♥� ♥♦✇ �♦ ❝♦♥�✐❞❡� �❤❡ ❝♦�✐♥❡ ♦❢ �❤❡ ❛♥❣❧❡ ❢♦�♠❡❞ ❜② �❤❡ ���❛✐❣❤� ❧✐♥❡ ❤❛✈✐♥❣ ❝♦�✐♥❡�

❣✐✈❡♥ ❜② ❡�✉❛�✐♦♥ ✭✺✽✮ ❛♥❞ �❤❡ ���❛✐❣❤� ❧✐♥❡ ❤❛✈✐♥❣ ❝♦�✐♥❡� ❣✐✈❡♥ ✐♥ ✭✺✾✮✱ ✇❡ ❦♥♦✇ �❤❛� ✇❡ ❝❛♥

✜♥❞ ✐�� ✈❛❧✉❡ ❜② ♠❡❛♥� ♦❢ �❤✐� ❢�❛❝�✐♦♥

✭✻✶✮
V

√
τ
1
τ
2

,



✲ ✻✾✲

��❛♥❞♦ ❧❛ V ✐♥ ❧✉♦❣♦ ❞❡❧❧❛ �✉❛♥�✐�� ❝❤❡ ❢♦�♠❛ ✐❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ �❡❣✉❡♥�❡

V = (x′ξ
1
+ x′ η1

+ ẋ ζ
1
) (x′ξ

2
+ x′ η2

+ ẋ ζ
2
)

+ (y′ξ
1
+ y′ η1

+ ẏ ζ
1
) (y′ξ

2
+ y′ η2

+ ẏ ζ
2
)

+ (z′ξ
1
+ z′ η1

+ ż ζ
1
) (z′ξ

2
+ z′ η2

+ ż ζ
2
) ,

❡ ❝❤❡✱ ❞♦♣♦ ❡�❡❣✉✐�✐ ✐ ♣�♦❞♦��✐ ❡ �✐❝♦�❞❛�❡ ❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✹✺✮✱ ♣✉� ❛♥❝❤❡ �❝�✐✈❡��✐

V = ξ
1
ξ
2
t
1
+ η

1
η
2
t
2
+ ζ

1
ζ
2
t
3
+ (ξ

1
η
2
+ η

1
ξ
2
) t

4
+ (ξ

1
ζ
2
+ ζ

1
ξ
2
) t

5
+✭✻✷✮

+ (η
1
ζ
2
+ ζ

1
η
2
) t

6
.

◆❡❧ ❝❛�♦ ♣❛��✐❝♦❧❛�❡ ✐♥ ❝✉✐ ❧❡ ��❡ ❝✉�✈❡ ❝♦♥�❡♠♣❧❛�❡ �✐❛♥♦ �✉❡❧❧❡ ❞❡❧❧❛ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛

❝♦♥❞❡♥�❛③✐♦♥❡✱ ❣✐♦✈❡�� ♦��❡�✈❛�❡ ✐♥ ♣�✐♠♦ ❧✉♦❣♦ ❝❤❡ ✐❧ ♣�❡❝❡❞❡♥�❡ ✈❛❧♦�❡ ❞✐ V ♣✉� ♠❡��❡��✐

�❛♥�♦ �♦��♦ ❧❛ ❢♦�♠❛

✭✻✸✮ V = ξ
1
(ξ

2
t
1
+ η

2
t4 + ζ

2
t
5
) + η

1
(ξ

2
t
4
+ η

2
t
2
+ ζ

2
t
6
) + ζ

1
(ξ

2
t
5
+ η

2
t
6
+ ζ

2
t
3
) .

�✉❛♥�♦ �♦��♦ ❧✬❛❧��❛

✭✻✹✮ V = ξ
2
(ξ

1
t
1
+ η

1
t4 + ζ

1
t
5
) + η

2
(ξ

1
t
4
+ η

1
t
2
+ ζ

1
t
6
) + ζ

2
(ξ

1
t
5
+ η

1
t
6
+ ζ

1
t
3
) .

$♦�❝✐❛ ♥♦�❡�❡♠♦ ❝❤❡ ✐ ��✐♥♦♠❥ ❢�❛ ♣❛�❡♥�❡�✐ ♥❡❧❧❛ ✭✻✸✮✱ ✐♥ ❢♦�③❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✹✻✮ ❝❤❡ �✉��✐��♦♥♦

♣❡� �✉��✐ ❡ ��❡ ✐ �✐��❡♠✐ ❞❡✐ ❝♦�❡♥✐ ✭✺✺✮✱ ❤❛♥♥♦ �✐�♣❡��✐✈❛♠❡♥�❡ ✐ ✈❛❧♦�✐ λ
2
ξ
2,λ2

η
2,λ2

ζ
2, �❛❧❝❤& ❧❛

✭✻✸✮ ♣✉� ♠✉�❛��✐ ♥❡❧❧❛

✭✻✺✮ V = λ
2
(ξ

1
ξ
2
+ η

1
η
2
+ ζ

1
ζ
2
) .

❙✐♠✐❧♠❡♥�❡ ✐ ��✐♥♦♠❥ ❢�❛ ♣❛�❡♥�❡�✐ ♥❡❧❧❛ ✭✻✹✮✱ ♣❡� ❧❡ ��❡��❡ ❡�✉❛③✐♦♥✐ ✭✹✻✮✱ ❤❛♥♥♦ �✐�♣❡��✐✈❛♠❡♥�❡

✐ ✈❛❧♦�✐ λ
1
ξ
1,λ1

η
1,λ1

ζ
1, ❡ ♥❡ �✐�✉❧�❛ ♣❡� V �✉❡��✬❛❧��❛ ❡�♣�❡��✐♦♥❡

✭✻✻✮ V = λ
1
(ξ

1
ξ
2
+ η

1
η
2
+ ζ

1
ζ
2
) .

$❡��❛♥�♦ ✉♥❛ ��❡��❛ �✉❛♥�✐�� V ✭❡�✉❛③✐♦♥✐ ✭✻✺✮✱ ✭✻✻✮✮ �❛�❡❜❜❡ ❡❣✉❛❧❡ ❛ ❞✉❡ �✉❛♥�✐�� ❞✐ ❞✐✈❡��♦

✈❛❧♦�❡✱ ❣✐❛❝❝❤& �♦♥♦ ❞✐✈❡��❡✱ ❣❡♥❡�❛❧♠❡♥�❡ ♣❛�❧❛♥❞♦✱ ❧❡ ❞✉❡ �❛❞✐❝✐ λ
1
, λ

2
, ❡ ✐❧ �❡❝♦♥❞♦ ❢❛��♦�

��✐♥♦♠✐❛❧❡ & ✐❧ ♠❡❞❡�✐♠♦ ✐♥ ❛♠❜❡ ❧❡ ❡�♣�❡��✐♦♥✐✳ ❈✐� ♥♦♥ ♣♦�❡♥❞♦ ❡��❡�❡✱ ✈✐❡♥❡ ❞✐ ♥❡❝❡��✐�� ❝❤❡

✉♥ �❛❧ ❢❛��♦�❡ ��✐♥♦♠✐❛❧❡ �✐❛ ③❡�♦✱ ❡ �✉✐♥❞✐ ③❡�♦ ❧❛ ��❡��❛ V ✳

❆❧❧♦ ��❡��♦ ♠♦❞♦✱ ❝♦♠❜✐♥❛♥❞♦ ✐ ❝♦�❡♥✐ ✭✺✽✮ ❝♦✐ ✭✻✵✮✱ ❡ ✐ ❝♦�❡♥✐ ✭✺✾✮ ❝♦✐ ✭✻✵✮✱ �✐ ♣�♦✈❛♥♦ ③❡�♦

✐ ❝♦�❡♥✐ ❝♦❣❧✐ ❛♥❣♦❧✐ ❢♦�♠❛�✐ ❞❛❧❧❛ ♣�✐♠❛ ❡ �❡�③❛✱ ❡ ❞❛❧❧❛ �❡❝♦♥❞❛

✲ ✻✾✲❊◆●

✇❤❡�❡ �✉❛♥�✐�② V ❣✐✈❡♥ ❜② �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥

V = (x′ξ
1
+ x′ η1

+ ẋ ζ
1
) (x′ξ

2
+ x′ η2

+ ẋ ζ
2
)

+ (y′ξ
1
+ y′ η1

+ ẏ ζ
1
) (y′ξ

2
+ y′ η2

+ ẏ ζ
2
)

+ (z′ξ
1
+ z′ η1

+ ż ζ
1
) (z′ξ

2
+ z′ η2

+ ż ζ
2
) ,

❝❛♥ ❛❧�♦ ❜❡✱ ❛❢�❡� ❝♦♠♣✉�✐♥❣ �❤❡ ♣�♦❞✉❝�� ❛♥❞ �❡❝❛❧❧✐♥❣ �❤❡ ❞❡✜♥✐�✐♦♥� ✭✹✺✮✱ �❡✇�✐��❡♥ ❛�

V = ξ
1
ξ
2
t
1
+ η

1
η
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2
+ ζ
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+ (ξ

1
η
2
+ η

1
ξ
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) t
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+ (ξ

1
ζ
2
+ ζ

1
ξ
2
) t

5
+✭✻✷✮

+ (η
1
ζ
2
+ ζ
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η
2
) t

6
.

■♥ �❤❡ ♣❛��✐❝✉❧❛� ❝❛�❡ ✇❤❡�❡ �❤❡ �❤�❡❡ ❝✉�✈❡� ❝♦♥�✐❞❡�❡❞ ❛�❡ �❤♦�❡ ♦❢ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠

❝♦♥❞❡♥�❛�✐♦♥✱ ✐� ✇✐❧❧ ❜❡ ✉�❡❢✉❧ �♦ ♦❜�❡�✈❡ ✜��� �❤❛� �❤❡ ♣�❡✈✐♦✉� ✈❛❧✉❡ ♦❢ V ❝❛♥ ❜❡ ❡�✉✐✈❛❧❡♥�❧②

❣✐✈❡♥ ❜② ❡�✉❛�✐♦♥

✭✻✸✮ V = ξ
1
(ξ

2
t
1
+ η

2
t4 + ζ

2
t
5
) + η

1
(ξ

2
t
4
+ η

2
t
2
+ ζ

2
t
6
) + ζ

1
(ξ

2
t
5
+ η

2
t
6
+ ζ

2
t
3
) .

♦� ❜② ❡�✉❛�✐♦♥

✭✻✹✮ V = ξ
2
(ξ

1
t
1
+ η

1
t4 + ζ

1
t
5
) + η

2
(ξ

1
t
4
+ η

1
t
2
+ ζ

1
t
6
) + ζ

2
(ξ

1
t
5
+ η

1
t
6
+ ζ

1
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3
) .

❲❡ ✇✐❧❧ ♦❜�❡�✈❡ �❤❡♥ �❤❛� �❤❡ ��✐♥♦♠✐❛❧� ✐♥�✐❞❡ ♣❛�❡♥�❤❡�❡� ✐♥ ✭✻✸✮✱ ❜❡❝❛✉�❡ ♦❢ ❡�✉❛�✐♦♥� ✭✹✻✮

✇❤✐❝❤ ❤♦❧❞ ❢♦� ❛❧❧ �❤�❡❡ ��✐♣❧❡� ♦❢ ❝♦�✐♥❡� ✭✺✺✮✱ ❤❛✈❡ �❡�♣❡❝�✐✈❡❧② �❤❡ ✈❛❧✉❡� λ
2
ξ
2,λ2

η
2,λ2

ζ
2, �♦

�❤❛� ✭✻✸✮ ❝❛♥ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

✭✻✺✮ V = λ
2
(ξ

1
ξ
2
+ η

1
η
2
+ ζ

1
ζ
2
) .

■♥ ❛ �✐♠✐❧❛� ✇❛② �❤❡ ��✐♥♦♠✐❛❧� ✐♥�✐❞❡ ♣❛�❡♥�❤❡�❡� ✐♥ ✭✻✹✮✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ �❛♠❡ ❡�✉❛�✐♦♥� ✭✹✻✮✱

❤❛✈❡ �❡�♣❡❝�✐✈❡❧② �❤❡ ✈❛❧✉❡� λ
1
ξ
1,λ1

η
1,λ1

ζ
1, ❛♥❞ ❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦♥❡ ❣❡�� ❢♦� �✉❛♥�✐�② V �❤✐�

♦�❤❡� ❡①♣�❡��✐♦♥

✭✻✻✮ V = λ
1
(ξ

1
ξ
2
+ η

1
η
2
+ ζ

1
ζ
2
) .

❚❤❡�❡❢♦�❡ ♦♥❡ ❛♥❞ �❤❡ �❛♠❡ �✉❛♥�✐�② V ✭❡�✉❛�✐♦♥� ✭✻✺✮✱ ✭✻✻✮✮ ✇♦✉❧❞ ❜❡ ❡�✉❛❧ �♦ �✇♦ �✉❛♥�✐�✐❡�

✇❤✐❝❤ ❝♦✉❧❞ ❛��✉♠❡ ❞✐✛❡�❡♥� ✈❛❧✉❡�✱ �✐♥❝❡✱ ✐♥ ❣❡♥❡�❛❧✱ �❤❡ �✇♦ �♦♦�� λ
1
, λ

2
❛�❡ ❞✐✛❡�❡♥�✱ ✇❤✐❧❡

�❤❡ �❡❝♦♥❞ ��✐♥♦♠✐❛❧ ❢❛❝�♦� ✐� �❤❡ �❛♠❡ ✐♥ ❜♦�❤ ❡①♣�❡��✐♦♥�✳ ❆� �❤✐� ❝❛♥♥♦� ❜❡ ♦❜✈✐♦✉�❧② ��✉❡✱

�❤❡♥✱ ♥❡❝❡��❛�✐❧② �❤❛� �✉❝❤ ❛ ��✐♥♦♠✐❛❧ ❢❛❝�♦� ❤❛� �♦ ❜❡ ③❡�♦✱ �♦ �❤❛� �❤❡ �❛♠❡ �✉❛♥�✐�② V ✐�

③❡�♦✳

■♥ �❤❡ �❛♠❡ ✇❛②✱ ❜② ❝♦♠❜✐♥✐♥❣ ❝♦�✐♥❡� ✭✺✽✮ ✇✐�❤ ❝♦�✐♥❡� ✭✻✵✮✱ ❛♥❞ ❝♦�✐♥❡� ✭✺✾✮ ✇✐�❤ ❝♦�✐♥❡�

✭✻✵✮✱ ♦♥❡ ❝❛♥ ❜❡ ♣�♦✈❡ �❤❛� �❤❡ ❝♦�✐♥❡� ♦❢ �❤❡ ❛♥❣❧❡� ❢♦�♠❡❞ ❜② �❤❡ ✜��� ❛♥❞ �❤❡ �❤✐�❞ ❛♥❞ ❜②

�❤❡ �❡❝♦♥❞



✲ ✼✵✲

❡ �❡�③❛ �❛♥❣❡♥�❡✿ �✉✐♥❞✐ �✉��✐ �✉❡��✐ ❛♥❣♦❧✐ �♦♥♦ �❡��✐✱ ❝♦♠❡ ❝✐ ❡�❛✈❛♠♦ ♣�♦♣♦��✐ ❛ ❞✐♠♦���❛�❡✳

▲❛ ♣�❡❝❡❞❡♥�❡ ❞✐♠♦���❛③✐♦♥❡ ♣�♦✈❛ ❛❧��❡�� ❝❤❡ ❧❡ �❡��❡ ♣❛��❛♥�✐ ♣❡❧ ♣✉♥�♦ (a, b, c) ♥❡❧❧♦ ��❛�♦

❛♥�❡❝❡❞❡♥�❡ ✭❧❡ ❝✉✐ ♠♦❧❡❝♦❧❡ �✐ ♠✐�❡�♦ ♣♦✐ ♥❡❧❧♦ ��❛�♦ �❡❛❧❡ �✉❧❧❡ ❧✐♥❡❡ ❞✐ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛

❝♦♥❞❡♥�❛③✐♦♥❡ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧ ♣✉♥�♦ (x, y, z)✮ ❢♦�♠❛✈❛♥♦ ❛♥❝❤✬❡��❡ ❢�❛ ❞✐ ❧♦�♦ ❛♥❣♦❧✐ �❡��✐✳

■♥❢❛��✐ ✱ ♦❧��❡ ❧❡ ��❡ ❡�✉❛③✐♦♥✐

✭✻✼✮ ξ2
1
+ η2

1
+ ζ2

1
= 1; ξ2

2
+ η2

2
+ ζ2

2
= 1; ξ2

3
+ η2

3
+ ζ2

3
= 1;

�✉��❡ ✈❡�❡ ♣❡� ❡✛❡��♦ ❞❡❧❧❛ ✭✹✵✮✱ ❤❛♥♥♦ ❧✉♦❣♦✱ ❝♦♠❡ ✉❧�✐♠❛♠❡♥�❡ ❛❜❜✐❛♠♦ ♣♦�✉�♦ ♣❡��✉❛❞❡�❝✐✱

❛♥❝❤❡ ❧❡ ❛❧��❡ ��❡

✭✻✽✮ ξ
1
ξ
2
+ η

1
η
2
+ ζ

1
ζ
2
= 0; ξ

1
ξ
3
+ η

1
η
3
+ ζ

1
ζ
3
= 0; ξ

2
ξ
3
+ η

2
η
3
+ ζ

2
ζ
3
= 0;

❡ ❧❛ �✐♠✉❧�❛♥❡❛ �✉��✐��❡♥③❛ ❞✐ �✉❡��❡ ✉❧�✐♠❡ �❡✐ ❡�✉❛③✐♦♥✐ ♣�♦✈❛ ❧✬♦��♦❣♦♥❛❧✐�& ❞❡❧❧❡ ��❡ �❡��❡ ✿

✐❧ ❝❤❡ ' ♥♦�✐��✐♠♦✳

❈❆*❖ ❱✳

❆��❡❣♥❛♠❡♥�♦ ❞❡❧❧❡ �✉❛♥�✐�� ❢❛��❡ ✈❛�✐❛�❡ ❞❛❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❞❡✐ �✐��❡♠✐✱

❡ ✐❞❡❡ ♣✐� ❛❞❡�✉❛�❡ ✐♥�♦�♥♦ ❛ �❛❧✐ ❢♦�③❡✳

✸✵✳ ■❧ ❝♦♥❝❡��♦ ❝❤❡ ▲❛❣�❛♥❣❡ ✈♦❧❡✈❛ ❝✐ ❢♦�♠❛��✐♠♦ ❞❡❧❧❡ ❢♦�③❡✱ ❡ ❝❤❡ ❡�♣♦♥❡♠♠♦ ♥❡❧ ♣�♦❧♦❣♦✱

' ♣✐. ❣❡♥❡�❛❧❡ ❞✐ �✉❡❧❧♦ ✉♥✐✈❡��❛❧♠❡♥�❡ ❛♠♠❡��♦✳ ❙✬✐♥�❡♥❞❡ ❢❛❝✐❧♠❡♥�❡ ❞❛ �✉��✐ ❡��❡�❡ ❧❛ ❢♦�③❛

✉♥❛ ❝❛✉�❛ ❝❤❡ ♠❡❞✐❛♥�❡ ❧❛ �✉❛ ❛③✐♦♥❡ ❛❧�❡�❛ ❧❛ ❣�❛♥❞❡③③❛ ❞✐ ❝❡��❡ �✉❛♥�✐�&✳ ◆❡❧ ❝❛�♦ ♣✐.

♦✈✈✐♦✱ ❛✈✈✐❝✐♥❛♥❞♦ ✉♥ ❝♦�♣♦ ♦ ✉♥ ♣✉♥�♦ ♠❛�❡�✐❛❧❡ ❛❞ ✉♥ ❛❧��♦✱ ❝❛♠❜✐❛ ❞✐��❛♥③❡✱ ♦��✐❛ ❢❛ ✈❛�✐❛�❡

❧✉♥❣❤❡③③❡ ❞✐ ❧✐♥❡❡ �❡��❡✿ ♠❛ ♣✉1 ✐♥✈❡❝❡ ❢❛� ✈❛�✐❛�❡ ✉♥ ❛♥❣♦❧♦✱ ✉♥❛ ❞❡♥�✐�&✱ ❡❝✳ ■♥ �✉❡��✐ ❛❧��✐

❝❛�✐ ✐❧ ♠♦❞♦ ❞✐ ❛❣✐�❡ ❞❡❧❧❡ ❢♦�③❡ ❝✐ �✐❡�❝❡ ♦�❝✉�♦✱ ♠❡♥��❡ ❝✐ ♣❛� ❝❤✐❛�♦ ♥❡❧ ♣�✐♠♦✿ ♠❛ ❢♦��❡ ❧❛

�❛❣✐♦♥❡ ❞✐ ❝✐1 ' ❡���✐♥�❡❝❛ ❛❧❧❛ ♥❛�✉�❛ ❞❡❧❧❡ ❢♦�③❡✳ *❡� ✈❡�✐�& ❛♥❝❤❡ ✐♥ �✉❡❧ ♣�✐♠♦ ❝❛�♦ ♥♦♥ �✐

❝❛♣✐�❝❡ ❝♦♠❡ ❢❛❝❝✐❛ ❧❛ ❢♦�③❛ ❛ ✐♥❢♦♥❞❡�❡ ❧❛ �✉❛ ❛③✐♦♥❡ ♥❡❧ ❝♦�♣♦ �� ❞❛ ❞✐♠✐♥✉✐�♥❡ ♦❞ ❛❝❝�❡�❝❡�♥❡

❧❛ ❞✐��❛♥③❛ ❞❛ ✉♥ ❛❧��♦ ❝♦�♣♦✿ ♥♦♥❞✐♠❡♥♦ ♥♦✐ ✈❡❞✐❛♠♦ ❝♦♥�✐♥✉❛♠❡♥�❡ ✐❧ ❢❛��♦✿ ❧✬♦��❡�✈❛③✐♦♥❡

❣✐♦�♥❛❧✐❡�❛ �♦♣✐�❝❡ ✐♥ ♥♦✐ ❧❛ ✈♦❣❧✐❛ ❞✐ ❝❡�❝❛�❡ ♣✐. ✐♥ ❧&✳ ❙❡ ♣❡�1 �♦��✐❧♠❡♥�❡ ❡�❛♠✐♥❛♥❞♦ �✐ ��♦✈❛

❝❤❡ �✉✐ ♣✉�❡ ✐❧ ♠♦❞♦ ❞✐ ❛❣✐�❡ ❞❡❧❧❡ ❢♦�③❡ ' ♠✐��❡�✐♦�♦✱ ♥❡��✉♥❛ ♠❡�❛✈✐❣❧✐❛ ❝❤✬❡��♦ ❝✐ ❛♣♣❛❥❛

♦�❝✉�♦ ♥❡❣❧✐ ❛❧��✐ ❝❛�✐✳ ❱♦❧❡� �✐❞✉��❡ ✐♥ ♦❣♥✐ ❝❛�♦ ❧✬❛③✐♦♥❡ ❞❡❧❧❡ ❢♦�③❡ ❛ �✉❡❧❧❛ ❝❤❡ ❞✐♠✐♥✉✐�❝❡

✉♥❛ ❞✐��❛♥③❛✱ ' ✐♠♣✐❝❝♦❧✐�❡ ✉♥ ❝♦♥❝❡��♦ ♣✐.

✲ ✼✵✲❊◆●

❛♥❞ �❤❡ �❤✐�❞ �❛♥❣❡♥� ❛�❡ ✈❛♥✐�❤✐♥❣✿ �❤❡�❡❢♦�❡ ❛❧❧ �❤❡�❡ ❛♥❣❧❡� ❛�❡ �✐❣❤� ♦♥❡�✱ ❛� ✇❡ ✐♥�❡♥❞❡❞

�♦ ♣�♦✈❡✳

❚❤❡ ♣�❡✈✐♦✉� ❞❡♠♦♥���❛�✐♦♥ ❛❧�♦ ♣�♦✈❡� �❤❛� �❤❡ ���❛✐❣❤� ❧✐♥❡� ♣❛��✐♥❣ �❤�♦✉❣❤ ♣♦✐♥� (a, b, c)

✐♥ �❤❡ ❛♥�❡❝❡❞❡♥� ��❛�❡ ✭✇❤♦�❡ ♠♦❧❡❝✉❧❡�✱ �❤❡♥✱ ♣❧❛❝❡❞ �❤❡♠�❡❧✈❡� ✐♥ �❤❡ �❡❛❧ ��❛�❡ �♦ ❢♦�♠ �❤❡

❧✐♥❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❝♦♥❞❡♥�❛�✐♦♥ �❡❧❛�✐✈❡❧② �♦ ♣♦✐♥� (x, y, z)✮ ✇❡�❡ ❛❧�♦ ❢♦�♠✐♥❣

❜❡�✇❡❡♥ �❤❡♠�❡❧✈❡� �✐❣❤� ❛♥❣❧❡�✳ ■♥❞❡❡❞✱ �♦❣❡�❤❡� ✇✐�❤ ❡�✉❛�✐♦♥�

✭✻✼✮ ξ2
1
+ η2

1
+ ζ2

1
= 1; ξ2

2
+ η2

2
+ ζ2

2
= 1; ξ2

3
+ η2

3
+ ζ2

3
= 1;

✇❤✐❝❤ ❛�❡ ❛❧❧ ��✉❡ ❜❡❝❛✉�❡ ♦❢ ✭✹✵✮✱ ❛❧�♦ �❤❡ ❢♦❧❧♦✇✐♥❣ �❤�❡❡ ❤♦❧❞✱ ❛� ✇❡ ❝♦✉❧❞ ♣❡��✉❛❞❡ ♦✉��❡❧✈❡�

❜② �❤❡ ♣�❡✈✐♦✉� ❧❛�� �❡❛�♦♥✐♥❣�✱

✭✻✽✮ ξ
1
ξ
2
+ η

1
η
2
+ ζ

1
ζ
2
= 0; ξ

1
ξ
3
+ η

1
η
3
+ ζ

1
ζ
3
= 0; ξ

2
ξ
3
+ η

2
η
3
+ ζ

2
ζ
3
= 0;

❛♥❞ �❤❡ �✐♠✉❧�❛♥❡♦✉� ✈❛❧✐❞✐�② ♦❢ �❤❡�❡ ❧❛�� �✐① ❡�✉❛�✐♦♥� ♣�♦✈❡� �❤❡ ♦��❤♦❣♦♥❛❧✐�② ♦❢ �❤❡ �❤�❡❡

���❛✐❣❤� ❧✐♥❡�✿ ❛♥❞ �❤✐� ✐� ✇❡❧❧✲❦♥♦✇♥✳

❈❆*❖ ❱✳

❆��✐❣♥♠❡♥� ♦❢ �❤❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ❛�❡ ✈❛�✐❡❞ ❜② �❤❡ ✐♥♥❡� ❢♦�❝❡� ♦❢ �②��❡♠�✱

❛♥❞ ♠♦�❡ �✉✐�❛❜❧❡ ✐❞❡❛� ❛❜♦✉� �✉❝❤ ❢♦�❝❡�✳

✸✵✳ ❚❤❡ ❝♦♥❝❡♣� �❤❛� ▲❛❣�❛♥❣❡ ✇❛♥�❡❞ ✉� �♦ ✜❣✉�❡ ❛❜♦✉� ❢♦�❝❡�✱ ❛♥❞ ✇❤✐❝❤ ✇❡ ♣�❡�❡♥�❡❞

✐♥ �❤❡ ❢♦�❡✇♦�❞✱ ✐� ♠♦�❡ ❣❡♥❡�❛❧ �❤❛♥ �❤❡ ✉♥✐✈❡��❛❧❧② ❛❝❝❡♣�❡❞ ♦♥❡✳ ■� ✐� ❡❛�✐❧② ✉♥❞❡���♦♦❞

❜② ❡✈❡�②❜♦❞② �❤❛� �❤❡ ❢♦�❝❡ ✐� ❛ ❝❛✉�❡ ✇❤✐❝❤✱ ❜② ✐�� ❛❝�✐♦♥✱ ❝❤❛♥❣❡� �❤❡ ♠❛❣♥✐�✉❞❡ ♦❢ ❝❡��❛✐♥

�✉❛♥�✐�✐❡�✳ ■♥ �❤❡ ♠♦�� ♦❜✈✐♦✉� ❝❛�❡✱ ✇❤❡♥ ✐� ❜�✐♥❣� ❛ ❜♦❞② ♦� ❛ ♠❛�❡�✐❛❧ ♣♦✐♥� ❝❧♦�❡ �♦ ❛♥♦�❤❡�✱

✐� ❝❤❛♥❣❡� ❞✐��❛♥❝❡�✱ �❤❛� ✐�✱ ✐� ♠❛❦❡� ❧❡♥❣�❤� ♦❢ ���❛✐❣❤� ❧✐♥❡� �♦ ✈❛�②✿ ❜✉� ✐� ♠❛② ✐♥��❡❛❞ ♠❛❦❡

❛♥ ❛♥❣❧❡✱ ❛ ❞❡♥�✐�②✱ ❛♥❞ �♦ ♦♥✱ �♦ ❝❤❛♥❣❡✳ ■♥ �❤❡�❡ ♦�❤❡� ❝❛�❡� �❤❡ ✇❛② ❢♦�❝❡� ❛❝� �❡♠❛✐♥�

♦❜�❝✉�❡✱ ✇❤✐❧❡ ✐� �❡❡♠� ❝❧❡❛� �♦ ✉� ✐♥ �❤❡ ✜��� ❝❛�❡✿ ❜✉� ♠❛②❜❡ �❤❡ �❡❛�♦♥ ♦❢ �❤✐� ✐� ❡①��✐♥�✐❝

�♦ �❤❡ ♥❛�✉�❡ ♦❢ �❤❡ ❢♦�❝❡�✳ ■♥❞❡❡❞✱ ❡✈❡♥ ✐♥ �❤❛� ✜��� ❝❛�❡ ✇❡ ❞♦ ♥♦� ✉♥❞❡���❛♥❞ ❤♦✇ �❤❡ ❢♦�❝❡

❝❛♥ ✐♥��✐❧❧ ✐�� ❛❝�✐♦♥ ✐♥ �❤❡ ❜♦❞② �♦ �❤❛� ✐� ❞❡❝�❡❛�❡� ♦� ✐♥❝�❡❛�❡� �❤❡ ❞✐��❛♥❝❡ ❢�♦♠ ❛♥♦�❤❡�

❜♦❞②✿ ♥❡✈❡��❤❡❧❡��✱ ✇❡ ❝♦♥�✐♥✉♦✉�❧② �❡❡ �❤❡ ❢❛❝�✿ ❞❛✐❧② ♦❜�❡�✈❛�✐♦♥ �✉❡❧❧� ✐♥ ✉� �❤❡ ✇✐❧❧ �♦

�❡❛�❝❤ ❢✉��❤❡�✳ ■❢✱ �❤❡♥✱ ❝❛�❡❢✉❧❧② ✐♥✈❡��✐❣❛�✐♥❣✱ ✇❡ ✜♥❞ �❤❛� ❛❧�♦ ❤❡�❡ �❤❡ ✇❛② ❢♦�❝❡� ❛❝� ✐�

♠②��❡�✐♦✉�✱ ♥♦ ✇♦♥❞❡� �❤❛� ✐� ❛♣♣❡❛�� ♦❜�❝✉�❡ �♦ ✉� ✐♥ �❤❡ ♦�❤❡� ❝❛�❡�✳ ❲✐�❤✐♥❣ �♦ �❡❞✉❝❡ �❤❡

❛❝�✐♦♥ ♦❢ ❢♦�❝❡� �♦ �❤❛� ❞❡❝�❡❛�✐♥❣ ❛ ❞✐��❛♥❝❡ ✐� ♠❛❦✐♥❣ ❛ ✇✐❞❡� ❝♦♥❝❡♣�



✲ ✼✶ ✲

✈❛��♦✱ 
 ✉♥ ♥♦♥ ✈♦❧❡� �✐❝♦♥♦�❝❡�❡ ❝❤❡ ✉♥❛ ❝❧❛��❡ ♣❛��✐❝♦❧❛�❡ ❞✐ ❢♦�③❡✳ ●❡♥❡�❛❧♠❡♥�❡ ♣❛�❧❛♥❞♦✱

❛ �✉❛❧ ♣✉♥�♦ ♣♦��♦♥♦ ❡��❡�❡ �♣✐♥�❡ ❧❡ ♥♦���❡ ❝♦❣♥✐③✐♦♥✐ ✐♥�♦�♥♦ ❛❧❧❡ ❝❛✉�❡ ❝❤❡ �♦��♦♣♦♥✐❛♠♦ ❛

♠✐�✉�❛❄ ❢♦��❡ ❛ ❝♦♠♣�❡♥❞❡�♥❡ ❧✬✐♥�✐♠❛ ♥❛�✉�❛✱ ❡ ✐❧ ✈❡�♦ ♠♦❞♦ ❝♦♥ ❝✉✐ ❛❣✐�❝♦♥♦❄♠❛✐♥�✳❙❝�✐✈❡✈❛

◆❡✇�♦♥✿ ❈❛✈❡❛� ❧❡❝�♦	 ♥❡ ♣❡	 ❤✉❥✉�♠♦❞✐ ✈♦❝❡� ❝♦❣✐�❡� ♠❡ �♣❡❝✐❡♠ ✈❡❧ ♠♦❞✉♠ ❛❝�✐♦♥✐� ❝❛✉�❛♠✈❡

❛✉� 	❛�✐♦♥❡♠ ♣❤②�✐❝❛♠ ❛❧✐❝✉❜✐ ❞❡✜♥✐	❡✱ ✈❡❧ ❝❡♥�	✐� ✭�✉� �✉♥� ♣✉♥❝�❛ ♠❛�❤❡♠❛�✐❝❛✮ ✈✐	❡� ✈❡	❡

❡� ♣❤②�✐❝❡ �	✐❜✉❡	❡✱ �✐ ❢♦	�❡ ❛✉� ❝❡♥�	❛ �	❛❤❡	❡✱ ❛✉� ✈✐	❡� ❝❡♥�	♦	✉♠ ❡��❡ ❞✐①❡	♦ ✭$�✐♥❝✳ ▼❛�❤✳

■✳✱ ✶✳o✱ ❉❡❢✳ ❱■■■ ✐♥ ✜♥❡✮✳ ❘❛❞✉♥❛�♦ �✉��♦ �✉❛♥�♦ ✈✐ 
 ❞✬✐♥❝♦❣♥✐�♦ ♥❡❧❧❡ ✉♥✐�, ❞✐ ♠✐�✉�❛ ❞✐

✉♥❛ ��❡��❛ �♣❡❝✐❡✱ ♥♦✐ ❞✐❝✐❛♠♦ ❞✐ ❝♦♥♦�❝❡�❡ ❧❛ �✉❛♥�✐�,✱ ❧♦�❝❤- ♣♦��✐❛♠♦ ❛��❡❣♥❛�❡ ✐ �❛♣♣♦��✐

❝♦❧❧❛ ❞❡��❛ ✉♥✐�, ❛��✉♥�❛ ♦�✐❣✐♥❛�✐❛♠❡♥�❡ ❛�❜✐��❛�✐❛✳ ❖�❛ ❡③✐❛♥❞✐♦ �✉❛♥❞♦ �✐ ❝♦♥❝❡♣✐�❝♦♥♦ ❧❡

❢♦�③❡ ❛❧❧❛ ♠❛♥✐❡�❛ ♣✐0 ❣❡♥❡�❛❧❡ ❞✐ ▲❛❣�❛♥❣❡✱ ❝✐♦
 �✐❝❝♦♠❡ ❝❛✉�❡ ❝❤❡ ❢❛♥♥♦ ✈❛�✐❛�❡ �✉❛♥�✐�,

�❛❧✈♦❧�❛ ❞✐✈❡��❡ ❞❛❧❧❡ ❧✐♥❡❡✱ ❝♦♥❝♦��♦♥♦ ✐ ❞❛�✐ ♥❡❝❡��❛�✐ ❛ ♣♦�❡� ❞✐�❡ ❝❤❡ �❛♣♣✐❛♠♦ ♠✐�✉�❛�❧❡✿ �✐

❤❛ �✉��♦ ❝✐� ❝❤❡ �❛❣✐♦♥❡✈♦❧♠❡♥�❡ ❝✐ 
 ❧❡❝✐�♦ ❞✐ ♣�❡�❡♥❞❡�❡✿ �❡ ♣❛�❡ ❝❤❡ ❝✐ ♠❛♥❝❤✐ ❧✬✐♠♠❛❣✐♥❡

❝♦♥ ❝❤❡ �✐✈❡��✐�♥❡ ✐❧ ❝♦♥❝❡��♦✱ 
 ♣❡�❝❤- ✈♦❣❧✐❛♠♦ ❝♦❧♦�✐�❧❛ ❝♦♠❡ ♥❡❧ ❝❛�♦ ♣❛��✐❝♦❧❛�❡ ❞❡❧❧❡ ❢♦�③❡

❝❤❡ ❛❣✐�❝♦♥♦ ❧✉♥❣♦ ❧❡ �❡��❡✿ ✉♥ ❢♦♥❞♦ ✐♥❝♦❣♥✐�♦ �✐♠❛♥❡ �❡♠♣�❡ �❛♥�♦ ✐♥ �✉❡��✐ ❝❛�✐ ♣✐0 ❣❡♥❡�❛❧✐✱

❝♦♠❡ ✐♥ �✉❡❧❧♦ �2 ❝♦♠✉♥❡✳

$❡� ❛❥✉�❛�❡ �✉❡��❛ ❝♦♥✈✐♥③✐♦♥❡ ❢❛❝❝✐❛♠♦ ❞✉❡ ❝♦♥�✐❞❡�❛③✐♦♥✐ �✉❧❧✬❛♥❞❛♠❡♥�♦ ❞❡❧ ♠❡�♦❞♦ ❧❛✲

❣�❛♥❣✐❛♥♦✳ ■♥ ❡��♦ �✐ ❞✐❝❡✿ �❡ f, ϕ, ψ✱ ❡❝✳ �♦♥♦ �✉❛♥�✐�, ❝❤❡ ❧❡ ❢♦�③❡ �❡♥❞♦♥♦ ❛ ❢❛� ✈❛�✐❛�❡✱

❞❡❜❜♦♥♦ ✐♥��♦❞✉��✐ ♥❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ♠❡❝❝❛♥✐❝❛ ✐ �❡�♠✐♥✐ λ δf, μ δϕ, ν δψ✱ ❡❝✳✱ ❡ ✐ ❝♦❡❢✲

✜❝✐❡♥�✐ λ, μ, ν✱ ❡❝✳ �✐❣♥✐✜❝❤❡�❛♥♥♦ ❡ ♠✐�✉�❡�❛♥♥♦ �✉❡❧❧❡ ❢♦�③❡✳ ❙✐ ❝❛♣✐�❝❡ ✉♥ ❝♦�❛❧ ♣♦❝♦ ❧❛

�❛❣✐♦♥❡✈♦❧❡③③❛ ❞✐ �✉❡��❛ ❛��❡�③✐♦♥❡✱ ❣✐❛❝❝❤- �✉♣♣♦��♦ ❝❤❡ �✉❡❧❧❡ ❢♦�③❡ ♥♦♥ ✈✐ ❢♦��❡�♦✱ �✉❡✐ �❡�✲

♠✐♥✐ ♥♦♥ ❝♦♠♣❛�✐�❡❜❜❡�♦✱ ♦��✐❛ ❧❡ λ, μ, ν✱ ❡❝✳ �❛�❡❜❜❡�♦ ③❡�♦✿ ♣�♦✈❛�♦ ❛❞✉♥�✉❡ ❝❤❡ ❡��✐ �❡�♠✐♥✐

❞❡❜❜❛♥♦ ❝♦♠♣❛�✐�✈✐✱ ❡ ❛ �✉❛❧ ♠♦❞♦✱ �✬✐♥��❛✈❡❞❡ ❝❤❡ �✉❡✐ ❝♦❡✣❝✐❡♥�✐ ❞❡❜❜♦♥♦ ✐♥ �✉❛❧❝❤❡ ♠❛♥✐❡✲

�❛ ❝♦♠♣�❡♥❞❡�❡ ❧✬❡�♣�❡��✐♦♥❡ ❞❡❧❧❡ ❢♦�③❡ ✭✈❡❞✐ ❛♥❝❤❡ ✐❧ ❣✐, ❞❡��♦ ♥❡❧❧❛ ♣�✐♠❛ ♣❛��❡ ❞❡❧ ♥✳ ✺✻ ♠✳

♣✳✮✳ ▼❛ ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ♣✐0 ❛��❛ ❛ ♣❡��✉❛❞❡�❝✐ ❞✐ ❝✐� 
 ❝❤❡ �❛❧✐ ❝♦❡✣❝✐❡♥�✐ λ, μ, ν✳ ✳ ✳ ❡♥��❛♥♦

♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ✐♥ ❞✐♠❡♥�✐♦♥❡ ❧✐♥❡❛�❡✿ ❞❛❧ ❝❤❡ ❞❡�✐✈❛ ❝❤❡ ♣♦��✐❛♠♦

❛✈❡�♥❡ ✐ ♠✉❧�✐♣❧✐ ❡ �❡♠✐♠✉❧�✐♣❧✐✱ ♣♦��❛ ❛ ❜❛�❡ ❞❡✐ �❛♣♣♦��✐ ✉♥❛ ❞✐ ❡��❡ ❢♦�③❡ ❛�❜✐��❛�✐❛♠❡♥�❡✳

■♥❢❛��✐✱ �❡ �✐ ��❛��❛��❡ ❞✐ ✉♥❛ ❢♦�③❛ ❝❤❡ ♦❜❜❧✐❣❛ ✉♥ ♣✉♥�♦ ❞❡❧ ❝♦�♣♦ ❛ ��❛�❡ �♦♣�❛ ✉♥❛ �✉♣❡�✜❝✐❡

❞✐ ❡�✉❛③✐♦♥❡ L = 0✱ �❛♣♣✐❛♠♦ ✐♥❞✐♣❡♥❞❡♥�❡♠❡♥�❡ ❞❛❧ ♣�✐♥❝✐♣✐♦ ❞✐�❝✉��♦ ✐♥ �✉❡��❛ ▼❡♠♦�✐❛✱

❝❤❡ ♥❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❡♥��❛ ✐❧ �❡�♠✐♥❡ λ δL✱ ❡ ❝❤❡ λ 
 ♣�♦♣♦�③✐♦♥❛❧❡ ❛❧❛ ♣�❡��✐♦♥❡✱ ❧❛ �✉❛❧❡

✐♥ �❛❧ ❝❛�♦ 
 ✉♥❛ ❢♦�③❛ ❝❤❡ ❛❣✐�❝❡ ❧✉♥❣♦ ✉♥❛ �❡��❛✳ ▲❛ λ✱ ❡♥��❛♥❞♦ ❧✐♥❡❛�♠❡♥�❡✱ �✐ �❛❞❞♦♣♣✐❛ ✱

�✐ ��✐♣❧✐❝❛✱ ❡❝✳✱ ♦✈✈❡�♦ ❞✐✈❡♥�❛ ❧❛ ♠❡�,✱ ✐❧ �❡�③♦✱ ❡❝✳✱ �❡ �✉��✐ ❣❧✐ ❛❧��✐ �❡�♠✐♥✐ ❞❡❧❧✬❡�✉❛③✐♦♥❡ �♦♥♦

♠♦❧�✐♣❧✐❝❛�✐ ♣❡� ✷✱ ✸✱ ❡❝✳✱ ♦✈✈❡�♦ ♣❡� 1
2 ,

1
3 ✱ ❡❝✳ ❊❜❜❡♥❡✿

✲ ✼✶ ❊◆● ✲

�♠❛❧❧❡�✱ ✐� ✇✐�❤✐♥❣ �♦ �❡❝♦❣♥✐③❡ ❜✉� ❛ ♣❛��✐❝✉❧❛� ❝❧❛�� ♦❢ ❢♦�❝❡�✳ ●❡♥❡�❛❧❧② �♣❡❛❦✐♥❣✱ �♦ ✇❤✐❝❤

♣♦✐♥� ♠❛② ✇❡ ♣✉�❤ ♦✉� ❦♥♦✇❧❡❞❣❡ ❛❜♦✉� �❤❡ ❝❛✉�❡� ✇❡ �✉❜♠✐� �♦ ♠❡❛�✉�❡❄▼❛②❜❡ �♦ �❤❛� ✇❡

✉♥❞❡���❛♥❞ �❤❡✐� ✐♥�✐♠❛�❡ ♥❛�✉�❡✱ ❛♥❞ �❤❡ ��✉❡ ✇❛② ✐♥ ✇❤✐❝❤ �❤❡② ❛❝�❄ ◆❡✈❡�✳ ◆❡✇�♦♥ ✇�♦�❡✿

❈❛✈❡❛� ❧❡❝�♦	 ♥❡ ♣❡	 ❤✉❥✉�♠♦❞✐ ✈♦❝❡� ❝♦❣✐�❡� ♠❡ �♣❡❝✐❡♠ ✈❡❧ ♠♦❞✉♠ ❛❝�✐♦♥✐� ❝❛✉�❛♠✈❡ ❛✉�

	❛�✐♦♥❡♠ ♣❤②�✐❝❛♠ ❛❧✐❝✉❜✐ ❞❡✜♥✐	❡✱ ✈❡❧ ❝❡♥�	✐� ✭�✉� �✉♥� ♣✉♥❝�❛ ♠❛�❤❡♠❛�✐❝❛✮ ✈✐	❡� ✈❡	❡ ❡�

♣❤②�✐❝❡ �	✐❜✉❡	❡✱ �✐ ❢♦	�❡ ❛✉� ❝❡♥�	❛ �	❛❤❡	❡✱ ❛✉� ✈✐	❡� ❝❡♥�	♦	✉♠ ❡��❡ ❞✐①❡	♦✭NDT ✮ ✭$�✐♥❝✳

▼❛�❤✳ ■✱ ✶st✱ ❉❡❢✳ ❱■■■ ❛� �❤❡ ❡♥❞✮✳ ❖♥❝❡ ✇❡ ❤❛✈❡ ❝♦❧❧❡❝�❡❞ ❛❧❧ ✇❤❛� ✐� ✉♥❦♥♦✇♥ ✐♥ �❤❡

♠❡❛�✉�❡ ✉♥✐�� ♦❢ �❤❡ �❛♠❡ ❦✐♥❞✱ ✇❡ �❛② ✇❡ ❦♥♦✇ �❤❡ �✉❛♥�✐�② ✇❤❡♥ ✇❡ ♠❛② ❛��✐❣♥ �❤❡ �❛�✐♦�

✇✐�❤ �❤❡ �❛✐❞ ✉♥✐�✱ ✇❤✐❝❤ ✐� ♦�✐❣✐♥❛❧❧② ❛��✉♠❡❞ �♦ ❜❡ ❛�❜✐��❛�②✳ ◆♦✇✱ ❡✈❡♥ ✇❤❡♥ ✇❡ ❝♦♥❝❡✐✈❡

❢♦�❝❡� ✐♥ ▲❛❣�❛♥❣❡✬� ♠♦�� ❣❡♥❡�❛❧ ✇❛②✱ �❤❛� ✐�✱ ❛� ❝❛✉�❡� ♠❛❦✐♥❣ �✉❛♥�✐�✐❡� �♦♠❡�✐♠❡� ❞✐✛❡�❡♥�

❢�♦♠ ❧✐♥❡� �♦ ✈❛�②✱ �❤❡ ♥❡❝❡��❛�② ❞❛�❛ �♦ ❜❡ ❛❜❧❡ �♦ �❛② �❤❛� ✇❡ ❦♥♦✇ ❤♦✇ �♦ ♠❡❛�✉�❡ �❤❡♠

❝♦♥��✐❜✉�❡✿ ✇❡ ❤❛✈❡ ❛❧❧ ✇❤❛� ✇❡ �❡❛�♦♥❛❜❧② ♠❛② ♣�❡�❡♥❞✿ ✐❢ ✐� �❡❡♠� �❤❛� �❤❡ ✐♠❛❣❡ ❜② ✇❤✐❝❤

✇❡ ❞�❡�� �♦ �❤❡ ❝♦♥❝❡♣� ✐� ♠✐��✐♥❣✱ �❤✐� ✐� ❜❡❝❛✉�❡ ✇❡ ✇❛♥� �♦ ♣❛✐♥� ✐� ❧✐❦❡ ✐♥ �❤❡ ♣❛��✐❝✉❧❛� ❝❛�❡

♦❢ ❢♦�❝❡� ❛❝�✐♥❣ ❛❧♦♥❣ ���❛✐❣❤� ❧✐♥❡�✿ ❛♥ ✉♥❦♥♦✇♥ ❜❛❝❦❣�♦✉♥❞ �❡♠❛✐♥�✱ ✐♥ �❤❡�❡ ♠♦�❡ ❣❡♥❡�❛❧

❝❛�❡� ❛� ✇❡❧❧ ❛� ✐♥ �❤❡ ♠♦�� ❝♦♠♠♦♥ ♦♥❡✳

❚♦ ���❡♥❣�❤❡♥ �❤✐� ♣❡��✉❛�✐♦♥✱ ❧❡� ✉� ♠❛❦❡ �✇♦ ❝♦♥�✐❞❡�❛�✐♦♥� ♦♥ �❤❡ ♣�♦❝❡❞✉�❡ ♦❢ �❤❡

▲❛❣�❛♥❣✐❛♥ ♠❡�❤♦❞✳ ■♥ ✐� ♦♥❡ �❛②�✿ ✐❢ f, ϕ, ψ✱ ❛♥❞ �♦ ♦♥ ❛�❡ �✉❛♥�✐�✐❡� �❤❛� ❢♦�❝❡� �❡♥❞ �♦

✈❛�②✱ ✇❡ ♠✉�� ✐♥��♦❞✉❝❡ ✐♥ �❤❡ ♠❡❝❤❛♥✐❝❛❧ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ �❤❡ �❡�♠� λ δf, μ δϕ, ν δψ✱ ❛♥❞

�♦ ♦♥✱ ❛♥❞ ❝♦❡✣❝✐❡♥�� λ, μ, ν✱ ❛♥❞ �♦ ♦♥ ✇✐❧❧ ♠❡❛♥ ❛♥❞ ♠❡❛�✉�❡ �❤♦�❡ ❢♦�❝❡�✳ ❲❡ ❡❛�✐❧②
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❡��❡♥❞♦ f, ϕ, ψ �
❡ ❢✉♥③✐♦♥✐ ❞❡❧❧❡ α, β, γ✱ ❡ ❞❡❧❧❡ ❧♦
♦ ❞❡
✐✈❛�❡ 
✐�♣❡��♦ ❛❞ a ❞✐ ♣
✐♠♦ ❡

�❡❝♦♥❞✬♦
❞✐♥❡✱ ❝♦♠❡ �❡❣✉❡✿

✭✸✮
f = f(α, β, γ) ; ϕ = ϕ(α, β, γ, α′, β′, γ′)

ψ = ψ(α, β, γ, α′, β′, γ′, α′′, β′′, γ′′) .

■♥❢❛��✐ ✐❧ �
✐♥♦♠✐♦ ✭✷✮ �✈✐❧✉♣♣❛�♦ ❞✐✈❡♥�❛

✭✹✮

pf ′(α)δα+ pf ′(β)δβ + pf ′(γ)δγ

+ qϕ′(α)δα+ qϕ′(β)δβ + qϕ′(γ)δγ

+qϕ′(α′)δα′ + qϕ′(β′)δβ′ + qϕ′(γ′)δγ′

+ rψ′(α)δα+ rψ′(β)δβ + rψ′(γ)δγ

+rψ′(α′)δα′ + rψ′(β′)δβ′ + rψ′(γ′)δγ′

+rψ′(α′′)δα′′ + rψ′(β′′)δβ′′ + rψ′(γ′′)δγ′′ .

❈♦❧ �♦❧✐�♦ ♠❡�♦❞♦ ❞✐ �
❛�❢♦
♠❛③✐♦♥❡ ♣
♦✈✐❛♠♦ ❡��❡
❡ ✐❞❡♥�✐❝❛♠❡♥�❡

qϕ′(α′)δα′ + qϕ′(β′)δβ′ + qϕ′(γ′)δγ′ = −[qϕ′(α′)]′δα− [qϕ′(β′)]′δβ − [qϕ′(γ′)]′δγ

+[qϕ′(α′)δα+ qϕ′(β′)δβ + qϕ′(γ′)δγ]′ .

❡ ❛✛❛��♦ �✐♠✐❧♠❡♥�❡ �✐ �
❛�❢♦
♠❛ ❛♥❝❤❡ ✐❧ �
✐♥♦♠✐♦

rψ′(α′)δα′ + rψ′(β′)δβ′ + rψ′(γ′)δγ′ .

■❧ �
✐♥♦♠✐♦ ♣♦✐

rψ′(α′′)δα′′ + rψ′(β′′)δβ′′ + rψ′(γ′′)δγ′′

✲ ✼✸ ❊◆● ✲

②♦✉ ✇♦✉❧❞ ❧✐❦❡ �♦ �✉❣❣❡�� ✉� ❣❡�� ❛❧✇❛②� ❞❛
❦❡
✳ ✖ ■ ❛♥�✇❡
✿ �❤❡ �✉❡��✐♦♥ ✐� 
✐❣❤�✱ ❛♥❞ �❤❡ 
❡��

♦❢ �❤✐� ❈❛♣♦✱ ✇❤❡
❡ ■ ✇✐❧❧ �❤♦✇ �❤❛�✱ ✐♥ �❤❡ ♣❧❛❝❡ ♦❢ �❤♦�❡ �
✐♥♦♠✐❛❧�✱ ✇❡ ♠❛② ❛��✉♠❡ �✉❛♥�✐�✐❡�

❞
❡��❡❞ ✉♣ ✇✐�❤ ❛ ❣❡♦♠❡�
✐❝❛❧✱ �♦♠❡�✐♠❡� ❡✈❡♥ ♣❤②�✐❝❛❧✱ 
❡♣
❡�❡♥�❛�✐♦♥ �❡
✈❡� �♦ �❛�✐�❢② ✐�✳

❙�❛
�✐♥❣ ❢
♦♠ ❧✐♥❡❛
 �②��❡♠�✱ ■ ♦❜�❡
✈❡ �❤❛�✱ ✐♥��❡❛❞ ♦❢ �❤❡ �
✐♥♦♠✐❛❧

✭✶✮
1

2
λ δα+

1

2
μ δβ +

1

2
ν δγ (❡�✉❛�✐♦♥ ✭✽✮ �❡❝�✳ ✼)

✇❡ ♠❛② ❛❞♦♣� �❤✐� ♦�❤❡
 ♦♥❡

✭✷✮ p δf + q δϕ+ r δψ

f, ϕ, ψ ❜❡✐♥❣ �❤
❡❡ ❢✉♥❝�✐♦♥� ♦❢ �❤❡ α, β, γ✱ ❛♥❞ ♦❢ �❤❡✐
 ✜
�� ❛♥❞ �❡❝♦♥❞ ♦
❞❡
 ❞❡
✐✈❛�✐✈❡� ✇✐�❤


❡�♣❡❝� �♦ a✱ ❛� ✐� ❢♦❧❧♦✇�✿

✭✸✮
f = f(α, β, γ) ; ϕ = ϕ(α, β, γ, α′, β′, γ′)

ψ = ψ(α, β, γ, α′, β′, γ′, α′′, β′′, γ′′) .

■♥❞❡❡❞✱ �
✐♥♦♠✐❛❧ ✭✷✮✱ ♦♥❝❡ ❞❡✈❡❧♦♣❡❞✱ ❜❡❝♦♠❡�

✭✹✮

pf ′(α)δα+ pf ′(β)δβ + pf ′(γ)δγ

+ qϕ′(α)δα+ qϕ′(β)δβ + qϕ′(γ)δγ

+qϕ′(α′)δα′ + qϕ′(β′)δβ′ + qϕ′(γ′)δγ′

+ rψ′(α)δα+ rψ′(β)δβ + rψ′(γ)δγ

+rψ′(α′)δα′ + rψ′(β′)δβ′ + rψ′(γ′)δγ′

+rψ′(α′′)δα′′ + rψ′(β′′)δβ′′ + rψ′(γ′′)δγ′′ .

❇② �❤❡ ✉�✉❛❧ ♠❡�❤♦❞ ♦❢ �
❛♥�❢♦
♠❛�✐♦♥ ✇❡ ♣
♦✈❡ �♦ ❜❡ ✐❞❡♥�✐❝❛❧❧②

qϕ′(α′)δα′ + qϕ′(β′)δβ′ + qϕ′(γ′)δγ′ = −[qϕ′(α′)]′δα− [qϕ′(β′)]′δβ − [qϕ′(γ′)]′δγ

+[qϕ′(α′)δα+ qϕ′(β′)δβ + qϕ′(γ′)δγ]′ .

❛♥❞✱ �✐♠✐❧❛
❧② ❛� ❛❧❧✱ �
❛♥�❢♦
♠� ❛❧�♦ �❤❡ �
✐♥♦♠✐❛❧

rψ′(α′)δα′ + rψ′(β′)δβ′ + rψ′(γ′)δγ′ .

❚❤❡♥✱ �❤❡ �
✐♥♦♠✐❛❧

rψ′(α′′)δα′′ + rψ′(β′′)δβ′′ + rψ′(γ′′)δγ′′



✲ ✼✹ ✲

�✐ ��♦✈❛ ✐❞❡♥�✐❝♦ ❝♦❧❧❛ �✉❛♥�✐��

[rψ′(α′′)]′′δα+ [rψ′(β′′)]′′δβ + [rψ′(γ′′)]′′δγ

−{[rψ′(α′′)]′δα+ [rψ′(β′′)]′δβ + [rψ′(γ′′)]′δγ}′

+rψ′(α′′)δα′ + rψ′(β′′)δβ′ + rψ′(γ′′)δγ′

�❛❧❝❤� ♣♦♥❡♥❞♦

✭✺✮

1

2
λ = pf ′(α) + qϕ′(α) + rψ′(α)− [qϕ′(α′)]′ − [rψ′(α′)]′ + [rψ′(α′′)]′′

1

2
μ = pf ′(β) + qϕ′(β) + rψ′(β)− [qϕ′(β′)]′ − [rψ′(β′)]′ + [rψ′(β′′)]′′

1

2
ν = pf ′(γ) + qϕ′(γ) + rψ′(γ)− [qϕ′(γ′)]′ − [rψ′(γ′)]′ + [rψ′(γ′′)]′′

�✉��❛ ❧❛ �✉❛♥�✐�� ✭✹✮ �✐ �✐❞✉❝❡ ❛❧❧❛ ❢♦�♠❛

✭✻✮
1

2
λ δα+

1

2
μ δβ +

1

2
ν δγ +Δ′ ;

❡��❡♥❞♦ Δ′ ✉♥❛ ❞❡�✐✈❛�❛ ❡�❛��❛ �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❛ a✿ � ❢❛❝✐❧❡ ❛��❡❣♥❛�❡ ❧❛ �✉❛♥�✐�� ❡�✉✐✈❛❧❡♥�❡

❛❧❧❛ Δ✱ ♠❛ ♣❡� ❧❡ ❝♦♥�✐❞❡�❛③✐♦♥✐ ❛��✉❛❧✐ ♥♦♥ ❝✐ ❢❛ ❜✐�♦❣♥♦✳

■♥��♦❞♦��❛ ❧❛ �✉❛♥�✐�� ✭✻✮ ✐♥✈❡❝❡ ❞❡❧ ��✐♥♦♠✐♦ ✭✷✮ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ♠❡❝❝❛♥✐❝❛ �♦��♦ ✐❧ �❡❣♥♦

✐♥�❡❣�❛❧❡✱ ❧✬✉❧�✐♠♦ �❡�♠✐♥❡ Δ′ ❢♦�♥✐�❝❡ ✉♥❛ ♣❛��❡ ❝❤❡ �✐ ✈❡��❛ ❛✐ ❧✐♠✐�✐✱ ♠❛ ♥✉❧❧❛ ✐♥✢✉✐�❝❡ �✉❧❧❡

❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ❝❤❡ �✐ �✐❢❡�✐�❝♦♥♦ ❛ �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ �✐��❡♠❛✳ ❙♦��♦ �✉❡❧ �❡❣♥♦ ✐♥�❡❣�❛❧❡

�✐♠❛♥❡ ✉♥ ��✐♥♦♠✐♦ ❞❡❧❧❛ ��❡��❛ ❢♦�♠❛ ❞❡❧ ��✐♥♦♠✐♦ ✭✶✮✱ ♦✈❡ 1
2λ,

1
2μ,

1
2ν ❤❛♥♥♦ ✐ ✈❛❧♦�✐ ✭✺✮✳

❆❞✉♥�✉❡ ❧❛ �♦��✐�✉③✐♦♥❡ ❞❡❧ ��✐♥♦♠✐♦ ✭✷✮ ❛❧ ��✐♥♦♠✐♦ ✭✶✮ ♣✉* ❛♠♠❡��❡��✐✱ ♣✉�❝❤� ❧❡ ❢✉♥③✐♦♥✐

f, ϕ, ψ �✐❛♥♦ ❢❛��❡ ❝♦♠❡ �✐ � ❡�♣♦��♦ ♥❡❧❧❡ ✭✸✮✿ ❛❧❧♦�❛ �✐ ❤❛ ✐❧ ✈❛♥�❛❣❣✐♦ ❝❤❡ ❧❡ ❞❡��❡ ❢✉♥③✐♦♥✐

f, ϕ, ψ ♣♦��♦♥♦ ❡��❡�❡ ❞✐ �✉❡❧❧❡ ❛ ❝✉✐ �❛♣♣✐❛♠♦ ❛���✐❜✉✐�❡ ✉♥❛ �❛♣♣�❡�❡♥�❛③✐♦♥❡ ❣❡♦♠❡��✐❝❛ ♦

✜�✐❝❛✳

-❛��✐❛♠♦ ❛ ✈❡❞❡�❡ ❝❤❡ ❛♣♣✉♥�♦ ❧❛ ♣�♦♣�✐❡�� �❝�✐��❛ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ✭✸✮ �✐ ✈❡�✐✜❝❛ ♥❡❧❧❡ ��❡

❢✉♥③✐♦♥✐ f, ϕ, ψ ❛��✉♥�❡ ❞❛ ▲❛❣�❛♥❣❡ ❡❞ ❛❧��✐ ❛✉�♦�✐ �✐❝❝♦♠❡ �✉❡❧❧❡ ❝❤❡ �♦♥♦ ❢❛��❡ ✈❛�✐❛�❡ ❞❛❧❧❡

��❡ ❢♦�③❡ ✐♥�❡�♥❡ ❞❡✬ �✐��❡♠✐ ❧✐♥❡❛�✐ ❞❡♥♦♠✐♥❛�❡ �❡♥�✐♦♥❡✱ ❡❧❛��✐❝✐�� ❡ �♦��✐♦♥❡✳

▲❛❣�❛♥❣❡ ♥❡❧❧❛ ❙❡③✳ ❱ ❞❡❧❧❛ ▼✳ ❆✳✱ -❛��❡ ■✱ ❛��✳ ✸✶✱ ✐♥��♦❞✉❝❡ ❧❛ �❡♥�✐♦♥❡ �✉❛❧❡ ❢♦�③❛ ❝❤❡ �❡♥✲

❞❡ ❛ ❞✐♠✐♥✉✐�❡ ❧❛ ❣�❛♥❞❡③③❛ s′ ❞❡❧❧✬❡❧❡♠❡♥�♦ ❞❡❧❧✬❛�❝♦ ❞❡❧❧❛ ❝✉�✈❛✳ ❖�❛ s′ =
√

x′2 + y′2 + z′2 =
√
α❀ ❞✉♥�✉❡ ✐♥ �✉❡��♦ ❝❛�♦ ❛���✐❜✉❡♥❞♦ ❛❧❧❛ �❡♥�✐♦♥❡ ✐❧ ♣�✐♠♦ �❡�♠✐♥❡ ❞❡❧ ��✐♥♦♠✐♦ ✭✷✮✱ ❛❜❜✐❛♠♦

✭✼✮ f =
√
α ;

✲ ✼✹ ❊◆● ✲

✐� ❢♦✉♥❞ �♦ ❜❡ ✐❞❡♥�✐❝❛❧ ✇✐�❤ �❤✐� �✉❛♥�✐�②

[rψ′(α′′)]′′δα+ [rψ′(β′′)]′′δβ + [rψ′(γ′′)]′′δγ

−{[rψ′(α′′)]′δα+ [rψ′(β′′)]′δβ + [rψ′(γ′′)]′δγ}′

+rψ′(α′′)δα′ + rψ′(β′′)δβ′ + rψ′(γ′′)δγ′

�♦ �❤❛�✱ ♣♦�✐♥❣

✭✺✮

1

2
λ = pf ′(α) + qϕ′(α) + rψ′(α)− [qϕ′(α′)]′ − [rψ′(α′)]′ + [rψ′(α′′)]′′

1

2
μ = pf ′(β) + qϕ′(β) + rψ′(β)− [qϕ′(β′)]′ − [rψ′(β′)]′ + [rψ′(β′′)]′′

1

2
ν = pf ′(γ) + qϕ′(γ) + rψ′(γ)− [qϕ′(γ′)]′ − [rψ′(γ′)]′ + [rψ′(γ′′)]′′

�❤❡ ✇❤♦❧❡ �✉❛♥�✐�② ✭✹✮ �❡❞✉❝❡� �♦ �❤❡ ❢♦�♠

✭✻✮
1

2
λ δα+

1

2
μ δβ +

1

2
ν δγ +Δ′ ;

Δ′ ❜❡✐♥❣ ❛♥ ❡①❛❝� ❞❡�✐✈❛�✐✈❡ ✇✐�❤ �❡�♣❡❝� �♦ a✿ ✐� ✐� ❡❛�② �♦ ❛��✐❣♥ ❛ �✉❛♥�✐�② ❡�✉✐✈❛❧❡♥� �♦ Δ✱

❜✉� ❢♦� �❤❡ ♣�❡�❡♥� ❝♦♥�✐❞❡�❛�✐♦♥� ✇❡ ❞♦ ♥♦� ♥❡❡❞ �❤✐�✳

■♥��♦❞✉❝❡❞ �❤❡ �✉❛♥�✐�② ✭✻✮✱ ✐♥��❡❛❞ ♦❢ �❤❡ ��✐♥♦♠✐❛❧ ✭✷✮✱ ✐♥ �❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥ ✉♥❞❡�

�❤❡ ✐♥�❡❣�❛❧ �✐❣♥✱ �❤❡ ❧❛�� �❡�♠ Δ′ ♣�♦✈✐❞❡� ❛ ♣❛�� �❤❛� ❧✐✈❡� ❛� �❤❡ ❧✐♠✐��✱ ❜✉� ❞♦❡� ♥♦� ❛✛❡❝�

❛� ❛❧❧ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥� �❤❛� �❡❢❡� �♦ ❛❧❧ ♣♦✐♥�� ♦❢ �❤❡ �②��❡♠✳ ❯♥❞❡� �❤❛� ✐♥�❡❣�❛❧ �✐❣♥ ❛

��✐♥♦♠✐❛❧ �❡♠❛✐♥� ♦❢ �❤❡ �❛♠❡ ❢♦�♠ ♦❢ ��✐♥♦♠✐❛❧ ✭✶✮✱ ✇❤❡�❡ 1
2λ,

1
2μ,

1
2ν ❤❛✈❡ �❤❡ ✈❛❧✉❡� ✭✺✮✳

❚❤✉�✱ �❤❡ �✉❜��✐�✉�✐♦♥ ♦❢ ��✐♥♦♠✐❛❧ ✭✷✮ ✐♥�♦ ��✐♥♦♠✐❛❧ ✭✶✮ ♠❛② ❜❡ ❛❞♠✐��❡❞✱ ♣�♦✈✐❞❡❞ �❤❛�

❢✉♥❝�✐♦♥� f, ϕ, ψ ❛�❡ ❝♦♥���✉❝�❡❞ ✐♥ �❤❡ ✇❛② ✇❡ ♣�❡�❡♥�❡❞ ✐♥ �❤❡ ✭✸✮✿ �❤❡♥ ✇❡ ❤❛✈❡ �❤❡ ❛❞✈❛♥✲

�❛❣❡ �❤❛� �❤❡ �❛✐❞ ❢✉♥❝�✐♦♥� f, ϕ, ψ ♠❛② ❜❡ ♦❢ �❤❡ ❬�❛♠❡❪ ❦✐♥❞ �♦ ✇❤✐❝❤ ✇❡ ❛�❡ ❛❜❧❡ �♦ ❛��✐❣♥

❛ ❣❡♦♠❡��✐❝❛❧ ♦� ♣❤②�✐❝❛❧ �❡♣�❡�❡♥�❛�✐♦♥✳

▲❡� ✉� ♠♦✈❡ �♦ �❡❡ �❤❛�✱ ✐♥❞❡❡❞✱ �❤❡ ♣�♦♣❡��② ✇�✐��❡♥ ❜② ♠❡❛♥� ♦❢ �❤❡ ✭✸✮ ✐� ✈❡�✐✜❡❞ ✐♥ �❤❡

�❤�❡❡ ❢✉♥❝�✐♦♥� f, ϕ, ψ ❛��✉♠❡❞ ❜② ▲❛❣�❛♥❣❡ ❛♥❞ ♦�❤❡� ❛✉�❤♦�� ❛� �❤♦�❡ ✇❤✐❝❤ ❛�❡ ✈❛�✐❡❞ ❜②

�❤❡ �❤�❡❡ ✐♥♥❡� ❢♦�❝❡� ♦❢ ❧✐♥❡❛� �②��❡♠� ❝❛❧❧❡❞ �❡♥�✐♦♥✱ ❡❧❛��✐❝✐�②✱ ❛♥❞ �♦��✐♦♥✳

▲❛❣�❛♥❣❡ ✐♥ �❤❡ ❙❡❝�✳ ❱ ♦❢ �❤❡ ❆✳ ▼✳✱ -❛�� ■✱ ❛��✳ ✸✶✱ ✐♥��♦❞✉❝❡� �❡♥�✐♦♥ ❛� �❤❡ ❢♦�❝❡ �❡♥❞✐♥❣

�♦ ❞✐♠✐♥✐�❤ �❤❡ ♠❛❣♥✐�✉❞❡ s′ ♦❢ �❤❡ ❛�❝ ❡❧❡♠❡♥� ♦❢ ❛ ❝✉�✈❡✳ ◆♦✇✱ s′ =
√

x′2 + y′2 + z′2 =
√
α❀

�❤✉�✱ ✐♥ �❤✐� ❝❛�❡✱ ❜② ❛���✐❜✉�✐♥❣ �♦ �❤❡ �❡♥�✐♦♥ �❤❡ ✜��� �❡�♠ ♦❢ �❤❡ ��✐♥♦♠✐❛❧ ✭✷✮✱ ✇❡ ❤❛✈❡

✭✼✮ f =
√
α ;
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❡❞ � �✉❡	
❛ ❧❛ ❢♦�♠❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ f(α, β, γ) ❝❤❡ ❧❛	❝✐❛♠♠♦ ✐♥❞❡
❡�♠✐♥❛
❛ ♥❡❧❧❛ ♣�✐♠❛ ❞❡❧❧❡

✭✸✮✳

❆❧ ♥✳ ✹✻ ❞❡❧❧❛ ❙❡③✐♦♥❡ 	✉❞❞❡

❛ ✐❧ ♥♦	
�♦ ❆✉
♦�❡ ✐♥
�♦❞✉❝❡ ❧❛ 	❡❝♦♥❞❛ ❢♦�③❛ ✐♥
❡�♥❛

♥♦♠✐♥❛
❛ ❡❧❛	
✐❝✐
�✱ ❝❤❡ ❞✐❝❡ ❡	❡�❝✐
❛�	✐ ❛ ❢❛� ✈❛�✐❛�❡ ❧✬❛♥❣♦❧♦ e ❞✐ ❝♦♥
✐♥❣❡♥③❛✱ ♦		✐❛ ❧❛

❢✉♥③✐♦♥❡

✭✽✮ e =
1

s′

√

x′′2 + y′′2 + z′′2 − s′′2 .

❖�❛✱ 	❡❝♦♥❞♦ ❧❡ ♥♦	
�❡ ❞❡♥♦♠✐♥❛③✐♦♥✐✱ ✐❧ 
�✐♥♦♠✐♦ x′′ 2 + y′′ 2 + z′′ 2 � ❧❛ β❀ ❡❞

❡		❡♥❞♦ s′ =
√
α✱ ❛❜❜✐❛♠♦ ❞❡�✐✈❛♥❞♦✱ s′′ = α′

2
√
α

✳ (❡�
❛♥
♦✱ ❝❤✐❛♠❛
❛ ϕ ❧❛ ♣�❡❝❡❞❡♥
❡

❢✉♥③✐♦♥❡ ❡	♣�✐♠❡♥
❡ ❧✬❛♥❣♦❧♦ ❞✐ ❝♦♥
✐♥❣❡♥③❛✱ ❡		❛ ❞♦♣♦ ❧❡ 	♦	
✐
✉③✐♦♥✐ ❛		✉♠❡ ❧❛ ❢♦�♠❛

✭✾✮ ϕ =
1

2α

√

4αβ − α′2 ;

❡❞ � �✉❡	
❛ ❧❛ 	❡❝♦♥❞❛ ❞❡❧❧❡ ✭✸✮ ♣�❡	❡♥
❡♠❡♥
❡ ❞❡
❡�♠✐♥❛
❛✳ (✐* ❞✐✣❝✐❧❡ �✐❡	❝❡ ❛ ❞✐✲

♠♦	
�❛�❡ ❧❛ ♣�♦♣�✐❡
� ❝❛�❛

❡�✐	
✐❝❛ ❞❡❧ �✐❞✉�	✐ ❛❞ ✉♥❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ α, β, γ ❡ ❧♦�♦

❞❡�✐✈❛
❡✱ ♥❡❧❧❛ 
❡�③❛ �✉❛♥
✐
� ψ ❡	♣�✐♠❡♥
❡ ❧✬❛♥❣♦❧♦ ❞✐ 
♦�	✐♦♥❡ ❝❤❡ ✐ 	✐❣♥♦�✐ ❇✐♥❡
 ❡

❇♦�❞♦♥✐ ♣�❡	❡�♦ ♣❡� ❧❛ ❢✉♥③✐♦♥❡ ❢❛

❛ ✈❛�✐❛�❡ ❞❛❧❧❛ 
❡�③❛ ❞❡❧❧❡ 	✉❞❞❡

❡ ❢♦�③❡ ✐♥
❡�♥❡✳ ■

❝✐
❛
✐ ❛✉
♦�✐ 
�♦✈❛�♦♥♦ ✭✈❡❞✐ ❚♦♠✳ ❳■❳ ❞❡❣❧✐ ❆

✐ ❞❡❧❧❛ ❙♦❝✐❡
� ■
❛❧✐❛♥❛ ♣❛❣✳ ✶✮ ❝❤❡ ❧❛

ψ ❤❛ ❧✬❡	♣�❡		✐♦♥❡

✭✶✵✮ ψ = s′
(y′z′′ − z′y′′)x′′′ + (z′x′′ − x′z′′)y′′′ + (x′y′′ − y′x′′)z′′′

(x′y′′ − y′x′′)2 ++(z′x′′ − x′z′′)2 + (x′y′′ − y′x′′)2
;

❡ 	❛�❡❜❜❡ ❛		❛✐ ❧✉♥❣♦ ♠♦	
�❛�❧❛ ❝♦♠♣♦	
❛ ❝♦♠❡ � ✐♥❞✐❝❛
♦ ♥❡❧❧❛ 
❡�③❛ ❞❡❧❧❡ ✭✸✮✱ 	❡ ♥♦♥

❛✈❡		✐♠♦ ❣✐� ❡	❡❣✉✐
♦ ❛❧ ♥✳ ✶✹ ✉♥ ❝❛❧❝♦❧♦ 	✉❧❧❛ �✉❛♥
✐
� ❝♦❧� ❞❡♥♦♠✐♥❛
❛ D✱ ❞❡❧ �✉❛❧❡

♣♦		✐❛♠♦ �✉✐ ❛♣♣�♦✜

❛�❡✳ ❖		❡�✈✐	✐ �✉❡❧ ✈❛❧♦�❡ ❞✐ D 	❝�✐

♦ ✐✈✐ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✸✮✱ ❡

	✐ ✈❡❞�� ❛ ❝♦❧♣♦ ❞✬♦❝❝❤✐♦ ❝❤❡ 	✐ ♣✉3 ❛♥❝❤❡ 	❝�✐✈❡�❡ 	❡♥③❛ ❛❧
❡�❛③✐♦♥❡

D = (y′z′′ − z′y′′)x′′′ + (z′x′′ − x′z′′)y′′′ + (x′y′′ − y′x′′)z′′′ ,

❝✐3 ♥♦♥ ✐♠♣♦�
❛♥❞♦ ❝❤❡ ✉♥ ❞✐✈❡�	♦ ♦�❞✐♥❛♠❡♥
♦ ❞✐ 
❡�♠✐♥✐✳ ❙♦

♦ 
❛❧ ❢♦�♠❛ ❝♦♠♣❛�❡

❡❣✉❛❧❡ ❛❧ ♥✉♠❡�❛
♦�❡ ♥❡❧ 	❡❝♦♥❞♦ ♠❡♠❜�♦ ❞❡❧❧❛ ✭✶✵✮✿ ❡ ♣♦	
♦ ♠❡♥
❡ ❝❤❡ ✐❧ ❞❡♥♦♠✐♥❛
♦�❡

♥❡❧❧❛ 	
❡		❛ ✭✶✵✮ ♣❡� ♥♦
❛ 
�❛	❢♦�♠❛③✐♦♥❡ ✭❡�✉❛③✐♦♥❡ ✭✸✵✮ ♥✳ ✻✼ ♠✳ ♣✳✮ ❡❣✉❛❣❧✐❛

(x′2 + y′2 + z′2)(x′′2 + y′′2 + z′′2)− (x′x′′ + y′y′′ + z′z′′)2

✲ ✼✺ ❊◆● ✲

❛♥❞ 
❤✐	 ✐	 
❤❡ ❢♦�♠ ♦❢ ❢✉♥❝
✐♦♥ f(α, β, γ) 
❤❛
 ✇❡ ❧❡❢
 ✉♥❞❡
❡�♠✐♥❡❞ ✐♥ 
❤❡ ✜�	
 ♦♥❡

♦❢ 
❤❡ ✭✸✮✳

■♥ 	❡❝
✳ ✹✻ ♦❢ 
❤❡ ❛❜♦✈❡ 	❛✐❞ ❙❡❝
✐♦♥ ♦✉� ❆✉
❤♦� ✐♥
�♦❞✉❝❡	 
❤❡ 	❡❝♦♥❞ ✐♥♥❡� ❢♦�❝❡✱

♥❛♠❡❞ ❡❧❛	
✐❝✐
②✱ 
❤❛
 ❤❡ 	❛②	 
♦ ❛❝
 	♦ 
♦ ❧❡
 
❤❡ ❛♥❣❧❡ e ♦❢ ❝♦♥
✐♥❣❡♥❝❡ ✈❛�②✱ 
❤❛


✐	 
❤❡ ❢✉♥❝
✐♦♥

✭✽✮ e =
1

s′

√

x′′2 + y′′2 + z′′2 − s′′2 .

◆♦✇✱ ❛❝❝♦�❞✐♥❣ 
♦ ♦✉� ❞❡✜♥✐
✐♦♥	✱ 
❤❡ 
�✐♥♦♠✐❛❧ x′′ 2 + y′′ 2 + z′′ 2 ✐	 β❀ ❛♥❞✱ ❜❡✐♥❣

s′ =
√
α✱ ✇❡ ❤❛✈❡✱ ❜② ❝♦♠♣✉
✐♥❣ 
❤❡ ❞❡�✐✈❛
✐✈❡✱ s′′ = α′

2
√
α

✳ ❚❤❡�❡❢♦�❡✱ ✐❢ ✇❡ ❝❛❧❧ ϕ


❤❡ ♣�❡❝❡❞✐♥❣ ❢✉♥❝
✐♦♥✱ ❡①♣�❡		✐♥❣ 
❤❡ ❛♥❣❧❡ ♦❢ ❝♦♥
✐♥❣❡♥❝❡✱ ❛❢
❡� 
❤❡ 	✉❜	
✐
✉
✐♦♥	 ✐


❛		✉♠❡	 
❤❡ ❢♦�♠

✭✾✮ ϕ =
1

2α

√

4αβ − α′2 ;

❛♥❞ 
❤✐	 ✐	 
❤❡ 	❡❝♦♥❞ ♦❢ 
❤❡ ✭✸✮ ❞❡
❡�♠✐♥❡❞ ❛
 
❤❡ ♣�❡	❡♥
 
✐♠❡✳ ■
 �❡	✉❧
	 ♠♦�❡

❞✐✣❝✉❧
 
♦ 	❤♦✇ 
❤❡ ❝❤❛�❛❝
❡�✐	
✐❝ ♣�♦♣❡�
② ♦❢ �❡❞✉❝✐♥❣ 
♦ ❛ ❢✉♥❝
✐♦♥ ♦❢ 
❤❡ α, β, γ

❛♥❞ ♦❢ 
❤❡✐� ❞❡�✐✈❛
✐✈❡	✱ ✐♥ 
❤❡ 
❤✐�❞ �✉❛♥
✐
② ψ ❡①♣�❡		✐♥❣ 
❤❡ ❛♥❣❧❡ ♦❢ 
♦�	✐♦♥✱ 
❤❛


▼❡		�	✳ ❇✐♥❡
 ❛♥❞ ❇♦�❞♦♥✐ 
♦♦❦ ❢♦� 
❤❡ ❢✉♥❝
✐♦♥ ♠❛❞❡ 
♦ ❜❡ ✈❛�✐❡❞ ❜② 
❤❡ 
❤✐�❞ ♦❢


❤❡ ❛❜♦✈❡ 	❛✐❞ ✐♥♥❡� ❢♦�❝❡	✳ ❚❤❡ �✉♦
❡❞ ❛✉
❤♦�	 ❢♦✉♥❞ ✭	❡❡ ❚♦♠❡ ❳■❳ ♦❢ 
❤❡ ❆

✐

❞❡❧❧❛ ❙♦❝✐❡
� ■
❛❧✐❛♥❛ ♣✳ ✶✮ 
❤❛
 ψ ❤❛	 
❤❡ ❡①♣�❡		✐♦♥

✭✶✵✮ ψ = s′
(y′z′′ − z′y′′)x′′′ + (z′x′′ − x′z′′)y′′′ + (x′y′′ − y′x′′)z′′′

(x′y′′ − y′x′′)2 ++(z′x′′ − x′z′′)2 + (x′y′′ − y′x′′)2
;

❛♥❞ ✐
 ✇♦✉❧❞ ❜❡ ✈❡�② ❧♦♥❣ 
♦ ♣�♦✈❡ ✐
 ❛	 ✐
 ✐	 ✐♥❞✐❝❛
❡❞ ✐♥ 
❤❡ 
❤✐�❞ ♦❢ 
❤❡ ✭✸✮✱ ❤❛❞
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✳ ✶✹ ❛ ❝❛❧❝✉❧❛
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✐
② 
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❛❦❡ ❛❞✈❛♥
❛❣❡ ❤❡�❡✳ ▲❡
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❡	♠� ✐♥ 
❤❡ ✈❛❧✉❡� ♦❢


❤❡ ❛❜♦✈❡ �❛✐❞ λ, μ, ν✳ ❲❡ ✇✐❧❧ ❛❞❞ 
❤✐� ♦
❤❡	 	❡♠❛	❦✳ ❆❜♦✉
 
❡♥�✐♦♥✱ ✐♥�
❡❛❞ ♦❢ �❛②✐♥❣ ✐
 
♦

❜❡ ❛ ❢♦	❝❡ ❛❝
✐♥❣ ♦♥ 
❤❡ ❡❧❡♠❡♥
 ♦❢ ❛	❝✱ ✇❡ ♠❛② �❛② ✐
 
♦ ❜❡ ❛ ❢♦	❝❡ ❛❝
✐♥❣ ♦♥ ❞❡♥�✐
②✿ ✐♥❞❡❡❞✱

✇❡ �❛✇ ✭�❡❝
✳ ✶✶ ❡�✉❛
✐♦♥ ✭✶✻✮ ♣✳ ♠✳✮ 
❤❛
 ❧✐♥❡❛	 ❞❡♥�✐
② ✐� ❡①♣	❡��❡❞ ❜② 1√
α

✳ ❲❡ ❝♦✉❧❞ �♦


❛❦❡ ❢♦	 
❤❡ ✜	�
 ♦❢ 
❤❡ ✭✸✮✱ ✐♥�
❡❛❞ ♦❢ 
❤❡ ✭✼✮✱ f = 1√
α

✳ ◆♦
 ❛❧✇❛②�✱ 
❤❡♥✱ 
❤❡ �✉❛♥
✐
✐❡� 
❤❛


✇❡ ✐♠❛❣✐♥❡ 
♦ ✉♥❞❡	❣♦ 
❤❡ ❛❝
✐♦♥ ♦❢ ✐♥♥❡	 ❢♦	❝❡� ❛	❡ ❣❡♦♠❡
	✐❝❛❧✿ 
❤❡② ♠❛② ❛❧�♦ ❣❡
 ❛ ♣❤②�✐❝❛❧

	❡♣	❡�❡♥
❛
✐♦♥✳

✸✷✳ ■ ❢♦✉♥❞ ✐
 ♠♦	❡ ❞✐✣❝✉❧
 
♦ ❡①
❡♥❞ ❛❧�♦ 
♦ �✉♣❡	✜❝✐❛❧ �②�
❡♠� 
❤❡ �❛♠❡ ✈✐❡✇�✱ 
❤❛
 ✐�✱


♦ ✜♥❞ �✐① �✉❛♥
✐
✐❡�✱ ❝♦✈❡	❡❞ ❜② ❛ ❣❡♦♠❡
	✐❝❛❧ 	❡♣	❡�❡♥
❛
✐♦♥✱ 
❤❛
 
❤❡ �✐① ✐♥♥❡	 ❢♦	❝❡� 
❡♥❞ 
♦

✈❛	②✱ ❛♥❞ 
❤❛
 ✭❛� ✇❡ �❛✐❞ ❛❜♦✈❡ ❢♦	 
❤❡ ❛♥❛❧♦❣♦✉� ❝❛�❡ ♦❢ ❧✐♥❡❛	 �②�
❡♠�✮ ♠❛② 
♦♦❦ 
❤❡ ♣❧❛❝❡ ♦❢


❤❡ �✐① 
	✐♥♦♠✐❛❧� α, ε, ϑ, κ, ς, ω✱ ❜❡✐♥❣ ❢✉♥❝
✐♦♥� ♦❢ 
❤❡♠ ❛♥❞ ♦❢ 
❤❡✐	 ❞❡	✐✈❛
✐✈❡� ✇✐
❤ 	❡�♣❡❝



♦ a ♦	 b✳ ❆❧❧ 
❤❡ ♠♦	❡ �♦ ❛� 
❤✐� �✉❜❥❡❝
 ✐� ♥❡✇✱ ❜❡✐♥❣ ✐♥❝♦♠♣❧❡
❡ ❛❧❧ 
❤❛
 ❤❛� ❜❡❡♥ �❛✐❞ ❛❜♦✉


✐
 ✉♥
✐❧ ♥♦✇❀ ✐
 ✐� ♥♦
 
❤❡ ❝❛�❡ ❛� ❢♦	 ❧✐♥❡❛	 �②�
❡♠�✱



✲ ✼✼ ✲

❧✐♥❡❛�✐✱ ♣❡✐ �✉❛❧✐ ❧❡ 
�❡ ❢♦�③❡ ❞✐ 
❡♥�✐♦♥❡✱ ❞✐ ❡❧❛�
✐❝✐
� ❡ ❞✐ 
♦��✐♦♥❡ ❡�❛♥♦ ❝♦♥♦�❝✐✉
❡✱ ❡ ❝♦♥♦�❝✐✉
❡

✐♥�✐❡♠❡ ❧❡ ❢✉♥③✐♦♥✐ ❝❤✬❡��❡ 
❡♥❞♦♥♦ ❛ ❢❛� ✈❛�✐❛�❡✳ ◆♦♥❞✐♠❡♥♦✱ �
❛♥
✐ ❧❡ ♣�❡♠❡��❡ ❝❤❡ ❝✐ �✐❛♠♦

♣�❡♣❛�❛
❡ ♥❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥
❡✱ �✐ ♣✉� ❝♦♥�❡❣✉✐�❡ ♣✐❡♥❛♠❡♥
❡ ❧✬✐♥
❡♥
♦✱ �✐ ♣♦��♦♥♦ ❝✐♦� ❛��❡❣♥❛�❡

❧❡ �❡✐ �✉❛♥
✐
� ❣❡♦♠❡
�✐❝❤❡ ❞♦♠❛♥❞❛
❡✳

❘✐❝❤✐❛♠✐❛♠♦ �✉❛♥
♦ �✐ � ❞❡

♦ ❛❧ ♥✳ ✷✸✱ ❡ ❞❡❧❧❡ ✐♥✜♥✐
❡ ❝✉�✈❡ ❝❤❡ ♣♦��✐❛♠♦ ✐♥
❡♥❞❡�❡ 
�❛❝❝✐❛
❡

�✉❧❧❛ �✉♣❡�✜❝✐❡ ❡ ♣❛��❛♥
✐ ♣❡❧ ♣✉♥
♦ (x, y, z) ✱ ♦✈❡ ✈❡♥❣♦♥♦ ❛ ❝♦❧❧♦❝❛��✐ ♥❡❧❧♦ �
❛
♦ �❡❛❧❡ ❧❡

♠♦❧❡❝♦❧❡ ❝❤❡ ❞❛♣♣�✐♠❛ ❡�❛♥♦ ✐♥ 
❛♥
❡ ❧✐♥❡❡ �❡

❡✱ ❝♦♥�✐❞❡�✐❛♠♦♥❡ ❞✉❡✱ ❛❧❧❡ �✉❛❧✐ ❝♦��✐�♣♦♥❞♦♥♦

✐ ❝♦�❡♥✐ ξ1, η1 ♣❡� ❧✬✉♥❛ ❡ ξ2, η2 ♣❡� ❧✬❛❧
�❛✿ ❝♦�❡♥✐ ❝❤❡ ✉♥♦ ♣❡� ❝♦♣♣✐❛ �✐ �✐
❡♥❣♦♥♦ ❛�❜✐
�❛�✐✐✳

❱❡❞❡♠♠♦ ✭♥✳ ✷✹✱ ❡�✉❛③✐♦♥❡ ✭✷✹✮✮ ❝❤❡ ✐ �✉❛❞�❛
✐ ❞❡❣❧✐ ❡❧❡♠❡♥
✐ ❞❡✐ ❞✉❡ ❛�❝❤✐ ❞❡❧❧❡ ❝✉�✈❡ ❛

♣❛�
✐�❡ ❞❛❧ ♣✉♥
♦ (x, y, z) �♦♥♦

✭✶✸✮ τ1 = αξ21 + 2εξ1η1 + ϑη21 ; τ2 = αξ22 + 2εξ2η2 + ϑη22

❡ ❝❤❡ ✐❧ ❝♦�❡♥♦ ❞❡❧❧✬❛♥❣♦❧♦ ❝♦♠♣�❡�♦ ❞❛❧❧❡ ❧♦�♦ 
❛♥❣❡♥
✐ ❝♦♥❝♦��❡♥
✐ ✐♥ �✉❡❧ ♣✉♥
♦ ❝♦♠✉♥❡ �

✭❡�♣�❡��✐♦♥❡ ✭✶✾✮ ✐✈✐✮

✭✶✹✮ τ3 =
αξ1ξ2 + ε (ξ1η2 + η1ξ2) + ϑη1η2√

τ1τ2
.

+❡� ❧❡ 
�❡ ♣�✐♠❡ ❛❞✉♥�✉❡ ❞❡❧❧❡ �❡✐ ❢♦�③❡ ✐♥
❡�♥❡ ♣♦��✐❛♠♦ ✐♥
❡♥❞❡�❡ �✉❡❧❧❡ ❝❤❡ 
❡♥❞♦♥♦ ❛ ❢❛�

✈❛�✐❛�❡ ❣❧✐ ❡❧❡♠❡♥
✐ ❞❡✐ ❞✉❡ ❛�❝❤✐ �✉❞❞❡

✐ ❡ ❧✬❛♥❣♦❧♦ ♣✐❛♥♦ ❝♦♠♣�❡�♦ ❞❛❧❧❡ ❧♦�♦ 
❛♥❣❡♥
✐✱ ❡ ✐♥✈❡❝❡

❞❡❧❧❛ ♣❛�
❡ λ δα + μ δϑ + ν δε ❞❡❧ �❡��✐♥♦♠✐♦ �❝�✐��♦ ♥❡❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❞❡❧❧❛ ✭✹✵✮ ♥✳ ✶✽

✐♥��♦❞✉��❡ ✐❧ ��✐♥♦♠✐♦ p δτ1 + q δτ2 + r δτ3 ❡��❡♥❞♦ p, q, r ❧❡ ��❡ ❢♦�③❡ ❝❤❡ �❡♥❞♦♥♦ ❛

❢❛� ✈❛�✐❛�❡ ❧❡ ��❡ �✉❛♥�✐�� τ1, τ2, τ3 ✳ ■♥❢❛��✐ � ❢❛❝✐❧❡✱ �♦��✐�✉❡♥❞♦ ❛❧❧❡ ✈❛�✐❛�❡ δτ1, δτ2, δτ3

✐ ✈❛❧♦�✐ ❞❡�✉♥�✐ ❞❛❧❧❡ ✭✶✸✮✱ ✭✶✹✮✱ �❡♥③❛ �♦❝❝❛�❡ ❧❡ ❛�❜✐��❛�✐❡ ξ1, η1, ξ2, η2 ✱ �✐❞✉��❡ ✐❧ �❡❝♦♥❞♦

��✐♥♦♠✐♦ ❛❧❧❛ ❢♦�♠❛ ❞❡❧ ♣�✐♠♦✱ ❡ �✉✐♥❞✐ ❞❛❧ ❝♦♥❢�♦♥�♦ ❞❡✐ ❝♦❡✣❝✐❡♥�✐ ❞✐ δα, δϑ, δε ❞❡❞✉��❡ ❧❡

λ, μ, ν ❞❛�❡ ♣❡� ❧❡ p, q, r ✱ ❡ ✈✐❝❡✈❡��❛✳ ❆✈✈❡��♦ ♣❡�# ❝❤❡ �✐❢❛��✐ ✈❛❧♦�✐ ❞✐ λ, μ, ν ❛❝�✉✐��❛♥♦

❛❧��✐ �❡�♠✐♥✐ ♣♦��❛�✐ ❞❛❧❧❡ ❛❧��❡ ��❡ ❢♦�③❡ ✐♥�❡�♥❡✱ ❝♦♠❡ �✉✐ ❛♣♣�❡��♦✳

▲❡ ��❡ ❢✉♥③✐♦♥✐ τ1, τ2, τ3 ❝❤❡ �✉❡��❡ ��❡ ♣�✐♠❡ ❢♦�③❡ p, q, r �❡♥❞♦♥♦ ❛ ❢❛� ✈❛�✐❛�❡ ❞✐✈❡♥�❛♥♦

❛��❛✐ �❡♠♣❧✐❝✐ ❢✉♥③✐♦♥✐ ❞✐ α, ϑ, ε �✉❛♥❞♦ �✐ ♣�❡♥❞♦♥♦ ♣❡� ❧❡ ❞✉❡ ❝✉�✈❡ ❧❡ ❞✉❡ ♣❛��✐❝♦❧❛�✐ ❞✐ ❝✉✐

�✐ � ❞✐�❝♦��♦ ❛❧ ♣�✐♥❝✐♣✐♦ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✱ ♣❡� ❧❡ �✉❛❧✐ ξ1 = 1, η1 = 0 ; ξ2 = 0, η2 = 1 ✿

❛❧❧♦�❛ ✐♥❢❛��✐ ❛❜❜✐❛♠♦

✭✶✺✮ τ1 = α ; τ2 = ϑ ; τ3 =
ε√
αϑ

.

❖��❡�✈❡�❡♠♦ ♣♦✐✱ ❛♥❛❧♦❣❛♠❡♥�❡ ❛❧ ❣✐� ❞❡��♦ �✉❧ ✜♥❡ ❞❡❧ ♥✉♠✳ ♣�❡❝❡❞❡♥�❡✱ ❝❤❡

✲ ✼✼ ❊◆● ✲

❢♦� ✇❤✐❝❤ �❤❡ �❤�❡❡ ✐♥♥❡� ❢♦�❝❡� ♦❢ �❡♥�✐♦♥✱ ❡❧❛��✐❝✐�②✱ ❛♥❞ �♦��✐♦♥ ✇❡�❡ ❦♥♦✇♥✱ ❛♥❞ �♦❣❡�❤❡�

✇❡�❡ ❦♥♦✇♥ �❤❡ ❢✉♥❝�✐♦♥� �❤❛� �❤❡② �❡♥❞ �♦ ✈❛�②✳ ◆❡✈❡��❤❡❧❡��✱ ❣✐✈❡♥ �❤❡ ♣�❡♠✐�❡� �❤❛� ✇❡ ❣♦�

�❡❛❞② ❢♦� ♦✉��❡❧✈❡� ✐♥ �❤❡ ♣�❡❝❡❞✐♥❣ ❈❛♣♦✱ ✇❡ ❝❛♥ ❢✉❧❧② ♣✉��✉❡ �❤❡ ♦❜❥❡❝�✐✈❡✱ �❤❛� ✐�✱ ✇❡ ❝❛♥

❛��✐❣♥ �❤❡ �❡�✉✐�❡❞ �✐① ❣❡♦♠❡��✐❝❛❧ �✉❛♥�✐�✐❡�✳

▲❡� ✉� �❡❝❛❧❧ ✇❤❛� ✇❡ �❛✐❞ ✐♥ �❡❝�✳ ✷✸✱ ❛♥❞✱ ❛♠♦♥❣ �❤❡ ✐♥♥✉♠❡�❛❜❧❡ ❝✉�✈❡� �❤❛� ✇❡ ♠❛②

✐♠❛❣✐♥❡ ❞�❛✇♥ ♦✈❡� �❤❡ �✉�❢❛❝❡ ❛♥❞ ♣❛��✐♥❣ �❤�♦✉❣❤ ♣♦✐♥� (x, y, z)✱ ✇❤❡�❡ ❝♦♠❡ �♦ ❜❡ ❧♦❝❛�❡❞

✐♥ �❤❡ �❡❛❧ ��❛�❡ �❤❡ ♠♦❧❡❝✉❧❡� �❤❛� ❜❡❢♦�❡ ✇❡�❡ ❛❧♦♥❣ ♠❛♥② ���❛✐❣❤� ❧✐♥❡�✱ ❧❡� ✉� ❝♦♥�✐❞❡� �✇♦✱

�♦ ✇❤✐❝❤ ❝♦��❡�♣♦♥❞ �❤❡ ❝♦�✐♥❡� ξ1, η1 ❢♦� ❢♦�♠❡�✱ ❛♥❞ ξ2, η2 ❢♦� ❧❛��❡�✿ ❝♦�✐♥❡� ✇❤✐❝❤✱ ♦♥❡ ❢♦�

❡❛❝❤ ❝♦✉♣❧❡✱ ✇❡ ❝♦♥�✐❞❡� ❛�❜✐��❛�②✳ ❲❡ �❛✇ ✭�❡❝�✳ ✷✹✱ ❡�✉❛�✐♦♥ ✭✷✹✮✮ �❤❛� �❤❡ ��✉❛�❡� ♦❢ �❤❡

❡❧❡♠❡♥�� ♦❢ �❤❡ �✇♦ ❛�❝� ♦❢ �❤❡ ❝✉�✈❡� ��❛��✐♥❣ ❢�♦♠ ♣♦✐♥� (x, y, z) ❛�❡

✭✶✸✮ τ1 = αξ21 + 2εξ1η1 + ϑη21 ; τ2 = αξ22 + 2εξ2η2 + ϑη22

❛♥❞ �❤❛� �❤❡ ❝♦�✐♥❡ ♦❢ �❤❡ ❛♥❣❧❡ ✐♥❝❧✉❞❡❞ ❜② �❤❡✐� �❛♥❣❡♥�� ❝♦♥❝✉��✐♥❣ ✐♥ �❤❛� ❝♦♠♠♦♥ ♣♦✐♥�

✐� ✭❡①♣�❡��✐♦♥ ✭✶✾✮ �❤❡�❡✮

✭✶✹✮ τ3 =
αξ1ξ2 + ε (ξ1η2 + η1ξ2) + ϑη1η2√

τ1τ2
.

❚❤❡�❡❢♦�❡✱ ✇❡ ♠❛② ✉♥❞❡���❛♥❞ �❤❡ ✜��� �❤�❡❡ ♦❢ �❤❡ �✐① ✐♥♥❡� ❢♦�❝❡� ❛� �❤♦�❡ �❡♥❞✐♥❣ �♦ ✈❛�②

�❤❡ ❡❧❡♠❡♥�� ♦❢ �❤❡ �✇♦ ❛❜♦✈❡ �❛✐❞ ❛�❝� ❛♥❞ �❤❡ ♣❧❛♥❡ ❛♥❣❧❡ ✐♥❝❧✉❞❡❞ ❜② �❤❡✐� �❛♥❣❡♥��✱ ❛♥❞✱

✐♥��❡❛❞ ♦❢ �❤❡ ♣❛�� λ δα + μ δϑ + ν δε ♦❢ �❤❡ �❡①�✐♥♦♠✐❛❧ ✇�✐��❡♥ ✐♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢

�❤❡ ✭✹✵✮ �❡❝�✳ ✶✽✱ �♦ ✐♥��♦❞✉❝❡ �❤❡ ��✐♥♦♠✐❛❧ p δτ1 + q δτ2 + r δτ3 ✱ p, q, r ❜❡✐♥❣ �❤❡ �❤�❡❡

❢♦�❝❡� �❡♥❞✐♥❣ �♦ ✈❛�② �❤❡ �❤�❡❡ �✉❛♥�✐�✐❡� τ1, τ2, τ3 ✳ ■♥❞❡❡❞✱ ✐� ✐� ❡❛�②✱ ❜② �✉❜��✐�✉�✐♥❣ �♦ �❤❡

✈❛�✐❛�✐♦♥� δτ1, δτ2, δτ3 �❤❡ ✈❛❧✉❡� ❞❡❞✉❝❡❞ ❜② �❤❡ ✭✶✸✮✱ ✭✶✹✮✱ ✇✐�❤♦✉� ❛❧�❡�✐♥❣ �❤❡ ❛�❜✐��❛�②

ξ1, η1, ξ2, η2 ✱ �♦ �❡❞✉❝❡ �❤❡ �❡❝♦♥❞ ��✐♥♦♠✐❛❧ �♦ �❤❡ ❢♦�♠ ♦❢ �❤❡ ✜��� ♦♥❡✱ ❛♥❞ �❤❡♥✱ ❜② �❤❡

❝♦♠♣❛�✐�♦♥ ♦❢ �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ δα, δϑ, δε✱ �♦ ❞❡❞✉❝❡ λ, μ, ν ❣✐✈❡♥ ❜② p, q, r ✱ ❛♥❞ ✈✐❝❡

✈❡��❛✳ ❍♦✇❡✈❡�✱ ■ ✇❛�♥ �❤❛� �✉❝❤ ✈❛❧✉❡� ♦❢ λ, μ, ν ❣❛✐♥ ♦�❤❡� �❡�♠� ❜�♦✉❣❤� ❜② �❤❡ ♦�❤❡�

�❤�❡❡ ✐♥♥❡� ❢♦�❝❡�✱ ❛� ❬✐� ✇✐❧❧ ❜❡ �❤♦✇♥❪ ❤❡�❡❛❢�❡�✳

❚❤❡ �❤�❡❡ ❢✉♥❝�✐♦♥� τ1, τ2, τ3 �❤❛� �❤❡�❡ �❤�❡❡ ✜��� ❢♦�❝❡� p, q, r �❡♥❞ �♦ ✈❛�② ❜❡❝♦♠❡ ✈❡�②

�✐♠♣❧❡ ❢✉♥❝�✐♦♥� ♦❢ α, ϑ, ε ✇❤❡♥ ✇❡ ❝❤♦♦�❡ �❤❡ �✇♦ ❝✉�✈❡� �♦ ❜❡ �❤❡ ♣❛��✐❝✉❧❛� ♦♥❡�✱ ♦❢ ✇❤✐❝❤ ✇❡

❞✐�❝✉��❡❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ ❈❛♣♦✱ ❢♦� ✇❤✐❝❤ ξ1 = 1, η1 = 0 ; ξ2 = 0, η2 = 1 ✿

✐♥❞❡❡❞✱ ✇❡ ❤❛✈❡ �❤❡♥

✭✶✺✮ τ1 = α ; τ2 = ϑ ; τ3 =
ε√
αϑ

.

❲❡ ✇✐❧❧ �❤❡♥ �❡♠❛�❦✱ ❛♥❛❧♦❣♦✉�❧② �♦ ✇❤❛� ✇❡ ❛❧�❡❛❞② �❛✐❞ ❛� �❤❡ ❡♥❞ ♦❢ �❤❡ ♣�❡❝❡❞✐♥❣ �❡❝�✐♦♥✱

�❤❛�✱



✲ ✼✽ ✲

✐♥✈❡❝❡ ❞✐ 
�❡ �✉❛♥
✐
� ❣❡♦♠❡
�✐❝❤❡ ♣♦
❡✈❛♠♦ ♣❡� ❧❡ τ1, τ2, τ3 ♣�❡♥❞❡�❡ 
�❡ �✉❛♥
✐
� ❞✐ ✜�✐❝♦

�✐❣♥✐✜❝❛
♦✱ ❝✐♦� ❧❡ ❞✉❡ ❞❡♥�✐
� ❧✐♥❡❛�✐ ❧✉♥❣♦ ❧❡ ❧✐♥❡❡ ❛♥③✐❞❡

❡ �❡❧❛
✐✈❛♠❡♥
❡ ❛❧ ♣✉♥
♦ ❝♦♠✉♥❡✱ ❡

❧❛ ❞❡♥�✐
� �✉♣❡�✜❝✐❛❧❡ ♣❡� ❧♦ �
❡��♦ ♣✉♥
♦ (x, y, z) ✿ ❞✐❢❛

✐ �✉❡�
❡ 
�❡ ❞❡♥�✐
� �♦♥♦ �❛♣♣�❡�❡♥
❛
❡

❞❛❧❧❡ ❢✉♥③✐♦♥✐
1√
α

;
1√
ϑ

;
1√

αϑ− ε2

✭✈❡❞✐ ♠✳ ♣✳ ♥✳ ✶✶✱ ✶✷✱ ✻✼✮✳

✸✸✳ $❡� ❧❡ ❛❧
�❡ 
�❡ ❢♦�③❡ ✐♥
❡�♥❡ ✭❝❤❡ ❞❡�✐❣♥❡�❡♠♦ ♣❡� ✉♥ ♠♦♠❡♥
♦ ❝♦❧❧❡ ❧❡

❡�❡ s, v, u✮ ✐♥✲


❡♥❞❡�❡♠♦ �✉❡❧❧❡ ❝❤❡ 
❡♥❞♦♥♦ ❛ ❢❛� ✈❛�✐❛�❡ ✐ ❞✉❡ �❛❣❣✐ ❞❡✐ ❝❡�❝❤❥ ♦�❝✉❧❛
♦�✐ ❛❧❧❡ ❞✉❡ ❝✉�✈❡ 
❡♥✉
❡

❛♥❝♦�❛ �✉❧❧❡ ❣❡♥❡�❛❧✐✱ ❝♦♠❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✸✮✱ ✭✶✹✮✱ �❡❧❛
✐✈❛♠❡♥
❡ ❛❧ ♣✉♥
♦ ❝♦♠✉♥❡ (x, y, z)✱

❡ ❧✬❛♥❣♦❧♦ ❞❛ ❡��✐ �❛❣❣✐ ❝♦♠♣�❡�♦✳ ❋✉ ❝♦❧❧✬✐♥
❡♥❞✐♠❡♥
♦ ❞✐ ♣�♦✈✈❡❞❡�❡ ❛❧❧❛ ❛♣♣❧✐❝❛③✐♦♥❡ ❞✐ ❝✉✐

�✉✐ ❢❛ ❜✐�♦❣♥♦✱ ❝❤❡ ♣�❡♣❛�❛♠♠♦ 
✉

❛ ❧✬❛♥❛❧✐�✐ ❞❡❧ ♥✳ ✷✹✱ ♦✈❡ ♠♦�
�❛♠♠♦ ❝❤❡ ❧❡ 
�❡ �✉❛♥
✐
�

❣❡♦♠❡
�✐❝❤❡ ❛♥③✐❞❡

❡ �♦♥♦ ❢❛

❡ ✉♥✐❝❛♠❡♥
❡ ✭
�❛

❛
❡ ❝♦♠❡ ❝♦�
❛♥
✐ ❧❡ �✉❛♥
✐
� ❛�❜✐
�❛�✐❡✮ ❞❡✐

�❡✐ 
�✐♥♦♠❥ α, ε, ϑ, κ, ς, ω✱ ❡ ❞❡❧❧❡ ❞❡�✐✈❛
❡ ❞❡❧❧❡ ♣�✐♠❡ 
�❡✳ ❱❡❞❡♠♠♦ ❝♦❧� ❛❧
�❡�+ ✭❡�♣�❡��✐♦♥✐

✭✸✼✮✱ ✭✸✽✮✮ ❝♦♠❡ 
❛❧✐ ❢✉♥③✐♦♥✐ �✐ ❝♦♠♣❡♥❞✐❛♥♦ ❡ ❞✐✈❡♥
❛♥♦ 
�❛

❛❜✐❧✐ �✉❛♥❞♦ �✐ ♣❛�❧✐ ❞❡❧❧❡ ❞✉❡

❝✉�✈❡ ♣❛�
✐❝♦❧❛�✐ ❛❧❧❡ �✉❛❧✐ �✐ �✐❢❡�✐�❝♦♥♦ ❛♥❝❤❡ ✐ ♣�❡❝❡❞❡♥
✐ ✈❛❧♦�✐ ✭✶✺✮✳

❈❤✐❛♠❛
❡ τ4, τ5, τ6 �✉❡�
❡ 
�❡ ♥✉♦✈❡ �✉❛♥
✐
� ❣❡♦♠❡
�✐❝❤❡✱ ✐❧ �❡�
✐♥♦♠✐♦

p δτ1 + q δτ2 + r δτ3 + s δτ4 + v δτ5 + u δτ6

♣✉. �✉��♦❣❛��✐ ❛ �✉❡❧❧♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✹✵✮ ♥✳ ✶✽✱ ❡ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ♦♣♣♦�
✉♥❡ 
�❛�❢♦�♠❛③✐♦♥✐

�✐❞✉��✐ ❛❧❧❛ �
❡��❛ ❢♦�♠❛ ❞✐ ❡��♦✱ ❝♦❧❧✬❛❣❣✐✉♥
❛ ❞✐ �✉❛♥
✐
� ❝❤❡ ❡��❡♥❞♦ ❞❡�✐✈❛
❡ ❡�❛

❡ ♦ ♣❡� a

♦ ♣❡� b ♥♦♥ �♦♠♠✐♥✐�
�❛♥♦ 
❡�♠✐♥✐ ❝❤❡ ♣❡� ✐ ❧✐♠✐
✐✳ ❆❧❧♦�❛ ✐❧ ❝♦♥❢�♦♥
♦ ❞❡✐ �❡✐ ❝♦❡✣❝✐❡♥
✐ ❞✐

δα, δε, δϑ, δκ, δς, δω ❝✐ ♣♦�❣❡�� ❧❡ �❡✐ �✉❛♥
✐
� λ, μ, ν, ι, θ, τ ❞❛
❡ ♣❡� ❧❡ �❡✐ p, q, r, s, v, u✱

❡ ♣♦
�❡♠♦✱ ✈♦❧❡♥❞♦✱ ❛✈❡�❡ ❛♥❝❤❡ �✉❡�
❡ ❞❛
❡ ♣❡� �✉❡❧❧❡✳ ◆♦♥ ♠✐ 
�❛

❡♥❣♦ ❛ �
❡♥❞❡�❡ ✐ ❝❛❧✲

❝♦❧✐ ❛❧�✉❛♥
♦ ❧✉♥❣❤✐✱ 
❡♥❡♥❞♦ ♣❡� ❢❡�♠♦ ❝❤❡ ✐❧ ❧❡

♦�❡✱ ♣�❛
✐❝♦ ❝♦♠❡ ♦�❛ ❞❡❜❜✬❡��❡�❡ ❞✐ �✉❡�
✐

❛♥❞❛♠❡♥
✐✱ ♥♦♥ ♣✉. ✐♥❝♦♥
�❛�✈✐ ❛❧❝✉♥❛ ✈❡�❛ ❞✐✣❝♦❧
�✳

▼❛ ❧❛ ❞✐✣❝♦❧
� �✐ 
�♦✈❡�� ♥❡❧❧✬❡�❡❣✉✐�❡ �✉❧❧❡ ❡�✉❛③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡ �✐�✉❧
❛♥
✐ ✉♥ ❧❛✈♦�♦ ❛♥❛✲

❧♦❣♦ ❛ �✉❡❧❧♦ ❝♦♥❞♦

♦ ❛ 
❡�♠✐♥❡ ❞❛❧ �✐❣✳ ❇♦�❞♦♥✐ ✭❧✉♦❣♦ �♦♣�❛ ❝✐
❛
♦✮ ♣❡� ❧❛ ❞❡
❡�♠✐♥❛③✐♦♥❡

❞❡❧❧❡ 
�❡ ❢♦�③❡ ✐♥
❡�♥❡ ❞❡✐ �✐�
❡♠✐ ❧✐♥❡❛�✐✿ ❡ ❝✐. ♣❡� ❛��❡❣♥❛�❡✱ ❛❧♠❡♥♦ ✐♥ ❝❡�
✐ ❝❛�✐✱ ✐♥ ❢✉♥③✐♦♥✐ ❞✐

�✉❛♥
✐
� ♥♦
❡ ❛❧❝✉♥❛ ❞❡❧❧❡ �❡✐ �✉❛♥
✐
� λ, μ, ν, ι, θ, τ ✱ ❡ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❛♥❝❤❡ ❛❧❝✉♥❛ ❞❡❧❧❡ �❡✐

p, q, r, s, v, u✳ ❆❜❜✐❛♠♦ ❣✐� ❞❡

♦ ❝❤❡ ✐♥❝♦♠♣❧❡
♦ � 
✉

♦ ✐❧ ❢❛

♦ ✜♥ �✉✐ ✐♥
♦�♥♦ ❛❧❧❡ �✉♣❡�✜❝✐❡

❡❧❛�
✐❝❤❡✱ ♣❡�❝❤5 ❧✬❛�❣♦♠❡♥
♦ ♥♦♥ � ♠❛✐ �
❛
♦ ✈❡❞✉
♦ �♦

♦ �✉❡❧ ♣✉♥
♦ ❞✐ ✈✐�
❛ ♣✐6 ❣❡♥❡�❛❧❡ ✐♥

❝✉✐ ♦�❛ �✐ ♣�❡�❡♥
❛✳ ❱❡❣❣❛�✐ ❧❛ ▼❡♠♦�✐❛ ❞✐ $♦✐��♦♥

✲ ✼✽ ❊◆● ✲

✐♥�
❡❛❞ ♦❢ 
❤�❡❡ ❣❡♦♠❡
�✐❝❛❧ �✉❛♥
✐
✐❡� ✇❡ ❝♦✉❧❞ 
❛❦❡ ❢♦� τ1, τ2, τ3 
❤�❡❡ �✉❛♥
✐
✐❡� ❤❛✈✐♥❣ ❛

♣❤②�✐❝❛❧ ♠❡❛♥✐♥❣✱ 
❤❛
 ✐�✱ 
❤❡ 
✇♦ ❧✐♥❡❛� ❞❡♥�✐
✐❡� ❛❧♦♥❣ 
❤❡ ❛❜♦✈❡ �❛✐❞ ❧✐♥❡� �❡❧❛
✐✈❡ 
♦ 
❤❡

❝♦♠♠♦♥ ♣♦✐♥
✱ ❛♥❞ 
❤❡ �✉♣❡�✜❝✐❛❧ ❞❡♥�✐
② ❛
 
❤❡ �❛♠❡ ♣♦✐♥
 (x, y, z) ✿ ✐♥❞❡❡❞✱ 
❤❡�❡ 
❤�❡❡

❞❡♥�✐
✐❡� ❛�❡ �❡♣�❡�❡♥
❡❞ ❜② 
❤❡ ❢✉♥❝
✐♦♥�

1√
α

;
1√
ϑ

;
1√

αϑ− ε2

✭�❡❡ ♣✳ ♠✳ �❡❝
�✳ ✶✶✱ ✶✷✱ ✻✼✮✳
✸✸✳ ❲❡ ♠❡❛♥ ❛� 
❤❡ ♦
❤❡� 
❤�❡❡ ✐♥♥❡� ❢♦�❝❡� ✭✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡♥♦
❡ ♥♦✇ ❜② 
❤❡ ❧❡

❡��

s, v, u✮ 
❤♦�❡ 
❡♥❞✐♥❣ 
♦ ✈❛�② 
❤❡ 
✇♦ �❛❞✐✐ ♦❢ 
❤❡ ♦�❝✉❧❛
✐♥❣ ❝✐�❝❧❡� ❢♦� 
❤❡ 
✇♦ ❝✉�✈❡� ✇❤✐❝❤ ❛�❡

�
✐❧❧ ❦❡♣
 ❛� ❣❡♥❡�❛❧ ♦♥❡�✱ ❧✐❦❡ ✐♥ ❡�✉❛
✐♦♥� ✭✶✸✮✱ ✭✶✹✮✱ �❡❧❛
✐✈❡ 
♦ 
❤❡ ❝♦♠♠♦♥ ♣♦✐♥
 (x, y, z)✱

❛♥❞ 
❤❡ ❛♥❣❧❡ ✐♥❝❧✉❞❡❞ ❜② 
❤❡ �❛❞✐✐ 
❤❡♠�❡❧✈❡�✳ ■
 ✇❛� ✇✐
❤ 
❤❡ ✐♥
❡♥
✐♦♥ ♦❢ ♣�♦✈✐❞✐♥❣ 
❤❡

❛♣♣❧✐❝❛
✐♦♥ ♥❡❡❞❡❞ ❤❡�❡✱ 
❤❛
 ✇❡ ❣♦
 ❛❧❧ 
❤❡ ❛♥❛❧②�✐� ♦❢ �❡❝
✳ ✷✹ �❡❛❞②✱ ✇❤❡�❡ ✇❡ �❤♦✇❡❞ 
❤❛



❤❡ 
❤�❡❡ ❛❜♦✈❡ �❛✐❞ ❣❡♦♠❡
�✐❝❛❧ �✉❛♥
✐
✐❡� ❛�❡ ❝♦♠♣♦�❡❞ �♦❧❡❧② ✭♦♥❝❡ ✇❡ ❝♦♥�✐❞❡�❡❞ ❝♦♥�
❛♥
�

❛❧❧ ❛�❜✐
�❛�② �✉❛♥
✐
✐❡�✮ ❜② 
❤❡ �✐① 
�✐♥♦♠✐❛❧� α, ε, ϑ, κ, ς, ω✱ ❛♥❞ ❜② 
❤❡ ❞❡�✐✈❛
✐✈❡� ♦❢ 
❤❡

✜��
 
❤�❡❡✳ ❲❡ ❛❧�♦ �❛✇ 
❤❡�❡ ✭❡①♣�❡��✐♦♥� ✭✸✼✮✱ ✭✸✽✮✮ ❤♦✇ �✉❝❤ ❢✉♥❝
✐♦♥� ❛�❡ �✉♠♠❡❞ ✉♣ ❛♥❞

❜❡❝♦♠❡ ♠❛♥❛❣❡❛❜❧❡ ✇❤❡♥ ✇❡ 
❛❧❦ ♦❢ 
❤❡ 
✇♦ ♣❛�
✐❝✉❧❛� ❝✉�✈❡� 
♦ ✇❤✐❝❤ ❛❧�♦ 
❤❡ ♣�❡❝❡❞✐♥❣

✈❛❧✉❡� ✭✶✺✮ �❡❢❡�✳

❈❛❧❧❡❞ τ4, τ5, τ6 
❤❡�❡ 
❤�❡❡ ♥❡✇ ❣❡♦♠❡
�✐❝❛❧ �✉❛♥
✐
✐❡�✱ 
❤❡ �❡①
✐♥♦♠✐❛❧

p δτ1 + q δτ2 + r δτ3 + s δτ4 + v δτ5 + u δτ6

♠❛② �✉❜�
✐
✉
❡ 
❤❛
 ♦❢ ❡�✉❛
✐♦♥ ✭✹✵✮ �❡❝
✳ ✶✽✱ ❛♥❞ ❜② ♠❡❛♥� ♦❢ �✉✐
❛❜❧❡ 
�❛♥�❢♦�♠❛
✐♦♥� �❡❞✉❝❡


♦ 
❤❡ �❛♠❡ ❢♦�♠ ♦❢ ✐
✱ ✇✐
❤ 
❤❡ ❛❞❞✐
✐♦♥ ♦❢ �✉❛♥
✐
✐❡� 
❤❛
✱ ❜❡✐♥❣ ❡①❛❝
 ❞❡�✐✈❛
✐✈❡� ✇✐
❤

�❡❢❡�❡♥❝❡ ❡✐
❤❡� ♦❢ a ♦� b✱ ♣�♦✈✐❞❡ 
❡�♠� ❜✉
 ❛
 
❤❡ ❧✐♠✐
�✳ ❚❤✉�✱ 
❤❡ ❝♦♠♣❛�✐�♦♥ ♦❢ 
❤❡ �✐①

❝♦❡✣❝✐❡♥
� ♦❢ δα, δε, δϑ, δκ, δς, δω ✇✐❧❧ ♣�♦✈✐❞❡ ✉� 
❤❡ �✐① �✉❛♥
✐
✐❡� λ, μ, ν, ι, θ, τ ❣✐✈❡♥ ❜② 
❤❡

�✐① p, q, r, s, v, u✱ ❛♥❞ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡✱ ✐❢ ✇❡ ✇✐�❤✱ 
♦ ❡①♣�❡�� 
❤❡�❡ 
❤�♦✉❣❤ 
❤♦�❡✳ ■ ❞♦ ♥♦
 ❤♦❧❞

♠②�❡❧❢ 
♦ ✇�✐
❡ ❞♦✇♥ 
❤❡ �❛
❤❡� ❧♦♥❣ ❝❛❧❝✉❧❛
✐♦♥�✱ ❦❡❡♣✐♥❣ ❢♦� ❣�❛♥
❡❞ 
❤❛
 
❤❡ �❡❛❞❡�✱ ✉�❡❞ ❛�

✐
 �❤♦✉❧❞ ♥♦✇ ❜❡ 
♦ 
❤❡�❡ ❝❛❧❝✉❧❛
✐♦♥�✱ ❝❛♥♥♦
 ♠❡❡
 ❛♥② 
�✉❡ ❞✐✣❝✉❧
② 
❤❡�❡✳

❍♦✇❡✈❡�✱ ✇❡ ✇✐❧❧ ✜♥❞ ❛ ❞✐✣❝✉❧
② ✐♥ ♣❡�❢♦�♠✐♥❣ ✐♥ 
❤❡ �❡�✉❧
✐♥❣ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛
✐♦♥� ❛

♣�♦❝❡❞✉�❡ ❛♥❛❧♦❣♦✉� 
♦ 
❤❛
 ❝❛��✐❡❞ ♦✉
 ❜② ▼�✳ ❇♦�❞♦♥✐ ✭✐♥ 
❤❡ ❛❜♦✈❡ �✉♦
❡❞ ❧♦❝✉�✮ ❢♦�

❞❡
❡�♠✐♥✐♥❣ 
❤❡ 
❤�❡❡ ✐♥♥❡� ❢♦�❝❡� ♦❢ ❧✐♥❡❛� �②�
❡♠�✿ ❛♥❞ 
❤❛
 ✐� 
♦ ❛��✐❣♥✱ ❛
 ❧❡❛�
 ✐♥ ❝❡�
❛✐♥

❝❛�❡�✱ �♦♠❡ ♦❢ 
❤❡ �✐① �✉❛♥
✐
✐❡� λ, μ, ν, ι, θ, τ ✱ ❛♥❞✱ ❛� ❛ ❝♦♥�❡�✉❡♥❝❡✱ ❛❧�♦ �♦♠❡ ♦❢ 
❤❡ �✐①

p, q, r, s, v, u ❛� ❛ ❢✉♥❝
✐♦♥ ♦❢ ❦♥♦✇♥ �✉❛♥
✐
✐❡�✳ ❲❡ ❤❛✈❡ ❛❧�❡❛❞② �❛✐❞ 
❤❛
 ❛❧❧ ✇❤❛
 ❤❛� ❜❡❡♥

♣❡�❢♦�♠❡❞ ✉♥
✐❧ ♥♦✇ ❛❜♦✉
 ❡❧❛�
✐❝ �✉�❢❛❝❡� ✐� ✐♥❝♦♠♣❧❡
❡✱ ❜❡❝❛✉�❡ 
❤❡ �✉❜❥❡❝
 ❤❛� ♥❡✈❡� ❜❡❡♥

�❡❡♥ ✉♥❞❡� 
❤❛
 ♠♦�❡ ❣❡♥❡�❛❧ ♣♦✐♥
 ♦❢ ✈✐❡✇ ✐♥ ✇❤✐❝❤ ✇❡ ♣�❡�❡♥
 ✐
 ♥♦✇✳ ❙❡❡ 
❤❡ ▼❡♠♦✐� ❜②

$♦✐��♦♥



✲ ✼✾ ✲

✐♥�❡�✐	❛ 	�❛ �✉❡❧❧❡ ❞❡❧❧✬■�	✐	✉	♦ ❞✐ ❋�❛♥❝✐❛ ♣❡� ❧✬❛♥♥♦ ✶✽✶✷✱ ❡ �✐ ❝❛♣✐�� �✉❛♥	♦ ♣✐� ✈❛�	♦ �✐❛

✐❧ ♣�♦❜❧❡♠❛ ♣�❡�♦ ✐♥ 	✉		❛ ❧❛ �✉❛ ❡�	❡♥�✐♦♥❡✳ ▲❡ �❡✐ ❢♦�③❡ ❝❤❡ ❛❜❜✐❛♠♦ �❝♦♣❡�	♦ ❡�✐�	❡�❡ ✐♥

�✉❡�	✐ ♠♦	✐ ♦❞ ❡�✉✐❧✐❜�✐ �✉♣❡�✜❝✐❛❧✐ ♥♦♥ ❤❛♥♥♦ ♣❡� ❧❛ ♠❛❣❣✐♦� ♣❛�	❡ ❣❧✐ ♦♣♣♦�	✉♥✐ �✐�❝♦♥	�✐

♥❡❧❧❡ �♣❡�✐❡♥③❡✱ ♥♦♥ ❤❛♥♥♦ ♥❡♠♠❡♥♦ ❧❡ ❝♦♥✈❡♥✐❡♥	✐ ❞❡♥♦♠✐♥❛③✐♦♥✐ ♣❡� ❞✐�	✐♥❣✉❡�❡ ❧❡ ✉♥❡ ❞❛❧❧❡

❛❧	�❡✿ ✐❧ ❝❤❡ ✐♥✈❡❝❡ & ❢❛		♦ ♣❡❧ ❝❛�♦ ❞❡✬ �✐�	❡♠✐ ❧✐♥❡❛�✐✳ ❉✐ �✉✐ �✐❢❡�✐�❡♠♦ ❝❤❡ �✉❡�	❛ ♣❛�	❡ ❞✐

♠❛	❡♠❛	✐❝❛ ❛♣♣❧✐❝❛	❛ &✱ �✐ ♣✉( ❞✐�❡✱ ❛♥❝♦�❛ ❛✐ �✉❞✐♠❡♥	✐✳ ❊♣♣✉�❡ ✐♦ ♣❡♥�♦ ❝❤❡ 	❡♥❡♥❞♦ ❞✐❡	�♦

❛✐ ✈❡�✐ ♣�✐♥❝✐♣❥ �♦♣�❛ ❡�♣♦�	✐ �✐ ♣♦	�❛♥♥♦ 	�♦✈❛�❡ ♠♦❧	❡ ♥♦✈✐	�✿ �♣❡�♦ ♣♦	❡�♠❡♥❡ ♦❝❝✉♣❛�❡ ✉♥

♣♦✬ ♣✐� ❞✐ ♣�♦♣♦�✐	♦ 	�❛		❛♥❞♦ ❞❡❧ �✉♦♥♦✱ ❡ �♣❡�♦ ❛❧	�❡�+ ❝❤❡ �❛✛�♦♥	❛♥❞♦ ✐ �✐�✉❧	❛	✐ ❝♦✐ 	❛♥	✐

❢❡♥♦♠❡♥✐ ❞✐ ❛❝✉�	✐❝❛ ❞❡✐ �✉❛❧✐ & 	✉		♦�❛ ✐♥❝♦❣♥✐	❛ ❧❛ �♣✐❡❣❛③✐♦♥❡✱ �✐ ❛❜❜✐❛ ❛ ♣♦	❡� ❞✐�❡✿ ❡❝❝♦ ✐❧

❝❛�♦ ✐♥ ❝✉✐ ❧❛ 	❡♦�✐❝❛ ❤❛ ♣�❡❝♦��♦ ❡ ❣✉✐❞❛	♦ ❧❡ ✐♥❞❛❣✐♥✐ ✜�✐❝❤❡✱ ❣✐✉�	❛ �✉❡❧❧❛ �❡♥	❡♥③❛ ❞✐ ▲❛❣�❛♥❣❡✿

✏▲✬❛❝❝♦�❞ ❞❡� �.�✉❧	❛	� ❛✈❡❝ ❧✬❡①♣.�✐❡♥❝❡ �❡�✈✐�❛ ♣❡✉	✲0	�❡ � ❞❡	�✉✐�❡ ❧❡� ♣�.❥✉❣.� ❞❡ ❝❡✉① �✉✐

�❡♠❜❧❡♥	 ❞.�❡�♣.�❡� �✉❡ ❧❡� ♠❛	❤.♠❛	✐�✉❡� ♥❡ ♣✉✐��❡♥	 ❥❛♠❛✐� ♣♦�	❡� ❞❡� ✈�❛✐❡� ❧✉♠✐&�❡� ❞❛♥�

❧❛ 1❤②�✐�✉❡ ✭▼✐�❝❡❧❧✳ ❚❛✉�✳✱ ❚✳ ✶✳er✱ ♣❛❣✳ ①✱ ✷✳e 1❛�	✐❡✮✑✳

✸✹✳ 1❡✐ �✐�	❡♠✐ ❛ 	�❡ ❞✐♠❡♥�✐♦♥✐ �✐❝❤✐❛♠✐�✐ ✐❧ ❣✐� ❞❡		♦ ❛❧ ♥✳ ✷✾✱ ❡ �✐ ❝❛♣✐�� �❡♥③❛ ❞✐✣❝♦❧	� ❝❤❡

♣❡� ❧❡ �❡✐ �✉❛♥	✐	� ❣❡♦♠❡	�✐❝❤❡ ❢❛		❡ ✈❛�✐❛�❡ ❞❛❧❧❡ �❡✐ ❢♦�③❡ ✐♥	❡�♥❡ ♣♦��✐❛♠♦ ♣�❡♥❞❡�❡ ♣�✐♠✐❡�❛✲

♠❡♥	❡ ✐ �✉❛❞�❛	✐ τ1, τ2, τ3 ❞❡❣❧✐ ❡❧❡♠❡♥	✐ ❞❡✐ 	�❡ ❛�❝❤✐ ❞✐ �✉❡❧❧❡ 	�❡ ❝✉�✈❡ ❝✉✐ ❝♦��✐�♣♦♥❞♦♥♦

✐♥ ❣❡♥❡�❛❧❡ ✐ ♥♦✈❡ ❝♦�❡♥✐ ξ1, η1, ζ1 ; ξ2, η2, ζ2 ; ξ3, η3, ζ3 ✱ ❞❡✐ �✉❛❧✐ �❡✐ �✐♠❛♥❣♦♥♦ ❛�❜✐	�❛�❥✿

♣♦✐ ✐ 	�❡ ❝♦�❡♥✐ τ4, τ5, τ6 ❞❡❣❧✐ ❛♥❣♦❧✐ ❢❛		✐ 	�❛ ❧♦�♦ ❞❛❧❧❡ 	❛♥❣❡♥	✐ ❛❧❧❡ 	�❡ ❝✉�✈❡ ✐♥ �✉❡❧ ♣✉♥	♦

❝♦♠✉♥❡✱ ❝✐♦& �❡✐ �✉❛♥	✐	� ❞❛	❡ ❞❛❧❧❡ ❡�✉❛③✐♦♥✐

✭✶✻✮

τ1 = t1ξ
2
1 + t2η

2
1 + t3ζ

2
1 + 2t4ξ1η1 + 2t5ξ1ζ1 + 2t6η1ζ1

τ2 = t1ξ
2
2 + t2η

2
2 + t3ζ

2
2 + 2t4ξ2η2 + 2t5ξ2ζ2 + 2t6η2ζ2

τ3 = t1ξ
2
3 + t2η

2
3 + t3ζ

2
3 + 2t4ξ3η3 + 2t5ξ3ζ3 + 2t6η3ζ3

τ4
√
τ1τ2 = t1ξ1ξ2 + t2η1η2 + t3ζ1ζ2

+t4 (ξ1η2 + η1ξ2) + t5 (ξ1ζ2 + ζ1ξ2) + t6 (η1ζ2 + ζ1η2)

τ5
√
τ1τ3 = t1ξ1ξ3 + t2η1η3 + t3ζ1ζ3

+t4 (ξ1η3 + η1ξ3) + t5 (ξ1ζ3 + ζ1ξ3) + t6 (η1ζ3 + ζ1η3)

τ6
√
τ2τ3 = t1ξ2ξ3 + t2η2η3 + t3ζ2ζ3

+t4 (ξ2η3 + η2ξ3) + t5 (ξ2ζ3 + ζ2ξ3) + t6 (η2ζ3 + ζ2η3)

1❡�	❛♥	♦ ♣♦��✐❛♠♦ �✉♣♣♦��❡ ❝❤❡ �✐❛ �♦		♦♣♦�	♦ ❛❧ �❡❣♥♦ ❞✐ ✐♥	❡❣�❛❧❡ 	�✐♣❧✐❝❛	♦ ♥❡❧❧✬❡�✉❛③✐♦♥❡

❣❡♥❡�❛❧❡ ✐❧ �❡�	✐♥♦♠✐♦

✭✶✼✮ Lδτ1 +M δτ2 +N δτ3 + V δτ4 + U δτ5 +W δτ6

✲ ✼✾ ❊◆● ✲

✐♥�❡�	❡❞ ❛♠♦♥❣ 	❤♦�❡ ♦❢ 	❤❡ ■♥�	✐	✉	 ❞❡ ❋�❛♥❝❡ ❢♦� ②❡❛� ✶✽✶✷✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉♥❞❡��	❛♥❞ ❤♦✇

✇✐❞❡� ✐� 	❤❡ ♣�♦❜❧❡♠✱ ✇❤❡♥ ✐	 ✐� 	❛❦❡♥ ✐♥ ❛❧❧ ✐	� ❞❡♣	❤✳ ❚❤❡ �✐① ❢♦�❝❡� 	❤❛	 ✇❡ ❢♦✉♥❞ 	♦ ❡①✐�	

✐♥ 	❤❡�❡ �✉♣❡�✜❝✐❛❧ ♠♦	✐♦♥� ♦� ❡�✉✐❧✐❜�✐❛ ❞♦ ♥♦	 ❤❛✈❡✱ ✐♥ 	❤❡ ♠❛❥♦�✐	② ♦❢ ❝❛�❡�✱ ❛♣♣�♦♣�✐❛	❡

❡①♣❡�✐♠❡♥	❛❧ ❡✈✐❞❡♥❝❡✱ ❞♦ ♥♦	 ❡✈❡♥ ❤❛✈❡ �✉✐	❛❜❧❡ ❞❡✜♥✐	✐♦♥� 	♦ ❞✐�	✐♥❣✉✐�❤ 	❤❡ ♦♥❡ ❢�♦♠ 	❤❡

♦	❤❡�✿ ✇❤✐❝❤ ✐� ❞♦♥❡✱ ♦♥ 	❤❡ ❝♦♥	�❛�②✱ ❢♦� 	❤❡ ❝❛�❡ ♦❢ ❧✐♥❡❛� �②�	❡♠�✳ ❍❡♥❝❡ ✇❡ ✇✐❧❧ �❛② 	❤❛	

	❤✐� ♣❛�	 ♦❢ ❛♣♣❧✐❡❞ ♠❛	❤❡♠❛	✐❝� ✐�✱ ✇❡ ♠❛② �❛②✱ �	✐❧❧ ✐♥ ❛ �✉❞✐♠❡♥	❛❧ �	❛❣❡✳ ❨❡	 ■ 	❤✐♥❦ 	❤❛	

❦❡❡♣✐♥❣ ✉♣ 	❤❡ 	�✉❡ ♣�✐♥❝✐♣❧❡� ❡①♣♦✉♥❞❡❞ ❛❜♦✈❡ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ 	♦ ❞✐�❝♦✈❡� ♠❛♥② ♥❡✇ ✜♥❞✐♥❣�✿

■ ❤♦♣❡ 	♦ ❜❡ ❛❜❧❡ 	♦ ❝♦♣❡ ✇✐	❤ 	❤❡♠ ♠♦�❡ ♣�♦♣❡�❧② ❞❡❛❧✐♥❣ ✇✐	❤ �♦✉♥❞✱ ❛♥❞ ■ ❛❧�♦ ❤♦♣❡ 	❤❛	 ❜②

❝♦♠♣❛�✐♥❣ 	❤❡ �❡�✉❧	� ✇✐	❤ 	❤❡ ♥✉♠❡�♦✉� ♣❤❡♥♦♠❡♥❛ ♦❢ ❛❝♦✉�	✐❝�✱ ♦❢ ✇❤✐❝❤ 	❤❡ ❡①♣❧❛♥❛	✐♦♥ ✐�

�	✐❧❧ ✉♥❦♥♦✇♥✱ ✇❡ �❤❛❧❧ ❜❡ ❛❜❧❡ 	♦ �❛②✿ ❤❡�❡ ✐� ❛ ❝❛�❡ ✇❤❡�❡ 	❤❡♦�② ❤❛� ♣�❡❡♠♣	❡❞ ❛♥❞ ❞✐�❡❝	❡❞

♣❤②�✐❝❛❧ ✐♥✈❡�	✐❣❛	✐♦♥�✱ ❛❝❝♦�❞✐♥❣ 	♦ 	❤❛	 �❡♥	❡♥❝❡ ❜② ▲❛❣�❛♥❣❡✿ ✏▲✬❛❝❝♦�❞ ❞❡� �.�✉❧	❛	� ❛✈❡❝

❧✬❡①♣.�✐❡♥❝❡ �❡�✈✐�❛ ♣❡✉	✲0	�❡ � ❞❡	�✉✐�❡ ❧❡� ♣�.❥✉❣.� ❞❡ ❝❡✉① �✉✐ �❡♠❜❧❡♥	 ❞.�❡�♣.�❡� �✉❡ ❧❡�

♠❛	❤.♠❛	✐�✉❡� ♥❡ ♣✉✐��❡♥	 ❥❛♠❛✐� ♣♦�	❡� ❞❡� ✈�❛✐❡� ❧✉♠✐&�❡� ❞❛♥� ❧❛ 1❤②�✐�✉❡ ✭▼✐�❝❡❧❧✳ ❚❛✉�✳✱

❚♦♠❡ ✶er✱ ♣✳ ①✱ ✷e 1❛�	✐❡✮✑✭∗✮✳
✸✹✳ ❆� ❢♦� 	❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②�	❡♠�✱ ❧❡	 ✉� �❡❝❛❧❧ ✇❤❛	 ✇❡ ❛❧�❡❛❞② �❛✐❞ ✐♥ �❡❝	✳ ✷✾✱ ❛♥❞

✇❡ ✇✐❧❧ ✉♥❞❡��	❛♥❞ ✇✐	❤♦✉	 ❞✐✣❝✉❧	② 	❤❛	 ✇❡ ♠❛② 	❛❦❡✱ ❛� �✐① ❣❡♦♠❡	�✐❝❛❧ �✉❛♥	✐	✐❡� ✈❛�✐❡❞ ❜②

	❤❡ �✐① ✐♥♥❡� ❢♦�❝❡�✱ ✜��	 	❤❡ ��✉❛�❡� τ1, τ2, τ3 ♦❢ 	❤❡ ❡❧❡♠❡♥	� ♦❢ 	❤❡ 	❤�❡❡ ❛�❝� ♦❢ 	❤♦�❡ 	❤�❡❡

❝✉�✈❡� 	♦ ✇❤✐❝❤ ❝♦��❡�♣♦♥❞ ✐♥ ❣❡♥❡�❛❧ 	❤❡ ♥✐♥❡ ❝♦�✐♥❡� ξ1, η1, ζ1 ; ξ2, η2, ζ2 ; ξ3, η3, ζ3 ✱ �✐① ♦❢

✇❤✐❝❤ �❡♠❛✐♥ ❛�❜✐	�❛�②✿ 	❤❡♥ 	❤❡ 	❤�❡❡ ❝♦�✐♥❡� τ4, τ5, τ6 ♦❢ 	❤❡ ❛♥❣❧❡� ♠❛❞❡ ❜❡	✇❡❡♥ 	❤❡♠

❜② 	❤❡ 	❛♥❣❡♥	� 	♦ 	❤❡ 	❤�❡❡ ❝✉�✈❡� ✐♥ 	❤❛	 ❝♦♠♠♦♥ ♣♦✐♥	✱ 	❤❛	 ✐�✱ �✐① �✉❛♥	✐	✐❡� ❣✐✈❡♥ ❜② 	❤❡

❡�✉❛	✐♦♥�

✭✶✻✮

τ1 = t1ξ
2
1 + t2η

2
1 + t3ζ

2
1 + 2t4ξ1η1 + 2t5ξ1ζ1 + 2t6η1ζ1

τ2 = t1ξ
2
2 + t2η

2
2 + t3ζ

2
2 + 2t4ξ2η2 + 2t5ξ2ζ2 + 2t6η2ζ2

τ3 = t1ξ
2
3 + t2η

2
3 + t3ζ

2
3 + 2t4ξ3η3 + 2t5ξ3ζ3 + 2t6η3ζ3

τ4
√
τ1τ2 = t1ξ1ξ2 + t2η1η2 + t3ζ1ζ2

+t4 (ξ1η2 + η1ξ2) + t5 (ξ1ζ2 + ζ1ξ2) + t6 (η1ζ2 + ζ1η2)

τ5
√
τ1τ3 = t1ξ1ξ3 + t2η1η3 + t3ζ1ζ3

+t4 (ξ1η3 + η1ξ3) + t5 (ξ1ζ3 + ζ1ξ3) + t6 (η1ζ3 + ζ1η3)

τ6
√
τ2τ3 = t1ξ2ξ3 + t2η2η3 + t3ζ2ζ3

+t4 (ξ2η3 + η2ξ3) + t5 (ξ2ζ3 + ζ2ξ3) + t6 (η2ζ3 + ζ2η3)

❚❤❡�❡❢♦�❡✱ ✇❡ ♠❛② �✉♣♣♦�❡ �✉❜❥❡❝	❡❞ 	♦ ❛ 	�✐♣❧❡ ✐♥	❡❣�❛❧ �✐❣♥ ✐♥ 	❤❡ ❣❡♥❡�❛❧ ❡�✉❛	✐♦♥ 	❤❡

�❡①	✐♥♦♠✐❛❧

✭✶✼✮ Lδτ1 +M δτ2 +N δτ3 + V δτ4 + U δτ5 +W δτ6

✭∗✮❚�❛♥�❧❛	✐♦♥✿ ❚❤❡ ❛❣�❡❡♠❡♥	 ❜❡	✇❡❡♥ �❡�✉❧	� ❛♥❞ ❡①♣❡�✐❡♥❝❡ ✇✐❧❧ ♣❡�❤❛♣� ❤❡❧♣ ✐♥ ✇✐♣✐♥❣ ♦✉	 	❤❡ ❜✐❛�❡�
♦❢ 	❤♦�❡ ✇❤♦ �❡❡♠� 	♦ ❣✐✈❡ ✉♣ ❤♦♣❡ 	❤❛	 ▼❛	❤❡♠❛	✐❝� ♠✐❣❤	 ❜�✐♥❣ 	�✉❡ ❧✐❣❤	 	♦ �❤②�✐❝�✳



✲ ✽✵ ✲

✐♥✈❡❝❡ ❞❡❧ �❡��✐♥♦♠✐♦

✭✶✽✮ Aδt1 +B δt2 + C δt3 +D δt4 + E δt5 + F δt6

❡��❡♥❞♦ L, M, N, V, U, W ❧❡ ❢♦�③❡ ❝❤❡ �❡♥❞♦♥♦ ❛ ❢❛� ✈❛�✐❛�❡ �✉❡❧❧❡ �❡✐ �✉❛♥�✐�� ❣❡♦♠❡��✐❝❤❡✳

��❡♥❞❡♥❞♦ ❧❡ ✈❛�✐❛�❡ ❝❤❡ �✐ ✈❡❣❣♦♥♦ ♥❡❧ �❡��✐♥♦♠✐♦ ✭✶✼✮ ❞♦✈�❡♠♦ �♦��✐�✉✐�❡ ❛❧❧❡ τ1, τ2 ✳ ✳ ✳ τ6 ✐

❧♦�♦ ✈❛❧♦�✐ ❞❛�✐ ❞❛❧❧❡ ✭✶✻✮✿ ✐❧ ❝❤❡ ❢❛❝❡♥❞♦ ♥♦♥ �♦❝❝❤❡�❡♠♦ ❛✐ ♥♦✈❡ ❝♦�❡♥✐ ξ1, η1, ζ1, ξ2, ❡❝✳ ❝❤❡ �♦✲

♥♦ �✉❛♥�✐�� ❛�❜✐��❛�✐❡❀ ❡ ❛❧❧♦�❛ ❞❛❧ ❝♦♥❢�♦♥�♦ ❞❡✐ ❝♦❡✣❝✐❡♥�✐ �♦�❛❧✐ ❞❡❧❧❡ δt1, δt2, δt3, δt4, δt5, δt6

❝♦♥ �✉❡❧❧✐ ❞❡❧ �❡��✐♥♦♠✐♦ ✭✶✽✮✱ ❝❛✈❡�❡♠♦ ❢❛❝✐❧♠❡♥�❡ ❧❡ A, B, C, D, E, F ❞❛�❡ ♣❡� ❧❡

L, M, N, V, U, W ✱ ❡ ✈✐❝❡✈❡��❛✳ ❖♠♠❡��✐❛♠♦ ♣❡� ❜�❡✈✐�� �✉❡��❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐✱ ❡ ❝✐

❧✐♠✐�✐❛♠♦ ❛❞ ♦��❡�✈❛�❡ ❝❤❡ ❛♣♣✉♥�♦ ♣❡� ❡��❡�❡ ❛�❜✐��❛�❥ ✐ ♥♦✈❡ ❝♦�❡♥✐ ξ1, η1, ζ1, ξ2, ❡❝✳ ♣♦�✲

�✐❛♠♦ ❞❛� ❧♦�♦ ✐ ✈❛❧♦�✐ ♣❛��✐❝♦❧❛�✐ ✭✹✸✮ ❞❡❧ ♥✳ ✷✺✱ �✉♣♣♦♥❡♥❞♦ ❝❤❡ ❧❡ ��❡ ❝✉�✈❡ �✐❛♥♦ ❧❡ ��❡ ❞❡❧❧❡

�✉❛❧✐ ❝♦❧� �✐ ♣❛�❧❛✈❛✳ ❆❧❧♦�❛ ❧❡ ✭✶✻✮ ❝✐ ❢♦�♥✐�❝♦♥♦ �❡♠♣❧✐❝❡♠❡♥�❡

✭✶✾✮ τ1 = t1 ; τ2 = t2 ; τ3 = t3 ; τ4 =
t4√
t1t2

; τ5 =
t5√
t1t2

; τ6 =
t6√
t1t2

;

❡ ✐❧ ❝♦♥❢�♦♥�♦ ❞❡✐ ❝♦❡✣❝✐❡♥�✐ ✐��✐�✉✐�♦ ❛❧ ♠♦❞♦ ❝❤❡ �✐ - ❞❡��♦ �✉✐ �❡��✐♥♦♠❥ ✭✶✼✮✱ ✭✶✽✮ ❝✐ ♣♦�❣❡

✭✷✵✮

A = L− V
t4

2t1
√
t1t2

− U
t5

2t1
√
t1t3

; D =
V√
t1t2

B = M − V
t4

2t2
√
t1t2

−W
t6

2t2
√
t2t3

; E =
U√
t1t3

C = N − V
t5

2t3
√
t1t3

−W
t6

2t3
√
t2t3

; F =
W√
t2t3

.

❆✈❡♥❞♦ ❧❡ �❡✐ A, B, C, D, E, F ❞❡�❡�♠✐♥❛�❡ ❣❡♥❡�❛❧♠❡♥�❡ ♦ ♣❛��✐❝♦❧❛�♠❡♥�❡✱ ❝♦♠❡ ♦�❛

�✐ - ❞❡��♦✱ �✐ ✈❡❞❡ ❝❤❡ ♣❡� ♠❡③③♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✹✮ ♥✳ ✹ ♣♦��❡♠♦ ❛✈❡�❡ ❞❛�❡ ♣❡� ❧❡ �❡✐

L, M, N, V, U, W ❛♥❝❤❡ ❧❡ �❡✐ Λ, Ξ, Π, Σ, Φ, Ψ ❝❤❡ �✐�✉❧�❛♥♦ ❞♦♣♦ ❧❛ �✐❞✉③✐♦♥❡ ❞❡❧❧❡

❞❡�✐✈❛�❡ ♣❛�③✐❛❧✐ ❛❧❧❡ ✈❛�✐❛❜✐❧✐ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡✱ ❡ ✜❣✉�❛♥♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✺✮ ❞❡❧❧♦ ��❡��♦ ♥✳

✹✳ ◗✉✐ �✐ ♣�❡�❡♥�❡�❡❜❜❡ ✉♥❛ ✐♠♣♦��❛♥�❡ �✐❝❡�❝❛✱ ❧❛ �✉❛❧❡ ♣❡� �✉❡��❛ ✈✐❛ ❝✬✐♠♣❡❣♥❡�❡❜❜❡ ✐♥

✉♥ ❝❛❧❝♦❧♦ ❛��❛✐ ♣�♦❧✐��♦✱ ❡ ❝❤❡ �✉✐♥❞✐ ♥♦♥ ❢❛�1 ❝❤❡ ✐♥❞✐❝❛�❡✳ ❆✈❡♥❞♦ ❧❡ Λ, Ξ ✳ ✳ ✳Π ❞❛�❡ ♣❡�

❧❡ L, M ✳ ✳ ✳W ❡ ♣❡✐ ♥♦✈❡ ❝♦�❡♥✐ ✭❞✐ ❝✉✐ �❡✐ ❛�❜✐��❛�❥✮ ξ1, η1, ζ1, ξ2, ✳ ✳ ✳ ✱ ♣♦��❡♠♦ ❛ �✉❡��✐

✉❧�✐♠✐ ❛��❡❣♥❛�❡ ✐ ✈❛❧♦�✐ ✭✺✺✮ ♥✳ ✷✼ ❝❤❡ ✜��❛♥♦ ❧❡ ��❡ ❧✐♥❡❡ ❞✐ ♠❛��✐♠❛ ❡ ♠✐♥✐♠❛ ❝♦♥❞❡♥�❛③✐♦♥❡✳

❆❧❧♦�❛ ❝❤❡ ❞✐✈❡��❛♥♥♦ �✉❡❧❧❡ �❡✐❄ ❢♦��❡ ��❡ ❞✐ ❡��❡ ❛❝�✉✐��❡�❛♥♥♦ ♣�♦♣�✐❡�� ❞✐ ♠❛��✐♠♦ ❡ ❞✐

♠✐♥✐♠♦✱ ❡ ��❡ �✐ �✐❞✉��❛♥♥♦ ❛ ③❡�♦✱ ❝♦♠❡ ✈❡❞❡♠♠♦ ❛✈✈❡♥✐�❡ ❛❧ ♥✳ ✺✼ ♠✳ ♣✳❄ �❡� ✈❡�✐�� ❛❧❝✉♥❡

❝♦♥�✐❞❡�❛③✐♦♥✐ ✜�✐❝❤❡ ❝✐ ♣♦��❡�❡❜❜❡�♦ ❛ ✉♥❛ �✐❢❛��❛ ❝♦♥❝❧✉�✐♦♥❡✱ ❡ ✉♥ ❛✉�♦�❡ - ��❛�♦ ❝♦��✐✈♦

✲ ✽✵ ❊◆● ✲

✐♥��❡❛❞ ♦❢ �❤❡ �❡①�✐♥♦♠✐❛❧

✭✶✽✮ Aδt1 +B δt2 + C δt3 +D δt4 + E δt5 + F δt6

L, M, N, V, U, W ❜❡✐♥❣ �❤❡ ❢♦�❝❡� �❡♥❞✐♥❣ �♦ ✈❛�② �❤♦�❡ �✐① ❣❡♦♠❡��✐❝❛❧ �✉❛♥�✐�✐❡�✳

❇② �❛❦✐♥❣ �❤❡ ✈❛�✐❛�✐♦♥� �❤❛� ✇❡ �❡❡ ✐♥ �❡①�✐♥♦♠✐❛❧ ✭✶✼✮ ✇❡ �❤❛❧❧ �❡♣❧❛❝❡ τ1, τ2 ✳ ✳ ✳ τ6

❜② �❤❡✐� ✈❛❧✉❡� ❣✐✈❡♥ ❜② �❤❡ ✭✶✻✮✿ ❞♦✐♥❣ �❤❛� ✇❡ ✇✐❧❧ ♥♦� ❛✛❡❝� �❤❡ ♥✐♥❡ ❝♦�✐♥❡� ξ1, η1, ζ1,

ξ2, ❛♥❞ �♦ ♦♥✱ ✇❤✐❝❤ ❛�❡ ❛�❜✐��❛�② �✉❛♥�✐�✐❡�❀ ❛♥❞ �❤✉�✱ ❜② ❝♦♠♣❛�✐♥❣ �❤❡ �♦�❛❧ ❝♦❡✣❝✐❡♥��

♦❢ δt1, δt2, δt3, δt4, δt5, δt6 ✇✐�❤ �❤♦�❡ ♦❢ �❤❡ �❡①�✐♥♦♠✐❛❧ ✭✶✽✮✱ ✇❡ ✇✐❧❧ ❡❛�✐❧② ♣✉❧❧ ♦✉�

A, B, C, D, E, F ❣✐✈❡♥ ❜② L, M, N, V, U, W ✱ ❛♥❞ ✈✐❝❡ ✈❡��❛✳ ❲❡ ♦♠✐� ❢♦� ❜�❡✈✐�② �❤❡�❡

❣❡♥❡�❛❧ ❡�✉❛�✐♦♥�✱ ❛♥❞ ✇❡ ❧✐♠✐� ♦✉��❡❧✈❡� �♦ �❡♠❛�❦ �❤❛�✱ ❜❡✐♥❣ ❥✉�� ❛�❜✐��❛�② �❤❡ ♥✐♥❡ ❝♦�✐♥❡�

ξ1, η1, ζ1, ξ2, ❛♥❞ �♦ ♦♥✱ ✇❡ ♠❛② ❣✐✈❡ �❤❡♠ �❤❡ ♣❛��✐❝✉❧❛� ✈❛❧✉❡� ✭✹✸✮ ♦❢ �❡❝�✳ ✷✺✱ �✉♣♣♦�✐♥❣

�❤❛� �❤❡ �❤�❡❡ ❝✉�✈❡� ❜❡ �❤❡ �❛♠❡ �❤�❡❡ ♦❢ ✇❤✐❝❤ ✇❡ �❛❧❦❡❞ �❤❡�❡✳ ❚❤❡♥ �❤❡ ✭✶✻✮ �✐♠♣❧② ♣�♦✈✐❞❡

✭✶✾✮ τ1 = t1 ; τ2 = t2 ; τ3 = t3 ; τ4 =
t4√
t1t2

; τ5 =
t5√
t1t2

; τ6 =
t6√
t1t2

;

❛♥❞ �❤❡ ❝♦♠♣❛�✐�♦♥ ♦❢ �❤❡ ❝♦❡✣❝✐❡♥��✱ ♣❡�❢♦�♠❡❞ ✐♥ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ✇❛② ♦♥ �❡①�✐♥♦♠✐❛❧�

✭✶✼✮✱ ✭✶✽✮✱ ❣✐✈❡� ✉�

✭✷✵✮

A = L− V
t4

2t1
√
t1t2

− U
t5

2t1
√
t1t3

; D =
V√
t1t2

B = M − V
t4

2t2
√
t1t2

−W
t6

2t2
√
t2t3

; E =
U√
t1t3

C = N − V
t5

2t3
√
t1t3

−W
t6

2t3
√
t2t3

; F =
W√
t2t3

.

❍❛✈✐♥❣ ❞❡�❡�♠✐♥❡❞ �❤❡ �✐① A, B, C, D, E, F ✐♥ ❣❡♥❡�❛❧ ♦� ✐♥ ♣❛��✐❝✉❧❛�✱ ❛� ✇❡ ❥✉�� �❛✐❞✱ ✇❡

�❡❡ �❤❛� ❜② ♠❡❛♥� ♦❢ ❡�✉❛�✐♦♥� ✭✶✹✮ �❡❝�✳ ✹ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❡①♣�❡��✱ ❣✐✈❡♥ ✐♥ �❡�♠� ♦❢ �❤❡ �✐①

L, M, N, V, U, W ✱ ❛❧�♦ �❤❡ �✐① Λ, Ξ, Π, Σ, Φ, Ψ �❡�✉❧�✐♥❣ ❢�♦♠ �❤❡ �❡❞✉❝�✐♦♥ ♦❢ �❤❡ ♣❛��✐❛❧

❞❡�✐✈❛�✐✈❡� �♦ �❤❡ ✈❛�✐❛❜❧❡� ♦❢ �❤❡ �❡❛❧ ��❛�❡✱ ❛♥❞ ✇❤✐❝❤ ❛♣♣❡❛� ✐♥ ❡�✉❛�✐♦♥� ✭✶✺✮ ♦❢ �❤❡ �❛♠❡

�❡❝�✳ ✹✳ ❍❡�❡ ❛♥ ✐♠♣♦��❛♥� �❡�❡❛�❝❤ ✇♦✉❧❞ ❡♠❡�❣❡✱ ✇❤✐❝❤ ✇♦✉❧❞ ❡♥❣❛❣❡ ✉� ✐♥ ❛ ✈❡�② ❧❡♥❣�❤②

❝❛❧❝✉❧❛�✐♦♥✱ ❛♥❞ ✇❤✐❝❤ �❤❡�❡❢♦�❡ ■ ✇✐❧❧ ❜✉� ❤✐♥�✳ ❍❛✈✐♥❣ Λ, Ξ ✳ ✳ ✳Π ❣✐✈❡♥ ❜② L, M ✳ ✳ ✳W ❛♥❞

❜② �❤❡ ♥✐♥❡ ❝♦�✐♥❡� ✭�✐① ♦❢ ✇❤✐❝❤ ❛�❡ ❛�❜✐��❛�②✮ ξ1, η1, ζ1, ξ2, ✳ ✳ ✳ ✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❛��✐❣♥

�♦ �❤❡�❡ ❧❛�� �❤❡ ✈❛❧✉❡� ✭✺✺✮ �❡❝�✳ ✷✼ �❤❛� ❡��❛❜❧✐�❤ �❤❡ �❤�❡❡ ❧✐♥❡� ♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠

❝♦♥❞❡♥�❛�✐♦♥✳ ❲❤❛� ✇✐❧❧ �❤♦�❡ �✐① ❜❡❝♦♠❡ �❤❡♥❄ ▼❛②❜❡ �❤�❡❡ ♦❢ �❤❡♠ ✇✐❧❧ ❛❝�✉✐�❡ ♣�♦♣❡��✐❡�

♦❢ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠✱ ❛♥❞ �❤�❡❡ ✇✐❧❧ �❡❞✉❝❡ �♦ ③❡�♦✱ ❛� ✇❡ �❛✇ �♦ ♦❝❝✉� ✐♥ �❡❝�✳ ✺✼ ♣✳

♠✳❄ ❚♦ �❡❧❧ �❤❡ ��✉�❤✱ �♦♠❡ ♣❤②�✐❝❛❧ ❝♦♥�✐❞❡�❛�✐♦♥� ✇♦✉❧❞ ❧❡❛❞ ✉� �♦ �✉❝❤ ❛ ❝♦♥❝❧✉�✐♦♥✱ ❛♥❞ ❛♥

❛✉�❤♦� ❤❛� ❜❡❡♥ ❢❛❝✐❧❡



✲ ✽✶ ✲

♥❡❧❧✬❛♠♠❡

❡�❡ �✉❛❧❝❤❡ ❝♦�❛ ❞✐ �✐♠✐❧❡✳ ◆♦♥ ❝✐ � ❧❡❝✐
♦ ♣❡�� ✜♥♦�❛ 
❡♥❡� ♣❡� ❜✉♦♥❛ ✉♥❛ 
❛❧

❝♦♥�❡❣✉❡♥③❛✿ ❧✬♦�
♦❣♦♥❛❧✐
� ❞❡❧❧❡ 
�❡ ❞✐�❡③✐♦♥✐ ❝❤❡ �✉��✐�
❡✱ ❝♦♠❡ ✈❡❞❡♠♠♦✱ ✐♥ ❛♠❜✐ ✐ ❝❛�✐✱

♥♦♥ ❜❛�
❛ ❛ ❞❡❞✉��❡ ❝❤✬❡��❡ �✐❛♥♦ ❧❡ ♠❡❞❡�✐♠❡✿ ❡ ❛ �❡♥❞❡�❝✐ ❝❛✉
✐ �✉ �✉❡�
♦ ♣✉♥
♦ ❣✐♦✈❡��

❧✬♦��❡�✈❛③✐♦♥❡ �❝�✐

❛ �✉❧ ❝♦♠✐♥❝✐❛�❡ ❞❡❧ ♥✳ ✷✸✳

✸✺✳ ❱✬❤❛ ✉♥ ❛❧
�♦ ♠♦❞♦ ❛��❛✐ ♣✐% ❝♦♠♦❞♦ ❞✐ ❞❛�❡ ✉♥❛ �❛♣♣�❡�❡♥
❛③✐♦♥❡ ❛❧❧❡ �❡✐ �✉❛♥
✐
�

Λ, Ξ ✳ ✳ ✳Π ✱ ❝❤❡✱ ❝♦♠❡ �✐ � ❛❝❝❡♥♥❛
♦ ♥❡❧ ♥✉♠❡�♦ ♣�❡❝❡❞❡♥
❡✱ ❡♥
�❛♥♦ ❛ ❝♦♠♣♦��❡ ❧❡ ✭✶✺✮ ❞❡❧

♥✳ ✹❀ ❡ ❝✐� ❢❛❝❡♥❞♦ ✉�♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✻✮ �✉��❡❣✉❡♥
✐ ♥❡❧❧♦ �
❡��♦ ♥✳ ✹✱ ❧❡ �✉❛❧✐ �✐ ✈❡�✐✜❝❛♥♦

❛❧❧❛ �✉♣❡�✜❝✐❡ ❝♦♥
❡�♠✐♥❛♥
❡ ✐❧ ❝♦�♣♦✳ ●✐� ❞✐❝❡♠♠♦ ❛❧ ♥✳ ✺✸ ♠✳ ♣✳ ❝❤❡ ❝✐ � ❧❡❝✐
♦ ❝♦♥�✐❞❡�❛�❡

�❡❣�❡❣❛
❛ ♣❡� ❡♥
�♦ ❧❛ ♠❛��❛ ❞✐ ✉♥ ❝♦�♣♦ ✉♥❛ ♣♦�③✐♦♥❡ �✉❛❧✉♥�✉❡ ❝✐�❝♦�❝�✐

❛ ❞❛ ✉♥❛ �✉♣❡�✜❝✐❡

❛�❜✐
�❛�✐❛ ❞✐ ❡�✉❛③✐♦♥❡

✭✷✶✮ F (x, y, z) = 0 ,

❡ �❡�
�✐♥❣❡�❝✐ ❛ �✐❣✉❛�❞❛�❡ ✐❧ ♠♦
♦ ♦ ❧✬❡�✉✐❧✐❜�✐♦ ❞✐ ✉♥❛ ♣♦�③✐♦♥❡ �♦❧❛✱ ❛�
�❛❡♥❞♦❧❛ ❝♦❧ ♣❡♥�✐❡�♦

❞❛❧❧✬❡�✉✐❧✐❜�✐♦ ♦ ❞❛❧ ♠♦
♦ ❞✐ 
✉

♦ ✐❧ �❡�
♦ ❞❡❧ ❝♦�♣♦✱ ❡ ✐♥
❡♥❞❡♥❞♦ �✉♣♣❧✐
♦ ❧✬❡✛❡

♦ ❞✐ 
✉

❛

❧❛ ♠❛
❡�✐❛ ❝✐�❝♦�
❛♥
❡ ♣❡� ♠❡③③♦ ❞✐ ♣�❡��✐♦♥✐ ❡�❡�❝✐
❛
❡ �✉❧❧❛ ❛♥③✐❞❡

❛ �✉♣❡�✜❝✐❡✳ ◗✉❡�
❛ ♣✉�

❡��❡�❡ �✉❛❧�✐✈♦❣❧✐❛✱ ♠❛ ♥❡❧ ❝✐
❛
♦ ♥✉♠❡�♦ ❛❜❜✐❛♠♦ ❞❡

♦ ❝❤❡ ❣✐♦✈❛ ♣❡� ✈❛�✐❡ ❛♣♣❧✐❝❛③✐♦♥✐ ♣�❡♥✲

❞❡�❡ ♣❡� ❡��❛ �✉❡❧❧❛ ❞✐ ✉♥ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦ �❡

❛♥❣♦❧♦✱ ❞✐ ❝✉✐ ✐❧ ♣✉♥
♦ (x, y, z ) �✐❛ ✉♥♦ ❞❡❣❧✐

❛♥❣♦❧✐✱ ❛♣♣❛�
❡♥❡♥❞♦ ❝♦�/ ❝♦♥
❡♠♣♦�❛♥❡❛♠❡♥
❡ ❛ 
�❡ ❢❛❝❝❡✳ ◗✉❛♥❞♦ ❧❛ �✉♣❡�✜❝✐❡ � �✉❛❧�✐✈♦❣❧✐❛✱

❢❛❝❡♥❞♦

✭✷✷✮ l = − z′
√

1 + z′2 + z2′
; m = − z′

√

1 + z′2 + z2′
; n =

1
√

1 + z′2 + z2′

✭❞♦✈❡ ❣❧✐ ❛♣✐❝✐ ❛❧
✐ ❡ ❜❛��✐ ✐♥❞✐❝❛♥♦ ❧❡ ❞❡�✐✈❛
❡ ❞❡❧❧❛ z ♣❡� x ❡ ♣❡� y ✮ ❧❡ ❡�✉❛③✐♦♥✐ ✭✶✻✮ ♥✳ ✹✱

�
❛♥
✐ ❧❡ ❛♥
❡❝❡❞❡♥
✐ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✷✷✮✱ ♣♦��♦♥♦ �❝�✐✈❡��✐ ✐♥ �✉❡�
✬❛❧
�❛ ♠❛♥✐❡�❛

✭✷✸✮

λ(Γ) = lΛ +mΣ+ nΦ

μ(Γ) = lΣ+mΞ + nΨ

ν(Γ) = lΦ+mΨ+ nΠ

♥❡❧❧❡ �✉❛❧✐ λ, μ, ν �✐❣♥✐✜❝❛♥♦ ❧❡ 
�❡ ❝♦♠♣♦♥❡♥
✐ �❡

❛♥❣♦❧❛�✐ �❡❝♦♥❞♦ ✐ 
�❡ ❛��✐ ❞❡❧❧❛ ♣�❡��✐♦♥❡

�♦�
✐
✉✐
❛ ❛❧❧✬❡✛❡

♦ ❞❡❧❧❛ ♠❛
❡�✐❛ ❝✐�❝♦�
❛♥
❡✱ ❝♦♠❡ �♦♣�❛ �✐ � ❞❡

♦✱ (Γ) � ❧❛ ❞❡♥�✐
� �✉♣❡�✜❝✐❛❧❡

✐♥ �✉❡❧ ♣✉♥
♦✳

◗✉❛♥❞♦ ❧❛ �✉♣❡�✜❝✐❡ � �✉❡❧❧❛ ❞❡❧ �✉♠♠❡♥
♦✈❛
♦ ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦ �❡

❛♥❣♦❧♦✱ ♣♦✐❝❤0 � ✐♥

♥♦�
�♦ ❛�❜✐
�✐♦ ✐♠♠❛❣✐♥❛�❧♦ ❝♦❧❧♦❝❛
♦ ❝♦♠❡ ♣✐% ❝✐ ♣✐❛❝❡✱ ❧♦ �✉♣♣♦��❡♠♦ ❝♦❧❧❡ ❢❛❝❝❡ ♣❛�❛❧❧❡❧❡ ❛✐

♣✐❛♥✐ xy, xz, yz ✳ 1❡� ❧❛ ❢❛❝❝✐❛ ♣❛�❛❧❧❡❧❛ ❛❧ ♣✐❛♥♦ yz ✱

✲ ✽✶ ❊◆● ✲

✐♥ ❛❞♠✐

✐♥❣ �♦♠❡
❤✐♥❣ �✐♠✐❧❛�✳ ❍♦✇❡✈❡�✱ ✇❡ ♠❛② ♥♦
✱ ✉♥
✐❧ ♥♦✇✱ ❦❡❡♣ 
❤✐� ❝♦♥❝❧✉�✐♦♥ ❢♦� ❣♦♦❞✿


❤❡ ♦�
❤♦❣♦♥❛❧✐
② ♦❢ 
❤❡ 
❤�❡❡ ❞✐�❡❝
✐♦♥�✱ ❡①✐�
✐♥❣✱ ❛� ✇❡ �❛✇✱ ✐♥ ❜♦
❤ ❝❛�❡�✱ ✐� ♥♦
 �✉✣❝✐❡♥
 
♦

❞❡❞✉❝❡ 
❤❛
 
❤❡② ❜❡ 
❤❡ �❛♠❡✿ ❛♥❞ 
♦ ♠❛❦❡ ✉� ♠♦�❡ ❝❛✉
✐♦✉� ♦♥ 
❤✐� ♣♦✐♥
✱ 
❤❡ ♦❜�❡�✈❛
✐♦♥

✇�✐

❡♥ ❛
 
❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❡❝
✳ ✷✸ ✇✐❧❧ ❤❡❧♣✳

✸✺✳ ❚❤❡�❡ ✐� ❛♥♦
❤❡� ♠♦�❡ ❝♦♥✈❡♥✐❡♥
 ✇❛② 
♦ ♣�♦✈✐❞❡ ❛ �❡♣�❡�❡♥
❛
✐♦♥ ❢♦� 
❤❡ �✐① �✉❛♥
✐
✐❡�

Λ, Ξ ✳ ✳ ✳Π ✱ ✇❤✐❝❤✱ ❛� ✇❡ ❤✐♥
❡❞ ❛
 ✐♥ 
❤❡ ♣�❡❝❡❞✐♥❣ �❡❝
✐♦♥✱ ❝♦♠❡ 
♦ ❝♦♠♣♦�❡ ✭✶✺✮ ♦❢ �❡❝
✳ ✹❀

❛♥❞ 
❤✐� ❜② ♠❛❦✐♥❣ ✉�❡ ♦❢ ❡�✉❛
✐♦♥� ✭✶✻✮ ❢♦❧❧♦✇✐♥❣ ✐♥ 
❤❡ �❛♠❡ �❡❝
✳ ✹✱ 
❤❛
 ❛�❡ ✈❡�✐✜❡❞ ❛
 
❤❡

�✉�❢❛❝❡ �✉��♦✉♥❞✐♥❣ 
❤❡ ❜♦❞②✳ ❲❡ ❛❧�❡❛❞② �❛✐❞ ✐♥ �❡❝
✳ ✺✸ ♣✳ ♠✳ 
❤❛
 ✇❡ ♠❛② ❝♦♥�✐❞❡� ❝♦♥✜♥❡❞

✐♥�✐❞❡ 
❤❡ ♠❛�� ♦❢ ❛ ❜♦❞② ❛ ♣♦�
✐♦♥ ✇❤❛
❡✈❡� ❝✐�❝✉♠�❝�✐❜❡❞ ❜② ❛♥ ❛�❜✐
�❛�② �✉�❢❛❝❡ ♦❢ ❡�✉❛
✐♦♥

✭✷✶✮ F (x, y, z) = 0 ,

❛♥❞ ❧✐♠✐
 ♦✉��❡❧✈❡� 
♦ ❝♦♥�✐❞❡� 
❤❡ ♠♦
✐♦♥ ♦� 
❤❡ ❡�✉✐❧✐❜�✐✉♠ ♦❢ �✉❝❤ ❛ ♣♦�
✐♦♥ ❛❧♦♥❡✱ ❛❜�
�❛❝
✐♥❣

✐
 ❜② 
❤♦✉❣❤
 ❢�♦♠ 
❤❡ ❡�✉✐❧✐❜�✐✉♠ ♦� 
❤❡ ♠♦
✐♦♥ ♦❢ 
❤❡ �❡�
 ♦❢ 
❤❡ ❜♦❞②✱ ❛♥❞ ✉♥❞❡��
❛♥❞✐♥❣


❤❡ ❡✛❡❝
 ♦❢ ❛❧❧ 
❤❡ �✉��♦✉♥❞✐♥❣ ♠❛

❡� ❛� ♣�♦✈✐❞❡❞ ❜② ♠❡❛♥� ♦❢ 
❤❡ ♣�❡��✉�❡� ❡①❡�
❡❞ ♦♥ 
❤❡

❛❜♦✈❡ �❛✐❞ �✉�❢❛❝❡✳ ❚❤✐� ♠❛② ❜❡ ✇❤❛
�♦❡✈❡�✱ ❜✉
 ✐♥ 
❤❡ �✉♦
❡❞ �❡❝
✐♦♥ ✇❡ ❤❛✈❡ �❛✐❞ 
❤❛
 ✐
 ✐�

✉�❡❢✉❧ ❢♦� ✈❛�✐♦✉� ❛♣♣❧✐❝❛
✐♦♥� 
♦ 
❛❦❡ ✐
 ❛� 
❤❛
 ♦❢ ❛ �❡❝
❛♥❣✉❧❛� ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦♥✱ ✇❤♦�❡ ♣♦✐♥


(x, y, z ) ❜❡ ♦♥❡ ♦❢ 
❤❡ ❝♦�♥❡��✱ ❜❡❧♦♥❣✐♥❣ 
❤❡�❡❢♦�❡ 
♦ 
❤�❡❡ ❢❛❝❡� ❛
 
❤❡ �❛♠❡ 
✐♠❡✳ ❲❤❡♥


❤❡ �✉�❢❛❝❡ ✐� ✇❤❛
�♦❡✈❡�✱ ❜② ♠❛❦✐♥❣

✭✷✷✮ l = − z′
√

1 + z′2 + z2′
; m = − z′

√

1 + z′2 + z2′
; n =

1
√

1 + z′2 + z2′

✭✇❤❡�❡ �✉♣❡��❝�✐♣
 ❛♥❞ �✉❜�❝�✐♣
 ♣�✐♠❡� �
❛♥❞ ❢♦� 
❤❡ ❞❡�✐✈❛
✐✈❡� ♦❢ z ✇✐
❤ �❡�♣❡❝
 
♦ x ❛♥❞ 
♦

y✮ 
❤❡ ❡�✉❛
✐♦♥� ✭✶✻✮ �❡❝
✳ ✹✱ ❣✐✈❡♥ 
❤❡ ♣�❡❝❡❞✐♥❣ ❞❡✜♥✐
✐♦♥� ✭✷✷✮✱ ♠❛② ❜❡ ✇�✐

❡♥ ✐♥ 
❤✐� ♦
❤❡�

✇❛②

✭✷✸✮

λ(Γ) = lΛ +mΣ+ nΦ

μ(Γ) = lΣ+mΞ + nΨ

ν(Γ) = lΦ+mΨ+ nΠ

✇❤❡�❡ λ, μ, ν �
❛♥❞ ❢♦� 
❤❡ 
❤�❡❡ �❡❝
❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥
�✱ ❛❝❝♦�❞✐♥❣ 
♦ 
❤❡ 
❤�❡❡ ❛①❡�✱ ♦❢ 
❤❡

♣�❡��✉�❡ �❡♣❧❛❝✐♥❣ 
❤❡ ❡✛❡❝
 ♦❢ 
❤❡ �✉��♦✉♥❞✐♥❣ ♠❛

❡�✱ ❛� ✇❡ �❛✐❞ ❛❜♦✈❡✱ (Γ) ✐� 
❤❡ �✉♣❡�✜❝✐❛❧

❞❡♥�✐
② ✐♥ 
❤❛
 ♣♦✐♥
✳

❲❤❡♥ 
❤❡ �✉�❢❛❝❡ ✐� 
❤❛
 ♦❢ 
❤❡ ❛❜♦✈❡ ♠❡♥
✐♦♥❡❞ �❡❝
❛♥❣✉❧❛� ♣❛�❛❧❧❡❧❡♣✐♣❡❞♦♥✱ �✐♥❝❡ ✐
 ✐�

❛�❜✐
�❛�② ❢♦� ✉� 
♦ ✐♠❛❣✐♥❡ ✐
 ♣❧❛❝❡❞ ✇❤❡�❡ ✇❡ ❧✐❦❡ ♠♦�
✱ ✇❡ ✇✐❧❧ �✉♣♣♦�❡ ✐
 ❤❛✈✐♥❣ 
❤❡ ❢❛❝❡�

♣❛�❛❧❧❡❧ 
♦ 
❤❡ ♣❧❛♥❡� xy, xz, yz ✳ ❋♦� 
❤❡ ❢❛❝❡ ♣❛�❛❧❧❡❧ 
♦ 
❤❡ ♣❧❛♥❡ yz✱



✲ ✽✷ ✲

� ♠❛♥✐❢❡��♦ ❝❤❡ ✐ ❝♦�❡♥✐ l, m, n ❞✐✈❡♥�❛♥♦ l = 1, m = 0, n = 0 ✿ �✉✐♥❞✐ ❧❡ ♣�❡❝❡❞❡♥�✐ ✭✷✸✮

❞❛♥♥♦

✭✷✹✮ λ1(Γ) = Λ ; μ1(Γ) = Σ ; ν1(Γ) = Φ ,

❛✈❡♥❞♦ ♠❛�❝❛�♦ ❝♦❧❧✬✐♥❞✐❝❡ ✶ ❛❧ ♣✐❡❞❡ ❧❡ λ, μ, ν ♣❛��✐❝♦❧❛�✐ ❛ �✉❡��❛ ❢❛❝❝✐❛✱ ❡ ❢❛�❡♠♦ ❧♦ ��❡��♦ ❝♦❣❧✐

✐♥❞✐❝✐ ✷✱ ✸ ♣❡� ❧❡ ❛❧��❡ ❞✉❡ ❢❛❝❝❡✳ ◗✉❡��❡ ✭✷✹✮ ❝✐ ❞✐❝♦♥♦ ❝❤❡ Λ,Σ,Φ �♦♥♦ ♥❡❧ ♣✉♥�♦ (x, y, z) ❧❡ ��❡

❝♦♠♣♦♥❡♥�✐ �❡��❛♥❣♦❧❛�✐ ❞✐ �✉❡❧❧❛ ♣�❡��✐♦♥❡✱ ♠♦❧�✐♣❧✐❝❛�❡ ♣❡� ❧❛ ❞❡♥�✐�" �✉♣❡�✜❝✐❛❧❡ �♣❡��❛♥�❡ ❛

✉♥ �❛❧ ♣✉♥�♦✱ ❡ ❝✐ ❞✐❝♦♥♦ ❛❧��❡�$ ❝❤❡✱ ❣❡♥❡�❛❧♠❡♥�❡ ♣❛�❧❛♥❞♦✱ ❧❛ ♣�❡��✐♦♥❡ � ✐♥ ❞✐�❡③✐♦♥❡ ♦❜❜❧✐�✉❛

❛❧❧❛ ❢❛❝❝✐❛✱ ❣✐❛❝❝❤' �❡ ❢♦��❡ ♣❡�♣❡♥❞✐❝♦❧❛�❡ ❧❡ μ1, ν1 �❛�❡❜❜❡�♦ ③❡�♦✳ (❡� ❧❛ ❢❛❝❝✐❛ ♣❛�❛❧❧❡❧❛ ❛❧

♣✐❛♥♦ xz ❛❜❜✐❛♠♦ l = 0,m = 1, n = 0✱ ❡ ✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞❡❧❧❡ ✭✷✸✮

✭✷✺✮ λ2(Γ) = Σ ; μ2(Γ) = Ξ ; ν2(Γ) = Ψ ;

❝✐♦� ❧❡ Σ,Ξ,Ψ ✭❧❡ �✉❛❧✐ ❡��❡♥❞♦ ❢✉♥③✐♦♥✐ ❞✐ (x, y, z) ♥♦♥ ♠✉�❛♥♦ ♠✉�❛♥❞♦ ❧❛ ❢❛❝❝✐❛✱ ♣❡�❝❤' ✐❧

♣✉♥�♦ (x, y, z) �✐♠❛♥❡ �❡♠♣�❡ �✉❡❧❧♦✮ �♦♥♦ ❡❣✉❛❧✐ ❛❧ ♣�♦❞♦��♦ ❞❡❧❧❛ ❞❡♥�✐�" �✉♣❡�✜❝✐❛❧❡ ♥❡❧❧❡

��❡ ❝♦♠♣♦♥❡♥�✐ �❡��❛♥❣♦❧❛�✐ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ♦❜❜❧✐�✉❛ ❛ �✉❡��✬❛❧��❛ ❢❛❝❝✐❛✳ ❈♦�$ ❛♥❛❧♦❣❛♠❡♥�❡

♦��❡♥✐❛♠♦

✭✷✻✮ λ3(Γ) = Φ ; μ3(Γ) = Ψ ; ν3(Γ) = Π

♣❡� ❧❛ �❡�③❛ ❢❛❝❝✐❛✳

❘✐❝❛✈✐❛♠♦ ❞❛❧❧❡ ✭✷✹✮✱ ✭✷✺✮✱ ✭✷✻✮

✭✷✼✮ μ1 = λ2 ; ν1 = λ3 ; ν2 = μ3 ;

�❡♦�❡♠❛ ♥♦�♦ ✭✈❡❞✐ ❈❛✉❝❤②✱ ❊①❡❝✐❝❡� ❞❡ ▼❛
❤�♠❛
✐�✉❡�✱ ❚✳ ■■✱ ♣❛❣✳ ✹✾✮✳

◆❡❧ ❝❛�♦ ❞❡❧ ✢✉✐❞♦✱ �✐❝❝♦♠❡ �❛♣♣✐❛♠♦ ❡��❡�❡ Σ = Φ = Ψ = 0✱ ❡❞ ❛♥❝❤❡ Λ = Ξ = Π ✭✈❡❞✐ ♠✳

♣✳✱ ♥✳ ✻✷✱ ❡�✉❛③✐♦♥✐ ✭✾✮✱ ✭✶✵✮✮✱ ✐♥❢❡�✐❛♠♦ ❞❛❧❧❡ ✭✷✹✮✱ ✭✷✺✮✱ ✭✷✻✮ ❡��❡�❡ ③❡�♦ ❧❡ μ1, ν1, λ2, ν2, λ3, μ3✱

❡❞ ❡❣✉❛❧✐ ❢�❛ ❧♦�♦ ❧❡ λ1, μ2, ν3✱ ❝✐♦� ❝✐❛�❝✉♥❛ ❞❡❧❧❡ ♣�❡��✐♦♥✐ �✉❧❧❡ ��❡ ❢❛❝❝❡ ♣❛��❛♥�✐ ♣❡❧ ♣✉♥�♦

(x, y, z) ♣❡�♣❡♥❞✐❝♦❧❛�❡ ❛❧❧❛ �✉♣❡�✜❝✐❡ ��❡��❛✱ ❡ �✉��❡ ❡❣✉❛❧✐ ❢�❛ ❧♦�♦✳ ◗✉❡��♦ �❡♦�❡♠❛✱ ❝❤❡ �

�❡♠♣�❡ ��❛�♦ �❡♥✉�♦ ♣❡� ❢♦♥❞❛♠❡♥�❛❧❡ ♥❡❧❧❛ �❡♦�✐❝❛ ❞❡✐ ✢✉✐❞✐✱ ❝✐ �✐�✉❧�❛ �✉✐ ❝♦♠❡ ❝♦�♦❧❧❛�✐♦✱ ♥♦♥

❝♦♠❡ ♣�✐♥❝✐♣✐♦ ❛��✉♥�♦ ✐♥ ♦�✐❣✐♥❡ ❛ ♠♦❞♦ ❞✐ ❞❡✜♥✐③✐♦♥❡✱ �❡❝♦♥❞♦ ♦❜❜✐❡��❛�♦♥♦ ❛❧❝✉♥✐ ♠♦❞❡�♥✐✳

❉✐ �✉❡��♦ �❡♦�❡♠❛ �✐ ♣✉6 ❛♥❝❤❡ ❞❛�❡ ❧❛ ❞✐♠♦���❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ♣❡� ✉♥❛ �✉♣❡�✜❝✐❡ �✉❛❧�✐✈♦✲

❣❧✐❛✳ ■♥❢❛��✐✱ ��❛♥�❡ �✉❛♥�♦ ♦�❛ �✐ ❞✐��❡ ❞❡❧❧❡ �❡✐ Λ,Ξ, ✳ ✳ ✳ ♣❡❧ ❝❛�♦ ♣❛��✐❝♦❧❛�❡ ❞❡✐ ✢✉✐❞✐✱ ❧❡ ✭✷✸✮

❝✐ ❞❛♥♥♦

✭✷✽✮ λ(Γ) = lΛ ; μ(Γ) = mΛ ; ν(Γ) = nΛ

✲ ✽✷ ❊◆● ✲

✐� ✐� ❛♣♣❛�❡♥� �❤❛� ❝♦�✐♥❡� l, m, n ❜❡❝♦♠❡ l = 1, m = 0, n = 0 ✿ �❤✉�✱ �❤❡ ♣�❡❝❡❞✐♥❣ ✭✷✸✮

♣�♦✈✐❞❡

✭✷✹✮ λ1(Γ) = Λ ; μ1(Γ) = Σ ; ν1(Γ) = Φ ,

❤❛✈✐♥❣ ♠❛�❦❡❞ ❜② ✐♥❞❡① ✶ ❛� �❤❡ ❜❛�❡ �❤❡ ✈❛❧✉❡� ♦❢ λ, μ, ν ♣❡��❛✐♥✐♥❣ �♦ �❤✐� ❢❛❝❡✱ ❛♥❞ ✇❡ ✇✐❧❧

❞♦ �❤❡ �❛♠❡ ✇✐�❤ �❤❡ ✐♥❞✐❝❡� ✷✱ ✸ ❢♦� �❤❡ ♦�❤❡� �✇♦ ❢❛❝❡�✳ ❚❤❡�❡ ✭✷✹✮ �❡❧❧ ✉� �❤❛� Λ,Σ,Φ ❛�❡ ❛�

♣♦✐♥� (x, y, z) �❤❡ �❤�❡❡ �❡❝�❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥�� ♦❢ �❤❛� ♣�❡��✉�❡✱ ♠✉❧�✐♣❧✐❡❞ ❜② �❤❡ �✉♣❡�✜❝✐❛❧

❞❡♥�✐�② ♣❡��❛✐♥✐♥❣ �♦ �✉❝❤ ❛ ♣♦✐♥�✱ ❛♥❞ �❡❧❧ ✉� ❛❧�♦ �❤❛�✱ ❣❡♥❡�❛❧❧② �♣❡❛❦✐♥❣✱ ♣�❡��✉�❡ ✐� ✐♥ ❛

❞✐�❡❝�✐♦♥ ♦❜❧✐�✉❡ �♦ �❤❡ ❢❛❝❡✱ �✐♥❝❡ ✐❢ ✐� ✇❡�❡ ♣❡�♣❡♥❞✐❝✉❧❛� �❤❡♥ μ1, ν1 ✇♦✉❧❞ ❜❡ ③❡�♦✳ ❋♦� �❤❡

❢❛❝❡ ♣❛�❛❧❧❡❧ �♦ �❤❡ ♣❧❛♥❡ xz ✇❡ ❤❛✈❡ l = 0,m = 1, n = 0✱ ❛♥❞ ❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ✭✷✸✮

✭✷✺✮ λ2(Γ) = Σ ; μ2(Γ) = Ξ ; ν2(Γ) = Ψ ;

�❤❛� ✐�✱ �❤❡ Σ,Ξ,Ψ ✭✇❤✐❝❤✱ ❜❡✐♥❣ ❢✉♥❝�✐♦♥� ♦❢ (x, y, z) ❞♦ ♥♦� ❝❤❛♥❣❡ ❛� �❤❡ ❢❛❝❡ ❝❤❛♥❣❡�✱

❜❡❝❛✉�❡ ♣♦✐♥� (x, y, z) ❛❧✇❛②� �❡♠❛✐♥� �❤❡ �❛♠❡✮ ❡�✉❛❧ �❤❡ ♣�♦❞✉❝� ♦❢ �❤❡ �✉�❢❛❝❡ ❞❡♥�✐�② ❜②

�❤❡ �❤�❡❡ �❡❝�❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥�� ♦❢ �❤❡ ♣�❡��✉�❡ ✇❤✐❝❤ ✐� ♦❜❧✐�✉❡ �♦ �❤✐� ♦�❤❡� ❢❛❝❡✳ ❚❤✉�✱ ✇❡

❛♥❛❧♦❣♦✉�❧② ♦❜�❛✐♥

✭✷✻✮ λ3(Γ) = Φ ; μ3(Γ) = Ψ ; ν3(Γ) = Π

❢♦� �❤❡ �❤✐�❞ ❢❛❝❡✳

❲❡ ♦❜�❛✐♥ ❢�♦♠ ✭✷✹✮✱ ✭✷✺✮✱ ✭✷✻✮

✭✷✼✮ μ1 = λ2 ; ν1 = λ3 ; ν2 = μ3 ;

❛ ❦♥♦✇♥ �❤❡♦�❡♠ ✭�❡❡ ❈❛✉❝❤②✱ ❊①❡�❝✐❝❡� ❞❡ ▼❛
❤�♠❛
✐�✉❡�✱ ❚♦♠❡ ■■✱ ♣✳ ✹✾✮✳

■♥ �❤❡ ❝❛�❡ ♦❢ ❛ ✢✉✐❞✱ �✐♥❝❡ ✇❡ ❦♥♦✇ ✐� ✐� Σ = Φ = Ψ = 0✱ ❛♥❞ ❛❧�♦ Λ = Ξ = Π ✭�❡❡ ♣✳

♠✳✱ �❡❝�✳ ✻✷✱ ❡�✉❛�✐♦♥� ✭✾✮✱ ✭✶✵✮✮✱ ✇❡ ✐♥❢❡� ❢�♦♠ �❤❡ ✭✷✹✮✱ ✭✷✺✮✱ ✭✷✻✮ �❤❡ μ1, ν1, λ2, ν2, λ3, μ3

�♦ ❜❡ ③❡�♦✱ ❛♥❞ λ1, μ2, ν3 �♦ ❜❡ ❛❧❧ ❡�✉❛❧✱ �❤❛� ✐�✱ ❛♥② ♦♥❡ ♦❢ �❤❡ ♣�❡��✉�❡� ♦♥ �❤❡ �❤�❡❡ ❢❛❝❡�

♣❛��✐♥❣ �❤�♦✉❣❤ ♣♦✐♥� (x, y, z) ✐� ♣❡�♣❡♥❞✐❝✉❧❛� �♦ �❤❡ �❛♠❡ �✉�❢❛❝❡✱ ❛♥❞ �❤❡② ❛�❡ ❛❧❧ ❡�✉❛❧ �♦

❡❛❝❤ ♦�❤❡�✳ ❚❤✐� �❤❡♦�❡♠✱ ✇❤✐❝❤ ❤❛� ❛❧✇❛②� ❜❡❡♥ ❜❡❧✐❡✈❡❞ �♦ ❜❡ ❢✉♥❞❛♠❡♥�❛❧ ✐♥ �❤❡ �❤❡♦�②

♦❢ ✢✉✐❞�✱ �❡�✉❧�� ❤❡�❡ ❛� ❛ ❝♦�♦❧❧❛�②✱ ♥♦� ❛� ❛ ♣�✐♥❝✐♣❧❡ ❛��✉♠❡❞ ❛� �❤❡ ✈❡�② ❜❡❣✐♥♥♥✐♥❣ ❛� ❛

❞❡✜♥✐�✐♦♥✱ ❛❝❝♦�❞✐♥❣ �♦ ✇❤❛� �♦♠❡ ♠♦❞❡�♥� ❝❧❛✐♠❡❞✳

❲❡ ❝❛♥ ❛❧�♦ ❣✐✈❡ ❛ ❣❡♥❡�❛❧ ♣�♦♦❢ ♦❢ �❤✐� �❤❡♦�❡♠ ❢♦� ❛♥② �✉�❢❛❝❡✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ ✇❤❛� ✇❡

♥♦✇ �❛✐❞ ❛❜♦✉� �❤❡ �✐① Λ,Ξ, ✳ ✳ ✳ ❢♦� �❤❡ ♣❛��✐❝✉❧❛� ❝❛�❡ ♦❢ ✢✉✐❞�✱ �❤❡ ✭✷✸✮ ✇✐❧❧ ❣✐✈❡ ✉�

✭✷✽✮ λ(Γ) = lΛ ; μ(Γ) = mΛ ; ν(Γ) = nΛ



✲ ✽✸ ✲

❞❛❧❧❡ �✉❛❧✐ ❞❡❞✉❝✐❛♠♦ �✉❜✐�♦

✭✷✾✮ Λ = (Γ)
√

λ2 + μ2 + ν2 .

❊��❡♥❞♦ λ, μ, ν ❧❡ ��❡ ❝♦♠♣♦♥❡♥�✐ �❡��❛♥❣♦❧❛�✐ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡�❡�❝✐�❛�❛ �✉❧ ♣✉♥�♦ (x, y, z)✱

�❛♣♣✐❛♠♦ ❝❤❡ ❧❛ �✉❛ ❞✐�❡③✐♦♥❡ ❢❛ ❝♦✐ ��❡ ❛��✐ ♦��♦❣♦♥❛❧✐ ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐

λ
√

λ2 + μ2 + ν2
;

μ
√

λ2 + μ2 + ν2
;

ν
√

λ2 + μ2 + ν2
.

▼❡��❛♥�✐ ✐♥ �✉❡��❡ ❡�♣�❡��✐♦♥✐ ♣❡� λ, μ, ν,
√

λ2 + μ2 + ν2 ✐ ✈❛❧♦�✐ �✐�✉❧�❛♥�✐ ❞❛❧❧❡ ✭✷✽✮✱ ✭✷✾✮✱

❡ ❞✐✈❡♥�❡�❛♥♥♦ l,m, n✿ ❝✐♦! �✉❡❧❧❛ ❞✐�❡③✐♦♥❡ ! ❧❛ ❞✐�❡③✐♦♥❡ ❞❡❧❧❛ ♥♦�♠❛❧❡✱ ❡ ❝✐" �✉❛❧✉♥�✉❡ �✐❛

❧❛ �✉♣❡�✜❝✐❡ ♣❛��❛♥�❡ ♣❡� �✉❡❧ ♣✉♥�♦✱ ❡ �❡♥③❛ ❝❤❡ ❧❛ ♣�❡��✐♦♥❡ ♠✉�✐ ✈❛❧♦�❡ ♣❛��❛♥❞♦ ❞❛ ✉♥❛

�✉♣❡�✜❝✐❡ ❛❧❧✬❛❧��❛✱ ❝♦♠❡ ! ♣❛❧❡�❡ ✐♥ ❢♦�③❛ ❞❡❧❧❛ ✭✷✾✮✳

❆♥❛❧♦❣❤❡ ❝♦♥�✐❞❡�❛③✐♦♥✐ ♣♦��♦♥♦ ❡��❡�❡ ❢❛��❡ �✉✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ �❡❧❛�✐✈❛♠❡♥�❡ ❛ ❧✐♥❡❡

❝✉�✈❡ ❝♦♥�❡�♠✐♥❛♥�✐ ✉♥❛ ♣♦�③✐♦♥❡ �✉❛❧✉♥�✉❡ ❞✐ ❡��✐✱ �❡�✈❡♥❞♦�✐ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✹✼✮ ♥✳ ✶✵❀ ♥❡

❞✐�❡♠♦ �✉❛❧❝❤❡ ❝♦�❛ ✐♥ ❛♣♣�❡��♦ ♣❛�❧❛♥❞♦ ❛♣♣✉♥�♦ ❞✐ ✢✉✐❞✐ ❞✐��❡�✐ ✐♥ ✈❡❧✐ �✉♣❡�✜❝✐❛❧✐✳

■♥�❛♥�♦ ♣♦��✐❛♠♦ �✐✢❡��❡�❡ ❝❤❡ ❧❛ ✈❡�❛ ♣�❡��✐♦♥❡ �♦��❡♥✉�❛ ❞❛❧❧❛ �✉♣❡�✜❝✐❡ ♥❡❧ ♣✉♥�♦ (x, y, z)

�✉❛❧❡ ❡✛❡��♦ ❞❡❧❧❡ ❢♦�③❡ ❞✐ ❝✉✐ ! ❞♦�❛�❛ ❧❛ ♠❛�❡�✐❛ ❡��❡�♥❛ ❛❧❧❛ ♣♦�③✐♦♥❡ ❝♦♥�✐❞❡�❛�❛✱ ❞♦❜❜✐❛♠♦

✐♥�❡♥❞❡�❡ ❝❤❡ �✐❛ ❧❛ Λ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✷✾✮✱ ❝✐♦! ❧❛
√

λ2 + μ2 + ν2 ♠♦❧�✐♣❧✐❝❛�❛ ♥❡❧❧❛ ❞❡♥�✐�/

(Γ) �✉♣❡�✜❝✐❛❧❡✳ ❆ ♣❡��✉❛❞❡�❝✐ ❞✐ ❝✐" ❝♦♥✈❡��/ �✐❝❤✐❛♠❛�❡ ❧❡ ✐❞❡❡ ❝❤❡ ❝✐ �✐❛♠♦ ❢♦�♠❛�❡ ✜♥ ❞❛

♣�✐♥❝✐♣✐♦ ✭♠✳ ♣✳ ♥✳ ✶✽✱ ✶✾✮ ❞❡❧❧❛ ❢♦�③❛ ❞✐ ❝✉✐ λ, μ, ν �♦♥♦ ❧❡ ��❡ ❝♦♠♣♦♥❡♥�✐ �❡��❛♥❣♦❧❛�✐✳

❉✐❝❡♠♠♦ ❝❤✬❡��❛ ❡�♣�✐♠❡ ✉♥ ♥✉♠❡�♦ �❛♣♣♦��❛�♦ ❛ ❢♦�③❛ ✉♥✐�❛�✐❛ ❛♣♣❧✐❝❛�❛ ❛❧❧❛ ✉♥✐�/ ❞✐ ♠❛��❛✱

♠❛ ❡���❡♠❛♠❡♥�❡ ❛��❡♥✉❛�♦ ❞❛❧ ❢❛��♦�❡ σ2 ✐❧ �✉❛❧❡ �♣❛�✐�❝❡ �✉❛♥❞♦ �✐ ♣❛��❛ ❞❛❧❧❡ �♦♠♠❡ ❛❣❧✐

✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐✿ ❡ ❝❤❡ ! ❞❛ ❝♦♥�✐❞❡�❛��✐ ✉♥❛ ❢♦�③❛ ❛♣♣❧✐❝❛�❛ ❛❞ ✉♥❛ �♦❧❛ ♠♦❧❡❝♦❧❛ ❞❡❧ �✐��❡♠❛

�✉♣❡�✜❝✐❛❧❡✳ ▲✬♦�❞✐♥❛♠❡♥�♦ ❞❡❧❧❛ ♠❛�❡�✐❛ �✐❞♦��❛ ❛❧❧♦ ��❛�♦ �❡❛❧❡ ♥♦♥ ♠✉�❛ ✭❜❛❞✐�✐ ❜❡♥❡✮ ❧❛

♣�❡��✐♦♥❡ ❝❤❡ ✈✐❡♥❡ ❞❛❧❧✬❡��❡�♥♦✿ �❡ �✉❡��❛✱ ♣❡� ❡�❡♠♣✐♦✱ ! ❧❛ ♣�❡��✐♦♥❡ ❛�♠♦�❢❡�✐❝❛✱ �✐ ❢❛ �♦♣�❛

✉♥ ♣✉♥�♦ ❞❡❧❧❛ �✉♣❡�✜❝✐❡ ❛❧❧♦ ��❡��♦ ♠♦❞♦✱ �✐❛✈✐ �❛❞✉♥❛�❛ ♠❛�❡�✐❛ ❞❡♥�❛ ♦ �❛�❛✿ ❜❡♥ ♠✉�❛ ❧❛

❢♦�③❛ ❝♦♥ ❝✉✐ �✉❡��❡ ♠♦❧❡❝♦❧❡ �✐✉♥✐�❡ ❝♦♥��❛��❛♥♦ �✉❡❧❧❛ ♣�❡��✐♦♥❡❀ ❡ ❞✐ �✉✐ �✐ ❝❛♣✐�❝❡ ✐❧ ♣❡�❝❤2

�✉❡❧❧❛ ❞❡✈❡ ❡�✉✐✈❛❧❡�❡ ❛ ♠♦❧�❡ ✈♦❧�❡ ❧❛
√

λ2 + μ2 + ν2 ♣�♦♣�✐❛ ❞✐ ✉♥❛ �♦❧❛ ♠♦❧❡❝♦❧❛✱ �❡❝♦♥❞♦

❝❤❡ ❧❛ ❞❡♥�✐�/ (Γ) ! ♠❛❣❣✐♦�❡ ♦ ♠✐♥♦�❡✿ �❡ (Γ) ❢♦��❡ ♥✉❧❧❛✱ ❝✐♦! ♥♦♥ ❢♦��❡ ✐✈✐ ❛❧❝✉♥❛ ♠♦❧❡❝♦❧❛✱

❡✈✐❞❡♥�❡♠❡♥�❡ ❞♦✈�❡❜❜❡ ❡��❡�❡ ♥✉❧❧❛ ❛♥❝❤❡ ❧❛ Λ ❝♦♠❡ �✉❡❧❧❛ ❝❤❡ ♥♦♥ ♣✐3 ❛♣♣❛��❡��❡❜❜❡ ❛❧

�✐��❡♠❛✳ ■❧ ❝❛❧❝♦❧♦ ❝✐ ❞/ ✉♥ �✐�✉❧�❛�♦ ❝♦♠❡ �❡ ♠♦❧�❡ ♠♦❧❡❝♦❧❡ ❞♦�❛�❡ ❞❡❧❧❛ ❢♦�③❛
√

λ2 + μ2 + ν2✱

❡ ✐♥ ♥✉♠❡�♦ ❡�♣�❡��♦ ❞❛ (Γ) ❢♦��❡�♦ ❝♦��✐✲

✲ ✽✸ ❊◆● ✲

❢�♦♠ ✇❤✐❝❤ ✇❡ ✐♠♠❡❞✐❛�❡❧② ❞❡❞✉❝❡

✭✷✾✮ Λ = (Γ)
√

λ2 + μ2 + ν2 .

❇❡✐♥❣ λ, μ, ν �❤❡ �❤�❡❡ �❡❝�❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥�� ♦❢ �❤❡ ♣�❡��✉�❡ ❡①❡��❡❞ ♦♥ ♣♦✐♥� (x, y, z)✱ ✇❡

❦♥♦✇ �❤❛� ✐�� ❞✐�❡❝�✐♦♥ ❢♦�♠� ❛♥❣❧❡� ✇✐�❤ �❤❡ �❤�❡❡ ♦��❤♦❣♦♥❛❧ ❛①❡�✱ ✇❤♦�❡ ❝♦�✐♥❡� ❛�❡

λ
√

λ2 + μ2 + ν2
;

μ
√

λ2 + μ2 + ν2
;

ν
√

λ2 + μ2 + ν2
.

▲❡� ✉� ✐♥�❡�� ✐♥ �❤❡�❡ ❡①♣�❡��✐♦♥� ❢♦� λ, μ, ν,
√

λ2 + μ2 + ν2 �❤❡ �❡�✉❧�✐♥❣ ✈❛❧✉❡� ♦❢ ✭✷✽✮✱

✭✷✾✮✱ ❛♥❞ �❤❡② ✇✐❧❧ ❜❡❝♦♠❡ l,m, n✿ �❤❛� ✐�✱ �❤❛� ❞✐�❡❝�✐♦♥ ✐� �❤❡ ❞✐�❡❝�✐♦♥ ♦❢ �❤❡ ♥♦�♠❛❧✱ ❛♥❞

�❤✐� ❤♦❧❞� ❢♦� ❛♥② �✉�❢❛❝❡ ♣❛��✐♥❣ �❤�♦✉❣❤ �❤❛� ♣♦✐♥�✱ ❛♥❞ ✇✐�❤♦✉� �❤❡ ♣�❡��✉�❡ ❝❤❛♥❣✐♥❣ ✐��

✈❛❧✉❡ ✇❤❡♥ ♣❛��✐♥❣ ❢�♦♠ ❛ �✉�❢❛❝❡ �♦ �❤❡ ♦�❤❡�✱ ❛� ✐� ✐� ❛♣♣❛�❡♥� ❜② ✈✐��✉❡ ♦❢ ✭✷✾✮✳

❆♥❛❧♦❣♦✉� ❝♦♥�✐❞❡�❛�✐♦♥� ♠❛② ❜❡ ♠❛❞❡ ❛❜♦✉� �✉♣❡�✜❝✐❛❧ �②��❡♠� ❛♥❞ �❡❧❛�✐✈❡ �♦ ❝✉�✈❡❞

❧✐♥❡� �✉��♦✉♥❞✐♥❣ ❛♥② ♦❢ �❤❡✐� ♣♦��✐♦♥�✱ ❜② ✉�✐♥❣ ❡�✉❛�✐♦♥� ✭✹✼✮ �❡❝�✳ ✶✵❀ ✇❡ ✇✐❧❧ �❛② �♦♠❡�❤✐♥❣

❛❜♦✉� ✐� ❛❢�❡�✇❛�❞�✱ ❥✉�� �❛❧❦✐♥❣ ❛❜♦✉� ✢✉✐❞� ❧❛✐❞ ✐♥ �✉♣❡�✜❝✐❛❧ ✜❧♠�✳

❋♦� �❤❡ �✐♠❡ ❜❡✐♥❣✱ ✇❡ ♠❛② ♦❜�❡�✈❡ �❤❛� �❤❡ ��✉❡ ♣�❡��✉�❡ �✉♣♣♦��❡❞ ❜② �❤❡ �✉�❢❛❝❡ ❛� ♣♦✐♥�

(x, y, z)✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ❡✛❡❝� ♦❢ ❢♦�❝❡� ♦❢ ✇❤✐❝❤ �❤❡ ♠❛��❡� ♦✉��✐❞❡ �❤❡ ❝♦♥�✐❞❡�❡❞ ♣♦��✐♦♥ ✐�

❡�✉✐♣♣❡❞✱ ♠✉�� ❜❡ ✐♥�❡♥❞❡❞ �♦ ❜❡ Λ ♦❢ �❤❡ ❡�✉❛�✐♦♥ ✭✷✾✮✱ �❤❛� ✐�✱
√

λ2 + μ2 + ν2 ♠✉❧�✐♣❧✐❡❞

❜② �❤❡ �✉♣❡�✜❝✐❛❧ ❞❡♥�✐�② (Γ)✳ ❚♦ ❝♦♥✈✐♥❝❡ ✉� ❛❜♦✉� �❤❛�✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ �❡❝❛❧❧ �❤❡ ✐❞❡❛�

✇❡ ❤❛✈❡ ❤❛❞ ❢�♦♠ �❤❡ ❜❡❣✐♥♥✐♥❣ ✭♣✳ ♠✳ �❡❝��✳ ✶✽✱ ✶✾✮ ❛❜♦✉� �❤❡ ❢♦�❝❡✱ ♦❢ ✇❤✐❝❤ λ, μ, ν ❛�❡ �❤❡

�❤�❡❡ �❡❝�❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥��✳ ❲❡ �❛✐❞ �❤❛� ✐� ❡①♣�❡��❡� ❛ ♥✉♠❜❡� ❝♦♠♣❛�❡❞ �♦ ❛ ✉♥✐� ❢♦�❝❡

❛♣♣❧✐❡❞ �♦ �❤❡ ✉♥✐� ♠❛��✱ ❜✉� ❡①��❡♠❡❧② ❞✐♠✐♥✐�❤❡❞ ❜② �❤❡ ❢❛❝�♦� σ2✱ ✇❤✐❝❤ ❞✐�❛♣♣❡❛�� ✇❤❡♥

✇❡ ♣❛�� ❢�♦♠ �✉♠� �♦ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧�✿ ❛♥❞ ✇❤✐❝❤ ❤❛� �♦ ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ❛ ❢♦�❝❡ ❛♣♣❧✐❡❞ �♦ ❛

�✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♦❢ �❤❡ �✉♣❡�✜❝✐❛❧ �②��❡♠✳ ❚❤❡ ♦�❞❡�✐♥❣ ♦❢ �❤❡ ♠❛��❡� ❛��❛♥❣❡❞ ✐♥ �❤❡ �❡❛❧ ��❛�❡

❞♦❡� ♥♦� ❝❤❛♥❣❡ ✭♣❧❡❛�❡ �❡♠❛�❦ ✐� ❝❛�❡❢✉❧❧②✮ �❤❡ ♣�❡��✉�❡ ❝♦♠✐♥❣ ❢�♦♠ �❤❡ ♦✉��✐❞❡✿ ✐❢ �❤✐�✱ ❢♦�

✐♥��❛♥❝❡✱ ✐� �❤❡ ❛�♠♦�♣❤❡�✐❝ ♣�❡��✉�❡✱ ✐� ✐� ❡①❡��❡❞ ♦✈❡� ❛ ♣♦✐♥� ♦❢ �❤❡ �✉�❢❛❝❡ ✐♥ �❤❡ �❛♠❡ ✇❛②✱

❜❡ �❤❡�❡ ❝♦❧❧❡❝�❡❞ ❞❡♥�❡ ♦� �♣❛��❡ ♠❛��❡�✿ �❤❡ ❢♦�❝❡ ❜② ✇❤✐❝❤ �❤❡�❡ ❝♦❧❧❡❝�❡❞ ♠♦❧❡❝✉❧❡� ❝♦♥��❛��

�❤❛� ♣�❡��✉�❡ ❞♦❡� ❝❤❛♥❣❡❀ ❛♥❞ ❢�♦♠ ❤❡�❡ ✇❡ ✉♥❞❡���❛♥❞ �❤❡ �❡❛�♦♥ ✇❤② �❤❛� ❬❢♦�❝❡❪ ♠✉�� ❡�✉❛❧

♠❛♥② �✐♠❡�
√

λ2 + μ2 + ν2✱ �❡❧❛�✐✈❡ �♦ ❛ �✐♥❣❧❡ ♠♦❧❡❝✉❧❡✱ ❛❝❝♦�❞✐♥❣ �♦ �❤❡ ❞❡♥�✐�② (Γ) ❜❡✐♥❣

❣�❡❛�❡� ♦� �♠❛❧❧❡�✿ ✐❢ (Γ) ✇❡�❡ ♥✐❧✱ �❤❛� ✐�✱ ✐❢ �❤❡�❡ ✇❡�❡ ♥♦ ♠♦❧❡❝✉❧❡ �❤❡�❡✱ ✐� �❤♦✉❧❞ ❛♣♣❛�❡♥�❧②

❜❡ ♥✐❧ ❛❧�♦ Λ ❛� �❤❛� ♥♦� ❜❡❧♦♥❣✐♥❣ �♦ �❤❡ �②��❡♠ ❛♥② ♠♦�❡✳ ❚❤❡ ❝❛❧❝✉❧❛�✐♦♥ ♣�♦✈✐❞❡� ❛ �❡�✉❧�✱

❛� ✐❢ ♠❛♥② ♠♦❧❡❝✉❧❡� ❡♥❞♦✇❡❞ ✇✐�❤ �❤❡ ❢♦�❝❡
√

λ2 + μ2 + ν2✱ ❛♥❞ ✐♥ ♥✉♠❜❡� ❡①♣�❡��❡❞ ❜② (Γ)✱

✇❡�❡ ❝♦♠♣❛❝�❡❞



✲ ✽✹✲

♣❛�❡ ✐♥ ✉♥ �♦❧♦ ♣✉♥�♦✳ ◗✉❡��♦ ♥♦♥ � ✈❡�♦ ❛ �✉��♦ �✐❣♦�❡✱ ♣❡�❝❤� ❧❡ ♠♦❧❡❝♦❧❡ ♥♦♥ �✐ ❝♦♠♣❡♥❡��❛♥♦✿

♠❛ � ❞❛ �✐❣✉❛�❞❛��✐ �✉❛❧ �✐♣✐❡❣♦ ❛♥❛❧✐�✐❝♦ ❞❛ ❝✉✐ ♥♦♥ ❝♦♥�❡❣✉❡ ❡��♦�❡ �❡♥�✐❜✐❧❡ ♥❡❧❧❛ ��✐♠❛

❞❡❧ ❢❡♥♦♠❡♥♦✿ ❧❛ ❞✐✛❡�❡♥③❛ ❢�❛ ❧✬✐❞❡❛ ❡ ❧✬❡�♣�❡��✐♦♥❡ ♣♦�� �♣✐❡❣❛��✐ �✐✢❡��❡♥❞♦ ❛ �✉❡✐ �❡�♠✐♥✐

♠♦❧�✐♣❧✐❝❛�✐ ♣❡� σ, σ2✱ ❡❝✳ ❝❤❡ ❛✐ ♥✳i ✼✱ ✶✽✱ ✶✾✱ ❡❝✳ ♠✳ ♣✳ ❛❜❜✐❛♠♦ ��❛�❝✉�❛�✐✳ ❉❡❧ �❡��♦ ❛♥❝❤❡ ❧❡

❛♣♣❧✐❝❛③✐♦♥✐ ✜�✐❝❤❡✱ ❞✬❛❧❝✉♥❛ ❞❡❧❧❡ �✉❛❧✐ ❢❛�❡♠♦ ✐♥ ❛♣♣�❡��♦ ♣❛�♦❧❛✱ ♣♦��❛♥❞♦❝✐ ❛ ❝�❡❞❡�❡✱ ♣❡�

❡�❡♠♣✐♦✱ ❝❤❡ �♦��♦ ✉♥❛ �♦❧❛ ♠♦❧❡❝♦❧❛ ❞✬❛�✐❛ ♣♦��❛♥♦ ❡��❡�❡ �❛❝❝♦❧�❡ ♠♦❧�✐��✐♠❡ ♠♦❧❡❝♦❧❡ ❞✐ ✢✉✐❞♦

❡❧❡���✐❝♦ ❛ ❝♦♥��❛��❛�♥❡ ❧❛ ♣�❡��✐♦♥❡✱ ❝✐ ❛❥✉�❡�❛♥♥♦ ❡��❡ ♣✉�❡ ❛ ❝♦♥♦�❝❡�❡ ❧❛ �❛❣✐♦♥❡✈♦❧❡③③❛ ❞❡❧

❢❛��♦�❡ (Γ) ✐♥��♦❞♦��♦ ♥❡❧❧❛ ✭✷✾✮ ❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ �✐♠✐❧✐✳

❈❆-❖ ❱■✳

■♥��♦❞✉③✐♦♥❡ ❞✐ ✉♥ ♣�✐♥❝✐♣✐♦ ✜�✐❝♦ ❛ ♠❡❣❧✐♦ �♣✐❡❣❛�❡ ❧❛ ♥❛�✉�❛ ❞❡❧❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ✿

��❛�❢♦�♠❛③✐♦♥❡ ❞✬✐♥�❡❣�❛❧✐ ♠✉❧�✐♣❧✐ ✿ ✉❧�❡�✐♦�✐ ❝♦♥�✐❞❡�❛③✐♦♥✐ �✉✐ ✢✉✐❞✐✳

✸✻✳ ■❧ ♣�✐♥❝✐♣✐♦ ✜�✐❝♦ ❞✐ ❝✉✐ ♦�❛ ✈♦❣❧✐❛♠♦ �❡�✈✐�❝✐ ♣❡� ♠♦❞✐✜❝❛�❡ ✈❛�✐❡ ❢♦�♠♦❧❡ ❡ ❢❛�❝✐ ♣✐3

❛❞❞❡♥��♦ ✐♥ ❛❧❝✉♥❡ �✐❝❡�❝❤❡✱ � �✉❡❧❧♦ ✉♥✐✈❡��❛❧♠❡♥�❡ ❛♠♠❡��♦ ❝❤❡ ❧✬❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡ ♣�♦♣�✐❛✲

♠❡♥�❡ ❞❡��❛ ♥♦♥ �✐ ❡��❡♥❞❡ ✐♥�♦�♥♦ ❛ ❝✐❛�❝✉♥❛ ♠♦❧❡❝♦❧❛ �❡ ♥♦♥ ♣❡� ✉♥ ��❛��♦ ✐♥�❡♥�✐❜✐❧❡✱ ❛❧ ❞✐

❧� ❞❡❧ �✉❛❧❡ ♣✉� ❢�❛♥❝❛♠❡♥�❡ �❡♥❡��✐ ♥✉❧❧❛✳ ◆♦✐ ❛❜❜✐❛♠♦ ❛✈✉�♦ ❝✉�❛ ❞✐ ❢❛�♥❡ �❡♥③❛ ✐♥ �✉��❛

❧✬❛♥❛❧✐�✐ ♣�❡❝❡❞❡♥�❡✱ ❡ ♥♦�❛♠♠♦ �✉❡��❛ ❝✐�❝♦��❛♥③❛ ❛❧ ♥✳ ✼✻ ♠✳♣✳ ✈❡��♦ ✐❧ ✜♥❡ ✿ �❛❧❝❤5 ❧✬❛♥❛❧✐�✐

�✐♠❛�� �❡♠♣�❡ �❝❡✈�❛ ❞❛ �✉❛❧✉♥�✉❡ ❞✐❢❡��♦ ♣♦�❡��❡ ✐♥�✐♥✉❛��✐ ♣❡� ❧✬✐♥��♦❞✉③✐♦♥❡ ❞✐ ✉♥❛ ✐♣♦�❡�✐

❜❡♥ �✐♥❢�❛♥❝❛�❛ ❝♦❧ �✐�❝♦♥��♦ ❞✬ ✐♥♥✉♠❡�❛❜✐❧✐ ❢❛��✐ ✜�✐❝✐✱ ♠❛ ❝❤❡ � ♣✉� �❡♠♣�❡ ✉♥✬✐♣♦�❡�✐✳ ❱❡✲

❞�❡♠♦ ❝❤✬❡��❛ �✐ �❡�✈❡ ❝♦♠♣❧❡�❛♠❡♥�❡ ❞❡✐ �✐��❡♠✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✱ ✐ �✉❛❧✐ �♦♥♦ ♣♦✐ ✐ ✈❡�✐ ❝♦�♣✐

❞❡❧❧❛ ♥❛�✉�❛ ✿ ♠❛ ❝❤❡ �✉❛♥�♦ ❛✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ❡ ❧✐♥❡❛�✐ �✐♠❛♥❡ ❛❧�✉❛♥�♦ ✐♥❞✐❡��♦ ❞✐ �✉❡❧❧❡

❣❡♥❡�❛❧✐� ❝❤❡ ❢✉�♦♥♦ ♠❡��❡ ✐♥ ✈✐��❛ ♥❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡ ❀ ✐♥ �❛❧✐ ❝❛�✐ ✐ �✉♦✐ �✐�✉❧�❛�✐ ❞♦✈�❛♥♥♦

❛♠♠❡��❡��✐ ❝♦♠❡ ❛♣♣�♦��✐♠❛③✐♦♥✐✱ ❡ �❡��❛ ✉♥ ❛❞✐�♦ ❛♣❡��♦ ♣❡� ✉❧�❡�✐♦�✐ ❡ ♣✐3 �♦��✐❧✐ ✐♥❞❛❣✐♥✐✳

❘✐❝❤✐❛♠✐❛♠♦ ❧✬❡�♣♦��♦ ❛✐ ♥i✳ ✼✷✱✼✸✱ ❡�✉❛③✐♦♥❡ ✭✶✼✮ ♠✳♣✳✱ ❡ ❛✐ ♥i✳ ✶✺✱✶✽ ❞❡❧❧❛ ▼❡♠♦�✐❛

❛��✉❛❧❡✱ ❡�✉❛③✐♦♥✐ ✭✷✶✮✱ ✭✹✵✮✱ ❡ ✈♦❣❧✐❛♠♦ ❝❤❡ ✐❧ ❧❡��♦�❡ ♣♦♥❣❛ ❛��❡♥③✐♦♥❡ ❝♦♠❡ ✐ ❝♦❡✣❝✐❡♥�✐

❞❡❧❧❡ ✈❛�✐❛�❡ δt
1
, δt

2
, ....δt

6
♣❡✐ �✐��❡♠✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✱ �✉❡❧❧✐ ❞❡❧❧❡ δα, δϑ, ....δω ♣❡✐ �✐��❡♠✐

�✉♣❡�✜❝✐❛❧✐✱ ❡ �✉❡❧❧✐ ❞❡❧❧❡ δα, δβ, δγ ♣❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐✱ �✉❛♥❞♦ �✐ ❝❛❧❝♦❧❛♥♦ ❣❧✐ ❡✛❡��✐ ❞❡❧❧❡ ❢♦�③❡

✐♥�❡�♥❡ ♠❡❞✐❛♥�❡ ❧❛ �❡❝♦♥❞❛ ♣❛��❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ❞❡❧❧❛ ▼❡❝❝❛♥✐❝❛ ✭❡�✉❛③✐♦♥❡ ✭✶✮ ♥✳ ✶✻

♠✳♣✳✮✱ �♦♥♦ ❛❧��❡��❛♥�✐ ✐♥�❡❣�❛❧✐ ❞❡✜♥✐�✐✳ ❈❤✐✉❞✐❛♠♦ �✉❡��✐ ✐♥�❡❣�❛❧✐ ❞❡✜♥✐�✐✱ ❡ ��❛�❢♦�♠✐❛♠♦❧✐

❢❛❝❡♥❞♦ ✉�♦ ❞❡❧❧✬❡�♣♦��♦ ♣�✐♥❝✐♣✐♦✳

✲ ✽✹ ❊◆● ✲

✐♥ ❛ �✐♥❣❧❡ ♣♦✐♥�✳ ❚❤✐� ✐� ♥♦� �✐❣♦�♦✉�❧② ��✉❡✱ ❜❡❝❛✉�❡ �❤❡ ♠♦❧❡❝✉❧❡� ❞♦ ♥♦� ♣❡♥❡��❛�❡ ✐♥�♦ ❡❛❝❤

♦�❤❡�✿ ❜✉� ✐� ♠✉�� ❜❡ ❝♦♥�✐❞❡�❡❞ ❛� ❛♥ ❛♥❛❧②�✐❝❛❧ ��✐❝❦ ❢�♦♠ ✇❤✐❝❤ ♥♦ �❡♥�✐❜❧❡ ❡��♦� ✐♥ �❤❡

❡��✐♠❛�❡ ♦❢ �❤❡ ♣❤❡♥♦♠❡♥♦♥ ❞❡�✐✈❡�✿ �❤❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ �❤❡ ✐❞❡❛ ❛♥❞ �❤❡ ❡①♣�❡��✐♦♥ ❝❛♥ ❜❡

❡①♣❧❛✐♥❡❞ ❜② �❤✐♥❦✐♥❣ ❛❜♦✉� �❤♦�❡ �❡�♠� ♠✉❧�✐♣❧✐❡❞ ❜② σ✱ σ2✱ ❛♥❞ �♦ ♦♥✱ ✇❤✐❝❤ ✇❡ ♥❡❣❧❡❝�❡❞ ✐♥

�❡❝��✳ ✼✱ ✶✽✱ ✶✾✱ ♣✳ ♠✳✱ ❛♥❞ �♦ ♦♥✳ ■♥ ❛♥② ❝❛�❡✱ ❡✈❡♥ ♣❤②�✐❝❛❧ ❛♣♣❧✐❝❛�✐♦♥�✱ �♦ �♦♠❡ ♦❢ ✇❤✐❝❤ ✇❡

✇✐❧❧ ❛❢�❡�✇❛�❞� ❣✐✈❡ ❛ �❛❧❦✱ ❛♥❞ �❤❛� ❧❡❛❞ ✉� �♦ ❜❡❧✐❡✈❡✱ ❢♦� ✐♥��❛♥❝❡✱ �❤❛� ✉♥❞❡� ❛ �✐♥❣❧❡ ♠♦❧❡❝✉❧❡

♦❢ ❛✐� ♠❛♥② ❛♥❞ ♠❛♥② ♠♦❧❡❝✉❧❡� ♦❢ ❡❧❡❝��✐❝ ✢✉✐❞ ❝❛♥ ❜❡ ❝♦❧❧❡❝�❡❞ �♦ �✉♣♣♦�� ✐�� ♣�❡��✉�❡✱ �❤❡②

❛❧�♦ ✇✐❧❧ ❤❡❧♣ ✉� ✐♥ ✉♥❞❡���❛♥❞✐♥❣ �❤❡ �❛�✐♦♥❛❧❡ ♦❢ ❢❛❝�♦� (Γ) ✐♥��♦❞✉❝❡❞ ✐♥ �❤❡ ✭✷✾✮ ❛♥❞ ✐♥ �❤❡

�✐♠✐❧❛� ❡�✉❛�✐♦♥�✳

❈❆-❖ ❱■✳

❖♥ �❤❡ ✐♥��♦❞✉❝�✐♦♥ ♦❢ ❛ ♣❤②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ❛✐♠❡❞ ❛� ❜❡��❡� ❡①♣❧❛✐♥✐♥❣ �❤❡ ♥❛�✉�❡ ♦❢ ✐♥�❡�♥❛❧

❢♦�❝❡�✿ ��❛♥�❢♦�♠❛�✐♦♥� ♦❢ ♠✉❧�✐♣❧❡ ✐♥�❡❣�❛❧�✿ ❢✉��❤❡� ❝♦♥�✐❞❡�❛�✐♦♥� ♦♥ ✢✉✐❞�✳

✸✻✳ ❚❤❡ ♣❤②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ✇❤✐❝❤ ✇❡ ✇❛♥� �♦ ✉�❡ ♥♦✇ ❢♦� ♠♦❞✐❢②✐♥❣ �❤❡ ✈❛�✐♦✉� ❢♦�♠✉❧❛� ❛♥❞

♣�♦❝❡❡❞✐♥❣ ✐♥ �♦♠❡ �❡�❡❛�❝❤❡� ✐� �❤❡ ♦♥❡ ✇❤✐❝❤ ✐� ✉♥✐✈❡��❛❧❧② ❛❝❝❡♣�❡❞ ❛♥❞ ✇❤✐❝❤ ��❛�❡� �❤❛�

�❤❡ ♠♦❧❡❝✉❧❛� ❛❝�✐♦♥✱ ���✐❝�❧② �♣❡❛❦✐♥❣✱ ❛❝�� ✐♥ �❤❡ ♥❡✐❣❤❜♦�❤♦♦❞ ♦❢ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ♦♥❧② ❛� ❛♥

✐♥�❡♥�✐❜❧❡ ❞✐��❛♥❝❡✱ ❜❡②♦♥❞ ✇❤✐❝❤ ✐� ❝❛♥ ❜❡ �❡❛❧❧② ❛��✉♠❡❞ �♦ ✈❛♥✐�❤✳ ❲❡ ❝❛�❡❢✉❧❧② ❛✈♦✐❞❡❞ �♦

✉�❡ �✉❝❤ ❛♥ ❤②♣♦�❤❡�✐� ✐♥ �❤❡ ✇❤♦❧❡ ♣�❡✈✐♦✉� ❛♥❛❧②�✐�✱ ❛♥❞ ✇❡ �❡♠❛�❦❡❞ �❤✐� ❝✐�❝✉♠��❛♥❝❡ ✐♥ �❤❡

�❡❝�✳ ✼✻ ♣✳♠✳ ❝❧♦�❡ �♦ ✐�� ❝♦♥❝❧✉�✐♦♥✿ �❤❡�❡❢♦�❡ �❤❡ ❬♣�❡�❡♥�❪ ❛♥❛❧②�✐� ✇✐❧❧ �❡♠❛✐♥ ❛❧✇❛②� ❢�❡❡ ❢�♦♠

✇❤❛��♦❡✈❡� ❧♦❣✐❝❛❧ ✇❡❛❦♥❡�� ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ �❤❡ ✐♥��♦❞✉❝�✐♦♥ ♦❢ ❛♥ ❤②♣♦�❤❡�✐�

✇❤✐❝❤✱ ❛❧�❤♦✉❣❤ ✇❡❧❧ �✉♣♣♦��❡❞ ❜② �❤❡ ❡✈✐❞❡♥❝❡ �❡❧❛�✐✈❡ �♦ ♠❛♥② ♣❤②�✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ �❡♠❛✐♥�

❛❧✇❛②� ❛♥ ❤②♣♦�❤❡�✐�✳ ❲❡ ✇✐❧❧ �❡❡ �❤❛� ✐� ❛♣♣❧✐❡� ❝♦♠♣❧❡�❡❧② �♦ �❤❡ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠�✱

✇❤✐❝❤ ❛�❡ ✐♥❞❡❡❞ �❤❡ ��✉❡ ♥❛�✉�❛❧ ❜♦❞✐❡�✿ ❤♦✇❡✈❡� ❢♦� ✇❤❛� ❝♦♥❝❡�♥� �✉♣❡�✜❝✐❛❧ ❛♥❞ ❧✐♥❡❛�

�②��❡♠� ✐� �❡♠❛✐♥� ♠✉❝❤ ❜❡❤✐♥❞ �❤❛� ❣❡♥❡�❛❧✐�② ✇❤✐❝❤ ✇❛� ❡♥❧✐❣❤�❡♥❡❞ ✐♥ �❤❡ ♣�❡✈✐♦✉� ❈❛♣♦❀

✐♥ �✉❝❤ ❝❛�❡� ✐�� �❡�✉❧�� ✇✐❧❧ ❤❛✈❡ �♦ ❜❡ ❛❞♠✐��❡❞ ❛� ❛♣♣�♦①✐♠❛�✐♦♥� ❛♥❞ �❤❡�❡ ✐� ❛ ❧♦� ♦❢ �♣❛❝❡

♦♣❡♥ �♦ ❢✉��❤❡� ❛♥❞ ❞❡❡♣❡� ✐♥✈❡��✐❣❛�✐♦♥�✳

▲❡� ✉� �❡❝❛❧❧ ✇❤❛� ❤❛� ❜❡❡♥ ❡①♣♦✉♥❞❡❞ ✐♥ �❤❡ �❡❝�✳ ✼✷ ❛♥❞ �❡❝�✳ ✼✸ ❡�✉❛�✐♦♥ ✭✶✼✮ ♣✳♠✳ ❛♥❞

✐♥ �❤❡ �❡❝�✳ ✶✺ ❛♥❞ �❡❝�✳ ✶✽ ♦❢ �❤❡ ♣�❡�❡♥� ♠❡♠♦✐�✱ ❬❛♥❞ ✐♥ ♣❛��✐❝✉❧❛�❪ ❡�✉❛�✐♦♥� ✭✷✶✮✱ ✭✹✵✮✱ ❛♥❞

✇❡ ❛�❦ �❤❡ �❡❛❞❡� �♦ �❡♠❛�❦ ❤♦✇ �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δt
1
, δt

2
, ....δt

6
❢♦� �❤❡ �②��❡♠�

❤❛✈✐♥❣ �❤�❡❡ ❞✐♠❡♥�✐♦♥�✱ �❤♦�❡ ♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δα, δϑ, ....δω ❢♦� �✉♣❡�✜❝✐❛❧ �②��❡♠�✱ ❛♥❞ �❤♦�❡

♦❢ �❤❡ ✈❛�✐❛�✐♦♥� δα, δβ, δγ ❢♦� ❧✐♥❡❛� �②��❡♠�✱ ✇❤❡♥ ♦♥❡ ❝❛❧❝✉❧❛�❡� �❤❡ ❡✛❡❝� ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡�

❜② ♠❡❛♥� ♦❢ �❤❡ �❡❝♦♥❞ ♣❛�� ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ♦❢ ▼❡❝❤❛♥✐❝� ✭❡�✉❛�✐♦♥ ✭✶✮ �❡❝�✳ ✶✻ ♣✳♠✳✮

❛�❡ ❛❧❧ ❞❡✜♥✐�❡ ✐♥�❡❣�❛❧�✳ ▲❡� ✉� ❝♦♥�✐❞❡� �✉❝❤ ❞❡✜♥✐�❡ ✐♥�❡❣�❛❧� ❛♥❞ ❧❡� ✉� ��❛♥�❢♦�♠ �❤❡♠ ❜②

✉�✐♥❣ �❤❡ ❡①♣♦✉♥❞❡❞ ♣�✐♥❝✐♣❧❡✳



✲ ✽✺✲

■♥❝♦♠✐♥❝✐❛♥❞♦ ❞❛✐ �✐�
❡♠✐ ❛ 
�❡ ❞✐♠❡♥�✐♦♥✐✱ �✐❧❡✈❛�✐ ❞❛❧❧❛ �✉❝❝✐
❛
❛ ❡�✉❛③✐♦♥❡ ✭✶✼✮ ♥✳ ✼✸

♠✳♣✳✱ ❝❤❡ ✐ ❝♦❡✣❝✐❡♥
✐ ❞❡❧❧❡ �❡✐ ✈❛�✐❛
❡ δt
1
, δt

2
, δt

3
, δt

4
, δt

5
, δt

6
,❤❛♥♥♦ ♦�❞✐♥❛
❛♠❡♥
❡ ✐ ✈❛❧♦�✐

∫

df

∫

dg

∫

dk · Tf 2;

∫

df

∫

dg

∫

dk · Tg 2;

∫

df

∫

dg

∫

dk · Tk3;✭✶✮

∫

df

∫

dg

∫

dk · Tfg;
∫

df

∫

dg

∫

dk · Tfk;
∫

df

∫

dg

∫

dk · Tgk;

❡��❡♥❞♦�✐ �♦�
✐
✉✐
❛ ❛❞ ❡✈✐
❛�❡ ✉♥ ❡�✉✐✈♦❝♦ ❧❛ ❧❡

❡�❛ T ❛❧❧❛ Λ ✱ ❣✐❛❝❝❤ �✉❡�
❛ �✐❝❡✈❡ ♣♦✐ ✉♥✬❛❧
�❛

�✐❣♥✐✜❝❛③✐♦♥❡❀ ❡ ❝❤❡ ✐ ❝♦❡✣❝✐❡♥
✐ ❞❡❧❧❡ �✉��❡❣✉❡♥
✐ ✈❛�✐❛
❡ δT
1
, δT

2
✱ ❡❝✳ ❡�✉✐✈❛❧❣♦♥♦ ❛❣❧✐ ❛❧
�✐

✐♥
❡❣�❛❧✐

✭✷✮

∫

df

∫

dg

∫

dk · Tf 3; 2

∫

df

∫

dg

∫

dk · Tf 2g ; ❡❝✳

❞♦✈❡ �♦

♦ ✐❧ �❡❣♥♦ ❧❡ f, g, k �♦♥♦ ❛ ♣✐% ❛❧
❛ ❞✐♠❡♥�✐♦♥❡ ❞❡❧❧❛ �❡❝♦♥❞❛✳ ■♥ 
✉

✐ ❧❛ T = 1
4
K
ρ

✭❡�✉❛③✐♦♥❡ ✭✶✶✮ ♥✳ ✼✷ ♠✳♣✳✮ ✈❛ ❝♦♥�✐❞❡�❛
❛ ✐♥ ❣❡♥❡�❛❧❡✱ ❝♦♠❡ ✐✈✐ �✐  ❞❡

♦✱

✭✸✮ T

(

x, y, z, x+
dx

da
f + ❡❝✳, y +

dy

da
f + ❡❝✳, z +

dz

da
f + ❡❝✳

)

❢✉♥③✐♦♥❡ ❞❡❧❧❡ ❝♦♦�❞✐♥❛
❡ x, y, z ❞❡❧ ♣✉♥
♦ ❣❡♥❡�✐❝♦✱ ❡ ❞✐ �✉❡❧❧❡

x+
dx

da
f +

dx

db
g +

dx

dc
k +

1

2

d2x

da2
f2 + ❡❝✳

y +
dy

da
f +

dy

db
g +

dy

dc
k +

1

2

d2y

da2
f2 + ❡❝✳✭✹✮

z +
dz

da
f +

dz

db
g +

dz

dc
k +

1

2

d2z

da2
f2 + ❡❝✳

❞✐ ✉♥ ❛❧
�♦ ♣✉♥
♦ ♣❡� ❝✉✐ ❧❡ f, g, k �♦♥♦ ✈❛�✐❛❜✐❧✐✱ �❡�
❛♥❞♦ ❧❡ x, y, z ❝♦�
❛♥
✐ ❀ ❣❧✐ ✐♥
❡❣�❛❧✐ ✭✶✮✱

✭✷✮ ❞♦✈�❡❜❜❡�♦ ❡��❡�❡✱ ❣❡♥❡�❛❧♠❡♥
❡ ♣❛�❧❛♥❞♦✱ ❡�
❡�✐ ✜♥♦ ❛✐ ❧✐♠✐
✐ ❞❡❧ ❝♦�♣♦✳

◗✉❡�
❛ ❡�
❡♥�✐♦♥❡ ❞❡❣❧✐ ✐♥
❡❣�❛❧✐ ✜♥♦ ❛✐ ❧✐♠✐
✐ ❞❡❧ ❝♦�♣♦ �❛�❡❜❜❡ ♥❡❝❡��❛�✐❛ ✐♥ ♣✐% ❝❛�✐✱ ❝♦♠❡

♣❡� ❡�❡♠♣✐♦ �❡ �✐ ✈♦❧❡��❡ ♣❡� �✉❡�
❛ ✈✐❛ ❝❛❧❝♦❧❛�❡ ❣❧✐ ❡✛❡

✐ ❞❡❧❧✬❛

�❛③✐♦♥❡ ♥❡✇
♦♥✐❛♥❛✱ ♦ ❞✐

�✉❡❧❧✬❛❧
�❛ ❢♦�③❛ ❝♦♥ ❝✉✐ �✐ �❡�♣✐♥❣♦♥♦ ♦ �✐ ❛

�❛❣❣♦♥♦ ❛♥❝❤❡ ❛ ♥♦
❛❜✐❧❡ ❞✐�
❛♥③❛ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡❧

✢✉✐❞♦ ❡❧❡

�✐❝♦ ❀ ♠❛ ♣❡� ❧✬❛

�❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡ ♣�♦♣�✐❛♠❡♥
❡ ❞❡

❛✱ ❡ ♣❡� �✉❡❧❧✬❛❧
�❛ ❢♦�③❛ ❝❤❡

❝❤✐❛♠❛�✐ ♣�❡��✐♦♥❡✱ ❡ ❝❤❡ ♣�♦✈✐❡♥❡ ❞❛❧❧❡ ❢♦�③❡ ❡�
❡�♥❡ ✭❝♦♠❡ ❢�❛ ♣♦❝♦ �♣✐❡❣❤❡�❡♠♦ ♠❡❣❧✐♦✮✱  

�✐❝♦♥♦�❝✐✉
♦ ❝❤✬❡��❛ �✐ ❡✛❡

✉❛ �♦❧
❛♥
♦ �✉❧❧❡ ♠♦❧❡❝♦❧❡ ♣�♦��✐♠✐��✐♠❡✱ ❡ ❝❡��❛ ❛♣♣❡♥❛ ❧❛ ❞✐�
❛♥③❛

�✐ ❢❛ �❡♥�✐❜✐❧❡✳ ❊ ♥❡ ✈✐❡♥❡ ❞✐ ❝♦♥�❡❣✉❡♥③❛ ❝❤❡ ✐ ❧✐♠✐
✐ ❞❡❣❧✐ ✐♥
❡❣�❛❧✐ ✭✶✮✱ ✭✷✮ ♣♦��♦♥♦ ♣�❡♥❞❡��✐

♣✐❝❝♦❧✐��✐♠✐✱ 
✉

✐ ❡❣✉❛❧✐✱ ❡ ❛ ❞✉❡ ❛ ❞✉❡ ❞✐ �❡❣♥♦ ❝♦♥
�❛�✐♦ ✿ ♣❡� ❡�❡♠♣✐♦ ♣✉/ �❛♣♣�❡�❡♥
❛��✐ ✐❧

♣�✐♠♦ ❞❡❣❧✐ ✐♥
❡❣�❛❧✐ ✭✶✮

✲ ✽✺✲❊◆●

▲❡
 ✉� ❜❡❣✐♥ ❢�♦♠ 
❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②�
❡♠�✱ ❛♥❞ ❧❡
 ✉� �❡♠❛�❦ 
❤❛
✱ ✐♥ 
❤❡ ❛❢♦�❡♠❡♥
✐♦♥❡❞

❡�✉❛
✐♦♥ ✭✶✼✮ �❡❝
✳ ✼✸ ♣✳♠✳✱ 
❤❡ ❝♦❡✣❝✐❡♥
� ♦❢ 
❤❡ �✐① ✈❛�✐❛
✐♦♥� δt
1
, δt

2
, δt

3
, δt

4
, δt

5
, δt

6
, ❤❛✈❡

�❡�♣❡❝
✐✈❡❧② 
❤❡ ✈❛❧✉❡�

∫

df

∫

dg

∫

dk · Tf 2;

∫

df

∫

dg

∫

dk · Tg 2;

∫

df

∫

dg

∫

dk · Tk3;✭✶✮

∫

df

∫

dg

∫

dk · Tfg;
∫

df

∫

dg

∫

dk · Tfk;
∫

df

∫

dg

∫

dk · Tgk;

✇❤❡�❡✱ ✐♥ ♦�❞❡� 
♦ ❛✈♦✐❞ ❛♥② ♠✐�✉♥❞❡��
❛♥❞✐♥❣✱ ❧❡

❡� T �❡♣❧❛❝❡❞ ❧❡

❡� Λ✱ ❛� ❛♥♦
❤❡� ♠❡❛♥✐♥❣

✇❛� �✉❜�❡�✉❡♥
❧② ❣✐✈❡♥ 
♦ 
❤✐� ❧❛�
 ♦♥❡❀ ❛♥❞ 
❤❛
 
❤❡ ❝♦❡✣❝✐❡♥
� ♦❢ 
❤❡ �✉❜�❡�✉❡♥
 ✈❛�✐❛
✐♦♥�

δT
1
, δT

2
✱ ❡
❝✳ ❛�❡ ❡�✉✐✈❛❧❡♥
 
♦ 
❤❡�❡ ♦
❤❡� ✐♥
❡❣�❛❧�

✭✷✮

∫

df

∫

dg

∫

dk · Tf 3; 2

∫

df

∫

dg

∫

dk · Tf 2g ; ❡
❝✳

✇❤❡�❡ ✉♥❞❡� 
❤❡ ❬✐♥
❡❣�❛❧❪ �✐❣♥ ✈❛�✐❛❜❧❡� f, g, k ❤❛✈❡ ❛ ❤✐❣❤❡� ❞✐♠❡♥�✐♦♥ ✐♥ 
❤❡ �❡❝♦♥❞ ♦♥❡✳ ■♥

❛❧❧ ✐♥
❡❣�❛❧� ❢✉♥❝
✐♦♥ T = 1
4
K
ρ

✭❡�✉❛
✐♦♥ ✭✶✶✮ �❡❝
✳ ✼✷ ♣✳♠✳✮ ❤❛� 
♦ ❜❡ ❝♦♥�✐❞❡�❡❞ ✐♥ ❣❡♥❡�❛❧✱ ❛�

✐
 ✇❛� �❛✐❞ 
❤❡�❡✱

✭✸✮ T

(

x, y, z, x+
dx

da
f + ❡
❝✳, y +

dy

da
f + ❡
❝✳, z +

dz

da
f + ❡
❝✳

)

❛ ❢✉♥❝
✐♦♥ ♦❢ 
❤❡ ❝♦♦�❞✐♥❛
❡� x, y, z ♦❢ 
❤❡ ❣❡♥❡�✐❝ ♣♦✐♥
 ❛♥❞ ♦❢ 
❤♦�❡ ❝♦♦�❞✐♥❛
❡�

x+
dx

da
f +

dx

db
g +

dx

dc
k +

1

2

d2x

da2
f2 + ❡
❝✳

y +
dy

da
f +

dy

db
g +

dy

dc
k +

1

2

d2y

da2
f2 + ❡
❝✳✭✹✮

z +
dz

da
f +

dz

db
g +

dz

dc
k +

1

2

d2z

da2
f2 + ❡
❝✳

♦❢ ❛♥♦
❤❡� ♣♦✐♥
 ❢♦� ✇❤✐❝❤ �✉❛♥
✐
✐❡� f, g, k ❛�❡ ✈❛�✐❛❜❧❡✱ ✇❤✐❧❡ x, y, z ❛�❡ ❦❡♣
 ❝♦♥�
❛♥
❀ ✐♥
❡❣�❛❧�

✭✶✮✱ ✭✷✮ �❤♦✉❧❞ ❜❡✱ ❣❡♥❡�❛❧❧② �♣❡❛❦✐♥❣✱ ❡①
❡♥❞❡❞ ✉♣ 
♦ 
❤❡ ❜♦✉♥❞❛�✐❡� ♦❢ 
❤❡ ❜♦❞②✳

❚❤✐� ❡①
❡♥�✐♦♥ ♦❢ 
❤❡ ✐♥
❡❣�❛❧� ✉♣ 
♦ 
❤❡ ❧✐♠✐
� ♦❢ 
❤❡ ❜♦❞② �❤♦✉❧❞ ❜❡ ♥❡❝❡��❛�② ✐♥ ♠❛♥②

❝❛�❡�✱ ❛� ❢♦� ✐♥�
❛♥❝❡ ✐❢ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ 
♦ ❝❛❧❝✉❧❛
❡ ✐♥ 
❤✐� ✇❛② 
❤❡ ❡✛❡❝
� ♦❢ 
❤❡ ◆❡✇
♦♥✐❛♥

❛

�❛❝
✐♦♥✱ ♦� ♦❢ ❛♥♦
❤❡� ❢♦�❝❡ ❜② ✇❤✐❝❤ ❛❧�♦ ❛
 ❛ �❡♠❛�❦❛❜❧❡ ❞✐�
❛♥❝❡ 
❤❡ ♠♦❧❡❝✉❧❡� ♦❢ 
❤❡

❡❧❡❝
�✐❝ ✢✉✐❞ ✐♥
❡�❛❝
 ♦♥❡ ✇✐
❤ 
❤❡ ♦
❤❡��❀ ❤♦✇❡✈❡� ❢♦� 
❤❛
 ✐♥
❡�❛❝
✐♦♥ ✇❤✐❝❤ ✐� ♣�❡❝✐�❡❧② ❝❛❧❧❡❞


❤❡ ♠♦❧❡❝✉❧❛� ❛

�❛❝
✐♦♥ ❛♥❞ ❢♦� 
❤❡ ♦
❤❡� ❢♦�❝❡ ✇❤✐❝❤ ✐� ❝❛❧❧❡❞ ♣�❡��✉�❡✱ ❛♥❞ ✇❤✐❝❤ ✐� ❛❝
❡❞

✉♣♦♥ ❜② ❡①
❡�♥❛❧ ❢♦�❝❡� ✭❛� ✇❡ ✇✐❧❧ �❤♦�
❧② ❡①♣❧❛✐♥ ❜❡

❡�✮✱ ✐
 ✐� ❛❝❝❡♣
❡❞ 
❤❛
 ✐
 ❛❝
� ♦♥❧② ♦♥


❤❡ ❝❧♦�❡�
 ♠♦❧❡❝✉❧❡� ❛♥❞ ✐� ✈❛♥✐�❤✐♥❣ ❛� �♦♦♥ ❛� 
❤❡ ❞✐�
❛♥❝❡ ✐� �✐❣♥✐✜❝❛♥
✳ ❆� ❛ ❝♦♥�❡�✉❡♥❝❡


❤❡ ❧✐♠✐
� ♦❢ ✐♥
❡❣�❛❧� ✭✶✮✱ ✭✷✮ ❝❛♥ ❜❡ ❝❤♦�❡♥ 
♦ ❜❡ ✈❡�② �♠❛❧❧✱ ❛♥❞ ❛❧❧ ❡�✉❛❧✱ ❛♥❞ ❤❛✈✐♥❣ ♣❛✐�✇✐�❡

♦♣♣♦�✐
❡ �✐❣♥✿ ❢♦� ✐♥�
❛♥❝❡ ♦♥❡ ❝❛♥ �❡♣�❡�❡♥
 
❤❡ ✜��
 ♦❢ 
❤❡ ✐♥
❡❣�❛❧� ✭✶✮



✲ ✽✻✲

❝♦♠❡ �❡ ❢♦��❡

✭✺✮
∫ i

−i

df

∫ i

−i

dg

∫ i

−i

dk · Tf 2

❞♦✈❡ i � ✉♥❛ �✉❛♥�✐�� ❛��❛✐ ♣✐❝❝♦❧❛✳ ❆❞ ❛❧❝✉♥♦ ♣♦��� �❡♠❜�❛�❡ ❝❤❡ ❝✐� ❛♥❞❡�❡❜❜❡ ❜❡♥❡ ✐♥ ✉♥❛

❞✐���✐❜✉③✐♦♥❡ �❡❣♦❧❛�❡ ❞✐ ♠♦❧❡❝♦❧❡✱ �✉❛❧❡ � �✉❡❧❧❛ ❝✉✐ ♥♦✐ �✐❛♠♦ �♦❧✐�✐ ✭❡ ❧♦ ❞✐❝❡♠♠♦ ♣✐" ✈♦❧�❡✮ ❢❛�

�❡��♦❝❡❞❡�❡ ✐❞❡❛❧♠❡♥�❡ ❧❛ ❝♦��✐�✉③✐♦♥❡ ❞❡✐ ❝♦�♣✐ ✿ ♠❛ ♥♦♥ ♥❡❧❧❛ ❞✐���✐❜✉③✐♦♥❡ �❡❛❧❡ ❝❤❡ ✐♥�♦�♥♦

❛❧ ♣✉♥�♦ (x, y, z) ♣♦��� ❛✈❡�❡ ♠❛�❡�✐❛ ♣✐" ❝♦��✐♣❛�❛ ❞❛ ✉♥❛ ♣❛��❡✱ ♣✐" �❛�❡❢❛��❛ ❞❛❧❧✬❛❧��❛✳ %❡��✱

�❡❜❜❡♥ �✐ �✐✢❡��❡✱ ❧✬♦❜❜✐❡③✐♦♥❡ �✐ �♦❣❧✐❡ ❢❛❝✐❧♠❡♥�❡✳ ▲✬❡��❡♥�✐♦♥❡ ❞❡❧❧❛ �✉❛♥�✐�� ♣✐❝❝♦❧✐��✐♠❛ i

�✐❛ �❛❧❡ ❞❛ ❛❜❜�❛❝❝✐❛�❡ ❞❛❧❧❛ ♣❛��❡ ♦✈❡ ❧❡ ♠♦❧❡❝♦❧❡ �♦♥♦ ♣✐" ❝♦♥❞❡♥�❛�❡ ❛♥❝❤❡ ❧❡ ✉❧�✐♠❡ ❛ ❝✉✐

❛��✐✈❛ ❧✬❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡ ✿ ♣�❡♥❞❡♥❞♦ ❡❣✉❛❧♠❡♥�❡ ❣�❛♥❞❡ ❧❛ i ❞❛❧❧❛ ♣❛��❡ ♦♣♣♦��❛✱ ✈❡♥✐❛♠♦ ✐✈✐

❛ ❞❛�❡ ❛❧❧✬✐♥�❡❣�❛❧❡ ✉♥✬❡��❡♥�✐♦♥❡ ♣✐" ✐♥ ❧� ❞❡❧ ❜✐�♦❣♥♦✱ ♠❛ �❡♥③❛ ❛❧❝✉♥ ❞❛♥♥♦ ✿ ✐♥❢❛��✐ ❛✈�❡♠♦

❛❣❣✐✉♥�♦ ❛❧❧✬✐♥�❡❣�❛❧❡ ❡♥��♦ ✐ ❧✐♠✐�✐ ❞❛ �✐�❡♥❡��✐ ✉♥❛ ♣❛��❡ ♥♦♥ ✐♥✢✉❡♥�❡ ♥❡❧ ✈❛❧♦�❡ ❞✐ ❡��♦ ✳ ➮ ♣❡�

✉♥❛ �✐♠✐❧❡ �❛❣✐♦♥❡ ❝❤❡ ✐ ❣❡♦♠❡��✐ ♠♦❞❡�♥✐ ✉�❛♥♦ ♥❡❣❧✐ ✐♥�❡❣�❛❧✐ ❝♦♠❡ ✐❧ �✉❞❞❡��♦ ✭✺✮ ♣�❡♥❞❡�❡

❧✬✐♥✜♥✐�♦ ✐♥✈❡❝❡ ❞❡❧❧❛ �✉❛♥�✐�� ♣✐❝❝♦❧✐��✐♠❛ i ✿ ❡ ♠❛♥✐❢❡��❛♠❡♥�❡ �✐ ♣✉� ❢❛�❡✱ ♣❡�❝❤� ✐♥ �♦��❛♥③❛

❧❛ ♣❛��❡ ❞❡❧❧✬✐♥�❡❣�❛❧❡ ❝❤❡ �✐�✉❧�❛ ❛❣❣✐✉♥�❛ ❞❛ i �✐♥♦ ❛❧❧✬✐♥✜♥✐�♦ ✐♥ ❛♠❜✐ ✐ ✈❡��✐✱ ��❛♥�❡ ✐❧ ♣�✐♥❝✐♣✐♦

✜�✐❝♦ �✉✐ ❛❞♦��❛�♦✱ � ❝♦♠❡ ♥♦♥ ✈✐ ❢♦��❡✳

◆♦✐ ♣✉�❡ ❛❞✉♥�✉❡ ❛❜❜�❛❝❝❡�❡♠♦ �✉❡��✬✉�♦✱ ❡ ❛��✉♠❡♥❞♦ ♣❡� ❜�❡✈✐�� ❞✐ �❝�✐��✉�❛ ✐❧ �✐♠❜♦❧♦

S ✐♥✈❡❝❡ ❞❡❧❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦✱ ❝✐♦� ✐♥�❡♥❞❡♥❞♦ ❝❤❡ �✐❛

✭✻✮ S. =

∫ ∞

−∞
df

∫ ∞

−∞
dg

∫ ∞

−∞
dk.

�❝�✐✈❡�❡♠♦ ❞✐ ♥✉♦✈♦ ❣❧✐ ✐♥�❡❣�❛❧✐ ✭✶✮ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ δ
1
, δ

2
....δ

6
♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✶✼✮ ♥✳ ✼✸ ♠✳♣✳

�♦��♦ ❧❛ ❢♦�♠❛

✭✼✮ S.Tf
2

; S.Tg
2

; S.Tk
2

; 2S.Tfg ; 2S.Tfk ; 2S.Tgk.

■♠♣♦��❛ ♣❡�� ❝♦♥�❡�✈❛�❡ ♣❡� ♣♦❝♦ ❛✐ ♠❡♥�♦✈❛�✐ ✐♥�❡❣�❛❧✐ ❛♥❝❤❡ ❧❛ ❢♦�♠❛ ✭✺✮ ❛❧❧✬♦❣❣❡��♦ ❞✐ ♣♦✲

�❡� ❞✐♠♦���❛�❡ ❝❤❡ �✉��✐ ❣❧✐ ✐♥�❡❣�❛❧✐ ✭✷✮ ❞✐ ♥✉♠❡�♦ ✐♥✜♥✐�♦ �♦♥♦ ��❛�❝✉�❛❜✐❧✐ �❡❧❛�✐✈❛♠❡♥�❡ ❛✐

♣�❡❝❡❞❡♥�✐ ✭✶✮ ✳ ▲❛ ❞✐♠♦���❛③✐♦♥❡ �✐ ❢❛ ❝♦❧ ��❛�❢♦�♠❛�❡ ❣❧✬✐♥�❡❣�❛❧✐ ✭✺✮ ♣♦♥❡♥❞♦

✭✽✮ f = ip ; g = iq ; k = ir

❡ ❝♦♥�✐❞❡�❛♥❞♦ ❧❡ ��❡ ♥✉♦✈❡ ✈❛�✐❛❜✐❧✐ p, q, r �♦��✐�✉✐�❡ ❛❧❧❡ f, g, k✳ ❖❣♥✉♥♦ ❞❡✬�❡✐ ✐♥�❡❣�❛❧✐ ✭✶✮ �✐

♠✉�❛ ✐♥ ✉♥♦ ❞❡❧❧❛ ❢♦�♠❛

✭✾✮ i5
∫ 1

−1

dp

∫ 1

−1

dq

∫ 1

−1

dr · Tp2

✲ ✽✻✲❊◆●

❛� ✐❢ ✐� ✇❛�

✭✺✮
∫ i

−i

df

∫ i

−i

dg

∫ i

−i

dk · Tf 2

✇❤❡�❡ i ✐� ❛ ✈❡�② �♠❛❧❧ �✉❛♥�✐�②✳ ■� ❝♦✉❧❞ �❡❡♠ �♦ �♦♠❡❜♦❞② �❤❛� �❤✐� ❝❛❧❝✉❧❛�✐♦♥ ✐� ❝♦��❡❝� ✐♥

❛ �❡❣✉❧❛� ❞✐���✐❜✉�✐♦♥ ♦❢ ♠♦❧❡❝✉❧❡�✱ �✉❝❤ ❛� �❤❡ ♦♥❡ �♦ ✇❤✐❝❤ ✇❡ ❛�❡ ❛❝❝✉��♦♠❡❞ �♦ ✐❞❡❛❧❧② �❡❢❡�

✭❛♥❞ ✇❡ ❞✐�❝✉��❡❞ �❤✐� ♣♦✐♥� �❡✈❡�❛❧ �✐♠❡�✮ �❤❡ ❝♦♥��✐�✉�✐♦♥ ♦❢ �❤❡ ❜♦❞✐❡�✿ ❜✉� �❤❛� ✐� ✐� ♥♦�

❝♦��❡❝� ✐♥ �❤❡ �❡❛❧ ❞✐���✐❜✉�✐♦♥ ✇❤✐❝❤ ♠❛② ❤❛✈❡✱ ✐♥ �❤❡ ♥❡✐❣❤❜♦�❤♦♦❞ ♦❢ ♣♦✐♥� (x, y, z), ❛ ❤✐❣❤❡�

❝♦♥❝❡♥��❛�✐♦♥ ♦❢ ♠❛��❡� �♦♠❡✇❤❡�❡ ❛♥❞ ❛ ❧♦✇❡� ❝♦♥❝❡♥��❛�✐♦♥ �♦♠❡✇❤❡�❡ ❡❧�❡✳ ❍♦✇❡✈❡� �✉❝❤

❛♥ ♦❜❥❡❝�✐♦♥✱ ✐❢ ♦♥❡ ♣♦♥❞❡�� ❝❛�❡❢✉❧❧②✱ ♠❛② ❜❡ ❡❛�✐❧② ❝♦♥❢✉�❡❞✳ ▲❡� �❤❡ ✈❡�② �♠❛❧❧ �✉❛♥�✐�② i

❜❡ �✉❝❤ �❤❛� ✐� ✐♥❝❧✉❞❡�✱ ♦♥ �❤❡ �✐❞❡ ✇❤❡�❡ �❤❡ ♠♦❧❡❝✉❧❡� ❛�❡ ♠♦�❡ ❞❡♥�❡❧② ♣❛❝❦❡❞ ❛❧�♦ �❤♦�❡

❧❛�� ♦♥❡� ❢♦� ✇❤✐❝❤ �❤❡ ♠♦❧❡❝✉❧❛� ❛❝�✐♦♥ ✐� ❡✛❡❝�✐✈❡✿ ❜② �❛❦✐♥❣ ❡�✉❛❧❧② ❡①�❡♥❞❡❞ �✉❛♥�✐�② i ♦♥

�❤❡ ♦�❤❡� �✐❞❡✱ ✇❡ ✇✐❧❧ ❣✐✈❡ �♦ �❤❡ ✐♥�❡❣�❛❧ ❛♥ ❡①�❡♥�✐♦♥ ❣�❡❛�❡� �❤❛♥ ✐� ✐� ���✐❝�❧② ♥❡❝❡��❛�②✱

❜✉� �❤✐� ✇✐❧❧ ❜❡ ✇✐�❤♦✉� ❛♥② ❤❛�♠✿ ✐♥❞❡❡❞ ✇❡ ✇✐❧❧ ❤❛✈❡ ❛❞❞❡❞ �♦ �❤❡ ✐♥�❡❣�❛❧✱ ✐♥�✐❞❡ �❤❡ ❧✐♠✐��

�♦ ❜❡ ❝♦♥�✐❞❡�❡❞✱ ❛ ♣❛�� ✇❤✐❝❤ ❞♦❡� ♥♦� ✐♥✢✉❡♥❝❡ ✐�� ✈❛❧✉❡✳ ■� ✐� ❢♦� �✉❝❤ ❛ �❡❛�♦♥ �❤❛� �❤❡

♠♦❞❡�♥ ❣❡♦♠❡�❡�� ✉�❡ ✐♥ �❤❡ ✐♥�❡❣�❛❧� ♦❢ �❤❡ �❛♠❡ ❦✐♥❞ ❛� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ♦♥❡ ❛♣♣❡❛�✐♥❣

✐♥ ❢♦�♠✉❧❛ ✭✺✮ �❤❡ ❧✐♠✐� ❛� ✐♥✜♥✐�② ✐♥��❡❛❞ ♦❢ �❤❡ ✈❡�② �♠❛❧❧ �✉❛♥�✐�② i : ❛♥❞ �✉❝❤ ❛ ❝❤♦✐❝❡ ✐�

♠❛♥✐❢❡��❧② ❢❡❛�✐❜❧❡✱ ❛� �❤❡ ♣❛�� ♦❢ �❤❡ ✐♥�❡❣�❛❧ ✇❤✐❝❤ ✐� ❛❞❞❡❞ ��❛��✐♥❣ ❢�♦♠ i �♦ ✐♥✜♥✐�② ♦♥ ❜♦�❤

�✐❞❡�✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ♣❤②�✐❝❛❧ ♣�✐♥❝✐♣❧❡ ✇❤✐❝❤ ✐� ❛❝❝❡♣�❡❞ ❤❡�❡✱ ❞♦❡� ♥♦� ❛✛❡❝� ✐�� ✜♥❛❧ ✈❛❧✉❡✳

❲❡ ✇✐❧❧ ❛❧�♦ ❛❞♦♣� �✉❝❤ ❛ ♥♦�❛�✐♦♥ ❛♥❞ ❜② ✐♥��♦❞✉❝✐♥❣✱ ❢♦� �❤❡ �❛❦❡ ♦❢ ❜�❡✈✐�②✱ �②♠❜♦❧ S

✐♥��❡❛❞ ♦❢ �❤❡ ��✐♣❧❡ ✐♥�❡❣�❛❧✱ �❤❛� ✐� ❜② ✉�✐♥❣ �❤❡ �❤♦��❡♥✐♥❣

✭✻✮ S. =

∫ ∞

−∞
df

∫ ∞

−∞
dg

∫ ∞

−∞
dk.

✇❡ ✇✐❧❧ ✇�✐�❡ ❛❣❛✐♥ �❤❡ ✐♥�❡❣�❛❧� ✭✶✮ ✇❤✐❝❤ ❛�❡ �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ �✉❛♥�✐�✐❡� δ
1
, δ

2
....δ

6
✐♥ �❤❡

❡�✉❛�✐♦♥� ✭✶✼✮ �❡❝�✳ ✼✸ ♣✳♠✳ ✐♥ �❤❡ ❢♦�♠

✭✼✮ S.Tf
2

; S.Tg
2

; S.Tk
2

; 2S.Tfg ; 2S.Tfk ; 2S.Tgk.

■� ✐� ❤♦✇❡✈❡� ✐♠♣♦��❛♥� �♦ ♠❛✐♥�❛✐♥ ❢♦� ❛ ✇❤✐❧❡ �♦ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ ✐♥�❡❣�❛❧� ❛❧�♦ �❤❡ ❢♦�♠

✭✺✮ ✐♥ ♦�❞❡� �♦ ♣�♦✈❡ �❤❛� ❛❧❧ ✐♥✜♥✐�❡ ✐♥�❡❣�❛❧� ✐♥ ❢♦�♠✉❧❛ ✭✷✮ ❛�❡ ♥❡❣❧✐❣✐❜❧❡ ✇❤❡♥ ❝♦♠♣❛�❡❞ �♦

�❤♦�❡ ♣�❡✈✐♦✉�❧② ❧✐��❡❞ ✐♥ ❢♦�♠✉❧❛ ✭✶✮ ✳ ❚❤❡ ❞❡♠♦♥���❛�✐♦♥ ✐� ♦❜�❛✐♥❡❞ ❜② ��❛♥�❢♦�♠✐♥❣ ✐♥�❡❣�❛❧�

✭✺✮ ❜② ✐♥��♦❞✉❝✐♥❣ �❤�❡❡ ♥❡✇ ✈❛�✐❛❜❧❡� p, q, r

✭✽✮ f = ip ; g = iq ; k = ir

�♦ �✉❜��✐�✉�❡ �❤❡ ✈❛�✐❛❜❧❡� f, g, k✳ ❊❛❝❤ ♦❢ �❤❡ �✐① ✐♥�❡❣�❛❧� ✭✶✮ ❝❛♥ ❜❡ ��❛♥�❢♦�♠❡❞ ✐♥�♦ ❛♥♦�❤❡�

♦♥❡ ❤❛✈✐♥❣ �❤❡ ❢♦�♠

✭✾✮ i5
∫ 1

−1

dp

∫ 1

−1

dq

∫ 1

−1

dr · Tp2



✲ ✽✼✲

�✉❛❧❡ 	✐�✉❧�❛ ✐❧ ♣	✐♠♦ ❞✐ ❡��✐ ❝♦❧ ❝♦❡✣❝✐❡♥�❡ i5 ❀ ❡ ♦❣♥✉♥♦ ❞❡❣❧✐ ✐♥�❡❣	❛❧✐ ✭✷✮ ♣	❡♥❞❡ ❧❛ ❢♦	♠❛

✭✶✵✮ i6
∫ 1

−1

dp

∫ 1

−1

dq

∫ 1

−1

dr · Tp3 ❀ i6
∫ 1

−1

dp

∫ 1

−1

dq

∫ 1

−1

dr · Tp2q; ❡❝✳

❝♦❧ ❝♦❡✣❝✐❡♥�❡ i6 ♣❡	 ❧♦ ♠❡♥♦ ❛❧❧❛ �❡��❛ ♣♦�❡♥③❛✱ ❡��❡♥❞♦ �✉❡��❛ �❡♠♣	❡ ♣✐� ❡❧❡✈❛�❛ ♥❡✐ �❡❣✉❡♥�✐✳

!❡	 ✈❡	✐�" ♣✉# �❡♠❜	❛	❡ ❝❤❡ ❛♥❝❤❡ ❣❧✐ ✐♥�❡❣	❛❧✐ ❝♦♠❡ ✐❧ ✭✾✮✱ ❛✈❡♥❞♦ ✐❧ ❢❛��♦	❡ ♣✐❝❝♦❧✐��✐♠♦ i5 ✱

�✐❛♥♦ �✉❛♥�✐�" �	❛�❝✉	❛❜✐❧✐ ✿ ♠❛ ♥♦✐ ♥♦♥ �❛♣♣✐❛♠♦ �✉❛❧ �✐❛ ❧❛ ❢♦	♠❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ T ✱ ❡ ✐♥�	❛✲

✈❡❞✐❛♠♦ ❝❤❡ ♣♦�	❡❜❜❡ ❡��❡	❡ �❛❧❡ ❞❛ ❞✐��	✉❣❣❡	❡ ❧✬❡✛❡��♦ ❞✬✐♠♣✐❝❝♦❧✐♠❡♥�♦ ♣	♦❞♦��♦ ❞❛❧ �✉❡❧

❢❛��♦	❡ ❡ ❢♦	♥✐	❝✐ ✈❛❧♦	✐ ❝♦♥❢	♦♥�❛❜✐❧✐ ❝♦❧❧❡ �✉❛♥�✐�" ✜♥✐�❡✳ ❈❤❡ ♣♦✐ ❞❡❜❜❛ ❡��❡	❡ ❛��♦❧✉�❛♠❡♥�❡

❝♦�, ♥❡ ❛❝�✉✐��✐❛♠♦ ✉♥❛ ❝❡	�❡③③❛✱ ❝♦♥♦�❝❡♥❞♦ ♥♦✐ ❛❧�	✐♠❡♥�✐ ❝❤❡ ❞❛❧❧❡ ❢♦	③❡ ✐♥�❡	♥❡ 	✐�✉❧�❛♥♦

♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡ �❡	♠✐♥✐ �✉��✬❛❧�	♦ ❝❤❡ �	❛�❝✉	❛❜✐❧✐✱ ❡ ♦��❡	✈❛♥❞♦ �✉❧❧❛ ❡�✉❛③✐♦♥❡ ✭✶✼✮

♥✳ ✼✸ ♠✳♣✳✱ ❝❤❡ ♥♦♥ ♥❡ 	❡��❡	❡❜❜❡ ♣✐� ♥✐❡♥�❡ �❡ ❛♥❝❤❡ ✐ ♣	✐♠✐ �❡✐ �❡	♠✐♥✐ ❞✐ �✉❡❧❧❛ �❡	✐❡ �✐ ❞♦✲

✈❡��❡	♦ �	❛�❝✉	❛	❡✳ ▼❛ �✉❡��✐ ❝♦♥�❡	✈❛�✐✱ ♣❡	 ❧❛ 	❛❣✐♦♥❡ ♦	❛ ❞❡��❛✱ / ❛♥❝❤❡ ♠❛♥✐❢❡��♦ ❝❤❡ �✉��✐

✐ �❡❣✉❡♥�✐ ✐♥�❡❣	❛❧✐ ✭✷✮✱ ♦✈✈❡	♦ ✭✶✵✮✱ ♥❡✐ �✉❛❧✐ ✐❧ ❝♦❡✣❝✐❡♥�❡ / ✉♥❛ ♣♦�❡♥③❛ ❞✐ i ♣✐� ❡❧❡✈❛�❛✱

�❛	❛♥♥♦ �, ♣✐❝❝♦❧✐ ❞❛ ♣♦�❡	�✐ ♦♠♠♠❡��❡	❡ 	✐♠♣❡��♦ ❛✐ ♣	❡❝❡❞❡♥�✐ �❡✐ ✿ ❡ ♣♦�	❡♠♦ ❝	❡❞❡	❡ ❝❤✬❡��✐

�✐ ✈❛❞❛♥♦ ❛ ❢♦♥❞❡	❡ ❝♦♥ �✉❡❧❧❡ ❛❧�	❡ �✉❛♥�✐�" �	❛�❝✉	❛❜✐❧✐ ❞✐ ❝✉✐ �✐ / ❞❡��♦ ❛♥❝❤❡ �✉❧ ✜♥❡ ❞❡❧

❈❛♣♦ ♣	❡❝❡❞❡♥�❡✱ ❡ ❝❤❡ ❝✐ ♦❝❝♦	�❡	♦ ✜♥♦ ❞❛❧ ♣	✐♠♦ ✐♠♣✐❛♥�♦ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡	❛❧✐✳

❈♦♥�❡❣✉❡♥③❛ ❞❡❧ ✜♥ �✉✐ ❞❡��♦ �✐ / ❝❤❡ ❛��✉♠❡♥❞♦ ✐❧ �❡��✐♥♦♠✐♦

✭✶✶✮ Aδt
1
+Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6

✭❡�✉❛③✐♦♥❡ ✭✶✾✮ ♥✳ ✼✺ ♠✳♣✳✮ ♣❡	 ✐♥�	♦❞✉	❧♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡	❛❧❡ ✭✶✷✮ ♥✳ ✼✷ ♠✳♣✳✱ ♣♦��✐❛♠♦

♣	❡♥❞❡	❡ ❛ ❞✐	✐��✉	❛ ♣❡✐ ❝♦❡✣❝✐❡♥�✐ A,B,C,D,E, F ✐ ✈❛❧♦	✐ ❞❛�✐ ❞❛❣❧✐ ✐♥�❡❣	❛❧✐ ✭✼✮✱ ❢❛❝❡♥❞♦

A = S.Tf
2

; B = S.Tg
2

; C = S.Tk
2

✭✶✷✮

D = 2S.Tg ; E = 2S.Tfk ; F = 2S.Tgk.

❙✉❧❧❡ ♣	✐♠❡ ♣♦�	" �❡♠❜	❛	❡ ❝❤❡ �✉❡��♦ ♥♦♥ �✐❛ ❧❡❝✐�♦✱ ♣❡	❝❤/ 	✐❝❤✐❛♠❛♥❞♦ ✐❧ ❣✐" ❞❡��♦ ♥❡❧ ❢❛	

♣❛��❛❣❣✐♦ ❞❛❧❧✬❡�✉❛③✐♦♥❡ ✭✶✽✮ ❛❧❧❛ ✭✶✾✮ ♥✳ ✼✺ ♠✳♣✳✱ ✈❡❞❡♠♠♦ ✐ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ δt
1
, δt2....δt6

❝♦♠♣❧✐❝❛	�✐ ❞✐ ❛❧�	✐ �❡	♠✐♥✐ ❞❡❞♦��✐ ❞❛✐ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ ✈❛	✐❛�❡ ❝❤❡ �❡♥❣♦♥♦ ❞✐❡�	♦ ❛❧❧❡ ♣	✐♠❡

�❡✐ ♥❡❧❧✬❡�✉❛③✐♦♥❡ ✭✶✼✮ ♥✳ ✼✸ ♠✳♣✳ ❀ ♠❛ �❡ ♣♦		❡♠♦ ♠❡♥�❡ ❝❤❡ �❛❧✐ �❡	♠✐♥✐ ♥♦♥ ❝♦♠♣❛❥♦♥♦ ♣✐�✱

♣❡	❝❤/ ❞❡❞♦��✐ ❞❛ �✉❡❧❧✐ ❝❤❡ �♦♣	❛ ❞✐❝❡♠♠♦ ♣♦�❡	�✐ ❧❛�❝✐❛	 ❛♥❞❛	❡✱ ❝❛♣✐	❡♠♦ ❝❤❡ 	❡�✐❞✉❛♥♦ ❛❧❧❡

A,B....F ✐ ✈❛❧♦	✐ ✭✶✷✮✳ ❊ ❞❛ �✉❡��❡ ❝♦♥�✐❞❡	❛③✐♦♥✐ ✈✐❡♥❡ ✉♥ ❛❧�	♦ ✈❛♥✲

✲ ✽✼✲❊◆●

�♦ �❤❛� ❡❛❝❤ ♦❢ �❤❡♠ ❝❛♥ ❜❡ �❡❡♥ �♦ ❜❡ ♣	♦♣♦	�✐♦♥❛❧ �♦ i5 ❀ ❛♥❞ �✐♠✐❧❛	❧② ❡❛❝❤ ♦❢ �❤❡ ✐♥�❡❣	❛❧�

✭✷✮ ✇✐❧❧ ❛��✉♠❡ �❤❡ ❢♦	♠

✭✶✵✮ i6
∫ 1

−1

dp

∫ 1

−1

dq

∫ 1

−1

dr · Tp3 ❀ i6
∫ 1

−1

dp

∫ 1

−1

dq

∫ 1

−1

dr · Tp2q; ❡�❝✳

✇❤❡	❡ ❝♦❡✣❝✐❡♥� i6 ✇✐❧❧ ❛♣♣❡❛	 ❛� ❧❡❛��✱ ❛� ♦♥❧② ❤✐❣❤❡	 ♣♦✇❡	� ♦❝❝✉	 ✐♥ ❛❧❧ �✉❜�❡�✉❡♥� �❡	♠�✳

❚	✉❧②✱ ✐� ❝♦✉❧❞ �❡❡♠ �❤❛� ❛❧�♦ ✐♥�❡❣	❛❧� �✉❝❤ ❛� �❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❢♦	♠✉❧❛ ✭✾✮✱ ❤❛✈✐♥❣ ❛ ✈❡	② �♠❛❧❧

❢❛❝�♦	 i5✱ ❝♦✉❧❞ ❜❡ 	❡❣❛	❞❡❞ ❛� ♥❡❣❧✐❣✐❜❧❡ �✉❛♥�✐�✐❡� ✿ ❜✉� ✇❡ ❞♦ ♥♦� ❦♥♦✇ ✇❤✐❝❤ ♠❛② ❜❡ �❤❡

❢♦	♠ ♦❢ ❢✉♥❝�✐♦♥ T ❛♥❞ ✇❡ ✐♠❛❣✐♥❡ �❤❛� ✐� ❝♦✉❧❞ ❜❛❧❛♥❝❡ �❤❡ 	❡❞✉❝✐♥❣ ❡✛❡❝� ♦❢ �✉❝❤ ❛ �♠❛❧❧

❢❛❝�♦	 ❛♥❞ �❤❡	❡❢♦	❡ �♦ ❣✐✈❡ ✉� ✜♥❛❧❧② �♦♠❡ �✉❛♥�✐�✐❡� ❝♦♠♣❛	❛❜❧❡ ✇✐�❤ ✜♥✐�❡ ♦♥❡�✳ ■♥❞❡❡❞ ✇❡

❝❛♥ ♣❡	�✉❛❞❡ ♦✉	�❡❧✈❡� �❤❛� �❤✐� ✐� ❝❡	�❛✐♥✿ ❛❝�✉❛❧❧② ✇❡ ❛❧	❡❛❞② ❦♥♦✇ �❤❛� ❢	♦♠ ✐♥�❡	♥❛❧ ❢♦	❝❡�

✇❡ ❣❡� ✐♥ �❤❡ ❡�✉❛�✐♦♥ ♦❢ ♠❡❝❤❛♥✐❝� �♦♠❡ �❡	♠� ✇❤✐❝❤ ❝❛♥♥♦� ❜❡ ♥❡❣❧❡❝�❡❞ ❛♥❞ ♠♦	❡♦✈❡	 ✇❡

❝❛♥ ♦❜�❡	✈❡ ❤♦✇✱ ✐♥ ❡�✉❛�✐♦♥� ✭✶✼✮ �❡❝�✳ ✼✸ ♣✳♠✳✱ ♦♥❡ ✇♦✉❧❞ ❜❡ ❧❡❢� ♦♥❧② ✇✐�❤ ✈❛♥✐�❤✐♥❣ �❡	♠�

✐❢ ❛❧�♦ �❤❡ ✜	�� �✐① �❡	♠� ♦❢ �❤❡ �❡	✐❡� ❤❛❞ �♦ ❜❡ ♥❡❣❧❡❝�❡❞✳ ❍♦✇❡✈❡	✱ ♦♥❝❡ ✇❡ ❛	❡ ♣❡	�✉❛❞❡❞

�❤❛� �❤❡�❡ �❡	♠� ♠✉�� ❜❡ �❛❦❡♥ ✐♥�♦ ❛❝❝♦✉♥�✱ ✐� ✐� ❛❧�♦ ♠❛♥✐❢❡�� �❤❛� ❛❧❧ �❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥�❡❣	❛❧�

✐♥ ❢♦	♠✉❧❛ ✭✷✮✱ ♦	 ❛❧�♦ ✐♥ ❢♦	♠✉❧❛ ✭✶✵✮✱ ✇❤❡	❡ �❤❡ ❝♦❡✣❝✐❡♥� ✐� ❛ ❤✐❣❤❡	 ♦	❞❡	 ♣♦✇❡	 ♦❢ ✈❛	✐❛❜❧❡

i✱ ✇✐❧❧ ❜❡ �♠❛❧❧ ❡♥♦✉❣❤ �♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ✇❤❡♥ ❝♦♠♣❛	❡❞ ✇✐�❤ �❤❡ ♦�❤❡	 �✐①✿ ❛♥❞ ✇❡ ✇✐❧❧ ❜❡❧✐❡✈❡

�❤❛� �❤❡② ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ ❧✐�� ♦❢ ❛❧❧ ♦�❤❡	 ♥❡❣❧✐❣✐❜❧❡ �✉❛♥�✐�✐❡� ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♠❡♥�✐♦♥❡❞

❛� �❤❡ ❡♥❞ ♦❢ �❤❡ ♣	❡✈✐♦✉� ❈❛♣♦ ❛♥❞ ✇❤✐❝❤ ❛♣♣❡❛	❡❞ �✐♥❝❡ �❤❡ ✜	�� ❞❡❞✉❝�✐♦♥ ♦❢ �❤❡�❡ ❣❡♥❡	❛❧

❡�✉❛�✐♦♥�✳

❆� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ✇❤❛� ✇❛� �❛✐❞ ✉♣ �♦ ♥♦✇ ✇❡ ❝❛♥ ��❛�❡ �❤❛�✱ ❜② ❝♦♥�✐❞❡	✐♥❣ �❤❡

�❡①�✐♥♦♠✐❛❧

✭✶✶✮ Aδt
1
+Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6

✭❡�✉❛�✐♦♥ ✭✶✾✮ �❡❝�✳ ✼✺ ♣✳♠✳✮ ❛♥❞ ✐♥�	♦❞✉❝✐♥❣ ✐� ✐♥ �❤❡ ❣❡♥❡	❛❧ ❡�✉❛�✐♦♥ ✭✶✷✮ �❡❝�✳ ✼✷ ♣✳♠✳✱

✇❡ ❝❛♥ ✜♥❛❧❧② ❛��✉♠❡ ❢♦	 ❝♦❡✣❝✐❡♥�� A,B,C,D,E, F �❤❡ ✈❛❧✉❡� ❣✐✈❡♥ ❜② �❤❡ ✐♥�❡❣	❛❧� ✭✼✮✱ ❛�

❢♦❧❧♦✇�

A = S.Tf
2

; B = S.Tg
2

; C = S.Tk
2

✭✶✷✮

D = 2S.Tg ; E = 2S.Tfk ; F = 2S.Tgk.

❆� ✜	�� �✐❣❤� �❤✐� ❝♦✉❧❞ �❡❡♠ �♦ ❜❡ ♥♦� ❧✐❝✐�✱ ❛�✱ ❜② 	❡❝❛❧❧✐♥❣ ✇❤❛� ❤❛� ❜❡❡♥ ❛❧	❡❛❞② �❛✐❞

�♦ ❞❡�❝	✐❜❡ �❤❡ �	❛♥�❢♦	♠❛�✐♦♥ ❢	♦♠ ❡�✉❛�✐♦♥ ✭✶✽✮ �♦ ❡�✉❛�✐♦♥ ✭✶✾✮ �❡❝�✳ ✼✺ ♣✳♠✳✱ ✇❡ �❛✇ �❤❡

❝♦❡✣❝✐❡♥�� ♦❢ ✈❛	✐❛�✐♦♥� δt
1
, δt2....δt6 �♦ ❜❡ ❝♦♠♣❧✐❝❛�❡❞ ❜② �❤❡ ❛❞❞✐�✐♦♥ ♦❢ ♦�❤❡	 �❡	♠�✱ ❞❡❞✉❝❡❞

❜② �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ ✈❛	✐❛�✐♦♥� ✇❤✐❝❤ ❢♦❧❧♦✇ �❤❡ ✜	�� �✐① ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✶✼✮ �❡❝�✳ ✼✸ ♣✳♠✳✿ ❜✉�

✐❢ ✇❡ ♣♦♥❞❡	 �❤❛� �✉❝❤ �❡	♠� ❛	❡ ♥♦ ❧♦♥❣❡	 ❛♣♣❡❛	✐♥❣✱ ❛� �❤❡② ❛	❡ ❞❡❞✉❝❡❞ ❢	♦♠ �❤♦�❡ ✇❤✐❝❤

✇❡ ❤❛✈❡ ❥✉�� ❜❡❢♦	❡ �❡❡♥ �♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✱ �❤❡♥ ✇❡ ✇✐❧❧ ✉♥❞❡	��❛♥❞ �❤❛� ✐♥ �✉❛♥�✐�✐❡� A,B....F

♦♥❧② ✈❛❧✉❡� ✭✶✷✮ ❛	❡ ♥♦� ♥❡❣❧✐❣✐❜❧❡✳ ▼♦	❡♦✈❡	 ❢	♦♠ �❤❡�❡ ❝♦♥�✐❞❡	❛�✐♦♥� ✇❡ ✇✐❧❧ ❣❡� ❛♥♦�❤❡	

❛❞✈❛♥�❛❣❡



✲ ✽✽✲

�❛❣❣✐♦✱ 	✉❡❧❧♦ ❞❡❧ ❝♦♠♣�❡♥❞❡��✐ ✐❧ ♣❡�❝❤� ✐❧ ��✐♥♦♠✐♦ ❝❤❡ �❡�♠✐♥❛ ❧✬❡	✉❛③✐♦♥❡ ✭✶✾✮ ♥✳ ✼✺ ♠✳♣✳

♣♦��❛ ♥❡✐ ❧✐♠✐�✐ �❡�♠✐♥✐ ❞❡✐ 	✉❛❧✐ ❛❧��✐♠❡♥�✐ �❛♣♣✐❛♠♦ ❝❤❡ ✈✐ �♦♥♦ ❝♦♠❡ �❡ ♥♦♥ ✈✐ ❢♦��❡�♦✳ ❈✐"

❛✈✈✐❡♥❡ ♣❡�❝❤� 	✉❡❧❧❡ 	✉❛♥�✐�# Λ,Θ,Υ ��❛❣❣♦♥♦ ❞❛❧❧❛ ❧♦�♦ ♦�✐❣✐♥❡ ❧❛ ♣�♦♣�✐❡�# ❞✬❡��❡�❡ ❝♦��✐�✉✐�❡

✐♥ �✉��✐ ✐ ❧♦�♦ �❡�♠✐♥✐ ❝♦♥ ✉♥ ❢❛��♦�❡ ❞✐ i6 ♣❡� ❧♦ ♠❡♥♦ ❛❧❧❛ �❡��❛ ♣♦�❡♥③❛✱ ❡ 	✉✐♥❞✐✱ �❡❝♦♥❞♦ �✐

❞✐��❡✱ ♥♦♥ ❤❛♥♥♦ ✈❛❧♦�✐ ✐♥✢✉❡♥�✐ ✐♥ ❝♦♥❢�♦♥�♦ ❞❡❧❧❡ 	✉❛♥�✐�# ✜♥✐�❡✳

❋✐��✐❛♠♦ ♣❡��❛♥�♦ ❝♦♠❡ ✈❡�✐�# ❞✐♠♦���❛�❛ ❝❤❡ ❧✬❡	✉❛③✐♦♥❡ ❣❡♥❡�❛❧✐��✐♠❛ ❞❡✐ �✐��❡♠✐ ❛ ��❡

❞✐♠❡♥�✐♦♥✐ ❞✐ 	✉❛❧✉♥	✉❡ �♦��❛ � ❧❛

✭✶✸✮

∫

da

∫

db

∫

dc ·
{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz

+Aδt
1
+Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6}+Ω = 0

	✉❛❧❡ �✐�✉❧�❛ ❞❛❧❧❛ ✭✶✷✮ ♥✳ ✼✷ ♠✳♣✳✱ ♦✈❡ �♦��✐�✉✐�❝❛�✐ ❛❧❧✬✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦ �♦��♦ ❧❡ ♣❛�❡♥�❡�✐

✐❧ ✈❛❧♦�❡ ❡	✉✐✈❛❧❡♥�❡ ❞❛�♦ ❞❛❧❧❛ ✭✶✾✮ ♥✳ ✼✻ ♠✳♣✳✱ ♦♠♠❡��♦ ✐❧ ��✐♥♦♠✐♦ ❝♦❧❧❡ Λ,Θ,Υ ❀ ❡❞ � ❧❛

♠❡❞❡�✐♠❛ ✭✶✵✮ ♥✳ ✸✺ ♠✳♣✳ ❣✐# ❛��❡❣♥❛�❛ ♣❡✐ �✐��❡♠✐ �✐❣✐❞✐✱ ❡❞ ❡��❡�❛ ♣♦✐ ❛❞ ♦❣♥✐ �♦��❛ ❞✐ �✐��❡♠✐

❛♥❝❤❡ ♣❡� ♠❡③③♦ ❞❡✐ �❛❣✐♦♥❛♠❡♥�✐ ❡�♣♦��✐ ❛❧ ♥✳ ✹ ❞❡❧❧❛ ▼❡♠♦�✐❛ ❛��✉❛❧❡✳ ❋✐��✐❛♠♦ ❞✐ ♣✐. ❝❤❡

✐♥ ❡��❛ ✭✶✸✮ ✐ �❡✐ ❝♦❡✣❝✐❡♥�✐ A,B....F ✈❡♥❣♦♥♦ ❛❞ ♦��❡♥❡�❡ ✐ ✈❛❧♦�✐ ✭✶✷✮ ❝♦❧ �✐♠❜♦❧♦ S ❝❤❡ ❤❛ ✐❧

�✐❣♥✐✜❝❛�♦ ✭✻✮✱ ❡ ❝♦❧❧❛ T ✱ ❝❤❡ ❤❛ ❧❛ ❝♦♠♣♦�✐③✐♦♥❡ �✐❝❝♦♠❡ � ✐♥❞✐❝❛�❛ ♥❡❧❧❛ ✭✸✮✳

✸✼✳ ❖�❛ ❝♦♥✈✐❡♥ ��❛�❢♦�♠❛�❡ ❣❧✐ ✐♥�❡❣�❛❧✐ ✭✶✷✮✱ ❛��✉♠❡♥❞♦ ✐♥✈❡❝❡ ❞❡❧❧❡ ✈❛�✐❛❜✐❧✐ f, g, k ��❡

❛❧��❡ ξ, η, ζ ❞❛�❡ ✐♥ ❢✉♥③✐♦♥✐ ❞✐ ❡��❡ ❝♦❧❧❡ ❡	✉❛③✐♦♥✐

ξ =
dx

da
f +

dx

db
g +

dx

dc
k +

1

2

d2x

da2
f2 + ❡❝✳

η =
dy

da
f +

dy

db
g +

dy

dc
k +

1

2

d2y

da2
f2 + ❡❝✳✭✶✹✮

ζ =
dz

da
f +

dz

db
g +

dz

dc
k +

1

2

d2z

da2
f2 + ❡❝✳;

�❛❧❝❤� ❧❛ ❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❛ T ❣✐# ❡�♣�❡��❛ ♥❡❧❧❛ ✭✸✮✱ �✐ ♣�❡�❡♥�❛ ♦�❛ �♦��♦ ❧❛ ❢♦�♠❛

✭✶✺✮ T (x, y, z) , x+ ξ, y + η, z + ζ.

▲✬❛❝❝❡♥♥❛�❛ ��❛�❢♦�♠❛③✐♦♥❡ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ✭✶✷✮ ❡�✐❣❡ ❝❤❡ ❞❛❧❧❡ ✭✶✹✮ �✐ �✐❝❛✈✐♥♦ ✐♥✈❡��❛♠❡♥�❡

f, g, k ❞❛�❡ ♣❡� ξ, η, ζ✳ ◗✉❡��❛ ♦♣❡�❛③✐♦♥❡ ♣✉" �❡♠❜�❛�❡ ❧❛❜♦�✐♦�❛✱ ��❛��❛♥❞♦�✐ ❞✐ �✐�♦�♥✐ ❞✐

�❡�✐❡✱ ♠❛ � ❛��❛✐ ❛❣❣❡✈♦❧❛�❛ ❞❛ ❞✉❡ ♦��❡�✈❛③✐♦♥✐✳ 4�✐♠✐❡�❛♠❡♥�❡ �❡ ♠♦❧�✐♣❧✐❝❤✐❛♠♦ ❧❡ ✭✶✹✮

�✐�♣❡��✐✈❛♠❡♥�❡ ♣❡� l1, l2, l3✱ ♣♦✐ ♣❡� m1,m2,m3, ♣♦✐ ♣❡� n1, n2, n3✱ ❡��❡♥❞♦ 	✉❡��❡ ♥♦✈❡ 	✉❛♥�✐�#

❧❡ ✭✷✼✮

✲ ✽✽✲❊◆●

✇❤✐❝❤ ❝♦♥�✐��� ✐♥ ✉♥❞❡���❛♥❞✐♥❣ ✇❤② �❤❡ ��✐♥♦♠✐❛❧ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡� ❡	✉❛�✐♦♥ ✭✶✾✮ �❡❝�✳ ✼✺ ♣✳♠✳

✐♥❝❧✉❞❡� �♦♠❡ ❜♦✉♥❞❛�② �❡�♠� ✇❤✐❝❤ ❝❛♥ ❜❡ ♥❡❣❧❡❝�❡❞✳ ❚❤✐� ❤❛♣♣❡♥� ❜❡❝❛✉�❡ �❤♦�❡ 	✉❛♥�✐�✐❡�

Λ,Θ,Υ ❤❛✈❡✱ ❜❡❝❛✉�❡ ♦❢ �❤❡✐� ♦�✐❣✐♥✱ �❤❡ ♣�♦♣❡��② �♦ ❜❡ ❝♦♥��✐�✉�❡❞ ✐♥ ❛❧❧ �❤❡✐� �❡�♠� ❜②

	✉❛♥�✐�✐❡� ❤❛✈✐♥❣ ❛� ❛ ❢❛❝�♦� i6 ♦� ❤✐❣❤❡� ♣♦✇❡�� ♦❢ i, ❛♥❞ �❤❡�❡❢♦�❡✱ ❢♦❧❧♦✇✐♥❣ ✇❤❛� ❤❛� ❜❡❡♥

�❛✐❞✱ �❤❡② ❞♦ ♥♦� ❤❛✈❡ ✈❛❧✉❡� ❛�❡ ❝♦♠♣❛�❛❜❧❡ ✇✐�❤ ✜♥✐�❡ 	✉❛♥�✐�✐❡�✳

❲❡ ✜①✱ �❤❡�❡❢♦�❡✱ ❛� ❛ ❞❡♠♦♥���❛�❡❞ ��✉�❤ �❤❛� �❤❡ ♠♦�� ❣❡♥❡�❛❧ ❡	✉❛�✐♦♥ ❢♦� �❤�❡❡✲

❞✐♠❡♥�✐♦♥❛❧ �②��❡♠� ♦❢ ❛♥② ❦✐♥❞ ✐� �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

✭✶✸✮

∫

da

∫

db

∫

dc ·
{(

X − d2x

dt2

)

δx+

(

Y − d2y

dt2

)

δy +

(

Z − d2z

dt2

)

δz

+Aδt
1
+Bδt2 + Cδt3 +Dδt4 + Eδt5 + Fδt6}+Ω = 0

❛� ✐� ❝❛♥ ❜❡ ❝❛❧❝✉❧❛�❡❞ ❢�♦♠ ❡	✉❛�✐♦♥ ✭✶✷✮ �❡❝�✳ ✼✷ ♣✳♠✳✱ ✇❤❡�❡ ♦♥❡ �✉❜��✐�✉�❡ �♦ �❤❡ ��✐♣❧❡

✐♥�❡❣�❛❧ ✐♥�✐❞❡ ♣❛�❡♥�❤❡�❡� �❤❡ ❡	✉✐✈❛❧❡♥� ✈❛❧✉❡ ❣✐✈❡♥ ❜② ❡	✉❛�✐♦♥ ✭✶✾✮ �❡❝�✳ ✼✻ ♣✳♠✳✱ ✇✐�❤♦✉�

�❤❡ ✐♥❝❧✉�✐♦♥ ♦❢ �❤❡ ��✐♥♦♠✐❛❧ ✐♥ ✇❤✐❝❤ 	✉❛♥�✐�✐❡� Λ,Θ,Υ ♦❝❝✉� ❀ �❤✐� ❧❛�� ❡	✉❛�✐♦♥ ✐� �❤❡ �❛♠❡

❛� ❡	✉❛�✐♦♥ ✭✶✵✮ �❡❝�✳ ✸✺ ♣✳♠✳✱ ❛❧�❡❛❞② ❡��❛❜❧✐�❤❡❞ ❢♦� �❤❡ �✐❣✐❞ �②��❡♠� ❛♥❞ �❤❡♥ ❡①�❡♥❞❡❞ �♦

�②��❡♠� ♦❢ ❛♥② ❦✐♥❞ ❛❧�♦ ❜② ♠❡❛♥� ♦❢ �❤❡ �❡❛�♦♥✐♥❣ ❡①♣♦✉♥❞❡❞ ✐♥ �❡❝�✳ ✹ ♦❢ �❤❡ ♣�❡�❡♥� ▼❡♠♦✐�✳

❲❡ ❛❞❞ ❬�♦ �❤❡ ♣�❡✈✐♦✉� �❡�✉❧��❪ �❤❛� ✐♥ ❡	✉❛�✐♦♥ ✭✶✸✮ �❤❡ �✐① ❝♦❡✣❝✐❡♥�� A,B....F ❤❛✈❡ �❤❡

✈❛❧✉❡� ❣✐✈❡♥ ✐♥ ✭✶✷✮ ✇❤❡�❡ �②♠❜♦❧ S ❤❛� �❤❡ ♠❡❛♥✐♥❣ ❣✐✈❡♥ ❜② ❡	✉❛�✐♦♥ ✭✻✮✱ ❛♥❞ ✇❤❡�❡ 	✉❛♥�✐�②

T ✱ ✐� ❣✐✈❡♥ ❜② ❡	✉❛�✐♦♥ ✭✸✮✳

✸✼✳ ■� ✐� ♥♦✇ ❝♦♥✈❡♥✐❡♥� �♦ ��❛♥�❢♦�♠ �❤❡ ✐♥�❡❣�❛❧� ✭✶✷✮✱ ❜② ❛��✉♠✐♥❣ ❛� ✐♥�❡❣�❛�✐♦♥ ✈❛�✐❛❜❧❡�

✐♥��❡❛❞ ♦❢ f, g, k �❤❡ �❤�❡❡ ♦�❤❡� ♦♥❡� ξ, η, ζ ❣✐✈❡♥ ❜② ❡	✉❛�✐♦♥�

ξ =
dx

da
f +

dx

db
g +

dx

dc
k +

1

2

d2x

da2
f2 + ❡�❝✳

η =
dy

da
f +

dy

db
g +

dy

dc
k +

1

2

d2y

da2
f2 + ❡�❝✳✭✶✹✮

ζ =
dz

da
f +

dz

db
g +

dz

dc
k +

1

2

d2z

da2
f2 + ❡�❝✳;

�♦ �❤❛� �❤❡ ❝♦♠♣♦�✐�✐♦♥ ♦❢ 	✉❛♥�✐�② T ✇❤✐❝❤ ✐� ❛❧�❡❛❞② ❡①♣�❡��❡❞ ✐♥ ❡	✉❛�✐♦♥ ✭✸✮✱ ❤❛� ♥♦✇ �❤❡

❢♦�♠✭∗✮

✭✶✺✮ T (x, y, z, x+ ξ, y + η, z + ζ) .

❚❤❡ ♠❡♥�✐♦♥❡❞ ✐♥�❡❣�❛❧ ��❛♥�❢♦�♠❛�✐♦♥ ✭✶✷✮ �❡	✉✐�❡� �❤❛� ❜② �❤❡ ✭✶✹✮ ♦♥❡ ❝♦✉❧❞ ❝❛❧❝✉❧❛�❡ ✐♥✲

✈❡��❡❧② ✈❛�✐❛❜❧❡� f, g, k ❛� ❢✉♥❝�✐♦♥� ♦❢ ξ, η, ζ✳ ❙✉❝❤ ❛♥ ♦♣❡�❛�✐♦♥ ♠❛② �❡❡♠ ❧❛❜♦�✐♦✉�✱ ❛� ✇❡

❛�❡ ❞❡❛❧✐♥❣ ✇✐�❤ �✉♠� ♦❢ �❡�✐❡�✱ ❜✉� ✐� ✐� ❣�❡❛�❧② �✐♠♣❧✐✜❡❞ ❜② �✇♦ ♦❜�❡�✈❛�✐♦♥�✳ ❋✐��� ♦❢ ❛❧❧

❜② ♠✉❧�✐♣❧②✐♥❣ ❡	✉❛�✐♦♥� ✭✶✹✮ �❡�♣❡❝�✐✈❡❧② ❜② l1, l2, l3✱ �❤❡♥ ❜② m1,m2,m3, �❤❡♥ ❜② n1, n2, n3✱

❜❡✐♥❣ �❤❡�❡ 	✉❛♥�✐�✐❡� ❣✐✈❡♥ ❜② �❤❡ ✭✷✼✮

✭∗✮ ❚❤❡ ♣❛�❡♥
❤❡�✐� ❤❛� ❜❡❡♥ ❝♦��❡❝
❧② ❝❤❛♥❣❡❞ ✐♥ 
❤❡ ❡♥❣❧✐�❤ 
�❛♥�❧❛
✐♦♥✳



✲ ✽✾✲

❞❡❧ ♥✳ ✶✹ ♠✳♣✳✱ ❡ ♦❣♥✐ ✈♦❧�❛ ❧❡ �♦♠♠✐❛♠♦✱ ❛✈❡♥❞♦ �♦��✬♦❝❝❤✐♦ ❧❡ ✭✷✵✮ ♥✳ ✺ ❞✐ �✉❡��❛ ▼❡♠♦ ✐❛✱

❝✐  ✐�✉❧�❛♥♦ �✉❡��✬❛❧� ❡

Hf = ξl
1
+ ηl

2
+ ζl

3
+ ❡❝✳

Hg = ξm
1
+ ηm

2
+ ζm

3
+ ❡❝✳✭✶✻✮

Hk = ξn
1
+ ηn

2
+ ζn

3
+ ❡❝✳

❞♦✈❡ �❡❣✉✐ ❡❜❜❡ ♦ ♥❡❣❧✐ ❡❝❝❡�❡ ❛ �❡ ♠✐♥✐ ❝♦♥ f2, g2, fg✱ ❡❝✳✱ ❝❤❡ ❝✐♦# ❝♦♥�❡  ❡❜❜❡ ♦ ❧❡ f, g, k ♣❡ 

❧♦ ♠❡♥♦ ❛ ❞✉❡ ❞✐♠❡♥�✐♦♥✐ ❀ �❡ ♠✐♥✐ ❝❤❡ ♣♦��✐❛♠♦ ✐♥�❡♥❞❡ ❡ � ❛�❢♦ ♠❛�✐ ❛ ❝♦♥�❡♥❡ ❡ ξ2, η2, ξη✱

❡❝✳✱ ❝✐♦# ❧❡ ξ, η, ζ ♣❡ ❧♦ ♠❡♥♦ ❛ ❞✉❡ ❞✐♠❡♥�✐♦♥✐✱ ♠❡❞✐❛♥�❡ ✉♥❛ ❝♦♥�✐♥✉❛ �♦��✐�✉③✐♦♥❡ ❞❡✐ ✈❛❧♦ ✐ ❞✐

f, g, k ❞❡�✉♥�✐ ❞❛❧❧❡ ��❡��❡ ✭✶✻✮ ♣ ❡❝❡❞❡♥�✐✳ ❚❛❧✐ �❡ ♠✐♥✐ ♣♦✐ ♣♦��♦♥♦ ❡��❡ ❡ ♦♠♠❡��✐✱ ♣❡ ❝❤# �❡ �✐

✈♦❧❡��❡ �❡♥❡ ♥❡ ❝♦♥�♦✱ ✐♥� ♦❞✉  ❡❜❜❡ ♦ ♥❡❣❧✐ ✐♥�❡❣ ❛❧✐ � ❛�❢♦ ♠❛�✐ �❡ ♠✐♥✐ ❞❡❧❧❛ ��❡��❛ ♥❛�✉ ❛ ❞✐

�✉❡❧❧✐ ✭✷✮✱ ✭✶✵✮ ❝❤❡ �♦♣ ❛ ❛❜❜✐❛♠♦ � ❛�❝✉ ❛�✐✳ ■♥❢❛��✐  ✐�✉❧�❛ ❞❛❧❧❡ ✭✶✹✮ ❝❤❡ ξ, η, ζ �♦♥♦ �✉❛♥�✐�)

❞❡❧❧♦ ��❡��♦ ♦ ❞✐♥❡ ❞✐ ❣ ❛♥❞❡③③❛ ❞❡❧❧❡ f, g, k✱ ❡ ❝❤❡ �✉✐♥❞✐ ♣❡ ❧❛ ��❡��❛  ❛❣✐♦♥❡ ❝❤❡ ❝✐ ♣❡ �✉❛�❡

� ❛�❝✉ ❛❜✐❧✐ ❣❧✐ ✐♥�❡❣ ❛❧✐ ♦✈❡ f, g, k �♦♥♦ ❛ ♣✐* ❞✐ ❞✉❡ ❞✐♠❡♥�✐♦♥✐✱ ❞♦✈ ❡♠♦ ❞✐ ❡ ❛❧� ❡��❛♥�♦

❞❡✐ �✉♠♠❡♥�♦✈❛�✐✳ ◗✉❡��❛ ❝♦♥❢✉�✐♦♥❡ ♣✉, ♠❡��❡ �✐✱ �❡ �✐ ✈✉♦❧❡✱ ❛♥❝❤❡ ✐♥ ♠❛❣❣✐♦ ❡ ❡✈✐❞❡♥③❛

♠❡❞✐❛♥�❡ ✉♥  ❛❣✐♦♥❛♠❡♥�♦ ❛✛❛��♦ ❛♥❛❧♦❣♦ ❛ �✉❡❧❧♦ ❝❤❡ �✐ # ❢❛��♦ ❛❞♦��❛♥❞♦ ♣❡ ❜ ❡✈✐ ♠♦♠❡♥�✐

✐♥ ❧✉♦❣♦ ❞❡❧❧❡ f, g, k ✐ ✈❛❧♦ ✐ ✭✽✮✳

.❡ �❛♥�♦ # ❧❡❝✐�♦  ✐�❡♥❡ ❡ ♥❡✐ �❡❝♦♥❞✐ ♠❡♠❜ ✐ ❞❡❧❧❡ ✭✶✺✮ ✐ �♦❧✐ � ✐♥♦♠❥ ♥❡✐ �✉❛❧✐ ❧❡ ξ, η, ζ �♦♥♦

❛ ❞✐♠❡♥�✐♦♥❡ ❧✐♥❡❛ ❡✱ ❡ �❝ ✐✈❡ ❡

f = Γ (l
1
ξ + l

2
η + l

3
ζ)

g = Γ (m
1
ξ +m

2
η +m

3
ζ)✭✶✼✮

k = Γ (n
1
ξ + n

2
η + n

3
ζ)
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✭ ❡�✉❛③✐♦♥❡ ✭✻✮ ♥✳ ✾ ♠✳♣✳✮✳

❈✐, ♣ ❡♠❡��♦✱ ✐❧ ✈❛❧♦ ❡ ❞❡❧ �❡��✐♥♦♠✐♦

dk

dζ

(

df

dξ

dg

dη
− dg

dξ

df

dη

)

+
dk

dη

(

df

dζ

dg

dξ
− dg

dζ

df

dξ

)

+
dk

dξ

(

df

dη

dg

dζ
− dg

dη

df

dζ

)

❝♦❧ �✉❛❧❡✱ ❣✐✉��❛ ❧❛ ♥♦�❛ �❡♦ ✐❝❛✱ ❝♦♥✈✐❡♥❡ ♠♦❧�✐♣❧✐❝❛ ❡ �♦��♦ ✐❧ �❡❣♥♦ � ✐♣❧✐❝❛�♦ ❧✬✐♥�❡❣ ❛❧❡ ❞❛

� ❛�❢♦ ♠❛ �✐✱ ❞✐✈❡♥�❛ ♣❡ ❧❡ ✭✶✼✮

✭✶✽✮ Γ3 {n3 (l1m2 −m1l2) + n2 (l3m1 −m3l1) + n1 (l2m3 −m2l3)} .
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✐♥ �❡❝�✳ ✶✹ ♣✳♠✳✱ ❛♥❞ ❡✈❡ ② �✐♠❡ ✇❡ �✉♠ ✉♣ �❤❡♠✱ ❜② ❝♦♥�✐❞❡ ✐♥❣ ❡�✉❛�✐♦♥� ✭✷✵✮ �❡❝�✳ ✺ ♦❢ �❤✐�

▼❡♠♦✐ ✱ ✇❡ ❣❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡�

Hf = ξl
1
+ ηl

2
+ ζl

3
+ ❡�❝✳

Hg = ξm
1
+ ηm

2
+ ζm

3
+ ❡�❝✳✭✶✻✮

Hk = ξn
1
+ ηn

2
+ ζn

3
+ ❡�❝✳

✇❤❡ ❡ ✐♥ �❤❡ ♣❧❛❝❡ ♦❢ �❤❡ ❡� ❝❡�❡�❛� ♦♥❡ �❤♦✉❧❞ ❤❛✈❡ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡ ♠� ✇✐�❤ f2, g2, fg✱ ❡�❝✳✱

✐✳❡✳ �❤♦�❡ �❡ ♠� ✇❤✐❝❤ ✇♦✉❧❞ ❝♦♥�❛✐♥ ♣♦✇❡ � ♦❢ ✈❛ ✐❛❜❧❡� f, g, k ❤✐❣❤❡ ♦ ❡�✉❛❧ �♦ �❤❡ �❡❝♦♥❞

♦♥❡❀ �❡ ♠� ✇❤✐❝❤✱ ♦♥❝❡ � ❛♥�❢♦ ♠❡❞✱ ✇✐❧❧ ❝♦♥�❛✐♥ ♣♦✇❡ � ξ2, η2, ξη✱ ❡�❝✳✱ �❤❛� ✐� �❤❡ ♣♦✇❡ � ♦❢

✈❛ ✐❛❜❧❡� ξ, η, ζ ❤✐❣❤❡ ♦ ❡�✉❛❧ �♦ �❤❡ �❡❝♦♥❞✱ ❜② ♠❡❛♥� ♦❢ ❛ ❝♦♥�✐♥✉♦✉� �✉❜��✐�✉�✐♦♥ ♦❢ �❤❡

✈❛❧✉❡� ♦❢ ✈❛ ✐❛❜❧❡� f, g, k ❛� ♦❜�❛✐♥❡❞ ❢ ♦♠ �❤❡ ♣ ❡✈✐♦✉� ✭✶✻✮✳ ❚❤❡�❡ �❡ ♠� ❝❛♥ ❜❡ ♦♠✐��❡❞✱ ❛� ✐❢

♦♥❡ ✇♦✉❧❞ �❛❦❡ �❤❡♠ ✐♥�♦ ❛❝❝♦✉♥� ❤❡ ✇♦✉❧❞ ✐♥� ♦❞✉❝❡ ✐♥ �❤❡ ✐♥�❡❣ ❛❧� �♦♠❡ � ❛♥�❢♦ ♠❡❞ �❡ ♠�

❤❛✈✐♥❣ �❤❡ �❛♠❡ ♥❛�✉ ❡ ❛� �❤♦�❡ ✐♥ ❢♦ ♠✉❧❛� ✭✷✮✱ ✭✶✵✮ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛❧ ❡❛❞② ♥❡❣❧❡❝�❡❞✳ ■♥❞❡❡❞

♦♥❡ ❝❛♥ ❡❛�✐❧② ❞❡❞✉❝❡ ❢ ♦♠ ❡�✉❛�✐♦♥� ✭✶✹✮ �❤❛� ✈❛ ✐❛❜❧❡� ξ, η, ζ ❛ ❡ �✉❛♥�✐�✐❡� ♦❢ �❤❡ �❛♠❡ ♦ ❞❡ 

♦❢ ♠❛❣♥✐�✉❞❡ ❛� ✈❛ ✐❛❜❧❡� f, g, k✱ ❛♥❞ �❤❡ ❡❢♦ ❡✱ ❢♦ �❤❡ �❛♠❡  ❡❛�♦♥ ✇❤✐❝❤ ♣❡ �✉❛❞❡❞ ✉� �♦

♥❡❣❧❡❝� �❤❡ ✐♥�❡❣ ❛❧� ✇❤❡ ❡ ✈❛ ✐❛❜❧❡� f, g, k ❛♣♣❡❛ ❛� ♣♦✇❡ � ♦❢ ♦ ❞❡ ❤✐❣❤❡ �❤❛♥ �❤❡ �❡❝♦♥❞✱

✇❡ ✇✐❧❧ ♥❡❡❞ �♦ ❛��✉♠❡ �❤❡ �❛♠❡ ❢♦ �❤❡ ❛❢♦ ❡♠❡♥�✐♦♥❡❞ ✐♥�❡❣ ❛❧�✳ ❚❤✐� �✐♠♣❧✐✜❝❛�✐♦♥✱ ✐❢ ♦♥❡

✇❛♥��✱ ✐� ❢✉ �❤❡ ❝♦♥✜ ♠❡❞ ❜② ♠❡❛♥� ♦❢ ❛  ❡❛�♦♥✐♥❣ ❝♦♠♣❧❡�❡❧② ❛♥❛❧♦❣♦✉� �♦ �❤❛� ❛❝❝❡♣�❡❞

✇❤✐❧❡  ❡♣❧❛❝✐♥❣ ❤❡ ❡ ❛♥❞ �❤❡ ❡ ✈❛ ✐❛❜❧❡� f, g, k ✇✐�❤ ✈❛❧✉❡� ✭✽✮✳

❚❤❡ ❡❢♦ ❡ ✐� ✐� ❧✐❝✐� �♦ ❧❡❛✈❡ ✐♥ �❤❡  ✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢ �❤❡ ✭✶✺✮ ♦♥❧② �❤❡ � ✐♥♦♠✐❛❧� ✇❤❡ ❡

✈❛ ✐❛❜❧❡� ξ, η, ζ ❛♣♣❡❛ ❧✐♥❡❛ ❧② ❛♥❞ ✇ ✐�❡

f = Γ (l
1
ξ + l

2
η + l

3
ζ)

g = Γ (m
1
ξ +m

2
η +m

3
ζ)✭✶✼✮

k = Γ (n
1
ξ + n

2
η + n

3
ζ)
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H

✭❡�✉❛�✐♦♥ ✭✻✮ �❡❝�✳ ✾ ♣✳♠✳✮✳

❖♥❝❡ ❛❝❝❡♣�❡❞ �❤✐�✱ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ �❡①�✐♥♦♠✐❛❧

dk

dζ

(

df

dξ

dg

dη
− dg

dξ

df

dη

)

+
dk

dη

(

df

dζ

dg

dξ
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dζ

df

dξ

)

+
dk

dξ
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df

dη

dg

dζ
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dζ

)

❜② ✇❤✐❝❤✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ✇❡❧❧✲❦♥♦✇♥ �❤❡♦ ②✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ♠✉❧�✐♣❧② ✉♥❞❡ �❤❡ � ✐♣❧❡ �✐❣♥

�❤❡ ✐♥�❡❣ ❛❧ �♦ ❜❡ � ❛♥�❢♦ ♠❡❞✱ ✐� ❜❡❝♦♠❡�✱ ❜❡❝❛✉�❡ ♦❢ �❤❡ ✭✶✼✮✱ �❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣ ❡��✐♦♥

✭✶✽✮ Γ3 {n3 (l1m2 −m1l2) + n2 (l3m1 −m3l1) + n1 (l2m3 −m2l3)} .
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��❡�❡♥	❡♠❡♥	❡ ❝♦✐ ✈❛❧♦�✐ ✭✷✼✮ ♥✳ ✶✹ ♠✳♣✳ �✐ ✈❡�✐✜❝❤✐ ❧✬✐❞❡♥	✐	� ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ❀

l2m3 −m2l3 =
dx

dc

(

l1
dx

da
+m1

dx

db
+ n1

dx

dc

)

l3m1 −m3l1 =
dy

dc

(

l2
dy

da
+m2

dy

db
+ n2

dy

dc

)

l1m2 −m1l2 =
dz

dc

(

l3
dz

da
+m3

dz

db
+ n3

dz

dc

)

❧❡ �✉❛❧✐ ♣❡� ❧❛ ♣�✐♠❛✱ �❡�	❛ ❡ ♥♦♥❛ ❞❡❧❧❡ ✭✷✽✮ ♥✳ ✶✹ ♠✳♣✳ ❞✐✈❡♥	❛♥♦

l2m3 −m2l3 =
dx

dc
; l3m1 −m3l1 =

dx

dc
H ; l1m2 −m1l2 =

dz

dc
H.

■♥ ❝♦♥�❡❣✉❡♥③❛ ❧❛ �✉❛♥	✐	� ✭✶✽✮ �✐�✉❧	❛

Γ3H

(

n1
dx

dc
+ n2

dy

dc
+ n3

dz

dc

)

,

❡ ♣❡� ❧✬✉❧	✐♠❛ ❞❡❧❧❡ ✭✷✵✮ ♥✳ ✺ ❞✐ �✉❡�	❛ ▼❡♠♦�✐❛✱ �❡♠♣❧✐❝❡♠❡♥	❡ D3H2✱ ♦��✐❛ ❛ ♠♦	✐✈♦ ❞❡❧ ♥♦	♦

✈❛❧♦�❡ ❞✐ Γ ✐♥ H ✱ ❛♥❝♦�❛ ♣✐( �❡♠♣❧✐❝❡♠❡♥	❡ ❧❛ �♦❧❛ Γ ✱ ❡ ♣✉) ❡�	�❛��✐ ❞❛❧ �❡❣♥♦ ✐♥	❡❣�❛❧❡ ♣❡�❝❤*

♥♦♥ ❝♦♥	✐❡♥❡ ❧❡ ✈❛�✐❛❜✐❧✐ ξ, η, ζ✳

❉♦♣♦ 	✉		♦ �✉❡�	♦✱ ❡ ❢❛		❛ �✐✢❡��✐♦♥❡ ❝❤❡ ♣❡✐ ❧✐♠✐	✐ ❞❡❣❧✐ ✐♥	❡❣�❛❧✐ ❝♦❧❧❡ ♥✉♦✈❡ ✈❛�✐❛❜✐❧✐

♣♦��♦♥♦ ❛♥❝♦�❛ ♣�❡♥❞❡��✐ ❧✬✐♥✜♥✐	♦ ♥❡❣❛	✐✈♦✱ ❡ ✐❧ ♣♦�✐	✐✈♦✱ ♣❡� ❧❡ �	❡��❡ �❛❣✐♦♥✐ ❛❞❞♦		❡ �✉❛♥❞♦

❧❡ ✈❛�✐❛❜✐❧✐ ❡�❛♥♦ ❧❡ f, g, k ✿ ❛✈❡♥❞♦ �♦		✬♦❝❝❤✐♦ ❧❡ ✭✶✼✮ 	�♦✈❡�❡♠♦ ❝❤❡ ✐ ✈❛❧♦�✐ ✭✶✷✮ �✐ ♠✉	❛♥♦ ♥❡✐

�❡❣✉❡♥	✐

A = Γ3S.T (l
1
ξ + l

2
η + l

3
ζ)

2
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1
ξ +m

2
η +m

3
ζ)

2

C = Γ3S.T (n
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2
η + n

3
ζ)

2
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D = 2Γ3S.T (l
1
ξ + l

2
η + l

3
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1
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2
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3
ζ)

E = 2Γ3S.T (l
1
ξ + l

2
η + l

3
ζ) (n

1
ξ + n

2
η + n

3
ζ)

F = 2Γ3S.T (m
1
ξ +m

2
η +m

3
ζ) (n

1
ξ + n

2
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3
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❞♦✈❡ ❛❞❡��♦ ✐❧ �✐♠❜♦❧♦ S ❤❛ ✐❧ �✐❣♥✐✜❝❛	♦

✭✷✵✮ S. =

∫ ∞

−∞
dξ

∫ ∞

−∞
dη

∫ ∞

−∞
dζ.

❡ ❧❛ T ❤❛ ❧❛ ❝♦♠♣♦�✐③✐♦♥❡ ❡�♣�❡��❛ ♥❡❧❧❛ ✭✶✺✮✳

❙❡ ♣♦✐ ♣♦♥✐❛♠♦ ♣❡� ❛❜❜�❡✈✐❛�❡

L = S.Tξ2 ; M = S.Tη2; N = S.Tζ2✭✷✶✮

O = S.Tξη ; P = S.Tξζ ; Q = S.Tηζ ,
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◆♦✇ ✇✐	❤ ✈❛❧✉❡� ✭✷✼✮ �❡❝	✳ ✶✹ ♣✳♠✳ ♦♥❡ ❝❛♥ ✈❡�✐❢② 	❤❡ ✈❛❧✐❞✐	② ♦❢ ❡�✉❛	✐♦♥�❀

l2m3 −m2l3 =
dx

dc

(

l1
dx

da
+m1

dx

db
+ n1

dx

dc

)

l3m1 −m3l1 =
dy

dc

(

l2
dy

da
+m2

dy

db
+ n2

dy

dc

)

l1m2 −m1l2 =
dz

dc

(

l3
dz

da
+m3

dz

db
+ n3

dz

dc

)

✇❤✐❝❤✱ ❜❡❝❛✉�❡ ♦❢ 	❤❡ ✜��	✱ 	❤❡ �✐①	❤ ❛♥❞ 	❤❡ ♥✐♥	❤ ♦❢ 	❤❡ ✭✷✽✮ �❡❝	✳ ✶✹ ♣✳♠✳ ❜❡❝♦♠❡✿

l2m3 −m2l3 =
dx

dc
; l3m1 −m3l1 =

dx

dc
H ; l1m2 −m1l2 =

dz

dc
H.

❆� ❛ ❝♦♥�❡�✉❡♥❝❡ �✉❛♥	✐	② ✭✶✽✮ ❜❡❝♦♠❡�

Γ3H

(

n1
dx

dc
+ n2

dy

dc
+ n3

dz

dc

)

,

✇❤✐❝❤ ❝❛♥ ❜❡ 	�❛♥�❢♦�♠❡❞✱ ❜② ✉�✐♥❣ 	❤❡ ❧❛�	 ❛♠♦♥❣ 	❤❡ ✭✷✵✮ �❡❝	✳ ✺ ♦❢ 	❤✐� ▼❡♠♦✐�✱ ✐♥	♦ 	❤❡

�✐♠♣❧❡ ❡①♣�❡��✐♦♥ D3H2✱ ♦�✱ ❜❡❝❛✉�❡ ♦❢ 	❤❡ ✇❡❧❧✲❦♥♦✇♥ ✈❛❧✉❡ ♦❢ Γ ✐♥ H✱ ✐♥	♦ 	❤❡ ❡✈❡♥ �✐♠♣❧❡�

❡①♣�❡��✐♦♥ Γ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①	�❛❝	❡❞ ❢�♦♠ 	❤❡ ✐♥	❡❣�❛❧ �✐❣♥ ❛� ✐	 ❞♦❡� ♥♦	 ❝♦♥	❛✐♥ ✈❛�✐❛❜❧❡�

ξ, η, ζ✳

❆❢	❡� ❛❧❧ 	❤✐�✱ ❛♥❞ ❝♦♥�✐❞❡�✐♥❣ 	❤❛	✱ ❢♦� ✇❤❛	 ❝♦♥❝❡�♥� 	❤❡ ❧✐♠✐	� ✐♥ 	❤❡ ✐♥	❡❣�❛❧� ✇✐	❤

�❡�♣❡❝	 	♦ 	❤❡ ♥❡✇ ✈❛�✐❛❜❧❡�✱ ♦♥❡ ❝❛♥ ❛❣❛✐♥ ❝♦♥�✐❞❡� ♣❧✉� ❛♥❞ ♠✐♥✉� ✐♥✜♥✐	② ❡①❛❝	❧② ❢♦� 	❤❡

�❛♠❡ �❡❛�♦♥� ❝♦♥�✐❞❡�❡❞ ✇❤❡♥ ✈❛�✐❛❜❧❡� f, g, k ✇❡�❡ 	❤❡ ✐♥	❡❣�❛	✐♦♥ ✈❛�✐❛❜❧❡�✿ ✇❤❡♥ 	❛❦✐♥❣ ✐♥	♦

❛❝❝♦✉♥	 ❡�✉❛	✐♦♥� ✭✶✼✮ ✇❡ ✇✐❧❧ ✜♥❞ 	❤❛	 ✈❛❧✉❡� ✭✶✷✮ ✇✐❧❧ ❜❡ 	�❛♥�❢♦�♠❡❞ ✐♥	♦ 	❤❡ ❢♦❧❧♦✇✐♥❣

A = Γ3S.T (l
1
ξ + l

2
η + l

3
ζ)

2

B = Γ3S.T (m
1
ξ +m

2
η +m

3
ζ)

2

C = Γ3S.T (n
1
ξ + n

2
η + n

3
ζ)

2

✭✶✾✮

D = 2Γ3S.T (l
1
ξ + l

2
η + l

3
ζ) (m

1
ξ +m

2
η +m

3
ζ)

E = 2Γ3S.T (l
1
ξ + l

2
η + l

3
ζ) (n

1
ξ + n

2
η + n

3
ζ)

F = 2Γ3S.T (m
1
ξ +m

2
η +m

3
ζ) (n

1
ξ + n

2
η + n

3
ζ)

✇❤❡�❡ ♥♦✇ �②♠❜♦❧ S ❤❛� 	❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥✐♥❣

✭✷✵✮ S. =

∫ ∞

−∞
dξ

∫ ∞

−∞
dη

∫ ∞

−∞
dζ.

❛♥❞ �②♠❜♦❧ T ❤❛� 	❤❡ ♠❡❛♥✐♥❣ ❣✐✈❡♥ ✐♥ ✭✶✺✮✳

■❢ ✇❡ 	❤❡ ✉�❡ 	❤❡�❡ ❛❜❜�❡✈✐❛	✐♦♥�

L = S.Tξ2 ; M = S.Tη2; N = S.Tζ2✭✷✶✮

O = S.Tξη ; P = S.Tξζ ; Q = S.Tηζ ,
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❡�❡❣✉❡♥❞♦ ♥❡❧❧❡ ✭✶✾✮ ✐ �✉❛❞�❛�✐ ❡ ✐ ♣�♦❞♦��✐✱ ✈❡❞�❡♠♦ ❝❤❡ �✐ ❝❛♠❜✐❛♥♦ ✐♥ �✉❡��❡ ❛❧��❡

A = Γ3
(

l2
1
L+ l2

2
M + l2

3
N + 2l

1
l
2
O + 2l

1
l
3
P + 2l

2
l
3
Q
)

B = Γ3
(

m2
1
L+m2

2
M +m2

3
N + 2m

1
m

2
O + 2m

1
m

3
P + 2m

2
m

3
Q
)

C = Γ3
(

n2
1
L+ n2

2
M + n2

3
N + 2n

1
n

2
O + 2n

1
n

3
P + 2n

2
n

3
Q
)

D = 2Γ3 (l1m1
L+ l

2
m

2
M + l3m3

N

+(l
1
m

2
+m

1
l
2
)O + (l

1
m

3
+m

1
l
3
)P + (l

2
m

3
+m

2
l
3
)Q)✭✷✷✮

E = 2Γ3 (l1n1
L+ l

2
n

2
M + l3n3

N

+(l
1
n

2
+ n

1
l
2
)O + (l

1
n

3
+ n

1
l
3
)P + (l

2
n

3
+ n

2
l
3
)Q)

F = 2Γ3 (m1n1
L+m

2
n

2
M +m3n3

N

+(m
1
n

2
+ n

1
m

2
)O + (m

1
n

3
+ n

1
m

3
)P + (m

2
n

3
+ n

2
m

3
)Q) .

■❧ ❝♦♥❢�♦♥�♦ ❞✐ �✉❡��❡ ❡�✉❛③✐♦♥❡ ❝♦❧❧❡ ✭✷✸✮ ❞❡❧ ♥✳ ✺ ❞✐ �✉❡��❛ ▼❡♠♦�✐❛ ❝✐ ♣❡��✉❛❞❡✱ ❛♥❝❤❡ �❡♥③❛

❡✛❡��✉❛�❡ ♦♣❡�❛③✐♦♥✐✱ ❝❤❡ ✐ ✈❛❧♦�✐ ❞❡❧❧❡ �❡✐ �✉❛♥�✐�#

✭✷✸✮ Λ,Ξ,Π,Σ,Φ,Ψ

❝♦❧# �❝�✐��❡ ❞❡❜❜♦♥♦ ❡��❡�❡ ✐ ♠❡❞❡�✐♠✐ ❞✐ �✉❡❧❧✐ ❞❡❧❧❡ �❡✐ �✉❛♥�✐�#

− 2Γ2L ; − 2Γ2M ; − 2Γ2N ;✭✷✹✮

− 2Γ2O ; − 2Γ2P ; − 2Γ2Q.

■♥❢❛��✐✱ ��❛♥♥❡ ❧❛ ❞✐✛❡�❡♥③❛ ❞❡❧❧✬❡��❡�✈✐ ♥❡❧❧❡ ♣�❡❝❡❞❡♥�✐ ✭✷✷✮ ❧❡ �❡✐ �✉❛♥�✐�# ✭✷✹✮ ✐♥✈❡❝❡ ❞❡❧❧❡

✭ ✷✸✮✱ �✉��♦ ✐❧ �❡��♦ & ❡❣✉❛❧❡ ♥❡✐ ❞✉❡ �✐��❡♠✐ ❞✐ ❡�✉❛③✐♦♥✐❀ �✉✐♥❞✐ ❧❡ �❡✐ �✉❛♥�✐�# ��❛��❛�❡ ♥❡❧✲

❧✬✉♥♦ ❡ ♥❡❧❧✬❛❧��♦ ❝❛�♦ ❝♦♠❡ ✐♥❝♦❣♥✐�❡✱ ❛✈�❛♥♥♦✱ ❞♦♣♦ ❧❛ �✐�♦❧✉③✐♦♥❡ ❞❡❧❧❡ �❡✐ ❡�✉❛③✐♦♥✐ ❧✐♥❡❛�✐✱

�✐�♣❡��✐✈❛♠❡♥�❡ ❣❧✐ ��❡��✐ ✈❛❧♦�✐✱ ♦��✐❛ �❛�❛♥♥♦ �✐�♣❡��✐✈❛♠❡♥�❡ ❡❣✉❛❧✐ ❢�❛ ❧♦�♦✳

(❡��❛♥�♦✱ �✐❝❤✐❛♠❛�♦ ✐❧ �✐❣♥✐✜❝❛�♦ ❞❡❧❧❡ ❞❡♥♦♠✐♥❛③✐♦♥✐ ✭✷✶✮✱ ❛✈�❡♠♦

Λ = −2Γ2S.Tξ2 ; Ξ = −2Γ2S.Tη2; Π = −2Γ2S.Tζ2✭✷✺✮

Σ = −2Γ2S.Tξη ; Φ = −2Γ2S.Tξζ ; Ψ = −2Γ2S.Tηζ .

❈♦�+ ❧❡ �❡✐ �✉❛♥�✐�# ✭✷✸✮ ❝❤❡ ❡♥��❛♥♦ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐��✐♠❡ ✭✶✺✮✱ ✭✶✻✮ ♥✳ ✹ ❞✐ �✉❡��❛

▼❡♠♦�✐❛✱ ♣❡✐ ♣✉♥�✐ ✐♥�❡�♥✐ ❞❡❧❧❛ ♠❛��❛ ❡ ♣❡� �✉❡❧❧✐ ❛❧❧❛ �✉♣❡�✜❝✐❡✱ �♦♥♦ ❞❛�❡ ♣❡� ❡�♣�❡��✐♦♥✐ ❝❤❡

�✐ �✐❢❡�✐�❝♦♥♦ ❛❧❧❛ ��❛�♦ �❡❛❧❡ ❡ �♦♥♦ ❞✐ ❝❤✐❛�❛ �✐❣♥✐✜❝❛③✐♦♥❡✱ ❣✐❛❝❝❤& ✐❧ �✐♠❜♦❧♦ S & �✉❡❧❧♦ ❞✐ ✉♥

✐♥�❡❣�❛❧❡ ��✐♣❧✐❝❛�♦✱ ❝♦♠❡ ♥❡❧❧❛ ✭✷✵✮✱ ❡ T ❤❛ ❧❛ ❝♦♠♣♦�✐③✐♦♥❡ ✐♥❞✐❝❛�❛ ♥❡❧❧❛ ✭✶✺✮✳
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❜② ❝❛❧❝✉❧❛�✐♥❣ �❤❡ ��✉❛�❡� ❛♥❞ �❤❡ ♣�♦❞✉❝�� ✐♥ �❤❡ ✭✶✾✮ ✇❡ ✇✐❧❧ �❡❡ �❤❛� �❤❡② ❜❡❝♦♠❡ �❤❡

❢♦❧❧♦✇✐♥❣ ♦♥❡�
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3
+m

1
l
3
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2
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3
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2
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3
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E = 2Γ3 (l1n1
L+ l
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n
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M + l3n3
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1
n

2
+ n

1
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2
)O + (l

1
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3
+ n

1
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3
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2
n

3
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3
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F = 2Γ3 (m1n1
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❇② ❝♦♠♣❛�✐♥❣ �❤❡�❡ ❡�✉❛�✐♦♥� ✇✐�❤ �❤❡ ✭✷✸✮ ✐♥ �❤❡ �❡❝�✳ ✺ ♦❢ �❤✐� ▼❡♠♦✐� ✇❡ ✇✐❧❧ ❜❡ ♣❡��✉❛❞❡❞✱

❛❧�♦ ✇✐�❤♦✉� ❛♥② ❢✉��❤❡� ♦♣❡�❛�✐♦♥✱ �❤❛� �❤❡ ✈❛❧✉❡� ♦❢ �❤❡ �✐① �✉❛♥�✐�✐❡�

✭✷✸✮ Λ,Ξ,Π,Σ,Φ,Ψ

✇❤✐❝❤ ✇❡�❡ ✇�✐��❡♥ �❤❡�❡✱ ♠✉�� ❜❡ ❡�✉❛❧ �♦ �❤♦�❡ ♦❢ �❤❡ �✐① �✉❛♥�✐�✐❡�

− 2Γ2L ; − 2Γ2M ; − 2Γ2N ;✭✷✹✮

− 2Γ2O ; − 2Γ2P ; − 2Γ2Q.

■♥❞❡❡❞✱ ✇✐�❤ �❤❡ ❞✐✛❡�❡♥❝❡ �❤❛� ✐♥ �❤❡ ♣�❡✈✐♦✉� ✭✷✷✮ ♦♥❡ ❝❛♥ �❡❡ �❤❡ �✐① �✉❛♥�✐�✐❡� ✭✷✹✮ ✐♥��❡❛❞

♦❢ �❤❡ ✭✷✸✮✱ ❡✈❡�②�❤✐♥❣ ❡❧�❡ ✐♥ �❤❡ �✇♦ �②��❡♠� ♦❢ ❡�✉❛�✐♦♥� ✐� ❡�✉❛❧❀ �❤❡�❡❢♦�❡ �❤❡ �✐① ❡�✉❛�✐♦♥�

��❡❛�❡❞ ✐♥ ♦♥❡ ❛♥❞ �❤❡ ♦�❤❡� ❝❛�❡ ❛� ✉♥❦♥♦✇♥� ✇✐❧❧ ❤❛✈❡✱ ❛❢�❡� �❤❡ �♦❧✉�✐♦♥ ♦❢ �❤❡ �✐① ❧✐♥❡❛�

❡�✉❛�✐♦♥�✱ �❡�♣❡❝�✐✈❡❧② �❤❡ �❛♠❡ ✈❛❧✉❡�✱ �❤❛� ✐� �❤❡② ✇✐❧❧ ❜❡ �❡�♣❡❝�✐✈❡❧② ❡�✉❛❧ �♦ ❡❛❝❤ ♦�❤❡�✳

❚❤❡�❡❢♦�❡✱ ♦♥❝❡ �❡❝❛❧❧❡❞ �❤❡ ♠❡❛♥✐♥❣ ♦❢ �❤❡ ❞❡✜♥✐�✐♦♥� ✭✷✶✮✱ ✇❡ ✇✐❧❧ ❤❛✈❡

Λ = −2Γ2S.Tξ2 ; Ξ = −2Γ2S.Tη2; Π = −2Γ2S.Tζ2✭✷✺✮

Σ = −2Γ2S.Tξη ; Φ = −2Γ2S.Tξζ ; Ψ = −2Γ2S.Tηζ .
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❞❡♥♦�❡� ❛ ��✐♣❧❡ ✐♥�❡❣�❛❧✱ ❛� ✐♥ �❤❡ ❡�✉❛�✐♦♥ ✭✷✵✮✱ ❛♥❞ �✉❛♥�✐�② T ✐� ❣✐✈❡♥ ❜② �❤❡ ✭✶✺✮✳
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❡❧❛	✐✈❡ ❛❧ ♠♦✈✐♠❡♥	♦ ❞❡✬ ✢✉✐❞✐✿ ❡

❝♦♠❡ ✐♥♦❧	
❡ ✈❡♥✐❛♠♦ ♣❡
 ❡��❡ ❛❞ ❛❝�✉✐�	❛
❡ ✐❞❡❡ ♣✐ ❛❞❡�✉❛	❡ ✐♥	♦
♥♦ ❛❧❧❛ ❝♦�	✐	✉③✐♦♥❡ ❞✐ 	❛❧✐

❝♦
♣✐✳ ▲❛ ❝♦♠♣♦�✐③✐♦♥❡ ❛♥❛❧✐	✐❝❛ ❞❡❧❧❛ ❢♦
③❛ ✐♥	❡
♥❛ T ✭❡�♣
❡��✐♦♥❡ ✭✶✺✮✮ ♣❡
 �✉❡�	❛ �♦
	❛ ❞✐

❝♦
♣✐ ♣
❡♥❞❡ ✉♥❛ �	
✉		✉
❛ 	✉		❛ ♣❛
	✐❝♦❧❛
❡✱ ❛♥❛❧♦❣❛ ❛❧ ❝♦♥❝❡		♦ ❝❤❡ ❝❡ ♥❡ �✐❛♠♦ ❢♦
♠❛	✐ ♥❡❧

❈❛♣♦ ❱ ♠✳♣✳ ❉✐❝❡♠♠♦ ❝❤❡ ♥❡✐ ✢✉✐❞✐ ♥♦♥ ( ❝♦♠❡ ♥❡✐ ❝♦
♣✐ ✐♥ ❣❡♥❡
❛❧❡✱ ♣❡✐ �✉❛❧✐ ❛ ❡�♣
✐♠❡
❡

❧✬❛③✐♦♥❡ 
❡❝✐♣
♦❝❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡ ♥♦♥ ❜❛�	❛ ❢❛
❧❛ �♦❧	❛♥	♦ ❢✉♥③✐♦♥❡ ❞❡❧❧❛ ❞✐�	❛♥③❛✱ ♣❡✐ ✢✉✐❞✐ ❜❛�	❛

❜❡♥✐��✐♠♦✱ ♥♦♥ ❡��❡♥❞♦ ✐♥ ❣✐✉♦❝♦ ♣❡
 ❡��✐ ❧✬❛③✐♦♥❡ �❡❝♦♥❞❛
✐❛ ❞♦✈✉	❛ ❛❧❧❛ ✜❣✉
❛ ❞❡❧❧❡ ♠♦❧❡❝♦❧❡✳

+
❡♥❞❡
❡♠♦ ♣❡
	❛♥	♦ ❧❛ T ❞❡❧❧❛ ❢♦
♠❛

✭✷✻✮ T
(

x, y, z,
√

ξ2 + η2 + ζ2
)

❡ �❛
- ❧✬❡�♣
❡��✐♦♥❡ ❞❡❧❧❛ ❢♦
③❛ ✐♥	❡
♥❛ ❢
❛ ✐❧ ♣✉♥	♦ (x, y, z) ❡ �✉❡❧❧♦ ❞✐ ❝♦♦
❞✐♥❛	❡ x+ξ, y+η, z+ζ,

❞❡✐ �✉❛❧✐ ❧❛ ❞✐�	❛♥③❛ ( ❛♣♣✉♥	♦ ❡�♣
❡��❛ ❞❛❧ 
❛❞✐❝❛❧❡
√

ξ2 + η2 + ζ2 ✳ ❱❡
❛♠❡♥	❡ ❧❛ ❢♦
③❛ ✐♥	❡
♥❛

( ❧❛ K✱ ❡❞ ( T = 1
4
K
ρ
✭❡�✉❛③✐♦♥❡ ✭✶✶✮ ♥✳ ✼✷ ♠✳♣✳✮✱ ❝♦♠❡ �✐ ( ❞❡		♦ ❛♥❝❤❡ ❛❧ ♥✳ ✸✻ ✿ ♠❛ ❝✐/ ♥♦♥ ❢❛

❞✐❢❡		♦ ♣❡
❝❤( ρ ❡❣✉❛❣❧✐❛ ✐❧ 
❛❞✐❝❛❧❡
√

ξ2 + η2 + ζ2 ✱ ❡ �✉✐♥❞✐ ✐❧ ❞❡♥♦♠✐♥❛	♦
❡ 4ρ ♣✉/ ✐♥	❡❞❡
�✐

❢✉�♦ ♥❡❧❧❛ ❢✉♥③✐♦♥❡ ✳ ▲✬❛✈❡
 ♣♦✐ ❢❛		♦ ❡♥	
❛
❡ ♣❡
 ♠❛❣❣✐♦
 ❣❡♥❡
❛❧✐	- ♥❡❧❧❛ ❝♦♠♣♦�✐③✐♦♥❡ ❞❡❧❧❛ T

❧❡ ❝♦♦
❞✐♥❛	❡ x, y, z ❞✬✉♥♦ ❞❡✐ ♣✉♥	✐✱ ❡�♣❧✐❝✐	❡ ❛❧ 
❛❞✐❝❛❧❡✱ ♠✉♦✈❡ ❞❛ ✉♥ 
❛❣✐♦♥❡ ❝❤❡ ✐♥ ❛♣♣
❡��♦

�♣✐❡❣❤❡
❡♠♦ ✐♥ ❞✐✛✉�♦✳

❆❞♦		❛	❛ ❧❛ ❢♦
♠❛ ✭✷✻✮✱ ✐ ♣
✐♠✐ 	
❡ ✐♥	❡❣
❛❧✐

S.Tξ2 ; S.Tη2 ; S.Tζ2

♣❡✐ �✉❛❧✐ �♦❧✐ ❞✐✛❡
✐�❝♦♥♦ ❧❡ Λ,Ξ,Π ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✺✮✱ ❣✐✉�	❛ ✐ ♣✐ ♦✈✈❥ ♣
✐♥❝✐♣❥ ❞❡❧ ❝❛❧❝♦❧♦

❞❡❣❧✐ ✐♥	❡❣
❛❧✐ ❞❡✜♥✐	✐✱ �♦♥♦ ♥❡❝❡��❛
✐❛♠❡♥	❡ ❡❣✉❛❧✐ ❢
❛ ❧♦
♦ ♣❡
❝❤( ❧❡ ❧❡		❡
❡ ξ, η, ζ ✈✬❡♥	
❛♥♦

�♦❧♦ ✐�	
✉♠❡♥	❛❧♠❡♥	❡ ❡ ♣♦��♦♥♦ �❝❛♠❜✐❛
�✐✳ ■♥ ❝♦♥�❡❣✉❡♥③❛ ❛❜❜✐❛♠♦

✭✷✼✮ Λ = Ξ = Π

●❧✐ ❛❧	
✐ 	
❡ ✐♥	❡❣
❛❧✐ S.Tξη✱ S.Tξζ✱ S.Tηζ ❝♦♥�❡
✈❛♥❞♦ ✐❧ ✈❛❧♦
❡ ♠❛ ❝❛♠❜✐❛♥❞♦ ❞✐ �❡❣♥♦ �✉❛♥❞♦

❧♦ �✐ ♠✉	❛ ❛❞ ❛❧❝✉♥❛ ❞❡❧❧❡ ξ, η, ζ, ❛♥❝♦
❛ ♣❡✐ ♣
✐♠✐ ♣
✐♥❝✐♣❥ ❞❡❧ ❝❛❧❝♦❧♦ ❞❡❣❧✐ ✐♥	❡❣
❛❧✐ ❞❡✜♥✐	✐✱

�♦♥♦ 	✉		✐ ③❡
♦✳ ◗✉✐♥❞✐ ❧❡ ❛❧	
❡ 	
❡ ❡�✉❛③✐♦♥✐ ✭✷✺✮ ❝✐ ❞❛♥♥♦

✭✷✽✮ Σ = Φ = Ψ = 0.

▲❡ ❡�✉❛③✐♦♥✐ ✭✷✼✮✱ ✭✷✽✮ �♦♥♦ ❧❡ ❝❛
❛		❡
✐�	✐❝❤❡ ❞❡✐ ✢✉✐❞✐ ✭❡�✉❛③✐♦♥✐ ✭✾✮✱ ✭✶✵✮✱
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❡❧❛	✐✈❡ 	♦ 	❤❡ ♠♦✈❡♠❡♥	
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② ❢♦
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x, y, z,
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ξ2 + η2 + ζ2
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√

ξ2 + η2 + ζ2
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4
K
ρ
❤♦❧❞� ✭❡�✉❛	✐♦♥ ✭✶✶✮

�❡❝	✳ ✼✷ ♣✳♠✳✮✱ ❛� ✐	 ✇❛� �❛✐❞ ✐♥ 	❤❡ �❡❝	✳ ✸✻✱ 	♦♦✿ ❜✉	 	❤✐� ❞♦❡� ♥♦	 ❝❛✉�❡ ❛♥② ♣
♦❜❧❡♠✱ �✐♥❝❡

ρ ✐� ❡�✉❛❧ 	♦ 
❛❞✐❝❛❧
√

ξ2 + η2 + ζ2 ✱ ❛♥❞ 	❤❡
❡❢♦
❡ 	❤❡ ❞❡♥♦♠✐♥❛	♦
 4ρ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ 	❤❡

❢✉♥❝	✐♦♥✳ ❲❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞✱ ❢♦
 	❤❡ �❛❦❡ ♦❢ ❣
❡❛	❡
 ❣❡♥❡
❛❧✐	②✱ ✐♥ 	❤❡ ✐♥❞✐❝❛	❡❞ ✐♥❞❡♣❡♥❞❡♥	

✈❛
✐❛❜❧❡� ❢♦
 	❤❡ ❢✉♥❝	✐♦♥ ❡①♣
❡��✐♥❣ �✉❛♥	✐	② T 	❤❡ ❝♦♦
❞✐♥❛	❡� x, y, z ♦❢ ♦♥❡ ♣♦✐♥	✱ 	♦❣❡	❤❡


✇✐	❤ 	❤❡ 
❛❞✐❝❛❧✱ ❜❛�✐♥❣ ♦✉
 ❝❤♦✐❝❡ ♦♥ ❛ 
❡❛�♦♥ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ♠♦
❡ ❞✐✛✉�❡❧② ✐♥ ✇❤❛	

❢♦❧❧♦✇�✳

❖♥❝❡ ❢♦
♠ ✭✷✻✮ ❤❛� ❜❡❡♥ ❛❞♦♣	❡❞✱ 	❤❡ ✜
�	 	❤
❡❡ ✐♥	❡❣
❛❧�

S.Tξ2 ; S.Tη2 ; S.Tζ2

✇❤✐❝❤ ♠❛❦❡ �✉❛♥	✐	✐❡� Λ,Ξ,Π ❞✐✛❡
❡♥	 ✐♥ ❡�✉❛	✐♦♥� ✭✷✺✮✱ ❛
❡ ♥❡❝❡��❛
✐❧② ❡�✉❛❧ 	♦ ❡❛❝❤ ♦	❤❡
✱

❞✉❡ 	♦ 	❤❡ ♠♦�	 ♦❜✈✐♦✉� ♣
✐♥❝✐♣❧❡� ♦❢ 	❤❡ ❝❛❧❝✉❧✉� ♦❢ ❞❡✜♥✐	❡ ✐♥	❡❣
❛❧� ❛♥❞ 	♦ 	❤❡ ❢❛❝	 	❤❛	

❧❡		❡
� ξ, η, ζ ❛♣♣❡❛
 ✐♥ 	❤❡♠ ✐♥ ❛♥ ✐♥	❡
❝❤❛♥❣❡❛❜❧❡ ✇❛②✳ ❆� ❛ ❝♦♥�❡�✉❡♥❝❡ ✇❡ ❤❛✈❡✿

✭✷✼✮ Λ = Ξ = Π

❚❤❡ ♦	❤❡
 	❤
❡❡ ✐♥	❡❣
❛❧� S.Tξη✱ S.Tξζ✱ S.Tηζ ❝❤❛♥❣❡ 	❤❡✐
 �✐❣♥ ✇❤❡♥ ♦♥❡ ❝❤❛♥❣❡� ✐	 	♦ ♦♥❡

♦❢ 	❤❡ ✈❛
✐❛❜❧❡� ξ, η, ζ, ❛♥❞ 	❤❡
❡❢♦
❡✱ ❛❣❛✐♥ ❜❡❝❛✉�❡ ♦❢ 	❤❡ ❜❛�✐❝ ♣
✐♥❝✐♣❧❡� ♦❢ ❞❡✜♥✐	❡ ✐♥	❡❣
❛❧�✱

❛
❡ ❛❧❧ ✈❛♥✐�❤✐♥❣✳ ❚❤❡
❡❢♦
❡ 	❤❡ ♦	❤❡
 	❤
❡❡ ❡�✉❛	✐♦♥� ✭✷✺✮ ✇✐❧❧ ❣✐✈❡

✭✷✽✮ Σ = Φ = Ψ = 0.

❊�✉❛	✐♦♥� ✭✷✼✮✱ ✭✷✽✮ ❝❤❛
❛❝	❡
✐③❡ ✢✉✐❞� ✭❡�✉❛	✐♦♥� ✭✾✮✱ ✭✶✵✮✱



✲ ✾✸✲

❈❛♣♦❱ ♠✳♣✳✮✳ ❊

❡ �✐❞✉❝♦♥♦ ❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐

✐♠❡ ♣❡� �✉��✐ ✐ 
✐
�❡♠✐ ✭❧❡ ✭✶✺✮ ♥✳ ✹✮ ❛❧❧❡

✭✶✶✮ ♥✳ ✻✷ ♠✳♣✳✱ ❝♦♠❡ ❝♦❧! 
✐ " ♠♦
��❛�♦ ✿ ♠❛ �✉✐ 
✐ ❤❛ ✉♥ ✈❛♥�❛❣❣✐♦ ❞✐ ♣✐& ❝❤❡ ✐♥❞✐❝❤❡�'

❢�❛ ♣♦❝♦✳ ■♥�❛♥�♦ ♥♦�❡�' ❝❤❡ �✉❡
�♦ ❛♥❞❛♠❡♥�♦ ♣❡� ❧❛ ❞✐♠♦
��❛③✐♦♥❡ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐


♣❡��❛♥�✐ ❛❧ ♠♦✈✐♠❡♥�♦ ❞❡✬ ✢✉✐❞✐✱ ❛♥❞❛♠❡♥�♦ ♥❡❧ �✉❛❧❡ 
✐ ❛♠♠❡��❡ ✐❧ ♣�✐♥❝✐♣✐♦ ✜
✐❝♦ ❡♥✉♥❝✐❛�♦ ❛❧

❝♦♠✐♥❝✐❛� ❞✐ �✉❡
�♦ ❈❛♣♦✱ ✐♥
✐❡♠❡ ❛❧❧✬❛❧��♦ 
✉❧❧❛ ❝❡

❛③✐♦♥❡ ❞❡❧❧❛ ❢♦�③❛ 
❡❝♦♥❞❛�✐❛ ❞✐ ❝✉✐ �❛♥�♦ 
✐

" ❞✐
❝♦�
♦ ♥❡❧ ❈❛♣♦ ❱ ♠✳♣✳✱ ♥♦♥ ♣✉' ♣✐& ❛♥❞❛� 
♦❣❣❡��♦ ❛❞ ❛❧❝✉♥❛ ❞✐ �✉❡❧❧❡ ♦❜❜✐❡③✐♦♥✐ ❝❤✬✐♦ ♥♦♥

❤♦ ❞✐

✐♠✉❧❛�❡ ❛❧ ♥✳ ✻✸ ♠✳♣✳ ❆❧❧❛ ♣�✐♠❛ ❞✐ ❡

❡✱ ❝❤❡ " ❧❛ ♣✐& ❢♦��❡✱ ✐♦ ❤♦ ❝♦❧! ❞❛�❛ ✉♥❛ �✐
♣♦
�❛ ❧❛

�✉❛❧❡ ♥♦♥ ❧❛ 
❝✐♦❣❧✐❡ ✐♥�❡�❛♠❡♥�❡✱ ♥" ❧❡ ❞✉❜❜✐❡③③❡ ♣♦

♦♥♦ ❡

❡�❡ ❞❡❧ �✉��♦ ❞✐

✐♣❛�❡ ♥❡♠♠❡♥♦

❝♦❧ �❛❣✐♦♥❛♠❡♥�♦ ❡
♣♦
�♦ ❛❧ ♥✳ ✼✻ ♠✳♣✳✱ ♣❡�❝❤" " ✈❡�✐

✐♠♦ 
�❛�❡ ❧❛ ♣�♦♣�✐❡�! ✐✈✐ ❞✐
❝✉

❛ ♣❡�

�✉❡❧❧❡ A,B,C,D,E, F ✱ ♠❛ ✐❧ ��❛❞✉�❧❛ ❛❧❧❡ 
❡✐ Λ,Ξ, .... ✐♥❝♦♥��❛ ✉♥✬❛❧��❛ ♦❜❜✐❡③✐♦♥❡ 
✉❣❣❡�✐�❛

❞❛❧❧✬♦

❡�✈❛�❡ ❧❡ ✭✷✼✮ ♥✳ ✸✽ ♠✳♣✳ ◆♦♥ ♠✐ ��❛��❡♥❣♦ ✐♥ ✉❧�❡�✐♦�✐ 
♣✐❡❣❛③✐♦♥✐ ♥♦♥ ❡

❡♥❞♦✈✐ ♦�❛

♣✐& ❜✐
♦❣♥♦ ❞✐ �✉❡❧ �❛❣✐♦♥❛♠❡♥�♦ ❛ ✜♥❡ ❞✐ ❣✐✉♥❣❡�❡ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ❝❛�❛��❡�✐
�✐❝❤❡ ❞❡✐ ✢✉✐❞✐✱ ❧❡

✭✷✼✮✱ ✭✷✽✮✳

■❧ ❣✐! ❞❡��♦ ❞❡✬ 
❡✐ ✐♥�❡❣�❛❧✐ ❝❤❡ ❢♦�♠❛♥♦ ✐ 
❡❝♦♥❞✐ ♠❡♠❜�✐ ❞❡❧❧❡ ✭✷✶✮✱ 
✐ ❡
♣�✐♠❡ ❝♦❧❧❡ ❡�✉❛③✐♦♥✐

L = M = N ; O = P = Q = 0

❡ �✉❡
�❡✱ ✐♥
✐❡♠❡ ❝♦❧❧❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥�✐❝❤❡ ✭✸✶✮✱ ✭✸✸✮ ♥✳ ✻✼ ♠✳♣✳✱ �✐❞✉❝♦♥♦ ❧❡ ✭✷✷✮ ❛❧❧❡ 
❡❣✉❡♥�✐

A = LΓ3
(

t2t3 − t26
)

; B = LΓ3
(

t1t3 − t25
)

; C = LΓ3
(

t1t2 − t24
)

✭✷✾✮

D = 2LΓ3 (t5t6 − t3t4) ; E = 2LΓ3 (t4t6 − t2t5) ; F = LΓ3 (t4t5 − t1t6)

❧❡ �✉❛❧✐ ❝♦♥
❡♥�♦♥♦ ♣✐❡♥❛♠❡♥�❡ ❝♦❧❧❡ ✭✸✻✮ ♥✳ ✻✼ ♠✳♣✳✱ 
�❛♥❞♦ �✉✐ ❧❛ L ✐♥ ❧✉♦❣♦ ❞✐ 1
2

Λ
Γ2 ✱ ❝♦♠❡


✐ �✐❝❛✈❛ ❛♥❝❤❡ ❞❛❧❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✷✺✮✱ ❛ ♠❡♥♦ ❞❡❧❧❛ ❞✐✛❡�❡♥③❛ ❞✐ 
❡❣♥♦✱ ❝❤❡ ❞✐❝❡♠♠♦ ✐♥ �✉❡❧

❧✉♦❣♦ ♣❡♥❞❡�❡ ❞❛❧ ♥♦
��♦ ❛�❜✐��✐♦✳ ❆❜❜✐❛♠♦ ❛♥❝❤❡ ❞❡��♦ ❛❧ ♥✳ ✻✼ ♠✳♣✳ ❝❤❡ �❛❧✐ ✈❛❧♦�✐ ✭✷✾✮

❞❡❧❧❡ 
❡✐ A,B....F ❞✐♣❡♥❞❡♥�✐ ❞❛ ✉♥❛ 
♦❧❛ ✐♥❞❡�❡�♠✐♥❛�❛ L✱ ❝♦
�✐�✉✐
❝♦♥♦ ❧❛ ✈❡�❛ ❞✐✛❡�❡♥③❛ ❢�❛

✐ 
✐
�❡♠✐ ✢✉✐❞✐ ❡ �✉❡❧❧✐ �✉❛❧✉♥�✉❡✱ ♠❛ ❝♦❧! ❢✉�♦♥♦ ❞❡
✉♥�✐ ❞✐❡��♦ ❧❛ ♠❛♥✐❡�❛ 
♣❡❝✐❛❧❡ ✉
❛�❛ ❞❛

▲❛❣�❛♥❣❡ ✭
❡❝�✳ ✻✻ ♣✳♠✳✮ ♣❡� ❧✬✐♠♣✐❛♥�♦ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ♠❡❝❝❛♥✐❝❛ 
♣❡��❛♥�❡ ❛✐ ✢✉✐❞✐✱ ❞♦✈❡ ❝❤❡

❧❛ ❞✐♠♦
��❛③✐♦♥❡ ♦�❛ �❡❝❛�❛ ❧✐ ❢❛ ❞✐
❝❡♥❞❡�❡ ❞❛ ❝♦♥
✐❞❡�❛③✐♦♥✐ ❛✛❛��♦ ❞✐✈❡�
❡✳ ❚❛❧✐ ❞✐✛❡�❡♥�✐

❛♥❛❧✐
✐ ❝❤❡ ❝♦♥❞✉❝♦♥♦ ❛❧ ♠❡❞❡
✐♠♦ ✜♥❡ ❡ 
✐ ❝♦♠♣�♦✈❛♥♦ ❛ ✈✐❝❡♥❞❛✱ ✐♥
♣✐�❛♥♦ 
❡♠♣�❡ ♠❛❣❣✐♦�

✜❞✉❝✐❛✱ ❡ ❛��❡
�❛♥♦ ❧✬❡❝❝❡❧❧❡♥③❛ ❞✐ �✉❡
�✐ ♠❡�♦❞✐✳

❈❤✐ ❝♦♥❢�♦♥�❡�! ❧❡ ❝♦
❡ ❞❡��❡ ✐♥ �✉❡
�✐ ♥✉♠❡�✐ ❝♦❧❧❡ ❣✐! ❞❛ ♠❡ ❛✈❛♥③❛�❡ ❛❧ ♥✳ ✺✺✱ ➓ ❱ ❞❡❧❧❛

▼❡♠♦�✐❛ ✐♥
❡�✐�❛ ♥❡❧ �♦♠♦ ❳❳■ ❞✐ �✉❡
�✐ ❆��✐✱ 
✐ ❛❝❝♦�❣❡�!

✲ ✾✸✲❊◆●

❈❛♣♦ ❱ ♣✳♠✳✮✳ ❚❤❡② ♣�♦❞✉❝❡ �❤❡ ♣❛��✐❝✉❧❛� ❢♦�♠ ♦❢ �❤❡ ♠♦
� ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✈❛❧✐❞ ❢♦� ❛❧❧


②
�❡♠
 ✭�❤❡ ✭✶✺✮ 
❡❝�✳ ✹✮ ✇❤✐❝❤ ✐
 ❣✐✈❡♥ ✐♥ �❤❡ ✭✶✶✮ 
❡❝�✳ ✻✷ ♣✳♠✳✱ ❛
 ✐� ✇❛
 
❤♦✇♥ �❤❡�❡✿

❜✉� �❤❡ ��❡❛�♠❡♥� ♣�❡
❡♥�❡❞ ❤❡�❡ ♣�❡
❡♥� ❛♥ ❛❞✈❛♥�❛❣❡✱ ❛
 ■ ✇✐❧❧ ♠❛❦❡ ❡①♣❧✐❝✐� 
♦♦♥✳ ■♥ �❤❡

♠❡❛♥✇❤✐❧❡ ■ ✇✐❧❧ �❡♠❛�❦ �❤❛� �❤✐
 ❧❛
� ❞❡♠♦♥
��❛�✐♦♥ ♠❡�❤♦❞ ♦❢ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥
 ✇❤✐❝❤

❣♦✈❡�♥ �❤❡ ✢✉✐❞ ♠♦�✐♦♥✱ �♦❣❡�❤❡� ✇✐�❤ �❤❡ ♦�❤❡� ♦♥❡ ❞❡❛❧✐♥❣ ✇✐�❤ �❤❡ ❛❜
❡♥❝❡ ♦❢ 
❡❝♦♥❞❛�②

❢♦�❝❡ ✇❤✐❝❤ ✇❛
 ❞✐
❝✉

❡❞ ❛� ❧❡♥❣�❤ ✐♥ ❈❛♣♦ ❱ ♣✳♠✳✱ ❝❛♥♥♦� ❜❡ ❝�✐�✐❝✐③❡❞ ❛♥②♠♦�❡ ♦♥ �❤❡ ❜❛
✐


♦❢ �❤❡ ♦❜❥❡❝�✐♦♥
 ✇❤✐❝❤ ■ ❞✐❞ ♥♦� ❤✐❞❡ ✐♥ 
❡❝�✳ ✻✸ ♣✳♠✳ ❚♦ �❤❡ ✜�
� ♦❢ �❤❡
❡ ♦❜❥❡❝�✐♦♥
✱ ✇❤✐❝❤

✐
 �❤❡ 
��♦♥❣❡
�✱ ■ ❣❛✈❡ �❤❡�❡ ❛♥ ❛♥
✇❡� ✇❤✐❝❤ ✐
 ♥♦� ❛❜❧❡ �♦ 
♦❧✈❡ ✐� ❝♦♠♣❧❡�❡❧②✱ ❛♥❞ ❛❧❧ ❞♦✉❜�


❝❛♥♥♦� ❜❡ ❝♦♠♣❧❡�❡❧② ❞✐

✐♣❛�❡❞ ❡✈❡♥ ✇✐�❤ �❤❡ �❡❛
♦♥✐♥❣ ✇❤✐❝❤ ✇❛
 ♣�❡
❡♥�❡❞ ✐♥ 
❡❝�✳ ✼✻ ♣✳♠✳✱

❜❡❝❛✉
❡ ✇❤✐❧❡ ✐� ✐
 ❛❜
♦❧✉�❡❧② ��✉❡ �❤❛� �❤❡ ♣�♦♣❡��② �❤❡�❡ ❞✐
❝✉

❡❞ ✐
 ❡♥❥♦②❡❞ ❜② �✉❛♥�✐�✐❡


❝❛❧❧❡❞ �❤❡�❡ A,B,C,D,E, F ✱ �♦ ��❛♥
❢❡� ✐� �♦ �❤♦
❡ 
✐① �✉❛♥�✐�✐❡
 ❝❛❧❧❡❞ Λ,Ξ, .... ✇✐❧❧ ♠❡❡�

❛♥♦�❤❡� ♦❜❥❡❝�✐♦♥ ✇❤✐❝❤ ✐
 
✉❣❣❡
�❡❞ ❜② �❤❡ ✐♥
♣❡❝�✐♦♥ ♦❢ �❤❡ ✭✷✼✮ 
❡❝�✳ ✸✽ ♣✳♠✳ ■ ✇✐❧❧ �❡❢�❛✐♥

❢�♦♠ 
✉♣♣❧②✐♥❣ ❢✉��❤❡� ❡①♣❧❛♥❛�✐♦♥
 ❛
 ✐� ✐
 ♥♦✇ ♥♦ ❧♦♥❣❡� ♥❡❝❡

❛�② �♦ ✉
❡ �❤❛� �❡❛
♦♥✐♥❣ �♦

�❡❛❝❤ ❛
 ❛ ✜♥❛❧ �❡
✉❧� �❤❡ ❡�✉❛�✐♦♥
 ✇❤✐❝❤ ❛�❡ ♣❡❝✉❧✐❛� �♦ �❤❡ ✢✉✐❞
✿ �❤❛� ✐
 �❤❡ ✭✷✼✮✱ ✭✷✽✮✳

❲❤❛� ✇❛
 
❛✐❞ ❛❜♦✉� �❤❡ 
✐① ✐♥�❡❣�❛❧
 ✇❤✐❝❤ ❢♦�♠ �❤❡ �✐❣❤�✲❤❛♥❞ 
✐❞❡ ♦❢ ❡�✉❛�✐♦♥
 ✭✷✶✮✱ ❝❛♥

❜❡ ❡①♣�❡

❡❞ ✇✐�❤ ❡�✉❛�✐♦♥


L = M = N ; O = P = Q = 0

❛♥❞ �❤❡
❡ ❡�✉❛�✐♦♥
✱ �♦❣❡�❤❡� ✇✐�❤ ✐❞❡♥�✐�✐❡
 ✭✸✶✮✱ ✭✸✸✮ 
❡❝�✳ ✻✼ ♣✳♠✳✱ �❡❞✉❝❡ �❤❡ ❡�✉❛�✐♦♥
 ✭✷✷✮

�♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡


A = LΓ3
(

t2t3 − t26
)

; B = LΓ3
(

t1t3 − t25
)

; C = LΓ3
(

t1t2 − t24
)

✭✷✾✮

D = 2LΓ3 (t5t6 − t3t4) ; E = 2LΓ3 (t4t6 − t2t5) ; F = LΓ3 (t4t5 − t1t6)

✇❤✐❝❤ ❛�❡ ✐♥ ❛ ❝♦♠♣❧❡�❡ ❛❣�❡❡♠❡♥� ✇✐�❤ �❤❡ ✭✸✻✮ 
❡❝�✳ ✻✼ ♣✳♠✳✱ ✇❤❡�❡ �✉❛♥�✐�② L �❡♣❧❛❝❡


❤❡�❡ �✉❛♥�✐�② 1
2

Λ
Γ2 ✱ ❤♦✇ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛�❡ ❛❧
♦ ❢�♦♠ �❤❡ ✜�
� ❛♠♦♥❣ �❤❡ ✭✷✺✮✱ ✇✐�❤ ❛ ❞✐✛❡�❡♥❝❡

❝♦♥
✐
�✐♥❣ ✐♥ ❛ ♠✐♥✉
 
✐❣♥✱ ✇❤✐❝❤✱ ❛
 ✇❡ 
❛✐❞ �❤❡�❡✱ ❞❡♣❡♥❞
 ♦♥❧② ♦♥ ♦✉� ❛�❜✐��❛�② ❝❤♦✐❝❡✳ ❲❡

❛❧
♦ 
❛✐❞ ✐♥ 
❡❝�✳ ✻✼ ♣✳♠✳ �❤❛� 
✉❝❤ ✈❛❧✉❡
 ✭✷✾✮ ❢♦� �❤❡ 
✐① �✉❛♥�✐�✐❡
 A,B....F ✇❤✐❝❤ ❞❡♣❡♥❞

♦♥ �❤❡ ✐♥❞❡�❡�♠✐♥❛�❡ �✉❛♥�✐�② L ❛❧♦♥❡✱ ❝♦♥
�✐�✉�❡ �❤❡ ��✉❡ ❞✐✛❡�❡♥❝❡ ❜❡�✇❡❡♥ ✢✉✐❞ 
②
�❡♠


❛♥❞ �❤❡ ♠♦
� ❣❡♥❡�✐❝ ♦♥❡
✱ ❜✉� ✐♥ ❧♦❝✳ ❝✐�✳ �❤❡② ✇❡�❡ ❞❡❞✉❝❡❞ ❜② ❢♦❧❧♦✇✐♥❣ �❤❡ 
♣❡❝✐❛❧ ♠❡�❤♦❞

❝♦♥❝❡✐✈❡❞ ❜② ▲❛❣�❛♥❣❡ ✭
❡❝�✳ ✻✻ ♣✳♠✳✮ ❢♦� �❤❡ ❞❡�❡�♠✐♥❛�✐♦♥ ♦❢ �❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥ �❡❧❛�✐✈❡

�♦ ✢✉✐❞
✭NdT ✮✱ ✇❤❡�❡❛
 �❤❡ ❞❡♠♦♥
��❛�✐♦♥ ♥♦✇ ♣�❡
❡♥�❡❞ ❤❡�❡ ❛❧❧♦✇
 ❢♦� �❤❡ ❞❡❞✉❝�✐♦♥ ♦❢ �❤❡

❛❢♦�❡♠❡♥�✐♦♥❡❞ ✈❛❧✉❡
 ❜② ♠❡❛♥
 ♦❢ ❝♦♠♣❧❡�❡❧② ❞✐✛❡�❡♥� ❝♦♥
✐❞❡�❛�✐♦♥
✳ ❙✉❝❤ ❞✐✛❡�❡♥� ❛♥❛❧②
❡


❛�❡ ♣�♦❞✉❝✐♥❣ ❛❧❧ �❤❡ 
❛♠❡ �❡
✉❧�
 ❛♥❞ ❛�❡ 
✉♣♣♦��✐♥❣ ❡❛❝❤ ♦�❤❡� 
♦ �❤❛� �❤❡② ✐♥
♣✐�❡ ♠♦�❡ ❛♥❞

♠♦�❡ ❝♦♥✜❞❡♥❝❡ ♦♥ �❤❡ ♦❜�❛✐♥❡❞ �❡
✉❧�
 ❛♥❞ ❛��❡
� ❛
 ❝❡��❛✐♥ �❤❡ ❡①❝❡❧❧❡♥❝❡ ♦❢ �❤❡
❡ ♠❡�❤♦❞
✳

❚❤♦
❡ ✇❤♦ ✇✐❧❧ ❝♦♠♣❛�❡ �❤❡ �❡
✉❧�
 ♣�❡
❡♥�❡❞ ✐♥ �❤❡
❡ 
❡❝�✐♦♥
 ✇✐�❤ �❤♦
❡ ✇❤✐❝❤ ■ ❛❧�❡❛❞②

❡①♣♦✉♥❞❡❞ ✐♥ ♦♥❡ ▼❡♠♦✐� ✐♥
❡��❡❞ ✐♥ ✈♦❧✉♠❡ ❳❳■ ♦❢ 
✉❝❤ ❆��✐✱ ✇✐❧❧ ❞✐
❝♦✈❡�

✭NdT ✮ ❚❤❡ �❡❢❡�❡♥❝❡ ✐� �❤❡ ❢♦❧❧♦✇✐♥❣✿ ◆✉♦✈❛ ❛♥❛❧✐�✐ ♣❡� �✉��❡ ❧❡ �✉❡��✐♦♥✐ ❞❡❧❧❛ ♠❡❝❝❛♥✐❝❛ ♠♦❧❡❝♦❧❛�❡✱
▼❡♠♦�✐❡ ❞❡❧❧❛ ❙♦❝✐❡�� ■�❛❧✐❛♥❛✱ ❳❳■✱ ♣♣✳ ✶✺✺✲✸✷✷ ✭✶✽✸✻✮✳



✲ ✾✹✲

❝❤❡ ❧❛ 	♦	�❛♥③❛ ❞❡❧❧❛ ❞✐♠♦	��❛③✐♦♥❡ � ❛♥❝♦�❛ ❧❛ ♠❡❞❡	✐♠❛❀ ♠❛ ❧� ♥♦♥ ❛❜❜✐❛♠♦ ❝✐�❝♦	❝�✐��❛ ❧❛

❢♦�♠❛ ✭✷✻✮ ❞❡❧❧❛ T ❛✐ 	♦❧✐ ✢✉✐❞✐✱ ❝♦♠❡ ❡�❛ ♣✉� ♥❡❝❡		❛�✐♦ ❞✐ ❢❛�❡✱ ❡ ❢❛❝❡♠♠♦ ❛❞❡		♦✳

✸✾✳ ❉✐�" ♦�❛ ❧❛ �❛❣✐♦♥❡ ♣❡� ❝✉✐ ♥❡❧❧❛ ✭✷✼✮ ❤♦ ❝♦♥	❡�✈❛�❡ ❧❡ x, y, z ❞✐ ✉♥♦ ❞❡✐ ♣✉♥�✐ ❛ ❝♦♠♣♦��❡

❧❛ T ❢✉♦�✐ ❞❡❧ �❛❞✐❝❛❧❡✳ ❈❤✐✉♥'✉❡ 	✐ ❢❛❝❝✐❛ ❛ ❝♦♥	✐❞❡�❛�❡ ❛��❡♥�❛♠❡♥�❡ ❧❡ ❛③✐♦♥✐ ✐♥�❡�♥❡ ❝❤❡ 	✐

❛��✉❛♥♦ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡ ❞❡✐ ❝♦�♣✐✱ ❝❛♣✐�� ❝❤✬❡		❡ 	♦♥♦ ❞✐ ❞✉❡ 	♦��❡✳ ❱✐ 	♦♥♦ '✉❡❧❧❡ ❞✐ ❛���❛③✐♦♥❡

♦ �❡♣✉❧	✐♦♥❡ ❝❤❡ ♣�♦❞✉��❡❜❜❡�♦ ❡✛❡��♦ ❛♥❝❤❡ '✉❛♥❞♦ ♥♦♥ ❢♦		❡�♦ ❛♣♣❧✐❝❛�❡ ❧❡ ❢♦�③❡ ❡	�❡�♥❡

X,Y, Z ✿ ❡ ✈✐ 	♦♥♦ ❛③✐♦♥✐ �❡❝✐♣�♦❝❤❡ ♣�♦✈❡♥✐❡♥�✐ ❛♣♣✉♥�♦ ❞❛❧❧❡ ❢♦�③❡ ❡	�❡�♥❡ X,Y, Z ❛♣♣❧✐❝❛�❡

❛✐ 	✐♥❣♦❧✐ ♣✉♥�✐ ❞❡❧ ❝♦�♣♦✱ ❝❤❡ ❛✈�❡❜❜❡�♦ ❧✉♦❣♦ ❛♥❝♦�❝❤� ♥♦♥ ✈✐ ❢♦		❡�♦ '✉❡❧❧❡ ♣�✐♠❡✳ ,❡�

❢♦�♠❛�	✐ ✉♥✬✐♠♠❛❣✐♥❡ ❞❡❧❧❡ 	❡❝♦♥❞❡ ♣✉" ✐♠♠❛❣✐♥❛�	✐ ✉♥ 	✐	�❡♠❛ ❞✐	❝�❡�♦ ❞✐ ❝♦�♣✐ ❧❡❣❛�✐ ❢�❛ ❧♦�♦

❝♦♥ ✈❡�❣❤❡ ✐♠♣❡�♥✐❛�❡ ❛ ❝❡�♥✐❡�❛ ♥❡✐ ❧✉♦❣❤✐ ❞♦✈❡ 	✐ ❛��❛❝❝❛♥♦ ❛✐ ❝♦�♣✐ ✿ �❛❧✐ ✈❡�❣❤❡ 	❛�❡❜❜❡�♦

✈❡✐❝♦❧✐ ❞✬❛③✐♦♥❡ �❡❝✐♣�♦❝❛ ❞❡✐ ❝♦�♣✐✱ ❞❡��❛ ❞❛ ▲❛❣�❛♥❣❡ ❢♦�③❛ ♣❛		✐✈❛✱ ✐♥❞✐♣❡♥❞❡♥�❡♠❡♥�❡ ❞❛

♦❣♥✐ ❛���❛③✐♦♥❡ ♦ �❡♣✉❧	✐♦♥❡ ❢�❛ ❡		✐ ✿ 	♦♥♦ '✉❡	�❡ ❢♦�③❡ ✐♥�❡�♥❡ ♣�♦✈❡♥✐❡♥�✐ ❞❛❧❧❡ ❡	�❡�♥❡✱ ❝❤❡

	✐ ❝❤✐❛♠❛♥♦ ♣�♦♣�✐❛♠❡♥�❡ ♣�❡��✐♦♥✐ ✳ ❙✐❝❝♦♠❡ ✐♥ ♦❣♥✐ ♣✉♥�♦ ❧❛ ♣�❡		✐♦♥❡ � ✉♥ �✐	✉❧�❛�♦ ❞❡❧❧❡

❢♦�③❡ ❡	�❡�♥❡ ❛♣♣❧✐❝❛�❡ ❛ �✉��✐ ✐ ♣✉♥�✐ ❞❡❧ 	✐	�❡♠❛ ✿ 	✐ ❝❛♣✐	❝❡ ❢❛❝✐❧♠❡♥�❡ ❝❤❡ ✉♥ �❛❧ ❝♦♠♣❧❡		♦ ❞✐

❝❛✉	❡ ❡		❡♥❞♦ ❞❛❧❧❡ ❞✐✈❡�	❡ ♣❛��✐ ✐♥ ❝✐�❝♦	�❛♥③❡ ❞✐✈❡�	❡✱ ♣❡� ✉♥ ♣✉♥�♦ ❛❧�♦ ♦ ❜❛		♦✱ ♣❡� ✉♥ ♣✉♥�♦

✈✐❝✐♥♦ ❛❧❧❛ 	✉♣❡�✜❝✐❡ ♦ ✈❡�	♦ ✐❧ ♠❡③③♦ ❞❡❧ ❝♦�♣♦✱ ❧❛ ♣�❡		✐♦♥❡ ✈❛�✐❡�� ❡ 	❛�� '✉✐♥❞✐ ❢✉♥③✐♦♥❡ ❞✐

x, y, z✳ ❊❝❝♦ ✐❧ ♣❡�❝❤� ♥❡✐ ❧✐'✉✐❞✐ ❧❛ ♣�❡		✐♦♥❡ ♠✉�❛ ♣❡✐ ✈❛�✐✐ ♣✉♥�✐ ❞❡❧ ❝♦�♣♦✱ '✉❛♥�✉♥'✉❡ 	✐

	✉♣♣♦♥❣❛♥♦ ❝♦	�❛♥�✐ ❧❛ ❞❡♥	✐�� ❡ ❧❛ ❣�❛✈✐��✳ ❉♦♣♣✐♦ � '✉✐♥❞✐ 	♦��♦ ✉♥ ❝❡��♦ ❛	♣❡��♦ ❧✬✐♥�❡�✈❡♥�♦

❞❡❧❧❡ ❢♦�③❡ ❡	�❡�♥❡ X,Y, Z ♥❡❧❧❡ ❡'✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐ ♠❡❝❝❛♥✐❝❤❡ ✿ ❡		❡ ✈✐ ❡♥��❛♥♦ ❡	♣❧✐❝✐�❛♠❡♥�❡

✐♥ �❡�♠✐♥✐ ❞❡	�✐♥❛�✐ ❛ �✐❝❡✈❡�♥❡ ❧✬❡	♣�❡		✐♦♥❡✱ ❝♦♠❡ ✈❡❞❡♠♠♦ ♣✐1 ✈♦❧�❡✱ ♠❛ 	♦♥♦ ✉♥❛ 	❡❝♦♥❞❛

✈♦❧�❛ ❝♦♥�❡♠♣❧❛�❡ ✐♥ ♠❛♥✐❡�❛ 	♦��✐♥�❡	❛ '✉❛♥❞♦ 	✐ ✈❛❧✉�❛♥♦ ❧❡ ♣�❡		✐♦♥✐ ❝❤❡ ❞❛ ❡		❡ ❞✐♣❡♥❞♦♥♦

♦ ❝❤❡ 	❛�❡❜❜❡�♦ ♥✉❧❧❡ 	❡ ❡		❡ ♥♦♥ ❢♦		❡�♦✳ ❊		❡ ❛❣✐	❝♦♥♦ ❧✉♥❣♦ ❧❡ 	�❡		❡ ❞✐	�❛♥③❡ ❢�❛ ♠♦❧❡❝♦❧❛ ❡

♠♦❧❡❝♦❧❛✱ 	❡❝♦♥❞♦ ❧❡ '✉❛❧✐ ❛❣✐	❝♦♥♦ ❛♥❝❤❡ ❧❡ ❢♦�③❡ ✐♥�❡�♥❡ ❛��✐✈❡✱ ❡❞ � ♣❡�❝✐" ❝❤❡ '✉❡	�❡ ❢♦�③❡

✐♥�❡�♥❡ ❞❡❧❧❡ ❞✉❡ 	♣❡❝✐❡ 	✐ 	♦♠♠❛♥♦ ♦ 	✐ 	♦���❛❣❣♦♥♦✳ ◆❡✐ ❧✐'✉✐❞✐ ❧❡ ♣�❡		✐♦♥✐ ❧❛ ✈✐♥❝♦♥♦ ❞✐

♠♦❧�♦ 	✉❧❧❡ ❛♥③✐❞❡��❡ ❢♦�③❡ ♠♦❧❡❝♦❧❛�✐✱ ❝♦	✐❝❝❤� ♥♦♥ ❢❛ ❞✐ 	♦❧✐�♦ ✉♥ ❢❛❧❧♦ 	❡♥	✐❜✐❧❡ ❝❤✐ ♥♦♥ �✐❡♥

❝♦♥�♦ ❝❤❡ ❞❡❧❧❡ ♣�❡		✐♦♥✐✱ ❝♦♥	✐❞❡�❛♥❞♦ ✐ ❧✐'✉✐❞✐ ❝♦♠❡ ❛♠♠❛		✐ ❞✐ ♠♦❧❡❝♦❧❡ ❛✛❛��♦ 	❧❡❣❛�❡✱ ❛❧❧❛

♠❛♥✐❡�❛ ❝❤❡ ❢❛❝❡✈❛♥♦ ✐ ❣❡♦♠❡��✐ ♥♦	��✐ ♠❛❡	��✐ ✿ ♥❡✐ 	♦❧✐❞✐ ✐♥✈❡❝❡ ❧❡ ❛③✐♦♥✐ ♠♦❧❡❝♦❧❛�✐ 	✐ �❡♥❞♦♥♦

�❛♥�♦ ❣�❛♥❞✐ ❞❛ ❜✐❧❛♥❝✐❛�❡ ❡ ✈✐♥❝❡�❡ ❧❡ ♣�❡		✐♦♥✐✳ ◗✉❡❧❧♦ ♣♦✐ ❝❤❡ ✐♠♣♦��❛ ♠♦❧�✐		✐♠♦ ❞✐ ✜		❛�

❜❡♥❡ � ❝❤❡ ❧❡ 	✉❞❞❡��❡ ♣�❡		✐♦♥✐✱ ♣�♦✈❡♥✐❡♥�✐ ❞❛❧❧❡ ❢♦�③❡ ❡	�❡�♥❡ ❛♣♣❧✐❝❛�❡ ❤❛♥♥♦✱ ❝♦❧❧❡ ❛③✐♦♥✐

♠♦❧❡❝♦❧❛�✐ ♣�♦♣�✐❛♠❡♥�❡ ❞❡��❡✱ ❝♦♠✉♥❡ ❧❛ ♣�♦♣�✐❡�� ❞✐ ♥♦♥ ❡	�❡♥❞❡�	✐ 	❡ ♥♦♥ ❛❞ ✉♥ ♣✐❝❝♦❧✐		✐♠♦

♥✉♠❡�♦ ❞✐ ♠♦❧❡❝♦❧❡ ✐♥�♦�♥♦ ❛ ❝✐❛	❝✉♥❛ ♠♦❧❡❝♦❧❛✳ ❇❛	�❛ ♣❡♥	❛�❡ ✉♥

✲ ✾✹✲❊◆●

�❤❛� �❤❡ ♠❛✐♥ 	��✉❝�✉�❡ ♦❢ �❤❡ ❞❡♠♦♥	��❛�✐♦♥ ✐	 ❛❧✇❛②	 �❤❡ 	❛♠❡❀ ❜✉� �❤❡�❡ ✇❡ ❞✐❞ ♥♦� ❧✐♠✐�

�❤❡ ❢♦�♠ ✭✷✻✮ ♦❢ �❤❡ '✉❛♥�✐�② T �♦ ❬�❤❡ ♦♥❡ ✇❤✐❝❤ ✐	 ✈❛❧✐❞ ❢♦�❪ ✢✉✐❞	 ♦♥❧②✱ ❛	 ✐� 	�✐❧❧ ✇❛	 ♥❡❡❞❡❞

❛♥❞ ❛	 ✇❡ ❛❝�✉❛❧❧② ❞✐❞ ♥♦✇✳

✸✾✳ ■ ✇✐❧❧ ♥♦✇ ❡①♣❧❛✐♥ �❤❡ �❡❛	♦♥ ✇❤② ✐♥ �❤❡ ✭✷✼✮ ■ ❦❡♣� �❤❡ ✈❛�✐❛❜❧❡	 x, y, z ♦❢ ❡❛❝❤ ♠❛�❡�✐❛❧

♣❛��✐❝❧❡	 ❛	 ✐♥❞❡♣❡♥❞❡♥� ✈❛�✐❛❜❧❡	✱ �♦❣❡�❤❡� ✇✐�❤ �❤❡ �❛❞✐❝❛❧✱ ❢♦� �❤❡ ❢✉♥❝�✐♦♥ ❛		✐❣♥✐♥❣ '✉❛♥�✐�②

T ✳ ❲❤♦❡✈❡� ✇✐❧❧ ❞❡❝✐❞❡ �♦ ♣♦♥❞❡� ❝❛�❡❢✉❧❧② �❤❡ ✐♥�❡�♥❛❧ ❛❝�✐♦♥	 ✇❤✐❝❤ ❛�❡ ❡①❡��❡❞ ❜❡�✇❡❡♥

♠♦❧❡❝✉❧❡	 ❝♦♥	�✐�✉�✐♥❣ �❤❡ ❜♦❞✐❡	 ✇✐❧❧ ✉♥❞❡�	�❛♥❞ �❤❛� �❤❡② ❝❛♥ ❜❡ �❡❣❛�❞❡❞ �♦ ❜❡ ♦❢ �✇♦

❞✐✛❡�❡♥� ❦✐♥❞	✳ ❚❤❡�❡ ❛�❡ ✐♥�❡�♥❛❧ ❢♦�❝❡	✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛���❛❝�✐✈❡ ♦� �❡♣✉❧	✐✈❡✱ ✇❤✐❝❤ ♣�♦❞✉❝❡

�❤❡✐� ❡✛❡❝�	 ❛❧	♦ ✇❤❡♥ ❡①�❡�♥❛❧ ❢♦�❝❡	 X,Y, Z ❛�❡ ♥♦� ❛♣♣❧✐❡❞✿ ❛♥❞ �❤❡�❡ ❛�❡ ❬✐♥�❡�♥❛❧❪ �❡❝✐♣�♦❝❛❧

❛❝�✐♦♥	 ✇❤✐❝❤ ❛�❡ ❝❛✉	❡❞ ❡①❛❝�❧② ❜② ❡①�❡�♥❛❧ ❛❝�✐♦♥	 X,Y, Z ✇❤❡♥ �❤❡② ❛�❡ ❡①❡��❡❞ �♦ ❡❛❝❤

❬♠❛�❡�✐❛❧❪ ♣♦✐♥� ♦❢ �❤❡ 	②	�❡♠ ❛♥❞ ✐♥�❡�♥❛❧ ❢♦�❝❡	 ♦❢ �❤❡	❡ 	❡❝♦♥❞ ❦✐♥❞ ❛�❡ ❛❝�✐✈❡ ❡✈❡♥ ✐❢ ❢♦�❝❡	

♦❢ �❤❡ ✜�	� ❦✐♥❞ ❛�❡ ♥♦� ♣�❡	❡♥�✳ ■♥ ♦�❞❡� �♦ ✐♠❛❣✐♥❡ �❤❡ 	❡❝♦♥❞ ❦✐♥❞ ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡	 ♦♥❡

❤❛	 �♦ �❤✐♥❦ ♦❢ ❛ ❞✐	❝�❡�❡ 	②	�❡♠ ♦❢ ❜♦❞✐❡	 ♠✉�✉❛❧❧② ❝♦♥	��❛✐♥❡❞ ❜② ♠❡❛♥	 ♦❢ ❜❛�	 ❤✐♥❣❡❞ ✐♥

�❤❡ ♣♦✐♥�	 ✇❤❡�❡ �❤❡② ❛�❡ ❝♦♥♥❡❝�❡❞ �♦ �❤❡ ❜♦❞✐❡	✿ 	✉❝❤ ❜❛�	 ✇❡�❡ �♦ ❜❡ ❝♦♥	✐❞❡�❡❞ ❛	 �❤❡

��❛♥	❞✉❝❡�	 ♦❢ �❤❡ �❡❝✐♣�♦❝❛❧ ❛❝�✐♦♥ ❜❡�✇❡❡♥ �❤❡ ❜♦❞✐❡	✱ ✇❤✐❝❤ ✇❛	 ❝❛❧❧❡❞ ❜② ▲❛❣�❛♥❣❡ ♣❛��✐✈❡

❢♦�❝❡✱ ❛♥❞ ✇❤✐❝❤ ✐	 ❛❝�✐♥❣ ✐♥❞❡♣❡♥❞❡♥�❧② ♦❢ ❛♥② ❛���❛❝�✐♦♥ ♦� �❡♣✉❧	✐♦♥ ❜❡�✇❡❡♥ �❤❡♠✿ �❤❡	❡

✐♥�❡�♥❛❧ ❢♦�❝❡	 ❛�❡ ❝❛✉	❡❞ ❜② �❤❡ ❡①�❡�♥❛❧ ♦♥❡	 ❛♥❞ ❛�❡ ❛♣♣�♦♣�✐❛�❡❧② ❝❛❧❧❡❞ ♣�❡��✉�❡�✳ ❙✐♥❝❡ ✐♥

❛♥② ♣♦✐♥� �❤❡ ♣�❡		✉�❡ ✐	 ❝❛✉	❡❞ ❜② �❤❡ ❡①�❡�♥❛❧ ❢♦�❝❡	 ❛♣♣❧✐❡❞ �♦ ❛❧❧ ♣♦✐♥�	 ♦❢ �❤❡ 	②	�❡♠✱ ✐�

✐	 ❡❛	✐❧② ✉♥❞❡�	�♦♦❞ �❤❛� 	✐♥❝❡ 	✉❝❤ ❛ ❝♦♠♣❧❡① ♦❢ ❝❛✉	❡	 ❛❝�	 ✐♥ ❞✐✛❡�❡♥� ♣❛��	 ❛♥❞ ✐♥ ❞✐✛❡�❡♥�

❝✐�❝✉♠	�❛♥❝❡	✱ �❤❡♥ �❤❡ ♣�❡		✉�❡ ✇✐❧❧ ✈❛�② ❬✐❢ ✐� ✐	 ♠❡❛	✉�❡❞❪ ✐♥ ❛ ♣♦✐♥� ♣❧❛❝❡❞ ❛� �❤❡ �♦♣ ♦�

❛� �❤❡ ❜♦��♦♠✱ ❝❧♦	❡ �♦ �❤❡ 	✉�❢❛❝❡ ♦� ✐♥ �❤❡ ♠✐❞❞❧❡ ♦❢ �❤❡ ❜♦❞②✱ 	♦ �❤❛� ✐� ✇✐❧❧ �❡	✉❧� �♦ ❜❡ ❛

❢✉♥❝�✐♦♥ ♦❢ ✈❛�✐❛❜❧❡	 x, y, z✳ ■� ✐	 ❢♦� �❤✐	 �❡❛	♦♥ �❤❛� ✐♥ �❤❡ ❧✐'✉✐❞	 �❤❡ ♣�❡		✉�❡ ✈❛�✐❡	 ✐♥ �❤❡

✈❛�✐♦✉	 ♣♦✐♥�	 ♦❢ �❤❡ ❜♦❞②✱ ❡✈❡♥ ✇❤❡♥ ♦♥❡ ❝❛♥ ❛		✉♠❡ �❤❛� �❤❡ ❞❡♥	✐�② ❛♥❞ �❤❡ ❣�❛✈✐�② ❛�❡

❝♦♥	�❛♥�✳ ❚✇♦❢♦❧❞ ✐	 �❤❡�❡❢♦�❡✱ ✐♥ ❛ ❝❡��❛✐♥ 	❡♥	❡✱ �❤❡ �♦❧❡ ♣❧❛②❡❞ ❜② ❡①�❡�♥❛❧ ❢♦�❝❡	 X,Y, Z

✐♥ �❤❡ ❣❡♥❡�❛❧ ❡'✉❛�✐♦♥	 ♦❢ ♠❡❝❤❛♥✐❝	✿ �❤❡② ❛♣♣❡❛� ✐♥ �❤❡♠ ❡①♣❧✐❝✐�❧② ✐♥ 	♦♠❡ �❡�♠	 ✇❤✐❝❤
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 ✇❤✐❝❤ ■ ❤❛✈❡ ❞❡
❝�✐❜❡❞ ❜❡❢♦�❡ �♦ ✉♥❞❡�
�❛♥❞

✐♠♠❡❞✐❛�❡❧② ❤♦✇ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ✐♥�❡�❛❝�
 ♦♥❧② ✇✐�❤ �❤❡ ❝❧♦
❡
� ♦♥❡
✱ ✇❤✐❝❤✱ ✐♥ �❤❡✐� �✉�♥✱

✐♥�❡�❛❝� ✇✐�❤ �❤❡✐� ❝❧♦
❡
� ♦♥❡
 ❛♥❞ 
♦ ♦♥✳ ❙✐♥❝❡ �❤❛� �❤✐
 ❢✉♥❞❛♠❡♥�❛❧ ♣�♦♣❡��② ✐
 
❤❛�❡❞

❜② �❤❡ �✇♦ ❦✐♥❞ ♦❢ ❝♦♥
✐❞❡�❡❞ ✐♥�❡�♥❛❧ ❢♦�❝❡
✱ ❛❝�✐✈❡ ❛♥❞ ♣❛

✐✈❡✱ �❤❡✐� ❛❝�✐♦♥ ✐
 ❡①♣�❡

❡❞


✐♠✉❧�❛♥❡♦✉
❧② ❜② 
✉❛♥�✐�② K ♦� 
✉❛♥�✐�② T ♣�❡✈✐♦✉
❧② ✉
❡❞ ✐♥ ♦✉� ❝❛❧❝✉❧❛�✐♦♥
✿ ❛♥❞ �❤✐


✇✐❧❧ ❜❡ ��✉❡ ❢♦� ❜♦�❤ 
♦❧✐❞
 ❛♥❞ ✢✉✐❞
✳ ❋♦� ✢✉✐❞
 �❤❡�❡❢♦�❡ ✐� ✐
 ❝♦♥✈❡♥✐❡♥� �♦ ❦❡❡♣ ✐♥ �❤❡

✭✷✻✮ ✈❛�✐❛❜❧❡
 x, y, z ❡①♣❧✐❝✐�❧② ❡①♣�❡

❡❞ ✐♥❞❡♣❡♥❞❡♥�❧② ♦❢ �❤❡ �❛❞✐❝❛❧✱ ✐♥ ♦�❞❡� �♦ ❛���❛❝� ♦✉�

❛��❡♥�✐♦♥ �♦ �❤❛� ♣❛�� ♦❢ 
✉❛♥�✐�② T ✱ ✇❤✐❝❤✱ ❜❡✐♥❣ �❡❧❛�✐✈❡ �♦ ♣�❡

✉�❡✱ ✐
 ✈❛�②✐♥❣ ✐♥ ❞✐✛❡�❡♥�

♣❧❛❝❡
✳

❙♦♠❡❜♦❞② ❝♦✉❧❞ ♦❜❥❡❝� �❤❛�✱ ❛
 �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡✱ ✐✳❡✳ 
✉❛♥�✐�② K✱ ♦�✱ ✇❤❛� ✐
 �❤❡ 
❛♠❡✱


✉❛♥�✐�② T ✱ ❤❛
 �♦ ❜❡ ❛ 
②♠♠❡��✐❝ ❢✉♥❝�✐♦♥ �❡❧❛�✐✈❡❧② �♦ �❤❡ ❝♦♦�❞✐♥❛�❡
 ♦❢ �❤❡ �✇♦ ♣♦✐♥�
 ✭
❡❝�✳

✼✷ ♣✳♠✳✮✱ ✐� ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♠♦�❡ ❝♦��❡❝� �♦ ❛❞♦♣� ❢♦� ✢✉✐❞
 ✐♥
�❡❛❞ ♦❢ ✭✷✻✮ ❬❢♦� �❤❡ ❞❡♣❡♥❞❡♥❝❡

♦♥ �❤❡ ✈❛�✐❛❜❧❡
 ξ, η, ζ❪ �❤❡ ❬♦�❤❡�❪ ❢♦�♠

ψ
(

x, y, z,
√

ξ2 + η2 + ζ2
)

+ ψ
(

x+ ξ, y + η, z + ζ,
√

ξ2 + η2 + ζ2
)

.

❲✐�❤♦✉� ❞❡♥②✐♥❣ �❤❡ ❝♦��❡❝�♥❡

 ♦❢ �❤✐
 ♦❜
❡�✈❛�✐♦♥ ■ ✇✐❧❧ 
❛② �❤❛� ✐♥ �❤❡ ♣�❡
❡♥� ❝❛
❡ ✐�


❛♣♣❧✐❝❛�✐♦♥ ❞♦❡
 ♥♦� ❝❤❛♥❣❡ �❤❡ ✜♥❛❧ �❡
✉❧�✳ ■♥❞❡❡❞✱ 
�❛��✐♥❣ ❢�♦♠ �❤✐
 ❧❛
� ❢♦�♠ ❛♥❞ ❡①♣❛♥❞✐♥❣

�❤❡ 
❡❝♦♥❞ ψ ✐♥ ❚❛②❧♦� 
❡�✐❡
 ✇✐�❤ �❡
♣❡❝� �♦ ✈❛�✐❛❜❧❡
 ξ, η, ζ✱ ✇❤✐❝❤ ♠✉
� ❜❡ ❛❞❞❡❞ �♦ ✈❛�✐❛❜❧❡


x, y, z✱ ✇❡ ✇✐❧❧ ❣❡� ❢�♦♠ �❤❡ ❝♦♠♣❧❡�❡ ❡①♣�❡

✐♦♥ ✐♥✈♦❧✈✐♥❣ �❤❡ �✇♦ ψ✱ ✜�
� ❛ �❡�♠ ❤❛✈✐♥❣ �❤❡

❢♦�♠ ✭✷✻✮✱ ❛♥❞ �❤❡♥ ❛ 
❡�✐❡
 ♦❢ �❡�♠
 ❡❛❝❤ ♦❢ ✇❤✐❝❤✱ ❜② ✐♥❝❧✉❞✐♥❣ ❛
 ❛ ❢❛❝�♦� ♦♥❡ ♦❢ ✈❛�✐❛❜❧❡


ξ, η, ζ ♦� ❛❧
♦ ♦♥❡ ♦❢ �❤❡✐� ♣♦✇❡�
 ♦� ♣�♦❞✉❝�
✱ ✇♦✉❧❞ ✐♥��♦❞✉❝❡ ✐♥�❡❣�❛❧
 ♦❢ �❤❡ 
❛♠❡ ♥❛�✉�❡ ❛


�❤♦
❡ ✇❤✐❝❤✱ ✐♥ �❤❡ 
❡❝�✳ ✸✻✱ ✇❡ 
❛✐❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝�❡❞✳

■❢ �❤❡ ❝♦♥
✐❞❡�❡❞ ✢✉✐❞ ❜♦❞② ✇❡�❡ ♥♦� 
✉❜❥❡❝�❡❞ �♦ ❡①�❡�♥❛❧❧② ❛♣♣❧✐❡❞ ❢♦�❝❡
✱ ♥♦� ❡✈❡♥ ❣�❛✈✐�②✱

❜✉� ✐♥
�❡❛❞ �♦ ✐♥�❡�♥❛❧ ❡❧❛
�✐❝ ❢♦�❝❡
✱ ✐� ✐
 ❝❧❡❛� ❢�♦♠ �❤❡ ❛❞❞✉❝❡❞ ❛�❣✉♠❡♥�
 �❤❛� 
✉❛♥�✐�② T


❤♦✉❧❞ ♥♦� ❝♦♥�❛✐♥ ✈❛�✐❛❜❧❡
 x, y, z ❡①♣❧✐❝✐�❧②✱ �♦❣❡�❤❡� ✇✐�❤ �❤❡ �❛❞✐❝❛❧✿ �❤❡�❡❢♦�❡ �❤❡ ✐♥�❡❣�❛❧


S.T ξ
2

, S.Tη
2

, S.T ζ
2

✇♦✉❧❞ �❡❞✉❝❡ �♦ ♦♥❡ ❛♥❞ �❤❡ 
❛♠❡ ❝♦♥
�❛♥�✱ ❛♥❞ �❤❡ ✐♥�❡�♥❛❧ ❢♦�❝❡✱ ❛


❡①♣�❡

❡❞ ❜② Λ ✱ ♦� Ξ✱ ♦� Π ✭❡
✉❛�✐♦♥
 ✭✷✼✮✮ ✇♦✉❧❞ ❜❡ ✭❡
✉❛�✐♦♥
 ✭✷✺✮✮ ♣�♦♣♦��✐♦♥❛❧ �♦ �❤❡



✉❛�❡ ♦❢ �❤❡ ❞❡♥
✐�②✳ ❚❤✐
 ✐
 ❛ �❤❡♦�❡♠ ✇❤✐❝❤✱ ♦♥ �❤❡ ❜❛
✐
 ♦❢ 
♦♠❡ ❝❛❧❝✉❧❛�✐♦♥
 ❜② ▲❛♣❧❛❝❡✱

✇❛
 ✉
❡❞ ❜② ▼�✳ ▼♦

♦��✐ �♦ ❣❡� �❤❡ ❡①♣�❡

✐♦♥ ♦❢ �❤❡ ❡❧❛
�✐❝✐�② ♦❢ ❡�❤❡� ✭
❡❡ ❤✐
 ▼❡♠♦✐� ✿ ❙✉�

❧❡ ❢♦�❝❡	 
✉✐ ��❣❣✐		❡♥�✱ ❡�❝✳✱ ❚✉�✐♥✱ ✶✽✸✻✮✳

■ ✇✐❧❧ ❡①♣❧✐❝✐�❧② ✇❛�♥ �❤❛� ♦♥❡ 
❤♦✉❧❞ ♥♦� ❡
✉✐✈♦❝❛�❡ ❢♦� �❤♦
❡ ❝❛
❡
 ✇❤❡�❡ ♦♥❡ 
❤♦✉❧❞ �❛❦❡

✐♥�♦ ❛❝❝♦✉♥� �❤❡ ❛���❛❝�✐♦♥ ✇❤✐❝❤ ♠♦❧❡❝✉❧❡
 ❡①❡�� ♦♥❡ ♦♥ �❤❡ ♦�❤❡�
 ❛� ❛ ✜♥✐�❡ ❞✐
�❛♥❝❡✱ ❛


✐� ❤❛♣♣❡♥
 ✇❤❡♥ ✇❡ ❛�❡ ❞❡❛❧✐♥❣ ✇✐�❤ ❛♥ ❡❧❡❝��✐❝ ✢✉✐❞ ♦� ✇❤❡♥ ♦♥❡ ❝❛❧❝✉❧❛�❡
 �❤❡ ◆❡✇�♦♥✐❛♥

❛���❛❝�✐♦♥✳ ❙��✐❝�❧② 
♣❡❛❦✐♥❣ �❤❡
❡ ❢♦�❝❡
 ❝❛♥ ✐♥❞❡❡❞ ❜❡ �❡❣❛�❞❡❞ ❛
 ❜❡✐♥❣ ✐♥�❡�♥❛❧✱ ❛
 �❤❡②

�❡♣�❡
❡♥� ✐♥�❡�❛❝�✐♦♥
 ❜❡�✇❡❡♥ ♠♦❧❡❝✉❧❡
✱ ❛♥❞✱ ❛❧
♦ ❢♦� �❤❡♠✱ ❛❧❧ �❤❡ ❛♥❛❧②
✐
 ♣�❡
❡♥�❡❞ ✐♥ �❤❡

❈❛♣♦ ❱■■ ♣✳♠✳ ❤♦❧❞
 ❡①❛❝�❧②✿ ♦♥ �❤❡ ♦�❤❡� ❤❛♥❞✱ ❛
 �❤❡ ♣❤②
✐❝❛❧ ♣�✐♥❝✐♣❧❡ ♦❢ ♠♦❧❡❝✉❧❛� ❛❝�✐♦♥


♣�❡
❡♥�❡❞ ❛� �❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ �❤✐
 ❈❛♣♦ ✐
 ♥♦ ❧♦♥❣❡� ❛♣♣❧✐❝❛❜❧❡✱ ✐� ❝♦✉❧❞ ♥♦� ❜❡ ❛❧❧♦✇❡❞ ❛♥②♠♦�❡

�♦ ♥❡❣❧❡❝� �❤❡



✲ ✾✻✲

�❡�♠✐♥✐ ❞♦♣♦ ✐ ♣�✐♠✐ 
❡✐ ♥❡❧❧❛ 
❡�✐❡ ✭✶✼✮ ✱ ♥✳ ✼✸ ♠✳♣✳✱ ❡ �✉✐♥❞✐ ♥♦♥ ♣✐� 
✐ 
♦
�❡��❡❜❜❡ ❧✬❛♥❛❧✐
✐

❝❤❡ ❝✐ ❝♦♥❞✉

❡ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✷✮✱ ✭✷✺✮✳ ▼❛♥❝❛�❛ ♣❡� �❛❧ ♠♦❞♦ ❧❛ ♣♦

✐❜✐❧✐�" ❞✐ ❝❛❧❝♦❧❛�♥❡

❧✬❡✛❡��♦ ♣❡� �✉❡
�❛ ✈✐❛✱ 
✐ ✉
❛ ✐♥��♦❞✉��❡ ❧✬❡
♣�❡

✐♦♥❡ ❞✐ �❛❧✐ ❢♦�③❡ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ❣❡♥❡�❛❧✐✱

❝♦♠❡ 
❡ ❢♦

❡�♦ ❢♦�③❡ ❡
�❡�♥❡✱ ❛❣❣✐✉♥❣❡♥❞♦❧❡ ❛❧❧❡ X,Y, Z ✿ ❞❡❧ ❝❤❡ ♦❝❝♦��❡�" ✐♥ ❛♣♣�❡

♦ �❡❝❛�

�✉❛❧❝❤❡ ❡
❡♠♣✐♦✳ ❊ ❝✐) * ♣♦

✐❜✐❧❡✱ ♣❡�❝❤* ❧❛ ❢✉♥③✐♦♥❡ K ✱ ♦✈✈❡�♦ T ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡ ✭❧❛ �✉❛❧❡

* ✐♥❝♦❣♥✐�❛ ❡ 
♦❧♦ ❞❡�❡�♠✐♥❛❜✐❧❡ ❛ ♣♦��❡�✐♦�✐ ✐♥ ✈✐��� ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ 
�❡

❡✱ �✉❛♥❞♦ 
✐ ��❛��❛

❞✐ ❢♦�③❡ ♠♦❧❡❝♦❧❛�✐ ♦ ❞✐ ♣�❡

✐♦♥✐✮ * ✐♥✈❡❝❡ ❞✐ ❢♦�♠❛ ♥♦�❛✱ 
❛♣❡♥❞♦
✐ ♥❡✐ ❝❛
✐ 
♦♣�❛ �✐❝♦�❞❛�✐

❝❤❡ ❧❛ ❢♦�③❛ * ✐♥✈❡�
❛♠❡♥�❡ ♣�♦♣♦�③✐♦♥❛❧❡ ❛❧ �✉❛❞�❛�♦ ❞❡❧❧❛ ❞✐
�❛♥③❛✳ ❆♥❝❤❡ ✐♥ �❛❧✐ ❝❛
✐ ♣❡�)

❧❛ ♣�❡

✐♦♥❡ ❢�❛ ❧❡ ♠♦❧❡❝♦❧❡ ❝♦♥�✐❣✉❡ ♥♦♥ ❝❡

❛ ❞✐ ❛✈❡� ❧✉♦❣♦ ❡ ❞✬❡

❡�❡ ❝❛❧❝♦❧❛❜✐❧❡ ❛❧❧❛ ♠❛♥✐❡�❛

✐♥❞✐❝❛�❛ ♥❡✐ ♥✉♠❡�✐ ♣�❡❝❡❞❡♥�✐ ✿ ♠❛ ❧❛ ❢♦�③❛ ✐♥�❡�♥❛ ❛��✐✈❛ ♥♦♥ ❢❛ ♣✐� ♣❛��❡ ❞✐ ❡
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 �❤❡② ❛�❡ ❝♦♥✜�♠❡❞ ❜② ❞❡♠♦♥
��❛�✐♦♥
 ❜❛
❡❞ ♦♥

♦�❤❡� ♠❡�❤♦❞
✳

❚❤❡ ✈❛❧✉❡ ♦❢ ❞❡♥
✐�② ✐♥ 
✉♣❡�✜❝✐❛❧ 
②
�❡♠
 ✐
 ❣✐✈❡♥ ❜②

✭✸✵✮ Γ =
1√

αϑ− ǫ
2
;

❛
 ❞✐
❝✉

❡❞ ✐♥ 
❡❝�
✳ ✶✷ ❛♥❞ ✻✼ ♣✳♠✳ ❛♥❞ ❜② ✉
✐♥❣ �❤❡ ❞❡✜♥✐�✐♦♥
 ✭✷✸✮ 
❡❝�✳ ✶✻✱ ❛♥❞ ❤♦✇ ✇❡

❛❧�❡❛❞② �❡♣❡❛�❡❞ ❛❧
♦ ❛� �❤❡ ❡♥❞ ♦❢ 
❡❝�✳ ✸✷✳ ❙✐♥❝❡✱ ❜② ❢♦❧❧♦✇✐♥❣ �❤❡ ▲❛❣�❛♥❣✐❛♥ ♠❡�❤♦❞ ✇❤✐❝❤

✇❡ ❛❞♦♣� ❤❡�❡✱ ✇❡ ❤❛✈❡ ♦♥❧② �❤❡ ❝♦♥❞✐�✐♦♥ 
�❛�✐♥❣ �❤❛� Γ ✐
 ❝♦♥
�❛♥�✱ �❤❡ ♦♥❧② ❡�✉❛�✐♦♥ �♦ ❜❡

❝♦♥
✐❞❡�❡❞ ✇✐❧❧ ❜❡

αϑ− ǫ
2

= ❝♦♥
�✳

❛♥❞✱ ❛
 ✐� ✐
 ♣�❡
❝�✐❜❡❞ ❜② �❤❡ ♠❡�❤♦❞✱ ✐♥ �❤❡ ♠♦
� ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✸✵✮ 
❡❝�✳ ✾ ✇❡ ✇✐❧❧ ♥❡❡❞

�♦ ✇�✐�❡ ✉♥❞❡� �❤❡ 
❡❝♦♥❞ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ 
✐❣♥ ♦♥❧② �❤❡ �❡�♠ Λδ
(

αϑ− ǫ
2
)



✲ ✾✼✲

♦��✐❛ ✐❧ 	
✐♥♦♠✐♦

✭✸✶✮ Λϑδα+ Λαδϑ− 2Λǫδǫ.

❆✈❡♥❞♦ ♣❡
	❛♥	♦ �♦		✬♦❝❝❤✐♦ ✐ ✈❛❧♦
✐ ❞✐ α, ϑ, ǫ 	❡�	� 
✐❝❤✐❛♠❛	✐✱ ✐❧ ♣❛
❛❣♦♥❡ ❞❡❧ 	
✐♥♦♠✐♦ ♣
❡❝❡✲

❞❡♥	❡ ❝♦❧ �❡�	✐♥♦♠✐♦ �♦		♦ ✐❧ �❡❝♦♥❞♦ �❡❣♥♦ ✐♥	❡❣
❛❧❡ ❞❡❧❧✬❡�✉❛③✐♦♥❡ ✭✸✵✮ ♥✳ ✾ ❝✐ ❞❛
!

λ = 2Λϑ; μ = 2Λα; ν = −2Λǫ

ρ = θ = τ = 0.

◗✉✐♥❞✐ ❞❛❧❧❡ ✭✸✷✮ ❞✐ �✉❡❧ ♥✳ ✾

L
1
= 2Λ

(

ϑ
dx

da
− ǫ

dx

db

)

; M
1
= 2Λ

(

α
dx

db
− ǫ

dx

da

)

L
2
= 2Λ

(

ϑ
dy

da
− ǫ

dy

db

)

; M
2
= 2Λ

(

α
dy

db
− ǫ

dy

da

)

✭✸✷✮

L
3
= 2Λ

(

ϑ
dz

da
− ǫ

dz

db

)

; M
3
= 2Λ

(

α
dz

db
− ǫ

dz

da

)

.

❉❛ �✉❛♥	♦ �♣♦♥❡♠♠♦ ❛❧ ♥✳ ✶✵ ❛❜❜✐❛♠♦

✭✸✸✮
1

ω
=

dx

da

dy

db
− dy

da

dx

db

❝♦❧❧✬❛✈✈❡
	❡♥③❛ ❝❤❡ ❧! ❣❧✐ ❛♣✐❝✐ ✐♥❞✐❝❛✈❛♥♦ ❧❡ ❞❡
✐✈❛	❡ �✉✐ �❝
✐		❡ ❛❧ ♠♦❞♦ ♦
❞✐♥❛
✐♦✳ ❊ ❧❡ ✭✹✸✮ ❞✐

�✉❡❧ ♥✉♠❡
♦ ❝✐ ❞❛♥♥♦

A = 2Λω

{

ϑ

(

dx

da

)2

+ α

(

dx

db

)2

− 2ǫ
dx

da

dx

db

}

B = 2Λω

{

ϑ

(

dy

da

)2

+ α

(

dy

db

)2

− 2ǫ
dy

da

dy

db

}

✭✸✹✮

C = 2Λω

{

ϑ
dx

da

dy

da
+ α

dx

db

dy

db
− ǫ

(

dx

da

dy

db
+

dy

da

dx

db

)}

.

(
❡�❡♥	❡♠❡♥	❡ �✐ ♦��❡
✈✐ ❝❤❡ ❛ ♠♦	✐✈♦ ❞❡❧❧❡ ♥♦	❡ ❡�✉❛③✐♦♥✐ ✐❞❡♥	✐❝❤❡

dz

da
= z′

dx

da
+ z′

dy

da
;

dz

db
= z′

dx

db
+ z′

dy

db

❞♦✈❡ z′, z′ �♦♥♦ ❧❡ ❞❡
✐✈❛	❡ ❞❡❧❧❛ z ♣❡
 x ❡ ♣❡
 y❀ ✐ ✈❛❧♦
✐ ❞✐ α, ϑ, ǫ ✭❡�✉❛③✐♦♥✐ ✭✷✸✮ ♥✳ ✶✻✮

❞✐✈❡♥	❛♥♦

α =
(

1 + z′2
)

(

dx

da

)2

+
(

1 + z2
′

)

(

dy

da

)2

+ 2z′z′

dx

da

dy

da

ϑ =
(

1 + z′2
)

(

dx

db

)2

+
(

1 + z2
′

)

(

dy

db

)2

+ 2z′z′

dx

db

dy

db
✭✸✺✮

ǫ =
(

1 + z′2
) dx

da

dx

db
+

(

1 + z2
′

) dy

da

dy

db
+ z′z′

(

dx

da

dy

db
+

dy

da

dx

db

)

;

✲ ✾✼✲❊◆●

	❤❛	 ✐� 	❤❡ 	
✐♥♦♠✐❛❧

✭✸✶✮ Λϑδα+ Λαδϑ− 2Λǫδǫ.

❖♥❝❡ ✇❡ ✉�❡ 	❤❡ 
❡❝❛❧❧❡❞ ✈❛❧✉❡� ♦❢ α, ϑ, ǫ✱ 	❤❡ ❝♦♠♣❛
✐�♦♥ ♦❢ 	❤❡ ♣
❡✈✐♦✉� 	
✐♥♦♠✐❛❧ ✇✐	❤ 	❤❡

�❡①	✐♥♦♠✐❛❧ ✉♥❞❡
 	❤❡ �❡❝♦♥❞ ✐♥	❡❣
❛❧ �✐❣♥ ✐♥ ❡�✉❛	✐♦♥ ✭✸✵✮ �❡❝	✳ ✾ ✇✐❧❧ ❣✐✈❡ ✉�

λ = 2Λϑ; μ = 2Λα; ν = −2Λǫ

ρ = θ = τ = 0.

❚❤❡
❡❢♦
❡ ❢
♦♠ 	❤❡ ✭✸✷✮ ✐♥ 	❤❡ �❡❝	✳ ✾

L
1
= 2Λ

(

ϑ
dx

da
− ǫ

dx

db

)

; M
1
= 2Λ

(

α
dx

db
− ǫ

dx

da

)

L
2
= 2Λ

(

ϑ
dy

da
− ǫ

dy

db

)

; M
2
= 2Λ

(

α
dy

db
− ǫ

dy

da

)

✭✸✷✮

L
3
= 2Λ

(

ϑ
dz

da
− ǫ

dz

db

)

; M
3
= 2Λ

(

α
dz

db
− ǫ

dz

da

)

.

❲❤❛	 ✇❡ ♣
❡�❡♥	❡❞ ✐♥ 	❤❡ �❡❝	✳ ✶✵ ✐♠♣❧✐❡� 	❤❛	

✭✸✸✮
1

ω
=

dx

da

dy

db
− dy

da

dx

db

✇✐	❤ 	❤❡ ✇❛
♥✐♥❣ 	❤❛	 ✐♥ ❧♦❝✳ ❝✐�✳ 	❤❡ ♣
✐♠❡� ❞❡♥♦	❡❞ 	❤❡ ❞❡
✐✈❛	✐✈❡� ✇❤✐❝❤ ❛
❡ ✇
✐		❡♥ ❤❡
❡ ✐♥

	❤❡ ♦
❞✐♥❛
② ✇❛②✳ ▼♦
❡♦✈❡
 	❤❡ ✭✹✸✮ ♦❢ 	❤❛	 �❡❝	✐♦♥ ❣✐✈❡ ✉�

A = 2Λω

{

ϑ

(

dx

da

)2

+ α

(

dx

db

)2

− 2ǫ
dx

da

dx

db

}

B = 2Λω

{

ϑ

(

dy

da

)2

+ α

(

dy

db

)2

− 2ǫ
dy

da

dy

db

}

✭✸✹✮

C = 2Λω

{

ϑ
dx

da

dy

da
+ α

dx

db

dy

db
− ǫ

(

dx

da

dy

db
+

dy

da

dx

db

)}

.

❆	 ♣
❡�❡♥	 ❧❡	 ✉� ♦❜�❡
✈❡ 	❤❛	✱ ❜❡❝❛✉�❡ ♦❢ 	❤❡ ✇❡❧❧✲❦♥♦✇♥ ✐❞❡♥	✐	✐❡�✱

dz

da
= z′

dx

da
+ z′

dy

da
;

dz

db
= z′

dx

db
+ z′

dy

db

✇❤❡
❡ z′, z′ 
❡♣
❡�❡♥	 	❤❡ ❞❡
✐✈❛	✐✈❡� ♦❢ ❢✉♥❝	✐♦♥ z ✇✐	❤ 
❡�♣❡❝	 	♦ ✈❛
✐❛❜❧❡� x ❛♥❞ y 
❡�♣❡❝	✐✈❡❧②❀

	❤❡ ✈❛❧✉❡� ❢♦
 α, ϑ, ǫ ✭❡�✉❛	✐♦♥� ✭✷✸✮ �❡❝	✳ ✶✻✮ ❜❡❝♦♠❡

α =
(

1 + z′2
)

(

dx

da

)2

+
(

1 + z2
′

)

(

dy

da

)2

+ 2z′z′

dx

da

dy

da

ϑ =
(

1 + z′2
)

(

dx

db

)2

+
(

1 + z2
′

)

(

dy

db

)2

+ 2z′z′

dx

db

dy

db
✭✸✺✮

ǫ =
(

1 + z′2
) dx

da

dx

db
+

(

1 + z2
′

) dy

da

dy

db
+ z′z′

(

dx

da

dy

db
+

dy

da

dx

db

)

;
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✐♥ ❝♦♥�❡❣✉❡♥③❛ ❞❡✐ �✉❛❧✐ ❡ ❞❡❧ �✉❛❞�❛�♦ ❞❡❧❧❛ ✭✸✸✮✱ ❧❡ ✭✸✹✮ ❝✐ �♦♠♠✐♥✐���❛♥♦ ❞♦♣♦ ❢❛❝✐❧✐ �✐❞✉③✐♦♥✐

✭✸✻✮ A =
2Λ

ω

(

1 + z
2

′

)

; B =
2Λ

ω

(

1 + z′
2
)

; C = −2Λ

ω
z′z′ .

�♦♥✐❛♠♦

Π =
2Λ

ω

♦��✐❛ ♣❡� ❧❛ ✭✹✵✮ ❞❡❧ ♥✳ ✶✵

✭✸✼✮ Π =
2Λ

ΓR
,

❡��❡♥❞♦ R ✐❧ �❛❞✐❝❛❧❡ ❞❡❧❧♦ �♣✐❛♥❛♠❡♥�♦ ❞❡❧❧❡ �✉♣❡�✜❝✐❡✱ ❝♦♠❡ ❢✉ ❡�♣♦��♦ ❛❧ ♥✉♠❡�♦ ❝✐�❛�♦✳ ❙✐

✈❡❞❡ �✉❜✐�♦✱ ❛✈❡♥❞♦ �♦��✬♦❝❝❤✐♦ ✐ ✈❛❧♦�✐ ✭✸✻✮✱ ❝❤❡ ❧❡ ✭✹✹✮ ♥✳ ✾ �✐ �✐❞✉❝♦♥♦

ΓR

(

X − d
2

x

dt
2

)

=
d.Π(1 + z

2

′
)

dx
− d.Πz′z′

dy

ΓR

(

Y − d
2

y

dt
2

)

=
d.Π(1 + z′

2

)

dy
− d.Πz′z′

dx
✭✸✽✮

ΓR

(

Z − d
2

z

dt
2

)

=
d.Πz′

dx
+

d.Πz′

dy
;

❢♦�♠♦❧❡ ♥♦�❛❜✐❧✐ ❝❤❡ ❝✐ ✈❡��❛♥♥♦ ✉�✐❧✐ ✐♥ �✉❛❧❝❤❡ ❛♣♣❧✐❝❛③✐♦♥❡✳ ❙✐ ♣✉' ♦��❡�✈❛�❡ ❝❤❡ ❛♣♣❛��❡♥❡♥❞♦

❡��❡ ❛✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐✱ �♦♥♦ ✐♥ ❝❡��♦ ♠♦❞♦ ♣✐( ❝♦♠♣❧✐❝❛�❡ ❞❡❧❧❡ ✭✶✶✮ ♥✳ ✻✷ ♠✳♣✳ ♣❡✐ �✐��❡♠✐

✢✉✐❞✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✱ ❣✐❛❝❝❤+ �✐ ✈❡❣❣♦♥♦ ✐♥ ♦❣♥✉♥❛ ❜✐♥♦♠✐❛❧✐ ✐ �❡❝♦♥❞✐ ♠❡♠❜�✐ ❝♦❧❧❡ ❞❡�✐✈❛�❡

♣❛�③✐❛❧✐✱ ❞❡❧❧❡ �✉❛❧✐ ♥♦♥ ❡♥��❛ ❝❤❡ ✉♥❛ ♣❡� ✈♦❧�❛ ♥❡❧❧❡ ❡�✉❛③✐♦♥✐ ♣✐( ❣❡♥❡�❛❧✐ ♠❡��❡ ❛ ❝♦♥❢�♦♥�♦✳

✹✶✳❖�❛ ✈❡♥✐❛♠♦ ❛ �✐❛��✉♠❡�❡ ❧❛ ��❛��❛③✐♦♥❡ ❞❡✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ❛♣♣❧✐❝❛♥❞♦ ✐❧ ♣�✐♥❝✐♣✐♦

✜�✐❝♦ ❞✐ �✉❡��♦ ❈❛♣♦ ✿ ❡ ♣�✐♠❛ ♥♦�❡�❡♠♦ ❧❡ ♠♦❞✐✜❝❛③✐♦♥✐ ❝❤✬❡��♦ ✐♥��♦❞✉❝❡ ♥❡❣❧✐ ✐♥�❡❣�❛❧✐

❞❡✜♥✐�✐ ❞✉♣❧✐❝❛�✐ ❝♦♠♣♦♥❡♥�✐ ❧❛ �❡�✐❡ ❝❤❡ ❢♦�♠❛ ✐❧ �❡❝♦♥❞♦ ♠❡♠❜�♦ ❞❡❧❧❛ ❡�✉❛③✐♦♥❡ ✭✷✺✮ ♥✳ ✶✻ ❀

❝✐' ✐♥ ❝♦��✐�♣♦♥❞❡♥③❛ ❛ �✉❛♥�♦ �✐ + ❣✐1 ❞❡��♦ ♣❡✐ �✐��❡♠✐ ❛ ��❡ ❞✐♠❡♥�✐♦♥✐✳

❙❡ ♣♦♥✐❛♠♦ ♠❡♥�❡ ❛❧❧❛ ♣�❡❝❡♥�❡ ❡�✉❛③✐♦♥❡ ✭✷✷✮ ❞❡❧❧♦ ��❡��♦ ♥✉♠❡�♦ ✭✶✻✮ ❝✐ ❛❝❝♦�❣❡�❡♠♦

�✉❜✐�♦ ❝❤❡ ♥♦♥ ❛❜❜✐❛♠♦ �✉✐ ❛ ❝♦♥�✐❞❡�❛�❡ �❡ ♥♦♥ ✐ ��❡ ✐♥�❡❣�❛❧✐ ❞❡✜♥✐�✐ ❝❤❡ �♦♥♦ ❝♦❡✣❝✐❡♥�✐ ❞✐

δα, δϑ, δǫ ✿ ❝✐♦+✱ �♦��✐�✉✐�❛ ❧❛ ❧❡��❡�❛ T ❛❧❧❛ Λ ✱

✭✸✾✮

∫

df

∫

dg · Tf 2;

∫

df

∫

dg · Tg2; 2

∫

df

∫

dg · Tfg;

✐ ❝♦❡✣❝✐❡♥�✐ ❞❡✐ �❡�♠✐♥✐ �❡❣✉❡♥�✐ �❛�❡❜❜❡�♦ ❣❧✬✐♥�❡❣�❛❧✐

1

4

∫

df

∫

dg · Tf 4;
1

4

∫

df

∫

dg · Tg4;
∫

df

∫

dg · Tf 2g2;✭✹✵✮

∫

df

∫

dg · Tf 3; 2

∫

df

∫

dg · Tf 2g; ❡❝✳

✲ ✾✽✲❊◆●

❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ �❤❡ ❝❛❧❝✉❧❛�❡❞ ✈❛❧✉❡� ❛♥❞ ♦❢ �❤❡ ��✉❛�❡ ♦❢ ❡�✉❛�✐♦♥ ✭✸✸✮✱ ❡�✉❛�✐♦♥� ✭✸✹✮

✇✐❧❧ ❣✐✈❡ ✉�✱ ❛❢�❡� ❡❛�② �✐♠♣❧✐✜❝❛�✐♦♥�

✭✸✻✮ A =
2Λ

ω

(

1 + z
2

′

)

; B =
2Λ

ω

(

1 + z′
2
)

; C = −2Λ

ω
z′z′ .

▲❡� ✉� ❞❡♥♦�❡

Π =
2Λ

ω

✇❤✐❝❤✱ ❜❡❝❛✉�❡ ♦❢ ❡�✉❛�✐♦♥ ✭✹✵✮ ♦❢ �❡❝�✳ ✶✵✱ ❜❡❝♦♠❡�

✭✸✼✮ Π =
2Λ

ΓR
,

❜❡✐♥❣ R �❤❡ �❡❝�✐❢②✐♥❣ �❛❞✐❝❛❧ ♦❢ �❤❡ �✉�❢❛❝❡✱ ❛� ✐� ✇❛� ❡①♣♦✉♥❞❡❞ ✐♥ �❤❡ ❝✐�❡❞ �❡❝�✐♦♥✳ ❖♥❡ ❝❛♥

✐♠♠❡❞✐❛�❡❧② �❡❡✱ ✇❤❡♥ ❝♦♥�✐❞❡�✐♥❣ �❤❡ ✈❛❧✉❡� ✭✸✻✮✱ �❤❛� �❤❡ ✭✹✹✮ �❡❝�✳ ✾ �❡❞✉❝❡ �♦

ΓR

(

X − d
2

x

dt
2

)

=
d.Π(1 + z

2

′
)

dx
− d.Πz′z′

dy

ΓR

(

Y − d
2

y

dt
2

)

=
d.Π(1 + z′

2

)

dy
− d.Πz′z′

dx
✭✸✽✮

ΓR

(

Z − d
2

z

dt
2

)

=
d.Πz′

dx
+

d.Πz′

dy
;

✇❤✐❝❤ ❛�❡ �❡♠❛�❦❛❜❧❡ ❢♦�♠✉❧❛� �♦ ❜❡ ✉�❡❢✉❧❧② ❡♠♣❧♦②❡❞ ✐♥ �♦♠❡ ❛♣♣❧✐❝❛�✐♦♥✳ ❖♥❡ ❝❛♥ ♦❜�❡�✈❡

�❤❛�✱ ❛� �❤❡② ❛�❡ �❡❧❛�✐✈❡ �♦ �✉♣❡�✜❝✐❛❧ �②��❡♠�✱ �❤❡② ❛�❡ �♦♠❡❤♦✇ ♠♦�❡ ❝♦♠♣❧✐❝❛�❡❞ �❤❛♥ �❤❡

✭✶✶✮ �❡❝�✳ ✻✷ ♣✳♠✳ ✇❤✐❝❤ ❛�❡ ✈❛❧✐❞ ❢♦� �❤❡ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ ✢✉✐❞ �②��❡♠�✱ ❜❡❝❛✉�❡ ✐♥ �❤❡♠

♣❛��✐❛❧ ❞❡�✐✈❛�✐✈❡� ♦♥ �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡� ❛♣♣❡❛� �♦ ❤❛✈❡ ❛ ❜✐♥♦♠✐❛❧ ❢♦�♠✱ ✇❤✐❧❡ �❤❡�❡ ♣❛��✐❛❧

❞❡�✐✈❛�✐✈❡� ❛♣♣❡❛� ♦♥❡ ❜② ♦♥❡ ✐♥ �❤❡ ❝♦♠♣❛�❡❞ ♠♦�❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥�✳

✹✶✳ ❲❡ �✉♠♠❛�✐③❡ ♥♦✇ �❤❡ ��✉❞② ♦❢ �❤❡ �✉♣❡�✜❝✐❛❧ �②��❡♠� ❜② ❛♣♣❧②✐♥❣ �❤❡ ♣❤②�✐❝❛❧ ♣�✐♥✲

❝✐♣❧❡ ♦❢ �❤✐� ❈❛♣♦✿ ❛♥❞ ✇❡ ✇✐❧❧ �❡♠❛�❦ ✜��� �❤❡ ♠♦❞✐✜❝❛�✐♦♥� ✇❤✐❝❤ ✐� ✐♥��♦❞✉❝❡� ✐♥ �❤❡ ❞♦✉❜❧❡

❞❡✜♥✐�❡ ✐♥�❡❣�❛❧� ❝♦♥��✐�✉�✐♥❣ �❤❡ �❡�✐❡� ✇❤✐❝❤ ❢♦�♠� �❤❡ �✐❣❤�✲❤❛♥❞ �✐❞❡ ♦❢ ❡�✉❛�✐♦♥ ✭✷✺✮ �❡❝�✳

✶✻❀ �❤✐� ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ ❛ ❝♦♠♣❧❡�❡ ♣❛�❛❧❧❡❧ �♦ ✇❤❛� ❤❛� ❜❡❡♥ �❛✐❞ ❢♦� �❤❡ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧

�②��❡♠�✳

■❢ ✇❡ ❤❛✈❡ ✐♥ ♠✐♥❞ �❤❡ ♣�❡✈✐♦✉� ❡�✉❛�✐♦♥ ✭✷✷✮ ♦❢ �❤❡ �❛♠❡ �❡❝�✳ ✭✶✻✮ ✇❡ ✇✐❧❧ ✐♠♠❡❞✐❛�❡❧②

❞✐�❝♦✈❡� �❤❛� ✇❡ ♠✉�� ❝♦♥�✐❞❡� ❤❡�❡ ♦♥❧② �❤❡ �❤�❡❡ ❞❡✜♥✐�❡ ✐♥�❡❣�❛❧� ✇❤✐❝❤ ❛�❡ �❤❡ ❝♦❡✣❝✐❡♥��

♦❢ ✈❛�✐❛�✐♦♥� δα, δϑ, δǫ✿ �❤❛� ✐�✱ ♦♥❝❡ ✇❡ ❤❛✈❡ �✉❜��✐�✉�❡❞ ❧❡��❡� T �♦ �❤❡ ❧❡��❡� Λ✱

✭✸✾✮

∫

df

∫

dg · Tf 2;

∫

df

∫

dg · Tg2; 2

∫

df

∫

dg · Tfg;

�❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡�♠� ✇♦✉❧❞ ❜❡ �❤❡ ✐♥�❡❣�❛❧�

1

4

∫

df

∫

dg · Tf 4;
1

4

∫

df

∫

dg · Tg4;
∫

df

∫

dg · Tf 2g2;✭✹✵✮

∫

df

∫

dg · Tf 3; 2

∫

df

∫

dg · Tf 2g; ❡�❝✳



✲ ✾✾✲

♦✈❡ ❧❡ f, g �♦��♦ ✐ �❡❣♥✐ ❝❛♣✐�❛♥♦ ♣❡� ❧♦ ♠❡♥♦ ❝♦♥ ��❡ ❞✐♠❡♥�✐♦♥✐✱ ❡ �✐ ❧❛�❝✐❛♥♦ ❛♥❞❛�❡ ❣✐✉��❛ ✐❧

❣✐� ❞❡��♦✱ ❝❤❡ ❛ ♠♦♠❡♥�✐ ❝✐ ✈❡��� ✐♥ ❛❝❝♦♥❝✐♦ ❞✐ �✐❝♦�❞❛�❡✳

❆♥❝❤❡ �✉✐✱ ❝♦♠❡ ♥❡❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✸✮✱ ❧❛ T � ❞❛ �✐❣✉❛�❞❛��✐ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ ❝♦♦�❞✐♥❛�❡ ❞✐ ❞✉❡

♣✉♥�✐✱ ❝✐♦� ❞❡❧❧❡ x, y, z ❞✐ ✉♥ ♣�✐♠♦ ♣✉♥�♦✱ ❡ ❞❡❧❧❡

x+
dx

da
f +

dx

db
g +

1

2

d
2

x

da
2
f 2 + ❡❝✳

y +
dy

da
f +

dy

db
g +

1

2

d
2

y

da
2
f 2 + ❡❝✳✭✹✶✮

z +
dz

da
f +

dz

db
g +

1

2

d
2

z

da
2
f 2 + ❡❝✳

❞✐ ✉♥ ❛❧��♦ ♣✉♥�♦✱ ❝♦♥❢♦�♠❡ ❣✐� �✐ ❞✐��❡ ❞✐ �✉❡❧❧❡ �❡❣♥❛�❡ ✭✹✮✳ ❙♦❧❛♠❡♥�❡ ❞❡✈❡�✐ ❛✈✈❡��✐�❡ ❝❤❡

�✉✐ ❡��❡♥❞♦ ✐❧ �✐��❡♠❛ �✉♣❡�✜❝✐❛❧❡✱ ❧❡ x, y, z �✐ ❝♦♥�✐❞❡�❛♥♦ ❢✉♥③✐♦♥✐ ❞✐ ❞✉❡ �♦❧❡ ✈❛�✐❛❜✐❧✐ a, b✱ ❡

❧❛ z ❞♦✈�� ♣♦✐ ❡��❡�❡ �✐❣✉❛�❞❛�❛ �✉❛❧❡ ❢✉♥③✐♦♥❡ ❞✐ x, y �❡❝♦♥❞♦ ❧❛ ♥❛�✉�❛ ❞❡❧❧❛ �✉♣❡�✜❝✐❡✳

❉♦✈❡♥❞♦ �✉✐ ♣✉�❡ ❣❧✐ ✐♥�❡❣�❛❧✐ ❡��❡♥❞❡��✐ ♣❡� ��❛��✐ ❜�❡✈✐��✐♠✐ ❞❡❧❧❡ ✈❛�✐❛❜✐❧✐ f, g✱ ❝✐ �❛��

❢❛❝✐❧❡ ❝❛♣✐�❡✱ ❛❞❛��❛♥❞♦ ❛❧ ❝❛�♦ ❞✐ ❞✉❡ ✈❛�✐❛❜✐❧✐ ✐ �❛❣✐♦♥❛♠❡♥�✐ ❡�♣♦��✐ ♣❡� ��❡ ❛❧ ♥✳ ✸✻✱ ❝❤❡

♣♦��❡♠♦ ♥♦♥ �❡♥❡� ❝♦♥�♦ ❬❝❤❡❪ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ✭✸✾✮✱ ��❛�❝✉�❛♥❞♦ ✐ ✭✹✵✮ ❝♦♠❡ ✐♥�❡♥�✐❜✐❧✐ ❛❧ ❧♦�♦

❝♦♥❢�♦♥�♦ ✿ ❝♦�* ❝❤❡ �✐�❡♥❡♥❞♦✱ ✐♥ �✐�❝♦♥��♦ ❞❡❧❧❛ ♥♦�❛③✐♦♥❡ ✭✻✮✱ ✐❧ �✐♠❜♦❧♦

✭✹✷✮ S. =

∫ ∞

−∞
df

∫ ∞

−∞
dg.

✐ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ δα, δϑ, δǫ ♥❡❧❧❛ �❡�✐❡ ✭✷✺✮ ♥✳ ✶✻ �❛�❛♥♥♦ ❣❧✐ ✐♥�❡❣�❛❧✐ S.Tf
2

❀ S.Tg
2

❀ 2S.Tfg

❀ ❡ �✉❡��✐ �♦❧✐ ❞♦✈�❛♥♥♦ ❛♥❝❤❡ ❞❛��✐ ♣❡� ✈❛❧♦�✐ ❛✐ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ ��❡��❡ ✈❛�✐❛�❡ ♥❡❧❧✬❡�✉❛③✐♦♥❡

✭✹✵✮ ♥✳ ✶✽✳ ❚✉��✐ ❣❧✐ ❛❧��✐ �❡�♠✐♥✐ ❝♦♥❝♦��❡♥�✐ ❛ ❝♦♠♣♦��❡ ✐ ✈❛❧♦�✐ ❞✐ �✉❡✐ ❝♦❡✣❝✐❡♥�✐ λ, μ, ν

�✐ ❧❛�❝✐❛♥♦ ✈✐❛✱ ♣❡�❝❤� ♣�♦✈❡♥✐❡♥�✐ ❞❛ �❡�♠✐♥✐ ❞❡❧❧❛ �❡�✐❡ ✭✷✺✮ ♥✳ ✶✻ ❛✈❡♥�✐ ♣❡� ❢❛��♦�✐ �✉❡❣❧✐

✐♥�❡❣�❛❧✐ ��❛�❝✉�❛❜✐❧✐❀ ❧♦ ��❡��♦ ❞❡✈❡ ❞✐��✐ ❛♥❝❤❡ ❞❡✐ ❝♦❡✣❝✐❡♥�✐ ❞❡❧❧❡ δχ, δς, δω, ❡ ❞❡❧❧❡ �✉❛♥�✐��

Δ,Θ. 2❡� �❛❧ ♠♦❞♦ ✈✐❡♥❡ ✐♥��♦❞♦��♦ ♥❡❧❧❛ ❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧❡ ✭✸✮ ❞❡❧ ♥✳ ✶✷✱ �♦��♦ ✐❧ �❡❣♥♦

✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ✐♥ ❧✉♦❣♦ ❞❡❧❧✬❛❧��♦ ✐♥�❡❣�❛❧❡✱ ✉♥ ��✐♥♦♠✐♦✱ ❝✉✐ ♣❡� �❡♥❞❡�❧♦ ❝♦♥❢�♦♥�❛❜✐❧❡ ❝♦♥

�✉❛♥�♦ �✐ ❧❡❣❣❡ ♥❡❧❧❛ ❢♦�♠♦❧❛ ✭✸✵✮ ♥✳ ✾✱ ❞❛�❡♠♦ ❧❛ ❢♦�♠❛

✭✹✸✮
λ

2
δα+

μ

2
δϑ+ νδǫ

❡��❡♥❞♦

✭✹✹✮ λ = 2S.Tf
2

; μ = 2S.Tg
2

; ν = 2S.Tfg.

◗✉✐ ♦❝❝♦��❡ ✉♥✬✐♠♣♦��❛♥�❡ ♦��❡�✈❛③✐♦♥❡✱ ❧❛ �✉❛❧❡ �❡♥❞❡ �❛❣✐♦♥❡ ❞✐ ❛❧❝✉♥❡ ❝❛✉�❡ ♣❛�♦❧❡ ♠❡��❡

❛❧ ♣�✐♥❝✐♣✐♦ ❞✐ �✉❡��♦ ❈❛♣♦✳ ❱❡❞❡♠♠♦ ❝❤❡ ✐ ♠❡�♦❞✐ ❧❛❣�❛♥❣✐❛♥✐ ❝♦♥ ❞✉❡ ❞✐✈❡��✐ ❡ ❣�❛♥❞✐♦�✐
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✇❤❡�❡ ✈❛�✐❛❜❧❡� f, g ✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ �✐❣♥� ♦❝❝✉� ❛� ❧❡❛�� ❛� �❤❡ �❤✐�❞ ♣♦✇❡�✱ ❛♥❞ ❝❛♥ ❜❡

♥❡❣❧❡❝�❡❞✱ ❢♦❧❧♦✇✐♥❣ �❤❡ ❛❧�❡❛❞② ♣�❡�❡♥�❡❞ �❡❛�♦♥✐♥❣�✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ �♦♦♥ ♥❡❡❞ �♦ �❡❝❛❧❧✳

❆❧�♦ ❤❡�❡✱ ❡①❛❝�❧② ❛� ✐� ♦❝❝✉��❡❞ ✐♥ ❡①♣�❡��✐♦♥ ✭✸✮✱ ❢✉♥❝�✐♦♥ T ♠✉�� ❜❡ ❛��✉♠❡❞ �♦ ❞❡♣❡♥❞

♦♥ �❤❡ ❝♦♦�❞✐♥❛�❡� ♦❢ �✇♦ ♣♦✐♥��✱ �❤❛� ✐� ♦♥ �❤♦�❡ x, y, z ♦❢ ❛ ✜��� ♣♦✐♥� ❛♥❞ ♦♥ �❤❡ ❝♦♦�❞✐♥❛�❡�
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2
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d
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2
f 2 + ❡�❝✳✭✹✶✮
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dz
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1

2

d
2

z
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2
f 2 + ❡�❝✳

♦❢ ❛♥♦�❤❡� ♣♦✐♥�✱ ♣❛�❛❧❧❡❧✐♥❣ ✇❤❛� ✇❛� ❛❧�❡❛❞② �❛✐❞ ❛❜♦✉� �❤♦�❡ ❝♦♦�❞✐♥❛�❡� ✇❤✐❝❤ ✇❡�❡ ❧❛❜❡❧❧❡❞

✭✹✮✳ ■� ❤❛� ♦♥❧② �♦ ❜❡ ✇❛�♥❡❞ ❤❡�❡✱ ❛� �❤❡ �②��❡♠ ✐� �✇♦✲❞✐♠❡♥�✐♦♥❛❧✱ �❤❛� �❤❡ ❞❡♣❡♥❞❡♥�

✈❛�✐❛❜❧❡� x, y, z ♠✉�� ❜❡ �❡❣❛�❞❡❞ ❛� ❜❡✐♥❣ ❢✉♥❝�✐♦♥� ♦❢ �✇♦ ✈❛�✐❛❜❧❡� a, b✱ ♦♥❧② ❛♥❞ ✈❛�✐❛❜❧❡ z

✇✐❧❧ ♥❡❡❞ �♦ ❜❡ �❡❣❛�❞❡❞ ❛� ❛ ❢✉♥❝�✐♦♥ ♦❢ ✈❛�✐❛❜❧❡� x, y ❞❡♣❡♥❞✐♥❣ ♦♥ �❤❡ ♥❛�✉�❡ ♦❢ �❤❡ �✉�❢❛❝❡✳

❙✐♥❝❡ ❤❡�❡ ❛❧�♦ �❤❡ ✐♥�❡❣�❛❧� ♠✉�� ❜❡ ❡①�❡♥❞❡❞ ❢♦� ✈❡�② �❤♦�� ✐♥�❡�✈❛❧� ♦❢ ✈❛�✐❛❜❧❡� f, g✱ ✐� ✇✐❧❧

❜❡ ❡❛�② �♦ ✉♥❞❡���❛♥❞ �❤❛�✱ ❜② ❛❞❛♣�✐♥❣ �♦ �❤❡ ❝❛�❡ ♦❢ �✇♦ ✈❛�✐❛❜❧❡� �❤❡ �❡❛�♦♥✐♥❣� ♣�❡�❡♥�❡❞

❢♦� �❤❡ ❝❛�❡ ♦❢ �❤�❡❡ ✈❛�✐❛❜❧❡� ✐♥ �❤❡ �❡❝�✳ ✸✻✱ ✇❡ ✇✐❧❧ ❜❡ ❛❧❧♦✇❡❞ �♦ �❡�❛✐♥ ♦♥❧② ✐♥�❡❣�❛❧� ✭✸✾✮✱

❜② ♥❡❣❧❡❝�✐♥❣ �❤❡ ✭✹✵✮ ❛� �❤❡② ❛�❡ ❝♦♠♣❛�❛�✐✈❡❧② ♥❡❣❧✐❣✐❜❧❡✿ �♦ �❤❛�✱ ❜② ✐♥��♦❞✉❝✐♥❣✱ ✐♥ ♣❛�❛❧❧❡❧

�♦ ♥♦�❛�✐♦♥ ✭✻✮✱ �❤❡ �②♠❜♦❧

✭✹✷✮ S. =

∫ ∞

−∞
df

∫ ∞

−∞
dg.

�❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ ✈❛�✐❛�✐♦♥� δα, δϑ, δǫ ✐♥ �❤❡ �❡�✐❡� ✭✷✺✮ �❡❝�✳ ✶✻ ✇✐❧❧ ❜❡ �❤❡ ✐♥�❡❣�❛❧� S.Tf
2

❀

S.Tg
2

❀ 2S.Tfg ❀ ❛♥❞ �❤❡�❡ ♦♥❧② ❝♦❡✣❝✐❡♥�� ✇✐❧❧ ❛♣♣❡❛� ✐♥ �❤❡ ✈❛�✐❛�✐♦♥� ♦❢ ❡�✉❛�✐♦♥ ✭✹✵✮✱ �❡❝�✳

✶✽✳ ❆❧❧ �❤❡ ♦�❤❡� �❡�♠� ✇❤✐❝❤ ❝♦♠♣♦�❡ �❤❡ ✈❛❧✉❡� ♦❢ ❝♦❡✣❝✐❡♥�� λ, μ, ν ❝❛♥ ❜❡ �❦✐♣♣❡❞✱ ❛�

�❤❡② ❝♦♠❡ ❢�♦♠ �❤❡ �❡�♠� ♦❢ �❤❡ �❡�✐❡� ✭✷✺✮ �❡❝�✳ ✶✻ ✇❤✐❝❤ ❤❛✈❡ ❛� ❢❛❝�♦�� �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞

♥❡❣❧✐❣✐❜❧❡ ✐♥�❡❣�❛❧�❀ ❛♥❞ �❤❡ �❛♠❡ ✐� ��✉❡ ❛❧�♦ ❢♦� �❤❡ ❝♦❡✣❝✐❡♥�� ♦❢ ✈❛�✐❛�✐♦♥� δχ, δς, δω, ❛♥❞

❢♦� �✉❛♥�✐�✐❡� Δ,Θ. ■♥ �❤✐� ✇❛②✱ ✐♥ �❤❡ ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✸✮ ♦❢ �❤❡ �❡❝�✳ ✶✷✱ ❛ ��✐♥♦♠✐❛❧ ✐�

✐♥��♦❞✉❝❡❞ ✉♥❞❡� �❤❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧ �✐❣♥ ✐♥��❡❛❞ ♦❢ �❤❡ ♦�❤❡� ✐♥�❡❣�❛❧✱ �♦ ✇❤✐❝❤ ��✐♥♦♠✐❛❧✱ ✐♥

♦�❞❡� �♦ ♠❛❦❡ ♣♦��✐❜❧❡ ✐�� ❝♦♠♣❛�✐�♦♥ ✇✐�❤ ✇❤❛� ✐� �❡❛❞ ✐♥ ❢♦�♠✉❧❛ ✭✸✵✮ �❡❝�✳ ✾✱ ✇❡ ✇✐❧❧ ❣✐✈❡

�❤✐� ❢♦�♠

✭✹✸✮
λ

2
δα+

μ

2
δϑ+ νδǫ

❜❡✐♥❣

✭✹✹✮ λ = 2S.Tf
2

; μ = 2S.Tg
2

; ν = 2S.Tfg.

❍❡�❡ ❛♥ ✐♠♣♦��❛♥� ♦❜�❡�✈❛�✐♦♥ ✐� ♥❡❝❡��❛�②✱ ✇❤✐❝❤ ❡①♣❧❛✐♥� �❤❡ ❝❛✉�✐♦✉� ✇♦�❞� ✇❤✐❝❤ ✇❡�❡
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✈♦❧❡♥❞♦ ❛❜❜�❛❝❝✐❛�❡ ❧❡ �✉❡��✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡ �♣❡��❛♥�✐ ❛✐ �✐��❡♠✐ �✉♣❡�✜❝✐❛❧✐ ✐♥ �✉��❛ ❧❛ ❧♦�♦

❣❡♥❡�❛❧✐��✱ ❝♦♥✈✐❡♥❡ ✐♥��♦❞✉��❡ �♦��♦ ✐❧ �❡❝♦♥❞♦ ✐♥�❡❣�❛❧❡ ❞✉♣❧✐❝❛�♦ ✭❡�✉❛③✐♦♥❡ ✭✸✵✮ ♥✳ ✾✮ ✉♥

�❡��✐♥♦♠✐♦ ❡ ♥♦♥ ✐❧ �♦❧♦ ��✐♥♦♠✐♦ ✭✹✸✮✳ ❖�❛ ✐♥✈❡❝❡ ❧✬❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧ ♣�✐♥❝✐♣✐♦ ✜�✐❝♦ �❡❧❛�✐✈♦

❛❧❧✬❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡ ❧✐♠✐�❡�❡❜❜❡ ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ✉♥✐❝❛♠❡♥�❡ ❛❧ ��✐♥♦♠✐♦ ✭✹✸✮ ✿ ✐❧ ❝❤❡ �✐❛❧③❛

♥❡❧ ♥♦���♦ ❝♦♥❝❡��♦ ❧✬❛♥❛❧✐�✐ ❞❡❧ ♥✳ ✶✵✱ ❝❤❡ ❞✐❝❡♠♠♦ �✐���❡��❛ ❛ ✉♥ ❝❛�♦ ♣❛��✐❝♦❧❛�❡✱ ♠❛ ❝❤❡

✐♥�❛♥�♦ ❛✈�❡❜❜❡ �✉��❛ ❧✬❡��❡♥�✐♦♥❡ ❝❤❡ ❝♦��✐�♣♦♥❞❡ ❛❧ ♣�✐♥❝✐♣✐♦ �❡❣♦❧❛�♦�❡ ❞❡❧❧❛ ♠♦❞❡�♥❛ ✜�✐❝❛

♠♦❧❡❝♦❧❛�❡✳ ■♦ ♣❡�% �❡♥❣♦ ♣❡� ❢❡�♠♦ ❝❤❡ ❧❛ ❝♦♠♣✐✉�❛ ❛♥❛❧✐�✐ ❞❡❧ ♠♦�♦ ❡ ❞❡❧❧✬❡�✉✐❧✐❜�✐♦ ❞❡✬ �✐��❡♠✐

�✉♣❡�✜❝✐❛❧✐ ❡�✐❣❡ ✐❧ ❝❛❧❝♦❧♦ ❞❡❧ �❡��✐♥♦♠✐♦✱ ❡ ❧❛ ❝♦♥�✐❞❡�❛③✐♦♥❡ ❞❡❧❧❡ �❡✐ ❢♦�③❡✱ ❝♦♥❢♦�♠❡ �✐ ' ❞❡��♦

❛❧ ♥✳ ✸✷ ❞❡❧ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡✳ ■♥ ❛♣♣♦❣❣✐♦ ❞❡❧❧❛ ♠✐❛ ♦♣✐♥✐♦♥❡ ✈❛❧❡ ✐❧ �✐✢❡��❡�❡ ❝❤❡ ✐❧ ♣�✐♥❝✐♣✐♦

✜�✐❝♦ ❞❡❧❧✬❛③✐♦♥❡ ♠♦❧❡❝♦❧❛�❡ ❛♣♣❧✐❝❛�♦ ❛✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ✭❝♦♠❡ ✈❡❞�❡♠♦ ❢�❛ ♣♦❝♦✮ �✐❞✉❝❡ ❛❞ ✉♥❛

�♦❧❛ ❧❡ ��❡ ❢♦�③❡ ❣✐� �✐�❝♦♥��❛�❡ ♣❡� �❛❧ �♦��❛ ❞✐ �✐��❡♠✐ ❝♦❧ ♠❡�♦❞♦ ❧❛❣�❛♥❣✐❛♥♦✱ ❡ ❛♥❝❤❡ �✉✐

♣❡� ❞♦♣♣✐❛ ���❛❞❛✳ ❊♣♣✉�❡ ✭ ❈❛♣♦ ♣�❡❝❡❞❡♥�❡ ♥✳ ✸✶✮ ❧❡ ❢♦�③❡ ❝❤❡ ✈❡♥❣♦♥♦ ❞❛❧❧❛ ✢❡��✐♦♥❡ ❡
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✇✐❧❧ ❜❡ ❛❜❧❡ �♦ ❝❛❧❝✉❧❛�❡ �❤❡ ❝♦��❡�♣♦♥❞✐♥❣ ✈❛❧✉❡�✱ ✇❤✐❝❤✱ ♦♥❝❡ �❡❝❛❧❧❡❞ �❤❡ ✭✸✸✮✱ ✇✐❧❧ ❜❡

f = ω

(

ξ
dy

db
− η

dx

db

)

+ ❡�❝✳✭✹✼✮

g = ω

(

η
dx

da
− ξ

dy

da

)

+ ❡�❝✳



✲ ✶✵✶✲

❞♦✈❡ ♥❡❣❧✐ ❡❝❝❡
❡�❛ �❡❣✉✐�❡❜❜❡�♦ 
❡�♠✐♥✐ ❝♦❧❧❡ f, g ❛ ♥♦♥ ♠❡♥♦ ❞✐ ❞✉❡ ❞✐♠❡♥�✐♦♥✐✱ 
❡�♠✐♥✐ ❝❤❡

♠❡❞✐❛♥
❡ ❧❛ ❝♦♥
✐♥✉❛ �♦�
✐
✉③✐♦♥❡ ❞❡❣❧✐ �
❡��✐ ✈❛❧♦�✐ ✭✹✼✮✱ �✐ ❝❛♠❜✐❡�❡❜❜❡�♦ ✐♥ ❛❧
�✐ ❝♦✐ �✉❛❞�❛
✐

❡ ❝♦❧ ♣�♦❞♦

♦ ❞❡❧❧❡ ξ, η, ❡ ❝♦❧❧❡ ♣♦
❡♥③❡ ♣✐� ❡❧❡✈❛
❡ ❞❡❧❧❡ ♠❡❞❡�✐♠❡✳

❱♦❧❡♥❞♦ 
�❛�❢♦�♠❛�❡ ✉♥ ✐♥
❡❣�❛❧❡ ❞✉♣❧✐❝❛
♦ ♣�❡�♦ ♣❡� ❧❡ ✈❛�✐❛❜✐❧✐ f, g ✐♥ ✉♥ ❛❧
�♦ ♣❡� ❧❡

✈❛�✐❛❜✐❧✐ ξ, η, �✐ �❛ ❝❤❡ ❝♦♥✈✐❡♥❡ ✐♥
�♦❞✉��❡ �♦

♦ ✐❧ �❡❣♥♦✱ ❝♦♠❡ ❢❛

♦�❡✱ ✐❧ ✈❛❧♦�❡ ❞❡❧ ❜✐♥♦♠✐♦

df

dξ

dg

dη
− dg

dξ

df

dη
;

❝❛❧❝♦❧❛♥❞♦❧♦ ♣❡�
❛♥
♦ ❝♦❧❧✬❛��✉♠❡�❡ ✐ ✈❛❧♦�✐ ✭✹✼✮✱ �✐ 
�♦✈❛

✭✹✽✮ ω2

(

dx

da

dy

db
− dy

da

dx

db

)

+ ❡❝✳

♦✈❡ ❧✬❛❣❣✐✉♥
❛ �✐❣♥✐✜❝❛
❛ ❞❛❧❧✬❡❝❝❡
❡�❛ ❝♦♥
❡��❡❜❜❡ 
❡�♠✐♥✐ ♥❡✐ �✉❛❧✐ ❧❡ ξ, η �❛�❡❜❜❡�♦ ♣❡� ❧♦

♠❡♥♦ ❛❞ ✉♥❛ ❞✐♠❡♥�✐♦♥❡✱ ❡ ♣✉$ ❧❛�❝✐❛��✐ ❛♥❞❛�❡ ♣❡� ❧❛ �❛❣✐♦♥❡ ❝❤❡ ❞✐�❡♠♦ ❛ ♠♦♠❡♥
✐✳ ▲❛

�✉❛♥
✐
& ✭✹✽✮ �✐ �✐❞✉❝❡ ♣♦✐ �❡♠♣❧✐❝❡♠❡♥
❡ ω ✐♥ ❢♦�③❛ ❞❡❧❧❛ ✭✸✸✮✱ ♦��✐❛ ΓR ✐♥ ❢♦�③❛ ❞❡❧❧❛ ✭✹✵✮ ♥✳

✶✵✱ ❡ ♣✉$ ❝❛✈❛��✐ ❢✉♦�✐ ❞❛❧ �❡❣♥♦ ✐♥
❡❣�❛❧❡ ♥♦♥ ❝♦♥
❡♥❡♥❞♦ ❧❡ ✈❛�✐❛❜✐❧✐ ξ, η ✳

❉♦♣♦ ❝✐$✱ ❛✈❡♥❞♦ �♦

✬♦❝❝❤✐♦ ❧❡ ✭✹✼✮✱ ❡ ❧❛ �✐❝♦�❞❛
❛ ✭✹✵✮ ♥✳ ✶✵✱ ❣❧✐ ✐♥
❡❣�❛❧✐ ✭✹✹✮ �✐�✉❧
❛♥♦

λ = 2Γ3R3S.T

(

ξ
dy

db
− η

dx

db

)2

μ = 2Γ3R3S.T

(

η
dx

da
− ξ

dy

da

)2

✭✹✾✮

ν = 2Γ3R3S.T

(

ξ
dy

db
− η

dx

db

)(

η
dx

da
− ξ

dy

da

)

❞♦✈❡ ✐❧ �✐♠❜♦❧♦ S. ❤❛ ✐❧ �✐❣♥✐✜❝❛
♦

✭✺✵✮ S. =

∫ ∞

−∞
dξ

∫ ∞

−∞
dη.

❍♦ 
�❛�❝✉�❛
♦ ♥❡✐ ✈❛❧♦�✐ ✭✹✾✮ ✐ 
❡�♠✐♥✐ �❡❣✉❡♥
✐✱ ✐ �✉❛❧✐ ❛✈�❡❜❜❡�♦ ❛✈✉
♦ �♦

♦ ✐❧ �❡❣♥♦ ✐♥
❡❣�❛❧❡

❧❡ ξ, η ❛ ♣✐� ❛❧
❛ ❞✐♠❡♥�✐♦♥❡ ❞❡❧❧❛ �❡❝♦♥❞❛✱ ❡ ❧❛ �❛❣✐♦♥❡ , ❧❛ ♠❡❞❡�✐♠❛ ❣✐& ❛❞❞♦

❛ ❛❧ ♥✳ ✹✶ �✉❧

♣♦
❡� 
�❛�❝✉�❛�❡ ❣❧✐ ✐♥
❡❣�❛❧✐ ✭✹✵✮✳ ❉✐ �✉✐ ❛♥❝❤❡ ✐❧ ♣❡�❝❤, ♣♦
❡✈❛�✐ ❧❛�❝✐❛� ✈✐❛ ♥❡❧❧✬❡�♣�❡��✐♦♥❡

✭✹✽✮ ❧✬❛❣❣✐✉♥
❛ ✐♥❞✐❝❛
❛ ❞❛❧❧✬❡❝❝❡
❡�❛ ✿ �✉❡❧❧✬❛❣❣✐✉♥
❛ ♥♦♥ ❛✈�❡❜❜❡ ❞❛
♦ ❝❤❡ 
❡�♠✐♥✐ ❞✐ �✉❡❧❧✐

❝❤❡ ❛❞❡��♦ ❛❜❜✐❛♠♦ 
�❛�❝✉�❛
✐✳

.♦♥❣❛�✐ ♣❡� ❛❜❜❡✈✐❛�❡

✭✺✶✮ L = S.Tξ
2

; M = S.Tη
2

; O = S.Tξη

✲ ✶✵✶✲❊◆●

✇❤❡�❡ ✐♥ 
❤❡ ❬♣❧❛❝❡� ❤❡❧❞ ❜②❪ ❡� ❝❡�❡�❛� 
❡�♠� ✇❤❡�❡ ✈❛�✐❛❜❧❡� f, g ❛♣♣❡❛� ❛
 ❧❡❛�
 ✇✐
❤ 
❤❡

�❡❝♦♥❞ ♣♦✇❡� �❤♦✉❧❞ ❢♦❧❧♦✇✱ 
❡�♠� ✇❤✐❝❤✱ ❜② ❝♦♥
✐♥✉♦✉�❧② �✉❜�
✐
✉
✐♥❣ 
❤❡ �❛♠❡ ✈❛❧✉❡� ✭✹✼✮✱

✇♦✉❧❞ ❜❡ �❡♣❧❛❝❡❞ ❜② ♦
❤❡� ♦♥❡� ✐♥ ✇❤✐❝❤ 
❤❡ ��✉❛�❡� ✭♦� ❤✐❣❤❡� ♣♦✇❡��✮ ❛♥❞ 
❤❡ ♣�♦❞✉❝
� ♦❢

✈❛�✐❛❜❧❡� ξ, η, ✇♦✉❧❞ ❛♣♣❡❛�✳

■❢ 
❤❡ ✐♥
❡♥
✐♦♥ ✐� 
♦ 
�❛♥�❢♦�♠ ❛ ❞♦✉❜❧❡ ✐♥
❡❣�❛❧ ❤❛✈✐♥❣ ❛� ✐♥
❡❣�❛
✐♦♥ ✈❛�✐❛❜❧❡� f, g ✐♥
♦

❛♥♦
❤❡� ♦♥❡ ✇❤❡�❡ 
❤❡ ✐♥
❡❣�❛
✐♦♥ ✈❛�✐❛❜❧❡� ❛�❡ ξ, η, ✐
 ✐� ❦♥♦✇♥ 
❤❛
 ♦♥❡ ♠✉�
 ✐♥
�♦❞✉❝❡ ✉♥❞❡�


❤❡ ✐♥
❡❣�❛❧ �✐❣♥✱ ❛� ❛ ❢❛❝
♦�✱ 
❤❡ ❜✐♥♦♠✐❛❧

df

dξ

dg

dη
− dg

dξ

df

dη
;

♦♥❝❡ ✐
 ✐� ❝❛❧❝✉❧❛
❡❞✱ ❜② ❛��✉♠✐♥❣ ✈❛❧✉❡� ✭✹✼✮✱ ♦♥❡ ✜♥❞�

✭✹✽✮ ω2

(

dx

da

dy

db
− dy

da

dx

db

)

+ ❡
❝✳

✇❤❡�❡ ✇❤❛
 ❤❛� 
♦ ❜❡ ❛❞❞❡❞ ✐♥ 
❤❡ ♣❧❛❝❡ ❤❡❧❞ ❜② 
❤❡ ❡� ❝❡�❡�❛ ✇♦✉❧❞ ❝♦♥
❛✐♥ 
❡�♠� ✇❤❡�❡

✈❛�✐❛❜❧❡� ξ, η �❤♦✉❧❞ ❛♣♣❡❛� ❛
 ❧❡❛�
 ✇✐
❤ 
❤❡ ✜��
 ♣♦✇❡�✱ 
❡�♠� ✇❤✐❝❤✱ ❢♦� 
❤❡ �❡❛�♦♥ ✇❤✐❝❤ ✇❡

✇✐❧❧ �❛② ✐♥ ❛ ♠♦♠❡♥
✱ ❝❛♥ ❜❡ ♥❡❣❧❡❝
❡❞✳ ◗✉❛♥
✐
② ✭✹✽✮ �❡❞✉❝❡� �✐♠♣❧② 
♦ ω ❜❡❝❛✉�❡ ♦❢ 
❤❡ ✭✸✸✮✱

✐✳❡✳ ✐
 ✐� ❡�✉❛❧ 
♦ ΓR ❜❡❝❛✉�❡ ♦❢ 
❤❡ ✭✹✵✮ �❡❝
✳ ✶✵✱ ❛♥❞ ❝❛♥ ❜❡ ♣❧❛❝❡❞ ♦✉
�✐❞❡ 
❤❡ ✐♥
❡❣�❛❧ �✐❣♥

❛� ✐
 ❞♦❡� ♥♦
 ❝♦♥
❛✐♥ ✈❛�✐❛❜❧❡� ξ, η✳

❆❢
❡� 
❤✐�✱ ❜② ❝♦♥�✐❞❡�✐♥❣ 
❤❡ ✭✹✼✮✱ ❛♥❞ 
❤❡ �❡❝❛❧❧❡❞ ❡�✉❛
✐♦♥ ✭✹✵✮ �❡❝
✳ ✶✵✱ 
❤❡ ✐♥
❡❣�❛❧�

✭✹✹✮ ❛�❡ ❣✐✈❡♥ ❜②

λ = 2Γ3R3S.T

(

ξ
dy

db
− η

dx

db

)2

μ = 2Γ3R3S.T

(

η
dx

da
− ξ

dy

da

)2

✭✹✾✮

ν = 2Γ3R3S.T

(

ξ
dy

db
− η

dx

db

)(

η
dx

da
− ξ

dy

da

)

✇❤❡�❡ �②♠❜♦❧ S. ❤❛� 
❤❡ ♠❡❛♥✐♥❣

✭✺✵✮ S. =

∫ ∞

−∞
dξ

∫ ∞

−∞
dη.

■ ❤❛✈❡ ♥❡❣❧❡❝
❡❞ ✐♥ ✈❛❧✉❡� ✭✹✾✮ 
❡�♠� ✇❤✐❝❤ ❢♦❧❧♦✇ ❛♥❞ ✇❤✐❝❤ ✇♦✉❧❞ ❤❛✈❡ ❤❛❞ ✉♥❞❡� 
❤❡ ✐♥
❡❣�❛❧

�✐❣♥✱ ❛� ❢❛❝
♦��✱ ♣♦✇❡�� ❤✐❣❤❡� 
❤❛♥ 
❤❡ �❡❝♦♥❞ ♦❢ ✈❛�✐❛❜❧❡� ξ, η ❛♥❞ 
❤❡ �❡❛�♦♥ ✐� 
❤❡ �❛♠❡

❛❧�❡❛❞② ♣�❡�❡♥
❡❞ ✐♥ �❡❝
✳ ✹✶ 
♦ ♥❡❣❧❡❝
 ✐♥
❡❣�❛❧� ✭✹✵✮✳ ❚❤❡ �❛♠❡ �❡❛�♦♥ ❛❧❧♦✇� ✉� 
♦ �❦✐♣ ✐♥

❡①♣�❡��✐♦♥ ✭✹✽✮ 
❤❡ ❛❞❞❡❞ 
❡�♠� ✐♥❞✐❝❛
❡❞ ✇✐
❤ 
❤❡ ❡� ❝❡�❡�❛ ✿ 
❤❡② ❤❛✈❡ 
❤❡ �❛♠❡ ♦�❞❡� ♦❢ 
❤♦�❡

✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥❡❣❧❡❝
❡❞ ❤❡�❡✳

▲❡
 ✉� ✉�❡ 
❤❡ ♥♦
❛
✐♦♥�

✭✺✶✮ L = S.Tξ
2

; M = S.Tη
2

; O = S.Tξη



✲ ✶✵✷✲

❡ ✈❡❞�❡♠♦ ❢❛❝✐❧♠❡♥�❡ ✐ ✈❛❧♦�✐ ✭✹✾✮ ♠✉�❛��✐ ✐♥ �✉❡��✐ ❛❧��✐

λ = 2Γ3R3

{

L

(

dy

db

)2

+M

(

dx

db

)2

− 2Θ
dx

db

dy

db

}

μ = 2Γ3R3

{

L

(

dy

da

)2

+M

(

dx

da

)2

− 2Θ
dx

da

dy

da

}

✭✺✷✮

ν = 2Γ3R3

{

Θ

(

dx

da

dy

db
+

dy

da

dx

db

)

− L
dy

da

dy

db
−M

dx

da

dx

db

}

.

❖��❡♥✉�✐ �✉❡��✐✱ ✐♥�❡�❡��❛ ❛��❛✐ ❛✈❡� ❛♥❝❤❡ �✉❡❧❧✐ ❞❡❧❧❡ A,B,C ❝❤❡ ❡♥��❛♥♦ ❛ ❝♦♠♣♦��❡ ❧❡ ❡�✉❛✲

③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡ ❣❡♥❡�❛❧✐ ✭✹✹✮ ♥✳ ✶✵✱ �✐❞♦��❡ ❛❧❧❡ ✈❛�✐❛❜✐❧✐ ❞❡❧❧♦ ��❛�♦ �❡❛❧❡✳ ❆ �❛❧❡ ✐♥�❡♥❞✐♠❡♥�♦

❝♦♥✈✐❡♥ ��♦✈❛� ♣�✐♠❛ �✉❡❧❧✐ ❞❡❧❧❡ L
1
,M

1
, L

2
,M

2
✭❡�✉❛③✐♦♥✐ ✭✹✶✮ ♥✳ ✶✵✮ ✿ ❢❛��❛ ❛♥❝❤❡ �✉✐ ❧✬❛✈✲

✈❡��❡♥③❛ �✉❣❧✐ ❛♣✐❝✐ ❝♦♠❡ ❛❧❧✬♦❝❝❛�✐♦♥❡ ❞❡❧❧❛ ❢♦�♠♦❧❛ ✭✸✸✮✳ ❙♦��✐�✉✐�✐ ✐ ✈❛❧♦�✐ ✭✺✷✮✱ ❡ �❡♥❡♥❞♦

❞✬♦❝❝❤✐♦ ❧❛ ✭✸✸✮ ❡ ❧❛ ✭✹✵✮ ♥✳ ✶✵✱ ��♦✈❡�❡♠♦ ❞♦♣♦ ❢❛❝✐❧✐ �✐❞✉③✐♦♥✐

L
1
= 2Γ2R2

(

L
dy

db
−Θ

dx

db

)

; M
1
= 2Γ2R2

(

Θ
dx

da
− L

dy

da

)

L
2
= 2Γ2R2

(

Θ
dy

db
−M

dx

db

)

; M
2
= 2Γ2R2

(

M
dx

da
−Θ

dy

da

)

.

'❛��❡♥❞♦ ♦�❛ ❞❛ �✉❡��✐ ♣❡� ❝❛❧❝♦❧❛�❡ ❧❡ A,B,C �✉❧❧❡ ✭✹✸✮ ♥✳ ✶✵✱ �❡♠♣�❡ ❝♦❧ ❣✐✉♦❝♦ ❞❡❧❧❛ ✭✸✸✮✱

��♦✈❡�❡♠♦ ✈❛❧♦�✐ ♠♦❧�♦ �❡♠♣❧✐❝✐✱ ✐ �✉❛❧✐✱ �✐❝❤✐❛♠❛�❡ ❧❡ ✭✺✶✮✱ �❛�❛♥♥♦

✭✺✸✮ A = 2Γ2R2S.Tξ
2

; B = 2Γ2R2S.Tη
2

; C = 2Γ2R2S.Tξη.

◆♦�❛❜✐❧❡ ) �✉✐ ✐❧ ♣�❡❣✐♦ ❞❡❧❧❛ �❡♠♣❧✐❝✐�* ❝♦♠❡ ♥❡✐ ✈❛❧♦�✐ ✭✷✺✮ ♥✳ ✸✼ ❛✐ �✉❛❧✐ �❡�✈♦♥♦ ❞✐ �✐�❝♦♥��♦✿

�✉✐ ❝♦♠❡ ❧* ♣♦��✐❛♠♦ ❢♦�♠❛�❝✐ ✐❞❡❡ ❜❡♥ ❝❤✐❛�❡ �✉❧❧❛ ���✉��✉�❛ ❞✐ �❛❧✐ �✉❛♥�✐�*✳

✹✸✳ ❋❛❝❝✐❛♠♦ ❧✬❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧❧❡ ��♦✈❛�❡ ❢♦�♠♦❧❡ ❛❧ ❝❛�♦ ❞❡❧ ✢✉✐❞♦ ❝❤❡ �✐ ♠✉♦✈❡ ✐♥ ✉♥❛

�✉♣❡�✜❝✐❡✱ ❝❛�♦ ♣❡❧ �✉❛❧❡ ❧✬❛♥❛❧✐�✐ ♥♦♥ ) ❝❡��❛♠❡♥�❡ �♦❧�❛♥�♦ ❛♣♣�♦��✐♠❛�❛✱ ♠❛ ❡�❛��❛✿ ❡��❡♥❞♦

�✉✐ ❢✉♦�✐ ❞✐ ❞✉❜❜✐♦ ❝❤❡ ♥♦♥ ❤❛♥♥♦ ❧✉♦❣♦ ❧❡ ��❡ ✉❧�✐♠❡ �♣❡❝✐❡ ❞✐ ❡❧❛��✐❝✐�* ❞❡❧❧❡ �✉❛❧✐ ♣❛�❧❛♠♠♦

❛❧❧❛ ✜♥❡ ❞❡❧ ♥✳ ✹✶✳

❈♦♠❡ ❛❧ ♥✳ ✸✽✱ ❡ ❛ �✐�❝♦♥��♦ ❞❡❧❧❛ ❡�♣�❡��✐♦♥❡ ✭✷✻✮✱ ❧❛ T ❞✐✈❡♥�❛

T

(

x, y, z (x, y) ,

√

ξ
2 + η

2 + [z (x+ ξ, y + η)− z]
2

)

❡ ♣✉2 ❝♦♥�✐❞❡�❛��✐ �✐❞♦��❛ ♣✐3 �❡♠♣❧✐❝❡♠❡♥�❡ ❛❧❧❛ ❢♦�♠❛

✭✺✹✮ T

(

x, y, z,

√

ξ2 + η2 + (z′ξ + z′η)
2

)

,

♣❡�❝❤4 ✐♠♠❛❣✐♥❛♥❞♦ �✈♦❧�♦ ✐❧ �❛❞✐❝❛❧❡✱ ❡ �✉✐♥❞✐ ❛♥❝❤❡ ❧❛ T ♣❡� ❣❧✐ ❛❧��✐ �❡�♠✐♥✐

✲ ✶✵✷✲❊◆●

❛♥❞ ✇❡ ✇✐❧❧ ❡❛�✐❧② �❡❡ ✈❛❧✉❡� ✭✹✾✮ �♦ ❜❡ ❝❤❛♥❣❡❞ ✐♥�♦ �❤❡ ❢♦❧❧♦✇✐♥❣ ♦�❤❡��

λ = 2Γ3R3

{

L

(

dy

db

)2

+M

(

dx

db

)2

− 2Θ
dx

db

dy

db

}

μ = 2Γ3R3

{

L

(

dy

da

)2

+M

(

dx

da

)2

− 2Θ
dx

da

dy

da

}

✭✺✷✮

ν = 2Γ3R3

{

Θ

(

dx

da

dy

db
+

dy

da

dx

db

)

− L
dy

da

dy

db
−M

dx

da

dx

db

}

.

❖♥❝❡ ✇❡ ❤❛✈❡ ♦❜�❛✐♥❡❞ �❤❡�❡ ✐� ✐� �❡❛❧❧② ✐♥�❡�❡��✐♥❣ �♦ ❤❛✈❡ ❛❧�♦ �❤♦�❡ ♦❢ ✈❛�✐❛❜❧❡� A,B,C ✇❤✐❝❤

❛♣♣❡❛� ✐♥ �❤❡ ❣❡♥❡�❛❧ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛�✐♦♥� ✭✹✹✮ �❡❝�✳ ✶✵✱ ✇❤❡♥ ❡①♣�❡��❡❞ ✐♥ �❡�♠� ♦❢ ✈❛�✐❛❜❧❡�

❝♦��❡�♣♦♥❞✐♥❣ �♦ �❤❡ �❡❛❧ ��❛�❡✳ ❚♦ �❤✐� ❛✐♠ ✐� ✐� ❝♦♥✈❡♥✐❡♥� �♦ ✜♥❞ ✜��� �❤❡ ✈❛❧✉❡� ♦❢ �✉❛♥�✐�✐❡�

L
1
,M

1
, L

2
,M

2
✭❡�✉❛�✐♦♥� ✭✹✶✮✱ �❡❝�✳ ✶✵✮✿ ✐� ✐� �❡�✉✐�❡❞ �♦ �❡❝❛❧❧ �❤❡ ♠❡❛♥✐♥❣ ♦❢ �❤❡ ♣�✐♠❡� ❛�

✐� ✇❛� ❣✐✈❡♥ ✇❤❡♥ ❢♦�♠✉❧❛ ✭✸✸✮ ✇❛� ✐♥��♦❞✉❝❡❞✳ ❖♥❝❡ ✇❡ �❡♣❧❛❝❡ ✈❛❧✉❡� ✭✺✷✮✱ ❛♥❞ �❛❦❡ ✐♥�♦

❛❝❝♦✉♥� ❢♦�♠✉❧❛ ✭✸✸✮ ❛♥❞ �❤❡ ✭✹✵✮ �❡❝�✳ ✶✵✱ ✇❡ ✇✐❧❧ ✜♥❞ ❛❢�❡� �♦♠❡ ❡❛�② �✐♠♣❧✐✜❝❛�✐♦♥�

L
1
= 2Γ2R2

(

L
dy

db
−Θ

dx

db

)

; M
1
= 2Γ2R2

(

Θ
dx

da
− L

dy

da

)

L
2
= 2Γ2R2

(

Θ
dy

db
−M

dx

db

)

; M
2
= 2Γ2R2

(

M
dx

da
−Θ

dy

da

)

.

❙�❛��✐♥❣ ♥♦✇ ❢�♦♠ �❤❡�❡ ❧❛�� �❡�✉❧�� �♦ ❝❛❧❝✉❧❛�❡ �✉❛♥�✐�✐❡� A,B,C ✐♥ �❤❡ ✭✹✸✮ �❡❝�✳ ✶✵✱ ❛❧✇❛②�

✉�✐♥❣ ❢♦�♠✉❧❛ ✭✸✸✮✱ ✇❡ ✇✐❧❧ ✜♥❞ ✈❡�② �✐♠♣❧❡ ✈❛❧✉❡�✱ ✇❤✐❝❤✱ ♦♥❝❡ �❡❝❛❧❧❡❞ ❡�✉❛�✐♦♥� ✭✺✶✮✱ ✇✐❧❧ ❜❡

✭✺✸✮ A = 2Γ2R2S.Tξ
2

; B = 2Γ2R2S.Tη
2

; C = 2Γ2R2S.Tξη.

■� ✐� �❡♠❛�❦❛❜❧❡ ❤❡�❡ �❤❡ �✐♠♣❧✐❝✐�② ♦❢ �❤❡�❡ ❡①♣�❡��✐♦♥�✱ ✇❤✐❝❤ ✐� �✐♠✐❧❛� �♦ �❤❡ �✐♠♣❧✐❝✐�② ♦❢

✈❛❧✉❡� ✭✷✺✮ �❡❝�✳ ✸✼✱ �♦ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♠♣❛�❡ �❤❡♠✿ ❤❡�❡ ❛♥❞ �❤❡�❡ ✇❡ ❝❛♥ ❢♦�♠ ✐♥ ♦✉� ♠✐♥❞

✈❡�② ❝❧❡❛� ✐❞❡❛� ❛❜♦✉� �❤❡ ���✉❝�✉�❡ ♦❢ �✉❝❤ �✉❛♥�✐�✐❡�✳

✹✸✳ ▲❡� ✉� ❛♣♣❧② �❤❡ ❢♦�♠✉❧❛� ✇❤✐❝❤ ✇❡ ❢♦✉♥❞ �♦ �❤❡ ❝❛�❡ ♦❢ ❛ ✢✉✐❞ ✇❤✐❝❤ ♠♦✈❡� ❛❧♦♥❣ ❛

�✉�❢❛❝❡✱ ❝❛�❡ ❢♦� ✇❤✐❝❤ �❤❡ ♣�❡�❡♥�❡❞ ❛♥❛❧②�✐� ✐� ❝❡��❛✐♥❧② ♥♦� ♦♥❧② ❛♣♣�♦①✐♠❛�❡❞✱ ❜✉� ✐♥❞❡❡❞

❡①❛❝�✱ ❛� ✐� ✐� ❤❡�❡ ✇✐�❤♦✉� �✉❡��✐♦♥ �❤❛� �❤❡ �❤�❡❡ ❦✐♥❞� ♦❢ ❡❧❛��✐❝✐�✐❡� ♦❢ ✇❤✐❝❤ ✇❡ �♣♦❦❡ ❛�

�❤❡ ❡♥❞ ♦❢ �❤❡ �❡❝�✳ ✹✶ ❛�❡ ✈❛♥✐�❤✐♥❣✳

❊①❛❝�❧② ❛� ✐� ♦❝❝✉��❡❞ ✐♥ �❡❝�✳ ✸✽✱ ❛♥❞ �✐♠✐❧❛�❧② �♦ ❡①♣�❡��✐♦♥ ✭✷✻✮✱ �✉❛♥�✐�② T ❜❡❝♦♠❡� �❤❡

❢✉♥❝�✐♦♥

T

(

x, y, z (x, y) ,

√

ξ
2 + η

2 + [z (x+ ξ, y + η)− z]
2

)

✇❤✐❝❤ ❝❛♥ ❜❡ �❡❞✉❝❡❞ ♠♦�❡ �✐♠♣❧② �♦ �❤❡ ❢♦�♠

✭✺✹✮ T

(

x, y, z,

√

ξ2 + η2 + (z′ξ + z′η)
2

)

,

❜❡❝❛✉�❡ ✐❢ ✇❡ ✐♠❛❣✐♥❡ �❤❛� �❤❡ �❛❞✐❝❛❧ ✐� ❡①♣❛♥❞❡❞✱ ❛♥❞ ❝♦♥�❡�✉❡♥�❧② ❛❧�♦ ❢✉♥❝�✐♦♥ T, ✐♥��♦❞✉✲

❝✐♥❣ ❛❧�♦ �❤❡ ♦�❤❡� ❬♥❡❣❧❡❝�❡❞❪ �❡�♠�



✲ ✶✵✸✲

❞❡❧❧♦ 	✈✐❧✉♣♣♦ ❞✐ z(x + ξ, y + η) ♦❧��❡ ✐ ❞✉❡ ♣�✐♠✐ ❝❤❡ 	✐ ❝♦♥	❡�✈❛♥♦✱ ❝✐ ✈❡��❡❜❜❡�♦ ❞✐ �✉❡❣❧✐

✐♥�❡❣�❛❧✐ ❝❤❡ ❞✐❝❡♠♠♦ ♣♦�❡�	✐ ��❛	❝✉�❛�❡✳

❈♦♥✈✐❡♥❡ ❛❞✉♥�✉❡ ♣❡� ❝♦♥	❡❣✉✐�❡ ✐ ✈❛❧♦�✐ ❞✐ L,M,O ❝♦❧❧❡ ✭✺✶✮ ❝❛❧❝♦❧❛�❡ �✉❡✐ ��❡ ✐♥�❡❣�❛❧✐

❝♦❧❧❛ ❢♦�♠❛ ❞✐ T 	❝�✐��❛ ♥❡❧❧❛ ❡	♣�❡		✐♦♥❡ ✭✺✹✮✳ ❖		❡�✈✐❛♠♦ ❡		❡�❡ ✐❞❡♥�✐❝❛♠❡♥�❡

✭✺✺✮ ξ2 + η2 + (z′ξ + z′η)
2

=

⎛

⎝

R
√

1 + z
2

′

ξ

⎞

⎠

2

+

⎛

⎝

z′z′ ξ +
(

1 + z
2

′

)

η
√

1 + z
2

′

⎞

⎠

2

.

◗✉✐♥❞✐ ♣♦♥❡♥❞♦

✭✺✻✮ p =
R

√

1 + z
2

′

ξ; q =
z′z′ ξ +

(

1 + z
2

′

)

η
√

1 + z
2

′

;

❧❡ ❝✉✐ ✐♥✈❡�	❡ 	♦♥♦

✭✺✼✮ ξ =
1 + z

2

′

R
√

1 + z
2

′

p; η =
Rq − z′z′p

R
√

1 + z
2

′

;

��❛	❢♦�♠❡�❡♠♦ ✐ ��❡ ✐♥�❡❣�❛❧✐ ❞✉♣❧✐❝❛�✐ ✭✺✶✮ ♣�❡♥❞❡♥❞♦❧✐ ♣❡� ❧❡ ♥✉♦✈❡ ✈❛�✐❛❜✐❧✐ p, q✳ ◆♦♥ ❝✐

♦❝❝✉♣✐❛♠♦ ❞❡✐ ❧✐♠✐�✐✱ ❣✐❛❝❝❤% �✉❡	�✐ 	♦♥♦ 	❡♠♣�❡ ✐ ❞✉❡ ✐♥✜♥✐�✐ ✿ ♠❛ ❞♦❜❜✐❛♠♦ ❝❛❧❝♦❧❛�❡ ✐❧ ✈❛❧♦�❡

❞❡❧ 	♦❧✐�♦ ❢❛��♦� ❜✐♥♦♠✐❛❧❡
dξ

dp

dη

dq
− dη

dp

dξ

dq

❞❛ ✐♥��♦❞✉�	✐ 	♦��♦ ✐❧ 	❡❣♥♦ ✐♥�❡❣�❛❧❡ ✿ ❡		♦✱ ♣❡� ❡✛❡��♦ ❞❡✐ ✈❛❧♦�✐ ✭✺✼✮✱ 	✐ �✐❞✉❝❡ 1
R
.

❆✈�❡♠♦ ♣❡��❛♥�♦✱ ✐♥ ❢♦�③❛ ❞❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✺✺✮✱ ✭✺✻✮✱ ✭✺✼✮ ✿

L =
1 + z

2

′

R3
S.T

(

x, y, z
√

p2 + q2
)

p2

M =
1 + z

2

′
(

1 + z
2

′

)

R3
S.T

(

x, y, z
√

p2 + q2
)

(

Rq − z′z′p
)2

O =
1

R3
S.T

(

x, y, z
√

p2 + q2
)

p
(

Rq − z′z′p
)2

♥❡❧❧❡ �✉❛❧✐ ✐❧ 	✐♠❜♦❧♦ S. ❤❛ ✐❧ 	✐❣♥✐✜❝❛�♦

S. =

∫ ∞

−∞
dp

∫ ∞

−∞
dq.

❊ ❢❛❝❡♥❞♦ ♣❡� ❛❜❜�❡✈✐❛�❡

Q = S.T
(

x, y, z
√

p2 + q2
)

p2; V = S.T
(

x, y, z
√

p2 + q2
)

q2

✭✺✽✮ U = S.T
(

x, y, z
√

p2 + q2
)

pq;

✲ ✶✵✸✲❊◆●

♦❢ �❤❡ ❡①♣❛♥	✐♦♥ ♦❢ z(x+ ξ, y + η) ❜❡②♦♥❞ �❤❡ ✜�	� �✇♦ ✇❤✐❝❤ ✇❡ �❛❦❡ ✐♥�♦ ❛❝❝♦✉♥�✱ ✇❡ ✇♦✉❧❞

❣❡� 	♦♠❡ ♦❢ �❤♦	❡ ✐♥�❡❣�❛❧	 ✇❤✐❝❤ ✇❡ ❛❧�❡❛❞② ❡	�❛❜❧✐	❤❡❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝�❡❞✳

■� ✐	 �❤❡�❡❢♦�❡ ❝♦♥✈❡♥✐❡♥�✱ ✐♥ ♦�❞❡� �♦ ♦❜�❛✐♥ �❤❡ ✈❛❧✉❡	 ♦❢ �✉❛♥�✐�✐❡	 L,M,O ❜② ♠❡❛♥	 ♦❢

❢♦�♠✉❧❛ ✭✺✶✮✱ �♦ ❝❛❧❝✉❧❛�❡ �❤♦	❡ �❤�❡❡ ✐♥�❡❣�❛❧	 ✇✐�❤ �❤❡ ❢♦�♠ ♦❢ T ❛	 ✇�✐��❡♥ ✐♥ ❡①♣�❡		✐♦♥ ✭✺✹✮✳

❲❡ ♦❜	❡�✈❡ �❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥�✐�② ❤♦❧❞	

✭✺✺✮ ξ2 + η2 + (z′ξ + z′η)
2

=

⎛

⎝

R
√

1 + z
2

′

ξ

⎞

⎠

2

+

⎛

⎝

z′z′ ξ +
(

1 + z
2

′

)

η
√

1 + z
2

′

⎞

⎠

2

.

❚❤❡�❡❢♦�❡ ❜② ❞❡♥♦�✐♥❣

✭✺✻✮ p =
R

√

1 + z
2

′

ξ; q =
z′z′ ξ +

(

1 + z
2

′

)

η
√

1 + z
2

′

;

✇❤♦	❡ ✐♥✈❡�	❡ ❡�✉❛❧✐�✐❡	 ❛�❡

✭✺✼✮ ξ =
1 + z

2

′

R
√

1 + z
2

′

p; η =
Rq − z′z′p

R
√

1 + z
2

′

;

✇❡ ✇✐❧❧ ��❛♥	❢♦�♠ �❤❡ �❤�❡❡ ❞♦✉❜❧❡ ✐♥�❡❣�❛❧	 ✭✺✶✮ ✉	✐♥❣ �❤❡ ♥❡✇ ✈❛�✐❛❜❧❡	 p, q✳ ❲❡ ✇✐❧❧ ♥♦� ❜❡

❜♦�❡❞ ❜② �❤❡ ✐♥�❡❣�❛�✐♦♥ ❧✐♠✐�	✱ ❛	 �❤❡② ❛�❡ ❛❧✇❛②	 �✇♦ ✐♥✜♥✐�✐❡	✿ ❤♦✇❡✈❡� ✇❡ ♠✉	� ❝❛❧❝✉❧❛�❡✱

❛	 ✉	✉❛❧✱ �❤❡ ✈❛❧✉❡ ♦❢ �❤❡ ❜✐♥♦♠✐❛❧ ❢❛❝�♦�

dξ

dp

dη

dq
− dη

dp

dξ

dq

�♦ ❜❡ ✐♥��♦❞✉❝❡❞ ✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ 	✐❣♥✿ ✐� ❝❛♥ ❜❡ �❡❞✉❝❡❞✱ ❜❡❝❛✉	❡ ♦❢ �❤❡ ✈❛❧✉❡	 ❣✐✈❡♥ ✐♥

❢♦�♠✉❧❛ ✭✺✼✮✱ �♦ 1
R
.

❚❤❡�❡❢♦�❡ ✇❡ ✇✐❧❧ ❤❛✈❡✱ ❜❡❝❛✉	❡ ♦❢ ❡�✉❛�✐♦♥	 ✭✺✺✮✱ ✭✺✻✮✱ ✭✺✼✮ ✿

L =
1 + z

2

′

R3
S.T

(

x, y, z
√

p2 + q2
)

p2

M =
1 + z

2

′
(

1 + z
2

′

)

R3
S.T

(

x, y, z
√

p2 + q2
)

(

Rq − z′z′p
)2

O =
1

R3
S.T

(

x, y, z
√

p2 + q2
)

p
(

Rq − z′z′p
)2

✇❤❡�❡ 	②♠❜♦❧ S. ❤❛	 �❤❡ ♠❡❛♥✐♥❣

S. =

∫ ∞

−∞
dp

∫ ∞

−∞
dq.

❖♥❝❡ ✐♥��♦❞✉❝✐♥❣ �❤❡ ❛❜❜�❡✈✐❛�✐♦♥	

Q = S.T
(

x, y, z
√

p2 + q2
)

p2; V = S.T
(

x, y, z
√

p2 + q2
)

q2

✭✺✽✮ U = S.T
(

x, y, z
√

p2 + q2
)

pq;



✲ ✶✵✹✲

✈❡❞�❡♠♦ ❢❛❝✐❧♠❡♥�❡ ❝♦♠❡ ✐ ♣�❡❝❡❞❡♥�✐ ✈❛❧♦�✐ ❞✐✈❡♥�✐♥♦

L =
1 + z

2

′

R3
Q

M =
1

R
(

1 + z
2

′

)V − 2z′z′

R2
(

1 + z
2

′

)U +
z′3z3

′

R3
(

1 + z
2

′

)Q

O =
1

R2
U − z′z′

R3
Q.

��❡�❡♥�❡♠❡♥�❡ ✉♥ �❛❣✐♦♥❛♠❡♥�♦ ❞❡�✉♥�♦ ❞❛❧❧❛ �❡♦�✐❝❛ ❞❡❣❧✐ ✐♥�❡❣�❛❧✐ ❞❡✜♥✐�✐✱ ❝❤❡ � �✉❡❧

♠❡❞❡�✐♠♦ ❣✐� ✉�❛�♦ ❛❧ ♥✳ ✸✽ ♣❡� ❣✐✉♥❣❡�❡ ❛❧❧❡ ❡�✉❛③✐♦♥✐ ✭✷✼✮✱ ✭✷✽✮✱ ❝✐ ❢❛ ❝♦♥♦�❝❡�❡✱ ♦��❡�✈❛♥❞♦

❧❡ ✭✺✽✮✱ ❡��❡�❡ Q✱V ❢�❛ ❞✐ ❧♦�♦ ❡❣✉❛❧✐✱ ❡ ❧❛ U ③❡�♦✳ �❡��❛♥�♦ ❣❧✐ ✉❧�✐♠✐ ✈❛❧♦�✐ ❞✐ L,M,O �✐

�✐❞✉❝♦♥♦

✭✺✾✮ L =
1 + z

2

′

R3
Q; M =

1 + z′
2

R3
Q; O = −z′z′

R3
Q.

◗✉✐ �✬✐♠♠❛❣✐♥✐♥♦ �♦��✐�✉✐�✐ ♥❡✐ ♣�✐♠✐ ♠❡♠❜�✐ ❣❧✐ ✐♥�❡❣�❛❧✐ ❡�✉✐✈❛❧❡♥�✐ �❝�✐��✐ ♥❡❧❧❡ ✭✺✶✮✱ ❡ ❛❧❧♦�❛✱

❛��✉♥�❛ ♣❡� ♠❛❣❣✐♦� ❝♦♠♦❞♦ ❧❛ ❞❡♥♦♠✐♥❛③✐♦♥❡

✭✻✵✮ Π =
2Γ2

R
Q,

❞❡❞✉��❡♠♦ �✉❜✐�♦ ❞❛❧❧❡ ✭✺✸✮

✭✻✶✮ A = Π
(

1 + z
2

′

)

; B = Π
(

1 + z′
2
)

; C = −Π z′z′ .

◗✉❡��✐ ✈❛❧♦�✐ ❝♦♠❜✐♥❛♥♦ ♣❡�❢❡��❛♠❡♥�❡ ❝♦✐ ✭✸✻✮ ❞❡❧ ♥✳ ✹✵✱ ❡ �♦��✐�✉✐�✐ ♥❡❧❧❡ ✭✹✹✮ ♥✳ ✾✱ ❝✐ �❡��✐�✉✐✲

�❝♦♥♦ ❞✐♠♦���❛�❡ ✐♥ ❣❡♥❡�❛❧❡ ♣❡� �✉❛❧✉♥�✉❡ ✢✉✐❞♦ ❧❡ ❡�✉❛③✐♦♥✐ ✭✸✽✮✳ ❉✐�❡♠♦ ❞✉♥�✉❡ �✉✐✱ ❝♦♠❡

❛❧ ♥✳ ✻✻ ♠✳♣✳✱ ❝❤❡ ❧❛ ♠❛♥✐❡�❛ ❧❛❣�❛♥❣✐❛♥❛✱ ♣❡� ♠❡��❡�❡ ✐♥ ❡�✉❛③✐♦♥❡ ✐❧ ♠♦�♦ ❞❡✬ ✢✉✐❞✐ ❞❛ ♥♦✐

❛❞♦��❛�❛ ♥❡❧ ♥✳ ✹✵✱ ❡�❛ ❡�❛��❛✱ ❣✐❛❝❝❤� ❝♦♥❞✉❝❡ ❛ �✐�✉❧�❛�✐ ♣�♦✈❛�✐ ❛❧��✐♠❡♥�✐ ✈❡�✐✳ ❊ �✉❛♥�✉♥�✉❡

♣❛�❡��❡ �✐���❡��❛ ❛❧ �♦❧♦ ❝❛�♦ ❞❡✐ ❧✐�✉✐❞✐✱ ❡�❛ ♣♦��✐❜✐❧❡✱ ❝♦♠❡ ❣✐� �♦❝❝❛♠♠♦ �✉❧❧❛ ✜♥❡ ❞❡❧ ♥✳ ✻✻

♠✳♣✳ ✱ ❡��❡♥❞❡�❧❛ ❛♥❝❤❡ ❛✐ ✢✉✐❞✐ ❡❧❛��✐❝✐ ✿ ✐❧ ❝❤❡ ��❛❧❛�❝✐❛♠♦ ❞✐ ❞✐❝❤✐❛�❛�❡ ♣✐/ ❛♠♣✐❛♠❡♥�❡ �❡♠✲

❜�❛♥❞♦❝✐ �✉♣❡�✢✉♦✳ ❈♦❧❧✬❛♥❞❛♠❡♥�♦ ❛��✉❛❧❡✱ ♦❧��❡ ❛✈❡� ❝♦♥�❡❣✉✐�❛ ❧❛ ❞✐♠♦���❛③✐♦♥❡ ❣❡♥❡�❛❧❡✱

✈❡♥✐❛♠♦ ❛ ❣✉❛❞❛❣♥❛�❡ �✉❛❧❝❤❡ ❝♦❣♥✐③✐♦♥❡ ❞✐ ♣✐/ �✉❧❧❛ ♥❛�✉�❛ ❞❡❧❧❛ ❢♦�③❛ ✐♥�❡�♥❛✱ ❡ ♣❛��✐❛♠♦ ❛

✈❡❞❡�❧♦✳

✹✹✳❱♦❧❡♥❞♦ ♣�♦❝✉�❛�❡ ✉♥❛ �❛♣♣�❡�❡♥�❛③✐♦♥❡ ❛❧❧❛ �✉❛♥�✐�� Π, ❝❤❡ ❡♥��❛ ❛ ❝♦♠♣♦��❡ ❧❡ ❡�✉❛✲

③✐♦♥✐ ❣❡♥❡�❛❧✐ ✭✸✽✮✱ ❝♦♠❡ ❣✐� ❢❛❝❡♠♠♦ ♣❡� ❧❛ Λ ✈❡��♦ ✐❧ ✜♥❡ ❞❡❧ ♥✳ ✸✺✱ ❝♦♥✈✐❡♥❡ �✐❝❤✐❛♠❛�❡ ❧❡

❡�✉❛③✐♦♥✐ ✭✹✼✮ ❞❡❧ ♥✳ ✶✵✱ ❧❡ �✉❛❧✐ �✐ ✈❡�✐✜❝❛♥♦ ❛✐ ❧✐♠✐�✐✳ ■♠♠❛❣✐♥✐❛♠♦ �✉✐ ♣✉�❡✱ ❝♦♥ ❛��✐✜③✐♦

�✐♠✐❧❡ ❛❧ ❣✐� ✉�❛�♦ ✐♥ �✉❡❧ ♥✳ ✸✺✱ �❡❣�❡❣❛�❛ ♣❡� ❡♥��♦ ❛❧❧❛ ♠❛��❛ ❞❡❧ �✐��❡♠❛ �✉♣❡�✜❝✐❛❧❡ ✉♥❛

♣♦�③✐♦♥❡ �✉❛❧✉♥�✉❡ ❧✐♠✐�❛�❛ ❞❛ ✉♥❛ ❝✉�✈❛ ❛ ❞♦♣♣✐❛ ❝✉�✈❛�✉�❛ ❛�❜✐��❛�✐❛✱ ♣❡� ❧❛ �✉❛❧❡ �✐�✉❧�✐ ❢�❛

❧❡ x, y ✉♥❛ ❡�✉❛③✐♦♥❡

f (x, y) = 0;

✲ ✶✵✹✲❊◆●

✇❡ ✇✐❧❧ �❡❡ ❤♦✇ �❤❡ ♣�❡✈✐♦✉� ✈❛❧✉❡� ✇✐❧❧ ❜❡❝♦♠❡

L =
1 + z

2

′

R3
Q

M =
1

R
(

1 + z
2

′

)V − 2z′z′

R2
(

1 + z
2

′

)U +
z′3z3

′

R3
(

1 + z
2

′

)Q

O =
1

R2
U − z′z′

R3
Q.

◆♦✇ ❛ �❡❛�♦♥✐♥❣ �❛❦❡♥ ❢�♦♠ �❤❡ �❤❡♦�② ♦❢ ❞❡✜♥✐�❡ ✐♥�❡❣�❛❧�✱ ✇❤✐❝❤ ✐� �❤❡ �❛♠❡ ❛❧�❡❛❞② ✉�❡❞

✐♥ �❡❝�✳ ✸✽ �♦ ❣❡� ❡�✉❛�✐♦♥� ✭✷✼✮✱ ✭✷✽✮✱ ❧❡�� ✉� ✉♥❞❡���❛♥❞ �❤❛�✱ ❜② ✐♥�♣❡❝�✐♥❣ ❡�✉❛�✐♦♥� ✭✺✽✮✱

�✉❛♥�✐�✐❡� Q✱V ❛�❡ ❡�✉❛❧ ♦♥❡ �♦ �❤❡ ♦�❤❡� ❛♥❞ �✉❛♥�✐�② U ✐� ❡�✉❛❧ �♦ ③❡�♦✳ ❚❤❡�❡❢♦�❡ �❤❡ ❧❛��

✈❛❧✉❡� ♦❢ L,M,O ❛�❡ �❡❡♥ �♦ �✐♠♣❧✐❢② �♦

✭✺✾✮ L =
1 + z

2

′

R3
Q; M =

1 + z′
2

R3
Q; O = −z′z′

R3
Q.

❍❡�❡ ♦♥❡ ❤❛� �♦ ✐♠❛❣✐♥❡ ♦❢ ❤❛✈✐♥❣ �✉❜��✐�✉�❡❞ ✐♥ �❤❡ ❧❡❢�✲❤❛♥❞ �✐❞❡ �❤❡ ❡�✉✐✈❛❧❡♥� ✐♥�❡❣�❛❧�

✇�✐��❡♥ ✐♥ �❤❡ ✭✺✶✮✱ ❛♥❞ �❤❡♥✱ ♦❢ ❤❛✈✐♥❣ ✐♥��♦❞✉❝❡❞ ❢♦� ♠♦�❡ ❝♦♥✈❡♥✐❡♥❝❡ �❤❡ ♥♦�❛�✐♦♥✱

✭✻✵✮ Π =
2Γ2

R
Q,

✇❡ ✇✐❧❧ ✐♠♠❡❞✐❛�❡❧② ❞❡❞✉❝❡ ❢�♦♠ ✭✺✸✮ �❤❡ ❢♦❧❧♦✇✐♥❣ �❡❧❛�✐♦♥�

✭✻✶✮ A = Π
(

1 + z
2

′

)

; B = Π
(

1 + z′
2
)

; C = −Π z′z′ .

❚❤❡�❡ ✈❛❧✉❡� ❛�❡ ✐♥ ❝♦♠♣❧❡�❡ ❛❣�❡❡♠❡♥� ✇✐�❤ ❢♦�♠✉❧❛� ✭✸✻✮ ✐♥ �❡❝�✳ ✹✵✱ ❛♥❞ ♦♥❝❡ �✉❜��✐�✉�❡❞

✐♥ ❡�✉❛�✐♦♥� ✭✹✹✮✱ �❡❝�✳ ✾✱ ✇✐❧❧ ♣�♦❞✉❝❡ ❛ ❣❡♥❡�❛❧ ❞❡♠♦♥���❛�✐♦♥ ❢♦� ❛ ❣❡♥❡�✐❝ ✢✉✐❞ ♦❢ ❡�✉❛�✐♦♥�

✭✸✽✮✳ ❲❡ ✇✐❧❧ �❤❡�❡❢♦�❡ ��❛�❡ ❤❡�❡✱ ❛� ✐♥ �❡❝�✳ ✻✻ ♣✳♠✳✱ �❤❛� �❤❡ ▲❛❣�❛♥❣✐❛♥ ♠❡�❤♦❞ ❢♦� ✜♥❞✐♥❣

�❤❡ ❡�✉❛�✐♦♥� ❣♦✈❡�♥✐♥❣ �❤❡ ♠♦�✐♦♥ ♦❢ ✢✉✐❞� ❛❞♦♣�❡❞ ✐♥ �❡❝�✳ ✹✵ ✇❛� ✐♥❞❡❡❞ ❝♦��❡❝�✱ ❛� ✐� ❧❡❛❞�

�♦ �❡�✉❧�� ✇❤✐❝❤ ❛�❡ ♣�♦✈❡♥ ❛❧�♦ ❜② ♠❡❛♥� ♦❢ ♦�❤❡� ♠❡�❤♦❞�✳ ❆♥❞✱ ❛❧�❤♦✉❣❤ ✐� �❡❡♠❡❞ �♦ ❜❡

�❡���✐❝�❡❞ ♦♥❧② �♦ �❤❡ ❝❛�❡ ♦❢ ❧✐�✉✐❞�✱ ✐� ✇❛� ♣♦��✐❜❧❡✱ ❛� ✇❡ ❛❧�❡❛❞② ❞✐�❝✉��❡❞ ❛� �❤❡ ❡♥❞ ♦❢ �❡❝�✳

✻✻ ♣✳♠✳✱ �♦ ❡①�❡♥❞ �✉❝❤ ♠❡�❤♦❞ ❛❧�♦ �♦ ❡❧❛��✐❝ ✢✉✐❞�✿ ❛♥❞ ✇❡ ❞♦ ♥♦� ��❛�❡ ✇✐�❤ ❣�❡❛�❡� ❞❡�❛✐❧

�❤✐� �❡�✉❧� ❜❡❝❛✉�❡ �✉❝❤ ❛♥ ♦✈❡���❛�❡♠❡♥� �❡❡♠� �♦ ✉� ✐♥❞❡❡❞ �✉♣❡�✢✉♦✉�✳ ❲✐�❤ �❤❡ ♣�♦❝❡❞✉�❡

✇❡ ❤❛✈❡ ❛❞♦♣�❡❞ ❤❡�❡ ✇❡ ❤❛✈❡ ♦❜�❛✐♥❡❞ ♥♦� ♦♥❧② ❛ ❣❡♥❡�❛❧ ❞❡♠♦♥���❛�✐♦♥✱ ❜✉� ✇❡ ❛�❡ ❛❜❧❡

�♦ ❣❛✐♥ ❛ ❜❡��❡� ✉♥❞❡���❛♥❞✐♥❣ ♦❢ �❤❡ ♥❛�✉�❡ ♦❢ ✐♥�❡�♥❛❧ ❢♦�❝❡�✿ ❛♥❞ ✇❡ ✇✐❧❧ �❡❡ ❤♦✇ ✐♥ �❤❡

❢♦❧❧♦✇✐♥❣✳

✹✹✳ ❆� ✇❡ ✇♦✉❧❞ ❧✐❦❡ �♦ ♦❜�❛✐♥ ❛ �❡♣�❡�❡♥�❛�✐♦♥ ♦❢ �✉❛♥�✐�② Π✱ ✇❤✐❝❤ ❛♣♣❡❛�� ✐♥ �❤❡ ❣❡♥❡�❛❧

❡�✉❛�✐♦♥ ✭✸✽✮✱ ❛� ✇❡ ❤❛✈❡ ❛❧�❡❛❞② ❞♦♥❡ ❢♦� �✉❛♥�✐�② Λ ✐♥ �❤❡ ✜♥❛❧ ♣❛�� ♦❢ �❡❝�✳ ✸✺✱ ✐� ✐� ❝♦♥✈❡♥✐❡♥�

�♦ �❡❝❛❧❧ ❡�✉❛�✐♦♥� ✭✹✼✮ ♦❢ �❡❝�✳ ✶✵✱ ✇❤✐❝❤ ❛�❡ ✈❡�✐✜❡❞ ❛� �❤❡ ❜♦✉♥❞❛�✐❡�✳ ❲❡ ✐♠❛❣✐♥❡ ❛❧�♦ ❤❡�❡✱

✇✐�❤ ❛ ❬❧♦❣✐❝❛❧❪ ❛��✐✜❝❡ �✐♠✐❧❛� �♦ �❤❡ ♦♥❡ ❛❧�❡❛❞② ✉�❡❞ ✐♥ �❤❡ ♠❡♥�✐♦♥❡❞ �❡❝�✳ ✸✺✱ �♦ ❤❛✈❡

�❡❣�❡❣❛�❡❞ ✐♥�✐❞❡ �❤❡ ♠❛�� ♦❢ �❤❡ �✉♣❡�✜❝✐❛❧ �②��❡♠ ❛ ♣♦��✐♦♥ ✇❤❛��♦❡✈❡� ❧✐♠✐�❡❞ ❜② ❛ ❝✉�✈❡

❤❛✈✐♥❣ ❛ ❞♦✉❜❧❡ ❛�❜✐��❛�② ❝✉�✈❛�✉�❡✱ ❢♦� ✇❤✐❝❤ ✐� ✐� ❡��❛❜❧✐�❤❡❞ ❜❡�✇❡❡♥ �❤❡ ✈❛�✐❛❜❧❡� x, y �✉❝❤

❛♥ ❡�✉❛�✐♦♥

f (x, y) = 0;



✲ ✶✵✺✲

✐❧ ♣✉♥
♦ (x, y, z) �✐❛ �♦♣�❛ �✉❡�
❛ ❝✉�✈❛ ❞✐ ❝♦♥
♦�♥♦ ✿ ❧❡ ❡�✉❛③✐♦♥✐ ♠❡❝❝❛♥✐❝❤❡ �✐❛♥♦ ✐♥
❡�❡

❧✐♠✐
❛
❡ ❛❧ ♠♦
♦ ❡ ❛❧❧✬❡�✉✐❧✐❜�✐♦ ❞✐ �✉❡�
❛ �♦❧❛ ♣♦�③✐♦♥❡ ❞❡❧ �✐�
❡♠❛✱ �❡�
❛♥❞♦ �✉♣♣❧✐
♦ ❧✬❡✛❡

♦

❞✐ 
✉

❛ ❧❛ ♠❛
❡�✐❛ ❝✐�❝♦�
❛♥
❡ ❞❛ ♣�❡��✐♦♥✐ ❡�❡�❝✐
❛
❡ �✉❧❧✬❛♥③✐❞❡

❛ ❧✐♥❡❛ ❞✐ ❝♦♥
♦�♥♦✳

◗✉❡❧❧❡ ❡�✉❛③✐♦♥✐ ✭✹✼✮ ♥✳ ✶✵ ❝✐ ❞❛♥♥♦✱ ✈✐�
✐ ✐ ✈❛❧♦�✐ ✭✻✶✮✱

(λ)V (Γ)−Π
[

z′z′ +
(

1 + z
2

′

)

y′
]

= 0

(μ)V (Γ) + Π
[

z′z′ y
′ + 1 + z′

2
]

= 0✭✻✷✮

(ν)V (Γ)−Π
[

z′z′ +
(

1 + z
2

′

)

y′
]

z′ +Π
[

z′z′ y
′ + 1 + z′

2
]

z′ = 0

❡��❡♥❞♦

V =

√

1 + y′2 +

(

dz

dx

)2

❞♦✈❡
dz

dx
= z′ + z′ y

′,

❝✐♦$ dz
dx

�✐❣♥✐✜❝❛ ❧❛ ❞❡�✐✈❛
❛ 
♦
❛❧❡ ❞❡❧❧❛ z ♣❡� ❧❛ x✱ z′ ❧❛ �♦❧❛ ❞❡�✐✈❛
❛ ♣❛�③✐❛❧❡ ❞❡❧❧❛ z(x, y(x))

♣❡� ❧❛ x ❝❤❡ $ ❡�♣❧✐❝✐
❛ ❛❧❧❛ y ✿ y′ $ ❧❛ ❞❡�✐✈❛
❛ ❞❡❧❧❛ y ♣❡� ❧❛ x✳ ❘❛♠♠❡♥
❡�✐ ♣♦✐ ❝❤❡ ♥❡❧ ❧✉♦❣♦

❝✐
❛
♦ �✐ $ ❞❡

♦ ❡��❡�❡ (Γ) ❧❛ ❞❡♥�✐
( ❧✐♥❡❛�❡ ♣❡❧ ♣✉♥
♦ (x, y, z) ❞✐ �✉❡❧❧❛ ❝✉�✈❛✱ (λ), (μ), (ν) ❧❡


�❡ ❝♦♠♣♦♥❡♥
✐ �❡

❛♥❣♦❧❛�✐ ❞❡❧❧❛ ♣�❡��✐♦♥❡ ❡�❡�❝✐
❛
❛ �✉ ❞❡

♦ ♣✉♥
♦✳

▲❡ ✭✻✷✮✱ ❞♦♣♦ ❢❛❝✐❧✐ �✐❞✉③✐♦♥✐ ♣♦��♦♥♦ �❝�✐✈❡��✐

(λ)(Γ) = ΠR · y
′ + z′

dz
dx

RV
; (μ)(Γ) = −ΠR · 1 + z′ dz

dx

RV
;✭✻✸✮

(ν)(Γ) = ΠR · z
′y′ − z′

RV
.

◗✉❡�
❡ ❝✐ ❞✐❝♦♥♦ ❞✉❡ ✈❡�✐
( ✐♠♣♦�
❛♥
✐✳ ▲❛ ♣�✐♠❛ ❝❤❡ ❧❡ 
�❡ (λ)(Γ), (μ)(Γ), (ν)(Γ) �♦♥♦ ❧❡

❝♦♠♣♦♥❡♥
✐ �❡

❛♥❣♦❧❛�✐ �❡❝♦♥❞♦ ✐ 
�❡ ❛��✐ ❞✐ ✉♥✬✉♥✐❝❛ ❢♦�③❛ ΠR✱ ❧❛ ❝✉✐ ❞✐�❡③✐♦♥❡ ❢❛ ❝♦✐ 
�❡ ❛��✐

♠❡❞❡�✐♠✐ ❛♥❣♦❧✐ ❞✐ ❝♦�❡♥✐

✭✻✹✮
y′ + z′

dz
dx

RV
; − 1 + z′ dz

dx

RV
;

z′y′ − z′

RV
;

$ ♣❡�♣❡♥❞✐❝♦❧❛�❡ ✭❝♦♠❡ ❛ ♠♦♠❡♥
✐ ❞✐♠♦�
�❡�❡♠♦✮ ❛❧❧❛ 
❛♥❣❡♥
❡ ❞❡❧❧❛ ❝✉�✈❛ ❞✐ ❝♦♥
♦�♥♦ ♥❡❧

♣✉♥
♦ (x, y, z)✱ ❡ ❣✐❛❝❡ ♥❡❧ ♣✐❛♥♦ ✐✈✐ 
❛♥❣❡♥
❡ ❛❧❧❛ �✉♣❡�✜❝✐❡✳ ❊❝❝♦ ❧❛ �✉❛♥
✐
( ΠR �✐✈❡�
✐
❛

❞❡❧❧❛ �❛♣♣�❡�❡♥
❛③✐♦♥❡ ❞❡❧❧✬❛♥③✐❞❡

❛ ❢♦�③❛✳ ▲❛ �❡❝♦♥❞❛ ✈❡�✐
( $ ❝❤❡ �✉❡�
❛ ♣�❡��✐♦♥❡ ΠR, ✐♥

❝♦♥�❡❣✉❡♥③❛ ❞❡❧❧❛ ✭✻✵✮✱ $ ❡�♣�❡��❛ ❛♥❝❤❡ ❞❛ 2Γ2Q❀ ❝✐♦$✱ �✉❛♥❞♦ Q ✭�✐✈❡❞✐ ❧❛ ♣�✐♠❛ ❞❡❧❧❡ ✭✺✽✮✮

♥♦♥ $ ❢✉♥③✐♦♥❡ ❞❡❧❧❡ x, y, z✱ ♣❡�❝❤$ �✉❡�
❡ ♥♦♥ ❡♥
�❛♥♦ ♥❡❧❧❛ T ❡�♣❧✐❝✐
❛♠❡♥
❡ ❛❧ �❛❞✐❝❛❧❡ ✭❝❛�♦

❞❡✐ ✢✉✐❞✐ ❡❧❛�
✐❝✐ ♥♦♥ ❣�❛✈✐✱ ❝♦♠❡ �✐ $ ❞❡

♦ ❛♥❝❤❡ ❛❧ ♥✳ ✸✾✮✱ �✐ ✈❡�✐✜❝❛ �✉✐ ♣✉�❡ ✐❧ 
❡♦�❡♠❛ ❞✐

▼♦��♦

✐ ❡ ❞✐ ▲❛♣❧❛❝❡ ❞❡❧❧❛ ♣�♦♣♦�③✐♦♥❛❧✐
(

✲ ✶✵✺✲❊◆●

❧❡
 ♣♦✐♥
 (x, y, z) ❜❡❧♦♥❣ 
♦ �✉❝❤ ❛ ❝♦♥
♦✉� ❝✉�✈❡✿ ❧❡
 ✉� ❝♦♥�✐❞❡� 
❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡�✉❛
✐♦♥� ❛�

❧✐♠✐
❡❞ 
♦ 
❤❡ ♠♦
✐♦♥ ❛♥❞ 
❤❡ ❡�✉✐❧✐❜�✐✉♠ ♦❢ �✉❝❤ ❛ ♣♦�
✐♦♥ ♦❢ 
❤❡ �②�
❡♠✱ ✇❤✐❧❡ 
❤❡ ❡✛❡❝
 ♦❢ ❛❧❧


❤❡ �✉��♦✉♥❞✐♥❣ ♠❛

❡� �❡♠❛✐♥� �❡♣❧❛❝❡❞ ❜② ♣�❡��✉�❡� ❡①❡�
❡❞ ♦♥ 
❤❡ ❛❢♦�❡♠❡♥
✐♦♥❡❞ ❝♦♥
♦✉�

❧✐♥❡✳

❚❤❡ ❡�✉❛
✐♦♥� ✇�✐

❡♥ ✐♥ ❢♦�♠✉❧❛ ✭✹✼✮ �❡❝
✳ ✶✵ ✇✐❧❧ ❣✐✈❡ ✉�✱ ♦♥❝❡ ✈❛❧✉❡� ✭✻✶✮ ❛�❡ 
❛❦❡♥ ✐♥
♦

❛❝❝♦✉♥
✱

(λ)V (Γ)−Π
[

z′z′ +
(

1 + z
2

′

)

y′
]

= 0

(μ)V (Γ) + Π
[

z′z′ y
′ + 1 + z′

2
]

= 0✭✻✷✮

(ν)V (Γ)−Π
[

z′z′ +
(

1 + z
2

′

)

y′
]

z′ +Π
[

z′z′ y
′ + 1 + z′

2
]

z′ = 0

❜❡✐♥❣

V =

√

1 + y′2 +

(

dz

dx

)2

❛♥❞ ✇❤❡�❡
dz

dx
= z′ + z′ y

′,

✇❤✐❝❤ ♠❡❛♥� 
❤❛
 �②♠❜♦❧ dz
dx

❞❡♥♦
❡� 
❤❡ 
♦
❛❧ ❞❡�✐✈❛
✐✈❡ ♦❢ 
❤❡ ✈❛�✐❛❜❧❡ z ✇✐
❤ �❡�♣❡❝
 
♦


❤❡ ✈❛�✐❛❜❧❡ x✱ ✇❤✐❧❡ 
❤❡ �②♠❜♦❧ z′ ❞❡♥♦
❡� 
❤❡ ♣❛�
✐❛❧ ❞❡�✐✈❛
✐✈❡ ♦❢ ❢✉♥❝
✐♦♥ z(x, y(x)) ✇✐
❤

�❡�♣❡❝
 
❤❡ ✈❛�✐❛❜❧❡ x ✇❤✐❝❤ ✐� ♦❜
❛✐♥❡❞ ❜② ✜①✐♥❣ ✈❛�✐❛❜❧❡ y✿ ❛♥❞ y′ ✐� 
❤❡ ❞❡�✐✈❛
✐✈❡ ♦❢ ✈❛�✐❛❜❧❡

y ✇✐
❤ �❡�♣❡❝
 
♦ x✳ ■
 ❤❛� 
♦ ❜❡ ❦❡♣
 ✐♥ ♠✐♥❞ 
❤❡♥✱ 
❤❛
 ✐♥ 
❤❡ ❛❢♦�❡♠❡♥
✐♦♥❡❞ �❡❝
✐♦♥ �②♠❜♦❧

(Γ) ✇❛� ✐♥
�♦❞✉❝❡❞ 
♦ ❞❡♥♦
❡ 
❤❡ ❧✐♥❡❛� ❞❡♥�✐
② ♦❢ 
❤❛
 ❝✉�✈❡ ❛
 ♣♦✐♥
 (x, y, z)✱ ✇❤✐❧❡ �②♠❜♦❧�

(λ), (μ), (ν) ✇❡�❡ ✉�❡❞ ❢♦� 
❤❡ 
❤�❡❡ �❡❝
❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥
� ♦❢ 
❤❡ ♣�❡��✉�❡ ❡①❡�
❡❞ ✐♥ 
❤❛


♣♦✐♥
✳

❚❤❡ ✭✻✷✮✱ ❛❢
❡� �✐♠♣❧❡ �❡❞✉❝
✐♦♥�✱ ❝❛♥ ❜❡ ✇�✐

❡♥ ❛� ❢♦❧❧♦✇�

(λ)(Γ) = ΠR · y
′ + z′

dz
dx

RV
; (μ)(Γ) = −ΠR · 1 + z′ dz

dx

RV
;✭✻✸✮

(ν)(Γ) = ΠR · z
′y′ − z′

RV
.

❚❤❡�❡ ❧❛�
 ❡�✉❛
✐♦♥� 
❡❧❧ ✉� 
✇♦ ✐♠♣♦�
❛♥
 
�✉
❤�✳ ❚❤❡ ✜��
 ♦♥❡ �
❛
❡� 
❤❛
 
❤❡ 
❤�❡❡ �✉❛♥
✐
✐❡�

(λ)(Γ), (μ)(Γ), (ν)(Γ) ❛�❡ 
❤❡ 
❤�❡❡ �❡❝
❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥
� ❛❧♦♥❣ 
❤❡ 
❤�❡❡ ❝❤♦�❡♥ ❛①❡� ♦❢ ❛

✉♥✐�✉❡ ❢♦�❝❡ ΠR✱ ✇❤♦�❡ ❞✐�❡❝
✐♦♥ ❢♦�♠� ✇✐
❤ 
❤❡ �❛♠❡ ❛①❡� �♦♠❡ ❛♥❣❧❡� ❤❛✈✐♥❣ ❝♦�✐♥❡�

✭✻✹✮
y′ + z′

dz
dx

RV
; − 1 + z′ dz

dx

RV
;

z′y′ − z′

RV
;

❬
❤✐� ❞✐�❡❝
✐♦♥❪ ✐� ♣❡�♣❡♥❞✐❝✉❧❛� ✭❛� ✇❡ ✇✐❧❧ �❤♦✇ �♦♦♥✮ 
♦ 
❤❡ 
❛♥❣❡♥
 
♦ 
❤❡ ❝♦♥
♦✉� ❝✉�✈❡ ❛


♣♦✐♥
 (x, y, z)✱ ❛♥❞ ❧✐❡� ✐♥ 
❤❡ ♣❧❛♥❡ ✇❤✐❝❤ ✐� 
❛♥❣❡♥
 ✐♥ 
❤❡ �❛♠❡ ♣♦✐♥
 
♦ 
❤❡ �✉�❢❛❝❡✳ ❲❡

❝❛♥ ❛

�✐❜✉
❡ 
❤❡�❡❢♦�❡ 
♦ �✉❛♥
✐
② ΠR 
❤❡ �♦❧❡ ♦❢ �❡♣�❡�❡♥
✐♥❣ 
❤❡ ❛❢♦�❡♠❡♥
✐♦♥❡❞ ❢♦�❝❡✳ ❚❤❡

�❡❝♦♥❞ 
�✉
❤ ✐� 
❤❛
 �✉❝❤ ♣�❡��✉�❡ ΠR, ❛� ❛ ❝♦♥�❡�✉❡♥❝❡ ♦❢ ❡�✉❛
✐♦♥ ✭✻✵✮✱ ✐� ❡①♣�❡��❡❞ ❛❧�♦ ❜②

♣�♦❞✉❝
 2Γ2Q❀ 
❤✐�✱ ✇❤❡♥ Q ✭♦♥❡ ❤❛� 
♦ ❣♦ ❜❛❝❦ 
♦ 
❤❡ ✜��
 ♦❢ 
❤❡ ✭✺✽✮✮ ✐� ♥♦
 ❛ ❢✉♥❝
✐♦♥ ♦❢

✈❛�✐❛❜❧❡� (x, y, z)✱ ❜❡❝❛✉�❡ 
❤❡�❡ ❞♦ ♥♦
 ❛♣♣❡❛� ❡①♣❧✐❝✐
❧② ✐♥ 
❤❡ ✜❡❧❞ T ✐♥❞❡♣❡♥❞❡♥
❧② ♦❢ 
❤❡

�❛❞✐❝❛❧ ✭
❤❡ ❝❛�❡ ♦❢ ❡❧❛�
✐❝ ✢✉✐❞� ✐♥ ❛❜�❡♥❝❡ ♦❢ ❣�❛✈✐
②✱ ❛� ✐
 ✇❛� �❛✐❞ ❛❧�♦ ✐♥ 
❤❡ �❡❝
✳ ✸✾✮✱ ✐
 ✐�

✈❡�✐✜❡❞ ❛❧�♦ ❤❡�❡ 
❤❡ 
❤❡♦�❡♠ ❜② ▼♦��♦

✐ ❛♥❞ ▲❛♣❧❛❝❡ ✇❤✐❝❤ �
❛
❡� 
❤❡ ♣�♦♣♦�
✐♦♥❛❧✐
②



✲ ✶✵✻✲

❞❡❧❧❛ ♣
❡��✐♦♥❡ ❛❧ �✉❛❞
❛�♦ ❞❡❧❧❛ ❞❡♥�✐��✳ ❈❤❡ ♣♦✐ ❧❡ �
❡ ❝♦♠♣♦♥❡♥�✐ 
❡��❛♥❣♦❧❛
✐ ❞❡❧❧❛ ♣
❡��✐♦♥❡

❞❡❜❜❛♥♦ ❡��❡
❡ ✐♥ �✉❡❧ ♣✉♥�♦ ❧❡ (λ), (μ), (ν) ♠♦❧�✐♣❧✐❝❛�❡ ♣❡
 ❧❛ ❞❡♥�✐�� ❧✐♥❡❛
❡ (Γ), �✐ �
♦✈❡
�

❝♦♥✈❡♥✐❡♥�✐��✐♠♦ ❞♦♣♦ ❛✈❡
 
✐❝♦
❞❛�✐ ✐ 
❛❣✐♦♥❛♠❡♥�✐ ❛❞❞♦��✐ �✉❧ ✜♥❡ ❞❡❧ ♥✳ ✸✺✳ ❱♦

❡✐ ❝❤❡

�✉❡��✐ ♠♦❧�✐♣❧✐❝❛�✐ ❡�❡♠♣✐ �❡
✈✐��❡
♦ ❛ ♣❡
�✉❛❞❡
❡ ❝❤❡ ❧❛ ❝❤✐❛
❡③③❛ ❞❡❧❧❡ ✐❞❡❡ 
✐�✉❧�❛ �♦❧�❛♥�♦

❞❛❧ ❝♦♠♣❧❡��♦ ❞✐ �✉��❡ ❧❡ ♣❛
�✐ ❞❡❧❧❛ �✉❡��✐♦♥❡ ❡�❛♠✐♥❛�❛ ♥❡❧❧✬✐♥�✐❡♠❡ ❞❡❧❧❡ ✈❛
✐❡ ❡�✉❛③✐♦♥✐ ♣❡


❧✬✐♥�❡
♥♦ ❞❡✐ �✐��❡♠✐ ❡ ♣❡
 ✐ ❧✐♠✐�✐✿ ❡�✉❛③✐♦♥✐ ❝❤❡ ❡♠❡
❣♦♥♦ �♣♦♥�❛♥❡❛♠❡♥�❡ ❞❛✐ ♥♦��
✐ ♠❡�♦❞✐✳

✹✺✳ ▼❡��♦ ❧❛ ❞✐♠♦��
❛③✐♦♥❡ ❞❡❧ �❡♦
❡♠❛ ❣❡♦♠❡�
✐❝♦ ❡♥✉♥❝✐❛�♦ 
✐❣✉❛
❞♦ ❛❧❧❡ ❢
❛③✐♦♥✐ ✭✻✹✮✳

❈❤❡ ❧❛ �♦♠♠❛ ❞❡✐ ❧♦
♦ �✉❛❞
❛�✐ ❡❣✉❛❣❧✐❛ ❧✬✉♥✐��✱ ❝♦♥❞✐③✐♦♥❡ ✐♥❞✐�♣❡♥�❛❜✐❧❡ ❛✣♥❝❤) ❡��❡ ❡�♣
✐✲

♠❛♥♦ ✐ ✈❛❧♦
✐ ❞❡✐ ❝♦�❡♥✐ ❞❡✐ �
❡ ❛♥❣♦❧✐ ❢❛��✐ ❞❛ ✉♥❛ 
❡��❛ ❝♦✐ �
❡ ❛��✐ ♦
�♦❣♦♥❛❧✐✱ ) ♣
♦♣
✐❡��

❢❛❝✐❧♠❡♥�❡ ✈❡
✐✜❝❛❜✐❧❡ ❞♦♣♦ 
✐❝♦
❞❛�✐ ✐ ✈❛❧♦
✐ ❞✐ R ❡ ❞✐ V ✿ ♠❛ ❧✬❛♥❞❛♠❡♥�♦ 
❡❣♦❧❛
❡ ) ✐❧ �❡❣✉❡♥�❡✳

❙✐❛♥♦

✭❛✮
l − x

α
=

m− y

β
=

n− z

γ

❧❡ ❡�✉❛③✐♦♥✐ ❞✐ ✉♥❛ 
❡��❛ ❝❤❡ ♣❛��❛ ♣❡❧ ♣✉♥�♦ (x, y, z) ✿ α, β, γ �♦♥♦ ✐ �
❡ ❝♦�❡♥✐ ❞❡❣❧✐ ❛♥❣♦❧✐

❝❤✬❡��❛ ❢❛ ❝♦✐ �
❡ ❛��✐ ♦
�♦❣♦♥❛❧✐✳ ❚❛❧ 
❡��❛ ❞❡✈❡ ❡��❡
❡ ♣❡
♣❡♥❞✐❝♦❧❛
❡ ❛❧❧❛ �❛♥❣❡♥�❡ ♥❡❧ ♣✉♥�♦

(x, y, z) ❞❡❧❧❛ ❝✉
✈❛ ❛ ❞♦♣♣✐❛ ❝✉
✈❛�✉
❛✱ �❛♥❣❡♥�❡ ❧❡ ❞✐ ❝✉✐ ❡�✉❛③✐♦♥✐ �♦♥♦

ξ − x =
η − y

y′
=

ζ − z
dz
dx

.

❉✉♥�✉❡ ❧✬❛♥❣♦❧♦ ❢❛��♦ ❞❛ �✉❡��❡ ❞✉❡ 
❡��❡ ❞❡✈❡ ❡��❡
❡ 
❡��♦✱ ❡ �✉✐♥❞✐ ♣❡
 �❡♦
❡♠❛ ♥♦�✐��✐♠♦ ❢
❛

✐ ❝♦�❡♥✐ ❞❡❣❧✐ ❛♥❣♦❧✐ ❞❛ ❡��❡ ❢❛��❡ ❝♦✐ �
❡ ❛��✐

✭❜✮ α+ βy′ + γ
dz

dx
= 0.

❉✐ �✉✐ ❧❛ ♥♦��
❛ 
❡��❛ ❞❡✈❡ ❣✐❛❝❡
❡ �✉❧ ♣✐❛♥♦ �❛♥❣❡♥�❡ ❛❧❧❛ �✉♣❡
✜❝✐❡ ♥❡❧ ♣✉♥�♦ (x, y, z)✱ ♣✐❛♥♦

❧❛ ❝✉✐ ❡�✉❛③✐♦♥❡ )

(p− x)z′ + (q − y) z′ = r − z;

✐ ✈❛❧♦
✐ ♣❡
�❛♥�♦ ❞✐ l,m, n ❝❛✈❛�✐ ❞❛❧❧❡ ✭❛✮ ❞❡❜❜♦♥♦ �♦❞❞✐�❢❛
❡ ❛ �✉❡��✬✉❧�✐♠❛ ❡�✉❛③✐♦♥❡ ♦✈❡

♠❡��❛♥�✐ ♣❡
 p, q, r ✿ ❞✐ �✉✐ ❧✬❛❧�
❛

✭❝✮ αz′ + βz′ − γ = 0.

❆❣❣✐✉♥❣✐❛♠♦ ❧✬❡�✉❛③✐♦♥❡

✭❞✮ α2 + β2 + γ2 = 1

✲ ✶✵✻✲❊◆●

♦❢ ♣
❡��✉
❡ �♦ �❤❡ ��✉❛
❡ ♦❢ ❞❡♥�✐�②✳ ■� ✐� �❤❡♥ 
❡❛❧❧② 
❡❛�♦♥❛❜❧❡ ❤❛✈✐♥❣ ❢♦✉♥❞ �❤❛� �❤❡ �❤
❡❡


❡❝�❛♥❣✉❧❛
 ❝♦♠♣♦♥❡♥�� ♦❢ ♣
❡��✉
❡ ♠✉�� ❜❡✱ ✐♥ �❤❛� ♣♦✐♥�✱ ♦❜�❛✐♥❡❞ ❜② ♠✉❧�✐♣❧②✐♥❣ �✉❛♥�✐�✐❡�

(λ), (μ), (ν) ❜② �❤❡ ❧✐♥❡❛
 ❞❡♥�✐�② (Γ), ❛❢�❡
 
❡❝❛❧❧✐♥❣ �❤❡ 
❡❛�♦♥✐♥❣� ♣
❡�❡♥�❡❞ ❛� �❤❡ ❡♥❞ ♦❢ �❤❡

�❡❝�✳ ✸✺✳ ■ ✇♦✉❧❞ ❡①♣❡❝� �❤❛� ❛❧❧ �❤❡�❡ ♠❛♥② ❡①❛♠♣❧❡� ✇♦✉❧❞ ♣❡
�✉❛❞❡ ❬�❤❡ 
❡❛❞❡
❪ �❤❛� �❤❡

❝❧❛
✐�② ♦❢ �❤❡ ✐❞❡❛� ❝❛♥ ❜❡ ♦❜�❛✐♥❡❞ ♦♥❧② ❜② �❤❡ ❝♦♠♣❧❡① ♦❢ ❛❧❧ ♣❛
�� ♦❢ �❤❡ ♣
♦❜❧❡♠ ✇❤✐❝❤ ✇❡ ❛
❡

❞❡❛❧✐♥❣ ✇✐�❤✱ ♦♥❝❡ ✐� ✐� ❡①❛♠✐♥❡❞ �♦ ✐♥❝❧✉❞❡ �❤❡ �❡� ♦❢ ❛❧❧ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ✐� ✈❛❧✐❞ ✐♥ �❤❡ ✐♥�❡
✐♦


♦❢ �❤❡ �②��❡♠ ❛♥❞ ❛� ✐�� ❜♦✉♥❞❛
✐❡�✿ ❡�✉❛�✐♦♥� ✇❤✐❝❤ ❛
❡ ❛❧❧ �♦❣❡�❤❡
 ♦❜�❛✐♥❡❞ ♥❛�✉
❛❧❧② ❜② �❤❡

❛♣♣❧✐❝❛�✐♦♥ ♦❢ ♦✉
 ♠❡�❤♦❞�✳

✹✺✳ ■ ♣
❡�❡♥� ❤❡
❡ �❤❡ ❞❡♠♦♥��
❛�✐♦♥ ♦❢ �❤❡ ❣❡♦♠❡�
✐❝❛❧ �❤❡♦
❡♠ ✇❤✐❝❤ ✇❛� ❛♥♥♦✉♥❝❡❞

❜❡❢♦
❡ 
❡❣❛
❞✐♥❣ ❢
❛❝�✐♦♥� ✭✻✹✮✳ ❬❚❤❡ ♣
♦♣❡
�② ✇❤✐❝❤ ✇❡ ❛
❡ �❛❧❦✐♥❣ ❛❜♦✉�❪ ��❛�❡� �❤❛� �❤❡ �✉♠

♦❢ �❤❡✐
 ��✉❛
❡� ✐� ❡�✉❛❧ �♦ ✉♥✐�✱ ✇❤✐❝❤ ✐� ❛♥ ✐♥❞✐�♣❡♥�❛❜❧❡ ❝♦♥❞✐�✐♦♥ �♦ ❛��✉
❡ �❤❛� �❤❡② ❡①♣
❡��

�❤❡ ✈❛❧✉❡� ♦❢ �❤❡ ❝♦�✐♥❡� ♦❢ �❤❡ �❤
❡❡ ❛♥❣❧❡� ❢♦
♠❡❞ ❜② ❛ ��
❛✐❣❤� ❧✐♥❡ ✇✐�❤ �❤❡ �❤
❡❡ ♦
�❤♦❣♦♥❛❧

❛①❡�✱ ❛♥❞ �✉❝❤ ❛ ♣
♦♣❡
�② ❝❛♥ ❜❡ ❡❛�✐❧② ✈❡
✐✜❡❞ ❛❢�❡
 
❡❝❛❧❧✐♥❣ �❤❡ ✈❛❧✉❡� ♦❢ �✉❛♥�✐�✐❡� R ❛♥❞

V ✿ ❛ ♣❧❛✐♥ ❞❡♠♦♥��
❛�✐♦♥ ♦❢ �❤✐� ✈❡
✐✜❝❛�✐♦♥ ✐� ❣✐✈❡♥ ✐♥ ✇❤❛� ❢♦❧❧♦✇�✳

▲❡�

✭❛✮
l − x

α
=

m− y

β
=

n− z

γ

❜❡ �❤❡ ❡�✉❛�✐♦♥� ♦❢ ❛ ��
❛✐❣❤� ❧✐♥❡ ✇❤✐❝❤ ✐� ♣❛��✐♥❣ �❤
♦✉❣❤ ♣♦✐♥� (x, y, z)✿ ❛♥❞ α, β, γ ❜❡ �❤❡

�❤
❡❡ ❝♦�✐♥❡� ♦❢ �❤❡ ❛♥❣❧❡� ✇❤✐❝❤ �❤✐� ❧✐♥❡ ❢♦
♠� ✇✐�❤ �❤❡ �❤
❡❡ ♦
�❤♦❣♦♥❛❧ ❛①❡�✳ ❚❤✐� ��
❛✐❣❤�

❧✐♥❡ ♠✉�� ❜❡ ♣❡
♣❡♥❞✐❝✉❧❛
 �♦ �❤❡ �❛♥❣❡♥� ❛� ♣♦✐♥� (x, y, z) ♦❢ �❤❡ ❝✉
✈❡ ✇✐�❤ ❞♦✉❜❧❡ ❝✉
✈❛�✉
❡✱

❛♥❞ �❤✐� �❛♥❣❡♥� ❧✐♥❡ ❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥�✿

ξ − x =
η − y

y′
=

ζ − z
dz
dx

.

❚❤❡
❡❢♦
❡ �❤❡ ❛♥❣❧❡ ❢♦
♠❡❞ ❜② �❤❡�❡ �✇♦ ��
❛✐❣❤� ❧✐♥❡� ♠✉�� ❜❡ ❛ 
✐❣❤� ❛♥❣❧❡ ❛♥❞ �❤❡
❡❢♦
❡✱ ❢♦


❛ ✇❡❧❧✲❦♥♦✇♥ �❤❡♦
❡♠ ✇❤✐❝❤ 
❡❧❛�❡� �❤❡ ❝♦�✐♥❡� ♦❢ �❤❡ ❛♥❣❧❡� ❢♦
♠❡❞ ❜② �❤❡�❡ �✇♦ ❧✐♥❡� ✇✐�❤

�❤❡ ♦
�❤♦❣♦♥❛❧ ❛①❡�✱ ✇❡ ❤❛✈❡

✭❜✮ α+ βy′ + γ
dz

dx
= 0.

❚❤✐� ✐♠♣❧✐❡� �❤❛� ♦✉
 ��
❛✐❣❤� ❧✐♥❡ ♠✉�� ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ �❤❡ �❛♥❣❡♥� ♣❧❛♥❡ �♦ �❤❡ �✉
❢❛❝❡ ❛� ♣♦✐♥�

(x, y, z)✱ ❛♥❞ �❤✐� ♣❧❛♥❡ ❤❛� �❤❡ ❢♦❧❧♦✇✐♥❣ ❡�✉❛�✐♦♥

(p− x)z′ + (q − y) z′ = r − z;

�❤❡
❡❢♦
❡ �❤❡ ✈❛❧✉❡� ♦❢ �✉❛♥�✐�✐❡� l,m, n ❛� ♦❜�❛✐♥❡❞ ❢
♦♠ ❡�✉❛�✐♦♥� ✭❛✮ ♠✉�� ✈❡
✐❢② �❤✐� ❧❛��

❡�✉❛�✐♦♥✱ ✇❤❡♥ 
❡♣❧❛❝❡❞ ✇✐�❤ p, q, r✿ �❤✐� ✐♠♣❧✐❡� �❤❡ ❢♦❧❧♦✇✐♥❣ ♦�❤❡
 ❡�✉❛❧✐�②

✭❝✮ αz′ + βz′ − γ = 0.

▲❡� ✉� ❛❞❞ ♥♦✇ ❛❧�♦ �❤✐� ❡�✉❛❧✐�②

✭❞✮ α2 + β2 + γ2 = 1



✲ ✶✵✼✲

♣♦��❛�❛ ❞❛❧❧❛ ❝♦♥❞✐③✐♦♥❡ ♣✐� �♦♣�❛ �✐❝♦�❞❛�❛✳ ▲❛ �✐�♦❧✉③✐♦♥❡ ❞❡❧❧❡ ��❡ ❡�✉❛③✐♦♥✐ ✭❜✮✱ ✭❝✮✱ ✭❞✮✱

❝❤❡ �✐ ♣�❡�❡♥�❛ ❢❛❝✐❧❡ ❡ ❧❛�❝✐♦ ❛❧❧❛ ♣❡�✐③✐❛ ❞❡❧ ❧❡��♦�❡✱ ❞❛�� ♣❡� α, β, γ ✐ ✈❛❧♦�✐ ✭✻✹✮✳

✹✻✳ ❋✐♥❛❧♠❡♥�❡ ��❛��❡�❡♠♦ ♣�❡��♦ ❛ ♣♦❝♦ ❛❧❧♦ ��❡��♦ ♠♦❞♦ ❛♥❝❤❡ ✐ �✐��❡♠✐ ❧✐♥❡❛�✐✳

◗✉✐ ♣✉�❡✱ ❝♦♠❡ ❛❧ ♥✳ ✹✵✱ ❢❛�❡♠♦ ♣�❡❝❡❞❡�❡ ❧✬❛♥❛❧✐�✐ ❞❡❧ ♠♦�♦ ❞✐ ✉♥ ❧✐�✉✐❞♦ ❛❧❧❛ ♠❛♥✐❡�❛ ❞✐

▲❛❣�❛♥❣❡✱ ❣✐✉��❛ ❧❛ �✉❛❧❡ �✐ ❝♦♥�❡♠♣❧❛ ❧❛ �♦❧❛ ❝♦♥❞✐③✐♦♥❡ ❞❡❧❧❛ ❞❡♥�✐�� ❝♦��❛♥�❡✳ ❊��❡♥❞♦ ✭♥✳

✶✶✱ ✻✼✱ ♠✳♣✳✱ ❡❞ ❡�✉❛③✐♦♥❡ ✭✻✮ ♥✳ ✶✸ ❞❡❧❧✬❛��✉❛❧❡✮

Γ =
1√
α
,

♥❡❧❧❛ �✉♣♣♦�✐③✐♦♥❡ ❞❡❧❧❛ ❞❡♥�✐�� ❝♦��❛♥�❡ ❛✈�❡♠♦

α = ❝♦��.;

❡♣♣❡�( ✐❧ �❡�♠✐♥❡ ❞❛ ❛❣❣✐✉♥❣❡�❡ �♦��♦ ✐❧ �❡❝♦♥❞♦ ✐♥�❡❣�❛❧❡ ♥❡❧❧✬❡�✉❛③✐♦♥❡ ❣❡♥❡�❛❧✐��✐♠❛ ✭✽✮ ❞❡❧

♥✳ ✼✱ �❛�� ✉♥✐❝❛♠❡♥�❡ 1
2λδα. ■❧ ❝❛�♦ ❛��✉❛❧❡ ❝♦♠❜✐♥❛ ❝♦♥ �✉❡❧❧♦ ❞❡❣❧✐ ❛❧��✐ ❞✉❡ ❝♦❡✣❝✐❡♥�✐ μ, ν

�❡�✐ ♥✉❧❧✐✱ ❣✐� ��❛��❛�♦ ♥❡❧ ♥✳ ✼ ❛♥③✐❞❡��♦✿ �♦♥♦ ♣❡��❛♥�♦ �✉✐ ❛♣♣❧✐❝❛❜✐❧✐ ❧❡ ❡�✉❛③✐♦♥✐ ❝♦❧� �❡❣♥❛�❡

✭✶✹✮✱ ❝❤❡ �✐❞✉❝♦♥♦ ❧❡ ✭✶✷✮ ✐✈✐ ♣�❡❝❡❞❡♥�✐ ❛❧❧❡

ΓV

(

X − d2x

dt2

)

=

(

λ

ΓV

)′

ΓV

(

Y − d2y

dt2

)

=

(

λy′

ΓV

)′

✭✻✺✮

ΓV

(

Z − d2z

dt2

)

=

(

λz′

ΓV

)′

❡��❡♥❞♦

V =
√

1 + y′
2 + z′

2 ;

�✉✐ ❣❧✐ ❛♣✐❝✐ ✐♥❞✐❝❛♥♦ ❧❡ ❞❡�✐✈❛�❡ ❞✐ y, z �❡❧❛�✐✈❛♠❡♥�❡ ❛❧❧❛ x✳ ❉❛ �✉❡��❡ �✐ ❝❛✈❛ ✐❧ ✈❛❧♦�❡ ❞✐ λ
Γ ,

❝♦♠❡ ♥❡❧❧❛ ✭✶✺✮ ❞❡❧ ❝✐�❛�♦ ♥✉♠❡�♦✱ ❝❤❡ 0 ❜❡♥❡ ❞✬✐♠♠❛❣✐♥❛�❡ �✐♣❡�✉�❛ ✐♥ �✉❡��♦ ❧✉♦❣♦✳

❱✐��❡ ♣♦✐ ❧❡ ❡�✉❛③✐♦♥✐ ✭✾✮✱ ✭✶✶✮ ❞❡❧ ♥✳ ✼✱ ❡ �✐❝♦�❞❛�♦ �✉❛♥�♦ �✐ 0 ❞❡��♦ ♥❡✐ ❧✉♦❣❤✐ ❛♥❛❧♦❣❤✐ ♣❡✐

�✐��❡♠✐ ❛ ��❡ ❡ ❞✉❡ ❞✐♠❡♥�✐♦♥✐ ✭♥✳ ✺✶ ♠✳♣✳✱ ❡ ♥✳ ✶✵ ❡ ✹✹ ❞❡❧❧✬❛��✉❛❧❡✮ ✿ �✐ ❝❛♣✐�� ❝❤❡ ❛ ❝✐❛�❝✉♥♦

❞❡✐ ♣✉♥�✐ ❛❧❧✬❡���❡♠✐�� ❞❡❧ �✐��❡♠❛ ❧✐♥❡❛�❡ ❞❡✈❡ ✈❡�✐✜❝❛��✐ ✉♥✬❡�✉❛③✐♦♥❡

(λ) δx+ (μ) δy + (ν) δz +
λ

ΓV
(δx+ y′δy + z′δz) = 0,

❧❛ �✉❛❧❡ �✐ �♦♠♣❡ ♥❡❧❧❡ ��❡

✭✻✻✮ (λ) =
λ

ΓV
; (μ) =

λy′

ΓV
; (ν) =

λz′

ΓV
,

✲ ✶✵✼✲❊◆●

✇❤✐❝❤ ✐� ✐♠♣❧✐❡❞ ❜② �❤❡ ♣�❡✈✐♦✉�❧② �❡❝❛❧❧❡❞ ❝♦♥❞✐�✐♦♥✳ ❚❤❡ �♦❧✉�✐♦♥ ♦❢ �❤❡ �❤�❡❡ ❡�✉❛�✐♦♥� ✭❜✮✱

✭❝✮✱ ✭❞✮✱ ✇❤✐❝❤ ✐� ❡❛�② ❛♥❞ ✇❤✐❝❤ ■ ❧❡❛✈❡ �♦ �❤❡ ❡①♣❡��✐�❡ ♦❢ �❤❡ �❡❛❞❡�✱ ✇✐❧❧ ❣✐✈❡ ❢♦� α, β, γ �❤❡

✈❛❧✉❡� ✐♥ ❡�✉❛�✐♦♥ ✭✻✹✮✳

✹✻✳ ❋✐♥❛❧❧② ✇❡ ✇✐❧❧ ��❡❛� ♥❡❛�❧② ✐♥ �❤❡ �❛♠❡ ✇❛② �❤❡ ❧✐♥❡❛� �②��❡♠�✱ �♦♦✳

❆❧�♦ ❤❡�❡✱ ❛� ✐♥ �❡❝�✳ ✹✵✱ ✇❡ ✇✐❧❧ ��❛�� ✇✐�❤ �❤❡ ❛♥❛❧②�✐� ♦❢ �❤❡ ♠♦�✐♦♥ ♦❢ ❛ ❧✐�✉✐❞ ❢♦❧❧♦✇✐♥❣

�❤❡ ✐❞❡❛� ♦❢ ▲❛❣�❛♥❣❡✱ ✇❤♦ ❝♦♥�✐❞❡�❡❞ ♦♥❧② �❤❡ ❝❛�❡ ♦❢ ❝♦♥��❛♥� ❞❡♥�✐�②✳ ❇❡✐♥❣ ✭�❡❝��✳ ✶✶ ❛♥❞

✻✼ ♣✳♠✳ ❛♥❞ ❡�✉❛�✐♦♥ ✭✻✮ �❡❝�✳ ✶✸ ♦❢ �❤❡ ♣�❡�❡♥� ♦♥❡✮

Γ =
1√
α
,

✉♥❞❡� �❤❡ ❛��✉♠♣�✐♦♥ ♦❢ ❝♦♥��❛♥� ❞❡♥�✐�② ✇❡ ✇✐❧❧ ❤❛✈❡✿

α = ❝♦♥��.;

❛♥❞ �❤❡�❡❢♦�❡ �❤❡ �❡�♠ �♦ ❜❡ ❛❞❞❡❞ ✉♥❞❡� �❤❡ �❡❝♦♥❞ ✐♥�❡❣�❛❧ ✐♥ �❤❡ ♠♦�� ❣❡♥❡�❛❧ ❡�✉❛�✐♦♥ ✭✽✮

♦❢ �❡❝�✳ ✼✱ ✇✐❧❧ ❜❡ ♦♥❧② 1
2λδα✳ ❚❤❡ ♣�❡�❡♥� ❝❛�❡ ✇✐❧❧ �❡❞✉❝❡ �♦ �❤❡ ♦♥❡ ✇❤❡�❡ �❤❡ �✇♦ ❝♦❡✣❝✐❡♥��

μ, ν ❛�❡ ✈❛♥✐�❤✐♥❣ ❛♥❞ ✇❤✐❝❤ ✇❛� ❛❧�❡❛❞② ��❡❛�❡❞ ✐♥ �❤❡ ❛❢♦�❡♠❡♥�✐♦♥❡❞ �❡❝�✳ ✼✿ �❤❡�❡❢♦�❡

❡�✉❛�✐♦♥� ✇❤✐❝❤ ✇❡�❡ ❧❛❜❡❧❧❡❞ �❤❡�❡ ❛� ✭✶✹✮ ❛�❡ ❛♣♣❧✐❝❛❜❧❡ ❤❡�❡✱ ❛♥❞ �❤❡② �❡❞✉❝❡ �❤❡ ✭✶✷✮ �♦

�❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡�✿

ΓV

(

X − d2x

dt2

)

=

(

λ

ΓV

)′

ΓV

(

Y − d2y

dt2

)

=

(

λy′

ΓV

)′

✭✻✺✮

ΓV

(

Z − d2z

dt2

)

=

(

λz′

ΓV

)′

❜❡✐♥❣

V =
√

1 + y′
2 + z′

2 ;

✇❤❡�❡ �❤❡ ♣�✐♠❡� ✐♥❞✐❝❛�❡ �❤❡ ❞❡�✐✈❛�✐✈❡� ♦❢ ✈❛�✐❛❜❧❡� y, z ✇✐�❤ �❡❢❡�❡♥❝❡ �♦ ✈❛�✐❛❜❧❡ x✳ ❚❤❡�❡

❧❛�� ❡�✉❛�✐♦♥� ❛❧❧♦✇ �❤❡ ❝❛❧❝✉❧❛�✐♦♥ ♦❢ �✉❛♥�✐�② λ
Γ , ❛� ✐� ❤❛� ❜❡❡♥ ❞♦♥❡ ✐♥ �❤❡ ✭✶✺✮ ♦❢ �❤❡ ❝✐�❡❞

�❡❝�✐♦♥✱ ❡�✉❛�✐♦♥ ✇❤✐❝❤ ✐� �✉✐�❛❜❧❡ �♦ �❡✇�✐�❡ ❤❡�❡✳

❈♦♥�✐❞❡�✐♥❣ �❤❡♥ ❡�✉❛�✐♦♥� ✭✾✮✱ ✭✶✶✮ ♦❢ �❡❝�✳ ✼✱ ❛♥❞ �❡❝❛❧❧✐♥❣ ✇❤❛� ✇❛� ❢♦✉♥❞ ✐♥ �❤❡ �✐♠✐❧❛�

�❡❛�♦♥✐♥❣� ❢♦� �✇♦✲❞✐♠❡♥�✐♦♥❛❧ ❛♥❞ �❤�❡❡✲❞✐♠❡♥�✐♦♥❛❧ �②��❡♠� ✭�❡❝�✳ ✺✶ ♣✳♠✳ ❛♥❞ �❡❝�✳ ✶✵ ❛♥❞

�❡❝�✳ ✹✹ ♦❢ �❤❡ ♣�❡�❡♥� ♠❡♠♦✐�✮✿ ✐� ✇✐❧❧ ❜❡ ✉♥❞❡���♦♦❞ �❤❛� ❛� ❡❛❝❤ ♦❢ �❤❡ ♣♦✐♥�� ❧②✐♥❣ ❛� �❤❡

❡①��❡♠✐�② ♦❢ ❧✐♥❡❛� �②��❡♠ ❛♥ ❡�✉❛�✐♦♥ ❤❛✈✐♥❣ �❤❡ ❢♦❧❧♦✇✐♥❣ ���✉❝�✉�❡ ♠✉�� ❜❡ ✈❡�✐✜❡❞

(λ) δx+ (μ) δy + (ν) δz +
λ

ΓV
(δx+ y′δy + z′δz) = 0,

✇❤✐❝❤ ✐♠♣❧✐❡� �❤❡ ❢♦❧❧♦✇✐♥❣ �❤�❡❡

✭✻✻✮ (λ) =
λ

ΓV
; (μ) =

λy′

ΓV
; (ν) =

λz′

ΓV
,



✲✶✵✽✲

❡��❡♥❞♦ (λ), (μ), (ν) ❧❡ ��❡ ❝♦♠♣♦♥❡♥�✐ �❡��❛♥❣♦❧❛�✐ �❡❝♦♥❞♦ ✐ ��❡ ❛��✐ ❞✐ ✉♥❛ ❢♦�③❛ ❛♣♣❧✐❝❛�❛

�✐♥❣♦❧❛�♠❡♥�❡ ❛ �✉❡❧ ♣✉♥�♦ ❡���❡♠♦✳

❊ ❛❞❡��♦ ✈❡❞✐❛♠♦ ❛ ❝❤❡ ✈✐❡♥ �✐❞♦��❛ ❧❛ �✉❡��✐♦♥❡ ❞❡✐ �✐��❡♠✐ ❧✐♥❡❛�✐ ❞❛❧ ♣�✐♥❝✐♣✐♦ ❛❞♦��❛�♦

✐♥ �✉❡��♦ ❈❛♣♦✳

❈♦♥�✐❞❡�❛�❡ ❧❡ ❡�✉❛③✐♦♥✐ ✭✺✮✱ ✭✽✮ ❞❡❧ ♥✳ ✶✷ ❝❛♣✐�❡♠♦ ❝❤❡ ♥❡❧❧❛ �❡�✐❡ ✭✽✮ ❜❛��❡�" �❡♥❡� ❝♦♥�♦

❞❡❧ �♦❧♦ ♣�✐♠♦ �❡�♠✐♥❡ (1) δα✱ ❡��❡♥❞♦ (1) =
∫

df · Tf 2

❡ T ❞❡❧❧❛ ❢♦�♠❛

✭✻✼✮ T (x, y, z, x+ ξ, y(x+ ξ), z(x+ ξ))

❣❧✐ ❛❧��✐ ❝♦❡✣❝✐❡♥�✐ ♥❡❧❧❛ �❡�✐❡ �❛�❡❜❜❡�♦ ✐♥�❡❣�❛❧✐ ❞♦✈❡ �♦��♦ ✐❧ �❡❣♥♦ ❧❛ T ✈❡��❡❜❜❡ ❛❞ ❡��❡�❡

♠♦❧�✐♣❧✐❝❛�❛ ♣❡� f3, f4✱ ❡❝✳✱ ❡ �✐ ♣�♦✈❡�❡❜❜❡�♦ ��❛�❝✉�❛❜✐❧✐ ❝♦♥ �❛❣✐♦♥❛♠❡♥�♦ ❛♥❛❧♦❣♦ ❛❧ ❣✐" ❢❛��♦

♣❡� ❣❧✐ ❛❧��✐ ❞✉❡ �✐��❡♠✐✳ ❆❜❜✐❛♠♦ ♣♦✐

✭✻✽✮ ξ =
dx

da
f +

1

2

d
2

x

da
2
f2 + ❡❝✳

❡ ♥❡ ❞❡❞✉❝✐❛♠♦ ✐♥✈❡��❛♠❡♥�❡

f =
ξ
dx
da

+ ❡❝✳

❞♦✈❡ ♥❡❧❧✬❡❝❝❡�❡�❛ �❡❣✉✐�❡❜❜❡�♦ �❡�♠✐♥✐ ❝♦❧❧❛ ξ ❛❧ �✉❛❞�❛�♦✱ ❛❧ ❝✉❜♦✱ ❡❝✳ ◗✉❡��✬✉❧�✐♠❛ ♣✉) ❛♥❝❤❡

�❝�✐✈❡��✐ ✭✈❡❞✐ ❡�✉❛③✐♦♥❡ ✭✶✸✮ ♥✳ ✼✮

✭✻✾✮ f = ΓV ξ + ❡❝✳

❡ ❝♦♥ �❛❧ ✈❛❧♦�❡ ❞✐ f ��❛�❢♦�♠❛�♦ ✐❧ ♣�❡❝❡❞❡♥�❡ ✐♥�❡❣�❛❧❡ �✐�✉❧�❛

(1) = Γ3V 3

∫

dξ · Tξ2

;

❣✐❛❝❝❤, �✐ ��❛�❝✉�❛♥♦ ♣❡� ❧❛ �♦❧✐�❛ �❛❣✐♦♥❡ ❣❧✐ ✐♥�❡❣�❛❧✐ �❡❣✉❡♥�✐ ♥❡✐ �✉❛❧✐ ❧❛ ξ �♦��♦ ✐❧ �❡❣♥♦ ❢♦��❡

❛ ♣✐- ❛❧�❛ ❞✐♠❡♥�✐♦♥❡ ❞❡❧❧❛ �❡❝♦♥❞❛✳

❊❝❝♦ ✐❧ ❝♦❡✣❝✐❡♥�❡ ❞✐ δα �✉❡❧❧♦ ��❡��♦ ❝❤❡ ♣✐- �♦♣�❛ ❛❜❜✐❛♠♦ ❞❡�✐❣♥❛�♦ ❝♦♥ λ
2 ; �✉✐♥❞✐

✭✼✵✮ λ = 2Γ3V 3

∫

dξ · Tξ2

.

.❡❧ ❝❛�♦ ❞❡❧ ✢✉✐❞♦ ❧❛ ❢♦�♠❛ ❞❡❧❧❛ T , ❣✐✉��❛ ✐❧ ❞❡��♦ ♣✐- ✈♦❧�❡

T

(

x, y, z,

√

ξ
2 + (y′ξ + ❡❝✳)2 + (z′ξ + ❡❝✳)2

)

❡ ♣✉) �✐�❡♥❡��✐ �❡♠♣❧✐❝❡♠❡♥�❡

✭✼✶✮ T
(

x, y, z, ξ
√

1 + y′
2 + z′

2

)

✲✶✵✽✲❊◆●

✇❤❡�❡ �②♠❜♦❧� (λ), (μ), (ν) ❞❡♥♦�❡ �❤❡ �❤�❡❡ �❡❝�❛♥❣✉❧❛� ❝♦♠♣♦♥❡♥�� ✇✐�❤ �❡�♣❡❝� �♦ �❤�❡❡

❝❤♦�❡♥ ❛①❡� ♦❢ ❛ ❢♦�❝❡ ❛♣♣❧✐❡❞ ❡①❛❝�❧② ❛� �❤❛� ❡①��❡♠✐�② ♣♦✐♥�✳

◆♦✇ ✇❡ �❡❡ ❤♦✇ �❤❡ ❛♣♣❧✐❝❛�✐♦♥ ♦❢ �❤❡ ♣�✐♥❝✐♣❧❡ ❛��✉♠❡❞ ✐♥ �❤✐� ❈❛♣♦ �❡❞✉❝❡� �❤❡ �❤❡♦�②

❢♦� ❧✐♥❡❛� �②��❡♠�✳

❖♥❝❡ ✇❡ ❤❛✈❡ ❝♦♥�✐❞❡�❡❞ ❡�✉❛�✐♦♥� ✭✺✮✱ ✭✽✮ ✐♥ �❡❝�✳ ✶✷ ✇❡ ✇✐❧❧ ✉♥❞❡���❛♥❞ �❤❛� ✐♥ �❤❡ �❡�✐❡�

✭✽✮ ✐� ✇✐❧❧ ❜❡ �✉✣❝✐❡♥� �♦ �❛❦❡ ✐♥�♦ ❛❝❝♦✉♥� ♦♥❧② �❤❡ ✜��� �❡�♠ (1) δα✱ ✇❤❡�❡ (1) =
∫

df · Tf 2

✱

�✐♥❝❡✱ ❜❡✐♥❣ T ♦❢ �❤✐� ❢♦�♠

✭✻✼✮ T (x, y, z, x+ ξ, y(x+ ξ), z(x+ ξ)),

�❤❡ ♦�❤❡� ❝♦❡✣❝✐❡♥�� ✐♥ �❤❡ �❡�✐❡� ✇♦✉❧❞ ❜❡ ✐♥�❡❣�❛❧� ✇❤❡�❡✱ ✉♥❞❡� �❤❡ �✐❣♥✱ �✉❛♥�✐�② T ✇♦✉❧❞ ❜❡

♠✉❧�✐♣❧✐❡❞ ❜② f3, f4✱ ❡�❝✳✱ ❛♥❞ �❤❡�❡❢♦�❡ �❤❡② ✇♦✉❧❞ ❜❡ ♣�♦✈❡♥ �♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ✇✐�❤ ❛ �❡❛�♦♥✐♥❣

❛♥❛❧♦❣♦✉� �♦ �❤❡ �✐♠✐❧❛� ♦♥❡ ❛♣♣❧✐❡❞ �♦ �❤❡ ♦�❤❡� �✇♦ ❦✐♥❞� ♦❢ �②��❡♠�✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡

✭✻✽✮ ξ =
dx

da
f +

1

2

d
2

x

da
2
f2 + ❡�❝✳

✐� ✐� ♣♦��✐❜❧❡ �♦ ❞❡❞✉❝❡✱ ❜② ✐♥✈❡��✐♥❣ ✐�✱ �❤❛�

f =
ξ
dx
da

+ ❡�❝✳

✇❤❡�❡ ✐♥ �❤❡ ❡� ❝❡�❡�❛ �♦♠❡ �❡�♠� ✇♦✉❧❞ ❢♦❧❧♦✇ ✇❤❡�❡ ✈❛�✐❛❜❧❡ ξ ✐� ��✉❛�❡❞✱ ♦� �❛✐�❡❞ �♦ ❛ ❝✉❜✐❝

♦� ❤✐❣❤❡� ♣♦✇❡�✳ ❚❤✐� ❧❛�� ❡�✉❛�✐♦♥ ❝❛♥ ❛❧�♦ ❜❡ ✇�✐��❡♥ ✭�❡❡ ❡�✉❛�✐♦♥ ✭✶✸✮ �❡❝�✳ ✼✮

✭✻✾✮ f = ΓV ξ + ❡�❝✳

❛♥❞✱ ✇✐�❤ �❤❡ ✈❛❧✉❡ ♦❢ f ❝♦♥�❡�✉❡♥�❧② ��❛♥�❢♦�♠❡❞✱ �❤❡ ♣�❡✈✐♦✉� ✐♥�❡❣�❛❧ ❜❡❝♦♠❡�

(1) = Γ3V 3

∫

dξ · Tξ2

;

❛� ✐� ✐� ♣♦��✐❜❧❡ �♦ ♥❡❣❧❡❝�✱ ❢♦� �❤❡ ✉�✉❛❧ �❡❛�♦♥✱ �❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥�❡❣�❛❧�✱ ✐♥ ✇❤✐❝❤ ✈❛�✐❛❜❧❡ ξ

✉♥❞❡� �❤❡ ✐♥�❡❣�❛❧ �✐❣♥ ✇♦✉❧❞ ❛♣♣❡❛� ✇✐�❤ ♣♦✇❡�� ❤✐❣❤❡� �❤❛♥ �❤❡ �❡❝♦♥❞ ❞❡❣�❡❡✳

❲❡ �❤❡�❡❢♦�❡ ♦❜�❛✐♥ �❤❡ ❝♦❡✣❝✐❡♥� ♦❢ δα✱ �❤❡ �❛♠❡ ❝♦❡✣❝✐❡♥� ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❞❡♥♦�❡❞ ❜❡❢♦�❡

✇✐�❤ λ
2 ❀ ❤❡♥❝❡

✭✼✵✮ λ = 2Γ3V 3

∫

dξ · Tξ2

.

❆� ✐� ✇❛� �❛✐❞ ♠❛♥② �✐♠❡�✱ ✐♥ �❤❡ ❝❛�❡ ♦❢ ✢✉✐❞� �❤❡ ❢♦�♠ ♦❢ ✈❛�✐❛❜❧❡ T ✐� ❣✐✈❡♥ ❜②

T

(

x, y, z,

√

ξ
2 + (y′ξ + ❡�❝✳)2 + (z′ξ + ❡�❝✳)2

)

❛♥❞ ♦♥❡ ❝❛♥ �✐♠♣❧② ❛��✉♠❡

✭✼✶✮ T
(

x, y, z, ξ
√

1 + y′
2 + z′

2

)



✲✶✵✾✲

❧❛�❝✐❛♥❞♦ ❛♥❞❛
❡ �♦��♦ ✐❧ 
❛❞✐❝❛❧❡ ❣❧✐ ✉❧�❡
✐♦
✐ �❡
♠✐♥✐ ❝♦♥ ♣♦�❡♥③❡ ♣✐� ❡❧❡✈❛�❡ ❞✐ ξ, ❡ ❝✐� ♣❡
 ❧❛

��❡��❛ 
❛❣✐♦♥❡ ❣✐� ❛❞❞♦��❛ ♣❛
❧❛♥❞♦ ❞❡❧❧❛ ❢♦
♠♦❧❛ ✭✺✹✮✳

▲❛♦♥❞❡ ♥❡❧ ❝❛�♦ ❛��✉❛❧❡ ❧❛ ✭✼✵✮ ❞✐✈❡♥�❛

✭✼✷✮ λ = 2Γ3V 3

∫

dξ · T (x, y, z, ξV ) ξ
2

.

❚
❛�❢♦
♠✐❛♠♦ ❧✬✐♥�❡❣
❛❧❡ ♣♦♥❡♥❞♦

ξV = p ♥✉♦✈❛ ✈❛
✐❛❜✐❧❡

❡ ❝✐ ✈❡

�

✭✼✸✮
λ

Γ
= 2Γ

2

∫

dp · T (x, y, z, p) p
2

;

✐ ❧✐♠✐�✐ ❞✐ &✉❡��♦ ✐♥�❡❣
❛❧❡ ♣♦��♦♥♦ 
✐�❡♥❡
�✐ ❛❧ �♦❧✐�♦ ❧✬✐♥✜♥✐�♦ ♥❡❣❛�✐✈♦ ❡ ✐❧ ♣♦�✐�✐✈♦✳

▲❛ &✉❛♥�✐�� λ
Γ ♣
❡♥❞❡ ✉♥❛ 
❛♣♣
❡�❡♥�❛③✐♦♥❡ ♠❡❞✐❛♥�❡ ✉♥ ❛
�✐✜�✐♦ �✐♠✐❧❡ ❛❧ ❣✐� ✉�❛�♦ ❛❧ ♥✳

✹✹✱ &✉❡❧❧♦ ❝✐♦) ❞✐ ❝♦♥�✐❞❡
❛
❡ �❡♣❛
❛�❛♠❡♥�❡ ✐❧ ♠♦�♦ ❞✐ ✉♥ ❛
❝♦ ❞✐ ❣
❛♥❞❡③③❛ ❛
❜✐�
❛
✐❛✱ &✉❛❧

♣♦
③✐♦♥❡ ❞❡❧ ♥♦��
♦ ✢✉✐❞♦ ❧✐♥❡❛
❡✱ ❞✐ ❝✉✐ ✐❧ ♣✉♥�♦ (x, y, z) �✐❛ ❛❞ ✉♥❛ ❞❡❧❧❡ ❡��
❡♠✐�� ✿ ❡��❡♥❞♦

�✉♣♣❧✐�♦ ❧✬❡✛❡��♦ ❞✐ �✉��❛ ❧❛ ♠❛�❡
✐❛ ❝❤❡ ♣
❡❝❡❞❡ ♦ �❡❣✉❡ ✉♥ �❛❧ ❛
❝♦ ♣❡
 ♠❡③③♦ ❞✐ ♣
❡��✐♦♥✐ ❛✐

�✉♦✐ ❞✉❡ ❝♦
♣✐ ❬�❡
♠✐♥❛❧✐❪✳

▲❡ ❡&✉❛③✐♦♥✐ ✭✻✻✮ ♣
♦✈❛♥♦ ❝❤❡ (λ), (μ), (ν) �♦♥♦ ❧❡ �
❡ ❝♦♠♣♦♥❡♥�✐ 
❡��❛♥❣♦❧❛
✐ ❞✐ ✉♥✬✉♥✐❝❛

❢♦
③❛ λ
Γ ❞✐
❡��❛ �❡❝♦♥❞♦ ❧❛ �❛♥❣❡♥�❡ ❞❡❧❧❛ ❝✉
✈❛ ♥❡❧ ♣✉♥�♦ (x, y, z)✳ ❆❞✉♥&✉❡ ❧❛ λ

Γ ) ❧❛ ♣
❡��✐♦♥❡

♥❡❧ ♣✉♥�♦ (x, y, z) ♣
♦✈❡♥✐❡♥�❡ ❞❛❧❧❛ ♠❛�❡
✐❛ ❝❤❡ ♣
❡❝❡❞❡ ✿ ❡ ✐❧ �✉♦ ✈❛❧♦
❡ ✭✼✸✮ ❝✐ ❢❛ ✈❡❞❡
❡ ❝❤❡

&✉❛♥❞♦ ❧❛ ❢♦
③❛ ✐♥�❡
♥❛ T ♥♦♥ ) ❢✉♥③✐♦♥❡ ❞✐ x, y, z, ❞❡��❛ ♣
❡��✐♦♥❡ ) ♣
♦♣♦
③✐♦♥❛❧❡ ❛❧ &✉❛❞
❛�♦

❞❡❧❧❛ ❞❡♥�✐�� ✿ �❡
③♦ 
✐�♦
♥♦ ❞❡❧ �❡♦
❡♠❛ ❞✐ ▼♦��♦��✐ ❡ ❞✐ ▲❛♣❧❛❝❡✳

❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴

◆❖❚❆ ❆▲ ❈❆�❖ ■❱✳

❴❴❴

▲❡ �❡✐ &✉❛♥�✐�� ❣❡♦♠❡�
✐❝❤❡✱ ✐ ✈❛❧♦
✐ ❞❡❧❧❡ &✉❛❧✐ �♦♥♦ �
♦✈❛�✐ ❞❛❧❧✬❆✉�♦
❡✱ ❝♦♠♣♦��✐ ❝♦❧❧❡ �♦❧❡
�❡✐ &✉❛♥�✐�� α, ǫ, ϑ.... ❡ ❧♦
♦ ❞❡
✐✈❛�❡✱ �♦♥♦ ✿ ❧❡ ❞❡
✐✈❛�❡ ❞❡❧❧❡ ❧✉♥❣❤❡③③❡ ❞❡❣❧✐ ❛
❝❤✐ ❞✐ ❞✉❡ ❧✐♥❡❡
�
❛❝❝✐❛�❡ �✉❧ �✐��❡♠❛ �✉♣❡
✜❝✐❛❧❡❀ ✐❧ ❝♦�❡♥♦ ❞❡❧❧✬❛♥❣♦❧♦ ❝♦♠♣
❡�♦ ❞❛❧❧❡ �❛♥❣❡♥�✐ ❛❞ ❡��❡ ❧✐♥❡❡ ♥❡❧
❧♦
♦ ♣✉♥�♦ ❞✐ ✐♥�❡
�❡③✐♦♥❡❀ ✐ 
❛❣❣✐ ❞✐ ❝✉
✈❛�✉
❛ ❞❡❧❧❡ ❧✐♥❡❡ ♠❡❞❡�✐♠❡ ✐♥ &✉❡❧ ♣✉♥�♦✱ ❡❞ ✐❧ ❝♦�❡♥♦
❞❡❧❧✬❛♥❣♦❧♦ ❝♦♠♣
❡�♦ ❞❛ &✉❡��✐ 
❛❣❣✐✳

❖
❛ �✐ ♣
❡�❡♥�❛♥♦ ❞✉❡ ❞♦♠❛♥❞❡✳ ◆♦♥ ✈✐ �❛
❛♥♥♦ ❛❧�
❡ &✉❛♥�✐�� ❣❡♦♠❡�
✐❝❤❡ ♦❧�
❡ ❧❡ �❡✐
�✉❞❞❡��❡✱ ✐ ✈❛❧♦
✐ ❞❡❧❧❡ &✉❛❧✐ �✐❡♥♦ 
❛♣♣
❡�❡♥�❛❜✐❧✐ ❞❛ &✉❡❧❧❡ �❡✐ &✉❛♥�✐��❄ ❊ ♥❡❧ ❝❛�♦ �✐ ♣♦�❡��❡
❞✐♠♦��
❛
❡ ❝❤❡ ♥❡ �✉��✐��♦♥♦ ❛❧�
❡✱ �❛
❛♥♥♦ ❛♥❝♦
❛ ❧❡ �❡✐ �✉♣❡
✐♦
✐ ❧❡ ♣✐� ♦♣♣♦
�✉♥❡ ❛❞ ✐♥�
♦❞✉
�✐
♥❡❧❧✬❡&✉❛③✐♦♥❡ ❞❡❧❧❛ ❞✐♥❛♠✐❝❛ ❝♦♠❡ &✉❛♥�✐�� ❝❤❡ ✈❡♥❣♦♥♦ ❢❛��❡ ✈❛
✐❛
❡ ❞❛❧❧❡ ❢♦
③❡ ✐♥�❡
♥❡❄

✲✶✵✾✲❊◆●

♥❡❣❧❡❝�✐♥❣ ✐♥ �❤✐� ✇❛② ✉♥❞❡
 �❤❡ 
❛❞✐❝❛❧ �❤❡ ❢✉
�❤❡
 �❡
♠� ✇❤❡
❡ ❤✐❣❤❡
 ♣♦✇❡
� ♦❢ ✈❛
✐❛❜❧❡ ξ

❛♣♣❡❛
✱ ❛♥❞ �❤✐� ❜❡❝❛✉�❡ ♦❢ �❤❡ �❛♠❡ 
❡❛�♦♥ ❛❧
❡❛❞② ❞✐�❝✉��❡❞ ✇❤❡♥ �❛❧❦✐♥❣ ❛❜♦✉� ❢♦
♠✉❧❛ ✭✺✹✮✳

❚❤❡
❡❢♦
❡ ✐♥ �❤❡ ♣
❡�❡♥� ❝❛�❡ ❡&✉❛�✐♦♥ ✭✼✵✮ ❜❡❝♦♠❡�

✭✼✷✮ λ = 2Γ3V 3

∫

dξ · T (x, y, z, ξV ) ξ
2

.

▲❡� ✉� �
❛♥�❢♦
♠ �❤❡ ✐♥�❡❣
❛❧ ❛��✉♠✐♥❣

ξV = p ❛� ❛ ♥❡✇ ✈❛
✐❛❜❧❡

�♦ �❤❛� ✇❡ ❣❡�

✭✼✸✮
λ

Γ
= 2Γ

2

∫

dp · T (x, y, z, p) p
2

;

�❤❡ ❧✐♠✐�� ♦❢ �❤✐� ✐♥�❡❣
❛❧ ✇✐❧❧ ❜❡✱ ❛� ✉�✉❛❧✱ ♣❧✉� ❛♥❞ ♠✐♥✉� ✐♥✜♥✐�②✳

◗✉❛♥�✐�② λ
Γ ❝❛♥ ❜❡ 
❡♣
❡�❡♥�❡❞ �❤❡♥ ❜② ♠❡❛♥� ♦❢ ❛♥ ❛
�✐✜❝❡ �✐♠✐❧❛
 �♦ �❤❛� ❛❧
❡❛❞② ✉�❡❞

✐♥ �❤❡ �❡❝�✳ ✹✹✱ ✇❤✐❝❤ ❝♦♥�✐��� ✐♥ ❝♦♥�✐❞❡
✐♥❣ �❡♣❛
❛�❡❧② �❤❡ ♠♦�✐♦♥ ♦❢ ❛ ❝✉
✈❡ �❡❣♠❡♥� ♦❢

❛
❜✐�
❛
② ❧❡♥❣�❤ ❛� ❛ ♣♦
�✐♦♥ ♦❢ ♦✉
 ❧✐♥❡❛
 ✢✉✐❞✱ ❬�❡❣♠❡♥�❪ ♦❢ ✇❤✐❝❤ ♣♦✐♥� (x, y, z) ✐� ♦♥❡ ♦❢

�❤❡ ❡①�
❡♠✐�✐❡�✿ �❤❡ ❡✛❡❝� ♦❢ ❛❧❧ ♠❛��❡
 ✇❤✐❝❤ ♣
❡❝❡❞❡� ♦
 ❢♦❧❧♦✇� �✉❝❤ ❝✉
✈❡ �❡❣♠❡♥� ❜❡✐♥❣


❡♣❧❛❝❡❞ ❜② ♣
❡��✉
❡� ❡①❡
�❡❞ ❛� ✐�� ❡①�
❡♠✐�✐❡�✳

❊&✉❛�✐♦♥� ✭✻✻✮ ♣
♦✈❡ �❤❛� &✉❛♥�✐�✐❡� (λ), (μ), (ν) ❛
❡ �❤❡ �❤
❡❡ 
❡❝�❛♥❣✉❧❛
 ❝♦♠♣♦♥❡♥�� ♦❢ ❛

✉♥✐&✉❡ ❢♦
❝❡ λ
Γ ❤❛✈✐♥❣ �❤❡ �❛♠❡ ❞✐
❡❝�✐♦♥ ❛� �❤❡ �❛♥❣❡♥� �♦ �❤❡ ❝✉
✈❡ ❛� ♣♦✐♥� (x, y, z)✳ ❚❤❡
❡❢♦
❡

&✉❛♥�✐�② λ
Γ ✐� �❤❡ ♣
❡��✉
❡ ❛� ♣♦✐♥� (x, y, z) ✇❤✐❝❤ ✐� ❡①❡
�❡❞ ❜② �❤❡ ♣
❡❝❡❞✐♥❣ ♠❛��❡
 ✿ ❛♥❞

✐�� ✈❛❧✉❡ ✭✼✸✮ �❤♦✇� ✉� �❤❛�✱ ✇❤❡♥ �❤❡ ✐♥�❡
♥❛❧ ❢♦
❝❡ T ✐� ♥♦� ❛ ❢✉♥❝�✐♦♥ ♦❢ ✈❛
✐❛❜❧❡� x, y, z✱

�❤❡ ❛❢♦
❡♠❡♥�✐♦♥❡❞ ♣
❡��✉
❡ ✐� ♣
♦♣♦
�✐♦♥❛❧ �♦ �❤❡ �&✉❛
❡ ♦❢ �❤❡ ❞❡♥�✐�②✿ ❛♥❞ �❤✐� ✐� �❤❡ �❤✐
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