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RENORMALIZATION OF THE HUTCHINSON OPERATOR
YANN DEMICHEL

ABSTRACT. One of the easiest and common ways of generating fractal sets in RP is as
attractors of affine iterated function systems (IFS). The classic theory of IFS’s requires that
they are made with contractive functions. In this paper, we relax this hypothesis considering
a new operator H, obtained by renormalizing the usual Hutchinson operator H. Namely,
the H,-orbit of a given compact set Ko is built from the original sequence (H"(Ko))n by
rescaling each set by its distance from 0. We state several results for the convergence of
these orbits and give a geometrical description of the corresponding limit sets. In particular,
it provides a way to construct some eigensets for H. Our strategy to tackle the problem
is to link these new sequences to some classic ones but it will depend on whether the IFS
is strictly linear or not. We illustrate the different results with various detailed examples.
Finally, we discuss some possible generalizations.

1. INTRODUCTION AND NOTATION

The theory and the use of fractal objects, introduced and developed by Mandelbrot (see e.g.
[19]), still play an important role today in scientific areas as varied as physics, medicine or
finance (see e.g. [12] and references therein). Exhibit theoretical models or solve practical
problems requires to produce various fractal sets. There is a long history of generating
fractal sets using Iterated Function Systems. After the fundamental and theoretical works
by Hutchinson (see [17]), this method was popularized and developed by Barnsley in the 80s
(see [2, 1]). Since these years very numerous developments and extensions were made (see e.g.
[4]) making even more enormous the literature related to these topics. Indeed, the simplicity
and the efficiency of this approach have contributed to its success in a lot of domains, notably
in image theory (see e.g. [13]) and shape design (see e.g. [15]).

1.1. Background.

Let us recall the mathematical context and give the main notation used throughout the paper.
Let (M,d) be a metric space. For any map f : M — M, we define the f-orbit of a point
xg € M as the sequence (zy,), given by

Ty = (fo--of)(xo) = f"(20),

where f" is the nth iterate of f with the convention that f° is the identity function Id. In
particular, one has x,11 = f(z,) hence, if f is continuous and if (x,), converges to z € M,
then z is an invariant point for f i.e. f(z) = z.

We denote by K the set of all non-empty compact subsets of M. We obtain a metric space
endowing it with the Hausdorff metric dy defined by

VK,K'e€ Ky, du(K,K')=inf{e >0| K C K'(¢) and K' C K(e)}

where K (¢) is the set of points at a distance from K less than e.
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For every K C M we define the set f(K) = {f(z) : x € K} and we will assume in the sequel
that f(K) € K.

Let p > 1 maps fi,...,fp : M — M. Then we can define a new map H : Kys — Ky setting
P

VK €Ky, H(K)=|]f(K). (1)
i=1

We say that H is the Hutchinson Operator associated with the Iterated Function System (IFS
in short) {f1,..., fp} (see e.g. [17, 1, 12]).

Basic questions about an IFS are the following: Does the orbit (H"(Kjy)), converge for any
compact set Ko7 Does its limit depend on K37 What are the geometrical properties of the
limit sets?

The classic theory of IFS’s is based on the Contractive Mapping Principle (see e.g. [17, 1, 12]).
Let us recall that a map f : M — M is contractive if

d ;
VR LLORL)
d(z,y)
Let us assume that (M, d) is a complete metric space. Then, any contractive map is continu-

ous, has a unique invariant point z € M, and the f-orbit of any zg € M converges to z with
the basic estimate

::p,yEMWithx#y}<1.

Vn >0, d(f"(x0),2) < Afd(zo,2)-
If fi,..., fp are contractive then the associated Hutchinson operator H is also contractive
because of
)\H = max{/\fi}.

1<i<p
Since (K, dy) inherites the completeness of (M, d), the map H has then a unique invariant
point L € Ky, called the attractor of H, and for all Ky € Kjs the sequence (H"(Kp))n
converges to L. One of the interests is that such sets L are generally fractal sets.

In the sequel, the space M will be essentially RP, D > 1, endowed with the metric induced
by the Euclidean norm || - ||. Writing simply K for Kjs, a subset K C R belongs to K if and
only if it is closed and bounded. In particular, the closed ball with center € RP and radius
r > 0 will be denoted by B(z,r).

In this paper, we are interested in affine IFS’s i.e. when f; is defined by fi(z) = A;x + B;
with A; a D x D matrix and B; € R a vector. Such a map satisfies Ay, = || 4;|| where [|A;]|
is the norm of A; given by

| Ai]| = sup {||diz| : = € RY with ||z|| = 1} =inf{r>0|Vaze RY, || Asz| < x|}

In particular, classic IFS’s consist of transformations involving rotations, symmetries, scalings
and translations. In this case, if H is contractive, the corresponding attractor L is called a
self-affine set. One obtains a nice subclass of such IFS’s when the f;’s are homotheties i.e.
when fi(z) = a;z + B; with o; > 0. Indeed, contrarily to general affine maps, f; contracts
the distances with the same ratio «; in all directions. This enables a precise description
of L. For example, if the sets f;(Ky) are mutually disjoints then L is a Cantor set whose
fractal dimension is the solution of a very simple equation (see [12, 21]). Cantor sets are
fundamental and come naturally when one studies IFS’s. A simple family of Cantor sets in
Ris {Tq : 0 < a < 1} where T, is the attractor of the IFS {f1, fo} with fi(z) = az and
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fa(x) = ax+ (1 —a). For example, F% is the usual triadic Cantor set (see [17, 10, 12]). When

% < a < 1, the attractor of the previous IFS becomes the whole interval [0,1]. These basic
examples will be extensively used in the sequel.

1.2. Motivation.
Let us point out two specific situations:

— When Ay > 1 the previous results become false: typical orbits fail to converge. Basically,
the orbits of some points xy € K¢ may then satisfy || f]*(zo)|| — oo for some 7, preventing
the sequence (H"(Kj)), from being bounded.

— When all the f;’s are contractive linear maps, the attractor of H is always {0} so does
not depend on the fine structure of the A;’s but only on their norms.

However, in these two degenerate situations we can observe an intriguing geometric structure
of the sets H"(Kj). For example, let us consider the IFS {f1, fo} where the f; : R? — R? are
the linear maps given by their canonical matrices

a —a

—a 0

with @ > 0. We focus on the H-orbit of the unit ball B(0,1). For all a large enough we
have ||A1|| = ||Az2]| > 1 and the sequence (H"(B(0,1))), is not bounded: the diameter d,
of H"(B(0,1)) grows to infinity. At the contrary, for all a small enough we have ||A;| =
||A2|l < 1. Thus H is now contractive and (H"(B(0,1))),, converges to {0}: d,, vanishes to 0.
Nevertheless, whatever is a, one can observe that the sets H"(B(0,1)) tend to a same limit
shape looking like a ‘sea urchin’-shaped set (see Figure 1). So one can wonder if there exists
a critical value @ for which d,, do not degenerate so makes possible to observe this asymptotic
set.

a

Ay =

a
and Ay =
0

a

/
]
AN /

(a) n=2 (c)n=10

FIGURE 1. Three sets of the H-orbit of B(0,1) where H is the Hutchinson operator associ-
ated with the IFS {f1, f2}. Maps f1, f2 are given above. Since the maps are linear, changing
the parameter a gives the same sets for each n up to a scaling factor. Thus an adequate
renormalization should reveal a common asymptotic limit-shape.

In this paper, we aim to modify the original Hutchinson operator to annihilate these two
degenerate behaviors. We wish to obtain a limit set even if the IFS is not contractive, and a
non zero limit set for contractive linear IFS’s. Moreover, we would like this new operator to
exhibit the typical ‘limit shape’ observed above.
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1.3. Renormalization with the radius function.

Our strategy is to rescale each set H"(Ky) by dividing it by its size. The idea of rescale a
sequence of sets (K, ), to get its convergence to a non degenerate compact limit is not new
and is particularly used in stochastic modeling (see e.g. [22, 8] for famous examples of random
growth models and more recently [20, 18] in the context of random graphs and planar maps).
Probabilists usually consider the a posteriori rescaled sets iK” where d,, estimates the size
of K, often its diameter.

Here we proceed differently. First, in order to keep dealing with the orbit of an operator, we
will do an a priori renormalization. Secondly, we will measure the size of a compact set with
its distance from 0. Precisely, we consider the radius function p defined on K by

VK e K, p(K)=sup{|z]:z¢€ K} (2)

and we denote by H, the operator defined by

VK ek, Hy(K)= H(K). (3)

The radius function p satisfies the three following basic properties:

— continuity : p is continuous with respect to dy;
— monotonicity : If K C K’ then p(K) < p(K');
— homogeneity : For all € R, p(aK) = |a|p(K).
Actually p is a very nice function because it enjoys an additional stability property:

VK, K' e K, p(KUK')=max{p(K),p(K")}. (4)

The subject of interest of the paper is then the H,-orbit of sets Ko € K. For simplicity, we
will write in the sequel K, = H}(Ko) so that

1

p
Y20, Knp=_- U fi(Kn) (5)
" i=1

with

= o U A56) ) = s o5 (2. 6)
=1

1<isp
We will assume that d,, > 0, i.e. K, # {0}.

Observe that p(K;) =1 for all n > 1, thus:

— K, C B(0,1) so that the orbit of any set K is bounded;
— There exist at least one z,, € K, such that ||x,| = 1 so that (K), cannot vanish to {0}.

In particular, if (K,,), converges to a set K then p(K) =1 and K # {0}.

This new operator H,, is then a good candidate to solve the problems discussed in Section 1.2.
It will act by freezing the geometrical structure of H"(Kj) at each step n of the construction
of the orbit.

1.4. Eigen-equation problem.

Let us point out a very strong connection with the ‘eigen-equation problem’ recently studied
in [3] for affine IFS’s. Indeed, if (Kj), converges to a set K then (dy), converges to d > 0
and taking the limit in (5) leads to H(K) = dK. Hence d is an eigenvalue of H and K
a corresponding eigenset. Existence of solutions for this equation is discussed and proved
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in [3]. The values for d are closely related to the joint spectral radius o of the A;’s (see
(7)). In particular, for linear IFS’s, oa¢ was interpreted as a transition value for which
exists a corresponding eigenset K whose structure is similar to the one described in Section
1.2. Unfortunately, these results don’t hold for every IFS. In particular it rules out simple
IFS’s only made up with homotheties or some more interesting ones made up with stochastic
matrices. However, the results stated in [3] provide important clues to determine and study
the possible limits of both sequences (d,), and (K, ).

When studying the eigen-equation problem, an interesting question is to approximate any
couple (d, K) of solutions of equation H(K) = dK. Let us look at the special case when the
IF'S consists in only one linear map with matrix A and set Ko = {zo}. Then K, = {z,} with

1
Vn}O, LTn+1 = mAl‘n
n

One recognizes the famous Power Iteration Algorithm. With suitable assumptions it gives a
simple way to approximate the unit eigenvector associated with the dominant eigenvalue o4
of A, this eigenvalue being the limit of d,, = ||Azy||. Therefore, iterating the operator H,
from a set Ky is nothing but a generalization of this algorithm and then provides a natural
procedure to approximate both an eigenvalue of H and one of its associated eigenset.

From now on we are then interested in the convergence of (K,,), and the geometric properties
of its limit. Typically, H, is not contractive and the classic theory may not be applied. In
particular, H, may have different invariant points so that the limit of (K,), may be no
longer unique but deeply depend on Ky. Furthermore, it is clear that the H,-orbits of Kj
may diverge for some K (for example when the A;’s are only rotations). We will expose
different ways to state the convergence of (K ), depending on whether the IFS is affine
(Section 2) or strictly linear (Section 3). Finally, some generalizations will be shown in the
last section (Section 4).

2. RESULTS FOR AFFINE IFS’s

We suppose in this section that the IFS consists in p > 1 affine maps f; : RP? — RP defined
by fi(x) = Ajx + B;. We denote by M = {Ay,..., A,} the set of their canonical matrices.
Let us recall that the joint spectral radius of M is defined by
1 1
o =timsup (swp fa(dy 4,0} ) =timswp (s (g auly) @
n—00 1<it,.in<p n—00 1<i1,..,in<p

where a(M) denotes the usual spectral radius of the matrix M (see [24]). Finally, we denote
by Spec(M) the set of the eigenvalues of M so that a(M) = max{|a|: o € Spec(M)}.

2.1. Strategy: a general result.

Our strategy consists in linking the convergence of (K,,), to the asymptotic behavior of the
sequence of positive numbers (dy,)n. If (K,,), converges to a set K then (d,), converges to
d > 0 and the eigen-equation H(K) = dK shows that K may be seen as an invariant set
of the classical Hutchinson operator Hy = éH associated with the IFS {%fl, cee éfp}. In
particular, if d > Ay then K is unique: it is the attractor Ly of this contractive operator Hy.
Conversely, if (d,), is a constant sequence, say d, = d, one has K, = H}}(Ky) so that (K,),
converges to Ly if d > Ap. Actually, when (d,), is no longer constant, but converges to a
positive number d > Ap, then the convergence of (K, ), to Lg still happen.
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Theorem 2.1. Let Ky € K. Assume that the sequence (dy), converges to a positive number
d > Ay Then the sequence (K,), converges to the attractor Lq of the IFS {3f1,..., L f,}.

Proof. Let us set K|, = H}}(Ky). We have to prove that &, = du(K,, K;,) converges to 0.
We can write
i (Ky1, K1) < i (2 H(K), 2 H(KL)) + du (£ H(KL), LH(K)
A 1 1
< T dn (K, 1) + | o = 2| p(H(KD).
dp d, d

Since (K},)n converges, there exists B € K such that K/, C B for all n > 0. Then let us
fixn > 0and N > 0 such that 0 < Agp < d—n < d, < d+n for all n > N. We obtain
0 < ept1 < pen + my, where p = ATHn and m,, = \i — Lp(H(B)). It follows that

n—N-—1
Yn>N, 0<e, <p" Vew+ > pFma_ig
k=0
Since p € [0,1) and m,, — 0 it follows that &, — 0. O
Let us emphasize that we did not use the definition of (d,,), nor the fact that the f;’s are

affine. Hence the result is valid for any pairs of sequences (K,,), and (dy), satisfying (5).

Let us notice that the sequence (d,), depends on Ky, so that the two limits d and Ly may
also depend on Kj. If d < A\p, the asymptotic behavior of (K,), is more delicate to derive
directly from the one of (d,),. Therefore, in view of Theorem 2.1, we ask the following
questions: Does the sequence (d, ), always converge? Does its limit may not depend on Kj
or may be smaller than Ag?

2.2. Convergence of (d,);.
Except for very special cases it is impossible to obtain the exact expression of d,,. Therefore
we rather seek for bounds for d,, and d. Let us begin with a basic result.

Lemma 2.2. Let (d,,), be the sequence defined in (6). Then,
vn>1, max {[|Bil| —[|Aifl} < dn < max LAl + |[B:]]}- (8)

In particular, if (d,)n converges to d, then d also satisfies (8).

Proof. Let n > 1. One has f;(K,) C fi(B(0,1)) C B(B;, ||4;||) for all i € {1,...,p}. Thus,
any z € f;(K,) satisfies |||z| — || B;||| < ||z — Bi|| < ||A4;]|, that is

1Bill — 1Al < [[=]] < [l A:ll + [|Bil-
Since d,, = maxi<i<p max{||z|| : z € f;(K,)} we obtain (8). O
The next result provides non trivial bounds for the possible limit d.

Proposition 2.3. If (d,,), converges to d, then

Vie{l,...,p}, 0<||B;| <|ldId—A4;]. 9)
Moreover, if i € {1,...,p} is such that d ¢ Spec(4;), then
0<[[(dId—A) ' Bif < 1. (10)

In particular, if d > \f then
max {[[(d1d —A) " Bill} < 1. (11)

1<i<p
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Proof. Let i € {1,...,p} and consider the sequence (x,),>1 defined by z; € K; and z,41 =
é(Aia?n + B;). One has z,, € K,, and B; = dpxn+1 — A;x,. By sommation we get

n—1
nB; = (dnanrl - A@J/'l) + Z(dk 1d —Ai)xk+1. (12)
k=1
Therefore, for all n > 1,

n—1

1

1Bl < Ildnwn+1 Agzq || + = Z (g Id — A7) e |

k 1

2+ 1) + (525 Zudkm ~a)

The first term in the sum above goes to 0 when n — oo and Cesaro’s Lemma implies that
the term into brackets goes to ||dId —A;||. That gives (9).

Now assume that 4 is such that d ¢ Spec(A4;). Then the matrix M; = dId —A; is invertible
and (12) yields

(2

n—1
n(M;lBi) = M'fl(dnl'fnfi»l — AﬂEl) + Z M;l(dk 1d _Ai)fnk—f—l-
k=1
Thus we obtain in a similar way
IV Bl < 218+ 1) + (2 Z 1M i 1a-49) ).

We conclude as above using that ||M; (dj, Id —A4;)|| — || Id|| = 1 as k — oo.
Finally, since |[M|| > «(M) holds for every matrix M, inequality d > Ay implies that
d ¢ N_; Spec(A;), which concludes the proof. O

We will now show that (11) is an equality when the A;’s are homotheties. Actually, we will
prove again (11) but with a very different approach which can be generalized (see Theorem
4.1 (i)). We need the following result. We denote by ch(K) the convex hull of a non-empty
set K.

Lemma 2.4. Assume that || A;|| <1 for alli e {1,...,p}. Denote by z; the unique invariant
point of f; and by L the attractor of the IFS {f1,..., fp}. If fi(zi) € ch({z1,...,2}) for all
i,j €{1,...,p}, then the convex hull of L is the polytope ch({z1,...,2p}).

Proof. Let us write C' = ch({#1,...,%,}). Let i € {1,...,p}. Since fi(z;) = z;, one has
zi € L C ch(L) and then C' C ch(L). To prove the reverse inclusion we have to state that
L c C. It is enough to prove that H(C) C C, i.e. that f;(C) C C. So let z = Z?:l tjzj,
tj >0 and Z;’:l tj =1, a point in C. We have

P P
= th (Aizj + Bi) = thfj<zi)7
j=1 J=1

thus fi(z) € C. O
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Proposition 2.5. If (d,,), converges to d with d > \g then d satisfies the inequality
p({(d1d —Ay)™'By,...,(d1d—A,)"'B,}) < 1. (13)

Moreover, if A; = a;1d with a; = 0 for all i € {1,...,p}, then (13) is an equality. In this
case, there is at least one B; # 0.

Proof. Let i € {1,...,p}. First, d > Ay implies that dId—A; is invertible and z; =
(d1d —A;)~1 B, is the unique invariant point of é fi. Secondly, d > g implies that (K,,), con-
verges to Lg so z; € Lgq. Therefore {21,...,2,} C Lq, and, by monotonicity, p({z1,...,2p}) <
p(Lg) = 1. That gives (13).

Now, if all the A;’s are homotheties, one has

. f; o a
Vjie{l,...,p}, E](zz):gjzz—i— (1—#) 2.

Since 0 < «j < d, one has %(zz) € ch({z1,...,2p}). Thus, it follows from Lemma 2.4 applied

to the IFS {2 fi,...,%f,} that ch({z1,...,2}) = ch(Ly). Since p(ch(K)) = p(K) for all
K € K, we obtain

1= p(La) = pleh(La)) = plch({z1, ., 2p}) = p{z1,- - 2p),
hence (13) becomes an equality. Finally, if B; = 0 for all i € {1,...,p} then the lhs of (13)
is zero, hence a contradiction. O

Notice that using the stability property of p, (13) gives (11).

We conclude now by giving another non trivial bounds for d valid for a particular class of
IFS’s. The next result is only a rephrasing of Theorems 2 and 3 in [3].

Proposition 2.6. Assume that the A;’s have no common invariant subspaces except {0} and
RP. If (K,)n converges to K € K, then (dy,),, converges to
4 = max p(fi(K)) > o

1<isp
and equality holds if B; =0 for alli € {1,...,p}.
The determination of o is delicate but the basic estimates
A < < ; =
s (400} < o < o LA} = A
always hold (see [24]). In particular for homotheties, i.e. when A4; = «;1Id with o; > 0,

one obtains oy = Ay = maxj<;<p{a;}. Unfortunately, this simple case does not fulfill the
hypotheses of Proposition 2.6.

2.3. Case of homotheties.

We can give a complete answer when all the A;’s are homotheties: the sequence (K, ), always
converges and its limit may be explicited. First, we show that (d,,), converges and we give
the possible value for its limit d.

Lemma 2.7. Assume that A; = o;I1d with a; > 0 for alli € {1,...,p}. Let j be an index
such that aj = A\g = maxicicpi{oui}. Then (dp)n converges to a number d > 0. If d = «;
then B; = 0 else d # o and satisfies

g 112?3){0%' +11Bill} ifd>«;
aj — || B if d < oy.
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Proof. For all n > 1 we can find y,, € K,, and i,, € {1,...,p} such that d,, = ||a;, yn + Bi, |-
Then, u, = z- L (o; y, + B;,) satisfies u, € K41 and ||u,|| = 1. Since ||y,|| < 1 we obtain

dny1 2 |, un + B, || = |lai, un + dnun|| — [|dpun— By, || = (i, + dn) ||unll — ai, l|lynll = dn

Thus (dy)n>1 is increasing and bounded (see (8)), so it converges. Let d be its limit.
For all n > 1, choosing z,, € K,, such that ||z,|| =1 we get

d > dn 2 ||lajzn + Bjl| = |lajznll = || Bjll = a; = 1Bjl]. (14)

Inequality (9) with i = j writes || B;|| < |d — | so d = «; implies B; = 0. If d < o then
d < aj — ||Bj||- In addition with (14) we obtain d = a;; — || Bj|].

If d > «j, it follows from Proposition 2.5 that d is a solution of maxi<;<p lyf;”l =1. We
can consider only the B; # 0. Then, since d > Ay and the functions ¢ — Ji';”' are strictly
decreasing on (Ag, +00), the unique solution is maxj<i<p{a; + || Bi|l}- O

We can state now the precise result. We denote by cl(K) the closure of a non-empty set K.

Theorem 2.8. Assume that A; = o; 1d with o; > 0 for alli € {1,...,p}. Let j, k two indices
such that a;j = maxi<i<p{ay} and ay + ||B|| = maxi<i<p{ai + || Bil|}. Then, for all Ky € K,
the sequence (K, ), converges to a set K € K. Precisely,
(i) If Bj # 0 then
(a) Either o — || Bj| > 0 fi(—mBj) = (aj — HB~||)(—”B—1H ) for all i € {1,...,p}
and Ko = H;*({— ||B 0 B;}) :in this case K = {— ||B i B;},
(b) Or else K does not depend on Ky : it is the attractor Lq with d = oy + ||Bg| and

o Br € La i

(ii) If Bj =0 then
(a) Either oj > oy + ||Bi|| and then K = cl <Un>1Kn>,

(b) Or else a;j < oy + || Bg|| and then K does not depend on Ky : it is the attractor Lq
with d = ay, + || Bg|| and mBk € Ly.

Proof. (i) Assume that B; # 0. Hence by Lemma 2.7 we have d # «;.
(a) Suppose first that d < ;. Then, use of Lemma 2.7 again shows that d = a;; — HB]H In
particular oj — || Bj|| # 0 and o # 0. Moreover, it follows from (14) that d,, = d for all n >

Let z, € K,, and consider the sequence (k) defined by x, 1511 = 1 (a]anrk + B; )

de (xp4r) for all & > 0. Notice that x,1x € K,y so in particular |]mn+kH 1. Let us

introduce u = — HB»||B the unique point such that f;(u) = du. Noticing that x, 441 —u =
J

2 (@p4k — u) we obtain by induction that

k
VE20. 23 fon—ul = (%) llon - ull 0

Since d < o; we must have ||z, — u|| = 0. It follows that K, = {u} for all n > 1. Thus
fi(u) = du for all ¢ € {1,...,p} and K = {u}. Therefore conditions of (a) are all fulfilled.
Conversely, if they are satisfy we have obviously K,, = K; for all n > 0 and the result.

(b) Suppose now that d > a;. Then Lemma 2.7 implies that d = oy + || Bg||. Since d >
Ag the convergence to L4 follows from Theorem 2.1. Since Ly is the attractor of the IFS
{éfl, e éfp}, it contains the invariant point zj of éfk which is z = mBk

ii) Assume that B; = 0. Hence by (14) we have d > «
J J
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(a) Suppose first that «; > oy + ||Bg||. Then it follows from Lemma 2.2 that d = «; and
then by (14) that d,, = d. Therefore, for all n > 1,

p p
Y21 itj
Thus (Ky)n>1 is increasing. Since it is bounded it converges to cl({J, >, Kn)-
(b) Suppose now that a; < ay, + || Bg||. Assume that d = ;. Then inequality (9) with i = k&
yields either d > ay + || Bi|| or d < ax — ||Bg||. This latter being the unique possibility we
obtain oy, < aj < ag, — || Bg|. Thus By, = 0 and o = oy, which is a contradiction. Therefore
d > a; and we conclude along the same lines as for (i)(b). O

Let us note that, when D = 1, the unit sphere being finite, we can prove that (d,,), is always
stationary.

Example 2.9. Let us consider the IFS {fi, f2, f3} where the f; : R? — R? are given by
fi(z) = 22 + B; with
0
0 2|

Then, for all Ky € K, the sequence (K,),, converges to the attractor of the IF'S {%fl, ifg, %fg}.
It is a classical Sierpinski gasket (see Figure 2 (a)).

2
and Bg =
0

Proof. We apply Theorem 2.8 with max;<;<g{c + || Bi||} = 4 and maxj<;<3{a;} = 2 (notice
here that indices k£ and j are not unique). Whatever is the choice of k and j, we are here in
the case (b). We have d =4 and (1,0) € Ly, (0,1) € Ly. O

Example 2.10. Let us consider the IFS {f1, fo, f3} where the f; : R? — R? are given by
fi(x) = 6x + By, fo(z) = 4x + Bg and f3(x) = 3z + B3 with

—2

.

0
0

Then, for all Ky € K, the sequence (Ky,),, is increasing and converges to the set cl(U,,~, Kn)

(see Figure 2 (b) for Ky = {0} x [0, 1]).

Blz 732:

0
and Bs =
1

Proof. We apply Theorem 2.8 with max;<;<s{a; + || Bil|} = 5 and maxj<i<3{a;} = 6. Thus
we are here in the case (ii) (a). O
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A\RR |
bk = ,

S, 1N T bl

o %, b 3 o8- I*’ .h’ h I.F

& B BB }kmk o H‘. l"“’ll. |||l|||
o :hk\h m‘x\h o4
BN 2

%}; N N %k N N
o1 B . oA b Sh =%

3 3
h\ \&\x}k:ﬁk = \&\\}kmk ’ ; . ; ; ; :
(a) A classical Sierpinski gasket. (b) A union of vertical segments.

FIGURE 2. The limit set K obtained by renormalizing the IFS { f1, f2, f3} with the radius
function p. Maps fi, f2, f3 are given in Example 2.9 for (a) and Example 2.10 for (b).

We can observe that in the previous theorem the asymptotics of (d,,), was given by the
points of B(0,1) whose image by the f;’s have the largest norm. Exploiting this remark we
can obtain a more general result assuming only one function f; has a homothety linear part
but which is responsible of large norms.

Proposition 2.11. Assume that f,(x) = ax + B with a > 0 and that
Vie{l,....p—1} F(B(O,1)) C B, lo— |Bl).
Then, for all Ky € KC, the sequence (K,,), converges to a set K € KC. Precisely,
(i) If B # 0 then
(a) Fither o — HBH > 0, fi(— HBHB) (a — HB||)(—ﬁ ) for all i € {1,...,p} and

Ky = Hp_l({ 5 ||B }) :in this case K = {— |B”B}
(b) Or else K does not depend on Ky : it is the attractor Ly with d = o + ||B|| and
15715 € La-
(@HB:OMwK:dQL%KJ

Proof. Actually the proof is very similar to the one of Theorem 2.8 thus we will only detail
the key-points. The first point is to show that d,, is always obtained with the function f,.
Indeed, let n > 1 and z,, € K,, with |z, = 1. Then, for all i € {1,...,p — 1},

[fp(@n)ll = llewn + Bl = [llawn|| = [[Bll| = la = |BI[| = p(fi(B(0,1))) = p(fi(Kn)).

It follows that d,, = fp(yn) for some y,, € K, and d,, > |a — || B|||.
Considering now u, = 7-(ayn + B) we get uy € Kni1, [|un|| = 1 and, since [y, <1,

=
dny1 2 |lown + Bl = llaun + dpun || — ||dnun — Bl = (o + dp)[Jun || — allyn|l = dn.

Thus (dy,)n>1 is increasing, bounded, so it converges. Let d be its limit.
In particular, we have proved that

a— Bl <lo—[[Bl| <dn <d < a+|Bl|. (15)
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Besides, inequality (9) with i = p writes ||B| < |d — «| hence either d > «a + ||B|| or
d<a— |B|. Finally, d e {a— |B],a+ B},
(i) Assume that B # 0. Hence d # a.
(a) Suppose first that d = o — || B||. This case is similar to the case (i)(a) of Theorem 2.8.
(b) Suppose now that d = o + || B||. First, d > . Next, fori e {1,...,p—1},

[Aill < sup {|[Aiz + Bil[} <o = [|B][| < a+[B]|

[le]l=1
It follows that d > Ay and we conclude as for the case (i)(b) of Theorem 2.8.

(ii) Assume that B = 0. It follows from (15) that d,, = d = « for all n > 1. This case is then
similar to the case (ii)(a) of Theorem 2.8. O

3. RESULTS FOR LINEAR IFS’S

We suppose in this section that the IFS consists in p > 1 linear maps f; : RP — RP defined
by fi(xz) = Ajz. We still denote by M = {A;,..., A,} the set of their canonical matrices.

3.1. New strategy.
If (dy,)y converges to d, it follows from Lemma 2.2 that d < Ay so we cannot apply Theorem
2.1. Actually the convergence of (d,,), may not imply the convergence of (K, ),. Consider
for example D = 2 and the functions fi, fo defined by

1 0

0 —1|°

If Ko = {(1,0)} then K,, = {(27%,0) : 0 < k < n} hence converges to (U0 Kn) and (dp)n
is constant to 2 < 3 = Ay. If Ko = {(0,1)} then K,, = (=1)"{(0,37%) : 0 < k < n} hence
diverges but (d,), is constant to \g.

2 0
0 -3

Ay =

] and Ay =

Therefore we adopt here a new strategy, taking advantage of both the linearity of the f;’s
and the homogeneity of p.

Proposition 3.1. Let Ky € K. Assume that there exists d > 0 such that (H}(Ko))n con-
verges to a set L € KC with p(L) # 0. Then,

(1) (dp)n converges to d and d < opm,

(i) (Kyn)n converges to K = ﬁ L.

Proof. Let n > 1. We obtain by linearity
1
K,=——/—H"(K
do---dp 1 (Ko)

Since p(Ky,) = 1, it follows by homogeneity that p(H"(Ko)) = do- - dp—1. Using linearity
again we observe that H7(Ko) = 4= H"(Ko). Thus p(H}(Kp)) = Z;é %. By hypothesis,
this last sequence is a proper convergent product, hence %’“ — 1. Moreover, if d > o then
the joint spectral radius of {2Ay,...,2A4,} is 24 < 1, hence (HJ(Ko))n converges to {0}
(see [3]) which is a contradiction. Thus we get (7). Finally,

1 1

- H'(Kj) = ————
p(H"(Ko)) p(H}(Ko))
Hypotheses and continuity of p allow us to take the limit in the rhs above. That gives (ii). O
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As we saw in Proposition 2.6 if such a d exists then d = o for a large class of IFS’s. We
can expect that this is true in general. However, the first example in this section shows that
the strict inequality is possible even for very simple IFS’s. Actually the hypothesis on the
common invariant subspaces of the A;’s is essential. Notice that the A;’s share a common
non trivial invariant subspace if and only if there exists an invertible matrix P such that, for
allie {1,...,p},

AL M,
0 A

A;=P !

with A} and A/ square and some matrix M; (see [24]). This in particular the case of diagonal
matrices, where the numerous invariant spaces will provide very special behaviors for (K,);,.
In the rest of this section, we will look at such IFS’s focusing on the convergence of (H}} (Ko))n
especially for d = 1.

3.2. LCP sets of matrices.

We say that M is a Left Convergent Product set of matrices (LCP set in short) if the infinite
products A;, - -+ A;, converge for all sequences (i) = (i1,42,---) € Z = {1,...,p}*>. In this
case, we set Agy = limy, 00 A;, -+ Aiy (see [9, 16]). The theory of LCP sets was popularized
in the 90s (see [9]) and it is still of interest nowadays (see [16]) for example in the study of
inhomogeneous Markov chains (see e.g. [23]). One can always associate a canonical IFS with
a LCP set. The next result gives sufficient conditions to obtain its convergence.

Lemma 3.2. Assume that

(1) M is a LCP set,
(ii) There exists a sequence (gy)n of positive numbers such that €, — 0 and

V(Z) = (il,ig,"') €L, VYn=>1, ||A(z) *Azn Z1|| €n- (16)
Then, (H™(Ky))n converges for all Koy € K to the limit set

—cl<UA K0> (17)

(1)eZ
Proof. Let us write Kj, = H"(Ko) and L' = {J;)ez A (Ko). Hypothesis (i) implies that M
is product bounded (see [5]), then there exists R > 0 such that ||Ag| < R for all (i) € Z.

Since K is compact, it follows that L’ is bounded, hence L is compact We claim that
du(K/,L') < Cep for allm > 1, C > 0. Let n > 1 be fixed. We have

:{AMA“(SL‘()) zo € Kp and 1 < 21,...,in<p}.

Let o' € L'. One has 2’ = Ay)(zo) with 2o € Ko and (i) = (’il,iz," yin, ) € I. Let
x = A, Aj (r0). One has x € K, and [|2' —z|| < [|Aw) — A, - A || onH Ce,, where
C = p(Kp). Thus L' C K] (Cey,). We prove in a similar way “that K] c L'(Ce,), hence
du(K), L") < Cey. Tt follows that duy(K), L") — 0 and, since dy(K],, L') = du(K},, L), that
K. > L. 0

We illustrate this result with the family of positive stochastic matrices in R2. In this case,
we can give a precise description of the limit set L. Let us recall that a positive stochastic
matrix is a matrix whose rows consist of positive real numbers, with each row summing to 1.
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Proposition 3.3. Let p > 1 linear maps f; : R? — R? of the form f;(x) = A;x where A; is
a positive stochastic matriz. Then, for all Ko € IC, the sequence (H"(Ky)), converges to the

ot L:c1< U {($’$):”3€h”°(r)}>

vo€EKp
where hy, : R = R is an affine map which depends on vy and f;, and I' is the attractor of an
IFS {g1,...,9p} where g; : R — R is an affine map which only depends on f;.

Proof. We will apply Lemma 3.2. First, since each product A;, ---A;, contains a positive
stochastic matrix then it converges (see [7]) and M is a LCP set. Next, there exists a matrix
P of the form

P=

1 u .
with u,v € R,
1 v

such that, for all i € {1,...,p}, A; = PT;P~! where T; is a matrix of the form

a; .
T, = with a; € R and b; € [0, 1).

b;

Notice that it is also proved in [9] that {11,...,T,} is a LCP set with a continuous limit
function. Here we want more and describe precisely the limit set of matrices. Let us define
gi : R = R by gi(z) = bjxz + a; and set b = maxi<;<p b; < 1. We obtain by induction that, for
all sequences of indices i1, ...,9,, n > 2,

T T — L (gir 0 9iz 00 gin)(ai,) |
0 bi, -+ bi,
Hence, considering the contractive Hutchinson operator G associated with the IFS {g1,...,gp},

its attractor I, and the orbit (G™(A)), of the compact set A = {a1,...,a,}, we obtain, for
all n > 2,

I Ciin n—1
{T:. "'Til}lgil,...,z‘n@ B { 0 b(c.1 , )] Ciwin € G (A)}
AR

with 0 < b(¢j,..5,,) < 0™ and d(ciy..i,,, I') < O™ for a constant C' > 0 (see [17]).
It follows first that, for all (i) € Z and all n > 1,

1A — Ai, - A | = |1P(Tay = T - T ) P < I PIHITwy — T - T HIPTH < '

with C’ > 0. Hence (16) and all the hypotheses of Lemma 3.2 are satisfied with e, = C'b".
Moreover, letting n goes to oo we obtain the following set of limit matrices:

{To)} ez = { [(1) (c)] ce F}.

Therefore, if vg = (x0,y0) € Ko we get

in

1 ¢ T Yo—xo c+ LoV —You
Agiy(vo) = (P P 0] - [yz_lio xoﬁ_Zou] '
00 Yo v—u ¢+ v—u

The result follows by taking hy,(z) = 22="0 2 + #0—%% and using (17). O

v—Uu



RENORMALIZATION OF THE HUTCHINSON OPERATOR 15

Notice that if Ky C Span{(1,1)} then f;j(vo) = vp and L = Ky. Actually, Span{(1,1)} is a
common invariant space of the A;’s so that K,, = K for all n > 0. In particular, one cannot
apply Proposition 2.6 but it follows from the decomposition of the A;’s that d =1 = o .

Example 3.4. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices

1|11+3a 3-3 1]1 1-—
A==~ +aa “ and Ag = = T ¢
411-a 3+a 2/1-a 1+a
with 0 < a < 1. With P = H f’l] one obtains
1 0 1 1—-a
Tl = and T2 = .
0 a 0 a
Thus ¢1(z) = az, g2(z) = az + (1 — a) and T is the Cantor set I'; when 0 < a < 1 and
the interval [0,1] when 1 < a < 1. The limit L of the sequence (H"(Kj)),, depends on the

starting set Kg. One has

p=a( U {@n):eehuumm})

(z0,y0)€Ko

where f(z,40) @ R — R is the affine map defined by hg 0\ (7) = 272z + 3y04+x0‘ For
example, when a = %, L=(- %I‘; + %,—%F; + g) if Ko = {(1,2)} (see Figure 3(a))
3 3
= (-1 7 1 7 1 11 1y —
whereas L = ( iU+ 3T+ U (QF% +togl + 1) if Ko = {(1,2),(2,0)} (see
Figure 3(b)). More K| contains points then more complicated is the limit set L, with unions
of overlapping Cantor sets.

18
4
175 ‘
’ p
¢ 16
4 "
‘l
17
’
¢ 14
"
165
12
16 1
I' ‘
’
S ’
155 08
4
. e
’ 06
15 ’
’
1 1 1 1 1 1
15 185 18 185 17 175 06 08 1 12 14 16 18
(a) One Cantor set (b) Two Cantor sets

FIGURE 3. The limit set L of (H"(Ko))» where H is the Hutchinson operator associated
with the IFS {f1, f2}. Maps f1, fo are given in Example 3.4 with parameter a = % Figure
(a): the starting set is Ko = {(1,2)} and L is a Cantor set. Figure (b): the starting set is
Ko ={(1,2),(2,1)} and L is a union of two disjoint Cantor sets (one in bottom on the left
and a second in top on the right).
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Several necessary and sufficient conditions for a finite set of matrices to be a LCP set have
been given (see [7, 6, 11] and [16] for a survey). Not surprisingly, they require to evaluate
the joint spectral radius of M or determine the generalized eigenspaces of the A;’s.

3.3. Identity-block matrices.

Hypothesis (16) implies that the address function A : (i) = Ay;) is continuous. Unfortunately,
very simple LCP sets may not fulfill this condition preventing from applying Lemma 3.2. This
situation happens for example adding the matrix Id to a LCP set with a continuous function
A (see [9]). However this simple case can be solved directly.

Lemma 3.5. Assume that A, = 1d and [|A;|| < 1 for alli € {1,...,p —1}. Then, for all
Ky € K, the sequence (H"(Ky)), converges to the set

L=cl ( U H”(K0)>.
n>=0
Moreover, if ||A;|| < 1 for all i € {1,...,p — 1}, then denoting by L' the attractor of the
contractive IFS {f1,..., fp—1}, we have L = L' as soon as Ky C L'.

Proof. Since f, = Id, the sequence (H"(Ky)), is clearly increasing. So it is enough to prove
that it is bounded to get the convergence to L. Let R > 0 be large enough to ensure Ky C
B(0,R). Then, fi(B(0,R)) C B(0,R) for all i € {1,...,p}. Therefore H"(Ky) C B(0, R)
for all n > 0. Now, observe that, for all K € K, H(K) = H'(K) U K where H' is the
Hutchinson operator associated with the IFS {fi,..., fp—1}. Assume that Ky C L’. Then,
H(Ky)Cc H(L')=H'(L'/YUL =L'UL'=L'. By induction it follows that H"(K,) C L’ for
all n > 0. Taking the limit we get L C L'. Next, we have L = H(L) = H'(L)U L D> H'(L).
By induction it follows that L D (H")"(L) for all n > 0. Taking the limit we get L D L', and
finally L = L. O

These latter sequences are related to the so-called inhomogeneous IFS’s (see e.g. [14]). In-
deed, one has H"(Ky) = H{(Ko) where Hy is the Hutchinson operator associated with the
contractive IFS { fo, fi,..., fp—1} where fo: K € K — Kj.

We can generalize the previous result to matrices A; which contain an identity-block, that is
when the restriction of f; to a certain subspace of R” is the identity function. We will state
two results dealing with two special cases of such families.

Theorem 3.6. Assume that there exists two subspaces V,W C RP satisfying V& W = RP
and, for alli € {1,...,p},

(i) fi(V) C V and the linear function f;yv : V — V induced by f; is a contraction or the
identity function Id,
(i1) fi(W) C W and the linear function f;w : W — W induced by f; is a contraction.

Then, (H™(Ko))n converges for all Ko € K to a set L. Precisely,
— either there is at least one i € {1,...,p} such that f; v =1d, then

L=a (U pvartir o))

n=0
where py,w 1s the projection onto V' along W,
— orelse L = {0}.
Moreover, L is the limit of the sequence (H{;(pv,w(Ko)))n where Hy is associated with the
IFS{fiv,.---, fpv}
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Proof. Let us write Vo = pyw (Ko), Wo = pw,v(Ko) where pyy is the projection onto W
along V, and set Ay = maxi<i<p || fi,w|| < 1. Finally let us write K, = H{>(Vp).
(a) Let  =v4+w e Ve W. Since fi(x) = fiv(v) + fiw(w), we can write

Vn >0, H"Ko) = ] v+Ln(v)
veK],
where L, (v) C W satisfies pyw (Ln(v)) = v. Thus, we obtain

dy(H"(Ky), K. —dH< U v+ Lp( U {v}) < sup du(v + L, (v),{v}).

veK/, veK], vEKy,
Let v € K],. We have

di(v + Ln(v),{v}) = sup [lz—vll= sup [z —pvw(2)l.
ZELTL(U) ZeLn('U)

Let z € L, (v). We can write
z=(fi, 0 o fi)(20) = (fi,v oo fi,v)(vo) + (fi,,w oo fi, w)(wo)
with zg = vg + wy € Vp @& Wy. Thus,

Iz = pvw ()| = |(finw 0+ 0 firw)(wo) | < [ fiww 0+ 0 fir wllllwoll < X >ab [[woll-
woeWo

It follows that dp(H™(Ko), KJ,) < )\H SUDy,ew, llwol| — 0 when n — oc.

(b) Therefore, it is now enough to prove the convergence of (K),),.

Assume first that f; v # Id for all @ € {1,...,p}. Then Hy is contractive and we get
K' — {0}. Thus K,, — L = {0}.

Assume now that there is at least one j € {1,...,p} such that f;y =Id. Since ||f;v| <1
it follows from Lemma 3.5 that K], — L = cl ( Unso K},). Let us prove by induction that
K} = pvw(H"(Ko)). We have K, = H).(Vp) = Vo = pv.w(Kp) and

p
K, = Hy(K}) UfZ (K7) = fiv(pvw (H"(K0)))
=1

— U v (G (50)) = pvaw ( U "(K0)) = pra (7 (o)),
i=1
Hence the result. Therefore K, — L = cl (U5 pV7W(H (Ko))) that ends the proof. O

Theorem 3.7. Assume that there exists two subspaces V,W C RP satisfying V& W = RP
and, for alli € {1,...,p},

(1) (fi —1)(V)c W,

(t7) f;(W) C W and the linear function f;w : W — W induced by f; is a contraction.
Then, (H"(Ky)), converges for all Ky € K to the set

L=d( | w+ E(vo)>
vo€pv,w (Ko)

where pvw is the projection onto V along W and L(UO) 1s the attractor of the IFS {fl, . ﬁ}
where fl : W — W is defined by f,( ) = fiw(w) + (fi —Id)(vo).
In particular, pyw (L) = pv,w (Ko).
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Proof. Let us write Vo = pyw (Ko), Wo = pw,v(Ko) where py v is the projection onto W
along V', and set Ay = maxi<i<p || fiw | = maxi<i<p || fil| < 1.
(a) First let zp € Ko with 29 = vg +wg € Vo + Wy C V @& W. We have

Vie{l,...,p}, fi(20) =vo+ ((fi(ve) — vo) + fi(wo)) = vo + filwo) € Vo + W.
We then prove by induction that
Vn >0, H"({z0}) =0+ H"({wo})
where H is the Hutchinson operator associated with the contractive IFS {]?1, ces E)} There-

fore the sequence (H™(wy)), converges to a set L(vo) which only depends on vg. It follows
that (H"({z0}))n converges to vy + L(vp) with the estimate

dur (vo + L(vo), vo + H™(wp)) = du (L(vo), H™(wo)) < Ny du(L (o), wo).
(b) Let

1
R= - {g%{p((fi —1d)(Vo))}-

We have f;(B(0,R) N W) C B(0,R)NW for all i € {1,...,p}, so that H(B(0,R)NW) C
B(0,R) N W. It follows that L(vg) C B(0,R) N W for all vy € V. Thus

Voo € Vo, p(vo + L(vo)) < [loll + R < p(Vo) + R.

We then have proved that the set |, <y, vo + L(vg) is bounded, i.e. L € K.
Furthermore, since L(vg) does not depend on wy, we can write

U Vo + E(Uo) = U Vo + E(vo).

voeVH vo+wo€ Ko

(c) Finally, writing H"(Kp) = | vo + H"™(wp) and using (a) and (b), we obtain

vot+wo€ Ko
du(L, H*(Ko)) = dy < U w+Lw), | w+ ﬁ”(w0)>
vo+woE Ko vo+woE Ko

< sup  du (vo+ L(vg), vo + I:f”(wg))
vot+wo€E Ko

<Ay osup du(L(vo), wo).
vo+wo€ Ko

Since this latter supremum is finite, we obtain the result by letting n goes to oo. (]

Notice that hypotheses of Theorem 3.7 mean that, for all ¢ € {1,...,p}, the maps f;’s have
a block matrix with respect to the sum V @& W of the form

Id 0
M; A;

with /L contractive and some matrix M;. We deduce that opq = 1. B

In particular, when M; =0 for all ¢ € {1,...,p}, we get f;w = f; hence L(vg) = {0} for all
vo € Vo and the limit set is simply L = py,w (Kp). We recover a special case of Theorem 3.6,
namely when f;y = Id and Hy = Id.
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Example 3.8. Let us consider the IFS {fi, fo} where the f; : R — R? are the linear maps
given by their canonical matrices
1 00 0
Ar=10 1 0 0
b

a

1
and AQ =10
0

o = O

C &

with a,b € R and 0 < ¢ < 1. Then, for all Ky € K, the sequence (H"(K))), converges to the

set
I :d< U {(xo,yo,ch>}>

(w0,y0,20)€ Ko

where L. is the Cantor set I'c if 0 < ¢ < 3 and the interval [0,1] if £ < ¢ < 1.
As an example, L is shown in Figure 4 when Kj is the unit circle {(cost,sint,0) : t € [0, 27|}

and parameters (a,b,c) = (1,1, %)

FIGURE 4. The limit set L of (H"(Ko))» where H is the Hutchinson operator associated
with the IFS {f1, f2}. Maps fi, fo are given in Example 3.8 with parameters (a,b,c¢) =

(1,1, 1). The starting set is the circle Ko = {(cost,sint,0) : t € [0, 2]}

Proof. We can apply Theorem 3.7 with V' = Span{(1,0,0), (0,1,0)} and W = Span{(0,0,1)}.
Thus, (H"(Kp)), converges to the set

LZCI( U (33079070)+L($07y0)>
(%0,Y0,20)€Ko
where L(xg,yo) is the attractor of the IFS {]?1, ]?2} with, for all w = (0,0,z2) € W,
ﬁ(w) = E(0,0,z) = (0,0,CZ + azxg + byo) and ﬁ(w) = ]?2(0,0, z) = (0,0,cz).

By uniqueness, we check that this attractor is the one announced.
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Assume that (a,b,¢) = (1,1, 1) and Ko = {(cost,sint) : t € [0,2n]} x {0}. We have

L=cl < U (cost,sint, 5(cost + smt)Fi)>.
te(0,27]
Then L is the closure of a union of circles drawn on the cylinder {(cost,sint) : t € [0,27]} x

{%t :t € [-1,1]}. Each intersection with a generatrice is homothetic with the Cantor set

r 1 (except for the two special values t = %Tﬂ and ¢t = %r) ]

3.4. Orbit of the unit ball.

To avoid the various behaviors due to the different invariant subspaces of the A;’s, we propose
to take into account all the directions of R” by focusing on the H-orbit of the unit ball B(0, 1).
Proposition 3.9. Assume that

(1) Forallie{1,...,p}, |JAi|l <1,
(13) There exists N > 1 indices i1,...,ix € {1,...,p} such that the matriz A;, --- A,
has eigenvalue 1.

Then, the sequence (H™(B(0,1)))y is decreasing and converges to the set
L=()H"(B(0,1)) (18)
n=0
with p(L) = 1. Moreover, H;(B(0,1)) = H"(B(0,1)) and dn, = 1 for alln > 0.
Proof. Hypothesis (i) implies that H(B(0,1)) € B(0,1), then (H"(B(0,1))), is decreasing
and converges to L. Let v € B(0,1) with |[v|| = 1 and such that A4;, --- A;;v = v. One has

v € H*N(Ky) for all k > 0, thus v € L. It follows L # {0} and v € H"(B(0,1)) for all n > 0.
Therefore,

L= [lol < p(L) < p(H"(B(0,1))) < p(B(0,1)) = 1.
This yields H}(B(0,1)) = H"(B(0,1)) and d,, = 1. O
Notice that the two hypotheses imply that (A4, - - - Ai;) = ||Aiy - - Aiy || = 1, hence opq = 1.

Notice also that M need not to be a LCP set. One can for example consider matrices with
rotations or symmetries.

Example 3.10. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices

a 0

1 a

with @ > 0. Then, the sequence (H;(B(0,1)))n is decreasing, thus converges to a set L.
Moreover, the point

1 1++vV1+ 4a? 1 2a
v=|— , —=
V214402 + V1 +4a2 V21 +4a2 + V1 + 4a?

belongs to L and satisfies ||v]| = 1. As an example, L is shown in Figure 5 when a = 1.

a 1
A =

a

] and Ay =
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FIGURE 5. The limit set L of (H, (B(0,1)))» where H is the Hutchinson operator associated
with the IFS {fi, fo}. Maps fi, f2 are given in Example 3.10 with parameter a = 1.

Proof. Since ||A1|]> = ||A2||> = a®> + 3(1 + V1+4a?) > 1, we cannot apply directly the

previous proposition. Thus we have to consider the normalized matrices A, = %Ai with
d = ||A1]| = ||A2||- Notice that we can show here that d = o (see [24]). Then, hypothesis
(i) is satisfied and one checks that the matrix
AL A = 1 1+a®> a
a2+ 3(1+ V1 + 4a?) a a®

has eigenvalue 1. Hence, using now Proposition 3.9, the sequence (H}(B(0,1))), converges
to the set
L= () Hi(B(0,1))
n=0
with p(L) = 1. Therefore (H}(B(0,1))), converges to L by Proposition 3.1. Finally, it
follows from the proof of Proposition 3.9 that v, one of the unit eigenvectors associated with
1, belongs to L. O

Let us emphasize that the previous method may be applied generally when two matrices of
M are symmetric each other, or when one of them is symmetric. In particular we can use it
to study the example of Section 1.2.

3.5. Angular structure of the limit set in R2.

Under the hypotheses of Proposition 3.9, the set L defined by (18) is an eigenset for H
associated with the eigenvalue op¢ = 1. It is straightforward to see that, as the ball B(0, 1),
the set L is symmetric and star-shaped with respect to the origin, i.e. if z € L then rx € L for
any r € [—1,1]. Such a property was also discussed in [3]. More generally, if K is symmetric
and star-shaped with respect to the origin, then the same holds for every set H™(Kj) and
thus for its limit set L in case of convergence. Therefore, such a limit set L admits a polar
representation and it would be especially interesting to know its angular structure. In this
section we state a result in this direction for IFS’s in R?.
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Let P = {(z,y) € R? : 2 > 0}\{0}. Every point (x,y) € P may be written with polar
coordinates as (Rcosf, Rsinf) with R > 0 and 0 € [ 7.5]. Let K € K, K # {0} and
symmetric with respect to the origin. Then K NP # & and we can define its set of slopes
Sk C [—00,00] by

Sk = { tan® such that there exists (Rcosf, Rsinf) € K NP}

with the convention tan(+7) = $oo.

The following result provides a description of the set of slopes of L for particular IFS’s.
Proposition 3.11. Let p > 1 linear maps f; : R? — R? given by their canonical matrices
A; = [Cz Zﬂ such that det(4;) # 0 and f;(P) = P. Let Ko C R? be a symmetric and star-

shaped with respect to the origin set. Assume that the sequence (H"(Ky))n converges to a
set L # {0}. Then L is symmetric and star-shaped with respect to the origin and its set

of slopes Sp is a non-empty invariant set of the Hutchinson operator H = U, ﬁ where

fi [—00,00] = [—00,00] is the homographic function defined by
-~ diz -+ C;
filz) = biz+ a;

Proof. Notice that Sy, is well-defined. Writing L NP = {(Rcosf, Rsinf) : R > 0,0 € ©} we
get Sp = tan©. Observing that L NP = H(L) NP, we have S;, = S (). We deduce now
from the hypothesis that
p p
L)nP = (f(@)nP) = J (fH(L) N fi(P UszmP H(LNP).
i=1 i=1
Hence H(L) NP is the set of the points f;(s) for all s € L N IP’ and i € {1,...,p}. Since

Rcosf| R [aicosﬁ—i—bisinG]

i\S :Az
Jils) Rsind c; cosf + d; sin 6

the set of slopes of H(L) is exactly the set of all the points of the form
c;cosf + d; sin 6
a; cosf + b; sin 0
Therefore, Spry = Ui, fi(tan ©). The results follows. O

= f;(tan6), # € © and i€ {1,...,p}.

The angular structure of L is then known as soon as we can describe the invariant sets of
the Hutchinson operator H. This operator may have several invariant sets S, not necessarily
closed. However, there is a useful way to determine them. Indeed, if H is contractive then
every bounded invariant set S of H satisfies cl(S) = L where L is the attractor of H. It is
possible to determine such attractors of IFS made up with homographic functions (see for
example [12] page 136). Notice that [—o0o, 00| is always a compact set and then would be
an invariant set. Thus, it will be often necessary to consider a restriction of H to obtain a
contractive operator.

Example 3.12. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices
b

] and Ay = |1—@a
b

1 0
0 a

Ar= ab

1—a
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with0 <a <1,0<b<1and a+b< 1. Starting from the unit square Ky = [—1, 1] x [-1,1],
the sequence (H"(Kp)), converges to the set L = [ .o H"(Ko). Its set of slopes satisfies

d(Sp) =T, if 0 < a < % and cl(S) = [0,1] if £ < a < 1 (see Figure 6 (a)). Moreover, if

b=1—a then S;, = cl(SL) (see Figure 6 (b)).

{B\NE\\\N

| 04f
L

FIGURE 6. The limit set L of (H"(Ko)), where H is the Hutchinson operator associated
with the IFS {fi, fo}. The starting set is the unit square [—1,1] x [—1,1] and maps fi, f2
are given in Example 3.12. In (a) parameters are a = b = % and the Sp is dense in the

triadic Cantor set. In (b) parameters are a = §,b = 2 and Sy, is the triadic Cantor set.

(a) cl(Sp) =T (b) Sp =T

ol

1
3

Proof. One checks that H(Ky) C Ky so that the sequence (H"(Kj)), converges to the given
set L. Moreover all the hypothesis on the As of Proposition 3.11 are satisfied. For example
(1,0) € H™(Ky) for all n > 0 so that L # {0}. Hence the set of slopes Sy, is an invariant set of
the operator H = f U fo where f1(z) = az and fa(z) = az+ (1 —a). Since || f1(0,y)|| < 1 and
I f2(0,y)|| < 1 for all y # 0, one has Span{(0,1)} N L = {0}. It follows that Sy, C R. Since H
is contractive on Kg one obtains cl(S) =T, if 0 <a < § and cl(S) = [0,1] if ; < a < 1.
Assume now that b = 1 — a. To obtain a more precise description of the limit set L we
rather apply Theorem 3.7 with V' = Span{(1,0)} and W = Span{(0,1)}. Let zp = (xo,y0) €
Ky. We have pyw(z0) = (20,0). It follows that (H"(Ky)), converges to the set L =
cl (Uzoe[fl,l] (20,0) 4+ L(xo)) where L(zg) is the attractor of the IFS {1, f2} with, for all
w=(0,y) €W,

filw) = f1(0,9) = (0,ay) and fa(w) = f2(0,y) = (0,ay + (1 — a)xo).

By uniqueness, this attractor is L(z) = (0,20Lq) With L, = Ty if @ < 1 and L, = [0,1] if
a > % The limit set is then

chl( U (xo,moLa)>

zo€[—1,1]

and we directly see that S;, = L. O
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The fact that in Example 3.12 the set S is not always the whole Cantor set I'; comes
from the function fo. When b # 1 — a, f2 is a contraction. Thus, all the orbits of points
z € B(0,1) associated with fy infinitely many times correspond to a ‘slope’ s = tan@ for
which R = R(#) = 0. These slopes are then not visible in the limit set.

4. OTHER RENORMALIZATIONS

We have renormalized the sets H™(Kp) by dividing them by their radius. As we mentioned in
the introduction, one usually rather uses the diameter to rescale a sequence of compact sets.
Thus, we can wonder what a such renormalization would yield. More generally, we want to
study in this section the iteration of more general operators H, which will provide various
ways to approximate the solutions of the eigen-equation H(K) = dK. We keep using the
sequence (Kp), but choosing a well-adapted operator according to the form of the matrices
Ai’S.

4.1. Renormalization with a size function.
We are interested in functions ¢ that describe the size of a compact set and the way it occupies
the space. Following the example of the radius function p, we will say that a function
v : K — [0,+00) is a size function if it is continuous with respect to dy, monotonic and
homogeneous (see Section 1.3). For example, the max-radius function p and the diameter
& respectively defined on K by

Poo(K) = ( max)EK{|a:j| :1<j< D} and §(K)=max{||lzr—y|:z,y€ K}

T1y-TD

are two size functions.

We define an associated operator H,, in the same way as (3) setting
1
p(H(K))
and consider the H-orbit of some set Ky € K. Let us keep all the notation of the previous
sections, easily adapted by replacing p with ¢. In particular K, = HgZ(Ko) (see (5)) and
dn = o(U_ fi(Ky,)) (see the first equality in (6)). We will assume that K, is always

well-defined, i.e. ¢(K,) # 0.

VK ek, Hy(K)= H(K) (19)

We are still interested in the convergence of the sequence (K, ), and the description of its
limit. The key-points are Theorem 2.1 and Lemma 3.1 which provide general conditions of
convergence. We summarize here the main results which still hold for any size functions.

Theorem 4.1. Let p > 1 affine maps fi : RP — RP of the form f;(x) = Az + B;.

(1) If (dn)n converges to d > Mg, then (K,,), converges to the attractor Ly and d satisfies
the inequality

e({(dTd—A;) ™' By, ..., (d1d—A4,)"'B,}) <

(13) Assume that B; = 0 for all i € {1,...,p}. If (H”( ))n converges to a set L € K

such that (L) # 0, then (Ky), converges to K = ﬁ

In particular, when all the f;’s are linear, the choice of ¢ is not important. Therefore, all the
results of Section 3 providing the convergence of the sequence (H"(Ky)), (e.g. Lemma 3.2,
Lemma 3.5, Theorem 3.7) and the description of its limit L (Proposition 3.11) may be used.
In case of convergence, the limit set K will only depend on ¢ through the scaling factor ¢(L).
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4.2. Renormalization with the max-radius function.

We consider here the size function ps, which is nothing but the ‘radius function’ associated
with the usual maximum norm ||-||. In particular, Property (4), Lemma 2.2 and Proposition
2.3 still work mutatis mutandis. Therefore it should be possible to obtain a result similar
to Theorem 2.8. Since the Euclidean norm is isotropic we assumed in Theorem 2.8 the A;’s
were homotheties. Here, the maximum norm allows us to deal with more general diagonal
matrices. However, many complicated particular situations may happen. For the sake of
simplicity, we only state a simpler result with an additional hypothesis avoiding these special
behaviors.

Proposition 4.2. Let p > 1 maps f; : RP — RP of the form f;(z) = A;x + B; where A;
diag(a;1,...,aip) is a diagonal matriz with non-negative entries and B; = (b;1,...,b;,
Let Ky € K. Assume that

)

11213)( {laijzj +bij| + 2= (21,...,2p) € Hp (Ko)} > 112;62; {‘az‘,j|}- (20)
1<3<D 1<j<D

Then, the sequence (H;LOO(KO))” converges to Ly where d = limy, o0 djy.

Proof. The proof is very similar to that of Theorem 2.8. First we claim that (d,),>1 always
converges. Indeed, for all n > 1 we can find z,, € K,, i, € {1,...,p} and j, € {1,...,D}
such that d,, = |ai, j,%nj, + in.jn|- Then, u, = i(Ainxn + B;,) satisfies u,, € K, 41 and
|tn j,| = 1. Since |z, ;,| < 1 we obtain

}

dn+1 2 1%1}%{‘ainvjunvj + blna]|} 11273'2( {‘aln ]un»] + dnun ]| |dnun7] - bln»]

WV

|ain,jnun,kn + dnun7jn| - |dnun7]n - bi'fnjn‘
(@i, g + dn)lun g, | = Qi g |Tn,g., |
> d + alna]n( - ‘$n7]n|) 2 dn

WV

Hence, (dy)n>1 is increasing and bounded so it converges to a number d > 0. Notice that the
lhs of (20) is d; and the rhs of (20) is Ag. Thus one has d > d; > Ay and the result follows
from Theorem 2.1. O

4.3. Renormalization with the diameter function.

We consider now the diameter function §. The situation is more complicated than the previous
ones, even if the matrices A;’s are homotheties. The stability property (4) of p was a key-
point in the proof of Theorem 2.8 but unfortunately it is no longer satisfied. We will only
deal with the one dimensional case D = 1.

Proposition 4.3. Let p > 1 affine maps f; : R — R of the form fi(z) = oz + B; with
«; = 0. Let us define the function

mln {ozlx + B}

1<i<
F — ISP
(=) max{al(:n—l—l) + B} — 1mln {aiz + B;}

1<i<p

Assume that the sequence (F™(u)), starting at v = min(Hs(Kp)) converges to a number
ce€R. Then,
(1) (dn)n converges to d = max {aij(c+ 1)+ B;} — mln {a;jc+ B;},

<i<p 1<i<p

(13) If d > 1n<1a<x{az} then (H§ (Ko))n converges to Lq whose convex hull is [c,c+ 1].
P
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Proof. Let us write ch(K,,) = [ap, a, + 1] for any n > 0.

(i) Let d(z) = maxi<icp{ai(x + 1) + B} — mini<<p{a;x + 5;}. Since a; > 0 one checks that
d, = d(ay) and an41 = F(ay,) where F is given by (4.3). The result follows.

(ii) Since Ay = maxi<;<p{c;} the result is obtained by applying Theorem 2.1. Finally, since
ch(Lg) = limy, o0 ch(K},), we get the last part of the assertion. O

This Proposition gives a very simple and practical tool to prove the convergence of (Kp,)s,.
It is enough to study the orbits of F' which is just a piecewise homographic function.

Example 4.4. Let us consider the IFS {f1, fo2, f3} where the f; : R — R are given by
filz) =2x+1, fa(z) =3x—4 and f3(z)=x+2.

Then, for all Ky € K, the sequence (K,), converges to the attractor Ly with d =5 + 2V/3.
In particular its convex hull is the interval [1 — V3,2 — \/§]

Proof. First we determine the function F'. We obtain

F@) = (250 1w (220 B @)+ (252 ) B+ (53 ) T o)
(F™
)

The only invariant point of F is ¢ = 1 — /3 and one checks that (u))n converges to
c for every u € R. Thus (d,), converges to d = f3(c + 1) — fa(c) = 5+ 2v/3. Since
d > max{ai, a9, a3} = 5, the result follows from Proposition 4.3. O

Example 4.5. Let p > 1 affine maps f; : R — R of the form f;(x) = ax + B; with a > 0
and By < --- < Bp. Then, for all Ky € K, the sequence (K,), converges to Lg with
d:Oé+(Bp—Bl).
Proof. We get
ar + B
o+ (Bp - Bl) ’
By

Thus F' is a contraction, (a,)n>1 converges to the invariant point ¢ = BB and (dy)n>1

F(z) =

is constant to d = a + (B, — By). Since d > o = Ay, the result follows from Proposition
4.3. g
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