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RENORMALIZATION OF THE HUTCHINSON OPERATOR
YANN DEMICHEL

ABSTRACT. One of the easiest and common ways of generating fractal sets in RP is as
attractors of iterated function systems. The classic theory requires that the functions of
such systems are contractive. In this paper, we relax this hypothesis considering a new
operator H, obtained by renormalizing the usual Hutchinson operator H. Namely, the H,-
orbit of a given compact set Ko is built from the sequence (H™(Ko)). with each set being a
priori rescaled by its distance from 0. We state several results for the convergence of these
orbits and give a geometrical description of the corresponding attractors. We link these new
sequences to the classic ones, in particular for the linear case, which provides another point
of view about the classical theory. We illustrate our results with several various examples.
Finally, we discuss some possible generalizations.

1. INTRODUCTION AND NOTATION

The theory and the use of fractal objects, introduced and developed by Mandelbrot (see e.g.
[33]), still play an important role today in scientific areas as varied as physics, medicine or
finance (see e.g. [24] and references therein). To exhibit theoretical models or to answer prac-
tical problems requires to produce various fractal sets. There is a long history of generating
fractal sets using Iterated Function Systems. After the fundamental and theoretical works
by Hutchinson [28] and Dekking [15], this method was popularized by Barnsley in the 80s
(see [2, 1]). Since these years very numerous developments and extensions were made (see
e.g. [18, 36, 29, 4] and [6] for an overview of recent advances) making even more enormous
the literature related to these topics. The simplicity and the efficiency of this approach have
contributed to its success in a lot of domains, for example in image theory (see [3, 25]).

Let us make the mathematical context precise and give the main notation used throughout
the paper. Let (M,d) be a metric space. For every map f: M — M, we define the f-orbit
of a point xg € M as the sequence (), given by

Vn>=0, zn=f"(z0)=(fo- 0o f)(xo)
where f™ is the nth iterate of f with the convention that f0 is the identity function Id. In
particular, one has z,41 = f(x,) for all n > 0, hence, if f is continuous and if (x,,),, converges
to z € M, z is an invariant point for f i.e. f(z) = z.
We denote by Kjs the set of all non-empty compact subsets of M. One obtains a metric
space endowing it with the Hausdorff metric dy defined by

VK,K' € Ky, du(K,K')=inf{e>0| K C K'(¢) and K’ C K(¢)}

where K(¢) = {# € M |d(z,K) < ¢} and d(z, K) = inf{d(z,y) : y € K} is the distance
between x and K. In this context, a map F : Ky — Ky will be called an operator on M.
For every map f: M — M and every K C M one defines the set f(K) = {f(z) : 2z € K}. In
the sequel, we will only deal with maps f satisfying f(K) € Ky when K € Kyy.
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Let f1,..., fp be p > 1 such maps. Then one can define an operator H on M by
VK € Ky, H(K)=|]fi(K). (1)

One obtains the so-called Hutchinson Operator associated with the family {f1,..., fp} (see
e.g. [28, 1, 24]). We will refer to this situation saying that {f1,..., f,} is an Iterated Function
System (IFS in short). The study of the dynamics of the operator H consists in answering
the following questions: Does the orbit (H™(K))), converge for all compact sets Ky? Does
its limit depend on K37 What are the geometrical properties of the limit sets?

The ‘classic theory’ of IFS is based on the Contraction Mapping Principle (see e.g. [28, 1, 24]
again). A map f: M — M is a contraction (or is contractive) with ratio A if A € [0,1) and
satisfy

Vaz,ye M, d(f(z), f(y)) < Ad(z,y).

Let us assume moreover that (M,d) is a complete metric space. Then, any contraction is
continuous, has a unique invariant point z € M and, for all zg € M, the f-orbit of zg
converges to z with the basic estimate

Vn >0, d(f"(zo),z) < A"d(xo,2).

If f1,..., fp are all contractive with ratios A1, ..., A, respectively, then the associated Hutchin-
son operator H is also contractive with ratio A\ = maxj<j<p{Ai}. Since (Kps,dn) inherites the
completeness of (M, d), the operator H has a unique invariant point L € Kj; which is called
the attractor of H (or of the IFS {fi,..., fp}), and for all Ky € Ky the sequence (H"(Kp))n
converges to L. Such IFS’s made up with contractive functions are said to be hyperbolic. One
of the interests is that the sets L obtained in this way are generally fractal sets.

In the sequel, the space M will be essentially R” (D > 1) endowed with the metric induced
by the Euclidean norm || - ||. Writing simply K for Kj;, a subset K C R” belongs to K if and
only if it is closed and bounded. In this context, one often considers affine maps f; : R? — RP
of the form f;j(z) = Ajxz + B; where A; is a D x D matrix and B; € RP is a vector. Such a
map f; is contractive with A; = ||A;|| where || 4;|| is the norm of A; given by

|| Ail] zsup{HAixH 1 € RP with ||z|| = 1} :inf{r >0|Vze ]RD, [|Aiz|| < erH}

In particular, classic IFS’s consist of affine transformations involving rotations, symmetries,
scalings by a constant ratio, and translations. When the IFS {f1,..., f,} is made up with
such contractive affine maps, the corresponding attractor L is said to be a self-affine set. It
then enjoys a remarkable geometrical structure since it is equal to a finite union of ‘copies’
of itself. One obtains a nice particular class of such IFS’s when the f;’s are of the form
fi(x) = a;x + B; where a; > 0 is a constant. Indeed, contrarily to general affine maps, f;
contract the distances with the same ratio «; in all directions. This allows us to give a precise
description of L. For example, if the sets f;(K() are mutually disjoints then L is a Cantor set
whose fractal dimension is the solution of a very simple equation (see [24, 39]). Cantor sets
are fundamental and naturally come when one studies IFS’s (see [20]). A classic family of
Cantor sets in R is the family {T'y : 0 < a < 1} where T, is the attractor of the IFS {f, fo}
where fi(z) = ax and fo(x) = ax+ (1 —a) for all z € R. For example, I‘% is the usual triadic

Cantor set (see [28, 22, 24]). When % < a < 1, the attractor of the previous IFS becomes the
whole interval [0, 1]. These examples will be extensively used in the sequel.



RENORMALIZATION OF THE HUTCHINSON OPERATOR 3

However, the classic theory suffers from two main drawbacks. The first one is the ‘escape
to oo’ problem. If one of the maps f; is a dilatation, for example in the affine case when
||4;|| > 1, then all the previous results become false and typical orbits fail to converge.
Basically, the orbits of some points ¢ € Ko may then satisfy || f*(zo)|| — oo, preventing the
sequence (H"(Ky)), from converging in the space (IC,dp). The second one is the ‘vanishing
in 0’ problem. When all the f;’s are contractive linear maps, then the attractor of the IFS
{fi,-.., fp} is always {0} so does not depend on the fine structure of the A;’s but only on
their norms. However, in these two degenerate situations, looking at the H-orbit of Ky we can
observe an intriguing geometric structure of the sets H"(Kp). For example, let us consider
the IFS {f1, fo} where the f; : R? — R? are the linear maps given by their canonical matrices

a 0
—a a
with @ > 0 and focus on the H-orbit of the unit ball B(0,1). For a = 2, we have ||A1]| =
||A2|] > 1 so that the IFS is not hyperbolic, the sequence (H"(B(0,1))), is not bounded
and thus does not converge. For a = 1, we have ||4;|| = ||42|| < 1 so that the IFS is now
hyperbolic and the sequence (H™(B(0,1))),, converges to {0}. In each case, one can observe

that the sets H"(B(0,1)) tend to look like a ‘sea urchin’-shaped set whose diameter goes to
oo in the first case and to 0 in the second one (see Figure 1).

a a

0 a

A =

] and As =

(a) n=2 (b)n=>5 (c)n=10

FIGURE 1. Three sets of the H-orbit of B(0,1) where H is the Hutchinson operator as-
sociated with the IFS {fi, fo}. Maps fi, fo are given above. Since the maps are linear,
changing the parameter a gives the same sets for each n up to a scaling factor. One has
diam(H"(B(0,1))) — co when a = 2 whereas diam(H"(B(0,1))) — 0 when a = %. In each
case, an adequate renormalization reveals an asymptotic structure.

In this paper, we discuss the possibility to consider IFS avoiding these two drawbacks. Several
approaches have already been proposed to solve the first problem, in different contexts: with
conformal maps (see [37]), with a random point of view in connection with Markov chains
(see [18, 43]), with a weaker notion of contractivity (see [35, 21]), generalizing the definition
of attractors (see [5]) or in the setting of multivalued functions (see [32]). At the contrary,
the second problem seems not to have been taken into account.

Our strategy to eliminate both these degenerate behaviors consists in modifying the original
Hutchinson operator H by dividing H"(K) at each step by its size. The idea of rescale
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a sequence of sets (K,), to get its convergence to a non degenerate compact limit is not
new and is particularly used in stochastic modeling (see e.g. [40, 13] for famous examples of
random growth models and more recently [12, 34, 31] in the context of random graphs and
planar maps). Probabilists usually consider the a posteriori rescaled sequence of sets i LK,
where d,, estimates the size of K, often its diameter diam(K,).

Here we choose to proceed slightly differently. In order to keep dealing with the orbit of some
operator, we will do an a priori renormalization, measuring the size of a compact set with
its exact distance from 0. Precisely, we consider the radius function p defined on K by

VK e K, p(K)=sup{|lz]|:ze K} (2)
and we denote by H, the operator on RP defined by

VK€K H(K) = s f, Ufz (3)

The Hp-orbit of a set Ko € K then satisfies p(H}}(Kp)) = 1 so that it remains bounded and
cannot vanish in 0. The operator H, freezes the geometrical structure of H"(Ky) at each
step n of the construction. Typically, H, is not contractive anymore and the classic theory
may not be applied. Our objective is then to find new ways to state convergence of the
sequence (H;‘(Ko))n and describe the limit sets. Actually, we will prove that there are strong
links between the sequence (Hp(Kj))n and some classical H-orbits. However, the H-orbits
may not converge for all starting set Ky and its possible attractor may be no longer unique,
depending on Kj.

The paper is then organized as follows. In Section 2 we state general results of convergence
about rescaling H-orbits of some set Ky (Lemma 2.1 and Theorem 2.2). We then derive
precisely results for asymptotics of sequences (H,'(Ko)), and completely solve the case when
the f;’s are homotheties (Theorem 2.8). Section 3 is devoted to IFS’s made up with linear
maps. Roughly speaking, to renormalize H in this context is nothing but to find classic IFS’s
that converge to a non-null attractor (Lemma 3.1). We give various examples of such situa-
tions and also provide a description of the corresponding attractors, especially in dimension
2. Finally, this suggests to study more general renormalizations, which are discussed in the
last section.

2. GENERAL RESULTS

2.1. General renormalization.

We begin with stating two general results which will be extensively used in the sequel. Let
(dn)n be a sequence of positive real numbers. For Ky € K we consider the sequence of
compact sets (K,), defined by

Vn>0, Kppi= Ufz n) (4)

When (d,), is a constant sequence, say d, = d > 0, (Kn)n is nothing but (H}(Ko)), where
Hy = LH is the Hutchinson operator associated with the IFS {3 f1,..., 2 f,}. If d > X, (Ky)n
converges to its attractor, Ly. If d < A, the asymptotic behavior of (K,,), is more delicate to
study. A such typical situation is presented in the following lemma. We will denote by cl(K)
the closure of a non-empty set K and by B(0, R) the closed ball with center 0 and radius R.
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Lemma 2.1. Let p > 2 maps fi : RP - RP, d > 0 and Koy € K such that H;(Ky) D Kp.
Then the sequence (H}(Ko))n is increasing thus converges if and only if it is bounded. In

this case, its limit is the set
p=a( U ms) )

n=0
and L O Kg. This situation happens for example when f, = dId. In particular, if f, = d1d
and N; < d for alli € {1,...,p— 1}, then (H}(Ko)), converges to L. Moreover, denoting by
L’ the attractor of the hyperbolic TFS {%fl, cey %fp_l}, we have L = L' as soon as Ko C L.

Proof. By induction, it is clear that Hy(Ky) D Ky implies K, 11 D K,, hence the first part
of the result (see e.g. [22] for details on increasing sequences in K). In particular, if f, = d1d
then

P p—1

Hy(Ko) = | 3 fi(Ko) = Ko U ( U Cllfi(Ko)> D K.
i=1 =1

In this situation, if A; < d for all i € {1,...,p — 1}, then these f;’s are contractions. Thus, if

R > 0 is large enough to ensure Ky C B(0, R) and

[1£i(O)]]
d—\;

we obtain % f;(B(0, R)) C B(0,R) for alli € {1,...,p—1}. It follows that K,, C B(0, R) for all
n > 0 and the convergence of (K,,),. Finally, observe that, for all K € K, H(K) = H'(K)UK
where H' is the Hutchinson operator associated with the hyperbolic IFS {é fiyeo o é fp—1}-
Assume that Ko C L. Then, H(Ky) ¢ H(L') = H'(L'/)UL' = L' U L' = L'. By induction
it follows that K,, C L’ for all n > 0. Taking the limit we get L C L’. Next, we have
L=H(L)=H'(L)UL > H'(L). By induction it follows that L > (H')"(L) for all n > 0.
Taking the limit we get L D L/, and finally L = L'. O

Vie{l,...,p—1} < R,

Such sequences are related to so-called inhomogeneous IFS’s (see e.g. [26]). Assume that
fp =dldand \; < d for alli € {1,...,p—1}. Let Ky € K. Then K, = Hy(K() where
Hj is the Hutchinson operator associated with the hyperbolic IF'S { fo, é fi,.-e % fp—1} where
fo K e K— K.

When (d,), is no longer a constant sequence, but converges to a positive number d > X, we
can still prove the convergence of (Ky), to Lg.

Theorem 2.2. Let p > 1 maps f; : RP — RP and (d,), be a sequence of positive real
numbers converging to a real number d > X. Then, for all Ky € K, the sequence (Kp)np
defined by (4) converges to the attractor Ly of the hyperbolic IFS {%fl, cee éfp}.

Proof. Let us write K, = HJ}(Ky). We have to prove that e, = du(K,, K},) converges to 0.
One has

A (Kny1, K1) < du (FH(Ky), 2 H(K)) + du (£ H(K,), $H(K}))
A 11
< / -t / '

Since the sequence (K]},), converges, there exists B € K such that K, C B for all n > 0. Let
us then fix n >0 and N > 0such that 0 < A <d—1n<d, <d+n foralln > N. We obtain
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0 < epg1 < pey +my, where p = %ﬂ and m,, = |d% — 2|p(H(B)). It follows that
n—N-1
Vn>N, 0<e,< ,Un_NEN + Z Mkmnflfk'
k=0
Since p € [0,1) and m,, — 0 we obtain ¢, — 0. O

2.2. Renormalization with the radius function.
Let us recall that the radius function p is defined on K by p(K) = max{||z|| : = € K}. It
satisfies the three following basic properties:

- continuity : p is continuous with respect to dy,
- monotonicity : If K C K' then p(K) C p(K'),
- homogeneity : For all « € R, p(aK) = |a|p(K).
Moreover, notice that p(K) = 0 if and only if K = {0}.
Actually p is a nice function because it enjoys an additional stability property:

VK,K'e K, p(KUK')=max{p(K),p(K")}. (6)

For Ko € K, we consider its H,-orbit (H,(Ko))n, where H, is the operator defined by (3).

We have
P

Yn >0, HY(Kp) = di U fi(H2 (o)) (7)
"i=1
with
= o U AT ) = s p (017 50) ®)
=1

In the sequel we will write K, = H}(Kp) in most of the cases and assume that d,, > 0, i.e.
that K, # {0}. Notice that for all n > 1 we have p(K,) = 1 with at least one z,, € K,, such
that ||z,|| = 1.

From now on we are interested in the convergence of (K,,),. A first idea would be to proceed as
for the classic theory proving that H, is contractive. Unfortunately, this is rather complicated.
Actually the operator H, may be no longer contractive even if the f;’s are contractions, as
it is shown by the following basic example. Assume that D = 1 and let fi, fo be the maps
defined by fi(z) = 32+ £ and fo(z) = 2 2. Then, H, has (at least) the two invariant points
[0,1] and [—1,1]. Since (K,), may be viewed as in (4), our strategy will consist in linking
the convergence of (K,,), to the asymptotic behaviour of (dy,)s.

2.3. Convergence of (d,).

In view of Theorem 2.2, we ask the following questions: Does the sequence (d,), always
converge? Does its limit be always greater than A? A natural idea would be to determine
the expression of (d,), from (8) or, at least, a recursive formula to study its convergence.
Unfortunately, equality (8) is not tractable even for very simple maps f;’s and it seems rather
difficult to answer the previous questions in a general way. We will focus here on the following
problem: if (d,), converges to d, what are the possible values for d?

Firstly we can give simple upper bounds for d,, and d.
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Lemma 2.3. Let p > 1 affine maps f; : RP — RP of the form fi(x) = A;z + B; and (dy)n
the sequence defined in (8). Then,

i1, da < max {p(f(B(0, 1))} < max{||A]l + B} )

\/L\
In particular, if (dy)n converges to d, then d also satisfies (9).

Proof. Since K,, C B(0,1) for all n > 1, using (8) and the monotonicity of p we get
> = ; < ; .
V21, dn = max{p(fi(Kn))} < max {p(fi(B(0, 1))}

Moreover, one easily proves the following subadditivity property: if f : RP? — RP is a map
of the form f(z) = Az + B then

VK ek, p(f(K)) = EEE{HAIJFBH} < [[Allp(K) + | BIl. (10)

Since p(B(0,1)) = 1, it yields the final bound in (9). O
Notice that the first inequality in (9) holds even if the f;’s are not affine maps.

Since p is continuous, if (K, ), converges to a set K € K then p(K) =1 and (d,), converges
tod = p(U_; fi(K)) = maxi<i<p p(fi(K)). When d > A, this particular value may be found
solving an equation, at least for ‘good’ maps f;’s.

Proposition 2.4. Let p > 1 affine maps f; : RP — RP of the form f;(x) = Ayx + B;. If
(dn)n converges to d, then

Vie{L...p} 0<||Bil<|ldld A (11)
Moreover, if i € {1,...,p} is such that d ¢ Spec(4;), then
0 < |[(d1d—Ay) 7By < 1. (12)
In particular, if d > X\ then
15
s (@ A9 By} < 1 (13)

Proof. Let i € {1,...,p} and consider the sequence (x,),>1 defined by z; € K; and z,41 =
é(Aia?n + B;). One has z,, € K,, and B; = d,xn41 — A;x,. By induction one obtains

n—1
Yn>1, nB;=(dntns — Aimn) + > (diId —Ay)zpss. (14)
k=1
Therefore, for all n > 1,
1 n—1
[1Bi]] < Hdnfvn+1 Az ||+ — ZH (dp Id —Ag) w4 |
k 1

2riian + (5 Zudkm ~all)

The first term in the sum above goes to 0 when n — oo and Cesaro’s Lemma implies that
the term in brackets goes to ||dId —A;||. That gives (11).
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Now assume that 4 is such that d ¢ Spec(A4;). Then the matrix M; = dId —A; is invertible
and (14) yields

n—1
V=1, n(M;'B) =M "(dprny1 — Airr) + Y M (dpId—A))zpgs.
k=1
Thus we obtain in a similar way
151 < 201 o+ A1) + (2 Z I 1 -4 )

We conclude as above using that || M; ' (dp Id —4;)|| — [|1d || = 1 as k — oo.
Finally, if d > X then d ¢ N?_; Spec(4;), which concludes the proof. O

Contrarily to Lemma 2.3, this proposition means that d has to be large enough. We will now
show that (13) is an equality when the A;’s are homotheties. Actually, we will prove again
(13) but with a very different approach. We need the following result, which has its own
interest. It provides the convex hull of the attractor of an IFS made up with a particular
class of similarities (see [19, 16] for other considerations on this topic). We will denote by
ch(K) the convex hull of a non-empty set K.

Lemma 2.5. Let p > 1 affine maps f; : RP — RP of the form fi(x) = a;x + B; with
0 < oy < 1. Let L be the attractor of the IFS defined by { f1,..., fp}. Then, the convexr hull
of L is the polytope {z1, ..., 2z} where z; is the unique invariant point of f;.

Proof. First the fi’s are contractions and z; = (1 — o;)"'B; € L (see [28]). It follows
that ch({z1,...,2p}) C ch(L). To prove the reverse inclusion we have to state that L C
ch({z1,...,%}). It is enough to prove that H(ch({z1,...,2,})) C ch({z1,...,2p}), i.e. that
filch({z1,...,2p})) C ch({z1,...,2p}) forall i € {1,...,p}. Let z = Z?Zl tjzj, t; > 0 and
> %_1tj =1, apoint in ch({z1,...,2}). We have

P
Vie{l,...,p}, ZtOzZ zj + (1 — o)z,
J=1

thus fi(z) € ch({z1,...,2p}). O

Notice that this result is false in general, even if the A;’s are as simple as general diagonal
matrices.

Proposition 2.6. Let p > 1 affine maps f; : RP — RP of the form fi(z) = Az + B;. If
(dn)n converges to d with d > X\ then d satisfies the inequality

p({(d1d—Ay)™'By,...,(d1d—A4,)"'B,}) < 1. (15)

Moreover, if A; = a;1d with a; > 0 for all i € {1,...,p}, then (15) is an equality. In this
case, there is then at least one B; # 0.

Proof. Let i € {1,...,p}. Firstly, d > X implies that dId —A; is invertible and z;(d) =
(d1d —A;)~'B; is the unique invariant point of f;. Secondly, d > X implies that (K,),
converges to Lq. Thus, the invariant point z;(d) of 1 f; belongs to Lg (see [28]). Therefore
{z1(d), ..., z(d)} C Lg, and, by monotonicity, p({z1(d), ...,z (d)}) < p(Lq) = 1. That gives
(15).
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Now, if all the A;’s are homotheties, Lemma 2.5 applied to the IFS {éfl,...,éfp} gives
ch({z1(d), ..., zp(d)}) = ch(Lg). Since p(ch(K)) = p(K) for all K € K, we obtain

1= p(La) = p(ch(Lq)) = p(ch({z1(d), ..., 2p(d)})) = p({z1(d), ..., zp(d)}),

hence (15) becomes an equality. Finally, if B; = 0 for all i € {1,...,p} then the lhs of (15)
is zero, what is not possible. O

Notice that using the stability property of p, (15) gives (13).

2.4. Case of the homotheties.

We can give a complete answer when all the A;’s are homotheties: the sequence (K3,), always
converges and its limit may be explicited. First, we find the exact value of d when d > A: it
is the upper bound given by Lemma 2.3.

Lemma 2.7. Let p > 1 affine maps f; : RP? — RP of the form f;(x) = oz + B; with o;; > 0
If (dy)n converges to d with d > X\, then

d = max {ai +[|B|1}.

||Bal|

Proof. Applying Proposition 2.6 we see that d is a solution of max;<i<y | oy = 1 and we
can consider only the B; # 0. Then, since d > A and the functions ¢t — HJ%L' are strictly
decreasing on (A, +00), the unique solution is d = max;<;<p{a; + || Bil|}. O

Theorem 2.8. Let p > 1 affine maps f; : RP — RP of the form fi(x) = a;x + B; with
a; = 0. Let ap + ||Bg|| = maxicicp{a; + ||Bil|} and a; = maxicicp{as}. Then, for all
Ko € K, the sequence (H}(Ko))n converges to a set K € K. Precisely,

(i) If Bj # 0 then
(a) PEither aj —||Bj|| > 0, fi(—ﬁB‘)_( _HBH)( B
and Ko = { = 1z B;}, and then K = Ko = { = 157 T

(b) Or else K does not depend on Ky, it is the attractor Ly with d = oy + ||Bg|| and
B e Ly;

Bj) foralli€ {1,...,p}

HB Il
(ii) If Bj =0 then
(a) Either aj > oy, + ||Bg|| and then K = cl <Un>1Hg(KO))’
(b) Or else aj < oy, + || By and then K does not depend on Ky, it is the attractor Ly

with d = oy, + || Bg|| and TE; I\Bk € Ly.

Proof. First we claim that (d,)n>1 always converges. For all n > 1 we can find z,, € K,
and i, € {1,...,p} such that d,, = ||,z + Bi,||. Then, u, = i(ainxn + B;,) satisfies
up € Kpy1 and ||uy|| = 1. Since ||z,|| < 1 we obtain

dni1 2 ||ai, un + By, || 2 |, un + dpun|| — [|dnun— By, || = (i, + dp)l|unl| — ai, ||zn]] = d.

Thus (dy)n>1 is increasing and bounded (see (9)), so it converges. Let d be its limit.

(i) Assume that B; # 0. If the hypotheses of (a) hold, it is clear that K, = K, for all
n > 1, hence the result. Thus, let us assume in the sequel that they are not satisfied. Let
us suppose that d < a;. Applying Proposition 2.4 (11), we get 0 < ||B;|| < |d — «;|. Thus
d < aj — ||Bj|| < ;. In particular we must have a; — ||Bj|| > 0. Now, let us consider the
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sequence (Zp)n>1 defined by z1 € K; and zp41 = ﬁ(ajxn + Bj) for all n > 1. We have
zn € K, so that ||z,|| < 1. Moreover
1

1 1 Qa; 1
1> llansall = - llasan + Byl > llagen + Bill > g (lajanll = 1Bll) = Sllaall = S 11,1l
n

By induction one obtains

n—1
0, 1B\, 1Bl
Yn>1, 12|z > (-2 - I 16
w21 13 Yol > (%) (Nl - 220+ D20 (16)

Since d < «; we must have ||z1|| — % < 0. Now we choose z; such that ||z1|] = 1. Then,
J

we get d > o — || Bj|| and finally d = a;; — || Bj||. Substituting this value into (16) we obtain

l|zn|] = 1 for all n > 1. Thus, 1 = ||zp41]| = i”%‘xn‘i‘BjH and d,, = ||ojz,, + Bjll.

Therefore,

V1, d=dy > [legeal| = [|Bjl| = ajllzall = [|Bj]| = a; = ||Bjl| = d,

7] 1p.
Tt b

i.e. the sequence (dy)n>1 is constant. Now z is any point in K;. We have x,, 1 =
Bj. One has 2p41 — u = “(z, — u) so that, by

1
115511

for all n > 1. Let us introduce u = —
induction,

d

Since d < «; we must have ||z — u|| = 0. It follows that K; = {u}. Let z9 € Ky. Then
fi(xo) = du for all i € {1,...,p}, in particular for i = j. Since a; # 0 the function éfj is
bijective so fj(u) = du implies x¢g = u. Finally, Ko = {u} and f;(u) = duforalli € {1,...,p}.
But these conditions are not fulfilled by hypotheses. This contradiction yields d > «;, then
d = ay+||Bg|| by Lemma 2.7 and, finally, K,, — Ly by Theorem 2.2. Since L is the attractor
of the IFS {éfl, cel %fp}, it contains the invariant point zz of éfk which is 2z, = mBk'

(i) Assume that B; = 0. Let u; € K, such that ||ui|| = 1. We have

n—1
s
Vn>1l, 2=||z,—ul|l= <]> ||z1 — ull.

V=1, dz=dy>d > |[fj(u)l| = [lojua]] = oy

Thus d > o and if d = o then d,, = o for all n > 1.

(a) Assume that o; > oy + ||Bg||. It follows from Lemma 2.3 that d = a;. Thus K, =
Hg_l(Kl) for all n > 1 and the result follows from Lemma 2.1.

(b) Assume that a; < aj + ||Bg||. Let us suppose that d = «; and consider the sequence
(xn)n>1 defined by 1 € K; and 2,41 = i(akmn + By) = g—’;xn + aijBk forallm > 1. We
have x,, € K,, so that ||z,|| < 1. Thus we can find a subsequence (zy,, )m such that z,, —
with ||z|| < 1. Moreover, ;192 — Tpt1 = %(mnﬂ — ) yields

n—1
vnz 1 e ol = (%)l - ol a7)
J
We have 0 < a; < aj < aj + ||Bg||, so that By, # 0. Applying Proposition 2.4 (11) we get

d # oy,. Hence oy, < o and (17) implies that ,,,+1 — «. It follows that x = aij(akx + Byg)

1
aj—ay

ie. © = By, Since ||z|| < 1 we obtain a; > oy, + ||Bg|| which is a contradiction with

the hypotheses. Therefore d > «; and we conclude as the end of the part (i) above. O

When D = 1, since the unit sphere is finite, the sequence (d,, ), is always stationary.
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Example 2.9. Let us consider the IFS {fi, f2, f3} where the f; : R? — R? are given by
fi(x) = 2z + B; with

0 0
0 2|

Then, for all Ko € K, the sequence (H,(Kjo))n converges to the attractor of the IFS
{i 11, i fo, % fa}. It is a classical Sierpinski gasket (see Figure 2).

BIZ 7B2:

2
and B3 =
0

g

¥

By

“

4

39

N
b, oA oh, o

N
?\mhhh\}kh \E‘E\kh\}t\:hh

03 04 [ 06 07 08 09

TPV PP VP PP PP TP
AL

| 24 2

FIGURE 2. The limit set K obtained by renormalizing the IFS {fi, f2, f3} with the radius
function p. Maps f1, f2, f3 are given in Example 2.9.

Proof. We apply Theorem 2.8 with maxi<;j<z{a; + || Bi||} = 4 and max;<;<3{a;} = 2 (notice
here that indices k and j are not unique). Whatever is the choice of k and j, we are in the
case (b). We have d =4 and (1,0) € Ly, (0,1) € Lg. O

Example 2.10. Let us consider the IFS {fi, fo} where the f; : R> — R? are given by

fi(z) =4z + and fo(z) = 2.

Then, the sequence (H}'(Ko))n converges to {(—1,0)} if Ko = {(—1,0)}, and to [0,1] x {0}
if Ko # {(~1,0)}.

Proof. We apply Theorem 2.8 with max;<;<o{c; + ||Bi||} = 6 and maxj<i<a{a;} = 4 (here
j =k =1). We are in the case (i). The subcase (a) is possible (with aq—||B1|| = 2), that gives
the result when Ky = {(—1,0)}. Otherwise, we are in the subcase (b) (with oy + || B1|| = 6)
and (HJ}(Ko))n converges to the attractor [0,1] x {0} of the IFS {Lf1,:f2}. O

2.5. Trivial renormalization.

We examine here the case when (H (Ko))n = (Hj(Ko))n for a d > 0, i.e when the renormal-
ization only consists in considering a classic IFS. In particular, if d = 1 the renormalization
as no effect on the original H-orbit of Kj.
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Theorem 2.11. Let p > 1 maps fi : RP — RP and d = maxi<;<,{p(f:(B(0,1)))}. Assume
that d > X\ and that there exists z; € RP such that f;(z;) = dz; and ||z|| = 1, for a certain
j €{1,...,p}. Then, the sequence (H(Ko))n converges to the attractor Lq for all Ko € K
such that {z;} C Ko C B(0,1). Moreover,

(i) If Ko = {2;} then (H}(Ko))n is increasing and Lq = cl (Un=0 H;}(Ko)),

(ii) If Ko = B(0,1) then (H}(Ko))n is decreasing and Lq = (o H} (Ko).

Proof. Since z; € Ky, the monotonicity of p implies

oL} (U FK) ) < o (A (BO.1))
We have p({f;j(2;)}) = |Ifj(z)|| = ||dz;|]| = d. It follows that dy = d. Therefore K; =
LU, fi(Ko) = Hy(Ko) and, since J f;(z;) = 2zj, z; € K1. One can then prove by induction
that K, = H7}(Ky) for all n > 0. Since d > A, the IFS {Z f1,..., 1 f,} is hyperbolic so that
(H}}(Ko))n converges to Lq. We have proved above that z; € K. Thus, if Ko = {2;} one has
Ky C K;. It follows by induction that K,, C K11 for all n > 0, and the result. In the similar
way, if Ko = B(0,1) then K; = Hy(Ky) C Ky. It follows by induction that K,; C K, for
all n > 0, and the result. O

If f; is an affine function then z; = (dId —Aj)*lBj and one hypothesis is nothing but
|(d1d —A;)71B;|| = 1 (see (13) in Proposition 2.4 and (15) in Proposition 2.6).

Notice that such sequences provide examples of constructions from the inside of the attractor
L, taking Ko = {z;} (see [30]), and from the outside taking Ko = B(0,1) (see [44]).

Example 2.12. Let us consider the IFS {fi, fo} where the f; : R> — R? are given by

1(b+a b—a @ % i
filz) =5 b—a bia T+ /2 and  fa(z) = 1 T+

with0 < a <b < 1lande¢>1—b. Then, for all Ky € K such that {(¥%2,%2)} C Ky C B(0,1),
the sequence (HQ(KO)) converges to Ly with d = b+c (see Figure 3). In particular, if b+c = 1
then Ly is the attractor of the original hyperbolic IFS {f1, f} and the renormalization as no

effect on the sequence (H™(Ko))n.

Proof. One easily calculates p(f1(B(0,1))) = b+c and p(f2(B(0,1))) = 13. Thusd =b+c >

1. Moreover, || f1|| = b and ||f2|| = %, hence A = max{b, 2} < 1 < d. Finally, if z; = (‘2[, \{)
then ||z1]| =1 and fi(z1) = dz;. Thus the result follows from Theorem 2.11.

O

We can generalize the previous result when f; = o 1d, a; > 0. In this case d = o; = A. This
may be deduced from the next general theorem dealing with the case d = .

Theorem 2.13. Let p > 2 maps f; : RP? — RP such that f, = 1d and f;(B(0,1)) C B(0,1)
forallie {1,...,p—1}. Then, for all Ko € K such that p(Ko) = 1, the sequence (HS(KO))TL

converges to the set
L=cl ( U H/’}(Ko)).

n=0

Moreover, assuming that A\; < 1 for alli € {1,...,p — 1} and denoting by L' the attractor of
the hyperbolic IFS {f1,..., fp—1}, we have L = L' as soon as Ky C L'.
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FIGURE 3. The limit set K obtained by renormalizing the IFS {fi, fo} with the radius

function p. Maps fi1, fo are given in Example 2.12 with parameters a = %, b= % and ¢ = %
The starting set is Ko = {(%7 g)}

Proof. Let u € Ky such that ||u|| = 1. The monotonicity of p implies

o <Uf1K0>\ (Usz())\ B(0,1)).

Since p({fp(w)}) = ||ul|, we have dy = 1. Therefore K1 = |J'_, fi(Ko) = H(Kp) and
u = fp(u) € K;. One can then prove by induction that K,, = H"(Ky) for all n > 0. Thus
the result follows from Lemma 2.1. O

To end this section, we give an example of a very particular situation when one has a trivial
renormalization which cannot be deduced from Theorem 2.11 or Theorem 2.13. The maps
fi’s are affine with ‘identity-block’ matrices. Such matrices will be studied in the linear case
(see Theorem 3.6).

Example 2.14. Let us consider the IFS {fi, fo} where the f; : R> — R? are given by

1 0 1 0 0
pior=[: e st e[ )

with 0 < a < 1. Then, for all Ky € K such that {(@, ?)} Cc Ky C [—@, @]x[—@, %] the

sequence (H(Ko))n converges to L = px(Ko) x L where p, is the projection onto Span{(1,0)}
and L is the Cantor set T'y when 0 < a < 3 L and the interval [0, f] when < a < 1. Moreover,
the renormalization as no effect on the sequence (H"(Kp))n.

Proof. Let us write S = [—g, g] X [—\éi, ‘2[] and z9 = (%, i) One has f2(2z2) = 22 with
||z2|| = 1, and, for all ¢ € {1,2}, f;(S) C S with and p(S) = 1. Since 2z, € Ky C S, it follows
by induction that H}(Ko) = H"(Kj) for all n > 0.

We also prove by induction that

Vn >0, H"(Ko) = {(xo, H"({y0})) : (w0, 0) € Ko},
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where H is the Hutchinson operator associated with the IFS {fl, ]72} where the ﬁ :R — Rare
defined by f1(y) = ay and f2(y) = ay+(1 —a)@. This latter IF'S is hyperbolic with attractor

L so that we have H"({yo}) — L with the estimate dg(L, H"({yo})) < a”du(L, {yo}). It
follows that

n o) < ot 0) =au (U oD U (oo B0

(z0,90)€Ko (z0,90)€Ko

< sup  dy (2o, L), (w0, H" ({y0})))

(z0,y0)E€Ko
< sup  du (L, H"({yo}))

(z0,y0)E€Ko
<a® sup dy (E, {yo}).

(z0,y0)€Ko
Since 0 < a < 1 we obtain the result letting n goes to co. O

3. THE LINEAR CASE

In all this section we suppose that we have p > 1 linear maps f; : RP? — R of the form
fi(z) = Ajz. We denote by M = {A;,..., Ay} the set of their canonical matrices and recall
that A = maxi<;<p{||Ai||}. Let a(A;) be the spectral radius of A;. Since ||4;|| > a(4;), A;
is not a contraction when «(A4;) > 1.

Since p is homogeneous and the f;’s are linear, we have

1
do-dp_1
where H still denotes the Hutchinson operator associated with the family {fi,..., fp} (see

(1))-

Vn>1, K,=H]K))= H"(Ko) (18)

3.1. General strategy.

When all the f;’s are homotheties, the convergence is stated thanks Theorem 2.8 (ii) (a). In
particular, (d,), converges to d = A. In the general case, if (d,), converges to d, it follows
from Lemma 2.3 that d < A\. Thus we cannot apply Theorem 2.2 and we must find another
strategy to study the convergence of (Kp,)y,.

Since p is homogeneous and the f;’s are linear, the sequence (K,), obtained by iterating H,
is the same when one replaces f; with é fi- Moreover, it is possible to not divide J?_; fi(Kp)
by d, at each step but a posteriori. The next result will make clear these key observations.

Lemma 3.1. Let Ky € K. Assume that there exists d > 0 such that (H}(Ko))n converges
to a set L € IC with p(L) # 0. Then, (dy,), converges to d (in particular d is unique, it only

depends on Ko) and (H,(Ko))n converges to the set K = ﬁ L.

Proof. Since p is homogeneous and p(K,) = 1, it follows from (18) that p(H™(Ky)) =
do---dy—1. Using linearity we observe that H}(Ky) = d%H"(KO) for all d > 0. Thus

p(H}(Ko)) = Z;é %’“. By hypothesis, this last sequence is a proper convergent product,
hence %k — 1. Now, using linearity again, we have, for all d > 0,
1 1
Vn>1, K,=-— H"(Ko) = ———— H?(Kp). (19
") ) ) :
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Hypotheses and continuity of p allow us to take the limit in the rhs of (19). That gives the
last part of the lemma. O

Thus, to study the convergence of (K, ), it is enough to find a ‘good’ d such that one can apply
Lemma 3.1. We must have d < A otherwise L = {0}. Intuitively, one should exactly take
d = X. Actually, by linearity and homogeneity, the problem is nothing but to find ‘classic’
IF'S, made up with linear maps, that are not hyperbolic but provide convergent orbits. We
will examine in the sequel some particular classes of such IFS’s.

3.2. LCP sets of matrices.

Here we look for a result of convergence of (H"(Kj)), valid for all sets Ky € K. We say that
M is a Left Convergent Product set of matrices (LCP set in short) if the infinite products
A;, -+ A, converge for all sequences (i) = (i1,i2,---) € Z = {1,...,p}*°. In this case, we
set Agy = limy, 00 Ay, -+ Ay (see [14, 27]). The theory of LCP sets was popularized in the
90s (see [14]) and it is still of interest nowadays (see [27]), in particular for the study of
inhomogeneous Markov chains (see e.g. [42]). One can always associate a canonical IFS with
a LCP set. The next result gives sufficient conditions to obtain its convergence.

Lemma 3.2. Let p > 1 linear maps f; : RP — RP such that

(i) M is a LCP set,
(ii) There exists a sequence (€,)y of positive numbers such that e, — 0 and

V(i):(il,ig,---)el, Vn>1, HA(z)_AznA“Hggn (20)
Then, (H™(Ky))n converges for all Ko € K to the limit set

L= c1< U A(i)(K0)>. (21)
(i1)eT

Proof. Let us write Kj, = H"(Ko) and L" = {J;)ez A(i)(Ko). Hypothesis (i) implies that M

is product bounded (see [7]), then there exists R > 0 such that |[A;|| < R for all (i) € Z.

Since K is compact, it follows that L’ is bounded, hence L is compact. We claim that
du(K],L') < Cep for allm > 1, C > 0. Let n > 1 be fixed. We have

K, ={A;, - Ai(x0) : z0 € Ko and 1 < i1,...,i, < p}.

Let o' € L'. One has 2’ = Ay)(xo) with zo € Ko and (i) = (i1,i2,--- ,in, --) € Z. Let
x = Aj, - Ay (20). One has x € K, and ||2" — 2|| < [|Aq) — Ai, - Ai || ||2o]] < Cep where
C = p(Kp). Thus L' C K/ (Ce,). We prove in a similar way that K/, C L'(Ce,), hence
du(K), L") < Cey. Tt follows that dy(K), L") — 0 and, since dy (K, L') = du(K},, L), that
K L. O

Hypothesis (20) implies that the so-called limit function A : (i) = A(; is continuous, en-

dowing Z with the usual distance d((i), (j)) = 2~ ®{k>11%#jk} This function is linked to
the usual code map in IFS theory (see e.g. [28, 1]). Notice that this lemma includes the
contractive case. Indeed, if all the f;’s are contractive then M is a LCP set with A = 0.
Hence we can apply Lemma 3.2 with €, = A" and obtain that H"(K) — L = {0}.

We illustrate the previous result with the family of positive stochastic matrices in R?. In
this case, we can give a precise description of the limit set L. Let us recall that a positive
stochastic matrix A is a matrix whose rows consist of positive real numbers, with each row
summing to 1. Notice that such a matrix satisfies a(A) = 1 hence is never contractive.
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Proposition 3.3. Let p > 1 linear maps f; : R? — R? of the form f;(x) = A;x where A; is
a positive stochastic matriz. Then, for all Ko € IC, the sequence (H"(Ky)), converges to the

set
L=cl ( U {(z2):ze hvo(l“)}>
vgeKo
where hy, : R = R is an affine map which depends on vy and f;, and I' is the attractor of an
IFS {g1,...,9p} where g; : R — R is an affine map which only depends on f;.

Proof. We will apply Lemma 3.2. First, since each product A;, ---A;, contains a positive
stochastic matrix then it converges (see [9]) and M is a LCP set. Next, there exists a matrix
P of the form

P:
1 v

such that, for all i € {1,...,p}, A; = PT;P~! where T; is a matrix of the form

w|
] with u,v € R,

a;

T, = with a; € R and b; € [0, 1).

(2
Notice that it is also proved in [14] that {T1,...,T},} is a LCP set with a continuous limit
function. Here we want more and describe precisely the limit set of matrices. Let us define
gi : R — R by g;(x) = bjx + a; and set b = maxj<;<p b < 1. We obtain by induction that, for
all sequences of indices i1, ...,i,, n = 2,

Tin Tle _ 1 (gil Ogi2o...oginil)(ain) .
0 bi, - by,
Hence, considering the contractive Hutchinson operator G associated with the IF'S {g1, ..., gp},

its attractor I', and the orbit (G™(A)), of the compact set A = {a1,...,ap}, we obtain, for
alln > 2,

1 Ciy-ip 1
{Tln o 'Til}léh,...,inép - { 0 b(C' . )] s Ciyoviy, € G" (A)
i1 0n

with 0 < b(cj,...4,,) < 0" and d(c¢4,..5,, ') < CH" for a constant C' > 0 (see [28]).
It follows first that, for all (i) € Z and all n > 1,
1Ag) = A, Al = 1P(Ti) = T, - T ) P < PTGy — Ty - T |1 PTH] < OD"

with C’ > 0. Hence (20) and all the hypotheses of Lemma 3.2 are satisfied with ¢, = C'b".
Moreover, letting n goes to oo we obtain the following set of limit matrices:

{T)} ez = { [é S] ce F}.

Therefore, if vg = (x0,y0) € Ko we get

1 ¢ T Yo—==To c+ Lov—You
Agiy(vo) = (P P 0] - [yz_lio mﬁ_Zou] '
0 O yo v—u ¢ + v—u
The result follows by taking hy,(z) = 2= x + *0=%% and using (21). O

Notice that if K¢ C Span{(1,1)} then f;(vo) = vo and L = Ky. Actually, Span{(1,1)} is an
invariant space for all the f;’s so that K,, = K for all n > 0.
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Example 3.4. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices

1{1+3a 3-3 111 1—-
A= + sa a and Ay — © +a a
411-a 3+a 2/1-a 1+a
with 0 < a < 1. With P =[] 3| one obtains
10 1 1-a
T1: andng .
0 a 0 a

Thus g1(x) = ax, g2(z) =
the interval [0,1] when 1 <
starting set Ky. One has

p=a( U A{n)rehuumm})

(w0,y0)€Ko

az + (1 —a) and T is the Cantor set I'; when 0 < a < § and
a < 1. The limit L of the sequence (H"(Kj)), depends on the

where Nz, 40) ¢ R — R is the affine map defined by hg 0\ (7) = 272z + Syozxo. For
example, when a = %, L= (-3ir,+2 2T+ 1) if Ko = {(1,2)} (see Figure 4(a))
3 3
— (=1 7 _1 7 1 11 1y —
whereas L = ( iU+ gl + U (QF% +ogl+ 1) if Ko = {(1,2),(2,0)} (see
Figure 4(b)). More K contains points then more complicated is the limit set L, with unions
of overlapping Cantor sets.

155

158 185 18 185 17 175 06 08 1 12 1.4 16 18

(a) One Cantor set (b) Two Cantor sets

FIGURE 4. The limit set L of (H"(Ko))» where H is the Hutchinson operator associated
with the IFS {f1, f2}. Maps fi, f2 are given in Example 3.4 with parameter a = % Figure
(a): the starting set is Ko = {(1,2)} and L is a Cantor set. Figure (b): the starting set is
Ko ={(1,2),(2,1)} and L is a union of two disjoint Cantor sets.

Several necessary and sufficient conditions for a finite set of matrices to be a LCP set have been
given (see [9, 8, 23] and [27] for a survey). However, such conditions, involving existence of
appropriate norms, evaluation of the joint spectral radius or determination of the generalized
eigenspaces of the A;’s, are difficult to state. Moreover, they do not provide a geometric
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description of the limit set {A;)}@)ez which can be used to describe the limit of (H"(Ko))n.
Furthermore, very simple LCP sets may have a discontinuous function A preventing from
applying Lemma 3.2. This situation happens for example adding the matrix Id to a LCP set
with a continuous limit function (see [14]).

3.3. Identity-block matrices.

Even if the set M does not fulfill hypotheses of Lemma 3.2, the corresponding IFS may
provide convergent H-orbits. We deal now with such situations when some matrices A; have
an identity-block. Let us begin with a first basic result.

Lemma 3.5. Let p > 2 linear maps f; : RP? — RP of the form fi(x) = Az such that
A, = 1d and ||A;|]| < 1 for all i € {1,...,p — 1}. Then, for all Ky € K, the sequence
(H™(Ko))n converges to the set

L=cl (gOH"(KO))

Proof. Let R > 0 be large enough to ensure Ky C B(0, R). Then, f;(B(0,R)) C B(0, R) for
all i € {1,...,p}. Therefore H"(Ky) C B(0, R) for all n > 0. Hence the result follows from
Lemma 2.1. (]

The next result deals with a more general situation.

Theorem 3.6. Let p > 1 linear maps f; : RP — RP such that there exists two subspaces
V,W C RP satisfying V& W =RP and, for all i € {1,...,p},

() (fi —1)(V) C W, i

(ii) fi(W) C W and the linear function f; : W — W induced by f; is a contraction.
Then, (H™(Ky))n converges for all Ko € K to the set

L=cl ( U Vo + i(’[)o))
voepv,w (Ko)

where pyw is the projection onto 'V along W and L(vo) is the attractor of the IFS {fi,..., fp}
where fi : W — W is defined by fi(w) = fi(w) + (f; — Id)(vo).

Proof. Let us write Vo = pyw(Ko), Wo = pw,v(Ko) where pyy is the projection onto W
along V, and set \ = Maxi<i<p 1fil] = Maxi<i<p I|fi]| < 1. The proof is in the same vein as
the one of Example 2.14.

(a) First let 29 € Ko with 29 = vg +wg € Vo + Wy C V & W. We have

Vie{l,....,p}, fi(z0) =vo+ ((fi(vo) — vo) + fi(wo)) = vo + fi(wo) € Vo + W.
We then prove by induction that
Vn>0, H"({z}) =vo+ H"({wo})

where H is the Hutchinson operator associated with the hyperbolic IFS { fi, ..., fp}. There-
fore the sequence (H™(wy))n converges to a set L(vg) which only depends on vg. It follows
that (H™({z0}))n converges to vy + L(vg) with the estimate

du (vo + L(vo), vo + H™(wo)) = du (L(vo), H™(wp)) < A" dgx(L(wp), wo).
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(b) Let

1
= max{p((fi = 1d)(Vo))}-

We have f;(B(0,R)N'W) c B(0,R) NW for all i € {1,...,p}, so that H(B(0,R) N W) C
B(0,R) nW. It follows that L(vg) C B(0,R) N W for all vy € Vj. Thus
Yoo € Vo, pluo+ L(vg)) < ||wo]| + R < p(Vo) + R.

We then have proved that the set |, <y, vo + L(vp) is bounded, i.e. L € K.
Furthermore, since f(vo) does not depend on wy, we can write

U Vg + Iv/(’U[)) = U Vo + i(vo).

vo €V vo+wo€ Ko

(c¢) Finally, writing H"(Ko) = U, ywoex, V0 H"(wp) and using (a) and (b), we obtain

dH(L,H”(KO)):dH< U w+L), U v0+ﬁ"(wo)>

vo+woE Ko vo+woE Ko

< sup dy (vg + Iv/(vo),vo + ﬁ”(wg))
vo+wo€ Ko

gX” sup dH(f/(vo),wo).
vo+wo € Ko

Finally, since this latter supremum is finite, we obtain the result letting n goes to oco. O

Notice here that hypotheses of Theorem 3.6 mean that, for all i € {1,...,p}, the maps fi’s
have a block matrix with respect to the sum V @& W of the form

Id 0

A; = ~

with A; contractive and some matrix M;.

Example 3.7. Let us consider the IFS {fi, fo} where the f; : R — R? are the linear maps
given by their canonical matrices

1 0 0

A= 10 0 0

0 1
1 and As = |0
a b 0

o = O

C C

with a,b € R and 0 < ¢ < 1. Then, for all Ky € K, the sequence (H"(Ky)), converges to the
set

p=a( U (Gom=mn))

(w0,y0,20)€ Ko

where L. is the Cantor set I'; if 0 < ¢ < 3 and the interval [0,1] if £ < ¢ < 1.
As an example, L is shown in Figure 5 when K is the unit circle {(cost,sint,0) : ¢t € [0, 27|}

and parameters (a,b,c) = (1,1, 7).
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FIGURE 5. The limit set L of (H"(Ko))» where H is the Hutchinson operator associated
with the IFS {f1, f2}. Maps fi, f2 are given in Example 3.7 with parameters (a,b,c¢) =

(1,1, 1). The starting set is the circle Ko = {(cost,sint,0) : t € [0, 2]}

Proof. We can apply Theorem 3.6 with V' = Span{(1,0,0), (0,1,0)} and W = Span{(0,0,1)}.
Thus, (H™(Kp))n converges to the set

L=cl ( U (70,%0,0) + L(iﬂo,yo))

(20,90,20)€Ko
where L(xg,yo) is the attractor of the IFS {fl, fg} with, for all w = (0,0,z2) € W,
fl(w) = fl((),(),z) = (0,0,CZ +azrg + byo) and fg(w) = fg(0,0, z) = (0,0,cz).

By uniqueness, we check that this attractor is the one announced.
Assume that (a,b,c) = (1,1,1) and Ko = {(cost,sint) : t € [0,2n]} x {0}. We have
o . 4 .
L=cl < U (cost,sint, 5(cost +Slnt)Fi)>.
te[0,27]

Then L is the closure of a union of circles drawn on the cylinder {(cost,sint) : t € [0,27]} x

{%t :t € [-1,1]}. Each intersection with a generatrice is homothetic with the Cantor set

r 1 (excepted for the two special values ¢t = 3{ and t = %’T) O

3.4. Orbit of the unit ball.

One of the difficulties occurring in the linear case lives in the different behaviors induced by
the particular linear subspaces of the A;’s associated with the eigenvalue 1. To avoid these
degenerate behaviors, we propose to take into account all the directions of R” by focusing
on the H-orbit of the unit ball B(0,1). We begin with a simple general result.

Lemma 3.8. Let p > 1 linear maps f; : RP — RP of the form fi(x) = A;z. Assume
that there exists N > 1 indices i1,...,iny € {1,...,p} such that the matriz A;, --- Ai, has
eigenvalue 1 and denote by V the corresponding eigenspace. Then, for all Ky € K such that
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H(Ky) C Ko and Kon(V\{0}) # @, the sequence (H"(Ky))y is decreasing and converges to
a set L # {0}.

Proof. Since H(Ky) C Ky, the sequence (H"(K)y)),, is decreasing and converges to the com-
pact set L = Np>0H"(Kp). Let v # 0in KoNV. Since A;, --- A;,v = v one has v € HFN (Ky)
for all £ > 0, thus v € L and L # {0}. O

When Ky = B(0,1) we obtain the following result for (H}(Ko))n.

Proposition 3.9. Let p > 1 linear maps f; : RP — RP of the form fi(x) = Az such that
(i) For allie{1,...,p}, ||Ai]l <1,
(ii) There exists N > 1 indices i1,...,in € {1,...,p} such that the matriz A;, --- Ai,
has eigenvalue 1.
Then, the sequence (H,(B(0,1)))n is decreasing and converges to the set

L= () H}(B(0,1)). (22)

n=0

Moreover, H,(B(0,1)) = H"(B(0,1)) for all n > 0.

Proof. Hypothesis (i) implies that H(B(0,1)) C B(0,1) and we have B(0,1) N (V\{0}) #
@. Thus (H™"(B(0,1))), is decreasing and converges to L from Lemma 3.8. Moreover,
choosing v € B(0,1) with [|v|]| = 1 and such that A4;, ---Aj;v = v we obtain v € L and
then v € H"(B(0,1)) for all n > 0. Since ||v|| = 1, one has p(H"(B(0,1))) = 1 so that
H}(B(0,1)) = H"(B(0,1)). O

Notice that the two hypotheses imply that o(A;, --- Ai;) = ||Aiy - - 44, || = 1. In particular,
the IFS {fi,..., fp} is not hyperbolic. Notice also that M need not to be a LCP set. One
can for example consider matrices of rotations or symmetries.

Example 3.10. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices

with a > 0. Then, the sequence (H,(B(0,1)))n is decreasing and converges to the set L given
by (22). Moreover, the point

1 14+vV1+4a2 1 2%
u=|— , ——
V2 /14402 + V1 + 422 V21 + 402 + V1 + a2

belongs to L and satisfies ||u|| = 1. As an example, L is shown in Figure 6 when a = 1.

Proof. Since ||A1]> = [|A2|> = a* + (1 + V1 +4a?) > 1, we cannot apply directly Propo-

sition 3.9. Thus we consider the normalized matrices A} = 1 4; with d = [|4;]| = ||A2]| so
that hypothesis (i) is satisfied. One checks that the matrix
WAL — 1 1+a® a
e a?+ 1 (1+ V1 +4a?) a  a?

has eigenvalue 1. Hence one can apply Proposition 3.9. It follows from its proof that u, one
of the unit eigenvectors associated with 1, belongs to L. Notice also that one can easily prove
that L is symmetric with respect to the origin and the line y = . ([
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FIGURE 6. The limit set L of (H"(B(0,1)))» where H is the Hutchinson operator associated
with the IFS {fi, fo}. Maps fi, f2 are given in Example 3.10 with parameter a = 1.

Notice that the previous method may be generally applied when two matrices of M are
symmetric each other, or when one of them is symmetric.

3.5. Description of the limits in R2.

When (H™(K)j))n converges but {fi,..., fp} is not hyperbolic, the limit set L does depend
on the starting set Ky. Hence, various complicated situations may occur and it seems rather
difficult to obtain a complete inventory of all these possible limit sets. However, in this
section, we can go further by considering only the space R? and particular K, and focusing
on the ‘angular structure’ of L.

Let P = {(z,y) € R? : 2 > 0}. Every point (z,y) € P\{0} may be written with polar
coordinates as (Rcosf, Rsinf) with R > 0 and 6 € [-7, 5]. For a compact set K C P, we
define its set of slopes S C [—o0, 0] by

S = { tan 6 such that there exists (Rcosf, Rsinf) € K\{0}}

with the convention tan(£%) = +oo.

When (H™(Ky))n converges to L C P with L # {0}, its set of slopes is a well-defined non-
empty set. The aim of this section is to describe this set. Notice that L and K = ﬁL share
the same set of slopes, so that it will also give the description of the limit of the renormalized

sequence (H(Ko))n.

Proposition 3.11. Let p > 1 linear maps f; : R? — R? given by their canonical matrices
A; = [ZZ Zﬁl such that det(A;) # 0 and f;(P) C P. Let Koy C P be a compact set such that
(H™(Ko))n converges to L # {0}. Then, the set of slopes of L is a non-empty invariant set

of the operator H = \J!_, fi where f; : [—00,00] — [—00,00] is the homographic function
defined by

~ diz + ¢

filz) =

N biz—i—ai‘
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Proof. One has H(Ky) C H(P) C P, hence L C P. Since L # {0}, its set of slopes S is not
empty. Writing L\{0} = {(Rcosf, Rsinf): R > 0,0 € ©} we have S = tan©. Since the f;’s
are bijective, H(L\{0}) = UY_; f;(L\{0}). Moreover,
_R a; cos B + b; sin 6 0.
c; cosf + d; sin 6

Rcos6
Rsin6

thus the set of slopes of H(L) is the set of all the points of the form

cicost) +disinf -~
a;cosf + b;sinf fi(tand), 6 € ©,

Le. the set J_, fl( ). Since L = H(L), they have the same set of slopes S. Hence the
result. g

In the situation of the previous theorem, the angular structure of L is known as soon as
we can describe the invariant sets of the Hutchinson operator H. This operator may have
several invariant sets .S, not necessarily closed. However, there is a useful way to determine
them. Indeed, if H is contractive then every bounded invariant set S of H satisfies cl(S) = L
where L is the attractor associated with H. It is possible to determine such attractors of IFS
made up with homographic functions (see for example [24] page 136). Notice that [—oo, o0]
is always a compact set and then would be an invariant set. Thus, it will be often necessary
to consider a restriction of H to obtain a contractive operator.

Example 3.12. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices
b

and Ay = |1 —a ab
b

1 0
0 a

A=

1-a
with 0 < a < 1,0 <b< 1and a+b < 1. Then, the sequence (H"(Kjy)), starting at
Ko = {(z,y) € R?: 0 < y < o < 1} converges to a set L € K whose set of slopes S satisfies
c(S) =T, if0<a< 3 and cl(S)=[0,1] if 3 < a <1 (see Figure 7).

Proof. One checks that H(Ky) C Ky with the choice of a and b. Since A; has eigenvalue
1 with V' = Span{(1,0)}, the convergence of (H"(Kjy)), is given by Lemma 3.8. Moreover,
accordlng to Proposition 3.11, the set of slopes S of the limit L is an invariant set of the
operator H = f1 U f, where fl( ) = az and f2( ) =az+ (1 —a). Since L C Ky, one has
S C [0,1]. One checks that H is contractive from [0,1] into [0,1], implying cl(S) = T, if
0<a<jandcl(S)=[0,1if 3 <a<l. O
The fact that in Example 3.12 the set S is not the whole Cantor set I', comes from the
contraction fo. Actually, all the orbits of points z € Ky which are associated with contractions
correspond to a ‘slope’ s = tan @ for which R = R(6) = 0. Therefore, if one wants to see the

whole attractor of the IFS {]?1, . ,fp}, then one has to not consider contractions. Such a
situation is presented in the following example.

Example 3.13. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices

1 0
0 a

1 0

l1—a a

A =

] and A2 =
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FIGURE 7. Zoom in the limit set L of (H"(Ko))n where H is the Hutchinson operator
associated with the IFS {f1, f2}. Maps fi, fo are given in Example 3.12 with parameters
a =b = L. The starting set is Ko = {(z,y) € R* : 0 < y < # < 1}. The set of slopes is

dense in the triadic Cantor set.

with 0 < @ < 1. Then, the sequence (H"(Kj)), starting at Ko = {(z,y) € R?: 0 <y < z <
1} converges to a set L € K whose set of slopes S satisfies cl(S) =S =T, if 0 < a < % and
cl(S) =5 =10,1] if £ <a <1 (see Figure 8).

\i\:\
N

W\

Y <

o

] 01 02 03 0.4 05 08 07 08 09 1

FIGURE 8. The limit set L of (H"(Ko))» where H is the Hutchinson operator associated

with the IFS {f1, f2}. Maps fi, fo are given in Example 3.13 with parameter a = % The

starting set is Ko = {(z,9) € R? : 0 < y < < 1}. The set of slopes is the triadic Cantor
set.

Proof. Actually this example is a particular case of Example 3.12 taking b = 1 —a. To obtain
a more precise description of the limit set L we apply Theorem 3.6 with V' = Span{(1,0)}
and W = Span{(0,1)}. Let zp = (z0,%0) € Ko. We have py.w(20) = (x0,0). It follows that
(H™(Kp))n converges to the set L = cl (U:voe[(],l] (20,0) 4+ L(xo)) where L(zo) is the attractor
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of the IFS {f1, fo} with, for all w = (0,y) € W,

fl(w) = fl(()?y) = (O,ay) and f?(w) - f?(oay) = (O,ay + (1 - Q)CL’O)-
By uniqueness, this attractor is L(zo) = (0,20L,) With Ly = I' if @ < % and L, = [0,1] if

a > % The limit set is then
L=cl ( U (1,‘(), nga)> .

z0€[0,1]
Here we can directly see that the set of slopes of L is L,. One can check that, according
to Proposition 3.11, this set of slopes is the only invariant set S C [0,1] of the operator
H = fiU fy where fi(z) = az and fo(2) = az + (1 — a). O

Example 3.14. Let us consider the IFS {fi, fo} where the f; : R? — R? are the linear maps
given by their canonical matrices

10

a a

with 0 < @ < 1. Then, the sequence (H"(Ky)), starting at Ko = [0,1] x {0} converges to a
set L € K whose set of slopes is the countable set {1} U {1 —a" : n > 0} (see Figure 9).

Ay =

10
and Ay =
0 1

FIGURE 9. The limit set L of (H"(Ko)), where H is the Hutchinson operator associated
with the IFS {f1, f2}. Maps fi, f2 are given in Example 3.14 with parameter a = % The
starting set is Ko = [0, 1] x {0}. The set of slopes is the countable set {1}U{1—a" : n > 0}.

Proof. Applying Lemma 3.5, since ||Az2|| = 1, we obtain that (H"(Kj)), converges to L =
(U0 H"(Ko)). Moreover, according to Proposition 3.11, the set of slopes of L is an
invariant set of the operator H = f; U fo where fi(z) = z and fa(z) = az + (1 — a). The
operator H is not contractive. However, iterating fo, one can easily see that L is the closure

of a countable union of segments, with L C T, and show that the invariant set to consider is
{1}u{l —a":n > 0}. O

The limit sets found in Example 3.13 and in Example 3.14 are respectively a ‘Cantor fan’
and a ‘geometric fan’ (see [10, 11]). Such compact sets arise in various contexts (see [41, 17]).
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4. POSSIBLE GENERALIZATIONS

We decided to renormalize the sets H"(Kj) by dividing them by their radius. As we men-
tioned in the introduction, one generally uses the diameter to renormalize a sequence of
compact sets. Thus, one can wonder what a such renormalization would give here. We
present in this section some possible generalizations considering functions ¢ more general
than the radius p and their associated operators H.,.

4.1. Renormalization with a size function.

We are interested in functions ¢ that describe the size of a compact set and the way it occupies
the space. Following the example of the radius function p, we will say that a function
¢ K — [0,400) is a size function if it is continuous with respect to dp, monotonic and
homogeneous (see Section 2.2). For example, the max-radius function p and the diameter
& respectively defined on K by

poc (K) = Al 1< <D} and §(K) = max{llz — yl| : 2y € K)

(xlv .y D
are two size functions.

We can then define an associated operator H,, in the same way as (3) setting

VK €K, Hy(K)= U fi(K (23)

( 1fz =1

and consider the H-orbit of some set Ky € K. Let us keep all the notation of the previous
sections, easily adapted by replacing p with ¢. In particular K, = Hg;(Ko) (see (7)) and
dn = o(U_ fi(Ky,)) (see the first equality in (8)). We will assume that K, is always
well-defined, i.e. ¢(K,) # 0.

We are still interested in the convergence of the sequence (K, ), and the description of its
limit. The key-points are Lemma 2.1, Theorem 2.2 and Lemma 3.1 which provide general
conditions of convergence. We summarize here the main results which still hold for any size
functions.

Theorem 4.1. Let p > 1 affine maps f; : RP? — RP of the form fi(x) = A;x + B;.

(i) If (dn)n converges to d > A, then (H;(Ko))n converges to the attractor Lq and d
satisfies the inequality

e({(d1d —A;) ™' By, ..., (dld—4,)'B,}) < 1

(i1) Assume that B; = 0 for all i € {1,...,p}. If (H"(Ky))n converges to a set L € K
such that p(L) # 0, then (K,), converges to K = oL

In particular, when all the f;’s are linear, the choice of ¢ is not important. The problem is
exactly the same one as for the radius case, that is to find non hyperbolic IFS but giving
convergent orbits. Therefore, all the results of Section 3 providing the convergence of the
sequence (H"(Ky))n, to aset L (e.g. Lemma 3.2, Lemma 3.5, Theorem 3.6) and the description
of its limit (Proposition 3.11) may be used. In case of convergence, the limit set K will only
depend on ¢ through the factor ¢(L).
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4.2. Renormalization with the max-radius function.

We consider here the size function ps, which is nothing but the ‘radius function’ associated
with the usual maximum norm ||-||s. In particular, Property (6), Lemma 2.3 and Proposition
2.4 still work mutadis mutandis. Therefore it should be possible to obtain a result similar
to Theorem 2.8. Since the Euclidean norm is isotropic we assumed in Theorem 2.8 the A;’s
were homotheties. Here, the maximum norm allows us to deal with more general diagonal
matrices. However, many complicated particular situations may happen. Thus, for the sake
of simplicity, we give here a simpler result with an additional hypothesis avoiding these special
behaviors.

Proposition 4.2. Let p > 1 maps f; : RP — RP of the form f;(z) = A;x + B; where A;
diag(a;1, - .,az,D) is a diagonal matriz with non-negative entries and B; = (b;1,...,b;,
Let Ky € K. Assume that

)

max {laijzj + bij| : = (z1,...,2zp) € H,_(Ko)} > fg?é;“ai’ﬂ}’ (24)
1<]<D 1<j<D

Then, the sequence (Hgoo(Ko))n converges to Ly where d = limy,, o dj,.

Proof. The proof is very similar to that of Theorem 2.8. Firstly we claim that (d,,)n>1 always
converges. For all n > 1 we can find z,, € K,,, i, € {1,...,p} and j, € {1,..., D} such that
dy = |ai, joTnj, + i, j.|- Then, u, = i(Ainxn + B;,) satisfies u, € Kp11 and |u, j,| = 1.
Since |z, ;,| < 1 we obtain

dny1 > max fai, jinj +bin [} > max {|ai, jtnj + dntinj| = |dntin,; = b 51}
2 |ain,jnun7kn + dnunvjn| - |dnun7]n - binyjn|
2 (ainajn + dn) |un7]n | - ainyjn |xn7jn ’

2 dn + ainajn(l - ‘$n7]n|) 2 dn

Hence, (dy,)n>1 is increasing and bounded so it converges. Let d be its limit. Notice that the
lhs of (24) is d; and the rhs of (24) is A\. Thus one has d > d; > X and the result follows
from Theorem 2.2. g

4.3. Renormalization with the diameter function.

We consider here the diameter function . The situation is more complicated than the
previous ones, even if the matrices A;’s are homotheties. The stability property of p was
a key-point in the proof of Theorem 2.8 but unfortunately, properties (6) and (10) are no
longer satisfied with . We will only deal with the one dimensional case D = 1.

Proposition 4.3. Let p > 1 affine maps f; : R — R of the form fi(x) = «q;xz + B; with
a; 2 0. Let us define the function

min {a;x + B;}

F(a:) _ 1<i<p
N max{al(x—{—l) + B} — mln {ayx + B;}

1<i<p 1<i<p

Assume that the sequence (F™(u))y, starting at v = min(Hs(Ky)) converges to a number
c € R. Then,

(1) (dn)n converges to d = max{«a;(c+ 1)+ B;} — min {a;c + B;},
1<i<p 1<i<p
(i) If d > 11£1a<x{ozi} then (H3 (Ko))n converges to Lq whose convex hull is [c,c+ 1].
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Proof. Let us write ch(K,,) = [ay, a, + 1] for all n > 0.

(i) Let d(z) = maxi<icp{ai(x + 1) + B} — minj<<p{a;x + 5;}. Since a; > 0 one checks that
dp, = d(ay) and any1 = F(ay,) where F is given by (4.3). The result follows.

(ii) Since A = maxj<;<p{ci} the result is obtained by applying Theorem 2.2. Finally, since
ch(Lg) = limy, 00 ch(K},), we get the last part of the assertion. O

This Proposition gives a very simple and practical tool to prove the convergence of (K, ).
It is enough to study the sequence (ay), i.e. the iteration of F' which is just a piecewise
homographic function.

Example 4.4. Let us consider the IFS {f1, fa2, f3} where the f; : R — R are given by
file)=2x+4+1, fa(z) =3x—4 and f3(z) =2 +2.

Then, for all Ky € K, the sequence (HJ(Ky))», converges to the attractor Ly with d = 5+2v/3.
In particular its convex hull is the interval [1 — /3,2 — v/3] (see Figure 10).

FIGURE 10. The limit set K obtained by renormalizing the IFS {fi, f2, f3} with the di-
ameter function 6. Maps f1, fa, f3 are given in Example 4.4. The limit set is a Cantor
set.

Proof. First we determine the function F. One has

3z —4 3z —4 T+ 2 T+ 2

Equation F(z) = x has a unique solution ¢ = 1 — /3 and one checks that the sequence
(F™(u))y converges to ¢ for every u € R. Thus (d,), converges to d = f3(c+ 1) — fa(c) =
5+ 2+/3. Since d > max{aq, as, a3} = 5, the result follows from Proposition 4.3. O

Example 4.5. Let p > 1 affine maps f; : R — R of the form f;(x) = ax + B; with a > 0
and By < --- < By. Then, for all Ky € K, the sequence (Hj (Ky)), converges to Lgq with
d:Oé+(Bp—Bl).

Proof. One has
ar + Bl

P =av e, By

Thus F' is a contraction, (ay),>1 converges to the invariant point ¢ = BPB_ ‘5 and (dp)n>1 18
constant to d = a4 (B, — By). Since d > a = A, the result follows from Proposition 4.3. O

We end this section with an example showing that the sequence (H§ (Ky)), may diverge even
for very basic affine maps f;’s. The convergence may depend on the starting set K. Thus,
it seems not possible to state a theorem as general as Theorem 2.8.

Example 4.6. Let us consider the IFS {f1, fo} where the f; : R — R are given by
fi(x) =2 and fo(z) =2+ 1.
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Let Ko € K. Then, the sequence (Hj (Kp)), converges if and only if the set ch(Kj) takes one
of the following forms:

14ao(1+v?2) . 2—1
[ao, O(T] with gﬂ <ap <1,
ch(Ko) = q [ao, 1+ V2] with 1 < ag < 1++V2,
V2-1 1 V21
[\/§+1’b0] with Vol <byg < 1.

In each case, the attractor is Ly with d = /2. In all other cases, the sequence (H}(Ko))n
diverges. For example, if Ko = {2} then (H§ (Ky)), has two different accumulation points:

K={33u{3-(3)":n>0} and K'={2}Uu{2—(3)" :n>0}.
Proof. First one has
F) = (T50) B + o4 Do)+ (2) T oo )

1—=x

One checks that the unique invariant point of F is /2 and that it is a repulsive point.
Thus, the sequence (F™(u)), converges if and only if u = /2. If ch(Ky) = [ag,bo] then
easy computations lead to the three possible cases given above. In these cases we obtain
an, = dy, = /2 for all n > 1. Since v/2 > X\ = 1, the convergence of (Ky)p follows from
Proposition 4.3.

Assume now that Ky = {2}. Then one proves by induction that, for all m > 1,

Komo1={3}U{3-(3)" : 0<n<m—1} and Kop ={2}U{2—(3)" : 0<n<m}.

The sequences (Kam—1)m and (Kapm)m are bounded and increasing so they converge to K
and K' respectively. O
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