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Abstract

We consider a one dimensional sub-ballistic random walk evolving in
a parametric i.i.d. random environment. We study the asymptotic prop-
erties of the maximum likelihood estimator (MLE) of the parameter based
on a single observation of the path till the time it reaches a distant site.
In that purpose, we adapt the method developed in the ballistic case by
d20_l_4|) and [Falconnet et al) (IZ.Q].d). Using a supplementary
assumption due to the specificity of the sub-ballistic regime, we prove con-
sistency and asymptotic normality as the distant site tends to infinity. To
emphazis the role of the additional assumption, we investigate the Temkin
model with unknown support, and it turns out that the MLE is consistent
but, unlike in the ballistic regime, the Fisher information is infinite. We
also explore the numerical performance of our estimation procedure.

Key words : Asymptotic normality, Sub-ballistic random walk, Confidence re-
gions, Cramér-Rao efficiency, Maximum likelihood estimation, Random walk in
random environment. MSC 2000 : Primary 62M05, 62F12; secondary 60J25.

Let w = (wy) xez be a collection of independent and identically distributed (i.i.d.)
(0,1)-valued random variables with distribution v. We suppose that the law v =
vy depends on some unknown parameter 8 € ©, where © c R? is assumed to be
a compact set. Denote by P = v&7 the law on (0,1)? of the environment o and
by E? the expectation under this law.

For fixed environment o, let X = (X;);cz, be the Markov chain on Z starting at
Xp = 0 and with transition probabilities

Wy ify=x+1,
PyXe1=yIX;=x)={ 1-wy ify=x-1,
0 otherwise.

*Laboratoire de Mathématiques et de Modélisation d’Evry, Université d’Evry Val d’Essonne,
UMR CNRS 8071, USC INRA, E-mail: mikael.falconnet@genopole.cnrs. fr;
{dasha.loukianova,arnaud.gloter}@univ-evry.fr



The symbol P, denotes the measure on the path space of X given w, usually
called quenchedlaw. The (unconditional) law of X is given by

P()= f Py,()dP? (),

this is the so-called annealed law. We write E,, and E? for the corresponding
quenched and annealed expectations, respectively. The behaviour of the pro-
cess X is related to the ratio sequence

1-w,

Ox = , XeZ, (D
Wy

and we refer to ) for the classification of X between transient or

recurrent cases according to whether E? (log py) is different or not from 0.

The transient case may be further split into two sub-cases, called ballistic and
sub-ballistic that correspond to a linear and a sub-linear speed for the walk, re-
spectively. More precisely, letting T}, be the first hitting time of the positive inte-
ger n,

T,=inf{teN: X, = n}, )

and assuming [E? (log pg) < 0 all through, we can distinguish the following cases.

(al) (Ballistic). IfE? (pg) < 1, then, P?-almost surely,

T 1+
n n—oo 1-[E(pg)
(a2) (Sub-ballistic). If E?(pg) = 1, then T,,/n — +oo, P?-almost surely when n
tends to infinity.

Moreover, the fluctuations of T, depend in nature on a parameter kg € (0,00],
which is defined as the unique positive solution of

E?(pp) =1, )

when such a number exists, and xy = +oo otherwise. The sub-ballistic case cor-
responds to kg < 1. In our statements, the quantity kg plays a crucial role that we
will emphazis when it is implicitly involved, since xy does not appear explicitly
in our assumptions.

|C_om_e_ts_e_t_alJ dZQl_LJI) provide a maximum likelihood estimator (MLE) of the pa-
rameter of the environment distribution in the specific case of a transient ballis-
tic one-dimensional nearest neighbour path. In the latter work, the authors es-
tablish the consistency of their estimator while the asymptotic normality of the
MLE as well as its asymptotic efficiency (namely, that it asymptotically achieves
the Cramér-Rao bound) is investigated in ). The method




used in these two articles can not be applied directly for a sub-ballistic RWRE,
due to the non-integrability of the criterion function, but can be adapted to the
sub-ballistic regime. However, unlike in the ballistic regime, the asymptotic be-
havior of the estimator turns out to be very different when estimating the sup-
port of the law of the environment. We illustrate this when we consider the one-
parameter Temkin model, a simple framework with finite and unknown support,
which already reveals the main features of the estimation problem. One expla-
nation is that in the sub-ballistic regime, due to the existence of deeper local
traps of the potential than in the ballistic regime, the walk spends a long time
in the bottom of these traps, and the Fisher information of the support parame-
ter becomes infinite. The non-finiteness of the Fisher information suggests that
the convergence of 0,, is faster than /7 and we provide a simulation experiment
that supports this. Determining the true rate of convergence is a challenging
problem that we leave to further research.

This article is organised as follows. In Section[I] we present our MLE procedure
to infer the parameter of the environment distribution inspired fromm
and recall briefly some already known results on an underlying branching pro-
cess in a random environment related to the RWRE. Then, we state in Section[2]
our consistency and asymptotic normality results, and present three examples
of environment distributions which are already introduced inbm_e_t_aﬂ d&)ﬂ)
and|Ea].c.0.nn.&L&LalJ dZQlj). The MLE is consistent in the three frameworks, but
asymptotically normal and efficient only in the first two cases. In the last ex-
ample, the Fisher information is infinite and one of our assumptions fails. In
Section B3] all the proofs are presented, and we conclude with some simulation
experiment in Section[d]

1 Maximum likelihood estimator in the sub-ballistic tran-
sient case

We always assume that © satisfies the following assumption.
AssumptionI. Forany0e©,

i) E9(log po| < oo,

ii) E9(logpo) <0,

iii) E%(pg) € [1, +00).

The estimator in|C_0mQtS_QLalJ dZQlf]I) is based on the sequence of the number of
left steps performed by the process X from sites 0 to site n at time T,, defined
by ). More precisely, their estimator is the maximizer of the criterion function

n—1
0—0,0)=) Pl LD, @)
x=0



where ¢y is the function from Z2 to R defined by

1
¢o(u,v) =logf a“"1'(1-a)’dvy(a), (6)
0

and for any x € {0,...,n}

T,—1
L= ) 1{X;=xXp =x—1% )
t=0

Comets et al} (2014) show that the limiting behavior of the sequential log-likelihood
function in the case of ballistic RWRE is equivalent to (3). Recall from ﬁéi}éﬁ éi él]
) that for an i.i.d. environment, under the annealed law PY, the sequence

Ly, L., ..., Ly has the same distribution as a branching process with immigra-
tion in random environment (BPIRE) denoted 7y, 73, ..., Z, and defined by
L
Zy=0, andfork=0,....n-1, Zgy1=) Ekrnir 8)
i=0

with {{ i} ken:iez, independent and
VmezZ,, P,(¢ri=m)=01-wp)"w.

Under point[iZ)]of Assumption[] proved that the process (Z,) nez,

is a positive recurrent Markov chain with transition kernel Qg defined as

1
Qg(u,u)=(”:”)f a”“u—a)”de(m=(”:”)e4’9(”'”), VuvezZ,. (9)
0

The unique invariant probability measure 7y of the process (Z,) ez, is defined
as
mo(u) =E°[S(L-9)"], Yuez,, (10)

where

o k -1
S= (Z Hp,-) =(+p1+p1p2+ - +p1...06+-)L€OD. (1)
k=0i=1

Due to the equality in law between (L},... L) and (%, ..., Zy), the MLE problem
for RWRE is reduced to the one for the irreducible positive recurrent homoge-
neous Markov chain (Z,),. Thanks to an ergodic theorem for Markov chains,

proved that in the ballistic transient case the normalized criterion
¢, (-)/ n converges in probability to a limiting function ¢(-) with finite values. The
former limiting function identifies the true value of the parameter and consis-
tency follows. In the sub-ballistic transient case, m prove that the
limiting function ¢(-) still exists but might be infinite everywhere, and hence do
not identify the true value of the parameter.



Let us explain briefly where is the problem. Introduce the probability measure
figon Z, x Z, defined as

7g(u, v) =1mg(1)Qp(u, v), (12)

and denote jig(g) for any function g : Zi — Rsuchthat}, , 79 (x, y)Ig(x, y)| <oo
with 77y the quantity defined as

fo@= Y. Felx,»)8(x, ). (13)
(x,)EN?

InlC_OmﬂS_QLalJ d2Ql.4|), the limiting function ¢(-) is defined as 8 — 7ig+ (¢g) where
0™ is the true parameter value, and the integrability of ¢ with respect to 7ig+ is
equivalent to the existence of a first moment for my~. We will see in Proposi-
tionZ4lthat kg defined by () is the upper critical value for the existence of finite
moments for 7g. Therefore, since in the sub-ballistic case, we have kg < 1, we
know that g+ does not have a first moment and ¢(0) is infinite. In the light of
this, the natural idea is to consider the difference of two log-likelihood functions.

Definition 1.1. Fix 6y € ©. The criterium function — !f‘,b (8) is defined as
b n-1
O =Y [Po(Ly ) L) — o, (L, L] (14)
x=0

An estimator8, of 0 is defined as a measurable choice

6, € Argmax 5> (9). (15)
0O

As soon as the function 8 — ¢y (u, v) is continuous on the compact parameter
set O for any pair of integers (1, v), the criterion function £5°(-) achieves its max-
imum, and the estimator 8,, is well defined as one maximizer of this criterion.
However, it is not necessarily unique.

2 Consistency and asymptotic normality results

From now on, we assume that the process X is generated under the true pa-
rameter value 6*, an interior point of the parameter space O, that we aim at
estimating. We shorten to P* and E* (resp. P* and E*) the annealed (resp. the
law of the environment ) probability P? : (resp. P?") and corresponding expec-
tation E¢” (resp. E? *) under parameter value 60*.

2.1 Consistency result

Assumption [ below ensures that the maximizer of criterion ¢ is a consistent
estimator of the unknown parameter.



Assumption II.

i) (Continuity). For any (x, y) € N?, the map 0 — ¢g(x, y) is continuous on the
parameter set ©.

ii) (Identifiability). For any (0,0") € ©%, vg #vg <> 0 #0'.

iii) (Uniform integrability). For any 6 € ©, ig(supgice |Por — Po,|) < co.

We now state our main result.

Theorem 2.1. (Consistency). Under Assumptionsl and[, for any choice of 0,,
satisfying (I5), we have

lim 6, = 0%,

n—oo

in P* -probability.

Theorem [21] is a straight application of Theorem 5.7 in Iyan_d_er_VaaLd dlﬁf)ﬂ).
Hence, it suffices to check that the assumptions of the former theorem are ful-
filled. The first one is the uniform weak law of large numbers for the renormal-
ized criterion given in Proposition and the second one is the statement of
Proposition[2.3] SectionsB.Iland[3.2]are dedicated to their respective proof.

Proposition 2.2. Under Assumptionslland[Il the following uniform convergence
holds:

1
sup |[—£52) - 5° ()| —— 0 inP*-probability, (16)
R n—oo
with
(6) = g~ (Po — be,)- (17)
Proposition 2.3. Under Assumptionsllandl[Il for any e >0,
sup  £°©0) < 0. (18)
0:10-0%|z¢

From Section[I} point[ii7)Jof Assumption[lis essential to ensure that £5°(-) takes
finite values and therefore prove consistency. This point can be expressed in
terms of the growth of ¢ and thereby is related to the existence of moments of the
probability distribution 7y« which are characterized in Proposition [Z4] below.
Note that in the ballistic regime, since 7y« possesses a finite first moment and
the growth of ¢ is linear, point[{i1) of Assumption[[lis automatically satisfied.

Proposition 2.4. Let kg defined by @ and a € (0,+00). Under pointl[ii)] of As-
sumptionll, the following dichotomy holds:

D) a<kyg=— ZZ":O k% (k) < oo;
i) azxg= X7, k% (k) = co.

Section[3.3lis dedicated to the proof of 2.4



2.2 Asymptotic normality results

The asymptotic normality result in[Falconnet et al.| d&)ﬁ) involves the gradient
and the second derivative of ¢,,(-) with respect to 6. Since they are equal to the
gradient and the second derivative of £ (-) with respect to 6, their result can be
extended to the sub-ballistic case under the same assumptions and without any
modification of their proof.

In the following, for any function gp depending on the parameter 6, the symbols
£p or Oggp and gy or 65 gp denote the (column) gradient vector and Hessian ma-
trix with respect to 8, respectively. Moreover, YT is the row vector obtained by
transposing the column vector Y.

Assumption III.
i) (differentiability). The collection of probability measures{vy : 0 € ®} is such

that for any (x, y) € N?, the map 0 — ¢g(x, y) is twice continuously differ-
entiable on ©.

ii) (Regularity conditions). For any 8 € O, there exists some q > 1 such that
7o Iy 127) < +oo.

iii) (Invertibility). Foranyu€Z., Y ez, Qo(u, v) = 0g( L yez, Qo(w, v) ).

iv) (Uniform conditions). For any 0 € ©, there exists some neighborhood V (6)

of 0 such thatﬁg(supg,ey(g) Il por IIZ) < +oo and ﬁg(supg,ey(g) l| o II) < +o00.

v) (Fisher information matrix). For any value® € ©, the matrixZg = fig (([)G(b;) =

—Tty ((ﬁg) is non singular.

Theorem 2.5. Under Assumptionsll tolIIl, the score vector sequence /¢ f‘,b 0% /v/n
is asymptotically normal with mean zero and finite covariance matrix Zgx.

Theorem 2.6. (Asymptotic normality). Under Assumptionsll tolIIl, for any choice
of 0, satisfying (I2), the sequence {\/n(0, —0*)},en converges in P* -distribution
to a centered Gaussian random vector with covariance matrix 25}.

Note that the limiting covariance matrix of /720, is exactly the inverse Fisher
information matrix of the model. As such, our estimator is efficient.

2.3 Examples

We illustrate our results in the same frameworks than the ones presented bym
(2014) and [Falconnet et al! (2013). Note that point[iii)| of Assumption [ which

requires integrability of the criterion, is always satisfied in the ballistic regime




whereas it might fails in the sub-ballistic regime. For instance, when sup ¢ ¢g'|
is integrable with respect to 7y, point[iii)|of Assumption[[llfollows. This occurs
in Examples[[land [ presented below. However, this point is not satisfied in Ex-
ample [[II] as suggested by point (c) of Proposition [Z9 below. Nevertheless, we
show the consistency of the MLE and prove that the Fisher information is infi-
nite in this framework suggesting that the rate of convergence is faster than /.

Examplel. Fixa; <az€ (0,1) andletvy, = pd, +(1-p)bg4,, whered, is the Dirac
mass located at value a. Here, the unknown parameter is the proportion p € © C
[0,1] (namely 6 = p). We suppose that a,, a, and © are such that Assumptionll is
satisfied.

This example is easily generalized to v having m = 2 support points namely vg =
Z;’il piai, where ay,...,a,, are distinct, fixed and known in (0,1), we let p;, =
1- Z?’i‘ll p; and the parameter is now 0 = (py, ..., Pm-1)-

In the framework of Example[l, we have

x+1

bp(x,y)=loglpa; ™ 1 —a))? + 1 - p)a3t' (1 - ap)”], (19)

Proposition 2.7. In the framework of Examplell, assuming moreover that © c
(0,1), Assumptions [l andl[IIl are satisfied, and hence the MLE of the parameter p
is consistent and asymptotically normal.

Example II. We let vy be a Beta distribution with parameters (a, ), namely

1
dvg(a) = a® ' (1-a)fda, B(a,ﬂ):f 1711 - 0P lde.
0

B(a, B)

Here, the unknown parameter is 0 = (a, 8) € ® where® is a compact subset of

{(a,p)€0,+00)* : B<a<B+1}.

The inequalities § < @ and @ < § + 1 ensures that points[i7)]and[ii7)| of Assump-
tion [l are satisfied.

In the framework of Example[[l] we have

B 1 R
¢bp(x,y) =log (“B(;o;)y P 20)

Proposition 2.8. In the framework of Examplelll, Assumptions [l andlIl are sat-
isfied, and hence MLE of the parameter (a, ) is consistent and asymptotically
normal.

Example III (Temkin model). We let vg = pd,+ (1 — p)01-4, where p is fixed in
(0,1/2) and the unknown parameter is 6 = a € ©, where © is a compact subset of
0, p).



The inequalities p < 1/2 and a < p ensures that points[iz)] and[i7)] of Assump-
tion[lare satisfied.

In this framework, we have
Qolu,v) = (”: ”)e"’ﬂ(”'”) = PKa(u, 1) + (1= p)Ki_q(u,v), (21)
with K, (u, v) defined as
K, (u, v) = (”:U)a”+1(1—a)”. 22)

Proposition 2.9. In the framework of ExamplellIl, the following holds.

(a) For any a > 0,

Z sup (oL, L) — ¢9*(LX+I,L")]n——»—oo, inP* -probability, (23)
—00
x=0 €7/D,

:»IH

where 7/09 is the complement of ¥y, defined as V, = {a € © : dx(a*|a) < a}, with
dxy. () is the Kullback-Leibler distance on (0,1) x (0,1) defined as

1-
dxi(qlq") = qlog% +(1-q)log — > 0.

Therefore, the MLE of the parameter a is consistent.
(b) The Fisher information is infinite, that is, for any 0,
2o = E[(¢})?] = +oo. (24)
(c) For any 6 # 06*,
J =E*[l¢yl] = +oo. (25)

3 Proofs

3.1 Proof of Proposition[2.2]
First, we establish the weak law of large numbers
£Sb 6 — £Sb ©), in P*-probability. (26)

Since the sequence Ly, L?_,, ..., Ly has the same distribution as the BPIRE Z,

Z1, ..., Zy defined by (8), we have

n—1
20 ~ Y [do(Zi, Zir1) — o, (Zies Zies1)], 27)
k=0



under P*, where ~ means equality in distribution. proved that
under point ii) of Assumption[l] the process (Z,, Zy+1)nez, is a positive recur-
rent homogeneous Markov chain which admits the unique invariant probability
measure g~ defined by (I2). Hence, according to Theorem 4.2 in Chapter 4
from Revuz (1984), for any function g : Z2 — R? such that g (|l gll) < oo, the
following ergodic theorem holds

n-1

1
lim — ) g(Zk, Zi+1) = o (8), (28)
0

n—oon ;=
P*-almost surely and in L' (P*). Under point iii) of Assumption[I, we can use
with g = ¢pg — ¢pg,, and combining with (27), this yields (26).

Now we turn to the local uniform weak law of large numbers.This could be veri-
fied by the same arguments as in the proof of the standard uniform law of large
numbers (see Theorem 6.10 and its proof in Appendix 6.A inm,M) where
plays the role of the weak law of large numbers for a random sample in the
former reference.

Indeed, under point[f)] of Assumption [, the map 6 — ¢g — ¢y, is continuous,
and under point iii) of Assumption[II] we have

g (sup b9 — o, ) < +00,
0e®
which implies that

g (selelg by — (pgo) <+oo and 7y« (eiIEl(ggb@ - (pgo) > —o0.

Therefore, the proof of Theorem 6.10 in [Bierens ) can be adapted to our
context and this implies (I6). O

3.2 Proof of Proposition 2.3

First of all, note that under under point iii) of Assumption[[} the limit £ (@) is
finite for any value 0 € ©. From (I’7), we may write

0(0) = £ (0%) = g+ (Po — Po-)-
Using and noting that Qg (u, v) = (“") expl¢pg (u, v)] yields

u

PO - 0% = Y 7w

ue”zZ.

Z 10g(M) Qp+ (1, v)

veZ, QB*(u) U)

Using Jensen’s inequality with respect to the logarithm function and the (condi-
tional) distribution Qp~ (1, -) yields

Qo (u, v)
y <0

%2©0) -5 0*) < c(w)l
@200 = 2, 7o (w)log 5. Qo+ (u,v)

ue”zZ.

Qp~(u,v)| =0. (29)

10



The equality in occurs if and only if for any u € Z,, we have Qg(u,:) =
Qp* (1,-), which is equivalent to the probability measures vy and vg+ having
identical moments. Since their supports are included in the bounded set (0, 1),
these probability measures are then identical (see for instance \ ,
Chapter II, Paragraph 12, Theorem 7). Hence, the equality £°°(8) = £5°(6*) yields
vy = vg+ which is equivalent to 6 = 6* under point[i7)] of Assumption [

In other words, we proved that 752(0) < 50 (6*) with equality if and only if 8 =
0*. To conclude the proof of Proposition 2.3} it suffices to use that the function
6 — ¢°() is continuous. O

3.3 Proof of Proposition[2.4]

Let xy defined by @) and a be a positive number. Let A be the positive random
variable such that
1-S=e™A,

where S is defined by (IT1). Then, we have

Y kma) =E? | S Y ke M. (30)
k=0 k=0

From the fact that for any integer k and any positive A
k+1 A A Ak k+1 1 A m
f x%edx=e k%" and f x%e Mdx et (k+1)%e M,
k k

we deduce that

o0
1-5) 1O D _ § pagak s 1 T+l
k=1

Alta -S Alt+a ’ (31)

where I'(z) = f0+°° x“ e *dx. Using the fact that there exists a constant C such
that

0o
S Z kae_Ak]l{s>1/2} <C,
k=1

that A = S and (31) yields

[EB S i kae—Ak

k=0

Kester] ) showed that there exists a positive constant cg such that

<C+2l(a+1E [$79]. (32)

PY(S™'> x)- x** — ¢y, when x — oo. (33)

Combining (30), (33) and implies point[7)]of Proposition 241

11



Now, we turn to point[iZ)]of Proposition 24l Using the convexity of the function
x— |log(1—x)| on (0,1), we obtain

Tis<1/2) - Tis<1/2)
28log2 =~ A

)

which combined with (31) yields

3 - Ia+1) -
B[S ) k% M| = ———— 2/ [s71 ,
kgo ¢ 2(210g2)a+1 [ {S<1/2}]
and finally
3 Ia+1
k=0 2(2log2)*+
Combining 30, (33) and @34) implies point[ii)]of Proposition 2.4l O

3.4 Proof of Proposition[2.7]

[Falconnet et al| have already established that points[i)land[i7)] of Assumption[II]
as well as point[7)] of Assumption [II are satisfied. From the latter reference, we
also know that the first derivative ¢ p as well as the second derivative ¢ p are uni-
formly bounded when © € (0, 1), and this implies that point[iZi) of Assumption[II]
and points[iZ)] and [iv)] of Assumption [l are satisfied. Points[ii7)]and [v)] of As-
sumption[[IIlcan be checked exactly as in[Falconnet et all (2013). O

3.5 Proof of Proposition 2.8

have already established that points[i)land[i7)] of Assumption/II]

as well as point[7)] of Assumption[[Ilare satisfied.

From the latter reference, we know that there exists a constant A; independent
of 6, such that for any  and v

|00 (u, v)| < Arlog(1+v) and [0p¢g(u, v)| < Arlog(l + u). (35)
Define kg € (0,1] as the unique positive number satisfying E% [pg"] =1, thatis,
I'a—xg)T(B+xg) =T(@)T(B).

Define x = min{xg : 0 € ©}. From (35), there exists A, > 0 and Az > 0 indepen-
dent of 8, such that for any  and v

100w, V)| < A2v*'? and  10p¢pg(u, v)| < Au*'?, (36)

and
0atpo(u, V)I* < Asv*'* and  10ppg(u, v)I* < Asu™'?. (37)

12



Using the fact that E? [pgl 2] < 1 for any 6 € ©, Proposition 24} the fact that

Y K Pmpt= Y. uagwv)= Y. v*agu,v),

kezZ, u,veZ, u,veZ,

and (37) yields that point[ii7)|of Assumption[Ilis satisfied, as well as point[i7)|
of Assumption[Illwith g = 2.
Now, we turn to point[iii)|of Assumption[ITIl To exchange the order of derivation

and summation, it is sufficient to prove that

> supllQp(u, v)|l < oo, (38)
v 0e®

for any integer u. Define 6’ = (&', ') with
a' =inf(proj,(©)) and f' =inf(proj,(®)),

where proj;, i = 1,2 are the two projectors on the coordinates. Note that 6’ does
not necessarily belong to ®. However, it still belongs to the sub-ballistic region.
From Falconnet et alJ (2!113), we know that there exists a constant A4 such that

Qo (u, v) < AyQg (u, v),

for any integers u and v. Define x’ € (0, 1] as the unique positive number satisfy-
ing E¥ [pX'] = 1, and recall that Qg (u, v) = Qg (1, v) g (1, v). Hence, using the last
inequality and the fact that II(bg I = O(v’(// 2, it is sufficient to prove that

y v¥"2Qq (1, v) <00, for any integer u, (39)
v

to get (38). We have

Z (Z VK//ZQH'(M’ l}))]‘[@/(u) = Z UK’/ZJTQ’(V) <00,

u

where the last inequality comes from the fact that EY' [pg'/ 2] < 1 and Proposi-
tion[2:4] Hence, is satisfied for any integer u which proves that (38) is satis-
fied.

The second order derivatives of ¢g are given by

02¢9(x,y)=—zx: ! +%y S—
* o k+a)? o (k+a+ p)?
X+y 1

0a0pPo(x,y) = go m»

and similar formulas for f instead of a. Thus, the second derivative ¢ is uni-

formly bounded on ©, and this implies that point[{v)] of Assumption [l is sat-
isfied. Point [v)] of Assumption [[l can be checked exactly as in
). O
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3.6 Proof of point (a) of Proposition2.9]
Fix a > 0. To prove (23), we show

D) g ([supgeys po — o] ) = +oo,

ii) g+ ([ suppeye o~ Po+]") < +oo.

Indeed, under points i) and ii), we can apply an ergodic theorem to (Z,) which
yields

1 n—1
=Y sup [¢pg(Zy, Zy1) — Por (Zy, Zy11)] —— —oo, P*-almost surely,
x=09ey0 oo
and then (23).

We note that K,(u,-) defined by is the distribution of a negative binomial
random variable NB(u + 1, a) with probability of success 1 — a and number of
failures u + 1, that is, the distribution of the number of successes in a sequence
of independent Bernoulli trials until u + 1 failures has occurred.

We will make use several times of the fact that NB(u + 1, a) is the sum of (2 +1)
ii.d. geometric random variables G;(a), ..., Gy+1(a) with parameter 1 — a, that
is Prob(Gi(a) = k) = (1 — a)*a, whose mean is given by p = (1-a)/a> 1. Asa
shortand of notation, we write u* as the ratio (1 - a*)/a* > 1.

Define for any € > 0 and any integer u, the sets

A(s,u):{y€Z+:|ﬁ—u* <eh, (40)
v 1

B(e,u):{v€Z+:|u+1—E se}, 41)

Cle,u) =74\ (A(e) UB(e)). (42)
We have

Y Kqr(u,v) =Prob(|Gys(a®) - p*| <é),
veA(e,u)

with

u+1

— 1
Guw1(@*)=——> Grla™).
wr(@) = — k; G
Using concentration inequalities, there exists a constant ¢, such that

Y K (u,v) 21—, (43)

veA(e,u)

Similarly, there exists a constant ¢ such that

Y Kigr ()= 1—ef 0t (44)

veB(e,u)

14



and as a consequence of (2I), (43) and (@4), there exists a constant ¢, such that

Y Qo (u,v)se rh, (45)

veCl(e,u)

Introduce the quantity f to be used later and defined as

* a*

, sup |log—
ae%f a

B= max{ sup |log . } (46)

ae%f

For any 0 < ¢ < u* — 1 and for any v in A(e, ), we have v > u + 1 and as a conse-
quence, forany a € ©,
K(l(u) V) > Kl—a(u; V)-

Thus, we deduce that for any v in A(g, u),

pKy(u,v)+ (1 -p)Ki-4(u,v)
pKo+(u, v) + (1= p)Ki— g+ (U, v)

(g — po+) (1, v) =log

l—-a
1-a*

<1 —1+( + 1)1 a4 + vl
<lo u 0 vlo
gp i 8

*

1 u+1
<log— -
p

[SE—)

v 1-a
d * _ * *1
ki(a |61)+(—u_|_1 1 )a ogT—

a*
1 a
Slog;—(u+1)(;—€ﬁ).

Similarly, we deduce that for any 0 < € < 1—1/u* and for any v in B(e, u),

1

(g — bg*) (1, v) <log —p

_(u+1)(1_aa* —E,B).

Hence, choosing

. a
E:mln{ﬂ*—l,l—l/ﬂ*,m}

yields the existence of 1y such that for any u = uy and any v in A(e, u) U B(g, u)

+ - a
— o), v)] =0 and —pp ), V)| = ——(u+1).
(5;171;(4)9 $o+)(u v)) an (;3}@9 $o)(u v)) sa_antD

47)
Combining and (@7) immediatly yields

a

> Y mpe(w)(u+1)(1—e WD) = 4o
30-a*) &, ©

7o+ (sup [pg — Po+] ")

0E7/m[J

where the last equality comes from Proposition 2.4l This achieves the proof of
point i). To prove point ii), note that there exists a positive constant c; such that
for any u and any v

+
(SUP (o — po~) (1, V)) < ' sup (g — pg=) (1, V)| < c1(u+1+v).
0e7 s 0e7l
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Furthermore, from Cauchy-Schwarz inequality, the fact that K« (1, -) (resp. Kj—g4* (1, )
possesses a second moment quadratic with u, and (45), there exists two positive
constants ¢, and c3 such that

1/2 1/2
Y Qor(u, V)v-Lge,w(v) < ( Y Qo+ (u,v) vz) ( Y Qo (u, v)ﬂc<s,u)(V))

v=0 v=0 v=0

<co(u+1)e 6wt
Therefore, there exists two positive constants ¢4 and c5 such that

g+ (sup [pg—po+]") < ca+cs Y. mos (W) (u+ De~ ¢+ < oo,
0¥, u=ugy

which achieves the proof of point ii).

Noting that §n does not depend on the choice of 6 in (T4), we can take 6y = 0*.
Obviously, we have éflb (6*) = 0, for all integer n, whereas from @23), we have
5P (0)/n which goes to infinity, for any 6 outside a neighborhood of 6*. Hence,
the consistency follows. O

3.7 Proof of point (b) of Proposition[2.9]

We have,
, u+l v u+l v
(U, v)- Qg (u, v) = pKy(u, v)(T—lT)_(l pKi_a(u, V)(__E)'
(48)
Recall that

2o =E (@] = Y mo(w) Y. Qou, v)p)(u, v)1%,

u=0 v=0

which can be rewritten using (@8) as

u+1 v 2

1—-a

pKﬂ(u) V) (

u+l v
)—(1 PIKi_a(u, V)( )

o= mo(u) )

u=0 v=0 QB( ) ) —a a

Define
viw=u+l, V=maxfveZ,:v=p-(u+l)-1-a)vu+1lj},

with u = (1 - a)/a. From the fact that p > 1, there exists g such that for any u =
up, we have v(u) < V(u). Furthermore, for any u = 1y and any v in [v(u), V(u)],
we have

u+l v u+1 v
Ky(u,v) = Ki—q(u,v), ——<0 and -———>=Vu+l.
l-a a a l1-a
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Thus,

V() 1 2

u+1 v
2p = 7o (U) Ka(u,v) -
u;?o U:zy‘fu) Qp(u, v) PRa ( 1- a)
V)
>p* Y (u+Dmpw) Y. Kalu,v). (49)
Uu=uo v=v(u)
Recall that
V(W
Y Kalu,v) = Prob(NB(u+ 1,a) € [v(w), V(u)])
v=v(u)
= Prob(vu+1(Gurr - ) € [Vu+ 10 - p), (1 - a)])
with
o u+l
Gul=—— G ,
u+1 U+l ];1 (@)
where Gi(a), ..., Gy+1(a) are i.i.d. geometric random variables with mean p.

From the central limit theorem applied to the sequence (G (a)), there exists u; =
up such that for any u = u,

V(w)
Y Ka(u,v) = %Prob(ﬂ(o,az) e[-2m-(1-a])=C>0, (50
v=v(u)

where 02 = (1 — a)/ a? is the variance of G;(a) and .4 (0,0?) a Gaussian random
variable with mean 0 and variance 0. Injecting in ([9) yields

9= Cp® Y. (u+Dmp(w).

u=u;

From Proposition 2.4} 7y does not possess a finite first moment in the sub-
ballistic regime and we deduce that 2y = +oo. O

3.8 Proof of point (c) of Proposition[2.9]
Assume that 0 #6*. Recall that

J=3 mg«(u) ) Qo (u, v)lp(u, v)l,

u=0 v=0

which can be rewritten using (@8) and (@)

B M u+1 v u+1 v
]—gone*(u);b Qo (0, ) pKu(u,v)( l—a) 1-pKi-q(u, V)(l—a a) .
Using the set A(e, u), we have

J=zph-10-p)), (51)
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with

Qo (1, v) u+1 v
= * —Ku(u, -— 52
]1 LZ‘OT’:G (u) UEAZ(E,u) Q@(u! U) a(u U) 1 —-a ( )
Qo+ (u, v) u+l v
= * —Ki-4(u, - — 53
& L;:O 7o (10 UGAZ(E,u) Qo(u,v) 1-alth V) l-a a (53)

Choose € = min{|u— u*|/2, u* — 1}. Then, for any u and any v € A(e, u), we have

u+1 v

a 1-a

u+l
= 8) Ka(u) U)EQG(U) V))

T 1-a
and as a consequence
€
Niz— Y mpe)m+1) Y  Qp+(u,v)
—a >0 veAle,u)

2£Zn9*(u)(u+l) Y Ka(u,v).

u=0 veA(e,u)

Using (@3) and the fact that g~ does not possess a finite first moment in the
sub-ballistic regime, we deduce that J; is infinite. On the other hand, we have
for any u and any v € A(e, u),

*

+1 v 1 e+
“ ——’s(u+1)(—+ # )
l-a a 1- a
and,
K-awv) Ki-awv) 1 .41y

1
Qv  pKJwv) p' ’

and asa consequence,

11 *
]25—( Pl
p

) ¥ mor @+ 1)y Y Qo (),

l-a a u=0 vEA(E, 1)

where
y=p Wm0 <,

From the fact that u — (u+ 1))/”rl Y veAe,u) Qo (1, v) is bounded, and therefore
integrable against y~, we deduce that J, is finite. This achieves the proof of (23).
O

4 Numerical performance

In this section, we explore the numerical performance of our estimation pro-
cedure in the frameworks of Example[lland the Temkin model. We compare our

performance with the performance of the estimator proposed by
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). An explicit description of the form of/Adelman and Enriquezl’s estimator

in the particular case of the one-dimensional nearest neighbour path is provided
in Section 5.1 of Comets et all (2014). Therefore, one can estimate 6* by the so-
lution of an appropriate system of equations, as illustrated below.

Examplell (continued). In this case the parameter 6 equals p and we have
v=E"[w] = p*ay+1-p"a.

Hence, among the visited sites, the proportion of those from which the first
move is to the right gives an estimator for p* a; + (1 — p*) ay. Using this observa-
tion, we can estimate p*.

Example[IIIl (continued). In this case the parameter 6 equals a and we have
v=E"[wo] = pa*+(1—-p)(1-a”).

Hence, among the visited sites, the proportion of those from which the first
move is to the right gives an estimator for pa* + (1— p)(1—a*). Using this obser-
vation, we can estimate a*.

4.1 Experiments

We now present the simulation experiment corresponding to Examplelland Ex-
ample M where we include a comparison with i 's proce-
dure.

For each of the two simulations, we a priori fix a parameter value 0* as given in
Table[lland repeat 1,000 times the procedure described below.

Simulation Fixed parameter Estimated parameter
Examplell | (a;,a2)=(0.4,0.7),x =0.9 p* =0.548
Example [T k=0.9, p=~0.41 a*=0.4

Table 1: Parameter values for each experiment.

Then, we generate a random environment according to vg~ on the set of sites
{=103,...,10%}. In fact, we do not use the environment values for all the 10 neg-
ative sites, since only few of these sites are visited by the walk. However the com-
putation cost is very low comparing to the rest of the estimation procedure, and
the symmetry is convenient for programming purpose. Then, we run a random
walk in this environment and stop it successively at the hitting times T}, defined
by @), with n € {10%k : 1 < k < 10}. For each stop, we estimate §* according
to our procedure and |Ad.e]m.an_alld.Enquu.eZ|’s one. The likelihood optimization
procedure was performed as a combination of golden section search and suc-
cessive parabolic interpolation.
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The parameter is chosen such that the RWRE is transient to the right and sub-
ballistic. Note that the length of the random walk is not n but rather 7,. The
fluctuations of T}, depend in nature on the parameter x. Under mild additional
assumptions, |KQSI£n_e_LalJ dl9_7_d) proved that if k < 1, then n-l/x. T, has a non-
degenerate limit distribution, a stable law with index .

In the simulations, the quantity T, varies considerably. To avoid too long com-
putations, when T, is too large, we fixed a threshold for the number of steps
for the walk at fa = 500n'% =~ 10, When the threshold is reached, we did
not compute our estimator. This case happened for 4.4% (when n = 100) and
for 41.9% (when n = 1000) of the simulation in Example[l} and for 0.3% (when
n =100) and for 4.9% (when n = 1000) of the simulation in Example [T}

Figure [Il shows the boxplots of our estimator and Adelman and Enriquej’s esti-

mator obtained from 1,000 iterations of the procedures in Example[ll First, we
shall notify that in order to simplify the visualisation of the results, we removed
in the boxplots corresponding to Example[ll about 1.5% of outliers values (out-
side 1.5 times the interquartile range above the upper quartile and below the
lower quartile) from our estimator. We observe that the accuracies of the proce-
dures increase with the value of . We also note that whereas/Adelman and Enriquezl’s
seems unbiased our procedure seems to be slightly biaised. However, our pro-
cedure exhibits a much smaller variance than|Ad.elm.an.an.d.Enrlqu.ez]’s one. One
explanation for the worse performance of/Adelman and Enriquezl’s estimator com-
paring to our procedure is the fact that only a few part of the trajectory is used
in the estimation.

Figure 2] shows the boxplots of our estimator and |Adelman and Enriquezl’s es-

timator obtained from 1,000 iterations of the procedures in Example [Tl First,
we shall notify that in order to simplify the visualisation of the results, we re-
moved in the boxplots corresponding to Example[llabout 15% of outliers values
(outside 1.5 times the interquartile range above the upper quartile and below
the lower quartile) from our estimator. We first observe that the accuracies of
the procedures increase with the value of n. We also note that both procedures
seem unbiased. However, our procedure exhibits a much smaller variance than
Adelman and Enriquej’s one, but also a much smaller one than when we were
not estimating the support. This suggests that the rate of convergence when
estimating the support in the Temkin model is faster than the square root of n.
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Figure 1: Boxplots of our estimator (left and white) and/Adelman and Enriquej’s

estimator (right and grey) obtained from 1,000 iterations and for values n rang-
ing in {10%k;1 < k < 10} (x-axis indicates the value k). The panel displays esti-
mation of p* in Example[ll The true value is indicated by horizontal lines.

22



0 ' ' . .
0 — ! ! !
(=] ' ' '
3 : :
o : : : :
o ‘_ - ' '
o a
ﬂ:,
o
o : v - - -~ - - - - -
S A E = O = =l == L R o —l e —
o T T * = pe = pal = =
0
(V)'f
]
L L
L '
° ; ] :
@ L
<] ;
o :
(\!7
<]

Figure 2: Boxplots of our estimator (left and white) and/Adelman and Enriquej’s

estimator (right and grey) obtained from 1,000 iterations and for values n rang-
ing in {10%k;1 < k < 10} (x-axis indicates the value k). The panel displays esti-
mation of a* in Example[[Tlll The true value is indicated by horizontal lines.
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