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Abstract

We investigate the problem of the rate of convergence to equilibrium for ergodic stochastic
differential equations driven by fractional Brownian motion with Hurst parameter H > 1/2
and multiplicative noise component . When o is constant and for every H € (0, 1), it was
proved in [9] that, under some mean-reverting assumptions, such a process converges to its
equilibrium at a rate of order ¢t~ where o € (0,1) (depending on H). The aim of this paper
is to extend such types of results to some multiplicative noise setting. More precisely, we show
that we can recover such convergence rates when H > 1/2 and the inverse of the diffusion
coefficient o is a Jacobian matrix. The main novelty of this work is a type of extension of
Foster-Lyapunov like techniques to this non-Markovian setting, which allows us to put in place
an asymptotic coupling scheme as that of [9] without resorting to deterministic contracting
properties.

Keywords: Stochastic Differential Equations; Fractional Brownian Motion; Multiplicative noise;
Ergodicity; Rate of convergence to equilibrium; Lyapunov function; Total variation distance.

AMS classification (2010): 60G22, 3TA25.

1 Introduction

Stochastic Differential Equations (SDEs) driven by a fractional Brownian motion (fBm) have been
introduced to model random evolution phenomena whose noise has long range dependence prop-
erties. Indeed, beyond the historical motivations in Hydrology and Telecommunication for the use
of fBm (highlighted e.g in [14]), recent applications of dynamical systems driven by this process
include challenging issues in Finance [8], Biotechnology [17] or Biophysics [12, 13].

The study of the long-time behavior (under some stability properties) for fractional SDEs has been

developed by Hairer [9], Hairer and Ohashi [10], and by Hairer and Pillai [11] (see also [1, 5, 7] for
another setting called random dynamical systems and [2, 3] for some results of approximations of
stationary solutions) who built a way to define stationary solutions of these a priori non-Markov
processes and to extend some of the tools of the Markovian theory to this setting. In particular,
criterions for uniqueness of the invariant distribution are proved in the three above papers in some
different settings, respectively: additive noise, multiplicative noise with H > 1/2 and multiplica-
tive noise with H € (1/3,1/2) in the last one (in an hypoelliptic context).

When uniqueness holds for the invariant distribution, a challenging question is that of the rate

of convergence to this equilibrium. In [9], the author proved that in the additive noise setting,
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the process converges in total variation to the stationary regime with a rate upper-bounded by
C.t~(@=9) for any € > 0, with

[ if He(L1)\ {1} (1.1)
| H(1-2H) if He(0,1]. |

But, to the best of our knowledge, no result of rate of convergence exists in the multiplicative
setting. The aim of the current paper is to extend the results of [9] in the multiplicative setting
when H > 1/2.

More precisely, we deal with an R%-valued process (X+t)¢>0 which is a solution to the following SDE

where b : R — R? and o : R? — My 4 are (at least) continuous functions, and where My 4 is
the set of d x d real matrices. In (1.2), (B;)i>0 is a d-dimensional H-fBm with Hurst parameter
H € (3,1). Note that under some Hélder regularity assumptions on the coefficients (see e.g. [16, 4]
for background), (strong) existence and uniqueness hold for the solution to (1.2) starting from
xo € R,

Introducing the Mandelbrot-Van Ness representation of the fractional Brownian motion,

0
By = aH/ (=) 23 (AW — dW,), £ >0, (1.3)

o0

where (W;)icr is a two-sided R?-valued Brownian Motion and ag is a normalization coefficient
depending on H, (X, (Bs+t)s<0)i>0 can be realized through a Feller transformation (Q;);>0 on
the product space R? x Wy 5 (0 € (1/2,H) and 0 + 6 € (H, 1)) whose definition is recalled in (2.4)
(we refer to [10] for more rigorous background on this topic). In particular, an initial distribution
of this dynamical system is a distribution g on R? x Wy 5. With probabilistic words, an initial
distribution is the distribution of a couple (Xo, (Bs)s<o) where (Bg)s<o is an R%valued fBm on
(—00,0].

Then, such an initial distribution is classically called an invariant distribution if it is invariant
by the transformation Q; for every ¢ > 0. However, the concept of uniqueness of invariant dis-
tribution is slightly different of the classical setting. Actually, one says that uniqueness of the
invariant distribution holds if the stationary regime, we mean, the distribution Qu of the whole
process (X[')¢>0 with initial distribution g, is unique (in other words, this concept of uniqueness
corresponds to the classical one conditioned by the equivalence relation: p ~ v <= Qu ~ Qu, see
[10] for background). In harmony with the previous concept, coupling two paths issued of py and
w where the second one denotes an invariant distribution of (Q;);>¢ consists (classically) in finding
a stopping time 7., such that (X{. )i>0 = (X}, _)i>0. Thus, the rate of convergence in total
variation will be obtained by some bounds on P(7 > t), t > 0.

Now, let us briefly recall the coupling strategy of [9]. First, one classically waits that the paths
get close. Then, at each trial, the coupling attempt is divided in two steps. First, one tries in
Step 1 to cluster the positions on an interval of length 1. Then, in Step 2, one tries to ensure
that the paths stay clustered until +o00. Actually, oppositely to the Markovian case where the
paths stay naturally together after a clustering (by putting the same noise on each coordinate),
the main difficulty here is that, due to the memory, staying together is costly. In other words, this
property can be ensured only with the help of a non trivial coupling of the noises. One thus talks
of asymptotic coupling. If one of the two previous steps fails, we will begin a new attempt but only
after a (long) waiting time which is called Step 3. During this step, one again waits that the paths
get close but one also expects the memory of the coupling cost to vanish sufficiently in order to
begin the new trial with a weak weight of the memory.

In the previous construction, the fact that o is constant is fundamental for ensuring the two
following properties:



e If two paths B! and B? of the fBm differ from a drift term, then two paths X! and X2
of (1.2) respectively directed by B' and B? also differ from a drift term, which allows in
particular to use Girsanov Theorem to build the coupling in Step 1.

e Under some “convexity” assumptions on the drift apart from a compact set, two paths X!
and X2 directed by the same fBm (or more precisely, by two slightly different paths) get
closer and the distance between the two paths can be controlled deterministically.

In the current paper, ¢ is not constant and the two above properties are no longer valid. The
challenge then is to extend the applicability of the previous scheme of coupling to such a situation.
To cope with the lack of the first property, we will need to introduce an assumption on the function
x + o(x) which ensures the existence of an injective function of the path which does have it. The
most natural assumption is that x — o~ (x) is (well-defined and is) a Jacobian matrix. We note
that without such an assumption, the lack of smoothness of the difference between two paths seems
to yield a cost of coupling which could be problematical for Step 2.

As concerns a suitable substitution of the second lacking property, a natural (but to our knowl-
edge so far not explored) idea would be to try to extend Meyn-Tweedie techniques (see e.g. [6] for
background) to the fractional setting. More precisely, even if the paths do not get closer to each
other deterministically, one could expect that some Lyapunov assumption could eventually make
the two paths return in some compact set simultaneously. The main contribution of the present
paper is to incorporate such a Lyapunov-type approach into the study of long-time convergence in
the fractional diffusion setting. As one could expect, compared to the Markovian case, the prob-
lem is much more involved. Actually, the return time to a compact set after a (failed) coupling
attempt does not only depend on the positions of the processes after it, but also on all the past of
the fBm. Therefore, in order that the coupling attempt succeeds with lower-bounded probability,
one needs to establish some controls on the past behavior of the fBms that drive the two copies
of the process, conditionally to the failure of the previous attempts. This point is one of the main
difficulties of the paper, since, in the corresponding estimates, we carefully have to take into ac-
count all the deformations of the distribution that previously failed attempts induce. Then, we
show that after a sufficiently long waiting time, conditionally on previous fails the probability that
the two paths be in a compact set and that the influence of past noise on the future be controlled,
is lower-bounded. Bringing all the estimates together yields a global control of the coupling time
and a rate of convergence which is similar to the one in [9] in the additive noise case.

In Section 2 we detail our assumptions and state our main result, namely Theorem 2.1. The
scheme of its proof, based on the previous described coupling strategy, is then given. The proof of
Theorem 2.1 is achieved in Sections 3, 4 and 5, which are outlined at the end of Section 2.

2 Assumptions and main result

We begin by listing a series of notations and definitions.
e The scalar product and the Euclidean norm on R? are respectively denoted by (|) and |.|.
e The non explicit constants will be usually denoted by C' and may change from line to line.

e The space C([0, +0), R?) denotes the space of continuous functions on [0, +0c) endowed with
the topology of uniform convergence on compact spaces.

e For some given a,b € R, with a,b, L?([a,b],R?) denotes the space of Lebesgue-measurable

functions such that ||g((q,5,2 = \/f: lg(s)|?ds < +o0.

e For some positive 6 and § such that § € (1/2,H) and 6§ + ¢ € (H,1), Wy denotes the
Polish space Wy s which is the completion of C§°((—o0,0],R%) (the space of C*-functions
f: (—00,0] = R with compact support and f(0) = 0) for the norm

_ £ () — f(s)]
11w, s = S TSP ) (2.4)
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e For some real a < b and for § € (0, H), we denote by C?([a,b],RY) the set of functions
f: R — R? such that

ab |f(t) = f(s)]
1 £llg” = IS ey e < 400,

e Let 0 : RY — M, 4 be a C'-function and 0 < v < 1. We say that o is (1 + 7)-Lipschitz if for
every i,j € {1,...,d}, the following norm is finite:

Ho'i,j”l—i-a = sup |voi,j (‘T)l + sup | 04,5 (5[5) Oi,j5 (y)|
z€R4 z,y€RY |x - y|’y

: (2.5)

where for a given Cl-function f : R = R, Vf = (0, f,---,0u,f)-

e We also denote by £Q(R?) the set of Essentially Quadratic functions, that is C!'-functions
V :R% = (0,00) such that VV is Lipschitz continuous,

V(x)

lim inf EE

>0, and |[VV|<CVV.

where C' is a positive constant. Note that these assumptions ensure that inf V = minV is
positive and that v/V is Lipschitz continuous (since it has a bounded gradient) which in turns
implies that V is subquadratic.

Now, let us introduce the assumptions:

(Ho): bis alocally Lipschitz and sublinear function and o is a bounded (1+-y)-Lipschitz continuous
function (y > 0).

This condition ensures existence and uniqueness of solutions for (1.2). Note that the condition on
the derivative of ¢ only plays a role for uniqueness and in particular, is not fundamental for what
follows. However, for the sake of simplicity, we choose to assume this assumption throughout the
paper.

Now, we turn to some more specific assumptions (H;) and (Hz). The first one is a Lyapunov-
stability assumption:

(Hy): There exists a function V : R? — R of £Q(R?), there exists some positive By and g such
that
Vo eRY (VV(2)|b(z)) < Bo — KoV (z).

REMARK 2.1. The above assumption will be used to ensure that the paths live in a compact set
with a high probability. Note that in the classical diffusion setting, such a property holds with
some less restrictive Lyapunov assumptions. Here, the assumptions essentially allow us to consider
only (attractive) drift terms whose growth is linear at infinity. On the one hand, due to (Hp), one
can not consider drift terms with (strictly) superlinear growth at infinity and on the other hand,
Assumption (Hy) combined with the fact that V is subquadratic implies more or less that b can
not have (strictly) sublinear growth at infinity (this would be possible if V' had an exponential
growth). These restrictions are mainly due to the lack of martingale property for the integrals
driven by fBms.

Then, when the paths are in this compact set, one tries classically to couple them with positive
probability. But, as mentioned before, the specificity of the non-Markovian setting is that the
coupling attempt generates a cost for the future (in a sense made precise later). In order to control
this cost or more precisely in order to couple the paths with the help of a controlled drift term, we
need to ensure the next assumption:

(H2) Va € R?, o(z) is invertible and there exists a C!-function h = (hy,...,hq) : R? — R? such
that the Jacobian matrix Vh = (9, hs); jeq1,....a} satisfies Vh(x) = 0~ (x) and such that Vh is a
locally Lipschitz function on R%.

.....



REMARK 2.2. > Under (Hp) and (Hz), h is a global C!-diffeomorphism from R¢ to R?. Indeed,
under these assumptions, VA is invertible everywhere and x — [(Vh)(z)]~! = o(z) is bounded on
R?. Then, the property (which will be important in the sequel), follows from the Hadamard-Lévy
theorem (see e.g. [18]).

> As mentioned before, the main restriction here is to assume that @ — o~!(z) is a Jacobian
matrix. However, note that there is no assumption on h (excepted smoothness). In particular, o=!
does not need to bounded. This allows us to consider for instance some cases where o vanishes at
infinity.

Let us exhibit some simples classes of SDEs for which (Hz) is fulfilled. First, it contains the class
of non-degenerated SDEs for which each coordinate is directed by one real-valued fBm. More
precisely, if for every i € {1,...,d},

where o; : R? — R is a C! positive function, Assumption (Hz) holds. Now, let us also remark that
since, for a given constant matrix, V(Ph) = PVh, we have the following equivalence:

3 h such that Vh =0~} <= 3 ;L, 3 an invertible matrix P such that o~ = PVh.

One deduces from this property that (Hz) also holds true if:
o(x) = PDiag (01(21, . .-, 24), .- 0a(, - ., 2a))

where P is a given invertible d x d-matrix and for every ¢ € {1,...,d} o; has the same properties
as before.

We are now able to state our main result. One denotes by L((X}):>0) the distribution of the
process on C([0, +00), R?) starting from an initial distribution pg and by Qu the distribution of the
stationary solution (starting from an invariant distribution p). The distribution fig(dz) denotes
the first marginal of uo(dzx, dw).

THEOREM 2.1. Let H € (1/2,1). Assume (Ho), (H1) and (Hz). Then, existence and uniqueness
hold for the invariant distribution p (up to equivalence). Furthermore, for every initial distribution
po for which there exists v > 0 such that [ |z|"fo(dz) < oo, for each e > 0 there exists Ce > 0
such that

IL((XE2,)sz0) — Qpllry < Cet=(572),

REMARK 2.3. In the previous result, the main contribution is the fact that one is able to recover
the rates of the additive case. Existence and uniqueness results are not really new. However,
compared with the assumptions of [10], one observes that when x — o~!(z) is a Jacobian matrix
(assumption which does not appear in [10]), our other assumptions are slightly less constraining.
In particular, b is assumed to be locally Lipschitz and sublinear (instead of Lipschitz continuous)
and, as mentioned before, z + o~ (x) does not need to bounded.

2.1 Scheme of coupling

As explained before, the proof of Theorem 2.1 is based on a coupling strategy similar to that of [9].
Let (B} )ier and (B?)icr denote two fractional Brownian motions with Hurst parameter H > 1/2.
Then, denote by (X}, X?), a couple of solutions of (1.2):

{dxg = b(X})dt + o(X})dB} 26)

dX? = b(X2)dt + o(X2)dB?
with initial conditions (X¢, (B})i<o) (X¢, (B2)t<0). We denote by (F;);>0 the usual augmentation

of the filtration (o(Bl, B2, (Xa, X8))s<t)t>0- To begin the coupling procedure without “weight of
the past”, we will certainly assume that

(B} )t<0 = (B} )i<o
5



and that the initial distribution i of the initial distribution of (X!, X?) is of the form
,LNL(d.I, dw) = :ul(wv dxl)IUQ (U], dIQ)PH (d’LU) (27)

where Py denotes the distribution of a fBm (By)i<o on W, and the transitions probabilities
w1 (., dxq) and po(., dro) correspond respectively to the conditional distributions of X} and X2 given
(B})i<o- The processes (B} )ier and (B?)icr can be realized through the Mandelbrot-Van Ness rep-
resentation (see (1.3)) with the help of some two-sided Brownian motions respectively denoted by
W1 and W2. In particular, the filtration (F;):>0 is also generated by (o(W2, W2, (X}, X3))s<t)t>o0-

Furthermore, we will assume in all the proof that on [0,00), W' and W? (resp. B! and B?)
differ by a (random) drift term denoted by gy, (resp. gp):

dW?2 = dW} + gu(t)dt and dB? = dB} + gp(t)dt. (2.8)

Note that the functions g,, and gp are linked by some inversion formulas (see [9], Lemma 4.2 for
details).

The idea is to build g, (resp. gg) in order to stick X! and X?2. We set
Too = inf{t >0, X! = X2 Vs >t}.

As usual, this coupling will be achieved after a series of trials. As mentioned in the introduction,
each trial is decomposed in three steps:

e Step 1: Try to couple the positions with a controlled cost (in a sense made precise below).
e Step 2 (specific to non-Markov processes): Try to keep the paths fastened together.

e Step 3: If Step 2 fails, wait a sufficiently long time in order that in the next trial, Step 1 be
achieved with a controlled cost and with (uniformly lower-bounded away from 0) probability.
During this step, we suppose that g.,(¢t) = 0.

Let us make a few precisions:

> We denote by 79 > 0 the beginning of the first trial and by 7%, £ > 1, the end of each trial. If
T, = 400, the coupling tentative has been successful. Otherwise, 7 is the end of Step 3 of trial k.
We will assume that

Vt € (—00,70), W} =W2 as. orequivalently that g, (t) = gp(t) =0 on [~o0, ).

> About Step 1 and the “controlled cost”: Step 1 is carried out on each interval [7x—1, 7x—1 + 1].
The “cost” of coupling is represented by the function g,, that one needs to build on [r5—1, 7x—1 + 1]
in order to get X** and X2 stuck together at time 7,1 + 1. Oppositely to the Markovian case,
this cost does not only depend on the positions of Xleil and kail but also on the past of the
Brownian motions, which have a (strong) influence on the dynamics of B! and B2. This is the
reason why one needs in Step 3 to wait enough before beginning a new attempt of coupling.

In [9], the “controlled cost” concept is called “admissibility” (see Definition 5.6). Here, we
slightly modify it and we will say that one is in position to attempt a coupling if the system is
(K, a)-admissible. We define this concept below but need before to introduce notations. For T' > 0
and a measurable function g : R — R, we denote by Rrg the function defined (when it makes
sense) by
0 t%—H(T _ S)H—%
t+T1T —s

(Rrg)(t) = / g(s)ds, te€ (0,+00).

— 00

Let g, be the (random) function defined by (2.8). For a positive time 7, we denote by g7 the
function defined by g7, (t) = gw(t + 7), t € R.

The following definition is relative to a fixed 6 € (1/2, H).



DerFiniTION 2.1. Let K and « be some positive constants and 7 denote stopping time with
respect to (Fy)ier. We say that the system is (K, a)-admissible at time 7 if 7(w) < 400 and if
(X1 (w), X2(w), (W (w), W?(w))i<,) satisfies:

—+oo

sup/ (1 + 0%\ (Regl)(6) Pt < 1. (2.9)

7>0.J0
and

XrWI S K, [XZW)| <K, ¢rey(WHw) <K and ¢ (W (W) < K, (2.10)
where €9 = HT_G and for a given positive g,
T H-1 H-1 T—1,7
pre(w) = sup (t—=r)"72 = (s =r)" Zdwe| + lw|} 7
T<s<t<t+1 t—5 J_ 2

If these two conditions hold, we will show that the coupling attempt is successful with lower-
bounded probability. Thus, we will need to ensure that at each time 7k, the (K, a)-admissibility
also holds with lower-bounded probability. We set Qg o,r = Q}, ;, U Q% . where

—+oo
Q.= {w,T(w) < 00, sup/ (1 + )| (Rrgh)(t)|?dt < 1}, (2.11)
700
and
02 = {w,m(w) < o0, X} < K, X2 < K ey (W) < K, re (W) < K}, (212)

The novelty here is the event defined in (2.12). Since, contrarily to the additive noise case, we
are not able to reduce here the distance between the positions deterministically, we ask X** and
X*2 to be in the compact set B(0,K) = {y, |y| < K} with positive probability. The same type
of assumption is needed on the past of the fractional Brownian motion (which is represented
by the functionals ¢, ., (W7), j = 1,2). Note that, oppositely to the event Q}LT, which comes
from [9], Q%(’T can certainly not have a probability equal to 1. We will attempt the coupling on
[Tk—1, Th—1 + 1] only if w € Qg or,_,. Otherwise, we set g,,(t) = 0 on [Tx—1,7k—1 + 1] (and, in this
case, we certainly say that Step 1 fails).
> If Step 1 fails (which includes the case where one does not attempt the coupling), one begins
Step 3 (see below). Otherwise, one begins Step 2. Step 2 is in fact a series of trials on some
intervals I, with length

|Ig| = cp2° (2.13)
where ¢y is a constant greater than one which will be calibrated in the sequel. More precisely, one
successively tries to keep X! and X? as being equal on intervals [Th—1 + 1+ co Zi_:ll 2k T_1 +
2 Eizl 2¥] (with the convention >, = 0). The exponential increase of the length of the intervals
will be of first importance to ensure the success of Step 2.

> If Step 2 fails at trial ¢ with ¢ > 0 (¢ = 0 corresponds to the case where Step 1 fails), one
begins Step 3. We denote by 77, the beginning of Step 3. As mentioned before, the aim on this
interval is to wait a sufficiently long time in order to be in an (K, a)-admissible state with positive
probability (Step 3 ends at time 7, i.e. at the beginning of the next attempt). This has two
natural consequences. On the one hand, one assumes that

gw(t) =0 on [r7, 7], sothat W} — erg =W2 - ng on [13, 7] (2.14)

On the other hand, the waiting time will strongly depend on the length of Step 2. Longer is Step
2, longer is the waiting time. We set

Ay o = {At trial k, Step 2 fails after ¢ attempts}. (2.15)
7



We assume in the sequel that
Vw € Ape, TE—Tp =A3(0,k) with Ag(l, k) == cza,2°" (2.16)

where ¢3 > 2¢q, 5 € [1,4+00) and (ag)k>1 is an increasing deterministic sequence. We will calibrate
these quantities later (see Proposition 4.6). At this stage, we can however remark a useful property
for the sequel: conditionally to Ay ¢, the length of each step is deterministic. We are now ready
to begin the proof. In Section 3, we focus on Steps 1 and 2 and prove that we can achieve the
coupling scheme in such a way that for every positive K and «, the probability of coupling can
be lower-bounded by a constant which does not depend on k. Then, in Section 4, we focus on the
(K, a)-admissibility condition. In particular, we show that for K large enough, (2.12) holds with
high probability (which does not depend on k). Finally, in Section 5, we prove Theorem 2.1.

3 Lower-bound for the successful-coupling probability

In this section, we detail the construction of Steps 1 and 2 with the aim of proving that if the system
is (K, @)-admissible at time 7;_1, then the probability that A7y be infinite (i.e. that the coupling
be successful) can be lower-bounded. The main result of this section is the next proposition.

ProposiTioN 3.1. Let H > 1/2. Assume that (Ho) and (Hz) hold. Then, for every K > 0
and o € (0, H), Steps 1 and 2 can be achieved in such a way that there exists g and 61 in (0,1)
such that for every k > 1, 6o < P(A1, = +00|Qk,a,7,_,) < 1 — 1. Furthermore, §1 can be chosen
independently of K.

The (uniform) upper-bound is almost obvious. Actually, at the beginning of Step 1, it is always
possible (if necessary) to attempt the coupling with probability 1 — §; only (and to put Wt = W?
otherwise). This upper-bound may appear of weak interest but in fact, it will play an important
role in Section 4.

The lower-bound is a consequence of the combination of Equation (3.30) with Lemmas 3.1 and 3.2
below.

3.1 Step1

LeEMMA 3.1. Assume that (Ho) and (Hz) hold. Let K and o denote two positive constants and
0 € (1/2,H) be fived. Then, for each k > 1, (W', W?) can be built on [ty_1,Tr—1 + 1] in such a
way that the following properties hold:

(a) There exists & > 0 depending only on K, o and 6 € (1/2, H) such that for all k > 0,

]P)(X"]:k—lJrl = X72'k,1+1|QK-,0177'k71) 2 60'

(b) There exists Cx > 0 such that f;’:lJFI lgw(s)|?ds < Ck  a.s.
(c) If Step 1 is successful, t — gp(t) is a Ct-function on [Tk—1,Trk—1 + 1] which is such that

sup |gp(t)| < C and Vte[1/2,1], gp(t+ T%—1)=0.
te0,1]

where C' is a deterministic constant which does not depend on k.

Proof. (a) The proof of this statement is divided in five parts:
(i) Let 6 € (1/2,H) and set g = Z=2. Tet K be a positive constant. Then, there exists a
deterministic constant depending only on 6, K and K denoted C(K, K) such that

Vw € e, N {I\Wll\g“_’g;ﬂ““ < K}, Sup X2, (W) < C(K, K).
€10,

oo



The proof of this property (whose arguments are close to some of the next sections) is given in
Appendix A.

(ii) Building a function gp to couple (X}) and (X?) at time 74_; + 1. First, note that this step
is strongly based on Assumption (Hz) and that the construction is a modified version of Lemma
5.8 of [9]. For a given past on (—oo,7x—1] and a given innovation path (W}, W2 _ ) =

(w1 (t) + W}k L wa(t) + er Dtefo,) of C%*EG([O, 1],R%)? (w; and wy satisfy wy(0) = w(0) = 0),
set (@1 (t), 2" (t)) = (X}, _ 17Xt2+m ), t €[0,1]. Also, with the same conditions as before, set
(B, B}?) == (Biyr,_,» B1r,,)-

The aim is now to build, conditionally to Qk ., and (X} (W1 W2)i<ri y), a

Tk—1" Tk 1’
function denoted by gp on [0, 1] such that if for every t € [0, 1], wa2(t) = w1 (t) + fo gn(s)ds, then
2%1(1) = 2™2(1). In fact, it is more convenient to build the associated function fj, which is defined
by dB;"* = dB{"* + fr(t)dt (see (2.8) for background).
With the previous notations, we deduce from Assumption (Hz) and from a change of variable
formula for Holder functions with exponent greater than 1/2 (see e.g. [20], Theorem 4.3.1) that,
for every ¢ € [0, 1],

h(@2 (£)) = h(z™ (£)) = h(z" (0)) — / Vhb(z"2 (1)) — Vhb(z™ (u))du + / Fulu

Set
pr(t)

[on(t)]
where k; and k2 are some positive constants, and with = — x/4/|z| extended by 0 at = 0.
Notice that if pj,(0) = 0, then pp,(¢) = 0 on [0,1]. We thus assume without loss of generality that

pn(0) # 0. By the global inversion theorem, h : R? — R? is a C!-diffeomorphism under (Hz).
Denote by h™1 its inverse function. The function (pp(t)):>0 then satisfies (for a given realization

of (z1(t))se(0.1))

don
dt

pr(t) = h(z"2(t)) — h(z*' () and  fa(t) = —K1pn(t) — K2

= F(t,pn(t)) with F(t,p) = Vhb(h ™ (h(z"* (t))+p))—Vhb(2z"* (3.17)

P
() —r1p N

The function p +— F(t, p) being locally Lipschitz continuous on R\ {0}, one deduces from Cauchy-
Lipschitz Theorem that (pn(t)) is well-defined on an interval [0, to] with ¢y > 0. To extend it on
[0, 1], we are going to define k; in order to ensure that (p,(t)) does not explode. For M > 0, set

Apr = {w; € C370([0,1],R%), 10, (0) = 0 and, Yw € Q3% » sup |h(z1 ()] < M}.
t€[0,1]

Remark that with the notations of (i), {w, |u1|| < K} C Ac (ki) (one will come back on this

property in (v)). Checking that w; — B“" is a.s. continuous from C2 <0 ([O, 1],R9) to ([0, 1], R9),

one deduces from classical arguments of Young integration that wq — h(z™?) is also a.s continuous

from C2=0([0,1],R%) to C?([0,1],R%). As a consequence, for almost every w € Q%> w1 =

Supyeo,q) |A(x** ()] is also continuous (since for every w,w € Cz2=20([0,1], RY), [[[w]loo — |@]|0| <

[lw — d)Hg’iEe). At the price of a potential removal of a negligible set in its definition, one can

2
assume without loss of generality that Ay is an intersection of closed subsets of C2%([0, 1], R%)
and thus is closed.

Set K = sup,. ,c50.x) |h(x) — h(y)| where B(0,K) := {y € R%,|y| < K}. For a given M, we

define k7 as follows:
hb(h~1 — Vhb(h™1
o ap ITEOO )~ TR )
y1,y2€B(0,M+K+1) ly2 — 1

(3.18)

The constant x; is finite since b, Vh and h~! are locally Lipschitz continuous functions. From the
definition, if wy € Apy, for every w € Q% . and t € [0,1], [h(z**(t))] < M and |h(z*2(0))| <
9



M + K (since |pn(0)] < K). Owing to the continuity of pj, on [0, o], there exists ¢; € (0, %] such
that for every t € [0,¢1], |h(x*2(t))| < M + K + 1. Then , it follows from the definition of k; that

dlpn (t)|?
dt

In particular, the function ¢ — |pp,(t)|? is non-increasing on [0, 1] and thus, Vt € [0, 1], [h(z*>(t))] <

M+K. Then, a classical argument about maximal solutions of ordinary differential equations shows

that existence and uniqueness of solutions of (3.17) holds on whole the interval [0, 1] and that the
previous inequality is true with ¢g = 1. A standard computation yields

(%t = VIen(0)))? if t <24/pn(0)/k2
lpn(t)] < {02 £ 2/pn(0) /. (3.19)

Then, we set k2 = 4VK in order that py(£) = 0 on [1/2, 1] (which implies that f,(t) = 0 on [1/2, 1];
this fact will be used in Step 2). This concludes the construction of the function f.

(iii) About f, and gp: let w € Qg o r,_, and wy € Ay and consider the C!-function (fn(t))eeo.1
built in the previous subsection. Given this function, let us recall how one defines a function
(gn(t))tcjo,1) which is such that

vt € [0, 1], < —2k0|pn(t)]2.

dw? = dw} + gn(t)dt on [0,1] = dB}*> = dB{"* + fn(t)dt on [0,1].

The function gp of (2.8) being known on (—o00, 7;_1], one can define it on (—oo, 7,—1 + 1] by setting
g9B(t) = fa(t — 7k—1) on [Tg—1,7k—1 + 1]. Then, by an inversion formula (see (4.11a) of [9]), one
obtains a unique g,, on (—oo, 7k—1 + 1] (where g, is defined in (2.8)). Then, g5, can be defined by
gn(t) = gu(t + T—1) = g ' (t), t € [0,1]. In fact, it can be shown (see proof of Lemma 5.9 of [9)]
for details) that the function gy, is given by

d t

gn(t) = CRogrF—(t) + an (/ (t— S)H_%fh(s)ds> , te(0,1]. (3.20)
0

Note that owing to the (K, a)-admissibility condition and to the differentiability of f3, the function

gn is measurable and integrable on [0,1]. We can thus define ¢ : Ay — C27<9([0,1], R%) by

o1 (wr1)r = w1 (t) —|—/0 gn(s)ds, te]0,1]. (3.21)

Using again that w; — h(z%*(.)) is continuous from Cz~<¢([0,1],R%) to C?([0,1],R%), one can

check that application ¢, is measurable on Ap;. The function ¢, is also injective. Actually, let

(w1, w2) € Apr X ¢1(Apr) such that ¢1(w1) = we. From the very definition, z** (t) = z*2(t) — pn(t)

where pj, is the unique solution of (3.17). But by construction, (pn(t))iefo,1) is also the unique

solution of
dpn

— = F(t,pn(t)) with F(t,p) = Vhb(xV2(t)) = Vhb(h~ (h(z¥2(t))— p) — k1p— Ko

P (3.22)
vard
Thu~s7 frn and g;, defined above can be obtained as some measurable functions of wy. Denote them
by fr and gn and set ¢o(wa) = wa(.) — fo gn(s)ds. By construction, we have ¢ o ¢1(w1) = wy so
that ¢ is a bijection from Aps to ¢1(Ap) with measurable inverse ¢s.

Now, remark that, owing to the definition of F and to the arguments of (i), existence and
uniqueness for the solutions of (3.22) also hold on [0, 1] (since the solutions do not explode) so that
one can define fh and gn on Aps. In other words, one can extend ¢o into a measurable function
¥ on Apn U ¢1(Anr) defined by p(wz) = wa(.) + [; gn(s)ds. Owing to the same arguments as
above, 1 is injective. The function ¢; can in turn be extended into a bijective measurable function
p: Ay U ’lb(AM) — Ay U ng(AM) defined by

=) + gt te 0,1, (3.23)
10



Once again, = ! = v is measurable and V(wy, ws) such that p(w;) = we with wy € Apr Utp(Ans),

eyt (1) = 272 (1).
REMARK 3.4. Note that with this construction, we have built a function ¢ which is well-defined
on ¢ 1(Ay) and which satisfies

e(Am) C Ayii- (3.24)

The inclusion holds since |h(z}")| < |h(z}")|+ |pn(0)| < M + K, when wa = ¢(wy) with wy € Apy.
Note that these properties are important for the sequel. If (Vhb) o h=! was Lipschitz continuous,
the function ¢ could be defined on the whole space and it would simplify the construction of the
coupling (see (v)).

(7v) Control of the function gp, and Girsanov: For w € Qg . r,_, and wy € Apr U(Anr), consider
the explicit expression of g, given by (3.20).

By (2.9), the L?-norm of ((Rogw ™ ')(t))ie(0,1) is bounded by 1. As concerns that of the second
term in (3.20), it follows from Lemma 5.1 of [9] that it is enough to bound f3,(0) and |dfy, /dt|. But,
by (3.17) and (3.19), one can check that there exists a deterministic constant C' depending on K,
M and 6 such that | f,(0)| < C and

dfn(t ~
wep, [ L) < ool +1mm < .
We deduce that for every positive M and K, there exists another finite constant C'(M, K) such
that

1
Yo € Qs Yur € Aag Ub(Aan), [ lon()Pds < COLK). (3.25)
0

In particular, wy fol lgn(s)]?ds being finite on Aps U 1p(Apr), this allows us to apply Girsanov
Theorem. More precisely, extend ¢ into a measurable application ¢ on C 37e0 ([0, 1], R?) by setting
G(wr) = wy if wy € (Apr U(Apr))©. Then, denoting by Py, the Wiener measure and by ¢*Py the
image measure of Py by the application ¢, one deduces from Girsanov Theorem that $*Py (dw) =
D4 (w)Pyw (dw) where

Doty =ep ([ @) - 3 [ tsras) (3.26)

with gp, = g if w € ApyU(Apr) and g, = 0 otherwise. We can now explicit the coupling strategy.

(v) Construction of (W', W?) on [rx_1,7k—1 + 1]. First, we recall that we set W} = W2 on
[Tk—1, Th—1 + 1] if w € QF , ;. (in this case, attempting a coupling would generate a too important
cost for the future). Now, if w € Q o r,_,, the construction follows the lines of [9] but with the
constraint that one can attempt the coupling only on a subset of €z~ ([0, 1], R%).

More precisely, for a Borel subset A of C2~<°([0,1], R?), denote by P4, the restriction of Py,
to A. For positive measures u; and po with densities Dy and Dy with respect to another measure
i, denote by g1 A po the measure defined by (u1 A p2)(dw) = Di(w) A De(w)u(dw). With the
help of the function ¢ introduced in (iii) (see (3.23)), we define a non-negative measure P on
Cz==0([0,1],R?)? by

PY = JoTBEY A
where o and s are the functions from respectively AUt (Axr) and AprUp(Apr) to C240([0,1], R%)?
defined by
p1(w) = (w,p(w)) and  ga(w) = (¢~ (w), w),

and By = ¢ *(Ap) (note that Ay and By, are Borel sets since Ay is closed and ¢~
surable).

Using that the restriction of ¢ to ¢~ 1(Ayr) is equal to ¢ and that o~ 1(Ay) = p~1(Ap), one
can check that

1 is mea-

(pT]P’ﬁ,M (dwl, d’wg) = 1{(¢71(w)7w)}(w1 N ’wg)D¢ (w)IP’{?VM (dw),
11



where Dy is defined by (3.26). This implies that P}/ satisfies
1
P{V[(dwl, dwg) = 51{(@—1(71,)1“,)}(11}1, wg)(D¢(w) A 1)]?1‘:“,1‘/1 (dw). (3.27)

Write S(wy,wsz) = (wa,w;) and denote by PM the “symmetrized” non-negative measure induced
by P/: P} = P{Y+5*P}’. We then define the coupling (W}, W?) = (W}, —-W} WA _  —

Tk—1
W2 ) as follows:

LW, Wiiepa) = PY + A*(Pw —IPY) = P + Py
with A(w) = (w,w), I (w1, ws) = w; and PY = §*PM 4 A*(Py, — II;PM) Thanks to (3.27),
one checks that

1

MPY(f) < & / (F(e~ () Dy (w) + f(w)) Py (dw)

| AN

| /\

/ F0) (Lo (e () + Ly, (1)) Py (duo)

where we used that ¢71(Ay) = ¢ 1 (An) and that ¢! o @(w) = w for every w € ¢~ 1(An).
This implies that Hlf’{‘/[ < Py and that P2! is the sum of two positive measures. Owing to the
symmetry property of p{w and to the fact that IT; o A is the identity, one can also check that the
marginals of P} + P21 are both equal to Py .

(v) Lower-bound for the probability of coupling: by construction, conditionally on Qk o -, , and
(XL X2 (WY W?2),<,_,) the coupling is successful under the subprobability P{/. In other

Tk—17""Tk—1"
words, if we assume that (W1, W?) is realized with the previous coupling construction, we have

P(X), 1 =X2 1l am ) > IPYrv.

y (3.27) and Lemma C.1. of [15] (applied to p = 2, u1 = @*Pw, uz =Pw and X = Ayps)

[f4,, D (w)Prw (dw)| >
4 [y Dp(w)*Pry (dw)

IPY(l7v >

We will now show that M can be chosen in such a way that the above quantity is bounded away
from 0 independently of £ € N. On the one hand, by exhibiting an exponential martingale and by
using (3.25),

D¢(w)3PW(dw)§ sup exp( /|gh |ds

An wGAM
oo (s [ @tav) -5 [ |gh<s>|2ds> B (dw) < exp(3C(M, ).

On the other hand,

. Dy (w)Pyw (dw) = Py (¢~ (Anr)).

For every M > K, we deduce from (3.24) that p(A,,_g) C An so that Ay g C ¢ 1 (An).
Furthermore, we get from (i) for the choice

M:=C(K,K)+K
that B
{w, [|w][5! ., S K C Ay ke

12



As a consequence, fAM s (w)Pw (dw) > Pw ({w, Hw||7 e < K}) and

[Pw (el < )]
4exp(3C(C(K,K) + K, K))

[P v > >0

which concludes the proof.

(b) When Step 1 is successful, this property follows from (3.25). If Step 1 is not attempted (and
thus fails) since w € Q% s Wt =W?2on [r;_1,Tk_1+1] so that g, is null on [74_1, 71 +1]. If
Step 1 is attempted and falls it follows from the above construction of the coupling that wy = we
or wy = ¢~ ' (wy) with w; € Aps. Then, since the control of the functions fj, (defined in (iii)) and
its derivative are similar to that of fj, in (iv), we deduce that the L?-norm of g (t) = gu(t + Tk—1)
can be also bounded in a similar way.

(¢) When Step 1 is successful, gp(t + 7k—1) = fn(t) on [0,1] and the boundedness of f follows

from that of p;, which is proved in (7).
O

3.2 Step 2

As explained before, Step 2 is a series of trials on some intervals I, of length co2° (the first one of
length 2c¢y, the second one of length 4cs,...). We denote by si ¢ the left extreme of each interval
I,. More precisely, for every k > 1, we define (sj ¢)e>0 by

8k0 =5k1 =Tk—1+1 andforevery £>1 spp41=Ske+ 2. (3.28)

Also denote by 5, the (first) trial after time 7,1 where Step 2 fails. The case ¢} = 0 and ¢}, = +oc0
correspond respectively to the failure of Step 1 and to the success of Step 2. For some given positive
«a and K, we set

Bie = Qr a4 N {fz > f}, k>1,£¢>0. (3.29)
With this definition,
+oo
]P)(Tk = +OO|QK70¢17'IC71) = P(X$k71+1 = sz—1+1|QKvaka*1) H P(Bk’dBk’lil)' (330)
=1

Consequently, the aim is now to lower-bound P(By ¢|Bk¢—1). This is the purpose of the next
lemma. Before doing so, let us introduce some notations. Owing to the one-to-one correspondence
between g, and gp, there is a unique choice for function g, in [75—1 + 1,00) which ensures that
gp(t) = 0 after 7,1 + 1 (or equivalently that B} = B? after 7,_; + 1). We denote it by g, in the
next lemma (see the proof for an explicit expression of g ).

LEMMA 3.2. Let K > 0 and assume that o € (0, H). There exists a constant Cx > 1 which does
not depend on k such that,
—+oo
[ a0 g 1+ 0 < O
0

Then, (W1, Wa) can be constructed during Step 2 in such a way that for all k and ¢,
ok <P(Br|Bro) < p% and V2 > 2, (1 — p327) < P(Byo|Bro—1) < (1 — p%2721)  (3.31)

1
where pi;, p% € (0,1) do not depend on k and p3. = c; “/Ck. In particular, if co = CE, p3. =1
and in this case, if 2 < £}, < 400 one has

Sker+1 9 9 Skt 2 2al
/ lgw(®)|°dt < (2(4;, +3))° and Ve {2,...,4;}, / |gw (B)|7dt < 2729°,
Sk,ez Sk, —1

and if £} =1, fsk 29w (t)]2dt < Cl where Cl is a finite constant.
13



REMARK 3.5. The lower-bounds obtained in (3.31) ensure the strict positivity of P(1, = +00|Qk a7, )-
The other properties will be needed for the sequel. Note that ¢y can be chosen in such a way that
the involved quantities do not depend on K except if £ = 1.

Proof. We first remark that if at a positive stopping time 77 one has X%l = X%l, then (X}) and
(X?) remain equal on [T}, Ts] (where Ty > T} is a second stopping time) if and only if gg(t) = 0
on (T1,Ts). By Lemma 4.3 in [9], and its proof, this condition is satisfied if and only if

Vt € (0,To — Th], gu(t+T1) = go(t +T1) := Rogl: ().

The interesting point is that the above function is Fr,-measurable (the context is thus different
from Step 1, where the function denoted by g5 was defined in a dynamic way). In particular, by
conditioning on Fj, , one can write:

P(By¢|Bro—1) = E(Q(Rogir— (85,0 + .), c22%))

where for positive T and a (deterministic) measurable function g on [0, +00) we denote
Q(Q,T) = ]P)(Vt € [OvT]a Wtz = th +g(t>)

for (W', 1W?) a given couple of Brownian motions on [0,T]. By Lemma 3.4, if llgllo,r,2 < b < bo,
we can build the couple (Wy, W5) in such a way that Q(g,T) > (1 — b) V p where p depends only
on bo.

Following carefully the proof of Lemma 5.12. of [9] (see in particular (5.36) therein), one deduces
from Lemma 3.1(b) and Condition (2.9) that on By,

—+oo
[ Rag )t < Ca
0

for some positive constant C'x. Without loss of generality, we can assume that C'x > 1. This
yields the first property of the lemma and this easily implies that for every ¢ > 1,

Sk,0+1
[ lewpa <

Skt

with by = v/Ck and by = cz_o‘\/CK2_o‘é if £ > 2. Tt remains to apply Lemma 3.4 ((¢) for £ =1 and
(i) for £ > 2) to obtain (3.31). Finally, the bound for [**‘%+!|g,,(t)|?dt follows from the value of

Skt
My, given by Lemma 3.4. '
O

LEMmMA 3.3. Let K and b be positive numbers.

(i) Then, there exist My > 0, pi and pi € (0,1) such that for every a € [—b,b], we can build a
random variable (U1, Us) with values in R? such that

LU = L(U) =N(0,1), pp <P(Us=Uy+a)<pi, P(Us—Ui| <M)=1

and on the event {Us = Uy + a}, |Uz| < M, and |Us] < M, hold a.s., where M, < % +b.

(it) Furthermore, if b € (0,1), the previous statement holds with M, < max{4b, —2log(b/8)},
b=1-bandpl=1-2%
oY and p} 3.

REMARK 3.6. In order to ensure the (K, «)-admissibility condition at the next trials, one needs
to control the increments of W' and W? during Step 2. In particular, when Step 2 fails, we will
need the probability of success to be not too large. This explains the property of domination of the
probability of success P(Uz = Uy +a) (and P(W? = W' + g) in the next result) which may appear
of poor interest. For the same reason, we give in the following result an explicit construction of
W1 and W2 during Step 2.
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Proof. (it) is almost the statement of Lemma 5.13 of [9]. The only new points are the deterministic
control of |Uy| and |Usz| on the event {Uy = U; + a} and the domination of the probability of
success by p% =1- %. With the notations of [9], the first property follows from the construction
of the measure A3 which is such that for every a € [—b,b], the support of A3 is included in
[—Myp/2, Mp/2—a] x[—My/2—a, My/2]. For the second one, it is enough to note that the probability
of success introduced in Lemma 5.13 of [9] and denoted by N3(L3) is a non-decreasing continuous
function of M and equal to 0 if M}y = 0. Thus, the domination of this probability can be obtained
by reducing sufficiently the value of M.

On the other hand, (i) is in some sense a rough version of (i7). Its proof can also be done by
following the lines of the lemma of [9] and by checking that for every b > 0, we can choose M}
large enough such that inf,c[_y 5 N3(Lsz) > 0. O

The following lemma is a slightly modified version of Corollary 5.14 of [9].

LEMMA 3.4. Let T and b be positive numbers and g € L*([0, T],R) with ||gl2,j0,7] < b-

(i) There exists My > 0, pi, p? € (0,1) and a couple of Wiener processes (W', W?2) defined in
[0,T] such that

t
pp <P (WE =W} +/ g(s)ds,t € [O,T]> <pi and P(|W?- )y=1. (3.32)
0

Furthermore, there exists a triple (U1,Us,V) of standard normally distributed random variables
and a Brownian motion W such that (U1, Us) and (V,W) are independent,

Wi (UZ+V)f°7+Wt, te[0,T)] fori=1,2, (3.33)
Nlgll2,10,77

and moreover |U;| < Mj, := % +b on the event {W2 = W} + fo s)ds,t €0, T]}.

(it) Furthermore, if b € (0,1), the previous statement holds with M, = max{4b, —2log(b/8)},
l—1—-bandpi=1-2%
i and p} 3.

Proof. (i) Let (fr)r>1 denote a complete orthonormal basis of L*([0,T],R) with f1 = g/l|gll2,0,77-
In some probability space (€', F',P’) let (U1,Usz) be a couple of random variables satisfying the
properties of Lemma 3.3(7) and (& )r>2 be a sequence independent of (U, Us) of i.i.d. random
variables with £(£2) = N(0,1). Defining for i = 1,2 the process W} := Wi(1jg4),t > 0, where
Wi L2([0,T],R) — WH{L*([0,T],R)) C L*(Q, F',’) is the isometry of Hilbert spaces such that
Wi(f1) = U and W¥(fx) = &, k > 2, one easily checks (by computing covariances) that

+Z§k/ fr(s

k>2

Wi
! ||9H2 [0,7]

and that (W}) is a standard Brownian Motion. It follows from Lemma 3.3(i) and from the previous

construction that (3.32) holds. Furthermore, introducing artificially a last standard normally
distributed random variable V' independent of o(Uy, Uz, &, k > 2), we can write W* as follows

Wi = (U +V)L+Wt, te0,7]

where W, := -V fo s)ds/lglla.jo,r) + Dps2 Ek fo fx(s)ds is a standard Brownian motion inde-

pendent of (U, Us). Finally, the boundedness property of U; on {W? = W}! + fo s)ds,t € [0,T)}
again follows from that obtained in Lemma 3.3(7).

(#4) The proof is identical using the properties of Lemma 3.3(i¢) instead of those of (7). O
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4 About the (K, a)-admissibility condition

In this section, we assume that Steps 1 and 2 are carried out as described previously, and the aim
is to ensure that the system is (K, a)-admissible with positive probability at every times 7. This
is the purpose of the next proposition:

PROPOSITION 4.2. Let (X}, X?)i>0 denote a solution of (2.6) with initial condition fi satisfying
a(|z1|" + |x2]") < 400 for some r > 0. Assume (Hg), (H1) and (Hz). Let a € (0,1/2). Assume

that for each K > 0, co defined in (2.13) satisfies co = C;’?‘l (where Ck is a constant greater than 1
defined in Lemma 3.2) and that for every k > 1 and £ > 0, Asz(¢, k) introduced in (2.16) is defined
by Az(l, k) = c3ap2® with B > (1 —2a)7!, ax = <* for some (arbitrary) fived ¢ > 1, and c3 an
appropriate constant depending on the previous parameters (see Proposition 4.6 and Remark 4.8
for details). Then, for every e > 0, there exists K. > 0 such that for every k > 0,

Pk, ar T < +00) > 1—c¢.

The proof of this proposition is divided into two parts corresponding respectively to Conditions
(2.9) and (2.10). The first concerns the coupling function g¢,, and the proof corresponding to this
condition easily follows from [9] (see Subsection 4.4 for details).

REMARK 4.7. In the sequel of this section, we always assume that « is a fixed number in (0, 1/2)
a1
and that co = Cf*. These properties are not recalled again in each statement.
The lower-bound for the second condition is obtained in the next subsections.

4.1 (K, «a)-admissibility and Lyapunov
We denote in what follows
E={m < oo} (={n <o0,..., Tk < 0}).
Let o € (0,1/2). We want to prove that for every € > 0, there exists K. > 0 such that
P(O%, . |6) >1—c.

But since for every events Ay, As, A3 and Ay, P(N: | A;) > E?Zl P(A;) — 3, it is enough to prove
that for every € > 0, there exists K. > 0 such that for j = 1,2,

P(@r,.co(W/) S K.|) > 11—, j=1,2 (4.34)
and ‘
P(XI | < K.|&)>1—¢ j=1,2. (4.35)

Since the arguments to prove (4.34) are contained in those needed for the (4.35), we defer the proof
of the former to the appendix (see Appendix B) and we only focus on the second statement. The
proof of this property is based on a Lyapunov-type argument: owing to the Markov inequality,
it is obvious that (4.35) will be true if one exhibits a positive function ¥ : R? — R such that
lim| g o0 ¥(2) = +00 and for which there exists a finite positive constant C' such that for every
k € NU {0} and for every K > 0,

E(U(XL)|&) <C j=1,2. (4.36)

Note that since the construction of Step 1 depends on K, the independence of C' with respect to
K is primordial. To this end, we first introduce the following contraction assumption depending
onf e (1/2,H).
H/ (0) : There exists a subquadratic continuous function ¥ : R? s R satisfying
lim ¥(z) = +ooand Ip € (0,1) and C > 0 such that a.s., Vo € R?,

|z|—+o0

U(X1) < p¥(x) + C(L+]|Bllgh).
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In the previous assumption, (X;):>o denotes a solution of (1.2) and subquadratic means that there
exists C' > 0 such that for every x € R%, ¥(z) < C(1+ |z|?). In Subsection 4.2, we will prove that,
under the Lyapunov assumption (Hj), H () is true. As detailed in the next proposition, Hj ()
leads to (4.36) if the following condition, which will be proved in subsection 4.3, is also true:

H,(0) : For every p € (0,1), there exists C, > 0 such that for every k € N and K >0

ATk
B[} pAm Bl g ] < 6,
u=1

PROPOSITION 4.3. Let 0 € (1/2, H) and assume Hj(0). Let (X}, X?)i>0 denote pair of solutions
to (2.6) with initial condition fi satisfying ji(¥?(x1) + VU2(z2)) < +oo. For x1,72 € RY, set

To(z1,22) = inf{u € N, p"(¥(z1) + ¥(z2)) < 1}. (4.37)

Assume that (T)k>1 s built in such a way that, H5(0) holds, that for every k > 1, P(Ex|Ek—1) >
01 > 0 (where 01 is a positive number which does not depend on k) and that A1y, > %. Then,
there exists a positive constant C' such that for every k € NU{0} and K > 0,

E(U(XI)|&)<C,  j=1,2.

REMARK 4.8. > Under the assumptions of Proposition 4.2, A7, > ¢3 (see (2.16)). To ensure that
Ay, > log(91/2) log(61/2)
k= Togp Tog p

> By the elementary inequalities |u + v[? < |ul? + |v? and |ul? < C(1 + |u]) for p € (0,1), one
remarks that if Hf (6) holds for ¥, it also holds for 7 if p < 1. Since ¥ is subquadratic, it follows
that one can assume without loss of generality that U2(z) < C(1 + |z|") for some given r > 0.
This explains the assumption fi(|z1|" + |z2|") < 400 in Proposition 4.2.

, one can thus choose c3 large enough in order that c3 >

Proof. By H (0) and an induction

AT;C
U(XE) < pATU(XD )+ O Y pAT || B T,
=1

First, since Aty > %, we deduce that p~7 < %. Thus,

_ S ) +o00 ATy B gy
E[W(XY,)[6] < SEW(XS, IE +C Y pt + CEY p>m | BI7 gy,
u=0 =1

Since & C Ex—1 and P(Ex|Ex—1) > 61, E[W (X, )|E] < 67 "E[W (X, )[Ek—1]. It follows that

ATk
; 1 1 O — Th— il P P
BIV(XA)I6] < RO, il + 77 + CED_ o2 1B
£=1

Assumption H, () combined with an induction then yields

sup E[W(X7,)|€x] < E[¥(XY)|E] + C,
k>0

where C’p neither depends on k£ and j nor on the starting condition fi. Noticing that & = €, it
remains to bound E[¥ (X7 )]. By the definition of 7y (which is Fy-measurable) and the Cauchy-

Schwarz inequality,
—+oo

Ea[0(X7)] <> BalW2(X)))2 (ji(ro = u)?.

u=0

[N

(4.38)
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On the one hand, checking that for ¢ > 0, there exists C. > 0 such that for all u, v of RY,
lu+ v < (1+ a)|u|2 + C:|v|?, one deduces from H/ () that there exists 0 < p < 1 and Cj such
that for every starting point z,

U?(X1) < p¥3(x) + Cs(1 + | Bllg)>.

Thus, it again follows from an induction and from the stationarity of the increments of the fBm
that

ZE[(1+Bllg")?] < +oo,

EA[02(X1)] < / W22 (doy) +

since [ U?(x;)fi;(dx;) < +oo. It remains to control the queue of 7. We have
2
(1o > u) §Zﬂ pi(xj) > <2Zp / (xj)f;(dz;) < Cp". (4.39)

Plugging the previous inequality in yields the boundedness of Ej;[¥(X7 )]. O

As a consequence, it remains now to prove H)(6) and H5(0). This is the purpose of the next
subsections.

4.2 Proof of H)(0)

PROPOSITION 4.4. Assume (Hy). Then, HY (6) holds for every 6 € (3, H)

Proof. The proof is divided in four steps. In all of them, we assume that 0 < s <t < 1.
Step 1. We prove the following statement: there exists C' > 0 such that

| X <C (|X |+ C(t—s)+ |/ w)dBy |> a.s. (4.40)
Actually, using that b is a sublinear function,
| X | < | X +C(t—s) +|/ dB|+/|X |du.

The result then follows from Gronwall lemma (note that the time-dependence of the Gronwall

constant does not appear since s,t € [0, 1]).

Step 2. Control of the Hélder norm of X in a small (random) interval: Let 0 € (1/2,H). We

show that there exist some positive constants ¢y and C such that for every 0 < s < ¢t < 1, satisfying
0,1

co(1+Bllg )t —5)” < 3.

1X05" < © (IBIG" + (1 + Xt - 5)'7). (4.41)
Let us prove this property. Owing to the classical controls of Young integrals (see e.g. [19],

Inequality (10.9)), for every (p,q) € (0,1]* with p+ ¢ > 1, there exists C, , > 0 such that for every
p-Holder and ¢-Holder functions f and g (respectively), for every 0 < s <t <1,

I/ f(u)dg(u) = f(s)(g(t) = g(s))] < Cy, g (t— )P (4.42)

Applying the previous inequality with p = ¢ = 6 and using that ¢ is Lipschitz continuous and
bounded, we deduce that for every 0 < s <u <v <t <1,

[ oXu)aBul < CIBIE (0 = (1X15" (0= 0 + )

o' (t—5)" +lloflc) (4.43)

< OBy (v —w)’ (|
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By (4.40) and what precedes, we also have
| lar < 0w =) (L4 1+ B = 50+ X5 - 9)7)

Using the previous inequalities, we deduce that
s, 0,1 — s, 0,1
105" < (IBIp" + 1+ Xt = 9)'0) + CIXIG B (¢ - 5)°

and (4.41) follows.
Step 3. Control of sup | X,| in a small (random) interval: let 6 € (1/2, H). There exists C' > 0
such that for every 0 < s < ¢ < 1 satisfying co(1 + || Bllo)(t — s)? < 3
sup | X,| < C(1+|X,)). (4.44)

s<u<t

Actually, using that ||B||g Yt —5)? < (2¢0)7", we deduce from (4.43) that for every 0 < s <t <1

satisfying co(1 + ||B||g’1)(t —s)f <1
t
[ otan, < € (X5 = 5"+ 1)

)9 < (2¢9)71, it follows from (4.41) that

Using again that || B|g" (¢
t
[ oX)Bl <C+ A+ XN -5)).

Then, it is enough to plug this control in (4.40) to obtain (4.44).
Step 4. Use of the Lyapunov assumption. Let V be such that Assumption (Hp) holds. Let

6 € (1/2,H). Then, there exists p € (0,1) and C > 0 such that for every z € R?,
V(X1) < pV(z) + C(1 + ||Bllg)= 7. (4.45)

Let us prove this statement. By e.g. [20] (see Theorem 4.3.1) and Assumption (Hy),
t t
eIV (X,) = V(X,) +/ erolu=s) ((VV|5)(Xu)ﬁoV(Xu))du+/ =) (VV(Xy)|o(X.)dBu)

< V(X)) + Bolt — s) + /t "0 (=) (VY (X,)|0(Xu)dBy).
(4.46)

Using that the functions VV and o are Lipschitz continuous, that ¢ is bounded and that u + e o

is bounded and Lipschitz continuous on [0, 1], we obtain that for every 0 < u < v <1,
"INV (X,) - eIV (X,) < C((1+ [VV(X))(1Xy = Xul) + [VV(X0)|(0 = ).

By (4.42), it follows that
(1+ sup [VV(X)NIX]G" + (=)' )(t —s)’

t
| / eI (TV (X, (Xa)dBy)| < O
: vebﬂ
+IVVX))IBIG (= 5)".

From now on, assume that (1+ | B||5"" (t—5)?) < (2¢o)~". By (4.44) and the fact that 1+|VV ()| <

C1(1+ |z|) < Cov/V(z), we have
1+ sup |[VV(X,)] < CVV(Xs).

vE|[s,t]
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Owing to (4.41) and to some reductions implied by the previous inequality, we obtain

t
[ et Vo) dB)| < (VB (€ - 91 + VTCLIBI e 5)").
Set § := (6 — %) (so that 2(6 — 0) = 3 +6). By the inequality |zy| < 3(|z[* + |y[?),

1 5 ~
VVX)IBI (=9 < 5 (= 9OV + (1BIg )t - )7
and on the other hand,
V(X)IBlg (2 = 5)F < (2= )OOV (X) | By (t - 5)%.
Now, we set
_ 0,1\y— 4% 0,1,—1
n=(2co+[Blg ) " AL+ |Bllg)" 7 (4.47)

in order that for every 0 < s < t < 1 such that t — s <7,

1 _
co(1+||BlIgH)n? < 5 and (I1BlI5 N2t — )% < 1.

For such s,t, we finally obtain (using that 1/2 >  and that 2(6 — 6) = 140,

| / t =) (VY (X,)|0(X,)dBy)| < C(t — s)2 V(X)) + B (4.48)

where B is a positive constant. Plugging this control into (4.46), we deduce: for every 0 < s <t <1
such that ¢t — s <, ) .
V(Xy) e ™IVX)(1+ Ot —)7) + 5

where 3 = Bon + 3. Using that e="0% < 1 — kou + (Kow)” ot W’ ina right neighborhood of 0 and that
1 +6 > 1, we can find ug € [0,1] (depending on q, ¢ and C) such that

Yu € [0,ug], e %14 Cuzt?) <1— %u.

Thus, for every 0 < s <t <1 such that t — s <177 :=n A uy,

K
VXD < (-0 V() +
In particular, applying this control on [k7, ((k 4+ 1)7) A 1] for k € {0, .. L%J} yields

L5]
V(X1)§(1—777)L V() + (1_77)m kB,
k=1

Sil=

It follows from standard computations that
Ko -
V(X1) < GXP(—7 +V(z) + —.
We can assume without loss of generality that ug < ko/4 so that
exp(—% +i) <eF =p.
Finally, since 2/ 6>1 /6, one can check that there exists C' > 0 such that
i< OO+ Bl
Since 2/0 =

29 7, this concludes the proof of Step 4.

To prove the proposition, it remains now to set ¥ = V9 and to apply the inequality |u + v|P <
|uP + |v|P (which holds for every real numbers u,v and p € (0, 1]) with p = 6.

20
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4.3 Proof of H,(0)

The main result of this section is Proposition 4.5. Before, we need to establish several lemmas
related to the control of the past of the {Bm.

Let j € {1,2}. We recall that for every 0 < s <,
s t
B, — Bs=ag (/ (t—r)H-2 (s—r)Hf%dWﬂ- —|—/ (t—T)H%dWTj> .

This can be rewritten

oo

s)-1 _ _ _ _
Bi—B, = ay (/ (t—r)T7 — (s = )T 3dWJ + T (s,t, W) — T'a(s,t, W9) + Ts(s, ¢, WJ))
where, setting h =1t — s,
) s—h ) . )
Lust W) = [ =)= (st b,
ls]—1
s t
Ty(s, t, W) :/ (s—r)T=2dWi  Ty(s,t, W) :/ (t—r)T= 24w/
s—h s—h

Let & > 1. Assume that 7,1 < 400 and that 7,1 < s <t < [s] + 1. Setting 7_; = —o0, we
choose to decompose the first right-hand member with respect to the sequence (75 )g>—1:

ls]—1 . k .
/ (t—r)f=2 — (s =) =2aW] = 3 Aps(s,t, W)
> m=0
with
TmATe—1—1 H-1 H-1 P
. - (t—r)72 —(s=—r)72dW? ifme{0,....,k—1}
Amﬁk(s, t, WJ) =
fTL:Jl__ll(t—T)H_% —(s—r)HzdWi if m==k.

Note that for ¢ = 1,2, 3, I'; is related to the local behavior of the fBm whereasform = 0,...,k, A, &
is a memory term. The idea of the sequel of the proof is to bound || B|§* ™ (v € {me_1,...,7%})

through the study of the I'; and the A,, ;. With a slight abuse of notation, we will sometimes
write

Ti(s, t, W7 A St W
P L S L )]

|\Ff| g7b = 0 0
a<s<t<b |t - S| a<s<t<b |t - S|

(4.49)

The starting point of the study of the A, i is the following lemma:

LEMMA 4.5. Leta <b< s <t. Let W be a two-sided Brownian motion. Then,

1
t—s

b b
1
/(t—r)H_%—(s—r)H_%dWT g(t—a)H_%|Wb—Wa|+§/ (s — )T~ 3|W, — W,|dr.

Proof. By an integration by parts,
b
/ (t =) = (s =)W, = (L= )"~ = (s — )"~ ) (Wa = Wp)

wu-p) [ (=0 (s =)o) (0, Wi



On the one hand, by the elementary inequality (1+2)? > 1+ for every « € (—1,0] and p € (0, 1],
we remark that

On the other hand, by the inequality (1 + z)? > 14 pz for z > 0 and p < 0, we obtain similarly

(s=m)" (-2 < (% - H> (t—s)(s — )3,
The result follows (using that (3/2 — H)(H —1/2) < 1/2). 0

In the next lemma, we propose to bound some quantities which are related to those which
appear in the previous lemma on some sub-intervals of [7,,,—1, 7,,] where m € N. With the notations
introduced in (2.16) and in (3.28), we set

0o _ 1 _ 2 _ 1 3 _ 4 _
Ton = Tm—1s T = Tm—1+1+2c2, 7, = Smoex, NV Ty Ton = Sm e, +1 and T, = T,

Since c3 defined in (2.16) satisfies c3 > 2ca, Step 3 is longer than 2c, and i — 7¢, is non-decreasing.
Furthermore, 79 is the beginning of Step 1, 7., denotes the end of the first trial of Step 2 (or some
time during Step 3) if Step 1 is successful (resp. if Step 1 fails). If Step 1 and the first trial of Step
2 are successful, 72, and 7, correspond to the beginning and to the end of the failed trial of Step
2. If 0z, € {0,1}, 7L =72 =712

Note that 7.}, is defined as the end of the first trial of Step 2, instead of the end of Step 1 as
it could be expected. Without going into the technical details, let us remark that this particular
cutting of the interval is due to the dependence in K (which appears in the (K, a)-admissibility
condition) of the probability of success of the first trial of Step 2 (and that this dependence does
not appear for the next trials, see Remark 3.5 for background) and that, in view of Assumption
H,(0), it is of first importance that the next results be obtained independently of K.

LEMMA 4.6. Assume that there exists 61 > 0 such that for allm € N and K > 0 P(Epnt1|Em) >
01 > 0. Then, for every p > 1 and ¢ € (0,1), there exists Cp .5, € RY such that for every m € N,
1€{0,...,3}, € {1,2} and K > 0,

(1)

Tfjl ) ) ‘ p
E [(/ ’(1 it =G, - W) dr) Em| < Cpes,. (4.51)
(ii) If 7;, # T3,
E H(Tﬁfl — 7y~ (3+e) (Wj;ﬂ - W, )’p ISm} < Cpesys (4.52)

REMARK 4.9. The proof of this lemma could be shortened by using some rougher arguments
similar to those of the proof of Proposition 4.5 below (see (4.69)). However, such arguments do
provide an understanding of what implies the conditioning by {7,, < +oc}, or in other words, to
how the distribution of the Wiener process is deformed by the coupling attempt. To this end and
when it is possible (especially in the case ¢ = 1), we thus choose an approach by which we try to
make explicit these distortions.

Proof. (i) By a change of variable, for every i € {0, 1,2, 3},
Ti+1

/ " (147 — T)_(%+€)|W£i+1 — Wildr = Hy(z5: — 1)

m m

m
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where for a given ¢ > 0,
Hi(c) = / (1+u)"? W =Wy fp(du) with v(dr) = (1+u)"“du.
0 m Tm —U

Noticing that v([0,c]) < e~ !, we deduce from Jensen inequality that for every p > 1,

1 p—1 c .
(Hi(c))? < <g) / (L4 u) 5w, - W,
0 m Tm  —

|Pdu. (4.53)

u

Now, we focus successively on cases 1 = 0,1,2, 3:

1 — 79 is deterministic and is equal to ¢ := 1 + 2cp. Using that &, C En_1

and the Cauchy-Schwarz inequality, we have for every u € [0,¢] and m > 1,

2 =0: In this case, 7,

E[WZ, — W2, _ |?|Em ]2

]EHWT,}n - WT}nfu|p|gm] < 1
P(5m|5m71)§

But, conditionally on {7,,—1 < 400}, (Wﬂ-m71+u—Wj

7 _,,u >0)is aBrownian motion independent
of 7,—1 so that

E[|Wj;+1 - W£;+1_u|2p|5m—1] =uP.

Then, since P(&,,|Em—1) > 91, one deduces that

[N

sup u BE[[W/, — W/, _ |PIEn] <4 7. (4.54)

u€|0,c]

Plugging this control into (4.53) yields the result when i = 0 with Cp . 5, = 51_%6_10.
i=1:1f 4 € {0,1,2}, 7,,, = 77, Otherwise, we first write &, = |JAm,¢ where A, = By, , N
Bin,e—1. We recall that A,, ¢ corresponds to the failure of Step 1 and for every ¢ > 1, A,, ; is the
event that Step 2 failed after exactly ¢ trials.

With the notations introduced in (3.28), we recall that on Ay, ¢, T}, = sm.2 and 72, = 8y, 0. By
(4.53), it is enough to show that for every ¢ > 3,

Sm,£—Sm,2 » 3 .
/ A +uw) 2T EI(WE,, — W, )P Ameddu < Gy, (4.55)
0

where C), . 5, does not depend on k, m, £ and K. With the notations of Lemma 3.2, we know that
on the event A,, ; with £ > 2, we have for all v € {1,...,£ — 1},

¢
Yt € [Smows Smovt1]s Wt2 = th —|—/ gs(s)ds

m,v

where g, is a F;,_,+1-measurable function (defined in Lemma 3.2). Moreover, by Lemma 3.4(it),
which can be applied with b = 279V (owing to Lemma 3.2 and Remark 4.7), W7, j = 1,2 can be
realized as follows on [Sm v, Sm,v+1);

Ji ga(s)ds

Sm,v

vt € [Sm,va Sm,v-{-l]u Wtj = (U;n,v + Vm,'u) + ngzsmga

||gs ||[5m,vxs7n,u+1])2

where (th)tzo is a standard Brownian motion, (Vp,v)s>1 is a sequence of i.i.d. normally dis-
tributed random variables, and

— Qv

8

)} 427 < Clog(2°)

J

1 2
Vo €{2,...,0 —1}, Yw € Ay, 0, |U™"(w)| < 3 max{22~*" —2log(
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where C' does not only depend on «. Furthermore, (th)tzo and (Vp,0)v>1 are independent
of (U, U""), and g,. In particular, (W;™);>o and (Vi,,4)p>1 are independent of A, . Set

Spw = Smw V (8m,e — u). The above properties imply that for every wu € [0, 8.0 — 5m 2],
st p
; oS lgs (s)lds
[| sm ¢ Wsm — u|p|'Amql] S O;DE Zlog(2 ) ’ m, L
”gs H[Sm,vysm,u+l]72
s® p
Vi fum,v+1 gs (S)dS (456)
+C,E Z Vinw [ Ay o
=2 HgS ||[5m,v75m,v+1])2
+ C EHWm L™ Sm,2 - W-;:ln,l_57n,2_U|p]'
We focus successively on each term of the right-hand side of the above inequality. First,
BIW g = Wil o amal?] = w2 E[|U|P] (4.57)

where U stands for a normally distributed random variable.

For the first right-hand member term of (4.56), we deduce from the Cauchy-Schwarz inequality
that

1
2\ 2

HgS”[Sm vySm, u+1

u 1

G fEete s (e Pl L g o)las
Mo i < (D) (3
v=2

=2 Hgs ||[5m,v75m,v+1])2
Using that v — log(2*") is non-decreasing and that

u
m,v

w 2
S7n,u+1 w u 2
(/ |gs (8)|d8> < (Sm,erl - Sm,v) (||gSH[Sm,v75m,u+1]72) ) (458)

we deduce that
L fst" g (s)|ds

Z(log@o‘”

v—2 HgS”[SmU Sm,vt1),2

< \/Zlog(2°‘e)u% .

Using that for all £ > 3, spp¢ — Sm2 = 22471 with ¢ > 1, one deduces that for every positive p
and ¢, there exists C), . such that for every ¢ > 3, \/Zlog(Qo‘e) < Cpe(Sm,e— Sm72>% (we recall that
« is a fixed number of (0,1/2)). As a consequence, the first right-hand member term of (4.56)
satisfies for every u € [0, Sy ¢ — Sm,2]

Jomt gy (s)lds »
E Zlog(?"”) e |Ame| < Cpe(Smpe— Sm,2)u? (4.59)

|| S H S7n,u75m,v+1]72

where Cj,  is the constant defined above. Finally, for the second right-hand member term of (4.56),
let us define (X}fm)f;é by

et g(s)ds

Yo e {2,...,£—1}, X o=V pr————.

’ Hg||[5m,v357n,u+l]7

Since (Vin v )u>1 is centered and independent of g, and A, ;, it follows that (X% )U 5 Is a sequence
of martingale increments under P(.|.A,, ¢). By the Doob inequality and (4.58) we deduce that,

u p 2 %
£-1 fssum’v+1 9s (S)dS el fsin ht s (S)dS
E Z Vm,'u o |Am,€ < CpE Z T |Am,€
=2 || S ||[5m,v75m,v+1]72 v=2 HgS ||[5m,v357n,u+1];2

[NS]

/—1
<G, <Z(s$n,v+l — s;ﬂ,)) < Cput. (4.60)

v=2
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By (4.57), (4.59) and (4.60), we obtain that there exists Cp, . € R% such that for all m € N, £ > 2,
je€{1,2} and u € [0, Sm.¢ — Sm,2],

[SIiS]

E[|W? = — w? sulP A < Cpe(Sme — Smy2)uz.

Sm.e Sm,

(4.61)

The results follows by plugging this inequality into (4.55).

i = 2: Here, we consider the interval where Step 2 fails. With the previous notations, 72, = s
and 73 = s, 041 on Ay, when £ > 2. By a similar strategy as in the case i = 1 (see in particular
(4.55) and (4.61)), it is enough to show that there exists Cp. such that for all m € N, ¢ > 0,
j€{1,2} and u € [0, Spm 041 — Sm.¢s

[NS]

]EHWJ - W] |P|Am1£] S Op,s(sm,lﬁ»l - Sm,l)su . (462)

S, 041 Sm,04+1—U
When ¢ = 0,1, 73, — 72, = 0 so that the property is obvious. Let us consider the set B,, ¢—1 defined
by (3.29). From the very definition, Ay, s C By r—1.
By Holder inequality applied with some p > 1 and ¢ > 1 such that 1/p+ 1/G = 1, we have
E|W] . W P A <E[WZ W) 17| Byn,0—1]7 P (A ¢l B p1) 7"

Sm 41 Sm f+1—U 41 Sm f+1—U

On the one hand, we deduce from the independence of the increments of the Brownian motion that

E[|W? - W/ P|Bo-1]7 = uEE[|UPP]7

p.
Sm,0+1 Sm,l+1*u|

where U stands for a normally distributed random variable. On the other hand, by (3.31),
P(‘Am,f'Bm,é—l) = P(Brcn,e|8m,é—1) > 2—a€—1'

Then, for each € € (0,1), Inequality (4.62) follows by setting ¢ = (1 —¢)~! (so that 1 — % =e).

1 =3: This corresponds to Step 3. The key point here is that the increments of the Brownian

motion after 72, are independent of the previous coupling attempt so that, denoting by Az(m, ),

the length of Step 3 under A,, ¢, we have

j P
2

w? [P] = Cpu?.

E[[W], = W], | Am.d] = B[W] 784 s (m.0)—u

73 +Az(m,0) (463)

The result then follows similarly to the case i = 1 (see (4.55)).

(4¢) This result can be easily derived from the controls established previously. More precisely, cases
i =0,1,2,3 can be viewed as particular cases of (4.54), (4.61), (4.62) and (4.63).
O

In the next lemma, we adopt the convention ), = 1. Also, let us recall that by (2.16),
ATy, > czay, > ay since ¢z > 2¢5 > 1 (and that ¢3 > 1 by Remark 4.7).

LEMMA 4.7. Let U satisfy [ V(z1)fi1(dz1)+ [ W(z2)fiz(dze) < +oo and assume that 1o is defined
in terms of this function as in (4.37). Assume that there exists 61 > 0 such that for every m > 1
and K > 0, P(Ep|Em—1) > 01 € (0,1). Then, forj = 1,2 and for every p € (0,1) ande € (0,1—H),
there exists C' such that for every k > 1, m €{0,...,k—1} and K > 0,

k-1 H—l+e
- (s, ) RPLEEE (4.64)
sup m,k|(S, T, L] < - '
(s,8),mho1<s<t<s+1t— S §oE=m)

As a consequence, if a, = ¥ where ¢ € (1,+00), there evists A € (0,1) and C > 0 such that for
every integers m and k with m < k

E|  sup L el(s 6, W) €] < CAR™, (4.65)

(5,8),7h_1<s<t<st1t —$

25



REMARK 4.10. > The assumption on the moments of fi is only necessary for the case m = 0
which corresponds to the interval [—oo, 79]. Due to the memory, 7y is not independent of the past
of the Brownian Motion before 75. But the assumption on fi leads to a control of the queue of 7y
which is sufficient to overcome the non-independence property.

> The fact that the quality of the estimate strongly decreases with m — k may appear surprising.
The main problem is that we do not have a sharp idea of the distribution of L(W, =W, ., 71 <
t < 7,,) conditionally to the event {A7; < +00,m <1 < k} and thus, we compensate this failure
by some Hélder-type inequalities.

> The second statement says that if one waits sufficiently between each trial, the influence of
the past decreases geometrically with m. Note that this waiting time increases geometrically. This
may be a problem for the sequel and the fact that ¢ can be chosen arbitrarily close to 1 will be of
first importance.

Proof. First, note that if (4.64) is true, (4.65) easily follows: let ¢ > 1 and let vy, € (0,400) be

such that ¢ = ¢; . It is now sufficient to remark that for every m € {1,...,k — 2},
k—1
( Z aé)H—l-l-E(Sl*P(k*m) < 6;71(1*H*5)*P)(k*m)
l=m+1
and to choose for instance ¢ = (1 — H)/2 and p = M A % so that
1-H 1

Let us now prove (4.64). We consider three cases:

Case 1: £k > 3 and m € {1_7 ok — 2}. m € N. In harmony with Lemma 4.6, we decompose
[Tin—1, Tm] in four intervals [77,, 751, i € {0, 1,2, 3}, and also cut A,,  (which does not depend on

k in this case) in four parts denoted by ¢y, i:
Ti+1
Vi€ {0,1,2,3},  dm.ils,t, W) = / (t—r)T3 — (s — )T 2aWJ.

i
Tm

By Lemma 4.5,

i4+1
1 . . 1 [™m
——|Pmi(s, 6, W) < (t — T%)H7%|Wr; =W ina| + 3 / (s — T)H7%|WT — W ita|dr.

i
m

t—s

If 7,1 < s < t, since A1y > a; for all [, we get

k-1 k-1
t — 71 > max( E ag, 7oV — 71 Y and Vr € [0, 70, s — r > max( E ag, 1 + 701 — 7).
{=m+1 {=m+1

Thus, for every € € (0,1 — H),

1 j — —_—
Sup —|¢m,i(57tu Wj)l SC( Z af)H 1+E:‘m,8,i

(8,),Tp—1<s<t<s+1 t—s

where
o

) . ) ) 1 _ : ) )
B = (T = ) WL — W+ 5/ (Uit =)~ G Wi — W r

The interesting point is that =, . ; does not depend on k. Furthermore, by Lemma 4.6, for every
p>1,e€(0,1—H)andie€{0,1,2,3},
El|Zmeal” [Em]? < C
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where C does only depend on p, € and H. Set Z,,. = Z?:o Em,e,i- Summing up the previous

controls (on i), we deduce from Hoélder inequality that for every p > 1 and ¢ > 1 such that

=1,
p
1 il 1
0 <E[ sup —IAm k(s t, WIER) < E[[EmelPIEm] 7 ( Y ag)HP(ExlEm)
(8,t),Tp—1<s<t<s+1 t— —
1 (1-5)(k=m) k-1 -
—1+
S C <5—1> ( Z ag) E.
{=m+1

(4.66)

The result follows in this case by noticing that for every p € (0, 1), there exists ¢ € (1, +00) such
that p=1—1/q.

Case 2: k > 2 and m = k — 1. It corresponds to the integral on the interval [r;_2, 7,1 — 1]. The
proof is almost identical using the controls

and Vr e [ri T A(To1 = 1)), s—r > 1+7 A (7 — 1) —

m7m

t—Tfn > 1+T::_1/\(77§_1 —1)—Ti

m

We do not detail it.

Case 3: k > 1 and m = 0. It corresponds to the integral on the interval (—oo,7p] if & > 2
and (—oo, 79 — 1] if &k = 1. For the sake of simplicity, we only consider the case k > 2. Note
that on this interval W' = W2. We then write W only. By Lemma 4.5 and the fact that
limas— 400 Mﬁl/Q*EW_M = 0, we have

1 1 [
m“\oﬁk(S,t,W” S 5/ (S—T)H7%|WT—WTO|CZT

—00

so that

H—-1+¢
1 o _a_
sup —|A0k(s t,W)| 5 (Z ak> / (1470 —r) 275 |W, — Wy, |dr

Tr—1<s<t<|s]+1 t— —oo

where e € (0,1 — H). Let p > 1. As remarked previously, one has no information about the
joint law of 79 and WJ. We compensate this failure by a rough argument. Using Cauchy-Schwarz
inequality,

E; K/T (170 — ) 5=, = W Jar) ]

+oo u 5 2p %
<>°®E </ <1+u—r>w|Wr—W“'dT> ] =
u=1 -

Thanks to the stationarity of the increments of the Brownian motion, we deduce from a change of
variable that

MI»—A

u s 2p “+o00 5 2p
E (/ (14 u—r)-3=w, — Wu|dr) <E (/ (1+ r)_2_€|WT|dr) —.c,
—o0 0
Using that for every p > 1 and ¢ > 0,
W\
E[sup (' 1+£|> ] < +o0,
r>1 \1r 2

we deduce that C), is finite. It remains to show that +oo 21 Pl = u) 2 < 4o00. This property has
already been proved in (4.37). O
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ProprosIiTION 4.5. Assume that Step 1 and 2 are carried out as described in Section 3. Let ¥
satisfy [U(z1)pr(dzr) + [ U(ze)iz(dre) < +oo and assume that 7o is defined in terms of this
function as in (4.37). Assume there exists 61 > 0 such that for every m > 1, P(€y|Em—1) > 01 €
(0,1) and that for every k > 1, aj, defined in (2.16) satisfies a, = ¢* with ¢ > 1. Then, Hy(0)
holds for every 0 € (1/2,H).

Proof. First, thanks to a change of variable and to the decomposition introduced at the beginning
of the current subsection 4.3, we have

ATk

ZpAm UHB”Tk 1+u—1,7,— 1+u< Z Z pq-k u”A k”u 1,u

m=1u=7r_1+1

Tk
+Z )| VA P

m=1u=7r_1+1

(4.67)

where we used the notations introduced in (4.49). Thus, the idea is to bound each term of the
right-hand side. First, for every m € {0,...,k — 1}, for every v € {74_1,..., 7%},

A7l < sup

|Ap (s, t, W)
Tr—1<s<t<|s]+1 t—s

Since the right-hand member does not depend on u, we deduce that for every m € {0,...,k — 1}

Tk

Z Tk uHA kHu 1uS sup —|Amk S,t,W |Zp (468)

u=Tp_141 Tr—1<s<t<|s]+1 t—

Thus, by Lemma 4.7, it follows that for every m € {0,...,k — 1}

- T u u—L,u C —m
E[ > AT, T |5,€]§TpAk

u=Tj_1+1
where A € (0,1). As a consequence,
k-1 7, . c
]E[mz::l UZT;HPW AT llg ™ IE] < A= )a=a)

Keeping in mind inequality (4.67), it remains to bound, independently of k¥ and K, the terms
involving Ay j and I'y,, m = 1,2,3. The strategy is different since these terms depend on the path
between 7;,_; — 1 and 75. Let us begin by Ay x. By a change of variable,

Tk ATk—l
Z prkquA kHu Lu _ Z PATkilink,v where Zk,v _ ||A k”ﬁc 1+0,Tk— 1+v+1
u=7p_1+1 v=0

Note that Zx o = 0. On the event Ay, ¢, one knows that A7y, is deterministic. Denote it by A(k, £).
Decomposing the event &, it follows that

T A(k,L)
Bl Y o AL T ES =)0 > pt RO VR Zy o | Ak ) P(Ak o).
u=Tp_-1+1 (>0 v=1

Using that A ¢ C & C Ex—1 and Cauchy-Schwarz inequality, we remark that

9 1 1 E[Zlil,vwk—l]i 1
E[Zkﬁv|Ak7g]P(Akﬁz|gk) < E[Zk,v|5k] 2]P)(Ak14|gk) 2 < ﬁP(Akﬂgk) 2, (4.69)
P(5k|5k_1) 4
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But P(Ek|Ek—1) > 01 > 0 and using Lemma 3.2, we have for every ¢ > 2,

P( A |k _ e
P(Ag.c|E) = Pl Ay el€k1) < 0T P(Bre—1|Ex—1)P(BS o[ Br—1) < 67127 (4.70)
P(Ex|€r1)
so that .
Bl DS A alls T IE < CoypsupBLZL, (4] (4.71)
ve

U=Tk—1+1

where Cj, , is a finite constant depending only on 6; and p. Set g = (H — 6)/2. Using that
(Wutr,_1—1 — Wr_,—1)u>o0 is independent of F,,_,_1, we obtain for every v € N, for every k € N,

E(Z} ,|Ek—1] < E[(Fy(Wy,0 < u < v))Y]

where W is a standard Brownian Motion and F, : Cz~%¢ ([0, v],R%) — R defined by

Fy(w,,0 <u<w) = sup
vhl<s<t<vt2] L — S

/(t—l—l—r)H_%—(s—l—l—r)H_%dwr .
0
By Lemma 4.5, for every v > 1,
_ _ 1 v _ _
FU(Wu,ogugv)gvH*%WvHi/ (41— 3|W, — W,|dr.
0

Denote by (VNVU)UE[O)H the rescaled Brownian motion defined by W, = y/vW,,. By a change of
variable, for every v > 1,

_ - 1 /1 5 - -
Fv(Wu,0§u§U)§|W1|+§/ Vo + 1 —uw)?=3|W, — Wi|du.
0

Checking that
3

1
Yo > 1, / \/E(v—kl—uv)H*%duS(g—H)*l,
0

one deduces that

B 9 B .
supIE[Z,iU|5k,1] <E l<|W1| + 3 7 sup |W, — W1|)4>] .

v>1 5 u€(0,1]

By plugging this inequality into (4.71), this concludes the study of Ag k.

As concerns I';, i = 1,2, 3, one deduces with a similar strategy as before that it is enough to show
that for ¢ = 1,2, 3,

E[|Gs(Wu,0 <u < 2)[Y] < C, (4.72)
where, setting h =1t — s,
Cr(w) = s . /S_ha JIh = (s =) ha
w) = su —r —(s—r Wy,
' L<atrza (E—9)° | Jo
1 S
Go(w) = su / s—rH_2dw‘ and
2( ) 1Ss<1i)§2 (t - S)G s—h( )
Gs(w) s ! /t (t—r)i-2d ‘
w) = u —-T Wy | .
3 1Ss<It)S2 (t - 8)9 s—h

By Lemma 4.5, we have
s—h o1 g1
/ t—r)""2 — (s =) 2dw, <|ws_p, —wol(t — s)
0

s—h
+ (t—s)e/ (s —h—71)T=073% |w, —w,_p|dr
0
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where in the second line, we used that for every r € [0,s — h], s—r >s—h—rand s —r > h. We

deduce that H_y
Gi(w) < C+[lw]|}?_ ) with e = T_ (4.73)
2

and (4.72) follows for ¢ = 1. By an integration by parts, one also checks that

S 1 S
| - r>H%dwr‘ < %2 (hf“e v-g) |
s—h 2 o 2 s—

< OB w2

IR
27¢0

(s — T)Hng%E@dr)
h

The previous control also holds for Gs(w) and since H — ey > 6, it follows that (4.72) is also true
for ¢ = 2, 3.
O

4.4 Condition (2.9)

PROPOSITION 4.6. Let o € (0,1/2) and assume that for every k > 1 and £ > 0, Az(¢, k) = cza;,25*
with B > (1 —2a)~!, ay = ¢* with an arbitrary ¢ > 1. Then, for each K > 0, there is a choice of
cs such that, for every k > 0, Condition (2.9) is a.s. satisfied at time 1, on the event {1, < 4+00}.
In other words, for every k >0, P(, ;|1 < +00) = 1.

Proof. For every k > 0, set

1
2

w=s ([0 R 0t

T30

Since g, is null on (—oo, 79], up = 0. Following carefully the proof of Lemma 5.15 in [9] (see (5.8)
therein for notation), we check that there exists C' > 0 such that for every k > 1,

1 1
_ 3\ 2 Sk,er+1 " Th—1 2
T T,
wp — up_1 <C <7 k ) ( / ' (1+ )% g (Th—1 +t>|2dt>
0

TS — i1

C2 _g o 3 Skl +17 Th—1 3
<C <C—§ 2-(B-1) fc) (/ (1 +1)2%go (Th1 + t)|2dt)

3 0

where we used (2.16) and (3.28) in the second inequality (By Remark 4.7, ¢; = (Ci )2 ). But by
Lemmas 3.1(b) and 3.2, for all K > 0 and « € (0, H), there exists C' > 0 such that

Sk,tzz+1*7k—1 5 9 2 o
(/ (1+6)*Y|gw(Th—1 + 1)] dt) < O(1 4 20EHD (x4 1)),
0

By the condition 8 > (1 — 2a)~! which ensures that (8 — 1)(3 — a) > «, it follows that for every
K > 0and a € (0,1/2), there exists another constant C > 0 (depending on H, K, a and ) such
that c
k20, upsr —up < C(Z6TH)E
3

Choosing c3 large enough in order that Czpl(i—ig*k)%’o‘ <1 yields supy>qur < 1. O

5 Proof of Theorem 2.1

Let o € (0,1/2). We enforce the assumptions of Proposition 3.1 and 4.2. Assume that X! and
X? have initial distributions po and p respectively, where p denotes an invariant distribution.
First, denoting by f its first marginal, we recall that [ |z|"fi(dz) < +oo for any positive r (see
Proposition 4.6 of [10] if b is Lipschitz continuous or Proposition 3 of [3] otherwise). It is therefore
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enough to show that for any initial condition i of (X1, X?) satisfying fi(|z1|" + |z2|") < +o0 for
some 7 > 0, for each € > 0 there is C. > 0 such that P(1o > t) < Cot~(579).
Set k* := inf{k > 1, A1, = +00}. We have

+oo too

t t
P(7o > t) = P(7o + ;Amlk*>k > 1) <PB(m > 5) +P(; ATilgesr > 5). (5.74)

Taking ¥ such that ¥(z) < C(1+ |z|") (which is possible by Remark 4.8), by an argument similar
to that of (4.39) we deduce the existence of C' > 0 and ~y > 0 such that

t
P(ro > 5) < Cexp(—ot).

Now, let us focus on the second term on the right-hand side of (5.74) and let p € (0,/3) C (0, 1).
By the Markov inequality and the elementary inequality |u + v|P < |u|P + |v[?,

Too t. o
P Arilpesy > 3) S 5 2 ElAT L5y
k=1 k=1
C XX
< w» E[EHATk|p|1{Am<+oo}|f7k—1]17k—1<+m]'
k=1

Let us bound deterministically the above conditional expectations. On the one hand, if Step 1 fails

(including the case where w € Q%)a77k71), AT, = 1+ c3¢® where ¢ > 1 can be chosen arbitrarily.

On the other hand, by Lemma 3.2, we have for every £ > 2,
P(Ak,l|‘FTk71 n {Tk71 < +OO}) < 2oL

Since by construction, A7, < O<*26¢ (with 8 > (1 — 2a)™!) on Ay, this yields

+oo
E[|ATk|p|1{ATk<+OO}|]:Tk71 n {Tk—l < +OO}] < Cgkp(z 2(Bp—a)€ < Cgkp'
=1
Thus, for every p € (0, (1 — 2a)),
+oo ¢ C +oo .
PQY S Amiliese > 5) < 23 PR > k- 1).
k=1 k=1
But
k—1 k—1
P(k* >k —1)= [[ PEml€m-1) = ] 1 = P(EslEm—1))
m=1 m=1

and by Propositions 3.1 and 4.2 the latter applied with (for instance) e = 1/2, we have for every
m > 1,
do

P& |Em—1) > P(ATy, = +OO|QK,a,Tm71)P(QK,a,Tm71 |Em—1) > D)

where Jg is a positive number depending on K 1 It follows that

Pk*>k—1)<(1- 5—20)’“—1.

As a consequence,
+o00 too
1
ng”]}"(k* >k—1)< Zg”k(l - 30)19—1 < +00
k=1 k=1
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if ¢ is chosen in such a way that ¢? < (1 — %")’1 (This is possible since ¢ is an arbitrary number
greater than 1). Finally, for every o € (0,1/2), for every p € a(l — 2a), there exists C' > 0 such
that P(1o, > t) < Ct~P. To conclude the proof, it remains to optimize in a.
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A Control of (X})icir, r+1) under (K, a)-admissibility

We show the first point of the proof of Lemma 3.1. Let K and K denote some positive constants.
Let w € Qk o -, and assume that HWW[’:’ZEH < K with g9 = Z-2. First, we bound | BY||7 ™t

With the notations introduced at the beginning of Section 4.3,

1

Tk—l
‘/ (t—r)T2 = (s— )T 24w}

1
||B1||79'k77'k+1 < sup I
Tk<5<t<‘l'k+1 t—

+ Z T 557

The first right-hand term is bounded by K since w € Qg «,r,. As concerns that of the second line,
we deduce from the end of the proof of Proposition 4.5 (see e.g. (4.73)) that

Vm e (1,2,3), [Ty ™" < OO+ W,

Under the assumptions, ||W1H1k:€1;’“ < K ((K,a)-admissibility) and HWH[’“;ZEH < K. It follows
2 2
that
vm e {1,2,3}, B < Ch & (A.75)
where C KK sa finite deterministic constant which does not depend on k.
In order to conclude the proof, it is now enough to bound sup;cg 1 | X+, +¢| with respect to

| X}, | and | BY{|7*™ . This point is a classical property of fractional driven SDE but we prove it
for the sake of completeness. First, note that Steps 1, 2 and 3 of the proof of Proposition 4.4 still
hold under the assumptions of Lemma . Set F(z) = 1+ |z|%. Let 7, < s <t < 7 + 1 such that
co(1+ ||BY||7-™ 1) < 1/2. By the change of variable formula,

P = FO6) + [ (VR [(TPE)I0(X)d8))
< F(X)(1+C(t—s) +| / (VF(X,)|o(X.)dBY|,

where in the second line, we used that (VF|b)(x) < CF(x) (since b is a sublinear function) and
Step 3 of the proof of Proposition 4.4. The functions VF and ¢ being Lipschitz continuous and o
being also bounded, we obtain similarly to Step 4 of the proof of Proposition 4.4 (see (4.48)) that
if t — s <n defined by (4.47) (replacing 0 and 1 by 7 and 7 + 1 respectively),

t
| [ (TPX)Io(X)ABY)| < Ot~ ) F(X) + 5
Then, it follows that for every 7, < s <t <7 + 1 such that t —s <1

F(X;) < F(X,)Q+C(t—s)) + 5.
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An iteration of this inequality on the sequence (75, + £n)¢>1 yields

—1
Ve 3]} F(Xnam) < PG40+ 53 (14 Co)”
u=0

< exp(C)(F(Xr,) + C%) < exp(C)(F(Xr,) + CB(1 + | B[~y ')

where in the last inequality, we used that 5 > (1 + || BY||g)™™+1)~%. Applying again Step 3 of
the proof of Proposition 4.4 yields the existence of another constant C' (which does not depend on
k) such that

sup  F(X;) < C(F(Xy,) + B(1+ | B 5=+ )zo). (A.76)
te['rk,'rk-i-l]

The result follows since, by (A.75), the right-hand side is bounded by a deterministic constant
depending only on K, K and 6 on the set Qx o -, N {|\W1|\£k_’7;’“9+1 < K}.
2

B Proof of (4.34)

It is enough to prove that there exists C' > 0 such that for every k and K, E[p,, -, (W7 (w))|E] < C.
The fact that

E[ sup
(s,t)Te<s<t<rp+1 L — 58

Tk—l 1 1 .
/ (t—T)H_f—(S—T)H_deT] |€k]

— 00

is bounded by a constant which does not depend on k follows from Lemma 4.7. More precisely, if
k > 1 this property is a consequence of (4.65) combined with the fact that {(s,¢), 7 < s <t <
T+ 1} C{(s,t), i1 < s <t <s+1}. If k=0, it corresponds to Case 3 of the proof of Lemma
4.7. For the second part, if £ > 1, we deduce from Cauchy-Schwarz Inequality that

B[ W73 €] < BIIW 130 Er1] *P(Exl€r-1) 2
But using that (W;).e[r, -1, is independent of &1 and that P(Ex|Ex—1) > d1, it follows that

E[IW|| 3076 < Cody ®
370
‘ 2
where Cy := E[(HWJHOL;Q) ] < +o0. This concludes the proof.
2
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