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Abstract

The present paper aims at studying stochastic singularly perturbed control systems. We begin
by recalling the linear (primal and dual) formulations for classical control problems. In this frame-
work, we give necessary and sufficient support criteria for optimality of the measures intervening
in these formulations. Motivated by these remarks, in a first step, we provide linearized formula-
tions associated to the value function in the averaged dynamics setting. Second, these formulations

are used to infer criteria allowing to identify the optimal trajectory of the averaged stochastic system.

Key words: Optimal stochastic control, singularly perturbed Brownian diffusions, occupation mea-

sures, linear programming.
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1 Preliminaries

1.1 Introduction

The present paper aims at studying stochastic singularly perturbed control systems. We begin by recalling
the linear (primal and dual) formulations for classical control problems. In this framework, we give
necessary and sufficient support criteria for optimality of the measures intervening in these formulations.

Motivated by these remarks, in a first step, we provide linearized formulations associated to the value
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function in the averaged dynamics setting. Second, these formulations are used to infer criteria allowing
to identify the optimal trajectory of the averaged stochastic system.

Linear programming techniques have proved to be very useful in dealing with deterministic and stochastic
control problems. A wide literature is available on the subject both in the deterministic and in the
stochastic setting ([1, 2, 3, 4, 5, 6, 7, 8]).

One of the advantages of transforming a nonlinear control problem into a linear optimization problem
consists in the possibility of obtaining approximation results for the value function. Following the methods
presented in [8] and [9] for the deterministic controlled dynamics, one can approximate the occupational
measures by Dirac measures and construct an optimal feedback control. Moreover, when considering the
ergodic control problem, e.g. [10], the study of the behavior of the value function is simplified whenever
this value is expressed by a linear problem. Recently, linearized versions of the standard continuous
infinite horizon discounted control problems have been provided in [9, 11].

When dealing with controlled perturbed dynamics, if the associated system is fully nonlinear, then it
is very difficult to characterize the optimal trajectories using the classical methods. Indeed, these criteria
involve Pontryagin’s maximum principle which is difficult to study if one does not fully understand the
averaged dynamics. We recall [12, 13, 14] and references therein dealing with this kind of problems.

We propose an alternative to these classical methods. Our approach consists in embedding the
controlled trajectories into a space of probability measures satisfying a convenient constraint. This
condition is given in terms of the coefficient functions (and involves the infinitesimal generator of the
underlying process). The results allow to characterize the set of constraints as the closed convex hull of
occupational measures associated to controls. We first consider general control problems with Lipschitz
continuous running and final costs allowing to explain the approach. Using linearization techniques and
the dual formulations, we characterize the optimal occupational measures by describing their support set.
Next, we extend the linear formulations to singularly perturbed Brownian systems. Finally, we propose
support criteria for the optimality of measures in this setting. To our best knowledge, this work is the
first to propose a linearization approach to the existence of the optimal policy in the singularly perturbed
setting. We emphasize that it does not require to effectively compute the averaged dynamics.

This paper is organized as follows. We briefly state our problem in Subsection 1.2. In Section 2, we
present the main ingredients allowing to deal with classical control problems. We begin with recalling the
linear formulations in this setting taken form [15]; see also [16]. In Subsection 2.2, we provide a support
condition for the optimality of measures appearing in the primal linear formulation. We distinguish
between the regular and the general case. The final section aims at presenting singularly perturbed

control systems and the averaging method and some important results concerning the singularly perturbed



systems and the value functions associated to this problem. We begin by recalling the basic assumptions
and ingredients in Subsection 3.1. These results are mainly taken from [7]; see also [17]. Combined with
the results in the classical framework, these ingredients allow one to infer linear formulations for the
control problems with stochastic singularly perturbed systems in Subsection 3.2. Finally, in Subsection

3.3, we give some criteria for optimality in the singularly perturbed setting.

1.2 Singularly Perturbed Control Systems

In the following we shortly present our problem. We consider the following dynamics:

AXTYWE = f(XDYwe YEUUE 4 ) ds + o (XTVWe YI0UE ) dW,,
AYF e = Lg (Xpuse YPuue ) ds + 220 (XP0e, YEves u,) dB,, (1)

X, Y, u e X, Y, u,e
X07J77 :x’}/()aJ77 =y,

for all s > 0, (z,y) € RM xRY for some positive integers M, N > 0. Here, ¢ > 0 is a small real parameter.
The regularity assumptions on the coefficient functions and the exact definition of our solutions will be
made precise in the next paragraph. The evolutions of the two state variables X and Y of the system
are of different scale. We call x the ”slow” variable and y the ”fast” variable.

The control space U is assumed to be a compact metric space. The functions f : RM xRN xU — RM |
o :RM xRN x U — RM*d gand ¢ : RM xRN x U RN, B:RM xRN x U — RVN*4' are assumed to be
uniformly continuous on their domains and Lipschitz-continuous in (z,y), uniformly with respect to the

control parameter u € U. We consider the family of weak control processes :
™= (Qafﬂ (ft)tzo ,Pa (VVvB) 7u)

is called a weakly-admissible control and for every (z,y) € RM+N (XzwuTe youuTe ym) is called a
weakly-admissible pair iff
(i) The quadruple (Q,f , (]:t)tzo ,]P) is a filtered probability space satisfying the usual assumptions;
(ii) The process W is a d-dimensional standard Brownian motion defined on (Q, F, (.7-})@0 ,IP’); the
process B is a d’-dimensional standard Brownian motion defined on (Q, F, (]:t)tzo ,IP’) and independent
of W,
(iii) The process u is an (ft)tzo—progressively measurable process on (2, F,P) taking its values in U;
(iv) The process (X””’y’“w;a, y@yulie u”) is the unique solution of (1) on (Q, F, (‘7:75)1520 ,P) satisfying
Xg’y’uw;e =z and Yox’y’uﬂ""E =y.

The set of weakly-admissible controls is denoted by U/*. We denote by (X E”_’)y’u"'a, Y(?)’y’u"'a) the solution



of (1) starting from (x,y) € RM x RY for some 7 € U¥. We wish to point out that taking weak control
processes and their admissible pair amounts to considering weak solutions of our control system. To avoid
confusion, the elements of some fixed 7 € U™ will be denoted by (Q”,f”, (F& )0 P, (W™, BT) 7u’r> .

We let h : RM — R be a given bounded function and 7" > 0 a finite time horizon and define the

following payoff
Clre () = B7 [ (X377 @

for all (z,y) € RM® x RY and all 7 € U*. The value function associated with (1) and (2) is

WE,h(w7 y) = Tr:lérlljw Coyse (7), 3)

for all (z,y) € RM™ x RV,

The asymptotic behavior of the value function (3) when € — 0 is a very interesting problem. When-
ever the control system (1) has some stability property, it is possible to prove that the trajectories
(X Z’)y’“r;s, (‘Tc)’y’“r;s) of (1) converge towards some solution of some system obtained by formally replac-
ing € by 0 in (1). This is the so called Tikhonov approach which has been successfully developed in
[18, 19], for instance.

When (1) is not stable, another approach consists in investigating relationships between the system

(1) and a new differential equation

dX$vt = f (XU, ps) ds + 7 (XT0Y, ps) AW, (4)
prs € Dyzw.u for (almost) all s € [0,77].

obtained by an averaging method, that will be described later on. We emphasize that, in general, the
averaged system is set-valued. We refer the reader to [14, 20] for averaging methods. It is important to

notice that only the behavior of the "slow" variable X (I ’)y’“ﬂ;e is concerned by this approach.

2 Classical Control Problems

In this section, we present an occupation measure approach to the optimality problem in the framework
of classical control problems. The basic idea is to embed the family of controlled trajectories in a larger
family of probability measures. This later set has the advantage of being explicitly given by a linear
constraint and is compact and convex. Using Lagrange duality techniques, we express the value function
as a supinf problem. The set of points realizing the infimum in this formulation gives a good candidate

for the support of optimal measures. We distinguish between the regular case where the supremum is



attained and the general case where (slightly) less general criteria can be obtained.

We let m = (Q,]—" , (Ft)tgo P, W,u) be a weak control consisting of a complete probability space
(Q, F,,P) endowed with a filtration F = (.7-})7520 satisfying the usual assumptions, a standard p-dimensional
Brownian motion with respect to this filtration denoted W. We recall that an admissible control process
u is any F—progressively measurable process with values in the compact metric space U. We denote by
T > 0 a finite time horizon and let U* denote the class of all admissible (weak) controls on [0,7T]. We

consider the stochastic control system

dX;,m,u —b (Xg,a:,u7us) ds+p (Xé’l",“,us) dWs, for all s € [t,T] s (5)

sz" =z eR™,

where ¢ € [0,7]. Throughout the section, we use the following standard assumption on the coefficient

functions b: R™ x U — R™ and p: R™ x U — R™*P :

(i) the functions b and p are bounded and uniformly continuous on R™ x U,

(ii) there exists a real constant ¢ > 0 such that (6)

[b(z,u) = b(y, w)| + |p(z,u) = p(y,u)] < clz—yl,

for all (z,y,u) € R*™ x U. Under the Assumption (6), for every (¢,z) € [0,7] x R™ and every admissible

control m € U", there exists a unique solution to (5) starting from (¢, ) denoted by xheu”,

2.1 Lipschitz Continuous Cost Functionals

In this subsection, we recall the basic tools that allow to identify the primal and dual linear formulations
associated to (finite horizon) stochastic control problems. The results can be found in [15] (see also [11]

for the infinite time horizon).

To any (¢t,x) € [0, T[xR™ and any m € U™, we associate the (expectation of the) occupation measures
y ¢ ) y

1

T
rYtl,T,.'E,T( (A X B x C) = ﬁEﬂ [/ 1A><B><C (SaX.:@’uwvug) CL;| ) fYtQ,T,x,Tr (D) =E" [1D (X;“’%u >:| )
t

for all Borel subsets A x B x C' x D C [t,T] x R™ x U x R™. Also, we can define

771“,T,x,7r ( X C) = 5(T,I) () x P7 (u’? € C)? ’Y%,T,xﬂr = 5!E7



where § denotes the Dirac measure. We denote by
I‘(b,p) (taTa :L‘) = {%&T,I,‘ﬂ' = (71&1,T,z,1r37t2,T,m,7r) ePpP ([t7T] x R™ x U) x P (Rm) iTE uw} :

Here, P (X) stands for the set of probability measures on the metric space X. Due to the Assumption
(6), there exists a positive constant Cy (depending on T' > 0) such that, for every (t,z) € [0,T] x R™
and every m € U™, one has

sup E”™ DX;*’”’“W
set,T]

4] < Co (|x|4 + 1) . (7)

Therefore,

Jae W01 e (70, U) < Co (Jal' + 1))
Ju 191" 22 () < Co (Jaf* +1).

(8)

We have chosen to give these estimates for the fourth-order moment in order to fit the framework of [7]

(see Subsection 3.1 and Assumption (6)). We define

v eP([t, T) x R™ x U) x P (R™) : Yo € Cp* ([0, T] x R™),

Ow,p) (1, T, z) = (T —t) LY b(s,y) . (9)
Syt ©0) 7 (ds, dy, dv)4? (dz) = 0.
+¢ (t7 .’L‘) - d) (T7 Z)

where

HCRNES %TT [(pp") (y,v) D*¢ (s,9)] + (b (y,v) , Do (5,9)) + 0 (5,9) ,

for all (s,y) € [0,T] x R™, v € U and all ¢ € CH2([0,T] x R™). The equality constraint appearing in the
definition of Oy, ) (¢, T, ) is nothing else than Ito6’s formula applied to ¢ (s, Xﬁ’””“w) on [t, T] for regular

test functions ¢ € Cp* ([0, 7] x R™). To see this, we can, alternatively, write it as

6 (t,) + (T — 1) / Ll (5:9) 7 (ds,dy,dv) = | ¢(T, )2 (d2).
[t, TIxR™xU R™

As a consequence,

F(b,p) (t, T, SC) C @(bw) (t, T, LIZ) .

Moreover, the set O ) (t, T, x) is convex and a closed subset of P ([t, T'] x R™ x U) xP (R™). For further

details, the reader is referred to [15].

Let us suppose that I : R x R™ x U — R, I : R™ — R are bounded and uniformly continuous



such that

|l1 (taxvu) —h (Svyau” + |12 (.’b) —lo (y)l < C(‘.’E - y| + |1‘L - 8|) ) (10)

for all (s,t,z,y,u) € R? x R?™ x U, and for some positive ¢ > 0. We introduce the usual value function

/tT Iy (S,Xé’x’“w,ug) ds + s (X;f“‘ﬂ)] (11)

‘/llﬁlz,(b,p)@yx) = inf E™

TeEUW
= _ inf (T —1) / L (s,y,u) " (ds, dy, du) +/ I (y)7* (dy) | ,
YEL (b, (¢, T,2) m
[t, T]xR™xU
and the primal linearized value function
Ayt op) () = inf (T —1) / L (s,y,u)y" (ds, dy, du) +/ I (y)7* (dy) |, (12)
7€®(b,p)(t,T,£) m
[t, T]xR™xU

for all (¢,z) € [0,T] x R™. We also consider the dual value function

peR:3p e Cr?([0,T] x R™) s.t. V(s,y,0,2) € [t,T] x R™ x U x R™,

Hiy i, (b,p) (t, @) = sup
p < (T —t) (Cf’b,p)sﬁ (s,y) + 1 (S,yyu)) +h(z)—o(T,2)+o(tz),

(13)
for all (¢, ) € [0, T]xR™. The reader may want to note that this formulation corresponds to the Lagrange
dual where the cost (T —t) 1y (s,y,u) + 15 (2) is penalized by the constraint expression in the definition of
O, (t,T,x) (ie. (T —1t) L’Ejb’p)qﬁ (s,y)+ & (t,z) — ¢ (T,2)). A second interpretation of this term comes
from the theory of Hamilton-Jacobi-Bellman systems. The term Eq(’b)p)¢ (s,y)+11 (s,y,u) comes from the
Hamiltonian and I3 (z) — ¢ (T, 2) is the final condition. Roughly speaking, one maximizes over viscosity
subsolutions ¢ the value ¢ (t,2). This is coherent with Perron’s preconization of the unique viscosity
solution.

The following result is a slight generalization of [15, Theorem 4]. The proof is very similar and will

be omitted.
Theorem 2.1 . Under the Assumptions (6) and (10),
Viydou(0.p) = Nty 1, (b.0) = By Lo, (bp)-

Since this result holds true for arbitrary (regular) functions l; and I3, a standard separation argument

yields:



Corollary 2.1 The set of constraints O, , (t,T,x) is the closed, convex hull of 'y ,) (¢, T, ) :
@(b,p) (ta T, JZ) = E]-—‘(b,p) (t7 T, 33) . (14)

The closure is taken with respect to the usual (narrow) convergence of probability measures.

Remark 2.1 1. Due to the inequality (8), Prohorov’s theorem yields that col (t,T, x) is relatively com-

pact and, thus, © ) (t,T,x) is compact. Moreover,

Jeon Wl (6, T] dy, U) < Co (Jaf* +1)),
Juwe 01" 22 (dy) < Co (1ol + 1)),

for all y = (v',7%) € O ) (t, T, ).

2. In the applications intended in this paper, we will solely consider final costs (i.e. we take Iy =0).
Howewver, the proofs rely on © being compact. This follows from the previous Corollary and its proof needs
both final and running cost functions. This is the reason why we have chosen to give this (rather heavy)

presentation.

We equally mention the following result due to N. V. Krylov [21, Theorem 2.1]. It is both an essential

ingredient in proving Theorem 2.1 and a tool for further developments.

Proposition 2.1 There exists a constant C > 0 such that, for every 6 € (0,1], there exists a function

Vi e 05’2 ([O,T + 52] X Rm) such that
‘C1(}b,p)¢ (87 y) + ll (87 Y, ’U) Z 07
for all (s,y,v) € [O,T + 52} x R™ x U and

(1) ’V§ (t,) =12 ()| < C6, forte [T, T+6%], and

(i) [V (-) = Viy o, 0p) ()] < €6, om [0,T] x RV,
Remark 2.2 (i) The constant C' only depends on the Lipschitz constants and the bounds of (b, p):
C <co(1+ bl + Lip (b) + |plo + Lip (p)) ,

where ¢y is a constant (depending, eventually on T').



(ii) We assume that l; = 0. Then, the functions V° are obtained by the "shaking of coefficients”

method as Vs * 15, where Vs = V1, s p5) with
v (x,u,v) = b(x + ov,u), p° (z,u,v) =p(x+dov,u),uclU,veR™ v <1

and (15)s a sequence of standard mollifiers Vs (y) = (%mzb (%) ,y ER™ § >0, where p € C® (R™) is a
positive function such that

Supp(yp) € B(0,1) and Y(x)dx = 1.
R’VYL

2.2 Characterization of Optimal Measures

In this subsection we present necessary and sufficient conditions for characterizing optimal occupational

measures. We consider that {; =0, T > 0 is fixed and we set

O(7) 1= O4,) (0, T, ), Vi, () := Vo 1,,(6,p) (0,7) , As, () 1= Ao ty,(6,p) (0,2) 5 iy () 2= 10,15, (5,0) (0,2)
for simplicity. Recall that, with the above notations,
‘/12 (SC) = Al2 (:E) =My (1') )

for all initial data x € R™ and

neER:3Ip e Cp® (Ry x R™) s.t. ¥ (s,9,v,2) € [0,T] x R™ x U x R™,
Ny (.’E) = sup ’ (16)
n<TLYG(5,y) +12(2) = ¢ (T,2) + ¢(0,z)
for all z € R™. As before, this formulation corresponds to the Lagrange dual where the cost I3 (2) is
penalized by the constraint expression in the definition of © () (i.e. TL¢ (s,y) — ¢ (T, z) + ¢ (0,2)). Of
course, for a fixed test function ¢, one is interested in maximal 7 satisfying the previous inequality. With

this in mind, we denote by

(n,¢) € R x Cy? (R x R™) s.t.
Dlz (.’E) = . ) (17)
n= inf {TL (s,y) + 12 (2) — ¢ (T,2) + ¢ (0,2)}

a (s,y,v,2)€[0,T]xR™ xU xR™
for all z € R™. By our assumptions, the coefficient functions are bounded and, thus, the set Dy, () is

well defined.



The dual formulation yields

Vi, (x) = sup{n, (1,¢) € Di, (z)}. (18)

2.2.1 The Regular Case

We introduce the following.

Definition 2.1 Whenever x € R™, we say that (7, ¢) € Dy, () is an optimal pair whenever we have
Vi, (LL') =1.

We denote by

(s,9,v,2) € [0,T] x R™ x U x R™, s.t.
9127(7774;) (z) = _ _ _ (19)
n = T£v¢(say) + 12 (Z) - (ZS(T,Z) +¢(0,:IJ)

We recall that the definition of Dy, (z) implies that 77 = inf TLY¢(s,y) + 12 (2) —
(s,9,0,2)€[0,T)xR™ xU xR™

#(T,z) + ¢(0,z). It turns out that the support of optimal measures only takes into account those
(s,9,v,2) which realize the infimum and this leads us to introducing €, (; 5, (z). Of course, neither
the set of optimal pairs, nor §, ; 5y are a priori non empty. It is the case if Vo, (+,+) belongs to
C’; 2 (R4 x R™) and we consider the setting of the problem to be some invariant compact set K C R™.

In this framework, one can guarantee that optimal pairs exists for every x € K. Indeed, it suffices to

consider ¢ = Vo,1, and get, using the fact that it is a (regular) subsolution of the associated HJB equation,
TLY(s,y) > 0, l2(2) > ¢ (T, 2),
for all (s,y,v,2) € [0,T] x K x U x K. Hence,
Vi, (2) S TLG (3,y) + 12 (2) — (T, 2) + 6(0,2),

for all (s,y,v,2) € [0,T]x K xU x K. The fact that Q, (; 5y () is nonempty follows from the compactness
of K.

Proposition 2.2 Let x € R™ be fized and assume that (,¢) € Dy, (z) is an optimal pair. Then,

v € O (z) is optimal for Ay, (z) if and only if Q, i 5) (z) is nonempty and ~ (le,(ﬁ,@ (m)) =1.

Proof. The proof will be postponed to the Appendix. O

10



2.2.2 The General Framework

If the value function is not smooth, optimal pairs may not exist. However, if optimal pairs do not exist,
one finds some sequence (1,,, ¢) € Dy, (x) such that (7,),, is strictly increasing and converging to V;, () .
The functions ¢,, can be chosen to be uniformly bounded (e.g. Theorem 2.1 in [21], see also Proposition

3 in [15]). We define the nonempty, closed sets

. (s,y,v,2) €0, T] x R™ x U x R™ s.t.
(z) = (20)

Vi, () + /Vio () =10 > TLY ¢y (8,y) + 12 (2) — ¢ (T, 2) + ¢ (0,2) .

Following the regular case, one may be inclined to take 7, instead V, () + \/V}, () — n,. Due to the
fact that n, < Vj, (x), this gives little information (especially when limit is involved). The penalty
Vi, (z) — ny, is decreasing and the choice of the square root is intended for technical reasons in Propo-

sition 2.3. We also define the limit sets

Q" (z) == lminfQ (z) = U N Q (x), Q" (z) :=limsupQ} (z) = 0 U QF

n— o0 n>1k>n n—o00 n>1k>n L2
1 k
Q@)= N UQF (2
Iy ( ) n>1 E>n l2( ) ’

where ¢l is the usual Kuratowski closure operator.

Remark 2.3 If an optimal pair (‘/}2 (z) ,5) exists, we pick ¢, = ¢. In this case, n, = Vi, (x). The sets

Qp (x) coincide. Hence, Q7" (z) = Q" (z) = Q, (Viy (2).9) (z) as in the previous case.
(Vi (@),
We get the following characterization of the support of optimal measures.
Proposition 2.3 Let us consider x € R™.
(i) If v € © (x) is optimal, then

7 (90 (@) = (0 () = 1,

(i.e. the support of ~y is included in QP (x)). In particular, when the limit of the sets ewists (i.e.
Q" (z) = QP (), one gets

supy (kgnQZ (:C)) =1

n>1
(ii) Conversely, if v € O (z) is such that the supremum can be replaced with maximum (i.e. if there

exists some ng such that ~y <k>ﬂ QZ (a:)) = 1), then v is optimal.
Zno
Proof. Again, the proof will be postponed to the Appendix. |

11



3 The Averaging Method

Motivated by the optimality results obtained in the classical framework, we develop linearization argu-
ments for the control of singularly perturbed systems. We begin with some usual assumptions taken from
[7]. The basic idea is that, under reasonable conditions, the value function for the averaged system can
be seen as a limit of some standard value functions. This allows us to equally pass to the limit the dual
value functions and get linear formulations in this perturbed framework. Next, we proceed similar to the
standard case, by using the expression of the dual linear formulation. Since optimal pairs have no reason
to exist, we proceed as in the second case described for classical control problems. Moreover, since in
general, the dual formulation has not a supinf form (but rather some sup gli% inf form, where ¢ is the
scaling parameter), we need to propose a particular choice for the test functions. This is done by using
the shaking of coefficients idea of Krylov. The optimality results are closely connected to those already

described for classical control problems.

3.1 General Considerations

All the assumptions and ideas of this preliminary part can be found in [7]. Let us shortly explain the
behavior of the perturbed system (1) as € — 0. To this purpose, let us fix, for the time being, £ > 0 and
the weak control m = (Q,.’F, (.7-})7520 , P, (W, B) ,u). If one makes the change of variables 7 = £ in the
system (1) and sets (XT,Y/T,QT> = (Xer, Yer,uer), B = %BET, W/ = %WET for 7 € [0, %], one gets

de’y’“ =cf (Xf’y,u,YTw,y,u, ﬂT) dr + \/eo (_}Z’}yav yTz,y,u7aT) dw!,

N N N N ) (21)
dvgoe = g (g, Yoe a,) dr + § (Xpve, Veo @, ) dB,
When ¢ tends to 0, we are led to consider the following associated system:
AYEVY = g (2, YEV" up) dr + B (@, Y0, ) dBL (22)

for 7 € [0, 4+00), where z (resp. y) is a fixed R (resp. R”)-valued random variable independent of B’.

RTE

We denote by (8 the unique solution of (22) corresponding to the control v and to the initial value y.

The framework will still be that of weak controls.

Assumption 1 Following the approach in [7]; see also [17], throughout the paper, unless stated otherwise,

12



we will assume that

z,y,u” e 4
Y;

<e(lzf + 1yl +1),

4
} < c(|x|4+ \y|4+ 1),

SUPe>0,t€[0,T],reU® E" ‘
(A1)

@, y,u”
t

Y

SUP¢eo,T),metw E™ {

for all initial data (x,y) € RM x RV,

For explicit conditions (e.g. asymptotic exponential stability for the fourth order moment) implying
the above inequalities, the reader is referred to [7, Page 172].

Whenever z € RM | we let

peP(RY xU):

[ g (@, y,u), Do (y)) + 5Tr (B5* (x,y,u) D*¢ (x)) u (dydu) = 0.

It turns out that x ~~ D, is an upper semicontinous set-valued function with nonempty, closed, convex
values; see [7, Lemma 2.1].
The averaged system is given by
AXT" = F (X" ) ds+ o (X2 ) AW,

(23)
s € Do for (almost) all s € [0,77,

where f(2,p) == [ f(z,y,u)p(dydu),7 (z,pn) == [o(x,y,u)p(dydu) and the control processes are
P (@N x U ) -valued. For further considerations on the compactness issues on P (RN X U), the reader
is referred to [7, Section 2]. In particular, one can introduce a metric (denoted by d) on P (@N x U )
which is consistent with the weak convergence of probability measures. The set of P (@N X U) -valued

weakly-admissible controls will be denoted by U .

Following [7, Assumption 2], we ask that

Assumption 2 There exists some w, € C (Ry;Ry) satisfying limg_, oo we (S) = 0 such that, whenever

x € RM y € RN satisfy || < ¢ and p € D,, there exists an admissible weak control © such that

Eﬂ- [d (H’a :u’(l),S,er)] S We (S) .

1 . . . . 1 . .
The measure (15 g, - is similar to the occupation measures 7g g, . but it does not involve the expec-

tation i.e.

1 [s .
/j‘(l),S,x,ﬂ' (B X C) = g/ 1B><C' (svyg’u ,w7u;r) d87
0

13



for all Borel subsets B x C' C RY x U. The previous assumption is implied by classical mixing conditions
in [7, Proposition 4.1], if one further assumes that the noise coefficient is control independent.
Additionally to the perturbed control problems W ;, (given in Subsection 1.2), we consider the optimal

control problem

Wa(z) = inf ET {h (XT”ﬂ (24)

TEU 5
for all initial data = € RM.

We endow the space RM x P (RN X U) with the metric d given by

d((l’,/i) ) (xlalu/)) = |II,' - x/‘ + d(/inu’/)a

for all (x,p), (z',p') € RM x P (RN X U) . We introduce the set valued function with nonempty, convex,

compact values

RM 5z Q, = {(b(z,p), ) : p € Dy}

and make the following (see [7, Assumption 3])

Assumption 3 The set valued function Q is Lipschitz continuous on R (i.e. there exists co € R such

that

jHausdorff (QE?QI/) < ¢ |$ - =’LJ|7 fOT‘ all :C,{L'/ € RM.

Here, JHausdorff denotes the Hausdorff distance constructed from J)

Remark 3.1 Both the Assumption 2 and Assumption 3 hold true if the system (22) satisfies an ex-
ponential ergodicity condition, uniformly with respect to the control process, using [7, Assumption 4;
Proposition 5.2]. This condition can be obtained if dissipativity is assumed for the stochastic system (22).
Alternatively, it is possible to adapt the arguments in [22] to deal with nonexpansive (yet nondissipative)

systems. However, this generalization is not within the scopus of the present paper.

Under the above conditions, using [7, Theorem 3.3 and Theorem 4.2] and [17, Theorem 5.1]), every
partial limit of solutions (X(x,’)y’"“”;.) satisfies (23) and, conversely, for every solution X of (23),
e>0 -
one finds a suitable sequence (X (gE ’)y’uws ;’3) converging to X . Due to Assumption 2, the distance is

e>0

given uniformly with respect to x within a compact set. To simplify our presentation, let us assume that

Assumption 4 There exists some compact set K C RM such that K x RN is invariant with respect to

(5).

14



For explicit criteria of invariance, the reader is referred to [23]; also see [24]. We note that these
criteria only involve the coefficients f and o.

If the cost functional h is bounded and uniformly continuous, the convergence of the value functions is
a direct consequence of the convergence of trajectories. More precisely, we have W¢ ;, — W}, with respect
with the uniform convergence :

There exists w € C (Ry; Ry ) satistying lir%w (€) = 0 such that
£—
(Wen (z,y) = Wh (2)] Sw (e), (25)

for all z € K and all y € RY; see [7, Corollaries 3.4 and 4.3].

Remark 3.2 The estimates in [7] show that w depends on the bounds of the coefficient and cost functions
and their continuity moduli, but not on the functions themselves. Thus, if 6 > 0 and W, s is the
value function associated with the "shaked" problem (i.e. in which ¢ € {f,0,9,8} are replaced with
O (z,y,u,v) = (x + v,y + 00", u), (v,0") € RM x RN |(v,v")| < 1) under analogous assumptions, the

inequality (25) holds true for some Wy, 5 constructed as before replacing Wy,. In particular,

|We,h,§ (CE, y) - We,h,é (1'7 y/)| S 2w (E) )

for all z € K and all y,yy' € RY. Now, let us consider (1s5)5 to be a sequence of standard mollifiers
Vs (2,y) = 5wt (£,4), (w,y) € RMTN 6 > 0, where o € C> (RM*N) is a positive function such
that

Supp(yp) € B(0,1) and / Y(z)dr = 1.

RM+N

Then, using the Remark 2.2 (i) and (25), the convoluted function Wfﬁh = Wens * 5 satisfy :

‘Wgh (@,9) = Wen (fmy)‘ <ec(1+1)4,
Weé,h (z,y) — Wg,h (xyy')‘ < 2¢9 (1 + %) o+2 ‘Ws,h (z,-) — Wy (z)] (26)

<2 (1+1)6+2w(e)

where cq is independent of 6 and €. Moreover, since DwWE‘s’h = %WEJM; * Dybs, one gets
9 § ! 1
|DwW€,h (x,y) — D W2, (z,y )‘ < SQUJ (€).

(wvy) - D%Wa

Similar assertions are valid for )D‘,%,W5 oh

e,h

(z, y’)‘ . The approach equally works for the time

dependent problem W?°

e,h

(t,z,y), Wy (t,z); see Remark 2.2. Also, using [21, Theorem 2.1, Estimate 2.5],

15



one can prove that

1
H[DWEL|| L+ IDPWEL| < cos3 (27)

ng,h (52’

e + 22l

where ¢y depends only on T (but not on d).

3.2 Linear Formulations for the Averaged System

As previously, let us consider that 7' > 0 is a fixed time horizon. We fix £ > 0 and (zg,70) € RM x R,

w . : : _ 1 2
To every mw € U , one can assoclate a couple of occupatlon measures Vg, yg,me — (7130721077";5’ fYIo,yom';E) €

P([0,T] x RM x RN x U) x P (RM x RY) defined by

! =4 T Yo,u”; Yo, u”;
Vo,y0,mie (AxBxCxD)= TB" |:f0 laxBxcxp (&X?O Yo,u e Ty ro.vo,u E,ug) ds} ,

2 _mr Z0,Y0,u” ;€ 1 T0,Yo,U” ;€
7I0,y0,7’(’;€ (E X F) =E |:1E><F (XT 7YT ):| )

for all Borel sets A C [0,T], B C RM, C c RY and D C U. The family of occupation measures associated

to weak controls

I (xo,yo0;€) := { (7;07’!/0,71';5’7'%073!077‘—;6) , for all m e Yv } (28)

can be embedded into a larger set

@(.’Emyo;if)
(v4.7%) € P ([0, T] x RM xRN x U) x P (RM x RV)
Vo € Cp? (Ry x RM x RV,

¢ (07 Zo, yO) + T‘Cu;gfb (87 z, y)

[0,T]xRM xRN x U xRM xRN - (T, z,w)

7! (dsdxdydu) 2 (dzdw) = 0.

(29)

where

£ (s,2,9) = 3Tr [(00") (w5, ) D26 (5,,9)] + 5T [(95°) (2, ,) D36 (s, )]
0 ,,0), Dty (5,2,)) + = 9 (5,,) Dy (5, ,9)) + 006 (5,2,0),

16



for all ¢ € CV2 (Ry x RM x RY) and all s > 0, (z,y) € RM xRN, w e U.

Remark 3.3 Using similar arguments as in the previous sections, the set © (xzo, yo;€) contains all occu-
pation measures issued from (xo,yo) at time t. Moreover, it is also convex and relatively compact with

respect to the weak convergence of probability measures (due to Prohorov’s Theorem).

Throughout the remaining of the paper, h is assumed to be bounded and Lipschitz-continuous. The

linearized value function is given by

Acn (w0, 90) = inf / h(2)y? (dzdw),
¥=(v1,7?)€O(z0,y03€)
RM X]RN

and its dual by

neR:3peCp? (Ry x RM x RV) sit.
Ne.h (To,Yo) =sup SV (s, z,y,v,z,w) € [0,T] x RM x RN x U x RM xRN, (30)
n < T’CU;EQS (s,x,y) +h (Z) - ¢ (T7sz) + d) (Ovm()ayO) .

for all (xg,y0) € RM x RY. This is a particular case of systems considered in Subsection 2.2. Hence, for

every € > 0, one gets, applying Theorem 2.1,

Wen (20, y0) = A i (o, Yo) = 1e,n (Z0,Y0)

for all initial data (zg,y0) € RM x RV,
At this point, we wish to give the intuition leading to the linear formulation for the averaged problem
: if one thinks of the y component as being some penalization term, as ¢ — 0, the corresponding part
in £%¢ should be 0 on the support of admissible measures. For the remaining component, y would be
indifferent. We denote by
7= (493 € P ([0, T] x RM xRN x U) x P (RM x RV) :

C] (330, yO) = 3
Iy € ©(x0,Y0;€),7 — 7 along some subsequence €,, — 0

n—oo

for all (zo,y0) € RM xRN, Whenever 7. = (’yel, ’yg) € O (g, yo; €) for all e > 0, one can find a subsequence
(still indexed by € > 0, for notation purposes) and a probability measure -y such that 7. — «. This is
done using (A1) and Prohorov’s theorem. Hence, the set © (xg,yo) is nonempty. One can also prove that

it is closed; see Corollary 14.
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Proposition 3.1 The following inclusion holds true

O (z0,%0) C
(71,7?) € P ([0, T] x RM x RN x U) x P (RM x RN) s.t.
Vi € Cp? (R x RM) and V¢ € Cyp® (Ry x RM x RY)

¥ (0, 0) + TLY Y (s,2,y) ’

Ik ! (dsdzdydu) v? (dzdw) = 0 and
[0,T]XRM xRN x U x RM xRN - (T, z)
Ik L9 (s,x,y) v (dsdzdydu) y? (dzdw) = 0

[0,T]XRM xRN x U xRM xRN

where
£ (5,,9) = 3T [(00") (@, 0) D 5,2)] + (F (@9 0), Dt (5,2)) + 0 5, 2)
and
£496 (s, 2,) = 3T [(86%) (2,9, ) D6 (s, 2,)] + {9 (2,,), Dy (5, ,3)

forall g € CH2 (Ry x RM x RY) o € C*2 (Ry x RM) and all s > 0, (z,y) e RM xRN, uw e U.

Proof. Let us fix v € O (zg,50) and 7. = (72,72) € © (o, y0;¢) such that 7. — 7. Whenever
P € C;’Q (R+ X RM) , the definition of O (zg, yo; €) yields

[ (0, 20) + TL“ P (s,2,y) — ¢ (T, 2)] 4 (dsdzdydu) 72 (dzdw) = 0.

[0, T)XRM xRN xU xRM xRN

Moreover, if one considers any fixed (though arbitrary) ¢ € C; 2 (R+ x RM x RN ) , then

L9 (s,2,9) v} (dsdrdydu) v2 (dzdw)

[0,T]XRM xRN x U xRM xRN

[0,T]XRM xRN xU xRM xRN

and the conclusion follows by letting ¢ — 0 and recalling that ¢ € C’;’2 (R+ x RM x RN) , resp. Y €

Cy? (Ry x RM). O

18



We define the following linearized problem
Ay (x, = inf / h(z)~? (dzdw) ,
r (%o, Yo) = (2 EO (0 ,30) (z) 7 ( )
RM xRN

and denote by

neR:Jaec CRR,), limoa(s) =0s.t. Ve >0,
E—

36 € Cp? (Ry x RM x RY) s.t.

Mh (x()) = sup sup ”Qb(, 7y) - ¢(7 7y/)||oo S « (E) and s.t. ’ (31)

Y,y ERN

V(s,m,y,v,2) €[0,T] x RM x RN x U x RM|

n<TLY G (s,2,y) +h(2) + =0 (T, 2,-) o + 160,20, )l

for all (z,y0) € RM x RV,

Remark 3.4 In the previous definition one can, equivalently, ask that [|¢ (-,-,-) — ¢ (-, y0)| < (€)

for some fived yo € RM,

Consequently, we can formulate the main result of this section:

Theorem 3.1 We assume (A1) and (25) to hold true. Moreover, we assume the invariance condition

(4) to be satisfied. Then the following equalities hold true

Wi (z0) = An (20,90) = 10 (20) ,

for all (zo,y0) € K x RV,

Remark 3.5 As we have hinted in the previous subsection, whenever the Assumptions 1 - 8 hold true,

then (25) holds true. For further details, the reader is referred to [7]; see also [17].

Proof. Let us fix (z9,y0) € K X RY. In a first step, we recall that there exists an optimal measure

N (wo,yos)e = (ﬁ;,ﬁ) € O (x,yo; €) such that

Acn (z0,90) = / h(z) 52 (dzdw)

RM xRN
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for all € > 0. One can find a subsequence (still indexed by £ > 0, for notation purposes) and a probability

measure 7y such that 7. — = using (A1) and Prohorov’s theorem. Consequently,

Ap (zo,90) < / h(2)~v? (dzdw) = lim h(2) 72 (dzdw)
E—
RM xRN RM xRN
= Ehil% Acin (w0, 90) = Ehg(l) Wen (w0, y0) = Wh (20) - (32)

for all (xg,y0) € RM x RM. The converse inequality is similar.

We continue by considering v € O (zg,yo) and 7 € R such that

Jo € C (Ry5Ry) with lima(e) =0, s.t. Ve >0, Ip € Cp? (Ry x RM x RN) sit.
E—

sup Hd)(,,y) - ¢(7 7yl)||oo < O[(Z:‘) and V(S7£L',y,'l},2) € [OvT] X RM X RN x U x RMv

Y,y €ERN
n<TLY¢(s,z,y) +h(z)— inf ¢(T,zy)+ sup ¢(0,z0,y)
y'ERN y ERN
Then,
n<TL¢(s,x,y) +h(z) = ¢ (T, z,w) + ¢ (0,70, 90) + 20 (€) (33)

for all V (s, ,y,v, z,w) € [0,T] x RM x RN x U x RM x R¥. By the definition of © (z¢,%0) , there exists
some sequence V. € O (g, yo; €) converging to 7. By integrating with respect to v, the inequality (33),
we obtain that

n< / h(2) V2 (dzdw) + 2a (g)

RM xRN

and, consequently, recalling that v € © (zg,yo), € > 0 are arbitrary and lir% a(e) =0, it follows that
E—

Mk (w0) < An (w0, %0) - (34)

Let € > 0 be fixed. Using Proposition 2.1 (see Remark 3.2 for the specific details; in particular the
inequality (26)), there exists a family of functions Waé,h € C’;’2 ([O, T+ (52] X RM+N) such that, for every

(s,z,y,v,2,w) € [t,T] x RM x RN x U x RM x RV,

E“;EWgh (s,z,y) > 0 and
h(z) = W2, (T, z,w) > h(z) = Wen (T, z,w) —co (1+2) 6> —co (14 1) 6.
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Hence,

W, (0,20, 0) ( )5 < LFWS, (s, 2.) + R (2) — W, (Tozw) + W2, (0,z0,0)  (35)

£”€W5h(s x,y) + h(z)— me (T, 2 w)—|—supW 1 (0,0, w)
Thus, WEEQh (0,20,50) — co (1+ %) €% <y, (z0). The first inequality in (26) and (25) yield that

W;i (0,20, yo) — Wh (o ‘ ‘ 1 (0,20,90) — Wen (w0)| + [We n (0, y0) — Wh (0)]

< ¢ <1+€> e +wl(e). (36)

Consequently, passing to the limit as ¢ — 0, we get
Wi (z0) < mn (z0) - (37)

By combining the inequalities (34) and (37) and recalling we have already proven that Wj, (z¢) =

Ap (20,y0), we complete the proof. O

Remark 3.6 If the estimates in (26) are independent of € (e.g. by imposing a dissipativity condition on
(g,8)), then one can prove that Aj, can be defined with respect to the (explicit) set appearing in Proposition

3.1.

A careful look at the proof, especially (35) and (36), tells us that

Wi (20) = lim W? (0,0,%0)

n—oo n’

1
E”;%Wi‘fh (5,2,9) + h(2)

< lim inf inf .
n2

(38)
n—oo (s,z,y,v,z,w)E[t,TIX KXRN xUx K xRN W” (T va) + W A (0,$o,yo)

3=

n’

In particular, we deduce that © (xo,y) can be replaced with

1.2 M N M N
~ y=(v,7) €P(0,T] x R" xR™ xU) x P (R" xRY) :
(C] (x07y0) = ( ) ([ ] ) ( ) . (39)
Iy, €0 (mo, Yo; %) ,Yn — 7 along some subsequence
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Moreover, if v, is an optimal measure for W1 ,, one can find a subsequence converging to an optimal
n’

measure in © (xg,yo) . Hence, one can also replace © (xg,yo) with

v=(1"7%) € P ([0, 7] x RM x RN x U) x P (RM x RY) :

v, € © (wo,yo; %) , Yn is optimal for W;,h
0% (0, y0) = (40)
ie. h (2) Y (dsdxdydzdw) = W1 1, (20, %0) |
[0,T]xRM xRN x U x RM x RN "

¥n, — v along some subsequence.

3.3 Characterization of optimal trajectories for the averaged system

As already mentioned in the introduction, when the perturbed system is fully nonlinear it is very difficult
to characterize the optimal trajectories using the Pontryagin maximum principle because we do not know
exactly the form of the averaged dynamics. An alternative to this method is to look at the support of the
occupational measures contained in the set © (zg,yo) in order to obtain optimal trajectories from every

o € K. Following the approach already introduced in Subsection 2.2, we denote by

(n,¢) € Rx Cp% (Ry x RM x RN) sit.

D. 1, (x0,y0) = . TLY ¢ (s,z,y) +h(z) (A1)

= m
(8,2,y,v,2,w)E[t,T] xRM xRN x U xRM xRN ¢ (T, Zw) + ¢ (0’ o, yo)

for all (zg,y0) € K x RN, We can write

Wen (w0, y0) = sup {n, (n,¢) € D (20,%0)} and

limsupns : (7767 ¢€) € Ds,h (x(vaO) 5
Wi (20) = sup &0

gl—{r(l) H(be ('7 N ) - d)g (.’ ’yO)HOO =0

1
At this point, we pick (nn, WFh> € D1y, (20,%0) and recall that

2 2 1
W2 s = W2 G| < 20 (14 2) 24 20,
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n—oo

and the second inequality in (26). Then W}, (xg) > lim supn,,. Combining this inequality with (38) yields

Wh To) = lim
( ) n—00(s,x,y,v,z,w)E[t,T]XRM xRN x U xRM xRN

1
LYTW S, (s,,9) +h(2)
inf 1 ol 1
_W;n?h (Ta 2 ’U)) + Wlnzh (0) Zo, yo)

o

Similar to the approach of Subsection 2.2, we introduce the following. Whenever (zg,%) € K x RV,

we denote by

(s,2,9,v,z,w) € [t,T] x RM x RN x U x RM™ x RY s.t.
QY (20,90) = § Wi (20) + /Wi (z0) — 7al (42)
> LHWE, (i) + b (2) = W5, (T.2,0) + W, (0,20, 30)
(s,z,y,v,2,w) € [t,T] x RM x RN x U x RM x RV s.t.
QI (w0, 50) = ¢ Wi, (w0) + /Wy (w0) = o (43)
> Lv;%WF%h (s,2,y) + h(z) — ijh (T, z,w) + ijh (0,0,%0)

no

and by

‘ o doubl tocl .7
Q" (z0,y0) = U rj QI3 (w0, 90) , 4, (w0, o) = nglcl <k2n

Y Q‘%offlble (2o, yo)) :

In the simple superscript case we use the same kind of construction as in the classical framework,

while in the "double" case, we also approximate the target value W}, by W1 ; (or, equivalently, by W1 ,

and then take the diagonal n = m). We get the following criteria of optimality.

Proposition 3.2 Let (zg,y0) € K x RY be fived.

(i) If v € © (wo,y0; ) is a (sub)sequence such that

. 3
lim n°vy,
n—oo

then any limit of vy, is optimal.

(ii) Every v € ©°P (z0,yo) is optimal for W, and

v (QZM’CZ <x07y0)) =1

((ngple (o, yo))c) =0,

(44)

(i.e. the support of v is included in Qzut’d (w0, Y0)). Moreover, if Q™ (zo,yo) = sz’d (zo,y0) (i.e. the
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limit of Q1 4, (wo,y0) exists), then

sup 7y (anQUfozble (5170,2/0)) =1

n>1 ko

Remark 3.7 (i) The sufficient condition (ii) relies on finding (near) optimal measures ¥, € © (zq,yo; L ).

(ii) The reader is invited to note that the condition (44) is the same as in the classical framework, see

Proposition 2.3.

Let us come back to the proof of Proposition 3.2.

Proof. (i) Let us fix © (xo, Yo; %) S 7, as in our assertion and converging (along some subsequence) to

some ~. The inequality (27) yields

L
2

E’”%W”’h (s,2,y) < c(1+mn)n?,

3=

for some constant c independent of n. Then, recalling the definition of jSTLp ' (z0,10) , we get

Wi (w9) < h(z) v (dsdxdydzdw)
[0,T]XRM xRN x U x RM xRN
= lim h (z) v (dsdzdydzdw)

[0,T]XRM xRN x U xRM xRN

Tﬁ”?%th (s,z,y) + h(z2)

< lim Vo (dsdzdydzdw)

— 1 1
n—00 Py 72
0,7 xRM xRN xUxRMxN | ~WI, (T, 2,w) + Wi, (0,20, y0)

< limsup [Wh (z0) + VW (z0) — M| + (3R]l + (1 +n)n?) yn ((Qfﬁple (20, yo))c>]

n—oo

= Wh (1'0) .

It follows that v is optimal.
(i) If v € ©°P! (z0,10), then v € O (20, yo) is the limit of some (sub)sequence 7, € © (z0,y0; L) of

optimal measures for W% 1 (0, y0), by using (40). It is obvious that

h(z) vy (dsdzdydzdw)

[0, T)XRM xRN xU xRM xRN

= lim h (2) yn (dsdrdydzdw) = lim W1 ;, (20,%0)

n—oo n—0o0
[0,T]XRM xRN x U xRM xRN
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hence « is optimal. Since ~,, € © (xo, Y0; %) is optimal for W1 ;, (20,%0), it follows that

W%,h (wo) = h(2) v (dsdzdydzdw)

[0, T]XRM xRN xU xRM xRN

Then

for all n > 1. Hence,
1

Vo <cl( U Qeuble (:co,yo))> = ’
k>ng ROl (1 + \/m)

for all n > ng. Passing to the lim , one gets ~y (cl (k>u Q‘io’;lble (xmyo))) =1, for all ng > 1 and the
n— oo >ng  k°

proof is complete. |

Remark 3.8 (i) If a suitable monotonicity can be established for the approximating problems Wiy, (z0,%0),
then, one can envisage the use of the dual formulation in Theorem 8.1 to infer necessary conditions similar
to those in Proposition 2.3.

(ii) When the inclusion (3.1) is an equality (see Remark 3.6 (i)), one can employ convex duality
arguments to get another dual formulation for the limit value. One can, for instance, adapt the method
of [11, Theorem 1]. This dual formulation would be very similar to the classical case and the ingredients
of Proposition 2.8 apply. The main drawback in this approach is that, unlike the classical case, we have

no information on the structure of the test functions ¢, in the (almost-) optimal pairs.

4 Perspectives

We wish to emphasize that the method allowing to deduce optimality criteria in the study of singularly
perturbed control systems does not depend on particular properties of the Brownian setting. Instead, it
strongly relies on the ability to linearize the approximating problems. In particular, this can be applied
to larger classes of systems (e.g. Piecewise Deterministic Markov Processes presenting a mild path-

dependance; see [25, 26] for the linearization techniques). For this particular class, little is available in
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the literature. The applications include but are not limited at multi-scale stochastic gene networks ,

reliability and traffic on random networks.

This paper is a first step in the study of optimal policies for singularly perturbed differential dynamics
with random perturbations. This opens the way to compute strict optimal (or nearly-optimal) control
policies following the approach of [27] for classical control problems. Also, numerical methods allowing
to compute the optimal value function and, hence, the support set, are in progress. They follow the hints

of [8] and rely on the dual linear formulation for the approximating problems.

We also wish to point out that, in all its generality and without further assumptions, the question of
equivalent (necessary AND sufficient) criteria for optimality in the control of singularly perturbed control

systems remains an open problem.

5 Conclusions

In this paper we have studied the optimality issues for a class of singularly perturbed controlled stochastic
systems driven by a finite-dimensional Brownian motion. This is done via linear programming techniques
by embedding the controlled trajectories for the scaled system in a larger class of probability measures.
Using compactness techniques and passing to the limit we have achieved two goals. First, we have
proposed linearized formulations (primal and dual) for the limit system whose dynamics are difficult to
identify. Second, using these formulations, we have given a class of necessary and a class of sufficient
criteria allowing to identify the optimal measures for the limit system. These conditions concern the

support of the candidates to optimality belonging to the class of occupation measures.

The main advantage of the method is that it is independent of the knowledge of the limit differential
dynamics which are often very difficult to obtain. The drawback of the method is that it relies on
computing several approximating value functions or optimal measures for the approximating problems.
Although the computational price might be high, this method is, to our best knowledge, the first method

which does not rely on further information on the limit system (which might, itself be a high-cost issue).

Further numerical studies and application to different Markov-structured systems are in progress.
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6 Appendix

6.1 Proof of Proposition 2.2

Proof. We begin with assuming that v € © (x) is such that v (QZQ,@@ (a:)) =1, i.e. the support of ~ is

included in €, ; 5y (z). Then, by definition, we have the following equality

=TLG(s5,y) +12(2) = ¢(T.2) + ¢ (t,x),

on €, (5.4 (z). Consequently, recalling the definition of © (), one gets

Vi, (z) = / 7y(dsdzdudz) = / Iy (2) v(dsdzdudz),
[0, T]xR™ xU xR™ [0, T]xR™ xU xR™

ie. v € O (z) is optimal. Conversely, let us consider some optimal v € O (z). One writes

Vi, (z) = f[t,T}mexe]Rm Iz (2) y(dsdzdudz) =

f[O)T]XRNXUXRN [Tﬁvé (57 y) + ZQ (Z) - (;_5 (T, Z) + (Z_S (tv IE)] V(dededz)

for all optimal pairs (7 = Vi, (z),¢) € Dy, (v). By the definition of Dy, (z), it follows that
[TLY (s,y) +12(2) = ¢(T,2) + ¢ (t,2)] 2 Vi, ().

Hence, in order for the previous equality to hold, one has
[TLYG (s,y) +12(2) = ¢ (T, 2) + ¢ (t,2)] = Vi, (2)

~v-almost everywhere. Hence, the support of v is included in le’(ﬁ@ () and the proof is now complete.

O

Remark 6.1 One can construct a set which is independent of the choice of optimal pairs (7], ) € Dy, (x).
Indeed, in the case where the state space K is compact, the set C’;’Z ([0, T] x K) is compact. The family of
optimal test functions is denoted by Opty, (x) and is totally bounded with respect to the usual topology of

C’;’Q. For every n > 1, we select a finite family (5?) i © Opty, (x) such that, for every ¢ € Opty, (x)
1_]_ n

d(6,8m) < ~

)
n2
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for some 1 < j < k™. The distance is given in the sense of C;’Q ([0,T] x K) functions. We define

, (z) = nZl,leSk"Qb’(ﬁ’&;) ().

Due to the previous proposition, whenever 7y is optimal, v (Qy, (z)) = 1. The converse also holds true. If
no invariant compact can be found for the system, a localization procedure can be developed starting from

Remark 2.1.

6.2 Proof of Proposition 2.3

Proof. We begin with assuming that v € © (x) is optimal (should it exist). Then

Via (2) = [y x v 12 (2) y(dsdadudz) =

f[O,T]X]RNxe]RN [TLY¢y (s,y) + 2 (2) — ¢k (T, 2) + ¢ (0, )] y(dsdzdudz),

for all k > 1. The definition of Dy, (z) yields
[TLGr (s,y) + 12 (2) — ok (T, 2) + b1 (0, 2)] = ni,

for all (s,y,v,2) € [0,T] x RN x U x RY and all k > 1. Thus,

Viu (2) = iy (9, () + (Vi (@) + V'V, @) =) 7 (96 (2)7) -

It follows that

(14 VV @) =) 7 (9 (@) = 1.

Passing to the lim sup, one gets ~y (Qf;t (m)) = 1 and the proof is complete.

k—o0

n Qp (x)) = 1. Then v (9, (z)) = 1, for all k > no. It

For the converse, let us assume that <
k>ng

follows that

Vi, () < I (2) y(dsdxdudz)

/[O,T]><]R7"><U><]Rm
(TL ¢k (5,y) + 12 (2) — o (T, 2) + ¢k (0, ) y(dsdzdudz)

/[O,T] XR™ x U xR™

S‘/b ($)+ ‘/22 (x)_nk7

for all k > ng. Passing to the limit as k — co, one gets that f[o T]xR™ XU xR™ I (2) y(dsdxdudz) = Vi, (z),
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i.e. v € O (x) is optimal. O

Remark 6.2 If an optimal pair exists for our control problem then, due to the Remark 2.3, a measure

v € © (z) is optimal if and only if (QZL/OM (z)) =1.
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