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Abstract

Let S be a compact connected surface and let f be an element of the group
Homeoo(.S) of homeomorphisms of S isotopic to the identity. Denote by f a lift of
f to the universal cover of S. Fix a fundamental domain D of this universal cover.
The homeomorphism f is said to be non-spreading if the sequence (d./n) converges
to 0, where d,, is the diameter of f"(D) Let us suppose now that the surface S is
orientable with a nonempty boundary. We prove that, if S is different from the annulus
and from the disc, a homeomorphism is non-spreading if and only if it has conjugates in
Homeoo (S) arbitrarily close to the identity. In the case where the surface S is the an-
nulus, we prove that a homeomorphism is non-spreading if and only if it has conjugates
in Homeog(S) arbitrarily close to a rotation (this was already known in most cases by a
theorem by Béguin, Crovisier, Le Roux and Patou). We deduce that, for such surfaces
S, an element of Homeog(.S) is distorted if and only if it is non-spreading.

1 Conjugacy classes of non-spreading homeomorphisms

The rotation number is a famous dynamical invariant introduced by Poincaré to study
the dynamics of homeomorphisms of the circle. The dynamics of a homeomorphism of the
circle will "look like" the dynamics of the rotation of angle o when the rotation number of
this homeomorphism is a. However, it is known that, for any «, there exist homeomorphisms
with rotation number o which are not conjugate to a rotation. One can solve this problem by
classifying the homeomorphisms up to semi-conjugacy. There might be yet another approach
to solve this problem: it is not difficult to prove the following proposition (see Section 4 for
more details).

Proposition 1.1. For any homeomorphism of the circle with rotation number a, the closure
of the conjugacy class of this homeomorphism contains the rotation of angle c.

Actually, this last property characterizes the homeomorphisms of the circle with rotation
number «. In this article, we pursue this approach in the case of homeomorphisms of surfaces.

To generalize the notion of rotation number, Misiurewicz and Ziemian introduced the
notion of rotation set of a homeomorphism of the two-dimensional torus isotopic to the
identity (see [11]). With the same approach, one can define the notion of rotation set of a
homeomorphism of the closed annulus A = [0,1] x S'. Unlike the case of the circle, two
orbits can have different asymptotic directions or different linear speeds: in those cases, the
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rotation set will contain more than one point and one can prove that the closure of the
conjugacy class of the homeomorphism does not contain a rotation. Indeed the rotation set
is continuous for the Hausdorff topology at rotations (see Corollary 3.7 in [11]). Now, we
investigate the case where the rotation set of the homeomorphism is reduced to a point. We
call such homeomorphisms pseudo-rotations. The only point in the rotation set of such a
pseudo-rotation is called the angle of this pseudo-rotation. In [1], Béguin, Crovisier, Le Roux
and Patou proved the following theorem (see Corollary 1.2 in [1]). The group Homeog(A) of
homeomorphisms of A which are isotopic to the identity is endowed with the compact-open
topology.

Theorem 1.2 (Béguin-Crovisier-Le Roux-Patou). Let f be a homeomorphism in
Homeog(A). Suppose that f is a pseudo-rotation of irrational angle a. Then the closure
of the conjugacy class of f in Homeog(A) contains the rotation R, .

The following theorem is a consequence of Theorem 1.2 in [8], which is due to Kwapisz.

Theorem 1.3 (Kwapisz). Let f be a pseudo-rotation of T? which is a C* diffeomorphism
of T2. Suppose that there exists a representative (o, o) in R? of the angle of the pseudo-
rotation f such that the real numbers 1, ay and as are Q-linearly independent. Then the
homeomorphism f has conjugates in Homeog(T?) arbitrarily close to the rotation of T? defined
by (z,y) — (z+ a1,y + a2).

The above hypothesis on the angle (g, «s) is the one which ensures that the rotation
(z,y) = (z + a1,y + az) is minimal (i.e. has no proper closed invariant set).

In this article, we investigate the case of rational pseudo-rotations of the annulus and
homeomorphisms of compact surfaces S with 8S # (). We first introduce a more precise
definition of pseudo-rotations of the annulus which will be useful later. Let A be the closed
annulus [0,1] x St.

Definition 1.4. A homeomorphism f in Homeog(A) is said to be a pseudo-rotation if there
exists a lift f : R x [0,1] = R x [0,1] of the homeomorphism f and a real number o such that

VieRx[0,1], lm 2V _
n——+00 n
where p1 : R x [0,1] — R is the projection. The class of o in R/Z is called the angle of the
pseudo-rotation f.

Observe that the angle of a pseudo-rotation depends only on f and not on the chosen lift

f
We will prove in Section 6 the following theorem.

Theorem 1.5. Let f be a homeomorphism in Homeog(A). Suppose that f is a pseudo-
rotation of angle . Then the closure of the conjugacy class of f in Homeog(A) contains the
rotation R, where
R,: A=[0,1]xR/Z — A
(te) = (bo+a):

This theorem is an extension of Theorem 1.2 in the case where the angle « is rational.
We also have an analogous theorem in the case of the unit disc D? of R2. In this case, for
a € R/Z, if we see D? as the complex unit disc, we define the rotation R, as the map

R,: D?> — D?
PR eQiTra .



Theorem 1.6. Let f be homeomorphism in Homeog(D?). Suppose that its restriction to
the boundary circle OD? has rotation number o € R/Z. Then the homeomorphism f has
conjugates arbitrarily close to the rotation R,.

To state the next theorem, we need to extend the notion of pseudo-rotation to the context
of a homeomorphism of an arbitrary surface. Let S be a surface. We denote by S its universal
cover which we endow with a "natural" distance, i.e. a distance which is invariant under
the group of deck transformations. For a subset A C S, we denote by A its interior and by
diam(A) its diameter.

Definition 1.7. We call fundamental domain of S (for the action of the group mi(S) of
deck transformations of S) any compact connected subset D of S which satisfies the following
properties:

1. TI(D) = S, where I1 : S — S is the projection.
2. For any deck transformation ~ in m(S) different from the identity, D N 'y(D) = 0.

Fix a fundamental domain D for the action of the group of deck transformations of the
covering S — S. For any homeomorphism f of S isotopic to the identity, we denote by
f:S8— S alift of f which is the time one of the lift starting from the identity of an isotopy
between the identity and the homeomorphism f. By classical results by Hamstrém (see
[5]), such a homeomorphism f is unique if the surface is different from the torus, the Klein
bottle, the Mdbius strip or the annulus. Moreover, for any deck transformation v, vf = f~,
by uniqueness of the lift of an isotopy from the identity to f starting from . Denote by
Homeog(S) the group of homeomorphisms of S isotopic to the identity.

Definition 1.8. A homeomorphism f in Homeoo(S) is called non-spreading if

limy, s diam(ifn(D)) =0.

Remark 1.9. The condition lim,, diam(/"(D) _ () is independent of the chosen funda-

mental domain D (see Proposition 3.4 in [10]

— 3|~

Remark 1.10. In the case where the surface is an annulus or the torus, a homeomorphism
is non-spreading if and only if it is a pseudo-rotation. Indeed, in the case of the torus, the
sequence % f (D) of compact subsets of R? converges to the rotation set of f for the Hausdorff
topology (see [11]).

In Section 5, we prove the following theorem.

Theorem 1.11. Let S be a compact surface with 0S # O which is different from the disc,
the annulus or the Mébius strip. For any non-spreading homeomorphism f of S, the closure
of the conjugacy class of [ in Homeog(S) contains the identity.

Remark 1.12. The theorem remains true when we replace the group Homeog(.S) with the
identity component Homeog (S, dS) of the group of homeomorphisms of S which pointwise
fix a neighbourhood of the boundary. The proof in this case is almost identical to the proof
in the case of the group Homeog(S5).

Remark 1.13. This property characterizes the non-spreading homeomorphisms of such a
surface S: if a homeomorphism isotopic to the identity satisfies this property, then we will
see that it is a distorted element in Homeog(S) (the notion of distorted elements will be
explained in the next section). Moreover, we will see in the next section that distortion
elements in Homeoy(S) are non-spreading.

The following conjecture is natural.



Conjecture 1.14. The closure of the conjugacy class of any pseudo-rotation of the torus
of angle o contains the translation of angle . The closure of the conjugacy class of any
non-spreading homeomorphism of a closed surface S of genus g > 2 contains the identity.

2 Distortion elements in groups of homeomorphisms of
surfaces

In this article, we pursue the study of distorted elements (see definition below) in groups of
homeomorphisms of manifolds initiated in the article [10]. For more background on distortion
elements in groups of homeomorphisms or diffeomorphisms of manifolds, see [10].

Let G be a finitely generated group and G be a finite generating set of G. For any element
g in G, we denote by lg(g) the minimal number of factors in a decomposition of g as a product
of elements of G UG 1.

Definition 2.1. Let G be any group. An element g in G is said to be distorted (or is a
distortion element ) if there exists a finite subset G C G such that the following properties are
satisfied.

1. The element g belongs to the group generated by G.
2. limy 400 lg(g™)/n = 0.

Let M be a compact manifold. We denote by Homeog(M) the group of compactly-
supported homeomorphisms which are isotopic to the identity. We endow the group
Homeoy (M) with the compact-open topology. For any manifold M, we denote by M its
universal cover.

Recall the following easy proposition (see Proposition 2.4 in [10] for a proof).

Proposition 2.2. Let S be a compact surface. Denote by D a fundamental domain of S for
the action of m1(S5).

If a homeomorphism f in Homeog(S) is a distortion element in Homeoy(S), then f is non-
spreading.

We conjectured that an element in Homeog (.S) which satisfies the conclusion of this propo-
sition is distorted. However, we were not able to prove it and we just proved the following
weaker statement (see Theorem 2.6 in [10]).

Theorem 2.3. Let f be a homeomorphism in Homeog(S). If

lim g Jem" (DDlog(diam(F (D)) _
n——+00 n

then f is a distortion element in Homeog(S).

In this article, we try to improve the above result. We will prove the following theorem
which is the key idea to obtain this improvement.

Definition 2.4. Let f be a homeomorphism in Homeoy(M). A conjugate of f is a homeo-
morphism of the form hfh=1, where h is any element of Homeog(M ).

Theorem 2.5. Let f € Homeog(M). Suppose that the homeomorphism [ has conjugates
arbitrarily close to an element of Homeog(M) which is distorted. Then the element f is
distorted in Homeog(M).



To prove this theorem, we will find a map Homeoy(M) — R which vanishes exactly on
the distortion elements of Homeog (M) and which is continuous at those distortion elements.
In the case of the 2-dimensional torus, notice that, if Conjecture 1.14 and Theorem 2.5 are

diam(f™ (D))

true, the map f +— lim, oo satisfies those two conditions. Indeed, the limit

limy, 400 w, which always exists and is finite, is the diameter of the rotation set

of f which is known to be upper semi-continuous (see Corollary 3.7 in [11]). In [10], we
define a useful quantity which vanishes exactly on the distortion elements of Homeog(M)
(see Proposition 4.1 in [10]). However, we do not know whether this quantity is continuous
at the distortion elements of Homeog(M ). That is why we slightly changed the definition of
this quantity to obtain maps gc and G¢ which vanish exactly on the distortion elements of
Homeog (M) and which are continuous at those distortion elements.

We are interested now in the case where the manifold M is a surface. Let S be a compact
surface with 95 # () which is different from the Mobius strip. Using Theorems 1.5, 1.6,
1.11, Proposition 2.2 and Theorem 2.5, we obtain a complete dynamical description of the
distortion elements of the group Homeog(.5).

Corollary 2.6. An element f in Homeog(S) is distorted if and only if it is a non-spreading
homeomorphism.

Proof. The "only if" implication is a consequence of Proposition 2.2. The "if" implication
involves Theorems 2.5, 1.5, 1.11 and the fact that a rotation of the annulus is a distortion
element in Homeog(A). This last fact is a straightforward consequence of Theorem 2.3. In
the case of the disc, the "if" implication is a consequence of Theorem 2.3. O

Note that a rational pseudo-rotation of the annulus has a power which is a pseudo-rotation
of angle 0. Moreover, if an element of a group admits a positive power which is distorted,
then this element is distorted. Hence the case o = 0 in Theorem 1.5 (together with Theorem
1.2 by Béguin, Crovisier, Le Roux and Patou) is sufficient to obtain Corollary 2.6 in the case
of the annulus.

Using Theorems 2.5 and 1.3, we obtain the following corollary.

Corollary 2.7. Let f be a pseudo-rotation of T? which is a C diffeomorphism of T?. Sup-
pose that there erists a representative (aq, o) in R? of the angle of the homeomorphism f
such that the real numbers 1, ay and ao are Q-linearly independent. Then the element f is
distorted in the group Homeog(T?).

3 Stability properties of distortion elements

In this section, we prove Theorem 2.5. Let B(0,1) be the unit closed ball in R? and
HY = {(z1,22,...,24) € R? 2z, > 0}.

Definition 3.1. A subset B of M is called a closed ball if there exists an embedding e :
R? — M such that e(B(0,1)) = B. We call closed half-ball of M the image of the unit
half-ball B(0,1) N H? under an embedding e : H* — M such that

e(0HY) = e(HY) N OM.
Let us fix a finite family ¢/ of closed balls or closed half-balls whose interiors cover M. We

denote by N(U) the cardinality of this cover. We need the following lemma which is proved
in Section 3.1.



Lemma 3.2. Let f be a homeomorphism in Homeog(M). Then there exists a finite family
(fi)i<i<s of homeomorphisms in Homeoo (M) such that the following properties are satisfied:

1. Each homeomorphism f; is supported in the interior of one of the sets in U.

2. f=fiofa0...0fs.
3. The cardinality of the set {f;,1 <1i < s} is less than or equal to 5N (U).

Let C be an integer which is greater than or equal to 5N (U). Let f be any homeomorphism
in Homeog(M). We denote by ac(f) the minimal integer s such that the following property
is satisfied. There exists a finite family (f;)1<;<s of homeomorphisms in Homeoy(M) such
that:

1. Each homeomorphism f; is supported in the interior of one of the sets in U.

2. f=frofoo...0fs.
3. The cardinality of the set {f;,1 < i < s} is less than or equal to C.

Let go(f) = limin, 4o ac(f")/n and Go(f) = limsup, | o, ac(f")/n.

In order to prove Theorem 2.5, we need the following results which will be proved after-
wards.

This first lemma says that, essentially, the quantities go and G¢ are the same and do not
really depend on C.
Lemma 3.3. Let C > C' > 5N (U) be integers. The following properties hold.

1. Gegsnwy < 9o < Geo < +o0.

2. ac < acr.

3. asnwy < (14log(C) + 14)ac.

Hence, if C > C" > 5N (U), then gc < gcr, Go < Ger, gsvwy < (14log(C) 4 14)gc and

This lemma is easy to prove once we have Lemma 3.6 below in mind. It is proved in
Subsection 3.2.

The two following propositions are the two main steps of the proof of Theorem 2.5. The
first one says that the quantities go (or equivalently G, gsn@) or Gsn)) vanish exactly
on the distortion elements of Homeog(M). The second one is a continuity property of those
quantities.

Proposition 3.4. Let f be a homeomorphism in Homeog(M). The following conditions are
equivalent:

1. The element f is distorted in the group Homeog(M).

2. There exists an integer C' > 5N (U) such that Go(f) = 0.
3. There exists an integer C > 5N (U) such that go(f) = 0.
4. Gsyan(f) =0.
5. gsn(f) = 0.

The equivalence between the the four last assertions follows from Lemma 3.3. The equiv-
alence with the first item, which is proved at the end of this section, is a consequence of a
deeper result in [10].

The following proposition is proved in Subsection 3.2.



Proposition 3.5. Let C' > 5N(U) be an integer. The map gc : Homeog(M) — R is
continuous at the distortion elements of the group Homeog(M).

Observe that, by Lemma 3.3 and Proposition 3.4, this proposition implies that the maps
G¢ are also continuous at the distortion elements of the group Homeoy(M). Before proving
the above propositons, let us prove Theorem 2.5.

Proof of Theorem 2.5. By Proposition 3.4, it suffices to prove that gion()(f) = 0. Denote
by g a distortion element in Homeog (M) which belongs to the closure of the set of conjugates
of f. Observe first that, for any homeomorphism & in Homeog (M) and any integer n,

aron) (") < asno(Rf B + 2asn @ (h).

Hence
gronva (f) < gsN(u)(hfhfly

Recall that, by Proposition 3.4, g1on @) (g) = 0. By Proposition 3.5, the right-hand side of the
last inequality can be chosen to be arbitrarily small. Therefore gion @ (f) = 0. Proposition
3.4 implies that f is distorted in the group Homeog(M). O

The above Lemmas will be essentially consequences of the following Lemma which is
proved in [10] (see Lemma 4.5 and its proof).

Lemma 3.6. Let (f,)nen be a sequence of homeomorphisms of R (respectively of H?)
supported in the unit ball (respectively the unit half-ball). Then there exists a finite set
G C Homeo,.(R?) (respectively G C Homeo.(H?)) such that:

1. 4G <5.
2. For any integer n, the element f,, belongs to the group generated by G.
3. For any integer n, lg(fn) < 14log(n) + 14.

3.1 The quantity asyy) is well defined

In this section, we prove Lemma 3.2.

Proof. Take a homeomorphism f in Homeog(M). We now apply the following classical result,
called the fragmentation lemma.

Lemma 3.7. Let f be a homeomorphism in Homeoo(M). Then there exist an integer k > 0
and homeomorphisms f1, fa, ..., fr in Homeog(M) such that:

1. Each homeomorphism f; is supported in the interior of one of the sets of U.

2. f=frofoo...0f.

Moreover, there exist a constant C(U) > 0 and a neighbourhood of the identity such that any
homeomorphism f in this neighbourhood admits a decomposition as above with k < C(U).

A proof of this Lemma can be found in [2] or [4], for instance. The idea is to prove the
lemma for homeomorphisms sufficiently close to the identity and then use a connectedness
argument to extend this result to any homeomorphism in Homeoq(M).

The fragmentation lemma applied to our homeomorphism f yields a decomposition f =
fiofao...o fr. Consider now a partition {Ay,U € U} of the set {1,2,...,k} such that, for
any set U in Y and any index i in Ay, the homeomorphism f; is supported in the interior of U.



Now, for each element U of our cover U, we apply Lemma 3.6 to the finite sequence (f;)ica,:
this provides a decomposition of each of the f;’s. The concatenation of those decompositions
gives a decomposition of our homeomorphism f which satisfies the conclusion of Lemma
3.2. O

3.2 Properties of the maps g- and G¢

In this subsection, we prove Lemma 3.3, Proposition 3.4 and Proposition 3.5. These
results rely on the following facts.

Let C,C" > 5N(U), p > 0 and f and g be elements of Homeog(M).
Fact 1: acto/(fg) < ac(f) +ac(g).
Fact 2: ac(f?) < pac(f)-

Proof of Lemma 3.3. The inequalities go < G¢ and a¢ < ac¢s are obvious. Fix an integer
k > 0. Take any integer n > 0 and perform the Euclidean division: n = gk + r. By Facts 1
and 2,

ac(f9*) + asn@o (f7)

qac(f*) + asnen (f7)-

Hence, dividing by n, and taking the upper limit as n — +o0, we obtain that Go sy (f) <
ac(f*)/k. This relation implies the inequality G 5 Nw) < go- It implies moreover that, for
any C' > 5N (U), Goqsnw < +oo. From the inequality asyy) < (14log(C) + 14)ac, which
we prove below, we deduce that G5y < +00. Hence, for any C' > 5N (U), Go < Gy <
+oo and go < gsnw) < Gsnwy < +00.

acisnan (") <
<

It remains to prove that asy ) < (14log(C)+14)ac. Let f be an element of Homeog (M)

and let | = ac(f). By definition, there exists a map o : {1,...,l1} = {1,...,C} and elements
fi,--+, fo of Homeoy(M) supported in the interior of one of the sets of U such that:

[ =feyfo@) - o)
Denote by {Ay,U € U} a partition of the set {1,...,C} such that, for any set U in U:
Vj € Ay,supp(f;) C U.

Fix such an open set U. Lemma 3.6 applied to the (ﬁnite)osequence (fj)jeay provides a finite
set Gy of homeomorphisms which are each supported in U such that the following properties
are satisfied.

1. For any index j in Ay, the element f; belongs to the group generated by Gy .

2. The set Gy contains at most 5 elements.

3. lg, (f;) < 14log(tAy) + 14.

Hence, if we take G = |J Gy, we have:
Ueud

1. 4G <5N(U).
2. The element f belongs to the group generated by G.
3. lg(f) < (141og(C) + 14)L.
Hence asn @) (f) < (14log(C) + 14)ac(f). 0

Proof of Proposition 3.4. The equivalence between the last four conditions is a direct conse-
quence of Lemma 3.3. By Lemma 3.7, if the element f is distorted, then there exists C' such
that Go(f) = 0: it suffices to apply this lemma to each factor provided by the definition of
a distortion element. Conversely, if there exists C such that Go(f) = 0, then f is distorted
by Proposition 4.1 in [10]. O



Proof of Proposition 8.5. By Lemma 3.3 and Proposition 3.4, it suffices to prove the lemma
for C = 15N (U). Fix € > 0. Let f be an element which is distorted in Homeog(M). By
Proposition 3.4, we can find an integer p > 0 such that

asn ) (fP) + (14log(C(U)) +14)C'U)
p p

<€,

where C(U) is given by Lemma 3.7. Take a homeomorphism ¢ in Homeog(M) sufficiently
close to f so that h = f~PgP belongs to the neighbourhood given by Lemma 3.7. For any
positive integer n, we write n = pq, + r,, where ¢, and r, are respectively the quotient and
the remainder of the Euclidean division of n by p. By Facts 1 and 2,

aisnw)(9") < @naronw) (9°) + asnen(9™)-

Dividing by n and taking the lower limit when n tends to +oo,

gisnw (9) < aronw)(9?)/p-
By Fact 1,
atonw)(9”) < asny(fP) + asny(h).

By Lemma 3.7, amax(cw),snw)) (h) < C(U) and, by Lemma 3.3, asy ) (h) < (14log(C(U)) +
14)amax(C(u),5N(Z/{))(h) . Hence

gisn)(9) < a5N(Z;)(fp) i (1410g(0(u1,) +14)C(U) .

4 Conjugacy classes: case of the circle

In this section, we prove Proposition 1.1. Denote by Homeog(S') the group of orientation-
preserving homeomorphisms of the circle S' = R/Z. In this section, for any o € R/Z, we
denote by R, the rotation of the circle  — x + a. If f denotes an orientation-preserving
homeomorphism of the circle, we denote by p(f) its rotation number.

Proposition 1.1 is not difficult to prove and one might find more straightforward proofs
of it using semi-conjugacy results. However, we will use the proof given here for the case of
homeomorphisms of the disc. Hence this section can be considered as a preparatory section
for the case of the disc.

We will make a distinction between the case of a homeomorphism with a irrational rotation
number and the case of a homeomorphism with an rational rotation number. Let us start
with the irrational case.

Proposition 4.1. Fiz a homeomorphism f in Homeoy(S'), a point x in S' and an integer
N > 0. Suppose that the rotation number of f is irrational. Then there exists a homeomor-
phism h in Homeog(S*) such that, for any 0 <k < N,

h(f*(2)) = Ri(x).

Of course this proposition does not hold in the case that the rotation number of f is
rational as f can have infinite orbits whereas any orbit under a rational rotation is finite.



Proof. Denote by z, RF!(z),..., REN(z) the points of {RF(x),0 <k < N} which are suc-
cessively met when we follow the circle in the sense given by the orientation of the circle,
starting from the point x. Then, by Proposition 11.2.4 P.395 in [7], the points which we
meet successively among the points f*(z), for 0 < k < N, when we follow the oriented
circle starting from x, are x, f¥(x),..., f*¥(z). Hence there exists a homeomorphism h in
Homeog(S?) which, for any 0 < i < N, sends the interval [f*i(z), f¥+1(x)] onto the interval
[REi(z), Rt (2)]., where kg = 0 and kx+1 = 0. The homeomorphism h satisfies the required
property. L]

Corollary 4.2. Let f be an orientation-preserving homeomorphism of the circle with p(f) =
« irrational. Then the homeomorphism f has conjugates in Homeog(S') arbitrarily close to
the rotation R,,.

Proof. Let € > 0. Fix a point zy of the circle. As the orbits under the rotation R, are
dense in the circle, one can find N > 0 such that the length of any connected component
of the complement of {R’é (20),0 <k <N — 1} is smaller than e. Proposition 4.1 yields a
homeomorphism A such that, for any 0 < k < N, h(f*(2¢)) = RE(z0). As the point x is
fixed under h~!, we also have, for any 0 < k < N, hf*h=1(x) = RE (z0).

Denote by (RF(zg), RE1(z9)) any connected component of the complement of
{RE(20),0 <k <N —1} in the circle. For any point = in [RF(zg), R% (z0)], the point
hfh~1(x) belongs to the interval

[hfh RE (20), hfh ™ RE (20)] = [REOT (o), RE 1 (0)).

As the point R, (x) also belongs to this interval and as the length of this interval is smaller
than e,
d(hfh™(2), Ra(x)) < e.

Now, we deal with the case where the rotation number is rational.

2

q 7
where p and q are relatively prime integers. Fizx a (large) integer N > 0. There exists a cover
(I;)jez/nqz = (laj,b5])jez/Nqz of the circle by intervals whose interiors are pairwise disjoint
with the following properties.

Proposition 4.3. Let f be a homeomorphism in Homeoy(S!). Suppose that p(f) =

1. for any j, aj11 = b;.
2. for any j, f(lj) C Ij+Np_1 Ulj+Np UIj+Np+1.

Proof. By a classical result by Poincaré (see Proposition 11.1.4 in [7]), there exists a point
of the circle which is periodic for f with period q, i.e. f9(xg) = 2o and f*(xq) # ¢ whenever
0 < k < q. Denote by zo = f*(z¢), f* (x0),..., f¥s=*(x0) the points of {f*(q),k € Z/qZ}
in the order given by the orientation of the circle. Construct by induction N — 1 points
T1,T2,...,2N_1 in the open interval (zg, f* (x¢)) such that

Lo <21 <T2<...<Iny-1 < fkl(.ro)
and, forany 0 <i < N — 1, 2,1 < f9(x;) < Tiq1.

It suffices to take the connected components of the complement of



as intervals I;. More precisely, for any 0 < j < N —2 and any 0 <17 < ¢ — 1, take
Liyni = fr([zj, 254]),
and, for any 0 <i <gq—1,
Incigni = [P (an_1), £+ (20)].

As the points f*(z) are in the same order on the circle as the points R% (z¢), we obtain that,
q

for any index i € Z/qZ, f(f* (x0)) = fF+»(x0). Hence, if k; # q — 1, f(I;) = Ij+ N, and, if
ki =q—1, f(I;) C Ijxnp—1 U Liynp Uljinprr as, for any i, o,y < f9(2;) < 241 O

Corollary 4.4. Let f be a homeomorphism in Homeoo(S'). Suppose that p(f) is rational.
Then the homeomorphism f has conjugates arbitrarily close to the rotation Rg.

Proof. Let ¢ > 0 and take an integer N sufficiently large such that Niq < 5. Set I]’» =

[Niq, %] C S'. Proposition 4.3 holds for the rotation R» with those intervals. Proposition
q

4.3 applied to the homeomorphism f provides intervals I; with the properties given by the

Proposition. Take any homeomorphism A in Homeog(S') such that, for any j, h(I;) = I i

Then, for any j, hfh™(I}) C Ij, n,—1 U T}, U Ty and hence d(hfh™" Re) <e. O

5 Conjugacy classes: case of the disc

In this section, we see D? as the unit disc in the Euclidean plane. We denote by
Homeop (D?, dD?) the identity component of the group of homeomorphisms of the disc which
pointwise fix a neighbourhood of the boundary. As a warm-up, we start with the following
easy proposition.

Proposition 5.1. Any element of Homeog(D?, 0D?) has conjugates arbitrarily close to the
identity.

Proof. Take ¢ > 0 and an element f of Homeog(D?,dD?). Let B be a closed disc which
is contained in the interior of the disc D? and whose interior contains the support of f.
Finally, let h be a homeomorphism in Homeog(D?, 0D?) which sends the disc B to a disc B’
whose diameter is smaller than €. As the homeomorphism hfh~! is supported in B’, this
homeomorphism is e-close to the identity. O

The goal of this section is to prove Theorem 1.6

In the proof of the theorem, we need the following easy lemma.

Lemma 5.2. Let ¢ be an orientation preserving homeomorphism of the circle 8D?. There
exists a homeomorphism h in Homeoy(D?) such that hjap2 = ¢.

Proof. Denote by ||.|| the Euclidean norm on R%. We see D? as the unit disc in R?. Take the
homeomorphism defined by

h: D? — D?
c£0 ozl o) .
0 — 0

An isotopy between ¢ and the identity provides an isotopy between h and the identity. O
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Proof of Theorem 1.6. We will distinguish two cases depending on whether the number ro-
tation number p(f) of f on the boundary dD? is rational or not.

First case: Suppose that o = p(f) is irrational.

Fix € > 0. Denote by « the oriented arc

0,1 — D?cCR?
t — (t0)

Let N and M be integers. Denote by RZ(7v),R%Z(y),...,RI¥(y) the curves
Ra(7), R2(7),..., RY(v) ordered in such a way that ¢; = 1 and for any index i € Z/nZ

R&T () is the curve in the set
1<k<N
R (), <k<Z
{ a(7) { k% g }

which is immediately on the right of R% (7).

For any ¢ € Z/NZ and any 0 < j < M —1, denote by S; ; the square bounded on the left
by R% (), on the right by R&*'(y), on the bottom by the circle C; = {||z| = &} and on
top by the circle Cj1 = {||z|| = %} We take N and M sufficiently large so that the two
following properties hold:

1. For any ¢ € Z/NZ and any 1 < j < M — 1, the square S; ; has a diameter smaller
than e.

2. The diameter of the set {|z|| < 2} is smaller than e.

We will find a similar decomposition for f in order to build our conjugation. Denote
by x the point (1,0). Use Proposition 4.1 and Lemma 5.2 to find a homeomorphism A in
Homeog(D?) such that, for any 0 < k < N,

h(f*(x)) = Rq(h(z)) = Ri ().

We want to build a homeomorphism A’ such that the homeomorphism h’hfh~'h’'~! is close
to the rotation R,.

Let 6 : [0,1] — D? be an embedded arc with the following properties:

1. 6([0,1)) N oD? = 0.

2. 0(1) ==

3. The arcs 6 = (hfh=1)*(5), for 0 < k < N, are pairwise disjoint.
Observe that any small enough arc satisfying the two first properties also satisfies the third
property. Observe also that the arcs hf*h=1(6), for 0 < k < N, are in the same order as the

arcs RE (7). Indeed, for any k the arc hf*h~1(5) has the same endpoint as the arc RE(v).
These arcs hf*h~1(8) will be sent to the arcs R¥ (7)(2 1) under A'.

Now, we construct the curves which will be sent to the circles C; under h’. Let Cj
be a simple loop S' — D? contained in the interior of the disc which contains the points
(hfh=1)%(8(0)) for 0 < k < N and which does not contain any other point of the arcs
(hfh=1)(6), for 0 < k < N. We can then construct by induction a family of simple loops
(C)1<i<m with the following properties:

L. For any 1 < i < j < M, the loops C} and hfh’l(C’j’-) are disjoint from the loops

C! and hfh~1(C!) and lie above C! and hfh=1(C!) (i.e. they belong to the same
connected component of D? — C! and D? — hfh=1(C!) as the boundary oD?).

2. For any ¢ and j with 0 <¢ < N and 1 < j < M, each loop C} meets each of the arcs

d; in exactly one point.

12



These properties enable us to construct a homeomorphism A’ in Homeog(D?) with the
following properties.

1. For any 0 <i < N, W' (hfith=1(0)) = Rg(’y‘[LM]).
2. Forany 1 < j <M, h'(C}) = Cj.
0 ¢ 0’0 R 1)

j:1 1=

m N
Denote by S a connected component of the complement of |J C; U

which is different from the disc D L of center 0 and radius ﬁ Then there exist ¢ and 7 such
that R, (S) = S; ;. By construction, the image under h’hf(h'h)~! of S is contained in
— Si,j U Si7j_1 U Si,j+1 lf] > 1.
— Si1 UD . US;qif j =1
Moreover, the homeomorphism h'hf(h’h)~! sends the disc D to D UU; Six = Ra(D
\U; Si,1- As the sets Dﬁ and S; ; have a diameter smaller than ¢, we deduce that

U

L
M

d(Ra, Whf(WR)™Y) < 2,

where d denotes the uniform distance.

Second case: Case where p(f) = % is rational. This case is similar to the first one: we will skip
some details. For notational reasons, the unit circle is identified with R/Z. Fix large integers
N >0 and M > 0. First, use Proposition 4.3 to obtain intervals (I;)o<;<np corresponding
to fiopz. Then use Lemma 5.2 to obtain a homeomorphism h of the disc which sends the

interval I; to the interval [Niq, %] of the circle 9D?.

For any 0 < i < Ng — 1, take a small arcs §; : [0,1] — D? which touch D? only at
the point 6;(1) = 7, € OD?. Choose these arcs so that they are pairwise disjoint. For any

1 <j < M, take a loop C]‘ which meets each §; in only one point. Construct them so that
the following properties hold.

1. C}, = oD

2. The loop C] meets each curve ¢; at §;(0).

3. Forany j > 1, the loop C7 is above C_; (disjoint from C_; and in the same connected
component, of D? — C} as 9D?).

4. For any 1 < j < M — 1, the curve hfh~'(C}) is disjoint from C_; and C7, .

Construct then a homeomorphism A’ in Homeog(D?) with the following properties.

1. It sends each loop C’; to the circle of radius ﬁ

2. It sends each curve §; to the straight line contained in a radius of the unit disc joining
the circle of radius ﬁ to the point Niq of the circle OD?.

One can check that the homeomorphism h'hf(h'h) ! is close to the rotation of angle p(f)
if N and M are chosen sufficiently large. O

6 Conjugacy classes: case of the annulus

This section is devoted to the proof of Theorem 1.5. This proof uses the notion of rotation
set of a homeomorphism of the annulus isotopic to the identity. For more background on
this notion, see the article [11] by Misiurewicz and Ziemian. In the quoted article, the notion
is introduced in the case of homeomorphisms of the torus but everything carries over in the
(easier) case of the annulus. For any homeomorphism f in Homeog(A), we denote by p(f)
its rotation set.

A simple curve v : [0,1] — St x [0,1] = A (respectively v : [0,1] — R x [0, 1]) is said to
join the two boundary components of the annulus (respectively the strip) if:

13



— ~(0) € St x {0} and (1) € St x {1} (respectively v(0) € R x {0} and v(1) € R x {1}).

— ~((0,1)) € St x (0,1) (respectively v((0,1)) C R x (0,1)).

Given a simple curve v which joins the two boundary components of the strip R x [0, 1],
the set R x [0, 1] — ([0, 1]) consists of two connected components. As the curve + is oriented
by the parametrization, it makes sense to say that one of them is on the right of v and the
other one is on the left of ~.

Definition 6.1. Take a simple curve v which joins the two boundary components of the strip
R x [0,1]. A subset of R x [0,1] is said to lie strictly on the right (respectively strictly on
the left) of the curve v if it is contained on the connected component of R x [0,1] —~ on the
right (respectively on the left) of .

Definition 6.2. Tuke three pairwise disjoint simple curves 1, v2 and 3 which join the two
boundary components of the annulus. We say that the curve v, lies strictly between the curves
v1 and s if the following property is satisfied. There exists lifts 41 and 7o to the strip of
respectively v, and 2 such that:

1. The curve 79 lies strictly on the right of ;.

2. For any lift 45 of the curve 3 which lies strictly on the right of 41, the curve 7y lies
strictly on the left of 3.

Notice that a curve which lies strictly between v; and 3 does not lie strictly between 3
and 7.

Proposition 6.3. (see Figure 1) Let f be a homeomorphism in Homeog(A) and p and q be

integers such that either ¢ > 0, 0 < p < q and p and q are mutually prime or p = 0 and
g = 1. Let us fix an integer n > 1. Suppose that p(f) = {%}. Then there exists a family
of pairwise disjoint simple curves (7;)iez/nqz which join the two boundary components of the

annulus such that, for any index i:
1. The curve y; lies strictly between the curves vy;—1 and ~;11.

2. The curve f(v;) lies strictly between the curves Yitnp—1 and Yitnp+1-

Remark 6.4. In the case of the rotation Re, note that it suffices to take v;(t) = (=, ).

ng’

Figure 1 — Illustration of Proposition 6.3 in the case p=0,¢g=1and n =4

For technical reasons, it is more convenient to prove the following stronger proposition.
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Proposition 6.5. Let f be a homeomorphism in Homeog(A) and p and q be integers such
that either ¢ > 0, 0 < p < q and p and q are mutually prime or p =0 and ¢ = 1. Suppose
that p(f) = {g}. Let us fiz integersn > 0 and N > 0. Then there exists a family of pairwise
disjoint simple curves (V;)icz/nqz which join the two boundary components of the annulus
such that, for any index i and any integer 0 < k < N:

1. Ifn # 1 or q # 1, the curve fF(v!) lies strictly between the curves Yitknp—1 and

71{+knp+1‘
2. If n=q =1, any lift of the curve f¥(}) meets at most one lift of the curve 7} .

The case N =1 of this proposition yields directly Proposition 6.3.

Proof. We say that a finite sequence of curves (v;);cz/nqz satisfies property P(N,n) if it
satisfies the conclusion of the proposition. We prove by induction on n that, for any N,
there exist curves (7;)iez/qnz Which satisfy property P(N,n) and such that, for any index

We first check the case where n = 1, which is actually the most difficult one. The proof
in this case relies on the following lemma due to Béguin, Crovisier, Le Roux and Patou (see
[1], Proposition 3.1). Let

Homeoz(R) = {f € Homeo(R x [0,1]),V(z,y) € R x [0,1], f(z+ 1,y) = f(z,y) + (1,0)}.

Lemma 6.6. Let F,..., F; be pairwise commuting homeomorphisms in Homeoz (R x [0, 1]).
Suppose that, for any index i, p(F;) C (0,4+00). Then there exists an essential simple curve
7 :10,1] = R x [0, 1] which joins the two boundary components of the strip and satisfies the
following property. For any index i, the curve F;(7) lies strictly on the right of the curve 7.

Fix an integer N > 0. We denote by f the lift of the homeomorphism f such that
p(f) = {%} and by T the translation of R x [0, 1] defined by (,t) — (z+1,¢). Consider the

unique permutation o of [1,q — 1] = {1,...,¢ — 1}, such that there exists a finite sequence
of integers (¢(4))1<i<q—1 With

0< 0(1)%’ +(1) < 0(2)§ FH2) < ... <olg— 1)5 Ftg—1)<1.

Notice that o(i)5 + t(i) = g. Hence o(i) is equal to ]% mod ¢ (observe that p is invertible
in Z/qZ as the integers p and ¢ are mutually prime). Equivalently, the integer o=1(i) is the
unique representative in [1,q — 1] of ip mod ¢. To simplify notation, let o(0) =0, o(q) =0,
t(0) =0 and t(q) = 1. Let M be any integer greater than %. We now apply Lemma 6.6 to
the homeomorphisms of one of the following forms, for 0 < j < M and 0 <i < qg—1:

1. Tt =gp folitD+jap—t(D) f~o(i) whese rotation set is

hS

{t(i +1) +o(i+ 1)§ — (i) — a(i)q} C (0, 400).

2. T+ fo(i+)p—t(i)+ir f=o()=i1 whose rotation set is

{t(z’ +1) +o(i+ 1)%’ — (i) — a(i)Z} C (0, +00).

Lemma 6.6 provides a simple curve 4’ : [0,1] — [0,1] X R such that, for any j € [0, M], and
any ¢ € [0,q — 1]:
1. The curve T(+D=3p fo(i+1)+74(5/) lies strictly on the right of the curve T4 fo(0)(5/).
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2. The curve T*+1) fo(i+1) (3/) Jies strictly on the right of the curve T(")=7» fo()+ia ("),
In particular, by the first property above with j = 0, the curve T!(3) lies strictly on
the right of the curve T%4=1) fo(a=1)(5/) which lies itself strictly on the right of the curve
Tt(4=2) fo(a=2)(5/) and so forth. Hence the curve T (') lies strictly on the right of the curve
4': the projection 4’ of the curve 3’ on the annulus is a simple curve. We set v, = 7 (/).
We have seen that the curve 7% f"(i) (%') is the unique lift of the curve +; which lies between
the curves 5/ and T (5'). Let us check that the curves +/ satisfy the desired properties.

Fix ¢/ € [0,¢ — 1] and k£ € [0,N]. Perform the Euclidean division of k + o(i') by ¢
k+o(i") = jq+r. By the two above properties, the curve f7977 (/) lies strictly between the
curves 7;,1“)71 and ’y;*l(r)+1' To see this, if r # 0, apply the first property for i = o~ 1(r)—1
and the second property for i = o~1(r), and, if r = 0, apply the first property for i = ¢ — 1
and the second property for ¢ = 0. Now, remember that, modulo ¢:

o r) = o Mk +o(?) — ja)
= (k+o())p
= kp+7.

This proves the proposition when n = 1.

Suppose that there exist curves (;)icz/nqz Which satisfy P(2Ng,n) and such that, for
any index n <i < ng, a; = f(a;_np). Let us construct curves (v;)icz/(n+1)qz Which satisfy
P(Ng,n + 1) (hence P(N,n + 1)) and such that for any index n +1 < i < (n + 1)g,
vi = f(¥i_pp)- If i is not equal to 1 mod n + 1, the curve ~; is one of the curves fN9(ay).
More precisely, write the Euclidean division of i by n+ 1: i =(i)(n+ 1) + r(¢). If r(3) > 1,
then v = fN9(ay ), with j = 1(i)n +r(i) — 1. If r(i) = 0, then v, = fN9(a;), with j = I(i)n.
We now build the curve ~;.

Notice that, for any integers —N < k, k' < N, fN+R)a(qq) N fV+E)4(q) = . Indeed,
recall that, by Property P(2Ngq,n), the curves of the form f'(ag), with 0 < I < 2N, lie
strictly between the curves av_; and «a;. Likewise, the curves of the form flq(al)7 with 0 <
1 < 2N, lie strictly between the curves ag and as. Moreover, the intersection f® +k)q(a0) N
FOHED () is equal to fNTR(qon fE =R (qy)) or fFN+HEI9(f(E=K)4(00)Nay ) and, among
the integers k — &k’ and &’ — k, one is nonnegative and smaller than or equal to 2\N.

Hence there exists a simple curve v} : [0,1] — A such that:

1. v1(0) € S* x {0}, 74 (1) € St x {1} and ~;((0,1)) C S* x (0,1).

2. For any integers k, k' € [—N,N], the curve ~; lies strictly between the curves

FOHR(ag) = fF9(7g) and fHII(an) = fK9(33).

By the second property above, for any integer k € [0, N], the curve f*(v}) lies strictly
between the curves 7)) and 7. Moreover, the curves of the form f*9(~}), with 0 < k < N lie
strictly between the curves 7' ; and v} and the curves of the form f*9(~4), with 0 < k < N
lie strictly between the curves v and 4. If ¢ = 1, we have proved that the finite sequence
(Vi)iez/(n+1)qz satisfies P(N,n 4 1).

Suppose now that ¢ # 1. For any index ¢ # 1 with (i) = 1, there exists a unique integer
j € [L,q—1] such that i = 1+j(n+1)p. Set 7/ = f(1}). As v, = f(34) and 7.y, = ()
by induction hypothesis, it is easy to check that the finite sequence (7v;)iez/(n+1)qz satisfies
P(Ng,n+1). O

Proof of Theorem 1.5. In the case where « is irrational, the theorem is Corollary 1.2 in [1].

Suppose that a = 57 where p and ¢ are integers with either ¢ = 1 and p = 0 or ¢ > 0 and
0 < p < q. Fix large integers N, N’ > 0. Apply Proposition 6.3 to the homeomorphism
J with n = N: this proposition provides curves (7;);cz/nqz- Consider a finite sequence

(aj)jeqo,nv] of pairwise disjoint loops S! — A such that:
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1. For any t € S*, ap(t) = (¢,0) and an/(t) = (¢,1).
2. The loops o; are homotopic to «g.

3. For any index 1 < j < N’, the loops «; and f(«;) lie strictly between the curves o4
and oj_1.

4. For any indices i and j, the loop o; meets the curve 7; in only one point.

Such curves can be built by induction on N'.

Figure 2 — Action of the homeomorphism f on the curves 7; and «; in the case a = 0, N = 4
and N' =3

Figure 3 — Notation for the proof of the theorem in the case a =0, N =4 and N’ = 3

Let us introduce some notation (see Figure 3). For any i € Z/NgZ, let +; be the curve
[0,1] — A defined by: ~/(t) = (§,,t) and, for any j € [0, N], let o/ be the loop S' — A
defined by o/(t) = (t, Ni) For i in Z/NgZ and j in [0, N'], denote by «;; (respectively
a;’i) the closure of the connected component of a; — Uy (respectively a;- — Uy7y},) which
lies strictly between the curves 7; and ;41 (respectively between the curves 7; and ~;, ).
Notice that, for any j, the loop «a; is the concatenation of the «;;’s. Similarly, for any
i € Z/NgZ and any 0 < j < N’ —1, denote by v; ; (respectively 7/ ;) the closure of the
connected component of v; — Ujrajr (respectively of 7] — Ujra,) which lies strictly between
the curves a1 and «; (respectively between the curves o | and «}). Finally, for i € Z/NqZ

and 0 < j < N’ — 1, we denote by D, ; (respectively Dg’j) the topological closed disc whose
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boundary is the Jordan curve v; ;Ua; ;U7it1 ;U1 (respectively v ;Ual ;Uvjy ;Ual ).

Note that D; ; = [Niq7 %] X [ﬁ, j;,l]. The discs D; ; as well as Dj ; have pairwise disjoint

interiors and cover the annulus A.

Consider a homeomorphism h of the annulus which sends, for any (i, j), the path ~; ; onto
the path %{,j and the path «;; onto the path a;’i. Such a homeomorphism exists thanks to
the Schonflies theorem and sends each disk D; ; onto the corresponding disk Dj .

By the properties of the curves a; and +;, for any (¢,5), the loop f(9D; ;) lies strictly
between the curves Quin(j+2,n7) and amax(j—1,0)- and strictly between the curves ;4 np—1
and v;4 npy2. Hence

f(0D; ;) C U Ditnprajre
61,62€{71,0,1}

where D; ; = () whenever j > N’ or j < 0. Therefore

f(Dij) C U Diswvprajie
€1,€2 6{71,0,1}

and

—1 /
hfh=(D; ;) C U ',£+Np+el,j+52'
€1,e2€{—1,0,1}

Obviously
/ R oY, /
Ry (Dj ;) = Dijnp,; C U i+ Npter,jtes:
617626{—1,071}

We deduce that the uniform distance between the rotation Rz and hfh~! is bounded by the
q
supremum of the diameters of the sets

U D i—1 p i+2+p]x[max(jfl,0) min(j + 2, N’)

g+Np+el,j+52 = [N7q + ¢ Ng 7 N ) N ]

€1,e2€{—1,0,1}

This last quantity is arbitrarily small as soon as the integers N and N’ are sufficiently
large. O

7 Conjugacy classes: general case

In this section, we prove Theorem 1.11.

We call essential arc of the surface S a simple curve v : [0,1] — S up to positive
reparametrization, whose endpoints lie on 05, which is not homotopic with fixed extrem-
ities to a curve contained in 95 and such that v((0,1)) C .S — 8S. For any essential arc -,
by abuse of notation, we also denote by ~ the set v([0,1]). In the case where the set S — v
has two connected components, as the curve = is oriented, it makes sense to say that one of
them, C, is on the right of v and the other one, C’, is on the left of . In this case, a subset
A of S is said to lie on the right (respectively strictly on the right, on the left, strictly on the
left) of the arc v if A is contained in the closure of C' (respectively in C, in the closure of C’,
in C).

In what follows, we fix a compact surface S with S # () and which is different from the
annulus, the Mobius strip or the disc.

We call mazimal family of essential arcs of S a finite family (a;)1<i<p of pairwise disjoint
essential arcs of S such that the surface S—(9SUJ; a;) is homeomorphic to an open disc (see
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Figure 4). Observe that the cardinality of a maximal family of essential arcs of S is 1 — x(S).
Any family of pairwise disjoint and pairwise non homotopic (relative to 9S) essential arcs
whose cardinality is equal to 1 — x(S) and whose complement in S is connected is a maximal
family of essential arcs.

<

Figure 4 — A maximal family of essential arcs in the case of the punctured torus.

Given such a family of essential arcs, the inclusion i : S — (S U, o) — S lifts to a
map i : S — (0SS U U; i) — S. The closure of the range of such a map is a fundamental
domain for the action of 71(S). We call it a fundamental domain associated to the family
(vi)1<i<n. Observe that two fundamental domains associated to such a family differ by an
automorphism in 1 (S). Given any family (a;)1<i<n of pairwise disjoint and pairwise non
homotopic (relative to 95) essential arcs such that S —U;«; is connected, we call fundamental
domain associated to (o;)1<i<n & fundamental domain associated to any maximal family of
essential arcs which contains (a;)1<i<n-

Fix a fundamental domain Dy associated to some maximal family of essential arcs
(ai,O)lgigl of S.

Proposition 7.1. Let N > 1 be an integer. There exists a mazimal family (o;)1<i<i of
essential arcs such that the following properties hold.

1. Given two distinct arcs &, 3 [0,1] — S, each of which is a lift of one of the arcs «;,
we have R R
V-N<E<N,fa)np=0.

2. There exists a fundamental domain D associated to the family (o;)1<i<i and a home-
omorphism hy € Homeog(S) such that ho(D) = Dy.

With this proposition, we are able to prove Theorem 1.11.

Proof of Theorem 1.11. Fix e > 0. We will construct a homeomorphism A in Homeog(.S) such
that d(hfh™!,Id) = sup,cgd(hfh™'(z),z) < e. Let ¢ : Dy — [0,1]? be a homeomorphism
such that the image under ¢ of any essential arc contained in 0Dg is contained either in
[0,1] x {0} or in [0, 1] x {1} and the image under ¢! of any of the four corners of the square
[0,1] x [0,1] is an endpoint of an essential arc contained in dDy. Moreover, we impose that,
for any t € [0, 1], the points ¢ ~1(¢,0) and ¢ ~1(¢,1) do not belong to (necessarily different)
lifts of the same essential arc o g.
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Choose L > 0 sufficiently large such that, for any 0 < i,j < L, diam(¢~'([i/(L + 1), (i +
1)/(L+1)] x[§/(L+1),(j+1)/(L+1)])) < €/2. For any 0 < i < L+1, denote by f; o (respec-
tively d;,0) the curve = 1([0,1]x {i/(L + 1)}) (respectively the curve o' ({i/(L + 1)} x[0,1]))
oriented from the point ¢ =1(0,4/(L + 1)) to the point ¢~ *(1,i/(L + 1)) (respectively from
the point ¢~1(i/(L + 1),0) to the point p~1(i/(L + 1),1)). See Figure 5.

d10 |20 [d30 |d10 |950 d6,0 |70

Br.0

Be,0

Y Bs.0 PYS

Ba,o

5370

Figure 5 — Notation for the proof of Theorem 1.11

Now, apply Proposition 7.1 with N = 228+ We use notation from this proposition in
what follows. Conjugating the homeomorphism f by hg, we can suppose that D = Dy.

Let BQ = 6070, BL—i—l = BL-‘,—I,Oa 50 = 5070 and SL+1 = SL_A,_LO. We WIH construct arcs
(Bi)i<i<r and (6;)1<i<r such that the following properties hold.

1. There exists a homeomorphism % in Homeog(S) such that h(Dgy) = Dy, h(5;) = Bio,
h(b:) = bi0-

2. For any 1 < ¢ < L, the image under f of the arc BZ meets neither the curve 61 1 nor
the curve ﬁz+1 For any 1 < i < L, the image under f of the arc §; meets neither the
curve §;_; nor the curve 51+1

3. Take any essential arc & contained in 9Dgy. The image under for f~tof this essential
arc does not meet any of the curves 3;, and any of the curves §; which satisfy §;Na = 0.

4. Consider any essential arc & : [0,1] — S contained in dDy. Denote by 7 the deck
transformation such that Do NyDy = &. Finally, let {a(t;),1 < i <7}, be the set of
points of & which belong to one of the curves Sl or v(gj), where t1 <ty < ... < t,.
Let tg = 0 and t,; = 1. Then the following properties are satisfied.

— For any | < r the image under f of the arc &([t;,;4+1]) does not meet any of the
following arcs: @&([0,#,_1]) if I > 0, &([ti12,1]) if I < r, the curves of the form §; if
6i N a([t1,tip1]) = 0 and the curves of the form (d;) 1f Y(8;) N[ty tisa]) = 0.

— For any index i such that &@ N &; # 0, denoting by & a(ty(s)) the point & N &;, the
image under f of the arc §; does not meet any of the following arcs: a(|0, tigi)— 1)) if
1(i) > 0, &([ti()+1,1]) if 1(¢) < r+1 and the curves of the form v(8;) if 6;y(3;) = 0.
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We claim that in this case d(hfh~!, Id) < €, which completes the proof of Theorem 1.11.
First, let us check this claim before buﬂdlng the curves §; and 4;. In what follows, we will call
square any subset of S of the form 7(p=1([i/(L+1),(i+1)/(L+1)]x [i/(L+1), (] +1)/(L+
1)])). By the properties above, for any 0 < ¢ < L and any 0 < j < L, the image under hfht
of any point in the square 7(o ' ([i/(L+1), (i +1)/(L+1)] x [j/(L+1),(j +1)/(L+1)])),
which is the projection of the square delimited by 7(d; 0), ( i1+1,0)s W(Bj’()) and W(Bj+1,()), is
contained in squares which meet the square o= *([i/(L+1),(i+1)/(L+1)] x [ /(L +1), (j +
1)/(L 4+ 1)]). Indeed, this is a consequence of the first three conditions above for any square
which does not touch 9Dy (see Figure 6) and the fourth condition ensures that this property
also holds for squares which meet 9D (see Figure 7). Any point in the union of such squares
is at distance at most € from any point of the square C, which proves the claim.

Bivz |

dic1 5 dit1 Oit2

Zone in which the image under f of the square C is contained

Figure 6 — The image of a square which does not meet 9Dg

Now let us construct the arcs Bl and 8;. We will first build the curves Bl by induction on
i. More precisely, we build by induction on 1 < ¢ < L a curve f; : [0,1] — D such that the
following properties are satisfied.

L Bi(0) € o~ ({0} x [0,1]), Bi(1) € o' ({1} x [0,1]) and B;((0,1)) € Dy — D

2. The arc §; lies strictly on the left of the arc B;_; if i > 1.

3. Forany 1 < j < i and any —22F~% < k&' < 22277 the arcs f*(B;) and f¥ (B;) are
disjoint.

4. For any essential arc & contained in 9Dy and any —22677 < k, k' < 22177 we have
M@ n f¥(6) = 0.

Recall that, by Proposition 7.1, for any —22f = —N/2 < k, k' < N/2 = 22l and any

essential arcs & # &' contained in 9Dy,

fHanf*@) =0

Hence there exists an essential arc 3 : [0,1] — Dg with the following properties.
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Figure 7 — The image of a square which meets 9D

1. The point 51 (0) belongs to ¢~ '({0} x [0,1]) C dS and the point 3;(1) belongs to
e ({1} x [0,1]) C BS.

2. 51((07 1))~C Dy — 9Dy. B

3. The arc j3; is disjoint from any of the arcs of the form f*(&), where & is any essential
arc contained in Dy and —22F < | < 22,

Observe that, for any essential arc & contained in Dy and any —22F71 < k k' < 22871 we

have f*(&) N f¥(51) = ¥ (F* (@) n pr) = 0.

Now suppose that we have constructed essential arcs 51, ceey BZ with the above properties,
for some i < L.

We now build the arc BH_l. By the second above property, for any essential arc & contained
in = 1([0,1] x {1}) and any —222~% < k, k' < 22077 the arcs f¥(3;) and f¥ (&) are disjoint.
Hence there exists an essential arc Bi+1 :[0,1] — Dy with the following properties.
1. The point B;;1(0) belongs to ' ({0} x [0,1]) € AS and the point B;;1(1) belongs to
e ({1} x [0,1]) € 8S.

2. 5¢+1((0, 1)) C Do — 9Dy.

3. The arc B;41 is disjoint from any of the arcs of the form f* (&), where @ is any essential
arc contained in ¢~1([0,1] x {1}) and —22L~% < k < 2281,

4. The arc BiH is strictly on the left of any of the arcs of the form f’“(ﬁl), where
_22L—i < k < 22L—i-

It is easy to check that the arc Bz‘+1 satisfies the required properties.

~ Now, it remains to build the curves 51 with 1 <7 < L. We build by induction on ¢ a curve
d; : [0,1] — Dy such that the following properties are satisfied.

1. If the point &; o(0) (respectively &; o(1)) belongs to an essential arc & : [0, 1] — @Dy, the
following properties hold. Denote by =y the deck transformation such that DoNy(Dy) =
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. The point 6;(0 ) (respectively 6:(1)) _belongs to the same essential arc contained in
dDy as the point &;(0) (respectively ;(1)). Moreover, the family consisting of the
points (vék 0N &)k, where k < 4 varies over the indices such that ”yék oNa # 0, and the
point §;,0(0) (respectively 0i.0(1)) are in the same order on & as the family consisting
of the points (70, N @)y and the point &;(0) (respectively 6;(1)).
2. If the point 6; 0(0) (respectively d; o(1)) does not belong to one of these essential arcs,
then the point 6:(0) (respectively &;(1)) belongs to the same component of ¢~ ([0, 1] x
{0})NAS (respectively ¢ ~1([0,1] x {1})NAS) as the point §; o(0) (respectively &; o(1)).
3;((0,1)) € Dy — dDy.
If i > 1, the curve 0; is strictly on the right of the curve 8;_1 in Do.
For any 1 < j < L, the curve 8; meets the curve Bj in only one point.

For any —207% < k k' < 2F~% and any 0 < j < 4, the curves fk(gj) and fk'(gl) are
disjoint.

A S

7. For any —2F7% < k:,Nk’ < 28— and any essential arc & contained in Dy which does
not meet the curve §; ¢, the curves f*(5;) and f* (&) are disjoint.

8. Consider any essential arc & : [0,1] — S contained in D such that &Nd; # §. Denote
by 7 the deck transformation such that Dy NyDg = @. Let {a(t;),1 <1 <7}, be the
set of points of & which belong to one of the curves §; or v(d;/), where 1 < j,5" <4
and t; < to < ... <t.. Letty =0 and t,;; = 1. Finally, let a(t;;)) be the point
&N 6;. Then, for any ~—2L_i < k,k' < 2F7 the following properties are satisfied.

— The image under f* of the arc &([0, #;(;)]) does not meet any of the following arcs:
(& ([ti(i)+1,1])), the curves of the form f* "(8;) if j < i and &; N &([o, tipy]) =0
and the curves of the form f*'(v(3;)) if j < i and ~(3;) Na([0, tiiy]) = 0. Likewise,
the image under f* of the arc &([ty(iy, 1]) does not meet any of the following arcs:
¥ (a(]o, tiiy—1])), the curves of the form F¥(5;) if 5 < and §; N a([tyq),1]) = 0
and the curves of the form f¥ (v(8;)) if j < i and 7(d;) N &([tys, 1]) = 0.

— The image under f% of the arc 9; does not meet any of the following arcs:
7 @(0, iy 1) 1T 1) > 0, ¥ (@(lti 1. 11)) 3 £(3) < 7+ 1 and the curves
of the form f*'(~(8;)) if & N y(3;) = 0, where 0 < j < i.

Before completing the induction, let us why the curves B; and é; satisfy the required
properties. From the properties satisfied by the curves d; and the curves 3;, we deduce that
there exists a homeomorphism h : Dy — Dy with the following properties.

1. For any 1 < ) < L, E(Sl) = Si,O and E(Bz) = BLO-
2. The homeomorphism % preserves any essential arc contained in dDy.

3. For any two essential arcs & and &' contained in 0Dy, if there exists a deck transfor-
mation v such that v(&) = &', then fyh|a = h’y‘

The second and the third conditions above imply that the homeomorphism h can be extended
on S as the lift of some homeomorphism A in Homeog(S). To construct such a homeomor-
phism, first construct it on the union of Dy with the curves 6; and f;. Then extend this
homeomorphism to the connected components of the complement of this set in Dy by using
the Schonflies theorem.

Now, let us build the curves 5; by induction. Fix an index 1 <14 < L and suppose that we
have constructed arcs d1,0s, . ..,0;_1 with the above properties (this condition is empty in
the case i = 1). Denote by A; the set of essential arcs contained in dDg which lie strictly on
the right of the curve §; 0 in Do and by B; the set of essential arcs contained in 0Dy which
lie strictly on the left of the curve 51-70 in Dy. We distinguish three cases.

First case: The points gi,o(O) and Si,o(l) do not belong to an essential arc contained in 0Dy.
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Second case: The point SZ—,O(O) belongs to an essential arc & contained in 0Dy and the point
Si70(1) belongs to an essential arc &' contained in Dy.

Third case: One of the points among &; (0) and d; o(1) belongs to an essential arc contained
in 0Dy and the other one does not.

We construct the curve SZ in the first two cases and we leave the construction in the third

case to the reader.

Let us look at the first case. Notice that the following properties hold.

1. For any —2F—#*1 <k k' < 2071 any essential arc & in A; and any essential arc &’
in B;, the curves f*(a) and f* (&') are disjoint.

2. For any —2L7"F1 < | k' < 257+1 and any essential arc & in A;, the curves k@)
and f¥ (8;_1) are disjoint.

3. For any —2F—71 < | < 2L=+1 the arc f*(6;_;) is disjoint from the set o' ({1} x
[0,1]): by construction of the chart ¢, the endpoints of these curves do not belong to
the connected component of 95 which contains ¢~ ({1} x [0, 1]).

4. For any —2L~it1 < k < 2L=i*1 and any essential arc & in A;, the curve f*(a) is
disjoint from the arcs of the form Bj, with 1 <j < L.

Hence there exists an essential arc SZ; with the following properties:

— The point §;(0) (respectively d;(1)) belongs to the same component of 2SN Dy as the
point §;0(0) (respectively J; o(1)) and does not meet any essential arc contained in
0Dy.

— 5,((0,1)) € Dy — 0D, o

— The curve §; lies strictly on the right of the curves of the form f¥(8; 1), with
—oL=i+l < | < 2L+l iy Dy,

— For any 1 < j < L, the curve 0; meets the curve Bj in only one point.

— The curves of the form f*(a@), where & belongs to 4; and —2L—i+1 < | < 2L—i+1 Jje
strictly on the right of the curve é; and the curves of the form f* (&), where & belongs
to B; and —2L 1 < | < 2L-i+1 ie strictly on the left of the curve d;.

Of course, the curves of the form f#(d;), with j < i — 1 and —2F=1 < k < 20—+ Jje
strictly on the left of the curve f¥(d;_;) and hence are disjoint from the curve &;. The curve

0; satisfies the required properties.

The second case is subdivided into three subcases.
First subcase: The arcs of the form 7(5]470), where 7 is a nontrivial deck transformation
and 1 < j <14 — 1, meet neither the arc & nor the arc &'.
Second subcase: The arcs & and & both meet an arc of the form 'y(gﬂ)), where v is a
nontrivial deck transformation and 1 < j <4 — 1.
Third subcase One of the arcs & and @ meets an arc of the form +(d;0), where 7 is a
nontrivial deck transformation and 1 < 5 <4 — 1 and the other does not.
We construct the arc 4 only in the first two subcases and leave the construction to the
reader in the third one. Changing the orientation if necessary, we can suppose that the arcs
a:[0,1] = 90Dg and & : [0,1] — 0Dy are oriented in such a way that the points &(1) and
&/(1) lie on the right of the curve Si,o in Dy.

Let us study the first subcase. Let 7 be the parameter in [0,1] defined by 7 = 0 if
Sicina=0and {a(t)} =61 Na otherwise. Let 7" be the parameter in [0, 1] defined by
7 =0if §;_1 Na& =0 and {&'(7")} = §;—1 N & otherwise. Then take an arc §; with the
following properties.

1. The point 4;(0) belongs to the arc & and the point &;(1) belongs to the arc &’

2. 6;((0,1)) € Dy — 8Dy.

3. The curve §; meets each of the curves Bj, with 1 < j < L, in only one point.

4. The compact sets of the form f¥(6;_; U a([0,7]) U a/([0,7])) N Dy with —2E~1 <
k < 2E=i+1 Jie strictly on the left of the arc &; in Dy.
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5. The curves of the form f*(a”), where @’ belongs to A; and =25~ < | < 2L—itl
lie strictly on the right of the curve d; in Dy and the curves of the form f*(&”), where
@ belongs to B; and —2L711 < k < 2L=#+1 ie strictly on the left of the curve ¢; in
Do.

The arc 6; satisfies the required properties.

Now, we look at the second subcase (see Figure 8 for an illustration of the notation).
Denote by « the deck transformation such that v(Dg) N Dy = & and by 7 the deck trans-
formation such that v/ (Do) N Dy = &'. Let &(to) = 0;,0(0) and &'(t;,) = d;,0(1). Denote
by t_ o (respectively ¢’ ;) the supremum of the real numbers ¢ < t, (respectively ¢ < )

such that @(t) (respectively @ (t)) meets an arc of the form 7d; (respectively ~/d;0) with
J <. Take t_o = 0 (respect. ' , = 0) if there is no such real number. Likewise, denote
by 4o (vespectively ¢, ;) the infimum of the real numbers ¢ > ¢y (respectively ¢ > t(,) such
that G(t) (respectively &'(t)) meets an arc of the form ~d, (respectively 7/d;0) with j < 4.
Take ty o = 1 (respectively t/, 5 = 1) if there is no such real number. Denote by j_, ji,
j_ and j'_ the indices such that, respectively, the point &(t_ ) belongs to the arc 'y(gj_,o),

the point &' (" ) belongs to the arc v'(8j o), the point &(t4 o) belongs to the arc (4, o)
and the point &' (t/, ) belongs to the arc 7’(&»;’0). Finally, denote by t_, ¢4, t_ and t/_ the

real numbers in [0, 1] such that, respectively, the point &(¢_) belongs to the arc v(d;_), the

point &(t1) belongs to the arc fy(SH), the point &'(¢_) belongs to the arc 4'(d;/ ), the point

&/ (t4) belongs to the arc v/ (Sjgr). Finally, as in the first subcase, let 7 (respectively 7') be
the parameter in [0, 1] defined by 7 = 0 (respectively 7/ = 0) if bi1Na = 0 (respectively
di—1Na& =0) and {&(7)} = d;—1 N & (respectively {&'(7')} = §;—1 N &) otherwise.

Figure 8 — Notation in the second subcase

There exists an arc 0, : [0,1] — Dg with the following properties.
. The point 4;(0) belongs to the arc & and the point d,(1) to the arc &'

[

2. 51((0, 1)) C Do — 0Dyg.
3. The curve §; meets each of the curves Bj, with 1 < 5 < L, in only one point.
4. The compact sets of the form f*(5;,_1) N Do, f*(&([0,max(r,t_)])) N Dy,
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FF(a/ ([0, max(7’,t")])) N Do, fFv(d; ) N Dy and f¥y(§; ) N Dy lie strictly on the
left of §; in D.

5. The compact sets of the form f*(a([ty,1]))N Do, f*(& ([, 1])) N Do, ¥(3;, ) N Do and
fkv(gj;) N Dy lie strictly on the right of §; in Dy.

6. The curves of the form f*(a"), where @’ belongs to A; and =28~ < | < 2L—itl)
lie strictly on the right of the curve d; in Dy and the curves of the form f*(&”), where

@ belongs to B; and —2L711 < k < 2L=#+1 ie strictly on the left of the curve ¢; in
Do.

Such an arc satisfies the required conditions (note that, by construction of the chart ¢,
v&' # & and v'&@ # & hence the curve v¢; does not meet the arc & and the curve +'§; does
not meet the arc &). The induction is complete. O

Now we turn to the proof of Proposition 7.1.

Proof of Proposition 7.1. Denote by G the set of deck transformations v of S such that
1. The fundamental domains «(Dg) and Dy have an essential arc in common.
2. The fundamental domain Dy lies on the left of this essential arc.

The group 71(S) is the free group on the elements of G.

Let I =1 — x(S). We prove by induction on 0 < b <1 that, for any N > 1, the following
property P(N) holds. There exists a family (a;)1<;<p of pairwise disjoint and pairwise non-
homotopic essential arcs of S and a homeomorphism g, in Homeog(S) with the following
properties.

1. For any index 1 < i <b, gp(a;) = cvip.

2. Let Dy = g, (Do) and denote by &; : [0,1] — S the lift of a; such that &;([0,1]) € Dy,
and the fundamental domain Dy lies on the left of &;. Then, for any deck transforma-
tion v € m1(S), any indices 1 < i # j < band any |k| < N(Ig(7)+1), vf*(a:)Néa; = 0.

3. For any non-trivial automorphism v € m1(S), any 1 < i < b and any |k| < Nig(7),
vfH(@) Néa = 0.

Notice that, if the above properties hold for b = I, Proposition 7.1 is proved.

For b = 0, there is nothing to prove.

Suppose that the above property holds for b < [ and let us prove this for b + 1. Fix
N’ > 1 and let N = 2N’. Consider a family (a;)1<i<p of pairwise disjoint and pairwise
non-homotopic essential arcs and a homeomorphism g, which satisfy P(3N) = P(6N’). Let
50 = g;l(dbﬂ,o), where ap41,0 is the lift of the arc a1, such that the fundamental domain
Dy lies on the left of the arc dp41,0-

For any reduced words w and w’ in elements of G, denote by wm (S)w’ the set of auto-
morphisms in 7 (S) whose reduced representative starts with the word w and ends with the
word w’. Denote by a the element of the generating set G such that D, Na(Dy) = Bo. It is
also the element of the generating set G such that Do N a(Dy) = @pt1,0, 8S Goa = agp.

We will use the following fact repeatedly.

Fact: For any automorphism ~ € 71(5), the fundamental domain ~(Dj) lies on the right of
Bo if and only if v € am(5).

Let I' be the set of deck transformations whose reduce representative does not begin with
the letter @ and does not end with the letter a~'. The proof relies on the following lemma.
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Lemma 7.2. There exists an essential arc Bg 2 [0,1] — S which satisfies the following
properties.

1. The point 62( ) belongs to the same connected component of dS as ﬁo( ) and the point
Bo(1) belongs to the same connected component of dS as Bo(1).

2. For any deck transformation v in ami(S) and any integer |k| < N(lg(v) + 1), the
curves of the form ~f* (&;) lie strictly on the right of the curve Bo.

3. For any deck transformation vy in am1(S) and any integer |k| < Nlg(v), the curves of
the form v f5(Bs) lie strictly on the right of the curve Bs.

4. For any deck transformation vy in T' different from the identity and_for any integer
k| < Nl , the curve ~ F*(Bs) lies strictly on the left of the curve Bs.
gy

5. For any deck transformation v in T' U m(S)a™ — ami(S)a™' and for any integer
|k| < N(lg(v) + 1), the curves of the form ~vf*(a;) lie strictly on the left of the curve

Ba.

_ This lemma is proved below. We now explain how to complete the induction. Let aj11 =
Ba.
By construction of the curve db+1, for any non-trivial deck transformation v € am (S)UT

and any |k| < N'lg(y), we have vf* (ab+1)ﬂab+1 = (). Hence, for any element ~ of m1(S)a™!
and any k| < N'lg(7), 7" (@41) N @bgr = 75 (@1 Ny f T (G41)) = 0.

As m1(S) = m1(S)a™! Uam (S) UT, we have proved that for any element ~ of m;(S) and
any [k| < N'lg(v), vf*(@p1) N a1 = 0.

Moreover, Lemma 7.2 implies that, for any deck transformation v € 7 (S) and any indices
1<i#j<b+1,if [k < N'(Ig(7) + 1), then vf*(&;) Ny = 0.

Observe that the projection ap1 on S of the arc ap41 is an essential arc. Now we
construct the homeomorphism g¢,4+1. Notice that the arc a4 is homotopic to the arc Sy
relative to 05 U Ui<;<pa;. Hence, by the main theorem of the article [3] by Epstein, there
exists a homeomorphism gj 41 in Homeog (S) which pointwise fixes the curves a; for 1 <7 <b
and which sends the curve fy to the curve apy1. Then take gy = 91/)+19b' O

It remains to prove Lemma 7.2. We need the following lemma (see Figure 9).

Lemma 7.3. Let & be an essential arc of S. Denote by C the set of boundary components
of 8 which lie strictly on the left of &. Let (&i)1<i<n be a finite family of essential arcs of 8
such that, for any i, any component in C lies strictly on the left of &;.

Then there exists a unique essential arc infs((&;)1<i<n) with the following properties.

1. Any essential arc of S which lies (strictly) on the left & and of the &;’s lies (strictly)
on the left of the arc infs((&;)1<i<n)-

2. The arc infs((G;)1<i<n) lies on the left of the arc & and of the arcs &;.

Moreover, any point of the essential arc infs((&;)1<i<n) belongs to either the arc & or one
of the arcs &;.

Of course, in the above lemma, if we replace the words "left" by "right", we can define a
curve supg ((&)1<i<n)-

Proof. We use the following lemma by Kerekjarto (see [9] p. 246 for a proof).
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Figure 9 — Illustration of Lemma 7.3

Lemma 7.4. Let Uy,Us,..., U, be Jordan domains of the sphere, that is, connected
components of the complement of a Jordan curve. Then each connected component of
U NnUsN...NUg is a Jordan domain.

We see the Poincaré disk as the unit disk in the plane which is seen as the Riemann
sphere minus the point at infinity. As the universal cover of the double of the surface S,
endowed with a hyperbolic metric, is the Poincaré disk, the surface S is naturally a subset of
the Poincaré disk and the interior of S is a Jordan domain Jy -its frontier is locally connected

without cut points. Denote by U the connected component of int(S) — & which lies on the

left of @. For any 1 < i < n, denote by U; the connected component of int(S) — &; which
lies on the left of &;.

As any component in C is strictly on the left of & and of the &;’s, any point in int(.S) close
to such a component belongs to U N(;_, U;. Moreover, the components in C are contained
in the closure of the same connected component of U N[, U;: they belong to the same
connected component of 8Jy — (|J;—, & U &). Let us call J this connected component of
UNNi, U;. By Lemma 7.4, the set J is a Jordan domain. Hence its frontier inside int(S)
(or more precisely the closure in S of this frontier) is an essential arc. If we orient properly
this arc, it satisfies the two required properties. To prove the uniqueness part of this lemma,
observe that the image of an arc which satisfies the two required properties is necessarily the
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closure in S of the frontier in int(S) of the component J: the first condition implies that it
is contained in the closure of U N[, U;. As such an arc touches a boundary component
of S, it must be contained in the closure of J. The second condition implies that this arc
must be contained in the frontier of J. As the complement of &S in this frontier is connected
and the orientation of our arc is determined by the two conditions, the uniqueness part of
the lemma is proved. O

Proof of Lemma 7.2. First step. We prove first the following property. There exists an
essential arc B1 of S such that

1. The pointﬁl (0) lies on the same connected component of @5‘ as the point 50(0) and
the point B1(1) lies on the same connected component of 3S as the point Bo(1).

2. For any deck transformation v in ami(S) and any integer |k| < N(lg(vy) + 1), the
curves of the form vf*(&;) lie on the right of the curve j3;.

3. For any deck transformation vy in ami(S) and any integer [k| < Nlg(v), the curves of
the form v f*(B1) lie on the right of the curve B.

We start with a lemma where we use the non-spreading hypothesis.

Lemma 7.5. In the set of essential arcs

o k| < N(I 1 _ k| < N(l 1
{ka(ﬁo)>{ L'e—amgg)WH ) }U{v(f"(ai))a{ g‘giggfv(ye):m)(k?) }

only a finite number of arcs meet the curve Bg.

Proof. Suppose for a contradiction that there exists a sequence (y,)nen of non-trivial au-
tomorphisms in 1 (S) with lg(vy) P +oo and a sequence (kn)nen of integers with
n—-+0o0o

|kn| < N(Ig(7m) + 1) such that, for any n, there exists a curve  among Sy and the @;’s such
that

'Ynfkn (B) N BO 7é (Z)

Then, for any n, f*(Dy) N~ (Dy) # 0. As the homeomorphism f has a fixed point in
D, (otherwise we could build a nowhere vanishing vector field on the surface S, which is
impossible), .

diam(f* (D)) > d(Dy, Yn(Dp)).

By the Svarc-Milnor lemma (see [6] p.87), there exists constants C, C’ > 0 such that, for any
n,
diam(f* (Dy)) > Clg(n) — C".
Therefore _
diam(f¥ (D) _ Clgly)
kn ~ Nlg(w)+1)  N(g(v)+1)
the right hand side of this inequality has a positive limit as n — 4o00. Moreover, the

sequence (|ky|)n has to tend to +oo: otherwise, one of the sets of the form f!(D,), with [
in Z, would have infinite diameter as it would cross infinitely many sets of the form ~, (Dy).

This contradicts the hypothesis lim, w = 0 (recall that this hypothesis is
independent of the chosen fundamental domain). O

We now want to apply Lemma 7.3 to complete this first step. We have first to check that
the family of essential arcs we will consider satisfies the hypothesis of this lemma. For any
essential arc ¢ of S we denote by c® the arc with the opposite orientation. We denote by C
the set of connected components of &S which lie on the left of ;.
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Recall first that the essential arcs among the lifts of the arc 5y which lie strictly on the
right of fBo are the curves of the form ~(8y), where v belongs to ami(S). Therefore the arc
Bo lies btrlctly on the left of the curves of the form fy(ﬁo) with v € am(S) — am(S)a™?, as
the curve ~ (ﬁo) is strictly on the left of the curve B,. Moreover, the arc By lies strictly
on the rlght of the curves of the form ’y(ﬁo), with v € am(S)a~!. By this discussion, the
components in C lie strictly on the left of the curves of the form 7(50), hence also of the form
v (Bo), with k € Z and v € ami(S) — amy(S)a~'. They also lie strictly on the left of the

curves of the form v f*(39), with k € Z and v € ar,(S)a™".

For any 1 < i < b, denote by A; the subset of am1(S) consisting of deck transformations
~ such that Dy lies strictly on the left of the arc (&;). Denote by A¢ the complement of this
set in a1 (S). Consider the family F of essential arcs consisting of the arcs which meet the
arc By of one of the following forms.

L vf*(Bo), v € ami (S) — am (S)a™t, k| < Nig(v).
2. yfR(B3Y),y € ami (S)a™t, k| < Nig(y).

3. yfR(d@i), 1 <i < by € A, k| < N(lg(y) + 1)

4. yfF(@a9),1 < i < by e A5 k| < N(lg(y) + 1)

By Lemma 7.5, the family F is finite. Take 3; = inf 5o (F)- Let us check that this curve
satisfies the wanted properties.

By construction of the curve Sy, for any deck transformation ~ in ami(S) and any integer
|k| < N(lg(v) + 1), the curves of the form ~f*(&;) lie on the right of the curve 3.

Now, take a deck transformation v € ami(S) — ami(S)a~" and \k| < Nlig(vy). Observe
that, by the uniqueness part of Lemma 7.3, Wfk(ﬁl) mfvfk 50)('yf (F)), where vf’“( ) =

{'yf’“(ﬁ) B e ]-'} It is easy to check that any curve in vfk( ) is either equal to one of the

curves in F or lies strictly on the right of Bo. Hence any of these curves lie on the right of
B1. As the curve f (ﬁo) also lies on the right of the curve 3; by construction, we deduce that
the curve v f*(B1) lies on the right of the curve 1, by Lemma 7.3.

Finally, take a deck transformation v € am(S)a™" and |k| < Nig(y). As the arc By lies
on the left of the arc By, the arc vf*(531) lies on the left of the arc 'yfk(,Bo) As the arc 4
lies on the right of the arc -, f* (ﬂo) by construction and as the arc vf¥(5,) is on the right of
the arc 41 and of the arc ~f* (61) the arc ’yfk(ﬁl) lies on the right of the arc j3;.

Second step. We prove that we can perturb the arc By to obtain an arc 5{ such that

1. For any deck transformation v in ami(S) and any integer |k| < N(lg(y) + 1), the
curves of the form ch (&;) lie strictly on the right of the curve ﬁl

2. For any deck transformation y in am(S) and any integer |k| < Nlg (), the curves of
the form v f5(3,) lie strictly on the right of the curve 3.

Let M be the maximal length with respect to G of an element v in ari(S) — ami(S)a=!
such that there exists |k| < Nlg(v) with vf*(31) N 31 # 0. As in the proof of Lemma 7.5,
one can prove that M is well-defined. Denote by K the compact set consisting of points
on f3; which belong to an arc of the form ~f*(3;), where Ig(y) = M and |k| < NM. By
maximality of M, for any deck transformation y € a1 (S)—ami(S)a™"! and any |k| < Nig(y),
the image under vf* of K is sent strictly on the right of f31. Take a disjoint union (U;); of
open disks which cover K, such that, for any ¢, 81 N U; is connected and U; is sent strictly
to the right of 8; under a homeomorphism of the form ~f*, with v € am1(S) — amy(S)a™t
and |k| < Nlig(v). Fix a parameterization of B1. For any i, choose parameters t1; < to,
such that K NU; C Bl((tl ist2:)) C U;. Now, for each 4, replace in Bl the portion of arc
B (t1.,t2) with a simple curve ¢; : [t1 ;,t2 ;] — U; such that ¢;((t14,t2,)) lies strictly on the
left of the arc 61, ci(ti) = 51(t172) and ¢;(t2;) = Bl(tgﬂ'). We obtain a new curve 5170.
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Let us now list the properties of this curve /3’1,0.

First take a deck transformation 7y in am(S) — amy(S)a™! with Ig(y) > M and |k| <
Nlig(v). By construction, the curve vfk(ﬁl) is strlctly on the right of the arc 51 0. Moreover,
by construction of the disks U;, the curves ~f* (ci) are strictly on the right of the arc .
Hence these curves lie strictly on the right of the arc 81 ¢ which lies on the left of the curve
1 by construction. We deduce that the arc ~f* (BLO) lies strictly on the right of the arc 3170.
Moreover, the curve f3; ¢ is strictly on the left of the curve vf*(3) as ' ¢ am (9).

For any deck transformation  in a1 (S) —am(S)a™! and any |k| < Nig(y), as the curves
v fF (¢;) and the arc v fE (61) lie on the right of the arc 31, the arc ~f* (51 o) lies on the right
of the arc 51 0, which is itself on the left of vfk(ﬁl 0)-

Take now an automorphism v € ari(S)a™! and |k| < Nig(y). Then the arc 'yfk(ﬁl,o)
lies on the left of the arc vf*(3;) and the arc 3, o lies on the right of the arc ~f*(5;), which
is itself on the right of 3;, hence of ,81 0. Hence the arc vfk(ﬂl o) lies on the right of the arc

ﬂl,O~

Finally, for any index 1 < ¢ < b, any deck transformation ~ in am;(S) and any integer
|k| < N(lg() +1), as the arc ~f¥(é;) lies on the right of the arc fi, it also lies on the right
of the arc (.

Now repeat the same process with the curve 51,0 instead of the curve ,él to obtain a new
arc (1,1 and then repeat it to the arc 51 ;... until we obtain an essential arc 51 ps. This arc
satisfies the following properties.

1. For any deck transformation v in ami(S) — am (S)a™! and any integer |k| < Nig(y),
the curves of the form ~f* (ﬁl M) lie strlctly on the right of the curve 61 M-

2. For any deck transformation v in am1(S)a™! and any integer |k| < Nlg(v), the curves
of the form ~ f* (61 ) lie on the right of the curve 61 M-

3. For any deck transformation vy in a7ri(S) and any integer [k| < N(lg(y) + 1), the
curves of the form ~ f* (&) lie on the right of the curve S .

Let ,81 be an essential arc which lies strictly on the left of the arc ,817 »m and is sufficiently
close to this arc so that the first above property remains true for the arc 51 Then, for any
deck transformation v in am(S) and any integer |k| < N(lg(y) + 1), the curves of the form
v fF (&;) lie strictly on the right of the curve 1. If we take an automorphism ~ in amy(S)a=t
and an integer |k| < Nlg(v), observe that the curve fyfk () lies strictly on the left of the
curve 7 fk (ﬁl a) which lies on the right of the curve 81y and that the arc 61 M lies on the
right of the arc ~f* (ﬂLM). Hence, the arc ~f* (51) lies strictly on the right of the arc Bl.

Note that the curves of the form f*(3]), where v € m;(S)a™' — ami(S)a~! and |k| <
Nig(y ) lie strictly on the left of the curve 3}, as vf5(3,) N B, = vf*(B, N ’y*lf BB =0
and v~ ¢ amy(S). After this second step, it is still possible that the curve Bl meets a curve
of the form ~f*(3}), with 4 € T and |k| < Nig (7).

Third step. We finally construct the curve BQ with the properties required by Lemma
7.2. To achieve this, we construct by induction a sequence of curves. Let M’ be the maximal
length (with respect to G) of an element v in I' U m;(S)a™! — am(S)a~! such that either
there exist |k| < N(lg(y) +1) and 1 <4 < b such that vfE(@;) N B, # 0 or there exists
|k| < Nlig(v) such that vf*(3;) N ) # 0. One can prove that this maximum is well-defined
by an argument similar to the proof of Lemma 7.5: otherwise there would be a contradiction

with the hypothesis diam<£"(D))

0 for any fundamental domain D C S for the action
n—-+oo

of the group m(S).
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Let dpr41 = 8. We now construct by induction on j € [0, M + 1] a curve J; whose
endpoints ¢;(0) and §;(1) lie on the same components of &S as the points 5y(0) and Fy(1)
respectively with the following properties.

1. For any element v in am(S) and any integer |k| < N(Ig(7) + 1), the curves of the

form ~f*(&;) lie strictly on the right of the curve §;.

2. For any element vy in am(S) and any integer |k| < Nlig(v), the curves of the form
vfk(éj) lie strictly on the right of the curve §;.

3. For any element v in ' Umy(S)a™! — am(S)a™! with Iig(y) > j and any integer

|k| < N(lg(y) + 1), the curves of the form ~f*(;) lie strictly on the left of the curve

d;.

4. For any non-trivial element « in I with Ig(y) > j and any integer [k| < Nig(y), the
curves of the form v f*(§;) lie strictly on the left of the curve §;.

Then it suffices to take Bg = by to complete the proof of Lemma 7.2.

Suppose that we have constructed an arc 5j+1 for j > 0 with the above properties. Let
us build the arc Sj. Denote by C’ the set of connected components of S which lie on the
right of 5j+1 (or equivalently on the right of BO). For any 1 < ¢ < b, denote by B; the subset
of TUm(S)a=! — am(S)a~! consisting of deck transformations v such that D, lies on the
left of y(é&;). Denote by B¢ the complement of this set in ' U7 (S)a™t —am(S)a~!. Denote
by F; the family of essential arcs consisting of the following arcs.

1. The arcs of the form ~f*(&;) where 1 < i < b, |k| < N(lg(y) + 1), v € B¢ and
lg(7) =3 )

2. The arcs of the form vf*(ay) where 1 < i < b, |k| < N(lg(y) +1), v € B; and
lg(v) = J-

3. The arcs of the form vf*(69,,) where |k| < Nig(v), v € T — {Id} and lg(y) = j.

We want to define 5; = sup; (F;). To do so, we first have to check that the family F;
satisfies the hypothesis of Lemma 7.3 (or more precisely of the lemma obtained from Lemma
7.3 by changing the word "left" with the word "right", see the remark below Lemma 7.3).
By definition of the sets B;, any component in C’ lies on the left of any arc of the form
~v(&;), with v € B;, hence also of the arcs of the form f’“’y(di) for any k € Z. Moreover, any
component in C’ lies on the right of any arc of the form f;kw(di), with v € Bf and k € Z.
Finally, take any v € I'. Remember that the curve vy~ 1(3) lies strictly on the left of the
curve fBo, as ' ¢ ami(S). Hence the arc fy lies strictly on the left of the curve v(fp).
Therefore any component in C’ lies on the left of 'y(ffo) and also on the left of ~f* (SjH) for
any k € Z: the connected components of dS met by the curve ’Y(Bo) are the same as those
met by the curve v f¥(d;,1) and these curves are oriented in the same way.

We can apply Lemma 7.3 to obtain an essential arc 5; =supj (F5)-
Let us study the properties of this curve.

First let us check that, for any element v in am;(S) and any integer |k| < N(Ig(vy) + 1),
the curves of the form vf¥(&;) lie strictly on the right of the curve d7. Fix such an element

Yo in am(S), such an integer kg and 1 < iy < b. As one of the endpoints of ’ygf’“" (G, ) lies
on a connected component of 95 which is strictly on the right of 31 (hence of §}), it suffices
to prove that o f* (&, ) N 5; = (). By definition of the arc 5;, it suffices to prove that the
arc ’yofko(dio) lies strictly on the right of the arc SjH and of any arc of F;. By induction
hypothesis, the arc g f (@, ) lies strictly on the right of the arc 5j+1. It also lies strictly on
the right of the curves of the form v f*(a;) where 1 < <b, |k| < N(lg(y) + 1), v € B¢ and
lg(y) = j: the curve y 1y f*o=k(a,,) is disjoint from the curve &;, as

ko — k| < N(lg(7) +1g(70) +2) = N(lg(v~ ') +2) < 3Nlg(v" "),
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by hypothesis on the curves &; (recall that these curves satisfy P(3N), see the beginning
of the proof of Proposition 7.1). For the same reason, the arc o fFo(a;,) lies strictly on
the right of the arcs of the form yf*(a?) where 1 < i < b, |k| < N(lg(y) +1), v € B;

and lg(y) = j. Finally, let us prove that the arc o f*(&;,) lies strictly on the right of the
arcs of the form 'yfk(gg»)H) where |k| < Nlig(y), v € I' — {Id} and Ig(y) = j. Notice that
the deck transformation v~ belongs either to I' or to 71(S)a™! — am(S)a~! and that
Ig(v"0) = lg(7) + lg(70) > j. In both cases, the claim is true as the arc v~y f*~%(d;,)

is disjoint from ;41 by induction hypothesis.

Let us see why, for any element v in am(S) and any integer |k| < Nlig(y), the curves

of the form ~ fk(S;) lie strictly on the right of the curve d7. Fix such an element 7o in
1

ami(S) and such an integer ko. Here we distinguish the cases 7o € am1(S) — ami(S)a™" and
70 € ami(S)a~!. In the first case, notice that the curve ~ f*° (67) is on the right of the curve
Y fk0(8j+1) by definition of 5; Hence it suffices to prove that this last arc is strictly on the
right of any arc in F; U {ngrl}. To do this, it suffices to prove that any arc in F; U {5j+1}

is on the left of the arc g fko (Sj+1)7 which is easily done by using the induction hypothesis.
Now suppose that 7o € ami(S)a~!. As usual, as one of the endpoints of the arc 7o f*(6;)
is strictly on the right of the curve d;, it suffices to prove that v f*0(6;) Nd; = 0. To do

this, it suffices to check that the image under 'yofko of any essential arc in F; U {5j+1} is

disjoint from any arc in F; U {Sj+1} which can be done without serious difficulty by using

the induction hypothesis and the properties of the curves &;.

By construction, the curves of the form ~f*(&;) with 1 <4 < b, y € TUm(S)a~" —

am(S)a=t, Ig(y) = j lie on the left of the arc d%. By induction hypothesis, as the arc
8j+1 lies on the left of the arc 5;7 the curves of the form vf’“(di) with 1 <4 < b, v €
LU (S)a~" —am(S)a™", lg(vy) > j lie strictly on the left of the arc 7.

Finally, let us check that, for any non-trivial element ~ in I' with Ig(7) > j and any
integer |k| < Nig(v), the curves of the form ~f* (67) lie on the left of the curve 07. Fix such
an element 79 € I' and such an integer ko. This results from the following facts.

1. The arc Vof’“"(g;-) lies on the right of the arc 4o % (§;41).
2. The arc 5; lies on the left of the arc 4o %0 (5;41).
3. The arc yof*(d;41) is on the left of the arc 5;

With arguments similar to those used during Step 2, we then perturb the arc 5; to obtain

an arc Sj which satisfies the required properties. O
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