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FINITE TIME EXTINCTION FOR NONLINEAR SCHRODINGER EQUATION
IN 1D AND 2D

REMI CARLES AND TOHRU OZAWA

ABSTRACT. We consider a nonlinear Schrédinger equation with power nonlinearity, ei-
ther on a compact manifold without boundary, or on the whole space in the presence of
harmonic confinement, in space dimension one and two. Up to introducing an extra su-
perlinear damping to prevent finite time blow up, we show that the presence of a sublinear
damping always leads to finite time extinction of the solution in 1D, and that the same
phenomenon is present in the case of small mass initial data in 2D.

1. INTRODUCTION

In [9], the following equation was considered on a compact manifold without boundary:

1
10 + §Au = —b v t>0,

Jul’
forb > 0 and o € (0,1]. This sublinear damping leads to finite time extinction of the
solution, that s ||u(t)|| 2 = 0 fort > T, a phenomenon closely akin to the model involving
such a damping is mechanics [1]]. In the one-dimensional case, finite time extinction was
proved for
U

Jul”
with A € R and o > 0, provided that finite time blow-up does not occur in the case b = 0,
that is, either 0 < 2 or A > 0. In this paper, we extend this study to several directions:

1
i0yu + §Au = Mul|*7u — ib t>0,

e The two-dimensional case is considered too.

e The space variable may belong to the whole space R?, provided that a confining
potential is present.

e When finite time blow-up is present without damping, we introduce a superlinear
damping in order to prevent blow-up.

This last point is related to some conclusion from [3]]: a nonlinear damping term whose
power is larger than that of a focusing nonlinearity always prevents finite time blow-up.

We consider the equation

1
(I.1) 0w+ §Au= V(x)u—i—/\|u|2"1u—ia|u|2"2u—ibi

—, t=20,z€eM,

|ul
where V' € C°°(M;R) is a smooth, real-valued potential, with initial datum
(1.2) Ujg—0 = Ug-

Throughout all this paper, we suppose that the following assumption is satisfied.

RC was supported by the French ANR projects SchEq (ANR-12-JS01-0005-01) and BECASIM (ANR-12-
MONU-0007-04).
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Assumption 1.1. The parameters of the equation are chosen as follows: A € R, a > 0,
b,o1,09 > 0, and « € [0, 1]. We suppose that M is d-dimensional, with d = 1 or 2.

e FEither M is a d-dimensional compact manifold without boundary,
e or M =R and V is harmonic,

d
V(z) = wa:c?, wj > 0.
j=1

If M = R?, we restrict the range for o: o € [0, 1].

Remark 1.2. In the case where M = R%, we could consider more general potentials. Our
proofs remain valid provided that V' is at most quadratic in the sense of [[12], that is:

Ve C®R%4R), with 97V € L®°(RY), Vye N |y > 2.

This assumption is sufficient to construct a global weak solution to (I.T). We also need the
potential energy to control lower Lebesgue norms (see Lemmal2.3)), a requirement which
is satisfied provided that there exist C, e > 0 such that

V(z) > Clz|'™®, VaeRY |z| > 1.

Among other properties, such potentials prevents global in time dispersion (they are con-
fining potentials). It is not clear whether this assumption is really necessary or if it is a
technical requirement, in order for the conclusions of the present paper to hold.

The initial datum satisfies ug € X, where
ot = {f e BYOD), F13e = 11y + Mol £ an) < o0}

and we denote ¥ = Y!. Note that if M is compact, we simply have ¢ = H*(M),
and on M = R, ¢ = H*¥ 0 F(H¥), where F denotes the Fourier transform (whose
normalization is irrelevant in this definition).

Definition 1.3 (Weak solution, case 0 < a < 1). Suppose 0 < o < 1. A (global)
weak solution to (L) is a function u € C(Ry; L*(M)) N L*°(R4; ) solving (TID in
D/(R% x M),

Definition 1.4 (Weak solution, case o« = 1). Suppose o = 1. A (global) weak solution to
(CID is a function u € C(Ry; L*(M)) N L= (R4; ) solving
1
i0yu + §Au = V(2)u + Mu|**u — ialu|*??u — ibF
in D'(R%. x M), where F is such that

O
[FllLoe®oxany <1, and F = ] ifu#0.
Theorem 1.5. Let ug € X. In either of the following cases,
o 01 < Q/d,
e or\A =0,
e orA<0,a>0andoy > o1,

the Cauchy problem (LID-(L2) has a unique, global, weak solution.
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Multiplying (I.I) by #, integrating over M and taking the imaginary part, we obtain
formally:

d
13 L. + 2a/ lu(t, )27 2da + 2b/ lu(t, 2)]>~*dz = 0.

We will check in the course of the proof of Theorem that the solution satisfies this
relation indeed.

Corollary 1.6. Letd = 1 and o > 0 in Assumption[[1) and vy € Y. In either of the
cases considered in Theorem[[3 there exists T > 0 such that the unique weak solution to

(CI)-@2) satisfies
foreveryt =T, |[u(t)| L2y = 0.

Theorem 1.7. Let d = 2 in Assumption[I 1) and ug € 3.
(1) In either of the cases considered in Theorem [[3 there exists C' > 0 such that the

solution to (LI)-(L2) satisfies
(@)l L2y < luollLzane” ¢ t=0.

(2) If in addition ug € X2, then u € L>®(R;%2). If1/2 < o1 < 3/2, then for any
R > 0, there exists ng > 0 such that if ||ugl|s2 < R and ||uo||L2 < nr, then there exists
T > 0 such that for every t > T, ||u(t)| 2(ar) = 0.

Note that the above smallness assumption is automatically fulfilled as soon as ||ug||x2
is sufficiently small.

The proof of the second part of this theorem relies on Brézis-Gallouét inequality intro-
duced in [6] (and recently revisited in [21]]), which require higher energy estimates.

2. EXISTENCE RESULT AND A PRIORI ESTIMATES

2.1. Preliminary technical results. We recall the standard Gagliardo-Nirenberg inequal-

ities (see e.g. [TII):

Lemma 2.1. Let M be as in Assumption[L 1] If d = 1, let p € [2,00|, and if d = 2, let
p € [2,00). There exists C = C(p, d) such that for all f € H*(M),

1-6 5 11
a0y < CUILERIS Iy where 3) = (51 ).

If M = R% then the inhomogeneous Sobolev norm || - || H1(re) can be replaced by the
homogeneous norm || - || 1 (gay-

We recall the standard compactness result (see e.g. [17]]):

Lemma 2.2. Let M = R, d = 1or2 Ifd = 1, letp € [2,00], and if d = 2, let
p € [2,00). The embedding ¥ — LP(R?) is compact.

If M is a compact manifold without boundary, Holder inequality readily yields, for
I<p<g<oo,

I fllecary < |M|1/p71/q||f”Lq(M)a VfeLi(M).

On the whole space R?, an analogous inequality is provided by the control of momenta,
which can be viewed as dual to the Gagliardo-Nirenberg inequalities (see e.g. [10]):
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Lemma 2.3. Let M = R, d = 1or2 Ifd = 1, letp € [2,00|, and if d = 2, let
p € [2,00). There exists C = C(p,d) such that for all f € F(H(R?)),
1-4( 1 1
sy < CFISEE Gy where ap)=a (3-1).
2.2. Approximate solution. Following the same strategy as in [9], we modify (I.I) by
regularizing the sublinear nonlinearity:

ud

(a2 +6)°/2
We keep the same initial datum (I2). Since the external potential V' is at most quadratic,

local in time Strichartz inequalities are available for the Hamiltonian —%A + V. With
d < 2, all the nonlinearities are energy-subcritical, and we infer (see e.g. [11]):

1
Q2.1) i’ + §Au5 = V(z)u® + A\u®|?7 u® — ialu®|?*72u’ — ib

Lemma 2.4. Let 6 > 0, and uy € X. There exist T > 0 and a unique solution

u® € C([0,T)2) N L7 ((0,T): 27 (M) N L% (0, T); 27+ (M)
to the Cauchy problem (m])-(]m) In addition, for all t € [0,T), it satisfies

u T,T 2
@2 OB + CEDE iy < uolZagan,.
( )a/2 (M)

M (|Jud (T, )% +

To prove that the solution to (m]) is actually global in the future (the equation is irre-
versible), denote by

2\ -
23)  B(t) = [Va’ (1) +2/M (@)’ (t, 2)[Pde + —— i HO] rtaees
and, following the approach introduced in [3], for & > 0, set
(2.4) By (t) = Eg(t) + kllu’ (£)|7523%

The energy Eg involves the Hamiltonian part of (2.1)), and E,‘z consists of the artificial in-
troduction of the extra nonlinearity |u|??2u, as if it were Hamiltonian instead of a damping
term.

Proposition 2.5. (1) Assume that 01 < 2/d or A > 0. There exists a C' = C(||uo||2) = 0
independent of 6 € (0, 1] such that

Ej(t) < E§(0) + C(Jluollz2) ¥t € [0,T1,

where T' > 0 is a local existence time in X.
(2) If X\ < 0, assume thata > 0, 0 < k < ﬁ
C = C(JJlup||r2) = 0 independent of § € (0, 1] such that

E}(t) < BR(0) + C(|luollz2) Vit € [0,T],

where T' > 0 is a local existence time in X.

and oo > oy1. There exists a

Proof. Denote by
v

fﬁ(v) = (|’U|2 +6)a/2'

Since

Au® = —2idu® + 2V’ + 2\|u’ |27’ — 2ialu’ |*72ul — 2ibfs(ud),
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we compute, with (f | g) = [,, f3.

%HVu‘s(t)HQLz = —2Re (0’ | Au)

= —2Re atu | —2i0u’ 4 2V’ 4 2X\u’ |*7 u’ — 2ialu’[*72u’ — 2ibf5(u6))

( / VIl + = Ilu5||izaff2) +4dalm (Gu’ | [u’[*u)
+ 4bIm ((%u | fs(u® )) )
Since
O’ = %Au‘5 — iV’ — i’ P’ — alu® P72’ — bfs(u’),

we have

(8{&6 | |u6|202 6) Re (A’UJJ | |u6|2a2 )_/ V|u6|2a2+2 _ /\/ |u6|201+2a2+2
M M

:__/ |u6|2a2|vu6|2_0,2/ |u6|2a2|v|u§”2_/ V|u6|2a2+2
2 M M M

_)\/ |u5|20'1+20'2+2
M
where for the last equality, we have used the identity
Alu’|? = 2Re (a°Au’) + 2|V’ .

On the other hand, we have

512 §|201+2
m (8tu6 | f(;(uls)) = %Re (Au6 | f(;(u‘s))—/ 1% ] —/\/ ]

v ([uf2+8)* ()2 4 6)Y*

We have

Re (A’ | f5(u’)) = —Re (Vu® | Vf5(u?))

= —/ 7|VU5|2 +aRe [ @Vu- —Re(a6Vu5)
M (|ud]2 + 5)*/? M (lud[2 + 5)*/*F!

2 Re(@Vul 2

:_/ (|u5|2+5)L21+a/ ’e(u—u)Jl

M (|ud|2 + §)*/*+ M (Jud]2 + 6)*/*F
:_5/ |Vul? _/ ‘Im(ﬂ‘SVu‘;)‘Q
M (|'LL6|2 +5)0¢/2+1 M (|u6|2+6)a/2+1

e(uVul 2
—(1—a)/ (}R( ve)

a (Jud[2 4 6)*/* T
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From the above computations, we have:

d
—Eg = —2@/ [u’|272|Vul|? — 4a02/ |u’|272 }V|u‘s||2 — 4&/ V]ud |22 +2
M M M

dt
512 5120142
s [ g [y WPy [
M M (Jud|2 + ) M (Jud]2 +6)

5/ V|2 / [T (@ Vu?)|?

2 I (@ Vau® 2
—2b6/ [Vul 21—2b/ ‘m(uVu)Jl
M ([ud)2 + 62 M ([ud)2 + 82
Re(@Vud)|”
—2b(1—a)/ ‘e(u—u)2|1'
M (|ud|2 + §)*/2F

If A > 0 (defocusing case), E?, defined in 23D, is non-increasing. If o1 < 2/d, we
conclude as in the standard case presented for instance in [11]].

To treat the focusing case A\ < 0, with oy > 2/d (finite time blow-up is possible in the
case a = b = 0), we follow the strategy adopted in [3] and generalized in [3], relying on
Eg, defined in (2.4). The following computation is valid for any p > 2:

d

S 015, = pRe (D” |’

S|p
_ —BIm (A’UJJ | |u6|p72u6) _ ap/ |u6|202+p _ bp/ |U |
2 M M

(Jus |2 + 6)*/?
p

u®|P
=2 [ V[P - Im (@Vu®) —ap [ |[u’]?72FP — bp/ |7
2 Jm ( ) M M (Jud)? + 6)*/?

As in [3], we use the polar factorisation introduced in 2] (see also [4,[8]), to show that
/ V|ulP~2 . Im (ﬁ5Vu6) =(p— 2)/ [u?[P~2 Re(¢Vu?) - Im(¢Vud),
M M

where ¢ is the polar factor related to ud,

B |ul (t, )| "t (L, z) if u (t,x) # 0,
#lt2) = { 0 if ud(t,2) = 0.

In view of the identity
7,8 R o N 7,8 T, 8|2 512
2Re(¢Vu’) - Im(¢Vu’) = — [Re(¢Vu’) — Im(¢Vu’)|” + |[Vu' %,
we obtain:

d -2 - -
GO, = 2222 [ 2 Re(ovad) - (@9

-9 d|p
+ p(p ) / |u5|p—2|vu5|2 _ ap/ |u5|202+p _ bp/ |u | 75
4 M M M ([ud]? +6)
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We finally have:

d s 5 5 5 |u 271 2
B < —2a/ [u® 272 |Vl 2 —4a)\/ |uf |21 +202+2 —4b)\/ —
dt M M M (|ud)2 + 6)*

+ koa(o2 + 1)/ [ul 272 |Vl |? — ak(209 + 2)/ |ul[to2+2
M M

|u6|20'2+2
— bk(202 + 2)/

M (|ud|? + 5)0‘/2'
If 0 < kog(o2 + 1) < 2a, and since A < 0, we come up with:

d

_E5 §4CL|/\|/ |u5|2a1+202+2+4b|/\|/ =
at " A M (Jud)? + 6)*/?

|u5|2‘71+2

|u5|202+2

— ak(202 + 2)/ |u‘s|4‘72Jr2 — bk(202 + 2)/ —_—.
M M (Jud]2 + 8)*/?
If 02 > o0 (the superlinear damping is “stronger” than the focusing term), then the negative

terms on the right hand side control the positive terms (since ||u®|| > is non-increasing),
hence the result. 0

2.3. Convergence of the approximation. We now follow the strategy introduced in [13]],
and resumed in [9].

A straightforward consequence from (2.2)) and Proposition[2.3lis that for ug € X fixed,
the sequence (u’)p<s<1 is uniformly bounded in L>®°(R,,%) N L2~*(R, x M). We
deduce the existence of u € L>°(R, %) and of a subsequence u° such that

(2.5) u =, inwx L®(Ry,Y),
with, in view of (2.2) and Proposition[2.3]
lull oo (ry 1 (1)) < lwollr(ary + C(lluollz2(an)-

5 L . 2 .
, (Iu“PuW is uniformly bounded in L>°(R, LT== (M)) (with 2/(1 — a) =

o0 if @« = 1), such that up to the extraction of an other subsequence, there is I’ &€
L®(R., LT (M)) such that

Moreover.

Uén

.\ F, inwx L®R,, LT (M)).
(lu® |2 + 6,)/2

(2.6)

Moreover, || F|| < ||u0||1L§("M). In view of Lemma 2.2] (whose analogue

2
Leo(Ry, LT=o (M))
is obvious in the case where M is compact),

[ Pt — [uPPuin L (Re x M), j =12



8 R. CARLES AND T. OZAWA

Let 6 € C2°(R% x M). Then

Uén
—itb——————. 0
< {2 (|u5n|2+5n)a/2’ >

. 1 .
= <u’“)u6" + —Au‘s" — Vuln — Al 2710l 4 da|u’ 2720’ 0

00 1
= <u6 ZE + 2A9> + (- Vaulr — Nul» 271yl 4 ia|u6"|202u5”,9>

0 1
— <u, —i% + —A9> + (=Vu — ANu*"u + ialu[*u, 0)

n—roo 2

ot

where (-, -) stands for the distribution bracket on R* x M. Thus, we deduce

0
_ < R Au — Vu— Al u + ialul**u, 9> ’

1
10w + §Au = V(2)u + Mu|*'u — ialu|*??u — ibF, inD'(R% x M).

We next show that F' = u/|u|® where the right hand side is well defined, that is if & < 1,
or = 1 and u # 0. We first suppose that ug € H?*(M) with s large. Let us fix t’ € R
and § > 0. Thanks to (2.2), we infer, forany ¢t € R,

C(0) ()3 < 5~ 2Re (1) [ (1)),
t dt
where (- | -) denotes the scalar product in L?(M). In view of 2.1)), the right hand side is
equal to
—2Re <£Au6(t) —iVud —iNul >’ — alu’?72ud — &‘ué(t’)) .
2 (lu? (B + )2/

By integration, we deduce

lu® () = w® ()| 720y < 2|t_t|(_HAu5HL°‘>(R+, 1yl oo ey )

2.7) F VR w2y + AW IZZE, L2042
W22 oy + V62 ey )

From the continuity of the flow map ¥ 3 ug + u® € C(R,Y) in Lemmal2.4] we deduce
that (2.7) also holds if we only have ug € X. Next, since (u5)0<5<1 is uniformly bounded
in L>°(R,, ) and either M is compact or we may invoke Lemma 2.3 (recall that on R?,
we assume « < 1/2 in Assumption[LT)), (2.7) gives the existence of a positive constant C'
such that for every ¢, ¢’ € R,

[ () = w ()| 2y < CJt = ¢'M2.

In particular, for any 7' > 0, (u°)o<s<1 is a bounded sequence in C([0, 7], L?(M)) which
is uniformly equicontinuous from [0, 7] to L?(M). Moreover, the compactness of the
embedding > C L?(M) ensures that for every ¢ € [0,7], the set {u®(t)|5 € (0,1]} is
relatively compact in L?(M). As a result, Arzela—Ascoli Theorem implies that (u’"),, is
relatively compact in C([0, 7], L>(M)). On the other hand, we already know from (Z:3))
that

uw’ —u inwx L®(Ry, L*(M)).
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Therefore, we infer that v is the unique accumulation point of the sequence (u’"),, in
C([0,T], L3(M)). Thus
u’" — u inC([0,T], L*(M)),
which implies in particular v € C([0,T], L*(M)) as well as u(0) = u’(0) = ug. This is
true for any 7" > 0, therefore
u € C(Ry, L*(M)).
Finally, up to the extraction of an other subsequence, u%" (¢, z) — u(t, z) for almost every

(t,x) € Ry x M. Therefore, for almost every (¢, z) € Ry x M such that u(t, z) # 0, we

have
5n

5 (o) = oo (b, 2)
——(t,x —(t, x).
(|udn ]2 + 6, )/ |ul
By comparison with (2.6), we deduce that up to a change of I on a set with zero measure,

F(t,z) = L(t, x) (only if u(t,x) # 0 in the case o = 1),

~ uf
which completes the proof of the existence part of Theorem[1.3]

2.4. Uniqueness. If u and v are two solutions to (I.I), then by subtracting the two equa-
tions, multiplying by u — v, integrating over M and taking the imaginary part, we obtain:

d -
—Hu—v||2L2—|—2aRe/ (Ju[*2u — [v]*72v) u—
d »

+ 2bRe/ <L - L) U—v= 2/\Im/ (|u|2"1u - |v|2‘710) U — 0.
m \ul* fu]® M

Extending Lemma 3.1 from [9]], we have

(2.8)

Lemma 2.6. Let o > —1. Forall z1, 25 € C,
Re (([21|721 — [22]722) (21 — 22)) = 0.
Proof. Using polar coordinates, write z; = pje“’f, pj = 0,60; € R. The quantity involved

in the statement is

P72+ p5 2 — pT T py cos(6r — b2) — p5 T pr cos(B1 — o).

Since the cosine function is bounded by one, the above quantity is bounded from below by

P72+ 03t = pT pe = p3 T o1 = (p7T = p3 ) (o1 — p2)-
If o = —1, the above quantity is identically zero. If 0 > —1, then we conclude by
observing that both factors on the right hand side always have the same sign. O

If d = 1, (Z.8) and the above lemma yield
d - o\ ———
) =003 <2 [ (= o) 7=

2 2
SO (lullz2 g + I0l72 ) Nu(®) = v(@)] 7z,
and Gronwall lemma shows that there is at most one (global) weak solution to (T.1)).

When d = 2, in order to overcome the absence of control in L>° (M), we invoke the ar-
gument introduced by Yudovitch [[14]], and resumed in the context of nonlinear Schrodinger
equations in [19,20]], and by Burq, Gérard and Tzvetkov [[7] in the case of three-dimensional
domains. Since their argument readily works in the present context, we simply recall it.
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Denote by €(t) = ||u(t) — v(t)|? For p finite and large, (2.8), Lemma 2.6] and

122 ar)-
Holder inequality yield
C/ u(t,z)]*7 + |o(t, z)P7) Ju(t, ) — v(t, z)|*dx
C ([l %00 + O %00, ) u(t) = 017200
where the constant C' does not depend on p. By interpolation,

3/2
() = @) o < Jlu(t) = 0(0) 12" ) = ()
hence, in view of the boundedness of the L° H! norm of u and v, and of Sobolev embed-
ding H' (M) < L5(M),

é(t) < C (JJu(t )Higzénl + ot )||2L"2;01) e(t)L=3/2p

Gagliardo—Nirenberg inequality implies

la(@l3550, + o135, < C (PP (lu@IIF + oI5

with another constant C, still independent of p (see e.g. [22]). Therefore, using Stirling
formula for p large,

3/2p

)

é(t) < Cpe(t)1=3/%.
By integration in time, under the assumption €(0) = 0, we come up with
e(t)¥/? L Ct,

for some constant C' independent of p. Choosing ¢ sufficiently small and letting p — oo,
we see that e = 0 on some interval [0, o] for some universal constant g, hence e = 0 by
induction.

Therefore, there is at most one (global) weak solution to (LI)—(I.2). In addition, by
considering v = 0 in (2.8)), we see that this solution satisfies (T.3).
3. FINITE TIME EXTINCTION IN 1D AND EXPONENTIAL DECAY IN 2D

The following lemma follows from inequalities on R, adapted from the Nash inequality

(see [9]):
Lemma 3.1. Let M be as in Assumption[[ ]} Let o €]0, 1]. There exists C' > 0 such that

G I < (1) W05 an. VF € H'OD).

(32) 715885 < € (1 Ba%an) 103, F € H2QM).

If M = R% then the inhomogeneous Sobolev norm || - || He(rd) can be replaced by the
homogeneous norm || - || g ga)-

3.1. Proof of Corollary [T.6l Suppose that d = 1 in Theorem[[.3l In view of (L3), we
have

d
GOl +2 [ utt)Ped <o
Theorem[I.3land Lemma[3.1] yield

d «
)72+ Cbllut)]72°" <
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where C is proportional to HuH;fo/(thl) By integration, we deduce, as long as ||u(t)|| 2
is not zero,

o 2/
lu®llze < (Jluoll§s? - Cot)
Corollary [[.6 then follows.
3.2. First part of Theorem [I.7} Suppose now that d = 2 in Theorem In view of
(L3), we have
d
GO+ 20 [ Jua)Pods <o,
Theorem[I.3land Lemma[3.1] yield
d
@Iz + Collu@)lIz: <O,
where C' is proportional to [lul| < (R,;pr1)- BY integration, we deduce the first part of
Theorem[L7] that is, the exponential decay of ||u(t)|| 2 (r)-

4. HIGHER ORDER ESTIMATES

As in [9], the exponential decay in 2D obtained in the previous section can be improved
to get finite time extinction provided that we invoke the Nash in equality (3.2)) rather than
merely (3.I). This requires of course to control the H2-norm of u. In order to obtain
bounds in ¥2, we resume the idea due to Kato [16] (see also [[I1]]): to obtain estimates
of order two in space, it suffices to obtain estimates of order one in time, and to use the
equation to relate these quantities.

4.1. Evolution of the time derivative. Using directly (LI)), for a global weak solution
provided by Theorem[I.3] we obtain

d
L ovull3 :2Re/ 0,02
M
=2\ Im/ dyudy (Ju[* u) — 2aRe/ Oyudy (|ul*2u)
M M

— 2bR€/ (’“)tﬂ& (L) .
M |ul*

For the first term of the right hand side, we use the identity

4.1 Im/ dudy (Jul*ru) = % (Im/ |u|2"1u6tu) —Im/ |u|?7 ud?a.
M M M

The full derivative will be incorporated into the first higher energy, so we focus on the last
term. From the equation,

—Im/ |u|?7 udiu = —Im/ u) 27 ud, —EAﬂ+iVﬂ+i)\|u|2‘nﬁ—a|u|2‘y2ﬁ—bL
M M 2 Jul
1 1 d
= —Re/ |u| 7 ud At — 7—/ V|u|?7r+2
Ad

- ——/ |u| o +2 —l—aIm/ )27 udy (|u|202ﬂ)

+bIm/ u| 27 ud; <L>
M Jul
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For the first term, we invoke the fact that the Laplacian is self-adjoint,and use the identity
A (Jul*7 u) = wAfu*? + 2V Va4 [uf* Au.
We also compute
Alul*t = oy (07 — D)|uf*r |V|u|2‘2 + 20 |uf?71 2 (|Vu|2 + Re (aAu)) .

Therefore,
1 -1
—Re/ udpuA|u|* = MRe/ wdga|ul>” 4 |V ]ul?[
2 M 2 M
+ 01 Re/ udyti (|Vul® + Re (Aw)) [ul>7 2.
M

The first two terms can be factored out in a more concise way in order to emphasize an
exact time derivative:

-1
o=y (o1 ) Re/ uOyti|u|>7r 4 ‘V|u|2‘2 -2
M 4

2

and
1
o Re/ wdyl| Vuuf2r =2 = 1 / O lul2 | Vul2.
M 2 J/m
We compute Re(zAu) by using (LI):
Re(aAu) = 2Tm (adyu) + 2V |ul® + 2\ |[u[>7* T2,

and we end up with

1 1
sRe [ womalupor =% [ oupr 2 P 4 5 [ aupe v
2 M 4 M 2 M

—|—/ O¢|ul?* Tm (adsu)
M

o1 d 20142 / 4142
— V 1 1
Toria ),V 20 +1dt ful

We also note that
/ Oy |u*** Tm (adyu) = Im/ Orud; (|ul**a) = —Im/ dyudy (Jul* u),
M M o

so that we recover the left hand side of (&.1), with the opposite sign. Therefore, we have

d 20’1 —1
21 6 —a 201 — (1 201 a — / V4 20142
m/M U t(|u| u) dt<m/M|u| utu+201+2 . [l
_ i )\ |u|4(7'1+2
dt 40’1 +2 M

1
+ 2 [ oo [T+ 5 [ oo TP
M 2 M

1
+ Re/ oyuNVu - Viu[*7* + = Re/ [u|?7* Oy uAu.
M 2 M
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For the last term, we use (L.1)) to substitute Au:

1
= Re/ [u|?7* Oy Au = Re/ |u|?7* Oy (Vu + /\|u|2‘71u —dalu|*2u — ibi>
2 M M Jul

/ | |401+2
40 +2dt

+a1m/ |u|2‘71+2‘72u3tﬁ+b/ |u| 27~ Tm (udy @) .
M M

1 d

— el V 20’1-‘1-2
201 +24dt [ul

At this stage, we infer

d A
(||3tU|L2— / |u[27 Im (udy) — ——t /V| |2al+2) _
dt M

A(’1/ aiu? 2 [ Vuf?|* + 5 / a|u|2°'1|w|2+ARe/ ouVu - V|ul*

—l—)\a/ |u|?71+292 Tm (udya) + )\b/ |u)|?71 = Tm (udy @)

—2aRe/ Oy u0y |u|2‘72 )—2bRe/ 0, U0y (W)

The final simplification consists in developing the last two terms in the following fashion:

Re/ 0, (|ulPu) = (3+1)/ |u|p|atu|2+9/ |u|P~2 Re (udy 1)
M 2 M 2 M

L) / P By
2 M

+3 /M [~ ((Rewdya)® — (Imudya)”®)
= (5+1) [ p (Rewdii) + (muoia’)

+ 8/ |ulP~2 ((Re udyi)® — (Im uatﬂ)Q)
2 J/m

=(p+ 1)/ luP~2 (Re udyi)* +/ [ulP~2 (Im udyii)® .
M M

We conclude:

Proposition4.1. Let ug € X2, In either of the cases considered in Theorem[L3] the global
weak solution u satisfies:

d
_(||atu|%z—ﬂm / uPrrudu — % / VIuF“”)‘
or+1J/y

)\Ul/ O |u|?7+~ 2’V| ? ’ + - / 8|u|2"1|Vu|2+/\Re/ OyuVu - V]u|**

—I—)\a/ |27 272 Tm (udy) —I—)\b/ |u|?7t = Im (udy 1)

M M

—2@(202—1—1)/ |u|272~2 (Reu@tﬂ)2—2a/ u|?7272 (Im ud,u)*
M M

—2b(1—a)/ u| =27 (Reu@tﬂ)2—2b/ lu| =2~ (Im udyu)* .
M M



14 R. CARLES AND T. OZAWA

4.2. From order one in time to order two in space. We rewrite the quantity involved in
Proposition£.1lin order to get rid of all time derivatives:

A
o /V|u|2‘71+2 :Re/ (Opu+ iX|u*7 u) dyu

g1 + 1
-~ /\Ul /V|u|201+2
01 —|— 1

Leaving out the real part for one moment, the first integral on the right hand side is rewritten
as

| Opu|% —/\Im/|u|2"1u6ta—

/ (%Au —iVu — alu|*”?u — bL) (—%Aﬂ +iVa +i\u*a — alu|®*7?a — b——
u

|ul

whose real part is equal to:

1
ZHAUH%2 —Re/VﬂAu— %Re/|u|2”1ﬂAu+aIm/|u|2"2ﬁAu

U A
+bIm/#Au+/V2|u|2+T/V|u|2‘71+2+a2/|U|4‘72+2

u|* o1
+2ab/|u|202+27a+b2/|u|272a.

Note that it is in order for the last term to belong to some reasonable Lebesgue space that
we assume « < 1/2 in the case where M = R?. By integration by parts, we can also write

1
—Rg/VmMni/VWMQ—§/mFAM

A 1
3 Re/|u|2‘71QAu: /\%/|u|2"1|VU|2+/\% Re/|u|2“1_2ﬂ2(Vu)2,

aIm/|u|2‘72aAu = —aoy Im/|u|2“2_2a2(Vu)2.

Gathering all the terms together, this leads us to setting as a second order energy:
1

&a(®)i= JI8ulte + [ V2IuP + [ ViTup

+a2/|u|402+2+2ab/|u|202+27a¢+b2/|u|272a

1 1
_ 5/WAVH%/WMW?H% Re/|u|201*2a2(vu)2

u A
—aaglm/|u|2"2_2a2(Vu)2+bIm/%Au+ — /V|u|2(71+2'
U o1

Lemma 4.2. Let u be given by Theorem[[3]
e There exists C' > 0 such that for all t > 0,

1
I3 < &) < Clu@®)]3: + C.

o There exists C such that for all t > 0,

du(t)||7. < CE(1).

Proof. The first two terms in & correspond to the definition of ||u(t)||%z, up to irrelevant
multiplying constants. The third term is non-negative, and is controlled by ||u(t)||%., as
shown by an integration by parts.
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The three terms on the second line in the definition of £ are non-negative. The first
two terms are controlled by some power of ||u(t)|| 71, which is uniformly bounded from
Theorem[T3] The third term is controlled by the L2-norm of u if M is compact, thanks to
Lemmal23lif M = R? and a < 1/2. If M = R? and o = 1/2, it is easy to check that

1/2 1/2
(4.2) 1@y < ClAlataey 122 F | oy, VF € 22

Since AV is bounded, [ |u|?AV is equivalent to ||ul|Z,. The last two terms on the third
line are both controlled as follows: for 0 < e < 1,

/IUIQC’IIWI2 <32 IVl 200 S Tul37 IVall 75~ Aull 2,

where we have used Gagliardo-Nirenberg inequality (Lemma [2.1) applied to Vu for the
last inequality. The first term of the fourth line is controlled in exactly the same fashion,
by simply replacing o with os.

By Cauchy-Schwarz inequality, we have

o s

If M is compact, we conclude by Holder inequality,

< lull 2%l Al e

[l po-20 < [M|* A2 || o
If M = R?, we proceed as above, by either invoking Lemma 2Z3lif o < 1/2, or {@2) if

a=1/2.
Finally, Cauchy-Schwarz inequality and Sobolev embedding yield.

/VIUIQ‘”+2 < Vaullzzllull7%237 < CllullE 2,

hence the first point of the lemma.

For the second point, recall that we also have, by construction,

A
Ex(t) = ||9ru2s — )\Im/ a7ty - 22 /V|u|2"1+2.
We have just seen that the last term is estimated as
[ Vi < e

For the second term, Cauchy-Schwarz inequality, Sobolev embedding and Young inequal-
ity yield

IN0eull 2l 77t < 10eull 2l 3

[Al }Im/|u|2‘71u8tu

<eldwulz + —|| 572,

hence the second point of the lemma by choosing e = 1/2. (]
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5. FINITE TIME EXTINCTION IN 2D
We recall the celebrated Brézis-Gallouét inequality, established in [6]].

Lemma 5.1 (Brézis-Gallouét inequality). Let d = 2 in Assumption [} There exists C
such that for all f € H*(M),

Il < € (1l /i @+ Do) +1).

Recall that by construction, the time derivative of & is given by Proposition[d1] Since
the last two lines are non-negative, and noticing that all the terms in the second line can be
estimated in a common fashion, we have:

5.1y & 5/|u|2"1*1|3tu||Vu|2+/|u|2"1+2"2+1|8tu|+/|u|2"1*°‘+1|8tu|.

The first term is controlled, up to a multiplicative constant, by
ul 22 IVl Zalleull 2 < Ilull 227" | Aull 22 l|0pull 2z,

where we have used Gagliardo-Nirenberg inequality. Using Lemmal[4.2] we infer
/ [u*7 = HOpul[Vul® < Jul7271E

Brézis-Gallouét inequality implies:
0'1 1

(5.2) /|u|201*1|atu||vu|2§ (lulsVin@+&)+1)" &

The last two terms in (3.I) are estimated thanks to Cauchy-Schwarz inequality, Sobolev
embedding and the second point in Lemma .2}

[z iigal [ oo ga) £ (e i) g

Along with (3.2), (3.1) then yields
& <E(Julls) 1+In(2+ &)™ 22+ &),
where K (-) denotes a continuous function. Integrating in time, we infer that

_ 3
(1+I@2+ &)Y if oy <2,

F(t) = g
In(1+1In(24&(t)) if o1= 2

is controlled by F'(0)+¢K (||ug||s:), where we have used also Proposition[2.3] (after passing

to the limit § — 0), up to changing the continuous function K. In order to ease notations,

we now denote by K; any positive continuous function of ||ug||ss, which may change from

line to line, but only finitely many times.

Case 01 < 3/2. In this case, the control on F’ yields, along with Lemmal2]

2
la®)[ g2 < Koet™ " K2,

Nash inequality (3.2) then implies

wwm<mww¥ﬁ““”“m
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Let @ = 1 — /4. The above inequality and (L3) yield

d _ 37%(7
Zlu®liz < =2u@ll7 % < —Koe™ 7 O u@)1Z,

hence

d 2(1-0) e g,
— )72 —Kse :

By integration, we infer

t 2
1 0 1 0 _r3-201
(5.3) (@28 < flup 2807 K/ K gy,

By changing variables in the integral, note that there exists a Ko = K (||ug||s2) such that
R 7oy * ke
o —201 K — —<01
Kg/ e " ldT:Kz/ e 7 dr,
0 0

where the integrals are obviously finite, and the last one is independent of u,. We conclude
that if

(5.4) o) 257 Kz/ S dr <0,
0

then there for ¢ sufficiently large, the right hand side in (3.3) becomes zero. Therefore,
there exists some finite time 7' > 0 such that ||u(7")|| 2 = 0. Since (5.4) corresponds to a
smallness assumption on |[ug|| 2 when ||ug||s2 is fixed, the second point in Theorem [L7]
follows in the case 1/2 < 1 < 3/2.

Case 01 = 3/2. The control on F' now leads to a control by a double exponential:
[|w(t)]| 2 < exp (ngKlt) .

In the same fashion as above, we infer

d
757" < = oxp (~Kae™)

hence
t
(1-6 2(1-0) .
a3 < oll2 ™ = [ exp (~Kae'™7) .
We have
h Koe®17) dr = h Kye™)d L[~ Y
exp (—Kze™'7) = exp (—Ksze") = exp (—e”)dr
0 1 0 1 In K2

1 /OO
> —— exp (—e”) dr,
K1(R) )i ka(r)

that is, a constant which depends only on R provided that ||ug|lg2 < R. Finite time
extinction then follows as soon as

1 o0
uo[240) < / exp (—e™) dr.
L Ki(R) Jin ku(r)
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