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A STOCHASTIC APPROXIMATION APPROACH TO QUASI-STATIONARY
DISTRIBUTIONS ON FINITE SPACES

MICHEL BENAIM AND BERTRAND CLOEZ

ABSTRACT. This work is concerned with the analysis of a stochastic approximation algorithm for
the simulation of quasi-stationary distributions on finite state spaces. This is a generalization of a
method introduced by Aldous, Flannery and Palacios. It is shown that the asymptotic behavior of
the empirical occupation measure of this process is precisely related to the asymptotic behavior of
some deterministic dynamical system induced by a vector field on the unit simplex. This approach
provides new proof of convergence as well as precise asymptotic rates for this type of algorithm.
In the last part, our convergence results are compared with those of a particle system algorithm (a
discrete-time version of the Fleming-Viot algorithm).
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of dynamical systems.
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1. INTRODUCTION

Let (Y,,)n>0 be a Markov chain on a finite state space F with transition matrix P = (P ;); jer-
We assume that this process admits an (attainable) absorbing state, say 0, and that F"* = F'\{0} is
an irreducible class for P; this means that P; o > 0 for some 7 € F'*, I ; = 0 for all 7 € F™* and
> k>0 Pf] > 0 for all 7, j € F™*. Note that there is no assumption here that P is aperiodic. For all
¢ € F and any probability measure ;o on F' (or F™*), we set

Pi(-)=P(-|Yo=1i), Pu=>)_ u(i)P,
S
and we let [£;, |E,, denote the corresponding expectations. Classical results (i.e. [15] and [24]
Theorem 2 p 53, Vol. 2]) imply that Y,, is absorbed by 0 in finite time and admits a unique
probability measure v on F™*, called a quasi-stationary distribution (QSD), satisfying, for every
k e F*,
>iers V(D) Pk _ > icrs V() Pk

v(k) =P,(Y1 =k |Y1 #0) = Lk KL
ijer V()P 1 =30 cpv(i)Pig
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2 MICHEL BENATM AND BERTRAND CLOEZ

If we furthermore assume that P is aperiodic, then (see for instance [135 Section 4]) for any
probability measure ; on £ and k € F™™,

ngrmeM(Yn =k|Y,#0)=v(k). (1)
The existence and uniqueness of this measure can be proved through the Perron-Frobenius Theo-
rem Theorem 2 p 53, Vol. 2] because a probability measure v is a QSD if and only if it is a
left eigenvector of P (associated to some eigenvalue A € (0, 1))[15]]; namely

vP =X eVke F*, > v(i)Py = (k). )
iEF*

Summing on k the previous expressions gives the following expression of A:

A=1-— Z v(i)Pig. (3)
icF*

Quasi-stationary distributions have many applications as illustrated for instance in 30]
and their computation is of prime importance. This can be achieved with deterministic algorithms
coming from numerical analysis [30, section 6] based on equation (), but these type of method
fails to be efficient with large state spaces. An alternative approach is to use stochastic algorithms
(even if naive Monte-Carlo methods are not well-suited as illustrated in the introduction of [31]]).
Our main purpose here is to analyze a class of such algorithms based on a method that was intro-
duced by Aldous, Flannery and Palacios [1]] and which can be described as follows.
Let A be the unit simplex of probabilities over F™*. For z € A, let K[x] be a Markov kernel
defined by

Vi,j € F*, Klz]ij = P j + Pioz(j). “4)
and let (X, ),>0 be a process on F™* such that for every n > 0,
Vi,j € F*, P(Xp41 =J | Fn) = Klag)ij, on {X,, =i}, (5)
where
1 n
x":n+1kz_(:)5x’“ (6)

stands for the empirical occupation measure of the process and F,, = 0{ X,k < n}. In words,
the process behaves like (Y},),>0 until it dies (namely it hits 0) and, when it dies, comes back to
life in a state randomly chosen according to it’s empirical occupation measure.

This process is not Markovian and can be understood as an urn process or a reinforced random
walk. Using the natural embedding of urn processes into continuous-time multi-type branching
processes section V.9], Aldous, Flannery and Palacios prove the convergence of (x,,) to the
QSD. As well illustrated in [28]], another powerful method for analyzing the behavior of processes
with reinforcement is stochastic approximation theory [8| and its dynamical system counter-
part [4]. Relying on this approach, we analyze a more general algorithm in which (z,,),>0 is a
weighted empirical measure. We then recover [1, Theorem 3.8] in this more general context with
explicit rates of convergence. We also a provide a central limit theorem and prove the convergence
of (X, )n>0. Note that, when 7, = 1/n the recent work [9]] also provides a central limit theo-
rem, using similar techniques. This enables us to compare its convergence rates with a different
algorithm which is a discrete-time version of the algorithm studied in [10} and is close
(but different) to the one used in [[16] [I7]. We only give some qualitative bounds and we do not
compare these two algorithms in terms of complexity. We describe it and give a new bound for
the convergence based on [[7]] in section 3l

Outline: the next subsection introduces our main results. The proofs are in section 2l We study
the dynamical system in [2.1] relate its long term behavior to the long term behavior of (z,,),>0
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in[2.2] and end the proof in[23] Finally, Section [3] treats the second algorithm based on a particle
system.

1.1. Main results. Assume that F™* contains d > 2 elements and let us define the unit simplex
of probability measures on F* by A = {x € R4 ‘ x; >0, Z‘ii:l T = 1} . We endow R¢ with
the classical I'-norm: [|z]| = 3", p [#(7)| and A with the induced distance (which corresponds,
up to a constant, to the total variation distance). Given x € A, we denote by 7(z) the invariant
distribution of K|[z], defined in @), and welet h : A — TA = {x € Rd‘ Z?Zl x; = 0} denote

the vector field given by h(x) = m(x) — . Our aim is to study the weighted empirical occupation
measure (y,)n>0, defined for every n > 0 by

Tn41 = (1 - r)/n)xn + 'Yn(SXn_H =z, + ’Vn(h(xn) + en), (7)
where €, = 0x,,., — m(xy), (Yn)n>0 is a decreasing sequence on (0, 1) verifying
> n=-+occ and lim v,In(n) =0, (8)
>0 n—+oo

and the process (X, ),>0 satisfies (). Let us set 7o = 0,

n ] .
Tp = 27’“’ and [(y) = limsup M 9
k=1

n—+oo Tn

For instance, if
Yo = An"¢ ln(n)fﬁ,A >0,a,8 >0,

then
0’ if (Oé,ﬁ) € (0?1) X RJra

I(y)=¢ —1/Aifa=1,5=0,
— oo if (o, B) € {1} x (0,1].

Remark 1.1. The sequence (@) corresponds to the choice ~,, = 1#2 More generally, let (wy,)n>0
be a sequence of positive number, if

Yo = W & w, = Fn
n = n = T 1
Do Wk [Ti—o(l =)
for some k> 0, then
Tn = ——n -
Zizo wj
Notice that with wy, = n® for a > —1,vy, ~ 1;:_@

The sequence (z,,),>0 is often called a stochastic approximation algorithm with decreasing step
[4L[8]21]). Its long time behavior can be related to the long time behavior of the flow ® induced by

h; namely the solution to
YVt >0,V € A, 0yP(t,z) = h(P(t,x)), 0
®(0,z) = . 19

In order to state our main result, let us introduce some notation. By Perron-Frobenius Theorem
[24] Theorem 2 p 53, Vol. 2], eigenvalues of P can be ordered as

1>X > > >|Aa] >0,
where A1 = A (defined in () and \; # A for all i > 2. Set

i>2 1—N\
where RE is the real part application on C. Since |1 — | < |1 — \;| for i > 2, we have R > 0.

Rzl—(l—A)maxRE( ! ), (11)
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Theorem 1.2 (Convergence of (z,,),>0 to the quasi-stationary distribution). With probability one,
xy, tends to v. If furthermore [(vy) < O, then

1
limsup — In (||z,, — v||) < max <—R, M)
n—+oo Tn 2

This leads to the following result which generalize and precise the rates of convergence of

Theorem 3.8]
Corollary 1.3. Suppose ~,, = %for some A > 0 (or, with the notation of remark[[ 1] w,, = nA-1)
then for all < min (RA,1/2), there exists a random constant C' > 0 such that

Vo >0, ||z, —v|| < Cn % as.

Using general results on stochastic approximation, we are also able to quantify more precisely this
convergence, as shown by the following theorem.

Theorem 1.4 (Central limit theorem). If one of the following conditions is satisfied
i) ZkZO Ve = +00, ZkZO 'Y]% < 00 and limy—; o0 '7];1 In(ve—1/v) = 0;
i) Y0 Tk = 00, Y 50 7F < 00 and limy s oo v (ko1 /) = 75t < 2R;
then there exists a covariance matrix V' such that

—1/2 - d
Yo (g, — ) e N(0,V).
From Cesaro Theorem, if Assumption ii) of the last theorem holds then v, ' = —I(). In particu-

lar, under this assumption, the limiting result of Theorem [[.2is an equality. In case 7,, = 1/n this
convergence result has been already proved when in the recent work [9] with a similar approach.
Furthermore, this gives the following trivial consequence.

Corollary 1.5 (LP—bound for the convergence of (z,,)n>0). Under the previous assumptions,
there exists for all p > 1 Cp, > 0 such that for every n > 0,

1/p

lim 7, '/?E [Z Jn (i) — V(i)\p] =Gy
i€F*

Note that this result extends [20, Theorem 1.2] and Theorem 2.2] when considering a finite

state space and this particular type of kernel K[z].

Finally, not only the (weighted) empirical occupation measure of (X, ), >0 converges almost surely

to v but (X,,) itself converges in distribution to v as shown by the next result.

Corollary 1.6 (Convergence in law to v/). Let (i, )n>0 be the sequence of laws of (Xp,)n>0. Then

lim ||un, —v| = 0.

n—-+o00

If we furthermore assume that the assumptions of Theorem hold, there exists C' > 0 and
0 < p < 1 such that

[tntp = I < C(P + pv/m)-

Proofs of these results are given in section 2land in particular in

2. STUDY OF THE FLOWS AND PROOFS OF OUR MAIN RESULTS

As explained in the introduction, the proof is based on the ODE method. We study ® and apply its
properties to (x,,),>0 With classical results on perturbed ODE. So we decompose this section into
three subsections: the study of the flow ®, the study of the noise (€, ),>0 and finally the proof of
the main theorems.
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2.1. Analysis of the flow. For any z,y € R, we will use the following notation:
(w,y) =Y 2(i)y(i),
iEF
and 1 will denote the unit vector; namely 1(:) = 1 for every ¢ € F*. Let us begin by giving a
more tractable expression for . As P = (P ;); jer~ is sub-stochastic, the matrix A = k>0 Pk

is well defined and is the inverse of I — ]5, where [ stands for the identity matrix. Furthermore,
A
(A1)

Ve € A, w(z) = (12)

Indeed, let v = ). . m(2) (i) Py 0. Then
m(x)K[z] =7(z) @ w(z) - (P—1)= -z o n(z) =~z - (I —P) ' =~z A,
and as 7m(x) € A, we have
1= 3 w(@)i) =7 3 (- A)i) = v{a A, 1).

iEF* icF*
The next lemma follows from classical results on linear dynamical systems.
Lemma 2.1 (Long time behavior of ®). For all o € (0, R), there exists C = C,, > 0 such that
forall x € A andt > 0, we have

|@(t, z) —v]| < Ce™[|@(0,2) — vll. (13)
Proof. Let us consider ®; : (t,z) — x-et4. Writing 2 = v+ (z —v) and using vA = (1-\)"1v,

it comes
1 -1
Oy (t,z) = eVt <y + (z — v)elA=0=A I)> . (14)
Let
B<(1—=N""— mggiRe((l - ).
12
Using for instance a Dunford decomposition, we get that for ¢ large enough

Het(A_(l_A)fll)H — sup Het(A—(l—)\)*ll)uH S e—ﬂt
flull=1

Let now ®5 be the semiflow on A defined for all ¢ > 0 and z € A by
q)l(t’ x)
(@1(t,2),1)"

Forevery t > 0,z € A, ®o(t,z) belongs trivially to A because ze'” possesses positive coordi-
nates and (P2 (¢, ), 1) = 1. It follows from (I4) that for some C' > 0,

V>0, [|[Pa(t, ) — v| < Ce Pz — v

Now, note that 5 and ® have the same orbits (up to a time re-parametrization). Indeed, differen-
tiating in ¢, we find that

@2(15, 1’) =

‘1>2(t,x)A
> A, 0;P = (P Al | ————— -
Vit > 0,Ve € A, 0, Pao(t, ) = (Pao(t, z)A, ><<<I>2(t,a:)A,1> ao(t,x) |,
Ve e A, $9(0,2) = x.
Hence,
YVt >0, Vo € A, ®(s(t,x),z) = Po(t,x), (15)

where .
s(t,x):/ (Po(x,u)A, 1)du.
0

This mapping (i.e. ¢ — s(t,x)) is strictly increasing because ®o(z,u) belongs to A so that
(®y(w,u)A, 1) > 0 forall u > 0. It follows from (I4) that s(¢, x)/t tends to (1 — \)~*, uniformly
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in x € A as t tends to infinity. Thus, fixing @ < (1 — A) < R, for ¢ large enough, we have
pt > as(t, z) and, consequently,
1@ (s(t,2),2) = v|| < Ce D |z —v|| & [[@(s,2) - v|| < Ce ||z — v],

for s large enough. Replacing C' by a sufficiently larger constant, the previous inequality holds for
all time and this proves the Lemma. U

Remark 2.2 (Probabilist interpretation of A, ®1, ®5). Observe that A is the Green function defined

as
Vi, j € F*, Ay =B | D 1y—;
k>0
In particular,
(A1); = E; [To],

where Ty = inf{n > 0| Y, = 0}. Moreover, ®| can be understood as the main measure of
a branching particle system and s is then the renormalized main measure. See [11]] or [12,
Chapitre 4] for details.

Corollary 2.3 (Gradient estimate). Let Dh(v) denote the Jacobian matrix of h at v. Then
1 1
lim = In(||e!”*™)||) = lim sup = In(||e!P"™)||) < —R.

In particular, eigenvalues of Dh(v) have their real parts bounded by —R.

Proof. Set ®4(-) = ®(t,-). The mapping x — h(x) being C*°, classical results on ordinary
differential equations imply that ® is C'°° and satisfies the variational equation

Dy (x) = Dh(Pi(z)) - DPy(2)
with initial condition D®(z) = I. Thus, because ®;(v) = v,
Dy (1) = etPh()
Now, fix ¢ > 0 and o < R. On the first hand, using Lemma[2.1] we get that
sTH@e(v + su) — 2e(v)|| < Ce™ul]
for every s > 0 and u € R?. Taking the limit s — 0 leads to
[ePM) ]| = | DB (v) - ul] < Ce™Jul].
This ends the proof. U
2.2. Links between (z,),>0 and ®. Let us rapidly recall some definitions of [4]]. To this end,

we define the following continuous time interpolations X X, 6,7: Ry — Reby

S Tp4+1 — Tn

X(tn+8)=z,+s , X(Th +8) = ap, €(1 +5) = enp1 and F(7n + 8) = Vi1,

Tn+1 — Tn

forevery n € Nand s € [0,7,41). We also set m : t — sup{k > 0|t > 74 }. A continuous map
7 Ry — Ais called an asymptotic pseudo-trajectory of & if for all T' > 0,

lim sup [|Z(t+s)— ®s(Z)] = 0.
t¢$w0;g£Tll (t+5) = 2s(Z)|

Given r < 0, it is called a r—pseudo-trajectory of @ if

t——+o00 0<s<T

1
lim sup — In ( sup ||Z(t+s)— CIDS(Zt)H> <r,

for some (or all) 7' > 0. We have
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Lemma 2.4 (Pseudo-trajectory property of X ). With probability one, X isan asymptotic pseudo-

trajectory of ®. If furthermore () < 0 then X is almost surely a () /2-pseudo-trajectory of
.

Proof. The proof is similar to [3| Section 5]. Let 7 (z) be the matrix over F* be defined by
w(2)ij = 7m(x);.

By irreducibility of K[z] the continuous time Markov semi-group (e
exponential rate toward 7 (z). Thus, for all x € A the matrix

Qla) = /0 (@ EED) ()t

is well defined. Using that (K[z] — I) is the generator of the semigroup (e!KI#1=1)),5 it is
classic (and easy) to see that QQ[z] is solution to the Poisson equation:

(I — K[2])Q[z] = Qz](I — K[z]) = I — 7 (x).

UK[e]=1)),~ converge at an

We can write
Vnn = 0p + 62 + 03 + 07,
where, for all j € F'*, we have
0n(7) = WK [2a]Q2n] x5 — Yn-1K[2n]Qlwn]x,. 5,
52(]) = Yn—1K[2,]Qzn]x,,5 — WmE[Tnt1]Qnt1] X, 11,50
and
6;11,(]) = Tn (K[anrl]Q[anrl]XnH,j - K[xn]Q[xn]Xn-H,j) .
Continuity, smoothness of () and compactness of A ensure the existence of C' > 0 such that
k
15211 < Cyn—1=7n)s 1D 82N < Crner and [[83]] < Cynll@nss — zall < Oy
i=n
Now, if F,, = 0{X}. | k < n}, the term 6, is a F,,_;-martingale increment and there exists C; > 0
such that |6} ]]? < Cl’Yn Namely, for every ng > 0 , if for all n > ng + 1, M, = S.}_} 3} then
(M) n>no+1 18 @ (Fpn)n>ne+1-martingale. From these inequalities, we have

t+u
A1) = sup | [ ets)as]
0<u<T
Tm(t+u) t+u
< sup | c(s)ds]| + sup | / (s)ds]| + sup | / (s)ds]
0<i<T  Jrp 0<u< <u<T (b4)
m(t+u)—1
< sup | Z ’Yj+1€j+1H+02 sup ’t_Tm(t)’+CQ SUp [t 4 U = Tt |
0<u<T <u<T
J—m(t)
m(t+u)— m(t+u)— m(t+u)—
< sup || Z 5+1||+ sup | Z 5+1||+ Sup | Z 5+1H
0<u<T 0<u< 0<u<
J=m(t) m(t) J=m(t)
m(t+u)—1
+ sup || Z 5?+1||+2027m(t)+1
0<u<T .
Jj=m(t)
m(t+k)—1
< S [ Z 55111l + CYne) + Comeey + CsT¥m(y+1 + CaVm(e) 415
_u_ :
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for some C3,Cy > 0. If we set U, .1 = 4., then following Proposition 4.4], under (§)), we
see that the last term tends to zero. Using [4), Proposition 4.1], this proves the first part of the
statement. Let us now prove that it is a [(y) /2—pseudo-trajectory. Thanks to (8), Inequality (11)
of [4], Proposition 4.1] and the beginning of the proof of [4] Proposition 8.3], it is enough to prove
that lim sup,_, . In(A(¢, 7))/t < I()/2. From the previous decomposition, it is enough to prove

m(t+k)—

1
limsup—In | sup || Z +1|| <I(v)/2 as.
t—oo t 0<k<T .

and again the end of the proof is the same as in the Robbins-Monro algorithm situation (see the
proof of [4] Proposition 8.3]). O

2.3. Proof of the main results.

Proof of Theorem[[.2] By Lemma 2] {v} is a global attractor for ®; a global attractor is an
attractor whose basin is all the space, see page 22]. Thus, it contains the limit set of every
(bounded) asymptotic pseudo-trajectory (see e.g [4, Theorem 6.9] or [4, Theorem 6.10]). Lemma
2.4 gives the almost-sure convergence. The second part of Theorem [L.2] follows directly from [4}
Lemma 8.7] and Lemma[2.4] O

Proof of corollary[L3] Since the limsup in the definition of I(y) is a limit, the result is a direct
consequence of Theorem O

Proof of Theorem Let us check that our model satisfies the assumptions of Theorem 2.1].
Hypothesis C1 holds because of Perron-Frobenius Theorem for (a), Corollary 23l for (¢) ((b) is
trivial). Using the notations of this paper and the one of the proof of Lemma[2.4] we have

eni1 =7, S0k and 1, =, (82 + 65 4 6.
Assumption C2(a) holds, Assumption C2(b) holds with A,,, = A, = 2, where €2 is our

probability space. Note that x,, — v with probability one.
Assumption CZ(c) is more tricky but usual. Indeed, let us mimic Section 4]. Let

= (Y Qlzlr;Qllr Kz]xp) — K[2]Q[x]x,i K[2]Q[x] x,
keF*
be a kind of covariance matrix. We have
Elent1(i)ent1(d) | Ful = Fr,(Xn)ij = (Us)ig + (Dp)ig + (D7),

where U, = >, pe o (K) i,
Dy =Y (Fo, (k)m(zn)r — Fu(k)w)

keF*
which tends almost surely to 0 thanks to Theorem [[.2] and

D? = =Y P (k

keF*

It rests to prove that
n n
DL BRI ERERED sENCRTIIE
m=1 m=1 keF*

To this end, we use again the solution of the Poisson equation () introduced in the proof of Lemma

2.4 Indeed following we set U, (X) = Q[x]F,(X), which satisfies
(I = K[2)Us = Fo(X) = Y Falk)m(a)y

keF*

i e

and
Di’a = Uy, (Xn11) — K[z,]Us, (Xn),
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D?@’b = Uy, (Xn) = Uz, (Xpy1).

We have be = D%’“—l—D?;b. Arguments that follow come from directly to page 16]. Note that,
with the notations of [23]], Assumption A3 holds with constant functions V; and Vo ,b =1, 7 = 1.
Indeed recall that the state space is finite and then all regularity and boundedness assumptions are
satisfied. From Theorem the convergence assumptions also hold.

Sequence (D,%’a)nzo is a martingale increment sequence and, thanks to Burkholder inequality, we

have
n
1> Dxe)?

m=1

for some C' > 0. Now Cauchy-Schwarz inequality gives

E < Chn,

n

. 2,a . .

Jlim B [H > D H] < lim ,VCn =0,
m=1

because 3,50 = +ooand ), - 1/y/n < +oc.

Sequence (D?L’b)nzo can be written as a telescopic sum and then

n n
E[HZD%’L‘”HQ SC<1+ZV§>7
m=1 k=1

for some C' > 0 (again see page 16] for details). The limiting assumption is then satisfied
because Y, <72 < +00. Assumption C3 is then satisfied. Finally, the last assumption C4 is
supposed to be true in our setting. O

Remark 2.5 (SA with controlled Markov chain dynamics). Our sequence (xy,)n>0 is an instance
of the so-called SA with controlled Markov chain dynamics introduced in Section 4]. Instead
of our proof for the central limit theorem, we could use Proposition 4.1]. Nevertheless, it
would weaken the assumption on (Y, )n>0 (see Assumption A2).

Proof of Corollary[[.3] The LP—norm are continuous bounded functions on A thus the result is
straightforward. O

Proof of Corollary[[L6l By irreducibility of P (and hence K|[v]), v; > 0 for all i. Thus, K [v]; >
Pyov; > 0 for all 7 such that P;g > 0. This shows that K[v] is aperiodic. Therefore, by the ergodic
theorem for finite Markov chains, there exist Cy > 0 and p € [0,1) such that for all z € A

[ K" ] = v|| < Cop™

In particular, v is a global attractor for the discrete time dynamical system on A induced by the
map x — xK[v]. To prove that p1,, — v it then suffices to prove that (1,,) is an asymptotic pseudo
trajectory of this dynamics (that is ||, K [v] — pny1]|| — 0) because the limit set of a bounded
asymptotic pseudo-trajectory is contained in every global attractor (see e.g [4} Theorem 6.9] or [4}
Theorem 6.10]). Now,

i K1) = pngall = D 1 K1) = pnsr (D] = D 1B [K]x, = K(2n)x, ]
JEF* JEF*
= > [E[Px,0((5) = 2n(7))]| < max ok [[lv =z
JEF*

and the proof follows from Theorem [[.2] and dominated convergence.
If one now suppose that assumptions of Corollary [[L3hold, then, in view of the preceding inequal-
ity, there exists C' > 0 such that

[ K[v] = pngrll < Cv/n.
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Therefore
p—1 p—1
ity — KPP = 11 (i K V] = prngin) KPP < CY \Angs < pCy/am
i=0 i=0
and

lpmtp = VI < Nlbntp = i KPPl + lpn K V)P = v]| < pCy/An + Cop”

3. A SECOND MODEL BASED ON INTERACTING PARTICLES

In continuous-time, a mainstream method to simulate QSD is the so-called Fleming-Viot particle
system. It was introduced and well studied in [10] for the Brownian motion and in [18]] for general
Markov processes. See also [13} 22} 251 [32]]. Here, we study and give some applications of [7] for
a discrete version of this algorithm. This one is based on a particle system evolving as follow: at
each time, we choose, uniformly at random, a particle ¢ and replace it by another one j; this one is
choosen following the probability F; ; or uniformly on the others particles with probability F; .
In this work we will study a slight modification; we allow us the choice to replace the died particle
on its previous position. More precisely, let N > 2 and consider (X2 )n>0 be the Markov chain
on A with transition

IP’<XN(n+1) :x+%(5j — &) | XN (n) :x> = pi j(z), (16)

where

pij(x) = (i) (Poj + Pioz(j)) = 2(i) K[x]i 5, (17)
forevery x € A, n > 0, 4,5 € F*. This algorithm is relatively close to the one used in [[16]
in non-linear filtering. In their setting, all particles move and die at each step. In our setting, only
one particle moves at each step, and this dynamics is then closer to the continuous-time algorithm.
We are interested in the limit of Markov chains X%, when N is large, and with the time scale
d = 1/N. The key element for such approximation is the vector field /' = (Fj) e+, defined by

Vo € AVj e F*, Fi(x) =Y (pij(r) — pja(x)),
i#]
which, for large IV and short time intervals, gives the expected net increase share during the time
interval, per time unit. The associated mean-field flow W is the solution to

{w >0,z € A, 9,¥(t,x) = F(U(t,z)),

1
Ve e A, U(0,z) = x. 1)

Using (I7), we have
Vj e F* Ve € A, Fi(x) =Y ai(Pij+ x;P0) — ),
ieF*
and U is then the conditioned semi-group of the absorbed Markov process (U;):>o generated by
(P — I). More precisely, for all j € F*, ¢t > 0 and 2 € A, we have

U(t,z) = Yicrs TP (Up = j | Up = 1) _ 2et(P=1)
T Ciep s A0 To=1)  (ae®D.1)
This model was studied in a more general setting in [7]. In particular if we set

s € [0,1), XV ((n+s)/N) = X3 +s(Xphy — X3,

then we have
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Theorem 3.1 (Deviation inequality). For every T > 0, there exists a (explicit) constant ¢ = cp >
0 such that for any € > 0, x € A and N large enough,

. ( max [|XV(6) = U(t,2)] 2 | XN(0) = ) < 2de~=N,
0<t<T

In particular, for all 6 < 1/2, we have

lim N? max |XN(t) — U(t,z)|]| =0 as. (19)
N—4oo  0<t<T
and
lim  lim XY =v as. (20)
N—+o0 n—+0o0
Proof. Tt comes from [[7, Lemma 1], Borel-Cantelli Lemma and [[7, Proposition 6]. The constant ¢
is given by
2T

8T\/V2+|FI3

where I is the Lipschitz constant of F' on the compact set A and || F||3 the supremum of || F(z)]|3
over A. O

CcC =

Remark 3.2 (Continuous-time case). Firstly, if we consider our discrete-time algorithm indexed
by a Poisson process, we recover the Fleming-Viot algorithm, see [}, Section 6] for details. This
enables us to compare this result with previous works on Fleming-Viot algorithm. Articles
Theorem 1] and [18, Theorem 1.1] give a L'-bound in a more general setting (not finite state
space) but to our knowledge, (19) and Q) are the first almost-sure convergence results.
However, none of these works give a rate of convergence to the QSD. Using t = vIn(N) in
Corollary 1.5] (and its proof) and Remark 2.8], we have a uniform error term in N7 for
the approximation of the QSD, where v depends on the rate of convergence of the conditioned
semi-group to equilibrium. Even if our setting is in discrete time, this result can be compared with
our Theorem[L2](and Corollary 3] more precisely).

Remark 3.3 (Time versus spatial empirical measure). In this work, we compare two dynamics
based on K[| where i, is either the time occupation measure or the spatial occupation measure.
The analysis of the resultant flows, ® and V are very similar. This analogy was already observed
in others works with the Mc Kean-Vlasov equation; see (3, 6]].
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