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Integrodifferential Systems on Networks

Dan Goreac*'t Magdalena Kobylanski*! Miguel Martinez*Y

May 1, 2014

Abstract

We study optimal control problems in infinite horizon when the dynamics belong to a specific
class of piecewise deterministic Markov processes constrained to star-shaped networks (inspired
by traffic models). We adapt the results in [19] to prove the regularity of the value function
and the dynamic programming principle. Extending the networks and Krylov’s "shaking the
coefficients" method, we prove that the value function can be seen as the solution to a linearized
optimization problem set on a convenient set of probability measures. The approach relies en-
tirely on viscosity arguments. As a by-product, the dual formulation guarantees that the value
function is the pointwise supremum over regular subsolutions of the associated Hamilton-Jacobi
integrodifferential system. This ensures that the value function satisfies Perron’s preconization
for the (unique) candidate to viscosity solution. Finally, we prove that the same kind of lin-
earization can be obtained by combining linearization for classical (unconstrained) problems
and cost penalization. The latter method works for very general near-viable systems (possibly
without further controllability) and discontinuous costs.

Mathematics Subject Classification. 491.25, 93E20, 60J25, 491.20

1 Introduction

This paper aims at the study of optimal control problems in infinite horizon when the dynamics
belong to a specific class of piecewise deterministic Markov processes constrained to networks. The
starting point is a model inspired by traffic. Our point of view is the one of a traffic regulator who
observes the generic traffic X. and has the possibility to intervene in the regulation by imposing
speed limits via some (external) control. In this basic model, the generic vehicle should remain
on some star-shaped network containing several edges bound to a common intersection. At the
same time as the traffic, the regulator should ensure the maintenance of the network by observing
a second (pure jump) component I'. (known as mode). The functionality of the network evolves
stochastically and damage to a specific edge occurs exponentially distributed with a parameter
A (X, T, a) depending on the traffic, on the previous state of the network and on regulator’s control
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policy . In this context of controlled switched Piecewise Deterministic Markov Processes (PDMP),
the regulator seeks to minimize its (discounted) operating cost

00 (z,7) = inf E {/ e*‘stlpg-,ma (X7 o) dt|

a, X" enetwork 0

In this paper, we study the Hamilton-Jacobi integrodifferential systems on networks associated to
the previous control problem.

To our best knowledge, for deterministic dynamics, the constrained optimal control problem
with continuous cost was studied for the first time in [18] (see also [19] for a stochastic framework).
The value function of an infinite horizon control problem with space constraints was characterized
as a continuous solution to a corresponding Hamilton—Jacobi—Bellman equation. For discontinuous
cost functionals, the deterministic control problem with state constraints was studied in [9], [10],
[16] using viability theory tools. However, the results of these papers do not directly apply to
(deterministic) control problems on star-shaped networks. Several very recent results are available
on this subject when dealing with deterministic systems (cf. [1], [3], [14], [17], [2]). The cited
papers rely on Bellman’s approach for the existence of solutions of the associated Hamilton-Jacobi
equation and propose several methods for the uniqueness part.

For our control problem governed by a switch PDMP with characteristic triple (f, A, Q) (cf. [8],
see also Section 2 for the explicit construction), we proceed as follows. In the first part, we prove that
v satisfies, in some generalized viscosity sense the associated Hamilton-Jacobi integrodifferential
equation. As in the deterministic counterpart, we use Bellman’s approach. We begin Section 4 with
proving the regularity of the deterministic value function and the dynamic programming principle
(DPP) for this case. For available (active) roads, the controllability assumptions are the same as
those in [1]. However, entering inactive roads from intersection should be prohibited and other
assumptions must be made for this case in order to guarantee the uniform continuity of the value
function. Next, we iterate the value functions and the DPP between jumps to prove the uniform
continuity of the (stochastic) value function and the DPP. As a by-product, we prove that the value
function satisfies in a (relaxed) viscosity sense the associated Hamilton-Jacobi integrodifferential
system (in Section 5).

We then focus on a different notion of uniqueness (in Section 6): The well-known method of
Perron consists in proposing the supremum over regular subsolution as candidate to the viscosity
solution. Using this intuition, we proceed backward and prove that the value function given in
the previous section is the pointwise supremum over such regular subsolutions (with a slightly
modified notion). The major argument in proving this result is to extend the intersection with some
additional directions and impose convenient extensions of the dynamics. Then, we adapt Krylov’s
"shaking the coefficients" method (cf. [15], [4]) to exhibit a sequence of regular subsolutions of
our Hamilton-Jacobi system converging to the initial control problem. These arguments allow the
linearization of the value function. It is shown (in Theorem 27) that the value function can be
interpreted in connection to an optimization problem set on a family of convenient probability
measures. This family is completely described by the Dynkin operator of our process. Moreover,
the dual value allows one to state that the initial value function is, indeed, the pointwise supremum
over regular subsolutions.

Finally, we present a different approach which is independent of the structure of our network
and/or controllability assumptions. The linearization techniques allow us to extend the results to
more general networks in Section 7. We assume merely near-viability conditions and consider lower
semicontinuous cost functions. Then, the classical penalization of the cost function with a term
involving the distance to the (general) set of constraints is shown to converge to the primal linear
value function stated on the same family of probability measures as before (Section 6). The dual
value links, as before, the value function to the candidate in Perron’s method. This part generalizes
the approach in [12].



The paper is organized as follows. In Section 2, we recall the basic construction of piecewise
deterministic Markov switch processes and give the main assumptions on the dynamics. We present
our traffic model and introduce the different types of admissible controls and the controllability
assumptions in Section 3. Section 4 is dedicated to the study of regularity of the value function
and the dynamic programming principles. The basic ingredient is the technical projection Lemma
6 allowing to prove the uniform continuity of the value function in the deterministic setting (in
Theorem 8). We proceed as in [19] by iterating the value function and the dynamic programming
principle. In Section 5, we introduce a sequential relaxation of the dynamics and prove that the
regular value function exhibited before satisfies, in some generalized viscosity sense, the associated
Hamilton-Jacobi intergrodifferential system. Section 6 is dedicated to the linearization of our value
function. We begin with extending the graph and the dynamics by mirroring the trajectories in the
inactive case and using the inertia otherwise. We briefly present the adaptation of Krylov’s "shaking
the coefficients" method and exhibit a family of regular subsolutions converging to the initial
value function (in Theorem 25). The main ingredients in proving the convergence are successive
projection arguments given by Lemmae 23 and 24 (whose proofs are postponed to the Appendix).
The main result (Theorem 27) shows that the value function can be interpreted in connection
to an optimization problem set on a family of convenient probability measures. Moreover, the
dual of this problem allows one to characterize the value as the pointwise supremum over regular
subsolutions (as predicted by Perron’s method). Finally, in Section 7 we present a penalization
approach leading to the same kind of value function. The advantage of the latter method is that it
needs neither controllability assumptions on the coefficients nor the continuity of the cost functional.
It is, therefore, applicable to (more) general settings and discontinuous costs.

2 Standard construction of controlled switched PDMPs

We consider A (the control space) to be a compact subspace of a metric space R and R™ be the
state space, for some d, m > 1. Moreover, we consider a finite set F.

We summarize the construction of controlled piecewise deterministic Markov processes (PDMP)
of switch type (cf. [6], [7], [8]) having as characteristic triple f, : R™ x A — R™, A : R™ x E x
A— Ry and Q : R™ x E? x A — [0,1]. These functions are assumed to satisfy some usual
continuity conditions (to be made precise at the end of the section). We let L (R™ x E x R ; A)
denote the space of A-valued Borel measurable functions defined on R™ x E x R;. Whenever
a; € LY(R™ x E x Ry; A) and (to, z0,70) € Ry x R™ x E, we consider the ordinary differential
equation

{ dy’YO (t’ t07$07 051) = f’YO (y’YO (ta th Zo, Ofl) , 01 ($0,"}/07t - tO)) dtv t Z tO?
Yo (th to, xo; Oél) = To.

For the sake of simplicity, whenever ¢y = 0, we denote by v, (t; 2o, 1) the solution of the previous
ordinary differential equation such that y., (0;zg, 1) = 0.

We choose the first jump time 71 such that the jump rate A (yy, (¢; 0, 1) ,70, @1 (20,70,1))
satisfies

t
P(m1 >t) =exp (—/ A (Yo (850, 1) 70, @1 (T0, 70, 9)) dS) :
0
The controlled piecewise deterministic Markov processes (PDMP) is defined by
(X770 TP = (yag (5 w0, 1) ,70) 5 i L €[0,71).

The post-jump location is denoted by (Y7, Y1) and has 5%0 (rsz0,0) X Q (Yo (7570, @) , 70, 01 (20,70, 7) 5 )
as conditional distribution given 7 = 7. Starting from (Y7, Y1) at time 71, we select the inter-jump



time 79 — 71 such that

11+t
P(rp—m >t/ 1, (Y1,T1)) =exp <—/ Ayr, (8371, Y1, 00) , Y1, 00 (Y1, Y1, 5 — 71))d5> ,

T1

where ay € LY (R™ x E x Ry; A). We set
(X700 LY = (yy, (671, Y1, 00), Y1), if ¢ € [11,72).
The post-jump location (Ya, T9) satisfies
P((Y2,Y2) €Y XE ) 12,71,Y1,T1) = 1yr1(72m,Y17a2)€37Q (yr, (125711, Y1,2),Y1,E 00 (Y1, Y1, 72 — T1)) s

for all Borel sets Y C R™ and £ CE. (Of course, the set E is endowed with the discrete topology.)
And so on.

Throughout the paper, unless stated otherwise, we assume the following;:

(A1) The functions fy : R™ x A — R™ are uniformly continuous on R™ x A and there exists
a positive real constant C' > 0 such that

(A1) (fy(@,0) = [, (y,0) ;2 —y) < Clz —y[*, and |f, (z,0)] < C,

for all z,y € R™ and all a € A.
(A2) The function A : R™ x E'x A — R is uniformly continuous on R™ x {~v} x A and there
exists a positive real constant C' > 0 such that

(AQ) ‘)‘ (117,’)/, CL) —A (y7’y7a)‘ < ¢ |I - y| ) and A ($’77 CL) < C)
for all z,y € R™, all v € E and all a € A.
(A3) The function Q : R™ x E2 x A — [0, 1] is a stochastic matrix : i.e. Y. Q (2,7, ,a) = 1,
y'ekE
for all v € E and all (z,a) € R™ x A. Moreover, we assume that Q (z,v,7,a) = 0, for all v € E
and that there exists some positive real constant C > 0 such that

(A3) sup 1Q (z,7.7,a) = Q (y,7,7,a)| < Clz—yl.
”/,ave’EE

(A4) The cost functions I, : R™ x A — R are uniformly continuous on R? x A and there exists
a positive real constant C' > 0 such that

(Ad) ly (x,a) = 1y (y,a)| < Clz —y|, and |y (z,a)| <C,

for all z, € R? and all a € A.

Remark 1 The assumptions (A1-A4) are quilte standard when dealing with viscosity theory in
PDMP. They appear under this form in [19] and are needed to infer the uniform continuity of the
value function.

3 A traffic problem

We consider a traffic problem on a network given by :
- a family of vertex <ej)j:1,N’ for some N € N* ~ {1},

4



- a central intersection denoted by O.

Fig. 1. The simple intersection

We let Jj := (0,1)ej, forall j=1,N,G:= U _[0,1)ejand G:= U _[0,1]e,.
j=1,N j=1,N

Our point of view is the one of a traffic regulator who observes the generic traffic and has
the possibility to intervene in the regulation by imposing speed limits via some (external control).
Given an initial point x € G, the generic vehicle will move (in a continuous trajectory X;) on
G. At the same time as the actual traffic, the regulator observes the quality of the road (T;) and
distinguishes between roads which are functional (active) and those which need repairing (inactive).
For functional roads, speeding up the traffic at the intersection in both directions is possible, whileas,
in the inactive case, the road needs clearing up.

This leads to controlled switch PDMP dynamics (X%, T';"""") governed by the speed of the
vehicle f, a jump parameter A depending on both the traffic and the quality of the road \ and
a postjump transition ) specifying functionality of the network. We denote by E the family of
all possible functionality variables (e.g. {0, l}N) and introduce, for all j = 1, N a partition of
E = E}zctive U Ejz:nactive‘

Given an intial couple describing the position and configuration (z,v) € G x E, we introduce
the set of feasible (network-constrained) controls for the deterministic framework by setting

Ay oz = {a : Ry — A: « is Borel measurable, y, (t;x,«) € G, for all t > 0, } )

for all (z,7) € G x E. Of course, one needs to guarantee that these sets are nonempty. We also
introduce the set of constant, locally-admissible controls for the deterministic problem by setting

Ay = {a € A:y,(tz,a) €G, for some 6 >0 and all t € [0,9]},

for all (z,v) € G x E.
Unless stated otherwise, throughout the paper, we will use the following assumptions.



(Aa) There exist nonempty subsets A7 C A such that

Ay =AM ifx e Jj,
Ao= LiJN{aeAW’ : f(0,a) € Ryej},
]:7

A’Y,ej = {a’ €A <f’7 (6]',0,) ’€j> < 0} # @,

for all v € E and all j = 1, N. Moreover, we assume that, for every v € F and every j = 1, N,
either A, .. = A7/ or, otherwise, there exists some 8 > 0 and some a, ; € A7/ satisfying

(fy (ejyay,5),€5) < —P.

(Ab) For all v € Egcme, there exists some afyr’ PRONFRS A7J such that

<fa, <O,af;j> ,ej> > [ and <f7 (O,a;j) ,ej> < —p.

For v € E;nacnve, there exist some 5 >0,1>n>0, k € [0,1) and a agj € AYJ such that

(£ (. a7,) se5) < —Blae))",

for all x € Jj, || < n and f, (O,af)m.) = 0. Moreover,

<f7 (wva) 7ej> < 07

for all a € A7 and all x € Jj, |z| <.
(Ac) Whenever v € E]i-”ac””e, l,(0,a)=1,(0).

Remark 2 (i) The condition (Ab) states that if the road is functional (active), then one has a
behavior similar to the one introduced in [1] (speeding up the traffic at the intersection in both
directions is possible).

If the road is inactive, then, for the cars that have "just” entered the road, the only possibility
is to move back into the intersection (Ab) (the road needs clearing up for repairing). A measure
(a;j) 15 possible to get them off this inactive road within a controlled time and, eventually, they are
allowed to stay in O (due to the control af)w-) until the road is repaired.

The condition (Ac) is intended for technical reasons. It can be interpreted as : if the road is
wnactive, the presence of vehicles at the entrance of the road prevents the authority to intervene and
repair the road and thus, involves high costs. However, if {a € A% : f(0,a) € R+ej} = AV, then
(Ac) is no longer necessary.

(ii) Under the assumption (Aa), if Ay, # AV, then there exists & > 1 > 0 such that

<f’Y (.%', a%j) 7€j> < _67
whenever |z — e;| < n. Similarly, under the assumption (Ab), for everyy € E}wtwe and somen > 0,
<f’y (1‘7&;7]') ,€j> < _ﬁv <f’7 (IB,(L,JYF’]-) a€j> > ﬁ?
whenever |x| < n.

As we have hinted before, the set A, , needs not (in general) be nonempty. Nevertheless, these
assumptions guarantee

Proposition 3 Under the assumptions (Aa) and (Ab), the set A, , is nonempty for all (x,7) €
G x E.



Proof. If v € B¢ and z € [0,0.5) e;, we define

t;%ej := inf {t >0:y, (t;:n,af;j) = ej} ,

If z € [0.5,1] ej, we let

teno=1f{t >0y, (t;z,a) =0},
where a is any point of A%ej. One notices that t;%ej > W and t;mo > W For
z €10,0.5) e, we set

+ + + - + ~ +
W0 e | @ ite [O,tmej) U [tmej 17 0 0r s e 00 +t0mej> U,
7 a, otherwise.

The estimates on ¢t™~ imply that agﬁ is defined on Ry. Moreover, it is clear that agw € Ay,

Similar construction holds true for € [0.5,1]e;. If v € E;'-”“C“‘”e, one gets similar results by

0 .
V.3

the time ¢ o). This concludes the proof of our assertion. m
We introduce the set A,q given by

replacing a;ﬁ ; with a (In fact, in this case, if tpn0 18 finite, then the solution stays at O after

(1) A { a:Gx ExRy — A: «is Borel measurable, }
ad +—

X;000% e G for all t > 0,P—a.s., for all (zg,v) €G x E

Here, X" is the continuous component of our PDMP constructed as in Section 2 by using
o; = a, for all ¢ > 1.

Remark 4 (a) Under the assumptions (Aa, Ab) it is clear that A.q is nonempty. In fact, it
suffices to notice that all the times t*,t~ in the previous proposition are measurable functions of
(2,7) .

(b) The set A, . can be seen as a subset of Aqq by choosing some @y € Aqq and setting

a(y’n’t):{ at), if (y.n) = (2,7),

@o (y,n,t), otherwise,

foralloao € Ay ;.

Example 5 Let us exhibit a simple example for which the previous assumptions (particularly (A1),
(Aa-Ab)) are satisfied. We consider N = 3 and e; = < (1) > , 69 = < é > =—e3, A=[-1,1e1 U

(~1,1] e, E = { ((01’7%700))”((01”11”11))’ } c {0,113,

(1= en)ber+ (1=2) ((,e0)*) P e ] |
+(1—72) ((z,e3)) % es

for x € Rx Ry, v = (71,72,73) € E. Here, 2zt = max(z,0), for z € R. Then Eiractive —
{y € E:v =0} and E{actve = pinactive — [ ¢ F 1~y =0}. The reader is invited to note that
[~ is Lipschitz-continuous for active configurations. Also, we wish to note that, for this particular
case, whenever Jo is inactive (i.e. v € B¢ ) f (z1e9,a) = —fy (—x1€2,0), for all z1 € R. The
intersection acts as a mirror in the inactive case.

The cost I can be chosen increasing with the speed, very high as one reaches the intersection and
null at the destination vertex. Moreover, it can be chosen decreasing with respect to the number of
available/ active roads.

fy(z,a) =71 (a,e1) e1 + 72 (a,e2) ez — |af [



x . , 0
<e.g, Ly (< 01 > ,a) =1+ m (1 —|z1])? + |al (]m1| - |x1|2) and simetrically for < 2y >>

Here, lg > 0 is some minimal cost.
The rate A can be chosen in a similar way as a propensity function : we define Ay (z,a) =
Xoly (x,a) for some Ao > 0, then Ay (z,a) = Y. Ay (x,a). The jump measure Q can be chosen

v eEN{~}
proportional to the relative contribution to the propensity function

p /(za) .
Q (z,7,7,a) ={ *@a) if v € Ex {7}
O, ’l,f’yl = ,7

4 The dynamic programming principle and the regularity of the
value function(s)

The aim of the traffic regulator will be to minimize the expectation of the (infinite horizon, dis-
counted) operating cost [ satisfying (for the time being and unless stated otherwise,) the assumption
(A4)

o0
inf & [/ e parvo (XPT ay) dt| .
o 0 t
The discount § > 0 will be fixed throughout the paper. The set of control policies (keeping the
vehicle on the network) as well as the meaning of «; will be given later on. The program of this first
part relies on the paper [19] : we study the regularity properties in the deterministic setting via
some projection argument, then define some iterated value functions. Next, we prove the uniform
continuity of these iterates and the dynamic programming principles (DPP). This leads to a regular
limit function satisfying a DPP. Throughout the paper, if ¢ is a bounded real-valued function on
some set X'x F, where X € RM and F is compact such that ¢ (-,¢) is Lipschitz-continuous for all
s € F, we set

9 (y,5) —¢(y’,<)|.

6lo:=  sup |6 (y,<)| and Lip(¢) := sup sup ,
(Y,9)EXXF GEF yy'ex ly — o]
Y7y

Whenever f is not Lipschitz continuous (recall that (A1) is weaker than Lipschitz-continuity), by
abuse of notation, we let

(fy W,0) = £, (¥ 0),y — )

Lip(f):= sup sup > .
(v.a)EExAy,y €R™ ly =y
y#y'

Of course, whenever the function f is only defined and satisfies the regularity assumptions on G,
the supremum can be taken over j =1, N and y,y’ which are colinear with e; and a € A7,

4.1 A projection argument

Whenever € > 0 is small enough, we let

1 24 N~ Lip(f)t
te := 6ln<2|f’0>,pg.—4e .

We will make extensive use of the following result.



Lemma 6 We assume (Aa-Ac) and (A1-A4) to hold true.
(i) There exists some C > 0 such that, for every e > 0, every v € E, z,y € J; U{O,e1}
2

satisfying |v —y| < pe " and every o € A, 5, there exists Py, (o) € A, such that

1-k
(2) Yy (59, Pay (@) —yy (h2,0)| < Clz—y[ 2,

and

(3)

t t 1k
/0 5L (g (59, Py (), Pag (@) (5)) ds — /0 5L, (g (530, 0) ,a(s)) ds| < Clz — )T

for allt <t..
(ii) Moreover, if v € Agq, then, for everye > 0 and every (v, z) € Ex(J; U{O,e1}), there exists
Play) (@) € Aqa such that the previous inequalities are satisfied with Py ) () (y,7,) replacing

2

Pry () (-), for ally € J1 U{O0, e1} satisfying |z —y| < pir.

Proof. (a) (i) Let us assume that = O. If y = O, then P, (o) = a. Otherwise, we let
ty,0 := inf {t >0:y, (t; Y, a;l) = O} . Obviously,

|1—I£

[z —y P2
tyo < < .
! (1-=r)B = (1-kK)P
(These estimates are for the "inactive" case; for the "active" one, one can consider k = 0). For ¢
small enough, one can assume, without loss of generality that (lfif{)ﬁ < te. We define

Pay (@) (6) = 11, 1 () F 0t = £,0) 1, .00 (8)
for all ¢ > 0. Then, one gets

Yy (89, Pay (@) = yy (G2, )| < Jyy (G, Poy () =yl + |y — 2| + |z —y (&2, o)
2‘f| 1—k 2‘f|
§<(156“>'x_y' S((lfff;ﬁ“)pg’

Yy (Y, Poy (@) = yy (2, 0)| = [y, (5 3,0) — yy (= ty052,a)
£l
(1-k)p

if ¢ € [0,,,0] and

< ’f‘O |x_y|171€§
K

2
ST-wp &

if t > t, 0. Moreover, for every T' > 0,

T T
/ UL (g (85, Pay (@) s Py (@) (2)) di — / e (g (b2, 0) s (8)) dt
0 0

tyso ty,O
< [ 0 5Py (@) Py @ @) e+ [ (0, (i) 1)
Tft%o
115, (1=e0) [0 (o, () )]
T
T, /T ey (s (.0) 0 (1)

lw—y"" 1 plezullr o —y' "
<2y ——+ =l 1-— (1-r)B Uy ——
= HO (1—H)ﬁ+5HO € +||0 (1_H)B

1—
|z —yl " 4‘”0 2
z.

(i-rmp ~(1-rp"

<4l



(ii) If a € Ayg, then we set

2

ifn = _ =

Pan (@) (g, t) = { Pry (@@ 0) ifn =7 |o—yl < p,
a(y,n,t), otherwise.

One only needs to notice that y — ¢, o is Borel measurable to deduce that P, () € Agq. In the
other cases, the construction is similar. We will just hint the measurability properties needed to
insure that the constructed function P, ) (@) is Borel measurable in (¢, y).

(b) If y = O, we distinguish two cases :

(bl) The road is "inactive". Then, we introduce t, o (o) := inf {t > 0: y, (t;z,) = O} and
define, if it is finite

Py (@) (t) := agﬁll[wzyo(a)] B+ )1, (a0 )00 (1)
where a?m is given by (Ab). Then, due to (Ab), it is clear that

Yy (69, Py (@) — 4y (B2, 0)| < |z —y| < P2,

if t <t;0(a) and
Yy (6 Y, Poy (@) — yy (2, 0)| = 0,
otherwise. We note that y, (t;y, Py y () = O, for t < t; 0 (o). Thus, the assumption (Ac) yields

0 0
Lip(l Lip(l
5()!w—yls 5(>p§-

T T
/ e (yy (£, Py (0)) , Py () (£)) dlt — / M (g, (t:2,0) (1)) dt’

T
< / e Lip(l) |z — y| dt <
0

(b2) The road is "active". Then, we introduce ¢, , := inf {t >0:y, (t; Y, a;il) = :r:} . Similar

2
to (a), one easily proves that ¢, , < %5. In this case, we define

Py (@) (t) = a] 1 1jos,,) (8) + o (t —tye) 1, , 00 (1),

and get the same kind of estimates as in (a).
(ii) This allows one to define P, () (O,n,t) := Pro(a(z,v,t)), if @ € Auq, n = v and

|z| < pe™ and Py (o) (O,n,t) = a (O, n,t) otherwise.

(c) We assume that « € J; U {e1} and y € J;. Then, o € A, , is admissible for y (at least for
some small time). We define t;; (o) = inf {t > 0: yy (t;y, ) € 1} AInf {t > 0: yy ({2, ) = OFAte.
One notices, as before, that y +— ; («) is Borel measurable.

(c1) If t} (o) = te, then we let Ppy () (1) := ()L, (t) + o (yy (te;ys ) ;75 1) L o0y (D)
where ag € A,q and have

A 1
1Yy (£, Poy (@) =y, (B3, )| < PD |z —y| < V/]o —y| < p27,
for all t < t.. Also, one easily gets, for every T < t.,
’ 1) ’ 1)
/0 e U (yy (59, Pry (@), Pay () () dt — /0 e (yy (t; 2, a) ,a (t)) dt
Lip (I Lip(l) &
< 2RO o=yl < L0

Since ag € Aqg, it follows that (¢,y) > Pry (@) (£)14:(a)>¢. is Borel-measurable.
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(c2) If t*( ) < te and yy (t* (@);y,a) = e, then, in particular, (t* (@), ) —61‘ <

Vie—y| <ps 1= Of course, this case is only interesting if « is no longer admissible. In particular,
when A%61 # AVl Then, we introduce tel,yw(tZ(a);m,a) =inf {t > 0:y, (te1,av1) = yy (ty (a);z,0)}.

One has t < 7"%_3/‘ We define

€1,y (t; (o) ;x,oz) =

Py (@) (t) = a(t) Lo tx(a)) (t) +ay11 [t () ®)

+t61,y~y(t§j(a);zyoc)]

+o (t - tel,yw(tz(a);r,a» 1(t;(a)+t ) (t).

el,y»y(t,zj(a);z,a) ,O0

The functions y — t; (@) , y — yy (tz (a);y, a) are Borel measurable. Hence, soisy +— t
It follows that

e1,yy (ty(a)sm,a)”
(t,y) — Pry (a) (t)lt;(a)qg,%(t;(a);y,a):el

is also Borel-measurable. One has
9y (695 Pry (@) = 4y (G2, )| < V]2 =y,

if t <t (a),

[y (859, Pay () =y (B2, @) < [yy (E =15 (0)sen,aq0) —er| + [er = wy (£ () 5,0
+ |y (8 (@) 2, 0) — yy (2, 0)|

§(2|£|0+1> ]x—y|,

ift € [t; (@), ty (a) + tel,yy(t;(a);x,a)] - Finally, if ¢ > £ (o) + bey g (15 (0):ma) then

1Yy (8 Y, Pay (@) — yy (82, @)
Yy (t_t (a )+t yn (t5()sz,0) Yy (tZ(a);ffaa)’a(tZ(aH')) ‘
—yy (t - ( )iy (£ (0)s2,0) 0 (£ () + )

[z —y
I

Moreover, if T' < t., one gets (similar to (a)),

<Iflo

T T
/0 e % (Yy (659, Pay (@), Pry (@) (t)) dt — /0 e % (yy (L2, ) (1)) dt'
< [ i agas Yo =y

0

(c3) The case ty (o) < tc and y, (t; (@) ;y,@) = O : In particular, one gets !y7 (t; (a);z,a)| <
1
Vi =yl <p".
(c3.1) In the "active case", we consider tQ%(tZ(a);m’a) = inf {t >0:y, (t; 0, a;‘:l> =Yy (t; (a);z, oz)}
and define

Pra (@) (8) = O Lo g0) O+ Gl [y @0, iornmy] P

+a (t B tO,m(ti(a)wﬂ)) 1(ti‘l(a)Ho,yw(t;(a):w;a)’OO) -

11



One gets the same estimates (and measurability properties) as in (c2).
(c3.2) The "inactive case" is similar to (b1). We consider

Pry (@) (t) == o (2) 1[0,t;(a)) (t) + 02711[ (t)

t; (a),t; (a)+ty.y (f?’; (a);.’!:,a),o]

Ta (t - tyw(t;(oc)ma),O) 1(t;;(a)+t (

Yy (85 (@);m,0)

)(t),

,O’OO

for all ¢ > 0. The functions y — ¢y (@), y — yy (t;'j (@) ;z, ) are Borel measurable. Hence, so is
— 0
Y tyw(t*( )iz0),0 (a?). It follows that

Y

(t,y) = Poy () (t>1t;(a)<t57y7(t (a)y,a)=0

¥
is also Borel-measurable.
One easily notices that

9y (&Y, Py (@) =9y (B2, 0)l < VT —y[ < pe, O SE ST (@) + 1 (10 (000,07

and yy (t;y, Poy (@) = yy (G 2,0) if t > ) (o) + tyw(t;j(a) o- Using the assumption (Ac) on

;m7a)7

[tz (@), ty (o) + tyw(t;(a);m,a),O}’ one gets
T T
/ e (yy (59, Poy (@), Py (@) () dt — / e (yy (t;x, ), o (1)) dt

0 0
T
e ' Lip()\/|z — y|dt

t*(a) ty(@)+t, (i (a)iwa).0) N
/ et Lip () /| — yldt + /< O ermero)
0 ty(@)
1.
L Lip(t)y/T ol
(c4) If £} (@) < te and y, (£ () ; @) = O, then we proceed as in (a). We let
tyw(tz(a);y,a),O := inf {t >0:y, (t; Yy (t; (a);y, a) ,a;J) = O} .

1—k
<X We set

. lz—yl
Obviously, ty«,(t;;(a);y,a),O < =B

<
<

Pry (@) (8) 1= e (0) Lo a9y () + 00 s

y (O‘)J’_tyw (t3(a)sy,2),0

] (t)

t—1, (0o )1 t),
o (=t e 0) L, g o) O

for all ¢ > 0 and the estimates follow. The measurability properties follow as before.

(d) Finally, we assume that y = e1. Again, we only modify a if A, ., # A7!. In this eventuality,
lz—yl
5

we define t¢, » := inf {t > 0:y, (t;y,a,1) = x}, where a,; appears in (Aa). Then ¢, , <
We let

Pa},el (CM) (t) = amll[o’tq@] (t) + « (t — tel,w) 1(tel,z,oo) (t) .

and get the conclusion.
The proof of our lemma is now complete. m

Remark 7 (i) The reader is invited to note that the constant C in the previous lemma only depends
on Lip (1) ,|lly, Lip (f),|f]y, and B but not of the actual coefficients f nor of the actual cost function
.
(ii) The assumption (Ac) is only needed if {a € AV': f(O,a) € Ryer} # AVL. Otherwise, both
(b1) and the analogous (c3.2) need not be treated as special cases. Indeed, if {a € A7 : f(O,a) € Rye1} =
AV then « is still locally admissible and we continue using it.

12



At this point, we introduce the value function for the deterministic case (A = 0, or, equivalently
the road functionality v is immutable) by setting

o0
vo (z,7) = inf / e*‘%l7 (yy (B2, ), (2)) dt,
aE.A»y_m 0
for all z € G and all € E.
As a consequence of our projection lemma, we get the following continuity result :

Theorem 8 The deterministic value functions vg (-,7) are bounded and uniformly continuous on

G.

Proof. Since the domain G is compact, it suffices to prove that v° (+,7) is continuous. Let us fix
x € G\ {O} and consider € > 0. Without loss of generality, we assume that = € J; U {e;}. Then,
there exists some a € A, ; such that

te 1
v (z,7) + ¢ > / e, (yy (2, @), o (1)) dt — gef‘stf 1 -
0

2
1—

Hence, for every y € J1 U {e1, O} such that |z — y| < ps 7", using the previous lemma, there exists
Pry (a) € A,y such that

te 3 1 B
o) ez [T (6 Pry (@) Pay () (0) i = Cp. = 27 i

. 2 _
e~y (y (12, Pay (), Pay () (1)) dt — Cpe — Ze i

5
!
vy (y,7) — Cpe — |f’|05'
0

The continuity property follows by recalling that € > 0 is arbitrary and 1in%pE = 0. In the case
E—>

vV
c\g

v

when x = O, the same arguments yield

lim v§ (y,7) = v} (0,7)

y—O0

yeJ;

for every j = 1, N. The proof of our theorem is now complete. m

Remark 9 The reader is invited to note that the continuity modulus of vg depends only on Lip (1),
[y, Lip (f), |fly and B but not of the actual coefficients f nor of the actual cost function .
4.2 TIterated value function

Following the ideas of [19], we introduce the iterated value functions vJ, defined by

o (@)= inf Ju(e,7.0).

where .
1
Im (z,7, ) :=E {/ e_(s'flﬂY (XP oz, y,t)) dt + e 00| (Y1, 1)
0

We recall that (Y7, Y1) are the post-jump locations at the first jump time 7 depending on z, 7, «, (cf.
Section 2). Hence, we have (Y1, Y1) = (X7, I'7"%) and 71 = 71", The process is constructed as

13



in section 2 using o; = a € Ay, for all i > 1. The reader is invited to note that a simple recurrence
argument yields

(4) )vfu (m,y)‘ < 5 for all (z,7) € G x E.

Throughout the section, unless stated otherwise, we assume (Aa-Ac) and (A1-A4) to hold
true. In order to simplify our presentation, we assume that A and ) are independent of the control
parameter a. The general case follows from similar arguments as those of Lemma 6 (the estimates
on [) if one assumes

(Ac’) Whenever ~ € E;”“Cti”e, Q(0,7,7,a) =Q (0,v,7") and X\ (O,v,a) = X(0,~).

Again, (Ac’) is only needed for those j such that v € Ejmcme and {a € A% : f(0O,a) € R+ej} +
AT,

The same arguments as those employed in Lemma 3.1of [19] yield
é

o 1 (-,7) is continuous on G. Then, for every T > 0, one has

Lemma 10 Let us assume that v

W0 (z,7) = inf E f()Tl/\T e_&l'y (yy (2, 0) (@, 7, 1)) dt
ma a€Aqa +e0md (Y1, Y1) 1<t + 70700, (yy (T2, 0) ) 1oy 7

I

for all (v,xz) € ExG.

The proof is identical (no changes needed) to the one of Lemma 3.1 of [19] and will be omitted
from our (already long enough) presentation.

)

o (-,7) are uniformly continuous on G, for all m > 0 and uniformly

Theorem 11 The functions v
with respect to v € E.

Proof. We prove our theorem by recurrence over m. For m = 0, we invoke theorem 8. Let us

assume that vfn_l (-,7') is continuous for all v € E. We let w,,—1 be the continuity modulus

Win—1 (1) := sup {)vfn_l (2,7) =0y (1Y) i le—yl <7 A € E} :

We also introduce
W (7,7) = Sup{‘v% (@,7) — vd, (y,v)’ He -yl < T},

for all » > 0. Obviously, wy, (1) = sup wm, (7,7). It is straightforward that wy, (r) < 2%. Let us

yeE
2

fix, for the time being, (v, z,y) € E x @2, £ > 0 and assume that |z — y| < p2~". Then, due to the
previous lemma, there exists some admissible control process a € A,q such that

[ e (o (62, 0) s (a7, 8)) dit ]

1
vo (z,7) > —ec+E _ -
m (7,7) +e ‘571115”_1 (Y1,T1) 1<t +e 5t€vfn (Yy (tes ) s y) Loy,

We denote by a the admissible control process P, )y (o) € Aqq given by the assertion (ii) in Lemma
6. We introduce the following notations :

U(t) = yy (t:2,0) . a(t) = a (@.7.0), A(t) = Ay (£).7), A(t) = exp (— [ e ds> ,

J(t) =y, (b, &), &t) = a(y,7,t), A(t) = A(F(),7), At) = exp (— /0 A(s) ds) -

14



Then
'Ufn (y,7) < _ 8 [glits e*‘”lv W), & (o) dt
B e 00d ) (V1 T1) Trsr, + e %00d, (5(8) 7) Lo,
The right-hand member can be written as
te

_ t
(5) In (@) = [ AOR@) [ e @), () dse
0 0

te _ .
+ /0 XOAW e X B G0).7) QG dt

v €E\{"}

ey e G (0), 8 (1) e+ K (1) el (5(8) 7).

Then, using the estimates (2) in Lemma 6 and recalling that (A2) holds true, one has

(6) In (708 < Clo =l ¥+ [T AOAQ) [ e, @)@ () dst
0 0
+ [ AOA®T S v G0).7) QM7 di
0 v €E\{v}

+ A () /0 : e %My (T (1), (1) dt + A (te) e =), (F () ,7),

for some generic constant C' > 0 independent of €, v,y,z, @ which may change from one line to
another. This constant only depends on the supremum norm and the Lipschitz constants of A\, Q, f
and [. Again by (2), and using the assumption (A3), we get

(7) S G @0.)QFEW. ) - X v w®),Y)Q (). 7.Y)

Y €E\{"} v'e€E\{~}

§wm71(Clr*y\lfTﬁ>+ > (vﬁm_l(y(t)w’)‘!Q(ﬂ(t),%v’)fQ(y(t),%v’)!

v €EN{"}

< W1 (C\x - y\%) +Cl—y|?",
for all t < t.. Moreover
e, ((t) 7)< € uh, (y (1) ) + e Mown (Cla—yl 7).
Returning to (6) and using (7) and the previous relation, we get

1—k 11—k 1—-k
v, (y,7) S v, (@,7) +e+Cle—y[ 7 +wm (C\x —y\T) + e e wn, (C |z — y!T> :
2
Hence, whenever |z —y| <r < pi ™",
11—k

wm (r,7) < e+ crs" + Wm—1 (CTFTN) + e O w, (Cr 2 ) .

Taking supremum over v € E, we can replace wy, (r,7) with wy, (r). We can assume, without loss
of generality, that C' > 1 and the conclusion follows (similar to Lemma 3.3 in [19]). Indeed, one

11—k

_2 -
considers r = C' 1t= [( 2) 1] and iterates in the previous inequality to get

. <C_1J2m[(1;ﬂ)_n_1]> 2511&+e§t€(n1)nilwm_1 <C_1in[(1gﬁ)—k_1]> Skt
— e 0te —

k=0

+ 6_(%5(”_1)”21 <C_1-{2-N [(155)]‘_1]> eékte + 26_(%5””;0
k=0

15



for n large enough and recall that € > 0 is arbitrary. Then, by the recurrence assumption and
allowing n — oo, one gets
1 €

wm(O)Sgl—e_(StE :1_ Py

To complete the proof, one only needs to recall that this inequality holds true for arbitrary > 0.
|

Remark 12 In fact, all these continuity moduli depend only the supremum norm and the Lipschitz
constants of A\, Q, f and | but the particular choice of the coefficients is irrelevant (see also remark

9).
As a corollary, using the same proof as in the first part of Theorem 3.4 in [19], we get

Corollary 13 Under our assumptions (A1-A4, Aa-Ac, Ac’), the value function v° (vy,-) given
by

Tn4+1
’06 (SE, ’}/) = inf E [Z / 6_&[1—‘27,1:5,(1 <yFZ;L:c.,a (t, X:ryr’tm’a, an+1) , .yl (X;;;I’a, Fz;lm’a,t — F%’lx’a)>]

OZE-AI;]d n>0J T

is bounded and uniformly continuous on G, for all v € E. Moreover, it satisfies the following
Dynamic Programming Principle :

v (z,7) = inf E

acAad TNAT1

0T/\‘Fl —5tl (y'y (t;l‘,a) , O (1' Y, )) dt
+e~ (T/\Tl)v(s (yv (T Ari3a,a) , TRY a) 7

for all'T >0 and all (v,z) € E x G.

Again, once we have established the ingredients of uniform continuity in the previous theorem,
the proof is identical with the first part of Theorem 3.4 in [19] and will be omitted from our (long
enough) paper. One iterates Lemma 10 to get vfn and recalls that A is bounded and, thus, the
jumping times cannot accumulate.

5 Existence of the viscosity solution

At this point, we introduce the following Hamilton-Jacobi integrodifferential system

—<f,y(ma >_
) 5”6“”)*@22&{ <x%>;EQ<xw R CA <m>)}:0-

5.1 Relaxing the dynamics

In addition to the standard assumptions (Aa-Ac), we will need the following.

(Ad) For every 1 < j < N, every v € E and every = € Jj, there exists # > 0 such that,
whenever a € Agyq, one has o (z,7,t) € A7 for almost all ¢ € [0, 6].

For every z€G, we let 7, (?) denote the set of tangent directions to G at = : 7T, (?) = Re; if
z€Jj, T, (G) =R_ej and Tp (G) = 1<‘7LJ<NR+€j' The set M (E) denotes the family of (positive)
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measures ¢ = (¢ (7)) ep € R¥. The following standard notations will be employed throughout the
section.

( (fa(ﬂ?) (g) X M+ ( ) X R : El (an)n C Aada (tn)n - R+7 s.t.
lim ¢, = 0, lim & [i" f, (2, o (2,7, 5)) ds = €,

el ’I"LHOO

lim - L oA wv,an(w% 5)) Q (z,7, o (z,7,5)) ds = ¢, :
hm ft"l (z,an (x,7,8))ds =n

<5’C>€T(g)xM+( )i 3 (), © Aus (tn)y © Rey st
F(z,) = lim t, =0, hm—fo fy (00 (2,7, 8)) ds = &,

n—oo

| tim (7 an (2.7.9) Q (@7, 60 (2,7, 8)) ds = ¢
fl(z,v,a) == (f, (:1:, a),A(z,7,a)Q (x,7,a),l, (z,a)).

Remark 14 (a) The reader is invited to notice that, in the previous notations, ” (ow,),, C Agd”
(resp. "a(x,7y,8)” ) and can be replaced by " (o), C Ay (resp. "a(s)”, see also the second part
of the remark 4).

(b) Also, the assumptions on the coefficients imply that

1 [t I
hm e f"/ ($7an (ZE,")/,S))dS: hm e f'y (y’y (s;m,an (m,’y,s)),an (.’L’,’Y, S)) d87
0

n—oot, Jo n—ooty,

and similar assertions hold true in the definition of n and (.
We begin with the following technical result.

Lemma 15 We assume (Aa-Ad) and (A1-A4) to hold true. For everyxz € GN{O}, the following
equality holds true o _ _
FL(z,v) =cofl(x,7) :=co{fl(z,7,a) :a € Ayz}.

Moreover, for every j < N,
FL(ej,v) Ceofl(ej,y) :=co{fl(ej,v,a):a€ A} N (R_ej x My (E) xR).
Proof. Without loss of generality, we first assume that = € Jj. It is clear that
FL(z,v) Cco{fl(z,v,a):a € Ay} .

Indeed, it suffices to use the assumption (Ad) to get the existence of some 6 > 0 such that whenever
a € Agg, one has a (z,7,t) € A7 for almost all ¢ € [0,6]. Then, for every (a,),, C Aqg, and every
sequence (ty),, C Ry such that ¢, < 6, one has

% Qtn f’Y (xaan ({C,"y,s))dS .
i fO" Az, v, an (2,7, 5)) Q (2,7, o (2,7, 8)) € @{fl (x,7v,a) 1 a € A%x} .
tn
i 0 Z’Y (LL',O(n(ZL',’}/,S))

If £ = ey, then

1 [t Yy (tn; €1, 0n) — €1

— | fr(yy(sier, o), an (1,7, 5)) ds = €R_ey.
tn Jo tn

Hence, invoking part (b) of the Remark 14, it follows that

FL(e1,v) C@{fl(er,7,a):a€ A} N (R_er x My (E) xR).
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For the converse inclusion, we fix z € G\ {O}. One begins by noticing that FL(z,v) is closed.
Hence, it suffices to prove that

co{fl(z,v,a):a€ A%l} C FL(x,7).

K
We consider \; > 0,7 € {1,..,K} such that >.\; = 1 and a; € A"!, pour tout i € {1,..,K}.
i=1

min(lzl.lz=e1)) 1 admissible control o € A, » is obtained by setting

Since = € Ji, whenever t, < max(|flo1)

K
an (1) = Yailp /iy i (t) and the conclusion follows. m
=1 Z)\j tn, Z)\j tn
j=1 j=1

The family of admissible test functions will be given by ¢ € C (?) for which ¢ \J—je C,} (j]) ,
for all j = 1,N. If xz € J;, we recall that

)

for all £ € Rej. We also recall that

Dep (e53€) = Jlim, ple t? —p(@)

for all £ € R_ej. If »: [0,1] — G is continuous and (), C (0,1] is such that lim ¢, =0 and

n—oo

tim ) _ ¢

n—oo n

we have

Do (056) i tim £LE(t) ~2(0)

n—oo n

and note that this limit does not depend on the choice of s. To simplify the notations, we will
also write (¢, Dy (x)) instead of Dy (x;€). One notices easily that the choice of test functions is
equivalent to taking a family of test functions ¢; € C} (J;) such that ¢; (O) = ¢; (0), for all
1<j,j<N.

We now introduce the definition of the generalized solution of the system (8).

Definition 16 A bounded, upper semicontinuous function V is said to be a generalized viscosity
subsolution of (8) if, for every (yo,20) € E x G whenever ¢ € Cy, (G) for which ¢ |T]E Ct (J;), for
all j =1, N is a test function such that xo € Argmaz (V (-,70) — ¢ (+)), one has

— (D (z0;€)) — 1
{ = > C() (V(w0,7) =V (z0,7)) } <0.

Y er

OV (zo,v0) + sup
(67C1”)6FL(x07"/0)

A bounded, lower semicontinuous function V is sal'd to be a generalized viscosity supersolution
of (8) if, for every (v, z0) € E X G whenever ¢ € Cy (Q) for which ¢ \J—je C} (Jj) , forallj =1, N
is a test function such that xog € Argmin (V (-,70) — ¢ (), one has

— (D¢ (z;€)) —n
6V (z0,70) + sup - > () (V (x0,7) = V (z0,7%)) (=0
(£7<7n)€FL(170770) ’YIEE
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5.2 (A) Viscosity solution

We are now able to state and proof the main result of the section.

Theorem 17 We assume (Aa-Ad, Ac’) and (A1-A4) to hold true. Then, the value function v°
is a bounded uniformly continuous generalized solution of (8).

Proof. We begin with the proof of the subsolution condition. Let us fix (y9,2z0) € E x (G ~ {O})
and consider a regular test function ¢ such that zg € Argmax (v‘S (,7) — ¢ ()) Then

‘2 (‘TO) - (:I:) < U(s (-TO, 70) - v6 (337 /70) ;
for all z € G. We can assume, without loss of generality, that ¢ (z¢) = v% (29, 70) . Let us consider

(&,¢,n) € FL (z0,70) - Then, there exist (ay,),, C Aaa, (tn),, C Ry, s.t. lim ¢, = 0, and

lim & 5 1 (20, 0t (20,70, 5)) ds = €,

n—oo

nh—%loi fgn A (m07 Y0, On ($07 7o, S)) Q (530, Y0, On (:EO’ 70, S)) ds = C?
Tim = f5" by (20, o (20,70, 8)) ds = 1.

We fix, for the time being, n € N. We let 71" be the first jumping time associated to o, (z,7,-).
Using the dynamic programming principle, one gets

tnA no_
0= (20,%) —¢(z0) <B| e ly (3 (5320, @) s @ (0,70, 9)) ds — ¢ (o)
0,770 0) = +6_6(t"AT{L)U6 (nyO (tn A T{la Zo, Oén) ?Ff:}\');?{"an> "
<E oA eI (20, i (20,70, 8)) ds + f T €703 Lip (1) | £l sds
- +e 00 (y’}’o (115 0, o) Ii%no,an) 1rpcy, + ™" (Yo (tni 20, ) Lrp>t,
— ¢ (z0)

tn
< |flo Lip (1) to B [tn A7) + |1, </0 <1 — e*‘ss> ds + t,P (1] < tn)) + 0 |plg talP (11" < tn)

E [/Otn Ly (0, an (20,70, 5)) dé’] + €70 (yy (tn; w0, o)) — ¢ (o)
+E [e*‘sﬂl (115 <y70 (11" o, ) ,Ffi}l’%’o‘") — @ (Yyp (tn; o, Ozn))> 171n<tn} )
We set
A(8) = X (Yo (8: 20, 0) , 70, @n (T0,70,5)) and A (s) := exp <— /OS A(r) dr>
and one gets

0 =v° (20,70) — ¢ (o)
<|flo Lip (1) t, B [t A T1'] + Lip (p) | flo tnP (71" < tn) + 6 |@]g taP (1" < tn)

tn
+ 1, </O (1 - 6*55) ds + t,P (17 < tn)>

+ eiétn (QO (yW (tn; Zo, an)) - ('rO)) + <€76tn - 1) ¥ (IL‘()) T /(;tn lVo (‘Toa Qn (x()’fm’ 8)) ds
(9)
+ / e () As) ( > Q (0 (5520, ) , 70,7, an (20,70, 5)) <v6 (30 (s520:0),7') - wa)) "
0

Y #Y0
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The reader is invited to notice that

€72 A (5) A (5) = A (@0, aun (20,70, 5))| < (|flg Lip () + [Alg (8 + [Al)) tns
‘Q (yvo (8; Zo, an) 7’707717 CL) - Q (x07707'7/7a)‘ < ’f‘o Lip (Q) tn,
|0 (Yo (5520, n) ;) = 00 (w0,7")| = w* (| flotn)

whenever s < t,,, where w’ denotes the continuity modulus of v°. Also,

tn n
y’y (tn;x();an) —$0 — fo f’Y (y"/ (S;.’L’0,0ln),an (33077073))033 — fg f"/ (x()aan (IDO,’)/(),S))dS
tn tn tn

—H.U (tn> I

(where lim w (¢) = 0). We divide (9) by t,, and allow n — oo to get

e—0

0 <1 — 8¢ (z0) + Dy (z0;€) + 3 C (V) (v5 (z0,7) =2 (%ﬁ)) :
v #Ey
The conclusion follows by recalling that (£,¢,n) € FL (x9,70) is arbitrary.
To prove that v? is a viscosity supersolution of the associated Hamilton-Jacobi integrodifferential
equation, let us fix, for the time being, ¢ > 0. We equally fix (79, 2z0) € F x G and consider a test
function ¢ such that zg € Argmin (v° (-,7) — ¢ (-)). Then

¢ (20) = ¢ (x) > v° (20,%) = v° (2,7%) ,
for all z € G. We can assume, without loss of generality, that ¢ (2¢) = v° (xg,70). There exists an
admissible control o such that

fox/g/\’fl e~ 08]

v’ (20,70) +¢ > B [ 0 (Yo (530, 0%), 0% (5)) ds ) ]

+€76(\/EATI)U6 (y’yo (\@ N T15 T, aa) ’ Ff/()é;y\(:la

(For notation purposes, we have dropped the dependency of g, zo in o). As in the first part of
our proof, 71 denotes the first jumping time associated to the admissible control process a°. Using
similar estimates to the first part, one gets
0=’ (z0,%) — ¢ (0)

> —¢ —|flo Lip (1) VEE [Ve Ami] — Lip (9) | flo VEP (11 < VE) = |ply VEP (11 < VE)

\/E
— Ity (/0 (1) o vEP (< \@>
4070 (o 3y (VE:20,0)) — g 0) + (7 — 1) o (a0)
NG
+ / e 05\ (S) A (S) ( Z Q (y’YO (8; 20, az—:) » 705 7/’ a® (S)) (Ué (yVO (S; L0, ae) ’7/) - CL‘O))) ds,
0

Y #Y0

where A (s) := A (yy, (5;20,0),70,0° (s)) and A(s) := exp (— [3 A(r)dr). We recall that f, A
and @ are Lipschitz-continuous and bounded and v° is uniformly continuous and bounded. The
conclusion follows similarly to the subsolution case by dividing the inequality by /¢, recalling the
definition of F'L (zg,v) and allowing € (or some subsequence) to go to 0. m

6 Extending the intersection and linearizing the value function

6.1 Additional directions

Without loss of generality, we assume that —e; ¢ G, for all j < M < N and —e; € G, for all
M < j < N. We define

e . active ,__ active inactive . pinactive
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whenever N < j < M + N. For every ¢ > 0, we complete G into G™° by adding [0,¢;) for
N <j<M+Nand (1,1+¢)ej, for j <N.

o
N a2
X | X
SN 7 N
. AN /
eN-1 N ) Y
Ny
| /
eN+M | <=0 < ey
/Er U
\ N\ eM+1
N/
N N
eN+2 QM+2

Fig. 2. The complete intersection

To simplify the presentation, throughout the subsection, we make the following assumption :
(B) Whenever M < j,j' < N are such that ej = —e;, then A7 = AT for all vy € E.

Remark 18 Roughly speaking, on the roads that cross the intersection (of type (—1,1)e;), the
same family of (piecewise constant) controls can be used both at the entrance and at the exit of the
intersection.

6.1.1 Inactive roads

The reader is invited to notice that, if e;,e; = —e; € G then, for every v € E}"“Cti”e N E]i.’f‘“c””e,
fy(0,a) =0, for all a € A7 N A7J". This is a mere consequence of the assumption (Ab) which
implies that (fy (0,a),e;) < 0and (f,(0,a),e;) <0, for all a € A7 NAY". In particular, if (B)
holds true, then £, (0,a) =0, for all a € A% (= A™") whenever y € Einective o pinactive,

Hence, in order to obtain a similar behavior for the completed intersection, it is natural to

strengthen the assumption (Ab). We will assume that,
(Ab’) Whenever v € E}”“Cti”e for some j < M, then f, (O0,a) =0, for all a € A7.

Remark 19 This is, of course, less general than the existence of one agd» € A% guaranteed by
(Ab). The assumption states that, whenever the road j is inactive, a vehicle that needs to go on
this road should wait until it is repaired.

6.2 Extending the dynamics

Unless stated otherwise, we assume the (pseudo-)controllability conditions (Aa, Ab, Ad), the
compatibility at the intersection (Ab’, Ac’), the regularity of the coefficients and cost functions
(A1-A4) and the compatibility condition (B) to hold true.
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We are now able to extend f (and A, Q) to ( U ]Rej> x A by setting
j=1,N

fW('r?a)v ifme(oaneja.jSNa
(ej.a), itz el o0)es j <N,
fv ($7a) = _fw (—{IZ,G), if")/ c E;nadive,x c R_ej, ] < M,
fv(O,a), ifye Ej‘-wti“e,:v eR_ej, j <M.

For the other elements (¢ € {\,1,Q}), we set
(p(x,’y,a), ifiL‘G(O,l)@j,jSN,
o (z,v,a) =4 ¢(e,7,a), ifxell,oo)e;, j<N,
¢ (0,7,a), otherwise.

(by abuse of notation, I (z,v,a) =1, (z,a)).

This particular construction for f is needed in order to guarantee that the assumptions (Aa)
and (Ab) hold true for the new system on G¢. It basically suggests that in the active case, the
vehicle will continue its road on the extension of the road with the same speed as in O. In the
inactive case, the extension of the road is obtained by looking at the road j using a mirror.

6.3 Krylov’s "shaking the coefficients" method
For r > 0, we let B, denote the r-radius closed ball B, = {y eR?: |yl < 7“} . We set

f(x,a,b) = fy (z+ pb,a),
P (z,7,a,b) = ¢ (x + pb,v,a), if o € {\,Q,l},

for all (x,a,b) € LlJN ([-e,1+¢lej x Ax [—1,1]e;), and all |b] < 1. Let us fix, for the time being,
]: K
€ > p > 0 and consider the control problem on G™¢. We denote by

(7550) €j7 for ] S M’ JE — J€,+UJ€,—

57+ P . ': ‘j:’_ —
JiT=(0,14¢)ej, forall j=1,N, Jo {(_1_870)%, for M < j <N,

for all j =1, N.
We set .
A= U (A x [=1,1]ej), A == AT x [-1,1] e;.
jZLN( X[ ’ ]€J)7 X[ ’ ]63
Under the assumptions (Aa-Ab), (almost) the same kind of assertions (with the same Lipschitz
constants and bounds) still hold true for the new extended system :
The reader is invited to notice that the following hold true :

(Aa) A=A ifzelt, Ao= U A7 A (. =A x[-1,1]ej,

for all j =1, N. Let us fix j < M.
(i) Ify e E;-w“”e, then

Ay _ce, = {(a, b) € A f+(O,a) € ]R+ej}.

b

N ) (af;j given by the assumption (Ab) and

The set Z%_eej is nonempty. Indeed, the control <a
b € [-1,1] ¢; arbitrary) belongs to A, _.., and

(52 (et t) ) = (1 (010) o) < -5,
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for all b € [—1,1] e;.
(i) If € Ej"ect¢| then

TV
A%_Eej =A".

Indeed,

<fp( €€j, a, b —€y > = f“y €e; — pb7 a) ) (_ej)> = <f’)/ (Eej - pb7 a) 7ej> < 07

for € small enough and all (a,b) € A
Thus, (Aa) holds true for the system driven by (f?, A\?, Q") .

Concerning the assumption (Ab), for the already existing branches, it suffices to take b = 0

and the controls aw, g w Let us now fix j < M.
(i) If v € E;wt“’e, then v € Eﬁt}\}’e, by construction. We recall that e;; y = —e;. Moreover we
have

(520 (02,0)) =) <~ (320 (s,0)) o) > 5

i inactive __ rractive
(ii) For v € E} = BN,

(1 o (17,0)) = = (=5 () e < o

for all z € [—¢,0] e, and f¥ (O, <a27j,0)> =0.

We cannot have

<f$ (ZU, (a’v b)) ) _ej> < 07

for all (a,b) € A" and all = € J;, |z| < 5 (close enough to O). Nevertheless, as we have already
hinted before (see Remark 7 (ii)), this condition and the one in (Ac) are no longer necessary since
every control is (locally) admissible at O. Thus, the conclusion of the Lemma 6 holds true and so
do all the assertions on the value functions in this framework.

At this point, we consider the process (ti 20,70, ry ,xo,'yo,5> constructed as in section 2 using
, and controls @ with values in A. We also le enote the solution of the ordinar
PN QP d trol ith val in A. We also let y” denote the solut f the ordinary
differential equation driven by f*.
Then, the value functions

de,
v ()
Tn+1 6
— 3 —otp P . /T, e PiT,Y, 0 0T, Y, 0 _ TPEY0
= lr%fN Bl Y lrﬂM@(%g%a (t XPTT Gy i1) Gy (XOB0E TRENE 4 Ty a)
acA,y nz Tn n

are bounded, uniformly continuous and satisfy, in the generalized sense given by definition 16 and
Theorem 17 the Hamilton-Jacobi integrodifferential system

(10)

S0P (x, )+  sup

b A (7 + pb,y,a) 3 Q(:v + pb, 7,7 a) (V0P (2,9") — 03P (2, 7))
a, v,z

y'ekE

{ —(fy (z + pb,a), Dv** (2,7)) = Ly (x + pb, a) }
<0,

for all (z,7) € G x E.

23



6.4 Another definition for solutions in the extended intersection

We define ‘
wf1? (0,7) = U @ {1¥(0,7,(a,b)): (a,b) e A}

j
and recall that B B

FLP(x,7) =cofl? (x,7) (=20 { fI’ (x,7,a) :a € A\ 4 }),
for all z € G¢ \ {O} and, for every j < N,

FLP((1+¢) ej,y) C cofl? ((1+¢) €j,7)
(=co{fl"(1+¢e)ej,v,a):a€ A} N(R_ej x M4 (E) x R)).

Also, for every j < M,

FLA(~ee;.) € et (~ze;,7)
((=co{fl" (—eej,v,a) :a € AV} N (Ryej x M, (E) x R))

We also introduce the following

Definition 20 A bounded, upper (resp. lower) semicontinuous function V is said to be a classical
constrained viscosity subsolution (resp subsolution of (10) if, for every (yo,z0) € E x GME (resp.

E x ?Jr’a), whenever ¢ € Cy <§+’E> for which ¢ |5=€ C’I} (T;) , for all j = 1, N 1is a test function
J
such that xo € Argmaz (V (-,7) — ¢ (+)), one has

— (D¢ (0;€)) — 1
{ =2 ¢ (V(w0,7) =V (z0,7)) } <0,

YekE

oV (zo,7v0) + sup
(£.¢m)€coflP(zo,70)

(resp. > 0).

We get the following characterization of v%¢*,

d,e

Theorem 21 The bounded uniformly continuous function v is a classical constrained viscosity

subsolution of (10). Moreover, it satisfies the supersolution condition on E X <§+’€ ~ {O}) .

Proof. The reader is invited to note that the test functions in this case are more regular than in
definition 16. Thus, the equality FL?(z,~) = ¢ofl (x,~) implies the viscosity sub/super condition
at every point x € G¢ \ {O}. The supersolution condition at (1 + ¢)e; (resp. —ee;) follows from
the inclusion FLP((1 +¢)ej,v) C coflP (1 +¢€)ej, ) (resp. FLP(—eej,y) C eofl’ (—eej, 7))

The constant control (a,b) € A s locally admissible at O (on the extended graph ?Jr’s).
Hence, reasoning as in the subsolution part of theorem 17 (for constant @, = (a,b)), one proves
that, if ¢ is a regular test function such that O € Argmaz (v° (v,+) — ¢ (-)), then

0 <1 (0,(a,h) = 3¢ (0) + (D (¢ l52) (0) f (@, (a, ) ) +
N (0,7,(a,5) X Q°(0,7.7(a.0) (v727 (0,7) = v (0,7)) -

v #Ey

Thus, simple continuity and convexity arguments imply that

—(Dp(0;6)) —n
0 (0) + sup = 2¢O (0P (0,9) =P (0,7)) (=0
(ecmea{ (O (ab):(anea” } L veE

and the subsolution condition follows. m
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Remark 22 In order to have (classical) uniqueness, one has to impose further conditions at the

origin O. For example, in the case when 1, (O,a) does not depend on a for all v € |J E;Cti”e, one
J<N

reasons in the same way as in Section 5.2 of [1]. The arguments are quasi-identical and we prefer

to concentrate on a different approach to uniqueness. Alternatively, one can impose the analog of

the Assumption 2.8 in [1], i.e.

(101t () % {int 1, 0.0} ) oo {710 (0. (0.t s (b € A7} 20,
for all j such that v € E?Ctive,

6.5 Convergence to the initial value function

Unless stated otherwise, we assume the controllability conditions (Aa, Ab, Ad), the compatibility
at the intersection (Ab’, Ac’), the regularity of the coefficients and cost functions (A1-A4) and
the compatibility condition (B) to hold true.

(C) Throughout the subsection, we also assume that | does not depend on the control at O and
the nodes e;.

This "projection long-run compatibility condition" will allow to change the control process
around the "critical" points in order to obtain, from admissible controls on §+’5 an admissible
control keeping the trajectory in G. This assumption (C) is only needed to prove Lemma 23 in its
full generality. We have chosen to give a deeper result in Lemma 23 for further developments on
the subject.

Let us fix € > 0 small enough. We introduce the following notations:

1+2fwn(f)
fo=—tm ( = ) e el
21flo In(e) 2
we(t;r) = LD (r+ (20 VAL Lip (f)t), t > 0,7 >0, ®(e) := <(1|f|2)ﬁ + 1> (we (ts’,«;))l—n'

The reader is invited to note that
we(twe(t"; 1)) <w (" + t51),

for all ¢,t*,r > 0. To get the best approximation and simplify the proof of Lemma 23, we also
strengthen (A1) and ask that the restriction of f, to [0, 1] e; be Lipschitz-continuous for v € Ej‘-wtive.
We emphasize that this only affects the definition of p. in Lemma 23 but not Theorem 25.

With these notations, we establish.

Lemma 23 Whenever v € E, x € J{ and @ = (a, ) € A, there exists PS () (also depending
on vy) such that (P (a),0) € Ay, such that

(11) |y (G2, (Po (@) ,0)) =y (2,@)] < we(te; 0(e)),

fort <t.. Moreover, when (C) holds true,

Jo €515 (y <t:c<7> <> 0)), (Pz (@) (s),0))ds | _
(12) fimysup | 20T o () 5)) d -0

(ii) Moreover, if @ = (o, 8) € Aqq, then, for every € > 0 there exists (P° (a),0) € Aqq such
that the previous inequalities are satisfied with P¢ (@) (x,~,-) replacing P (@) .
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We postpone the proof of this Lemma to the Appendix. We emphasize that whenever (a,0) €
Aqd, one has y&° (t;x, (a,0)) = yy (6;z, ) (and similar for 57, Q5°, M), even though o may not
belong to A, ;. The second argument takes care of this later issue.

Lemma 24 Let us consider T' > 0. Then, there exists a decreasing function w : Ry — Ry such
w(0) = w(04+) = 0 and whenever v € E, x € G, and («,0) € A, there exists Py, (a) € Ay,
such that

[y (G2, ) = yy (553, Py o ()] < wle),
Jo €0 (yy (552, Py (@), P () (5)) ds - _

B A T )
and
100550, Po(0) 77 P (0)0) - QU (s, 0) 3 O]
D N (5, P (00),7, P 0) () ~ A () (o) =)

for all v € E.
(ii) Moreover, if (a,0) € Auq, then, for every ¢ > 0 there exists P (o) € Aqq such that the
previous inequalities are satisfied with P (o) (z,7,-) replacing Py 5 (a) (+) .

Although the approach is rather obvious (when looking at the proofs of Lemmae 6 or 23), hints
on the proof are given in the Appendix. We wish to emphasize that, although the trajectories can
be kept close up to a fixed T" due to the proximity of §+,a and G, we cannot do better then €. Thus,
we are unable to give the same kind of estimates up to t..

The main result of the subsection is the following convergence theorem.

Theorem 25 Under the assumption (C), the following convergence holds true

lim sup |v¥®Pe (x,7y) — o0 (z,7v)| = 0.
e—0 z€GEE

Proof. The definition of our value functions yields v%¢?¢ < v% on G x E. Hence, we only need
to prove the converse inequality. The proof is very similar to that of Theorem 15 in [11]. Let us
fix (z,v) € G x E, T > 0 and (for the time being,) ¢ > 0. Then using the dynamic programming
principle for v>$= one gets the existence of some admissible control process @ such that

(13) v (2,7) > B

fOTAn —(5th5( *(tx, ) ,a(x,7,t)) dt .
TNAT1

+ _5(T/\Tl)’l}5 ( ’y (T A Tl,ZU,OZ) ’Fpﬁvxzfy:a)

For simplicity, we let P and P¢ denote the two projectors of the previous lemmae and introduce
the following notations:

ap =a(z,v,t), ap =P (P (a)) (z,7,1),

t
X0 = A (b)) K0 = e (~ [ 3s)as)
0
t
A(t) = A(yy (G, a) v, a), A(t) =exp <—/ A(s)ds) ,
0
for all ¢ > 0. We denote the right-hand member of the inequality (13) by I. Then, I is explicitly
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given by
T b,
= /0 A(t)A (t)/o e %1k (y,’;g (s;z, @), a) dsdt

T
+/ MOA () e 3 025 (ybe (t2,@) ) Q (yv2F (t2,@) 7.7, &) dt
0

Y'eE
T
+A(T) /0 e*‘s'flf;E (yoe (t;z,@) @) dt + A (T) e~ 0T yoepe (yoe (T2, @) ,7)
=1L+ 1s+ I35+ 1.
The conclusion follows using the Lemmae 23 and 24. These estimates are tailor-made to allow

substituting A, A, lf7and y4°with X\, A,l, and y, and the error is some (generic) w (¢) = 0 (the
E—>

reader may also want to take a glance at the proof of Theorem 15 in [11]). In the following, this
function w may change from one line to another. Let us recall (see Remark 12) that v>¢s have the
same continuity modulus (denoted w’ and independent of £). Then, v< (y° (t;x,@),~') can be
replaced by v>€*< (y, (t; 2, @) ,v') with an error w® (|y5° (t;x,@) — y, (t; 2, a)|) , hence, again some
w (g). The only interesting terms in I are Iy and I4. For the term I3, one writes

T
I, > / M)A (£) e S pdepe (y2e (t;z,@) ) Q% (& (G x,@) , 7,7, @) dt + w (e)
0

v eE
T
2/ ABA () e 3 0% (yy (2,0) ,7) Q (yy (B2, 0) 7,7 o) dE+ w (e)
0 y'ekE
T
Z/O MDA () e 3 0 (g (F2,0) 7)) Q (yy (B52,0) 7,7 ) di
Y'eE
T
(14) —/ M)A (t) e Odt  sup )v‘s’s’pf(z,fy’)—v&(z,’y’) + w (e)
0 V' e€E,zeG
Similar,

(15) L2 ATy, (Tir,0) ~ A0 sup o595 (2,7) — 07 (2,7)| 4w (e).
Y EE,zEG

Hence, using (14, 15), one gets
T t
1> / M)A (t) / ef‘ssl,y (yy (832, 0) , ug) dsdlt
0 0

T
+/0 ABOA () e 0 (yy (57,0),7) Q (yy (t2,0) 7,7, cu) dt

veE

T
FAD) [ b)) i A (D) Ty (Ti,0) )

— [/OT M)A (t) e ®tdt + A (T) e‘ST} sup ‘U‘S’E""E (z,7") — v°(z, ’y')’ +w(e).

' €E,zeG

Then, using the dynamic programming principle for v? and (13), one gets

T
pepPe (z,7y) > v‘s(ac,'y) — [1 — (5/ A(t) e_étdt} sup ‘v‘s"s’ps (2,7) — v‘s(z,’y') +w(e)
Y €E,2€G
o) - 15 / O] sup (1520 ) = o) 0
+'€E,2€G
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Thus,

(0 <)’ (z,7) — ™ (a, [1 - 5/ ~(6+Po)t } sup ’v‘s’% (2,7) = v°(2,7)| +w (e).

Y'€E,2€G
The conclusion follows by taking the supremum over z € G and v € E and allowing ¢ — 0. m

Remark 26 We recall (cf. Remark 12) that v>*P= have the same continuity modulus (indepen-

dent of €). Moreover, v>5P= (\) < %. Therefore, applying Arzela-Ascoli Theorem, there exists
lim._,g ( 8,0 \g) and this limit is uniformly continuous. It would have sufficed, therefore, to prove
that lim,_ov>5P= (z;) = v° (x,7) for all x € Lle (0,1) €.

=1,

6.6 Linearizing the problem

We assume the (pseudo-)controllability conditions (Aa, Ab, Ad), the compatibility at the intersec-
tion (Ab’, Ac’), the regularity of the coefficients and cost functions (A1-A4), the compatibility
condition (B) and the projection compatibility condition (C) to hold true.

6.6.1 Smooth subsolutions

We wish to emphasize that one can interpret the system in the extended case (see also [3]) in
connection to

— (fy (@ + pbsa), Do (2,7)) = by (x + p:b, a) }
<0

ov (@, 7) +sup,. )e,w{ —A(z + peb, 7, a) ZEQ (x4 pb, v, 75 @) (v (z,9") — v (2, 7))
e
re(—el+e)e;, j=1,M, orze(-1—¢,1+¢)ej, if M <j <N.

For every € > 0 and every 0 < € < p., one can define regular functions va e by setting

19
) = [ o=y v )
—E&

for all x € (—e,14+¢)ej, j = 1, M, or x € (—1—¢,1+¢)e;, if M < j < N.. Here, (¢), is a
sequence of standard mollifiers v (y) = %1[) (%), y € R, € > 0, where v € C* (R) is a positive
function such that

Supp() € [~1,1] and /R b(y)dy =

Using the same methods as those employed in [13], Appendix (see also [11], Appendix A2 or [15]
or [4], Lemma 2.7), it is easy to prove that

_<f7 (z,a), Dvdl (z 7)>—l (,a)
A7) T Qervsa0) (v (24) — ol () (=

Yy'ekE

(16) 602l (w,7) +

for all z € [0,1] ej, 7 < N and all a € A7J. Also, we note that

o8 (2,7) =0 (@,7)] < [o0 = |+t () = w (e,

for all z,v € G x E, where w’ is the continuity modulus of v° (with respect to the space component).
Theorem 25 yields

lim w (e, e) =0.
e,e—0
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We define an admissible test function by setting

5 5 5 5 ’/\|
v (z,7) = v2_ () — o2l (0,7) +]IilinN Us’fos (O,7) — TOW (g, p¢),

for z € [0,1]e;, 1 < j < N and v € E. Then v? is a regular test function (continuous at O) which
satisfies

5113 (z,7y) — <f7 (z,a) ,DvéS (:z:,ry)> — 1, (z,a)
(17) “Aama) ¥ Q@7ha) (o (@,7) —vd(@9)) | S0 and
y'e

lim. g }vg — 1)6‘0 =0,

for all (z,7,a) such that z € [0,1]e;, v € E, a € A7, j < N. These functions are Lipschitz

continuous on G. (In fact, the reader can check rather easily that the Lipschitz constant of vg does
22,0 (2 ) -

not exceed v/2 — ). Hence, (using Kirszbraun’s Theorem,) one can

1— max cos(ei/,ej/

N—-—M . .
T}’ i'#5!

find an extension (explicitly given by

o (2,7) = inf (f (y,7) + Lip (v2) [+ = y1))
yeg

which is Lipschitz continuous on R2. As a by-product, this function (identified with v (-,~) when-

ever no confusion is at risk) is absolutely continuous on R? (AC (R?)).

6.6.2 Occupation measures and embedding

To every admissible control o € .Aljd and v € E,z € G, we can associate a probability measure
p=r* e P (R? x E x A) by setting

(0.9]
T (Ax B x C) =K [/ M avpxe (X770 th’%aaat)] )
0

for all Borel sets A x B x C C R? x E x A. As before, if (;),, denote the switch times, then
ar = ajr1 (X574 TE7Y t — 1) ont € [13,741). Obviously, the choice of admissible controls (under
constraints) yields

o —

Supp (™) CGx E x A= {(y,’yl,a) EGXxExA:iac AV Wheneveryejj}.

—

We note that the set G x E x A is compact.
We denote by BAC (R2 X E;R) the set of all bounded functions ¢ : R? x E — R such that
¢ (,7) € AC (R?) for all ' € E. Then, It6’s formula (see Theorem 31.3 in [8]) yields

i ”E[ (o g n

(18) l, ,7 + E/ 56 7770{7 I‘fi’%a) _|_ Z/{Oét@ (th’f%a’ th777a)] dt‘

Here,

Uo (y,') = (fy (y,a), Do (y,7')) + A (v, a) ”ZEJEQ (1,7,7",a) (¢ (V",2) — ¢ (y,7)) ,
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for regular ¢ (-,7) € Cg (RQ) is the classical generator of the PDMP. We recall that the extended
domain of U includes functions such that ¢ (-,7’) € AC (R?) (cf. Theorem 31.3 in [8]). Hence,
passing to the limit as 7" — oo in (18) (and recalling that ¢ is bounded), one gets

/ U (y,7) =0 [ (4,7") — ¢ (@,7)]] 4™ (dydr'da) = 0.
RZxExA

We set
@g(x*y = {7 a e A} and
19 o ::{ pe € P (G x B x A) : Vi € BAC (R* x F;R) }
g TRz msen [FUS (Y, ) + [0 (y,7) — @ (2, 7)]] 1 (dydry'da) = 0.

We are now able to state (and prove) the main linearization result.

Theorem 27 The following equalities hold true
o0’ (z,7)

=A(z,7):= inf / v (y,a dydy'da
( 7) HEOF(z,Y) R2><E><A’Y(y )H(y'}’ )

_ AD* (2, 4) = sup nER:ngEaBAC(,R2><E;R) for all (y, lfy ,a) EG X Ex A, ’
n<U(y,y) +ly (y,0) =6 (y,7) -

for all (z,v) € G x E.

Proof. Let us fix (z,7v) € G x E. Tt is clear that

60 (z,7) > inf / Ly (y,a) p (dydy'da)
HEOZ(z,7) JRZx Ex A

since @% (z,7) C Og(z,7). Next, if n < U (y,7) + 1y (y,a) — d[p (y,7) — ¢ (z,7)], for all

(y,7',a) € G x E x A, then, due to the definition of Og (z,7), if u € Og (z,7), by integrating the
inequality w.r.t. u, it follows that

/ Ly (y,a) p (dydy'da) >
RZxExA

Hence, A° (x,v) > A%* (z,7). To complete the proof, one needs to prove A%* (z,v) > 6v° (z,7).
We use v given in subsubsection 6.6.1 to infer

002 (2,7) U™ (y,7') + 1y (y,0) =6 [vﬁ (y,7) =2 (x,’y)} :
for all (y,7',a) € G x E x A. Hence, 600 (z,v) < A%* (z,7). The proof is completed by taking the
limit as € — 0 and recalling that (17) holds true. m

Remark 28 The previous result can be interpreted in connection to Perron’s method. Indeed, if
is a reqular subsolution of (10) for p=0,e=0 on G (i.e. such that

U (y,7') + 1y (y,a) — ¢ (y,7') > 0,
for all (y,7',a) € G x E x A), then §¢ (z,7) < A>* (x,7) = 6v° (z,7). Since we have exhibited a
family ((vg (:1:,7))8>0) converging to v° (x,7), it follows that v° is the pointwise supremum over
such regqular subsolutions, hence giving Perron’s solution to the Hamilton-Jacobi integrodifferential
system.
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7 Penalizing the set of constraints (Revisiting the classics)

7.1 Preliminaries and assumptions

The previous arguments need, in a crucial way, the controllability conditions (Aa, Ab, Ad), the
compatibility at the intersection (Ab’, Ac’), the compatibility condition (B) and the projection
compatibility condition (C) to hold true. However, the same conclusion can be reached via an
alternative (classical) penalization method.

The control processes (without state constraints) are picked in the class L (R™ x E x Ry; A).

Throughout the remaining of the paper, we only require the regularity of the coefficients and
cost functions (A1-A3) assumptions to hold true. We deal with the general switch process on
R™ x E (in particular m = 2). We relax the assumptions on [, and require

(A4-) The cost functions [, : R™ x A — R are lower semicontinuous w.r.t. z € R™, uniformly
continuous w.r.t a € A (uniformly in € R") and bounded.

Without loss of generality, we assume

I, >0.

We let K denote some closed subset of the state space R™ (e.g. K = G in the traffic model).
The assertions of this section are valid for more general PDMP than the switch process, provided
one gets convenient estimates on the trajectories or adapts the compactness arguments of [13],
Section 3.4.

The inward pointing qualification conditions given by the assumptions (Aa-Ab) are closely
connected with viability theory. To relax these assumptions, we require

(Ax) The set K x E is near-viable (or e-viable) w.r.t. the controlled PDMP (i.e. for every

(xz,v) € KxFE and every ¢ > 0 there exists an admissible control process « € (]LO (R™ x E'x Ry; A))N
such that

(20) E [ /O ot (dg (XPPY A1) dt| <e.

Here, dj stands for the distance function to the closed set K).

Remark 29 (i) In general, near-viability does not imply viability. Hence, the condition (20) is
weaker than (Aa-Ab) (take a glance to Proposition 3). However, under standard convezity con-
dition, if (Ax) is satisfied, then one can find, for every initial datum (x,v) € K x E an optimal

control u* for which
E U e (die (X777 A1) dt} —0.
0

In this case, the set K x E is said to be viable. This implies that Ay, be nonempty for all (x,7) €
K x E.

(ii) Ezplicit geometric conditions involving the first order normal cone and equivalent to (20)
are available (cf. [11], Theorem 2.6).

7.2 Another road to the (same) value function
In the switch case, for every v € E,x € R™, o € (LO (R™ x E x Ry; A))N, one has
| X7 < |z| + | flyt, P—a.s, for all t > 0.

We recall that if a € (ILO (R™ x E x R+;A))N and v € E,x € R™, one defines the occupation
measure p*"* € P (R™ x E x A) by setting

o
ut (A x BxC)=0E [/ e_étlegxc (th’%a,th’%a,at) ,
0
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for all Borel sets A x B x C C R™ x E x A (of course, F is endowed with the discrete topology).
Then,

[e.°]
[ R dyinda) <6 [T (el + 1l < o (jof + 1),
RMxExA 0
where ¢ does not depend on «a. Hence, applying Prohorov’s Theorem (cf. [5]), the set
%, gun (2,7) = {uww ‘o€ (LO(R™ x E x R+;A))N}

is relatively compact. As before, we let

pwePR™x ExA):Vpe BAC(R™ x E x A;R) }

Ormxmea (,7) = { Jam s ma [FUP (U:7) + 39 (y,7) — @ (2,7)]] 1 (dydry'da) = 0.

It is clear that Ormyxpx 4 (z,7) is closed and convex. Moreover it contains ®l(l)§m><ExA (z,7).
For every n > 1, we define the (inf-convoluted and penalized) function i, , : R™ x A — R by
setting

lyn(y,a) = iIng [y (z,a) +nlz—y|] +n(dx (y) A1), for all y € R™, n > 1.
zeR™

This provides an increasing sequence of bounded, Lipschitz continuous functions growing to I, (y, a)
when y € K and to oo otherwise. We introduce the value functions

Tk+1
w" (,7) = inf LB [Z / e Mpza <Z/F£;j’°‘ (6 X771 apyn) s kg (ﬂ)] ;
a€(LO(RM X ExRy;A)) k>0 J 7y

for all (z,7) € R™ x E, where ag.1 (t) := agr1 (X7 Tt —T77%). We recall the following
result (cf. [13], Theorem 7).

Theorem 30 For every initial data (z,v) € R™ x E,

W™ (z,7)
= A%Z}L (x,7) = inf / Ly p (y,a) p (dydy'da)
HEORM x Ex A(T,Y) JRM x Ex A
- R:3p € BAC(R™ x E;R),Y (y,7,a) ER™ x E x A
_ AT (g ::Su{ne v iR),Y (5,7, 1
R (2,7) P n<U (YY) +lyn(y,a) = e(y, ) — e (x,7)].

In fact, the result of [13] states the previous equality for Cl} functions ¢ but the proof is identical
(and follows the same ingredients we have developed in this paper, without state constraints).
Alternatively, one may want to invoke a density argument of C}f. Moreover, since O%n. gy 4 (7,7)
is relatively compact, Ormy x4 (x,y) is compact (as its closed convex hull, see [13], Corollary 8).

Inspired by (19), we also introduce

Okxmxa (z,7) :={u € Ormyxpmxa (z,7): Supp(p) C K x E x A}.

Proposition 31 Under the assumption (Axz) (and without any controllability assumptions), the
set Ok xpxa (z,7) is non-empty.

Proof. The assumption (Ax) yields, for £ > 0, the existence of some o € (L° (R™ x E x Ry; A))N
such that -
B [T e (an (xp7) )] <
0
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Hence, by considering the occupation measures, pu° = ™" € Ormypxa (z,7), one has

/ (di (y) A1) p° (dydy'da) < e.
RMxExA

The compactness of Ormypxa (x,7) allows one to extract a subsequence (still denoted uf) con-
verging to some p € Opmy gy a (z,7). Then, it is obvious that 4 € Ok xpxa (z,7).
It is obvious that © xx px 4 (,7) is a closed subset of a compact set (hence compact) and convex.
The main result of the section states that, under the assumption (Ax), for lower semicontinuous
costs [, the linear problem under constraints

A (x,7) = inf / Ly (y,a) p (dydy'da)
HEOKxExA(TY) JKXxExA

and the dual problem

. m . /
A (2, 7) ::Sup{ n€R:3Jp e BAC (R™ x E;R), for all (y,7,a) € K x E x A, }

n<U (YY) + 1y (y.a) =S e(y,Y) — ez, 7).
coincide. Moreover, they can be obtained as limit of penalized problems §w®™.

Theorem 32 We assume the regularity of the coefficients (A1-A8), the lower semicontinuity of
the cost function (A4-) and the near viability of the constraints (Az). Then, for all (z,7) € K X E,

lim §uw’" (z,7) = A% (,7) = A (,7).

n—oo

Proof. Let us fix (z,v) € K x E. Hence, due to Theorem 30,
(21) 6ul™ (z,7) = Mg (2,7) = Ag” (7).

lV(y7a)7 lnyK

o otherwise which implies
?

Moreover, sup Iy, (y,a) = {
n

(22) AR (2,7) < A (2,7).

From the definition of O gy pxa (z,7), it is clear that

(23) AY (2.7) < A (2,7).

Indeed, let n € R and ¢ € BAC (R™ x E;R) be such that for all (y,7/,a) € K x E x A,
n<U (y,7) +ly (y,0) = [¢ (v,7) — ¢ (2,7)] -

taking an arbitrary u € Ogxgxa (x,7) and integrating w.r.t. p, one gets

< [ bwonldydydn) = [ (o) (dydy'da)
RmxExA KxExA

and the inequality (23) follows by taking the infimum over p € Oy gx 4 (z,7) and supremum over
7.
To complete the proof, we need to show that

(24) A (z,7) < sup dw™™ (z,7).
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We recall that O g« x4 (z,7) is nonempty to get
(25) Sw™" (z,7) < 6l

for all n > 1. By compactness of Ormypxa (z,7), for every n > 1, there exists some optimal
u" € Ormypxa (z,7) such that

B (@) = A @) = [ L) i (dydo)
RMmMxExA
(26) > / n (di (y) A1) " (dydy'da) .
RmxExA

Also, there exists a subsequence, still denoted (u"), converging to some p* € Ormygxa (z,7) . By
(25) and (26), it follows that pu* € Ok xpxa (z,7). Let us fix, for the time being n > 1. Recalling
that 1, > 1,/ ,, whenever k > n > 1, one infers from (26),

sup 6w (z,7) (= lim dw®" (z,~)) > lim Ly (y,a) g (dyd'da)
k>1 k—o0 k—oo JrRmx Ex A

= / Ly oy (y,a) p* (dydy'da) .
KxExA

Thus, passing to the limit as n — oo and using a dominated convergence argument, we get (24).
The conclusion follows from (21), (22), (23) and (26). =

8 Appendix

8.1 Proof of Lemma 23.
For any y € [O, (1 + ¢)e;] (with v € EZ€v¢) | we set

0 (y) = argmax(f, (y,0) i)
’ a€Ay .y

It is clear that

<f7 ¥ a) = fy (y,a:f;t’+(y)> 7€i> < sup |fy (Vs d) = fry (y,d)) < Lip (f) 1y — vl
(27) o/ €Ay c;

<f’7 (yv a) - f’y (ya az%t’+(y)> 7ei> S Oa
for all y,y’ € [0, (1 + ¢)e;]. We also let

dgeo (z,7) := |z —y|, ifz,y € [-1—¢,1+¢]e;,
9o VYT Jal 4yl ifw € [1—e l+eleny€[-1—e1+ele), i#j

Proof. (of Lemma 23). We will prove only the estimates on the trajectory. The estimates on the
partial cost follow from the construction P, («) which coincides with « except at the end points
(where (C) applies; see also the similar condition (Ac) and the proof of Lemma 6). The assertion
(ii) follows similar patterns to Lemma 6.

We aim at constructing & := P, () . We let g < € (to be specified later on). We can assume,
without loss of generality, that  # O. (Should this not be the case, see Case 3). Then « is locally
admissible. We set

To := inf {t >0 : dgeo (y,y(t;a:, a),yf;6 (t;x,@)) > 7“0} .
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If 79 > t., the conclusion follows. Otherwise, the time where y, meets again our target y”s will be
referred to as “renewal time”. We give the construction of & on [7p, t;] prior to renewal time. We
let 75 be the exit time of the target from the branch,

o =inf {t > 7 : yb (t;z,@) = O}.

(Hence, 75 > 79). Let us assume that & has been constructed up to some time 79 < ¢* < 75 before
the renewal time such that

(R) dgeo (y; ygf’*) < we (t*) TO) )
where we used the notation y) = y, (t*;z,&) and yhe" = y5 (t*;2,@). Even if this is not crucial

for the rest of the proof, remark that renewal cannot occur before 7y + 2ITTO\o’ so that this iterative
procedure will be applied only a finite number of times.

Case 1: y, and y4° are on the same branch (say [O, (1 +¢)e;]; the case when y, and y’<
are on a "new" branch [O, —eeq] is similar), and y, lies between the junction O and y5° (i.e.
0 < (y2,e1) < (¥5", e1)). We let

tour =inf {t > 0:y, (t;y:,oa(t* +))=0Q+e)er}, th, =inf{t>0: yLe (t;yﬁf’*,@(t* +))=0+¢e)er},
th=inf {t >0: yhe (L5, at*+) =0}, to=inf{t>0:y, (& Yy, at” + ))=0}.

to, th°). Obviously, prior to the renewal time, only ¢ is relevant

Pe. < to, then « is still locally admissible for

. . P
Let us introduce tger = min (fout, the;,

(since toyt, tga cannot occur without renewal and if ¢
the follower y,). We distinguish between the cases

(al) If tqct > 0, we extend & by setting &(t) = « (¢), if t* <t < t* + t4e. Gronwall’s inequality
yields

Yy (&, @) — oo (6 2,a) | < we (=55 [yl — y2=*])
for all t* <t <t* +tge.
(a2) If t4ee = to = 0, then we necessarily have that ¢f° > 0. In this case y5 = O and
(W (t552,@) ,e1) > 0.

(a2.1) The active case (by far the most complicated) v € E“¢. In order to simplify our

notations, denote, in this case, af{r 0= a:plt (0). We introduce

teontrol = inf{t >0 : Yy (t; s y:n ajy:o) = T:/sel}

teollision = inf{t >0 : Yy (t; ) y:;? a’—;0> = y’p)/a (t* +t;, yfy)m*,@(t* + ))}

Note that because of the continuity of the trajectories and since r. > 0, we have teonror > 0 and
teotlision > 0. We extend naturally & by setting

o (t + t*) = aj/:()’ ift e (07 Leollision N tcontrol] .
With this extension, our assumptions guarantee that (y, (t +t*;2,&),e1) > Lip(f)8 > 0 and
the junction O is now a reflecting barrier for ¢t — y,(¢; y;,ajo). Note also that for any ¢t <

teollision N teontrol, WE have <y$5 (t + t*; .%',a) ,61> > 0. For every 0 <t < teottision N teontrol, ONE USES

35



(27) to get

‘y”f (t+the, @) —yy (t+t5z,a |— <yff (t Yot a (i + )) — Yy (t;y;,a;:0> ,el>
t

(@ = e+ [ (O (a4 ) @ )~ £y (530 0) cafo) ver ) ds
0
t

< {(yb* —yk), en) + /0 Lip (f) (p= + [y5° (s + t552,@) — yy (s + t*;2,d)|) ds

+/t <fw(yv(s;y;a;io),a(twr.))—f7<0,a;o> 61> ds
0

—|—f,y (O,aj,0> - fw (y’y (S;yi;,afyio) aa,—;O>
t
<[y —yy| + Lip (/) [(pg+2r;)t+/ |4 (s + 1% 2,@) =y, (s + 1% 2,d)| ds | .
0

Using Gronwall’s inequality and our assumptions on 7., we deduce that for any 0 < ¢ < teontror A

tcollzszona

lyy (t+ 52, a) — Yo (t+t5 )| < we (& ‘y"“ y:';‘)

Thus, we have constructed an extension of ¢ — &(t) satisfying (R) during an increment of some
strictly positive time teontror A teollision-

(a2.2) In the inactive case, it suffices to continue with the control « (since, in this case,
[y (0,a) =0, for all a € AV up till teopision (OT o).

Case 2 : We use the same notations as in the first case and aim at giving the control when
& has been constructed up to some time 79 < ¢* < 75 such that renewal does not occur at t* and
both motions are at time ¢* on the same active branch (say [O, (1 + €)e;]). Contrary to Case 1, in
this case we are assuming that 0 < (y5°7, e1) < (y%,e1). We distinguish the following cases

(b1) If t4er > 0. In this case we proceed exactly as in case (al) and get the same conclusion.

(b2) If tyet = tour = O then Yy = (1 4+ ¢)ex and we have 5, > 0. This case is completely
symmetric to case (a2.1) but with motions starting at t* near (1 + £)e;. The conclusion is similar.

(The case when y* = —ee; is similar to (a2.1) if v € E{“*® and to (a2.2) in the inactive case.)

Case 3 : control when ¢4 (t*;z, @) € [O, (1 + ¢€)ej] and y,, (t*;z,a*) € [O, (1 + ¢)e;| with i # 5.
In particular, the two points may be at the intersection or the target is at the intersection and the
follower is not. We can assume, without loss of generality, that v € E“C“”e (Otherwise, recalling
that we start at the same initial point, this situation can only happen if Y5 = O and no active
branch exists. Then, whatever the control, y, can only get closer to O.) In this case, we introduce

to=if{t >0 : y, (t; y;,a;ﬂ) =0}
teollision = inf{t >0 : Yry (t; Yy afm) =yb (" +tx, @)}

and we extend t +— & (¢) up to time t* + £o A teouision Dy setting
at) =

Gy s fort* <t<t"+ tO A tcollzszon

Since by assumption dge, (yw yhe" ) < we(t*;70), we have that

(we(t*5m0)" ™"
1-r)p

0 < to A teottision <

Hence, with such a construction we have that

yco (o (197 8) 3 (190, )) | < (u’f’gm ¥ 1) (ot 70)) "
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for all t < to A teottision- If to = to A teollision, We arrive at Yny (fo;yﬁ,&) = 0. If every road is
inactive, we continue to stay at O.
(cl) If yh* (fo; y§57*,6) # O we are back to case 1 but with ry now replaced by r{ lower than

((1‘f1§)ﬂ + 1> (we(t*;70)) ™" : even if there has been a deterioration of the distance between Yy and
|flo

yPe (not exceeding ((1_@6 + 1) (we(t*;70)) " because we are back to case 1, the situation of case

3 (and also the situation of (b2)) will never happen before some renewal time occurs. Consequently,
in the situation of case 3 we are always allowed to take in (R) the same value for r¢ (and we choose
ro = TL). A

(c2) Finally, we assume y5° (to; y@’g’*,a) = O. If every road is inactive, then y, stays at O and

P cannot go further than p.. Otherwise, let us assume that some j’ is active. Then, we take

Yy
a(t) = afyr,j, for some very small (yet strictly positive) time t* + o < t < t* + to + 2|TTE\0 and get

dgeo (y2° (t;2,@) , yy (t 2, 00)) < 7L,

which allows one to iterate.
Conclusion Gathering all these results together, the constructed strategy & is such that

Yy (2, @) — o= (4 2,@) | < we(te; (e)).

for any ¢ < t. and the lemma is proved. =

8.2 Some hints on the proof of Lemma 24

The reader is invited to note that, if (C) holds true, then I (y,a) = I (Hg (y) ,a) Jor all y € ghe.
Hence, the same kind of cost can be reached by :
- hurrying to O when the target is at O, then wait for collision by
- staying at O when the target enters a fictive road from the intersection if a control a such
that f(O,a) = 0 exists (for example, in the inactive case).
- or mimic staying at O by making very small trips (see case (¢2) of the previous Lemma);
-atep:
- if (f (e1,a),e1) < 0, for all a, we are done, since the target will never enter (1,1 + ¢ e;
(recall we start from G).
- otherwise, there exists (f (e1,a),e1) > B > 0 and, by our assumption, we also have
(f (e1,a+,1),e1) < —p. Then, again, we mimic staying at e; by making very small trips until
collision.
The same kind of assertion are valid for A and @ (notice the definition of these terms on "fictive"
roads). The trajectories around O are close due to the e distance from G to G and as in the
previous argument, coming around the intersection can only occur once before collision.
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