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A Piecewise Deterministic Markov Toy Model for
Traffic/Maintenance and Associated Hamilton-Jacobi
Integrodifferential Systems on Networks

Dan Goreac*'t Magdalena Kobylanski*¥ Miguel Martinez*¥

Abstract

We study optimal control problems in infinite horizon when the dynamics belong to a specific
class of piecewise deterministic Markov processes constrained to star-shaped networks (corre-
sponding to a toy traffic model). We adapt the results in [35] to prove the regularity of the
value function and the dynamic programming principle. Extending the networks and Krylov’s
”shaking the coefficients” method, we prove that the value function can be seen as the solution
to a linearized optimization problem set on a convenient set of probability measures. The ap-
proach relies entirely on viscosity arguments. As a by-product, the dual formulation guarantees
that the value function is the pointwise supremum over regular subsolutions of the associated
Hamilton-Jacobi integrodifferential system. This ensures that the value function satisfies Per-
ron’s preconization for the (unique) candidate to viscosity solution.

Mathematics Subject Classification. 491.25, 93E20, 60J25, 49120
Acknowledgement. The authors would like to thank the anonymous referees for constructive
remarks allowing to improve the manuscript.

1 Introduction

This paper aims at the study of optimal control problems in infinite horizon when the dynamics
belong to a specific class of piecewise deterministic Markov processes constrained to networks. The
starting point is a toy model inspired by traffic. Our point of view is the one of a traffic regulator
who observes the generic traffic X. and has the possibility to intervene in the regulation by imposing
speed limits via some (external) control. In this basic model, the generic vehicle should remain
on some star-shaped network containing several edges bound to a common intersection. At the
same time as the traffic, the regulator should ensure the maintenance of the network by observing
a second (pure jump) component I'. (known as mode). The functionality of the network evolves
stochastically and damage to a specific edge occurs exponentially distributed with a parameter
A (X, T, ) depending on the traffic, on the previous state of the network and on regulator’s control
policy . In this context of controlled switched Piecewise Deterministic Markov Processes (PDMP),
the regulator seeks to minimize its (discounted) operating cost

a, X% enetwork 0

o
v (2,7) = inf E [/ e_‘stlpfma (X7 o) dt| .
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In this paper, we study the Hamilton-Jacobi integrodifferential systems on networks associated to
the previous control problem.

To our best knowledge, for deterministic dynamics, the constrained optimal control problem
with continuous cost was studied for the first time in [34] (see also [35] for a stochastic framework).
The value function of an infinite horizon control problem with space constraints was characterized
as a continuous solution to a corresponding Hamilton—Jacobi—Bellman equation. For discontinuous
cost functionals, the deterministic control problem with state constraints was studied in [21], [22],
[30] using viability theory tools. However, the results of these papers do not directly apply to
(deterministic) control problems on star-shaped networks. Several very recent results are available
on this subject when dealing with deterministic systems (cf. [33], [1], [28], [11], [2], [27]). The
cited papers rely either on Bellman’s approach or on Perron’s method for the existence of solutions
of the associated Hamilton-Jacobi equation and propose several methods for the uniqueness part.
There is also an increasing literature on problems inspired by stratified domains or interfaces and
discontinuities that partly share the same difficulties (e.g. [10], [7], [31], [4], [5]).

Our control problem is governed by a switch PDMP with characteristic triple (f, A, @) (cf. [17],
see also Section 2 for the explicit construction). A switch process is often used to model various
aspects in biology (see [12], [14], [36], [13], [23]), reliability or storage (in [9], [18]), finance (in
[32]), communication networks ([26], [3]). We proceed as follows. In the first part, we prove that
v satisfies, in some generalized viscosity sense the associated Hamilton-Jacobi integrodifferential
equation. As in the deterministic counterpart, we use Bellman’s approach. We begin Section 4 with
proving the regularity of the deterministic value function and the dynamic programming principle
(DPP) for this case. For available (active) roads, the controllability assumptions are the same as
those in [1]. However, entering inactive roads from intersection should be prohibited and other
assumptions must be made for this case in order to guarantee the uniform continuity of the value
function. Next, we iterate the value functions and the DPP between jumps to prove the uniform
continuity of the (stochastic) value function and the DPP. As a by-product, we prove that the value
function satisfies in a (relaxed) viscosity sense the associated Hamilton-Jacobi integrodifferential
system (in Section 5).

We then focus on a different notion of uniqueness (in Section 6): The well-known method of
Perron consists in proposing the supremum over regular subsolution as candidate to the viscosity
solution. Using this intuition, we proceed backward and prove that the value function given in
the previous section is the pointwise supremum over such regular subsolutions (with a slightly
modified notion). The major argument in proving this result is to extend the intersection with some
additional directions and impose convenient extensions of the dynamics. Then, we adapt Krylov’s
"shaking the coefficients” method (cf. [29], [6]) to exhibit a sequence of regular subsolutions of
our Hamilton-Jacobi system converging to the initial control problem. These arguments allow the
linearization of the value function. It is shown (in Theorem 27) that the value function can be
interpreted in connection to an optimization problem set on a family of convenient probability
measures. This family is completely described by the Dynkin operator of our process. Moreover,
the dual value allows one to state that the initial value function is, indeed, the pointwise supremum
over regular subsolutions.

The paper is organized as follows. In Section 2, we recall the basic construction of piecewise
deterministic Markov switch processes and give the main assumptions on the dynamics. We present
our traffic model and introduce the different types of admissible controls and the controllability
assumptions in Section 3. Section 4 is dedicated to the study of regularity of the value function
and the dynamic programming principles. The basic ingredient is the technical projection Lemma
6 allowing to prove the uniform continuity of the value function in the deterministic setting (in
Theorem 8). We proceed as in [35] by iterating the value function and the dynamic programming
principle. In Section 5, we introduce a sequential relaxation of the dynamics and prove that the
regular value function exhibited before satisfies, in some generalized viscosity sense, the associated



Hamilton-Jacobi intergrodifferential system. Section 6 is dedicated to the linearization of our value
function. We begin with extending the graph and the dynamics by mirroring the trajectories in the
inactive case and using the inertia otherwise. We briefly present the adaptation of Krylov’s ”shaking
the coefficients” method and exhibit a family of regular subsolutions converging to the initial
value function (in Theorem 25). The main ingredients in proving the convergence are successive
projection arguments given by Lemmas 23 and 24 (whose proofs are postponed to the Appendix).
The main result (Theorem 27) shows that the value function can be interpreted in connection to an
optimization problem set on a family of convenient probability measures. Moreover, the dual of this
problem allows one to characterize the value as the pointwise supremum over regular subsolutions
(as predicted by Perron’s method).

2 Standard construction of controlled switched PDMPs

We consider A (the control space) to be a compact subspace of a metric space R?% and R™ be the
state space, for some d, m > 1. Moreover, we consider a finite set F.

We summarize the construction of controlled piecewise deterministic Markov processes (PDMP)
of switch type (cf. [15], [16], [17]) having as characteristic triple f, : R™ x A — R™, for all
YyEEAN:R"xExA— Ry and Q : R™ x E2 x A — [0,1]. These functions are assumed
to satisfy some usual continuity conditions (to be made precise at the end of the section). The
switch PDMP is constructed on a space (2, F,P) allowing to consider a sequence of independent,
[0, 1] uniformly distributed random variables (e.g. the Hilbert cube starting from [0, 1] endowed
with its Lebesgue measurable sets and the Lebesgue measure for coordinate, see [17, Section 23]).
We let LY (R x R™ x E; A) denote the space of A-valued Borel measurable functions defined on
R™ x E x R;. Whenever a; € LY (R x R™ x E; A) and (to, 0,7) € Ry x R™ x E, we consider
the ordinary differential equation

{ dy~, (tito, zo, 1) = fry (Yo (E5t0, 20, 1), 00 (t — to;20,70)) dt, t > to,
Yo (to3 to, zo; 1) = o

For the sake of simplicity, whenever ty = 0, we denote by y, (t; zg, 1) the solution of the previous
ordinary differential equation such that y., (0; zg, 1) = 0.
We pick the first jump time 71 such that the jump rate is A (y,, (¢; 2o, 1) , 70, @1 (t; 20,70)) i-e.

t
P (11 >t/ 4y (05205 01) = T0) = exp (—/ A (Yo (8320, 01) , 70, 1 (S;wo,%))d8> :
0

The controlled piecewise deterministic Markov processes (PDMP) is defined by
(X200 TE) = (g (t5m0,0) ). i€ [0,71)

The post-jump location is denoted by (Y7,Y;). Since we deal with continuous switching, Y7 =
Yo (T1; 20, 01) and Y1 is a random variable who has Q (y-, (7; %0, @) , 70, @1 (7, %0,70) ,-) as condi-
tional distribution given 71 = 7. Starting from (Y7,Y;) at time 71, we select the inter-jump time
79 — 71 such that

T1+t

P(ry—7m >t/ 7, (Y1, Y1) = exp (_/T

1

Ay, (8571, Y1,02) , 1,00 (s — 7'1§Y17T1))d3> ;
where ap € LY (Ry x R™ x E; A). We set
(X010 ) = (yyy (571, Y1, 00), Y1), if t € [, 7).

The post-jump location (Y3, T2) satisfies

P((Y2,T2) €Y X E [/ 72,7,Y1,T1) = Ly (myimi Vi,00)ev @ (W, (72571, Y1, 02) , 11, €, g (72 — 7131, 11))



for all Borel sets Y C R™ and £ CE. (Of course, the set E is endowed with the discrete topology.)
And so on.

Throughout the paper, unless stated otherwise, we assume the following;:

(A1) The functions f, : R™ x A — R™ are uniformly continuous on R™ x A and there exists
a positive real constant C' > 0 such that

(A1) (fy(@,a) = f1 (y,0) , @ —y) < Clz —y[*, and |f, (z,0)] < C,

for all z,y € R™ and all a € A.

(A2) The function A : R™ x E x A — R is uniformly continuous on R™ x {7} x A and there
exists a positive real constant C' > 0 such that

(Az) ‘)\(.%',"}/7@) - )‘(yafYaa)‘ < C’.%' _y‘7 and )\(.%',’)/,a) < C7

for all z,y € R™, all y € F and all a € A.

(A3) The function Q : R™ x E? x A — [0,1] is a stochastic matrix : i.e. Y. Q (x,7,7,a) =1,
YeE
for all v € FE and all (z,a) € R™ x A. Moreover, we assume that Q (z,v,7v,a) = 0, for all v € E
and that there exists some positive real constant C' > 0 such that

(A3) sup 1Q (z,7,7.a) = Q (y,7.7,a)| < Clz—y|.
vife/GE

(A4) The cost functions I, : R™ x A — R are uniformly continuous on R™ x A and there exists
a positive real constant C' > 0 such that

(A4) by (x,a) = 1y (y,a)| < Clz —y|, and Iy (z,a)| < C,

for all z,y € R™ and all a € A.

Remark 1 (i) The assumptions (A1-A4) are quite standard when dealing with viscosity theory in
PDMP. They appear under this form in [35] and are needed to infer the uniform continuity of the
value function.

(ii) We have chosen this presentation in order to emphasize the continuity of the X component
(continuous switch). Readers who are familiar with the construction in [35], may skip this subsection
and just think of a characteristic triple

FR™ o A — R™M F((2,7),a) = (fy (z,a),0ga), A=A
Q:R™x AP (Rm+d) , Q((x,7),a,dy,dd) = 6, (dy) Q (x,~,db) .

Here, P (Rm+d) stands for the family of probability measures on R™,

3 A traffic problem

We consider a traffic problem on a network given by :
- a family of vertices (e;),_; 5y, for some N € N*~ {1},
- a central intersection denoted by O.



Fig 1. Original intersection

We let J; = (0,1)e;, forall j =1,2,..,N,G:= U [0,1)ejandG:= U [0,1] e;.
j=1,2,..,.N j=1,2,...N
Our point of view is the one of a traffic regulator who observes the generic traffic and has

the possibility to intervene in the regulation by imposing speed limits via some (external control).
Given an initial point € G, the generic vehicle will move (in a continuous trajectory X;) on
G. At the same time as the actual traffic, the regulator observes the quality of the road (I';) and
distinguishes between roads which are functional (active) and those which need repairing (inactive).
For functional roads, speeding up the traffic at the intersection in both directions is possible. In the
inactive case, the road needs repairing and the vehicles that have just entered the road are directed
to the junction. We emphasize that we have a simplified toy model in which the z component
stands for the position of a generic vehicle (in opposition with the usual density component in
traffic models).

This leads to controlled switch PDMP dynamics (X;”7% T)""") governed by the speed of the
vehicle f, a jump parameter A\ depending on both the traffic and the quality of the road A\ and a
postjump transition @ specifying functionality of the network. We denote by FE the family of all
possible functionality variables (e.g. {0,1}N) and introduce, for all j = 1,2,..., N a partition of
E = E;Lctive U E;:nactive.

Given an initial couple describing the position and configuration (z,v) € G x E, we introduce
the set of feasible (network-constrained) controls for the deterministic framework by setting

Ay = {a : Ry — A: « is Borel measurable, y., (t;z,a) € G, for all t > 0, } ,

for all (z,7v) € G x E. In general, without further assumptions, these sets might be empty. We will
specify hereafter some controllability conditions that guarantee consistence of these sets. We also
introduce the set of constant, locally-admissible controls for the deterministic problem by setting

Ay = {ae A:y, (t;x,a) €G, for some § >0 and all ¢ € [0,6]},

for all (z,7) € G x E.
Unless stated otherwise, throughout the paper, we will use the following assumptions.
(Aa) There exist nonempty subsets A?/ C A such that

A=A ifreJ;,
Ao= U N{aeAW‘ : £(0,a) € Rye;},

§=1,2,...,

A’y,ej = {a €A <f“f (Bj,a) ’ej> < 0} # 0,



for all v € E and all j = 1,2,..., N. Moreover, we assume that, for every v € E and every
J=12,..,N, either A, = A" or, otherwise, there exists some 8 > 0 and some arj € A
satisfying

(fy (e, aq5),€5) < —=0.

(Ab)
The active case :
For all v € E;Cti”e, there exist some > 0 and some ajz 20 € A7 such that

<f7 <O,aj;j) ,ej> > (8 and <ffy <O,a;j) ,ej> < —p.

The inactive case :

For ~v € E]i."“cme, there exist some §>0,1>n >0, k € [0,1) and a agj € A"J such that

<f7 <x,a;’j) ,ej> < =Bz, e)",

for all x € J;, |z| < n and f, <O 0 ) = 0. Moreover,

) Gy
(fy (z,0),e5) <0,

for all a € A7 and all z € Jj, |z| < n.
(Ac) Whenever v € E"¢ 1 (0, a) = I, (0), for all a € A7

Remark 2 (i) The condition (Ab) states that if the road is functional (active), then one has a
behavior similar to the one introduced in [1] (speeding up the traffic at the intersection in both
directions is possible).

If the road is inactive, then, again according to (Ab), for the cars that have “just” entered
the road, the only possibility is to move back into the intersection (the road needs clearing up for
repairing). A measure (a;j) s possible to get them off this inactive road within a controlled time
and, eventually, they are allowed to stay in O (due to the control a%) until the road is repaired.

The condition (Ac) is intended for technical reasons. It can be interpreted as : if the road is
inactive, the presence of vehicles at the entrance of the road prevents the authority to intervene and
repair the road and thus involves a certain cost. For vehicles that intend to get to ej, there is a
global "waiting” cost at junction. However, if {a € A% : f(0,a) € RJrej} = AV, then (Ac) is no
longer necessary.

(it) Under the assumption (Aa), if Ay ., # A7, then there exists 3> >0 such that

<f'y (m,a%j) aej> < =B,

whenever |x — ej| < n. Similarly, under the assumption (Ab), for every v € E?Cti”e and some n > 0,
<f’y (x,a;j> ’6j> < B, <f’y <xaa’tj) aej> > B,
whenever |z| < n.
Our assumptions guarantee the following.

Proposition 3 Under the assumptions (Aa) and (Ab), the set A, , is nonempty for all (x,7) €
G x E.



Proof. If 7 € B and x € [0,0.5) e;, we define

t;%ej := inf {t >0:yy <t;x, a%) = ej} )

If z € [0.5,1] ej, we let

tyro=f{t>0:y,(tz,a) =0},
. . . + 0.5 - 0.5
where a is any point of A,.;. One notices that 7 .. > w70 and ¢, 5 > ma([floD)” where
Iflo = max |fy (z,a)|. For z € [0,0.5) e, we set

yeE, $E§7 acA

+ + + - + - +
ag,’y (t) = a’ij’ lf te |:07 tvavej) U |:tx7776]' + tej77707 tIvVvej + tejvfyyo + toﬁ/ﬁj) v o
a, otherwise.

The estimates on ¢t™~ imply that agﬁ is defined on Ry. Moreover, it is clear that agﬁ € A,

Similar construction holds true for z € [0.5,1]e;. If v € E;"“C””e, one gets similar results by

0 -
V.3

the time ¢ o). This concludes the proof of our assertion. m
We introduce the set A,q given by

replacing a:; ; with a (In fact, in this case, if oo I8 finite, then the solution stays at O after

(1) A e a: Ry X Gx E —» A: «is Borel measurable,
ad == X000 e G for all t > 0,P—a.s., for all (zg,7%) €GxE [~

Here, X7 is the continuous component of our PDMP constructed as in Section 2 by using
o; = a, for all i > 1.

Remark 4 (a) Under the assumptions (Aa, Ab) it is clear that A,q is nonempty. In fact, it
suffices to note that all the times tT,t~ in the previous proposition are measurable functions of
(,7).

(b) The set A, . can be seen as a subset of Aqq by choosing some @y € Aqq and setting

& (ty.m) ::{ at), if (y.n) = (2.7),

Qo (t;y,n), otherwise,

forallaoe A, ;.

Example 5 Let us exhibit a simple example for which the previous assumptions (particularly (A1),
(Aa-Ab)) are satisfied. We consider N =3 and e} = ( (1) ) , e 1= < (1) > =: —e3, A:=[-1,1] U

—1,1] e, E = { ((01’7%’00))’7((0{’11’711))’ } c {0,1}%,

(1 =) (e} e+ (1= ) ({2, e2) ) e2 ] |
+(1 =) (z,es)*) e

forx € Rx Ry, v = (71,72,73) € E. Here, 27 = max(z,0), for = € R. Then Eiractive .=
{y € E:y =0} and Eirective = pinactive .— {y ¢ B : 49 =0}. The reader is invited to note that
f is Lipschitz-continuous for active configurations. Also, we wish to note that, for this particular
case, whenever Jy is inactive (i.e. vy € E§ve) f (reg,a) = —f, (—req,a), for all r € R. The
intersection acts as a mirror in the inactive case.

fy (z,a) == 71 (a,e1) e1 + 72 {(a, e2) e2 — |al [

The cost | can be chosen increasing with the speed, very high as one reaches the intersection and
null at the destination vertex. Moreover, it can be chosen decreasing with respect to the number of
available/ active roads



T . 0
ly << 01 ) ,a) =lo+ m (1—|z1))* + |al <\x1] — ]w1\2> and symmetrically for < 2o )

Here, Iy > 0 is some minimal cost.
The rate A can be chosen in a similar way as a propensity function : we define A\, (x,a) :=
Xoly (z,a) for some A\g > 0, then Ay (z,a) := >, Ay (x,a). The jump measure Q can be chosen

v €EN{v}
proportional to the relative contribution to the propensity function

by (z,a) .
Q (m,fy,fy/, a) = )Ci/—(x,a) ,ifyY e Ex{v},
05 Zf 7/ =7.

4 The dynamic programming principle and the regularity of the
value function(s)

The aim of the traffic regulator will be to minimize the expectation of the (infinite horizon, dis-
counted) operating cost [ satisfying (for the time being and unless stated otherwise), the assumption

(A4)

o
inf E [/ e pana (X ay) dt| .
e} 0 t
The discount parameter 6 > 0 will be fixed throughout the paper. The set of control policies
(keeping the vehicle on the network) as well as the meaning of a; will be given later on.

The program of this first part relies on the paper [35] : we study the regularity properties in
the deterministic setting via some projection argument, then define some iterated value functions.
Next, we prove the uniform continuity of these iterates and the dynamic programming principles
(DPP). This leads to a regular limit function satisfying a DPP.

Throughout the paper, if ¢ is a bounded real-valued function on some set X x F, where X C RM
and F' is compact such that ¢ (-, ) is Lipschitz-continuous for all ¢ € F, we set

[0 (y:6) =0y )|

[¢lo == sup ¢ (y,<)| and Lip(¢) :=sup sup ;
(y<)EXXF GEF yy eX ly — /|
Y7y’

Whenever f is not Lipschitz continuous (recall that (A1) is weaker than Lipschitz-continuity), by
abuse of notation, we let

<fv (y7a) - f’y (y/7a) Y — y/>

Lip(f):= sup sup > )
(v,a)€ExAy,y €R™ ly — v/
y#y'

Of course, whenever the function f is only defined and satisfies the regularity assumptions on G,
the supremum can be taken over j =1,2,..., N and y,y’ which are colinear with e; and a € AV

4.1 A projection argument

Whenever € > 0 is small enough, we let

1 0] N _L;
PR PO (I DU e
€ 5 n<2|f|0>7pe 46

We will make extensive use of the following result.



Lemma 6 We assume (Aa-Ac) and (A1-A4) to hold true.
(i) There exists some C > 0 such that, for every e > 0, every v € E, xz,y € J1 U{O,e1}
2

satisfying |z — y| < pi~" and every a € A, ., there eists Py, (a) € A, such that

(2) Yy (£:9, Py (@) — 4y (2,0)| < Clz —y| T,

and

(3)
/ €Ly (yy (59, Pay (@), Py () (s))ds—/ e (yy (512, 0) 0 (s) ds| < Clz —y| 2",
0 0

for all t <t..
(ii) Moreover, if o € Agq, then, for everye > 0 and every (v, z) € Ex(J; U{O,e1}), there exists
Playy) (@) € Aqa such that the previous inequalities are satisfied with P, ) () (;y,7) replacing

2

Pry (@) (-), for ally € J1U{O,e1} satisfying |z —y| < péf”.

Remark 7 (i) A brief look at the proof shows that the constant C' in the previous lemma only
depends on Lip (1), |l], Lip (f),|fl, and B but not of the actual coefficient f nor of the actual cost
function 1.

(ii) The assumption (Ac) is only needed if {a € AV': f(O,a) € Ryer} # AV1. Otherwise, both
the cases (b1) and the analogous (¢3.2) in the proof need not being treated as special cases.

At this point, we introduce the value function for the deterministic case (A = 0, or, equivalently,
the road functionality v is immutable) by setting

de) = inf [T, i) o 0)
€Ay

for all z € G and all y € E.
As a consequence of our projection lemma, we get the following continuity result :

Theorem 8 The deterministic value functions vg (+,) are bounded and uniformly continuous on

g.

Proof. Since the domain G is compact, it suffices to prove that v° (-,7) is continuous. Let us fix
x € G\ {O} and consider € > 0. Without loss of generality, we assume that « € J; U {e1}. Then,
there exists some a € A, ; such that

te 1
v (z,7) + ¢ > / e, (yy (2, ), o (1)) dt — ge_‘sts 1, -
0

2
Hence, for every y € J; U {e1,0} such that |z —y| < p: ™", using the previous lemma, there exists

Pry(a) € A, , such that

te B 1 B
US (,7) +e> /0 € &lw (y (t§$a7)x,y (a)) s Pry (a) (t)) dt — Cp. — Se ote Wo

o0

2
e_‘stlfy (y (s, Pey (), Pay () (t)) dt — Cps — Se_‘stg U

v
S~

I
(v,7) — Cpe — €.
Sl

v

5
Yo



The continuity property follows by recalling that ¢ > 0 is arbitrary and liH(l)pE = 0. In the case
E—

when z = O, the same arguments yield

lim v} (y,7) = v} (0,7),
y—O
yer

for every j = 1,2,..., N. The proof of our theorem is now complete. m

Remark 9 The reader is invited to note that the continuity modulus of vg depends only on Lip (1),
o, Lip(f), |fly and B but not of the actual coefficient f nor of the actual cost function .

4.2 Tterated value function
Following the ideas of [35], we introduce the iterated value functions v, defined by

v,‘fﬂ (z,7) = aier}lfd Im (z,7, @),

where

T1
I (@,7,0) == E { / e, (XET® (7)) dt + el (Y1, T0)
0

We recall that (Y7, 1) are the post-jump locations at the first jump time 7; depending on z, v, o, (cf.
Section 2). Hence, we have (Y1,T1) = (X757 T'%7%) and 71 = 71""%. The process is constructed
as in section 2 using «; = a € Ay, for all ¢ > 1. The reader is invited to note that a simple
recurrence argument yields

I _
(4) v (m,y)‘ < o for all (x,v) € G x E.

T’

Throughout the section, unless stated otherwise, we assume (Aa-Ac) and (A1-A4) to hold
true. In order to simplify our presentation, we assume that A and @ are independent of the control
parameter a. The general case follows from similar arguments as those of Lemma 6 (the estimates
on [) if one assumes

(Ac’) Whenever v € E;"“Cti”e, Q(0,v,7,a) =Q(0,v,7) and XA (O,~,a) = X (0,7).

Again, (Ac’) is only needed for those j such that v € E’ji»”‘":””6 and {a € A% : f(0,a) € R+ej} +£
AV,

The same arguments as those employed in [35, Lemma 3.1] yield

Lemma 10 Let us assume that v,‘ikl (-,) is continuous on G. Then, for every T > 0, one has

W, (z,7) = inf E fOTMT e (yy (G 2,0)  a (t2,7)) dt
maAT a€Auq —|—€_6T1/U§n71 (Yia Tl) 1T1 <T + e_sT/Ufn (y’y (Ta xz, Oé) 57) 1T1 >T

)

for all (z,7) €G x E.

The proof is identical (no changes needed) to the one in [35, Lemma 3.1] and will be omitted
from our (already long enough) presentation.

6

0 (-,7) are uniformly continuous on G, for all m > 0 and uniformly

Theorem 11 The functions v
with respect to v € E.

10



Proof. We prove our theorem by recurrence over m. For m = 0, we invoke theorem 8. Let us
assume that v3 | (-,/) is continuous for all v/ € E. We let w,,_1 be the continuity modulus

D —yl <, 'y/eE}.

W1 (r) = sup { ‘Ufnfl (z.7) =1 (1.7
We also introduce

win (7,7) = Sup{‘v,‘fn (x,7) —vd, (y,v)( o —yl < T},

for all » > 0. Obviously, w, (1) = sup wp, (7,7). It is straightforward that w,, (r) < %. Let us

yeE
2

fix, for the time being, (v, z,y) € E x g e > 0 and assume that |z — y| < p¢~". Then, due to the
previous lemma, there exists some adm1881ble control process a € A,g such that

f(;‘l/\ts 6_6tlfy (y’y (t’x,a) ’a(t’x”}/))dt :|

)
v (x,y) > —e+ E _ _
m (#:7) Lo d, (Y, T1) ncr, + c2ud, (g (f2:2,0) 1) Loy,

We denote by a the admissible control process P(, .y (a) € Auq given by the assertion (ii) in
Lemma 6. Moreover, we let 71 be the first jump time starting from (y,~) and using the control a.
We introduce the following notations :

y(t) =y (Gx,a), at) = a(t;z,y), A(t):=A(y(t),7), A(t) =exp <—/0 A(s) d8> ,

(1) ==y, (ty,8), @) :=a(ty,7), A(B) = A(G(1):7), M) = exp (—/0 As) d8> :

Then
E[J3Me e, (1), @ (1)) dt]

d
U (9,7) < _ _
" +E [6757—1 /Ugl_l Yl, Tl) 71 <te +e —ote /ng (y (te) ’7) 1?1 >te }

The right-hand member can be written as

(5) In (@) = [ AORE) [ e [(5).a () dse
0 0
+ [ XOR@ T o T0,7)QE () 1) dt
0 v eE\{v}

LR (L) /O CeO (§(1),@ (1)) dt + A (t) el (7 (t) )

Then, using the estimates (2) in Lemma 6 and recalling that (A2) holds true, one has

(6) I, (y,v,a) < Clz — y|1_TN + ) A(t)A(t) / e_‘ssl,Y (T (s),a(s))dsdt
0 0
+ [ ADAD T T o [{0),7) QT ()7, dt
0 v EE\{r}

+A (tg)/O e (F(0),@ (1)) i+ A () e 0, (F(t) 7).

for some generic constant C' > 0 independent of €, v, y,x,a which may change from one line to
another. This constant only depends on the supremum norm and the Lipschitz constants of A\, @, f

11



and [. Again by (2) and using the assumption (A3), we get
(7) Y v @®.Y)QE®M. 1Y) - X v (v®),7)Q(y(#),77)

v EE\{} v €E\{7}

< W1 (C |z — yll_TK> + 2 (v%_l (y (t) ,7’)‘ Q¥ (t),v.7) —Q(y(t),v.7)]
v EB\{v}

< W1 (Clw —ylan> +Clr—y 7,
for all t < t.. Moreover
v, (5(t) 7)< € uh (y (1)) + e Mewn (Cla—yl 7).
Returning to (6) and using (7) and the previous relation, we get

11—k 11—k 11—k
v (1,7) S 0 (2,7) + e+ Cla =y 7 Fwn (Cla—yl 7 ) + ey (Clo -y ") .

2
Hence, whenever |z —y| <r < pi ™",

1—k

1—r 1—r ot
wm (1,7) e+ Cr 2 +wp1 (CT 2 )+€ “Wm (C?“ 2 )

Taking the supremum over v € E, we can replace wy, (r,7) with wy, (r). We can assume, without

loss of generality, that C' > 1 and the conclusion follows (similar to Lemma 3.3 in [35]). Indeed,
_ 2 [(1zmyn_

one considers r = C' 1+~ [( >) 1] and iterates in the previous inequality to get

Wi (C_H%[(I_TH)"_l]> _ . +e—m(n_l)nzlwrrk1 <C_1+%[(1_Tﬂ)k_1]> Skt

e
—0te
1—e =

+e—6t5(n_1)ni1 <CH2H[(1211)‘“1]> Ot +2e—6t5n%’
k=0

for n large enough and recall that € > 0 is arbitrary. Then, by the recurrence assumption and
allowing n — oo, one gets

1 €
wm(()) Sel_e*&s = 1 =
2 flo
To complete the proof, one only needs to recall that this inequality holds true for arbitrary € > 0.

Remark 12 In fact, all these continuity moduli depend only the supremum norm and the Lipschitz
constants of \,@Q, f and | but the particular choice of the coefficients is irrelevant (see also Remark

9).
As a corollary, using the same proof as in the first part of Theorem 3.4 in [35], we get

Corollary 13 Under our assumptions (A1-A4, Aa-Ac, Ac’), the value function v° (v,-) given
by

Tn+1
v (2,7) = inf E[Z / ¢ Mpzon (yroee (X2 ani1) (t—Ffﬁ’“;Xff’aaFff’a)>]

acAl, 1n>0J7,
is bounded and uniformly continuous on G, for all v € E. Moreover, it satisfies the following

Dynamic Programming Principle :

00 (x,7) = aier}lde

fOT/\Tl efétl,y (y'y (t; x, a) , (Y (t§ z, 7)) dt
+e0(TAT) 6 <y,y (T'A1i52,0) F%/ﬂ\/f:) 7

for all T > 0 and all (y,z) € E x G.
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Again, once we have established the ingredients of uniform continuity in the previous theorem,
the proof is identical with the first part of Theorem 3.4 in [35] and will be omitted from our (long
enough) paper. One iterates Lemma 10 to get vfn and recalls that A is bounded and, thus, the
jumping times cannot accumulate.

5 Existence of the viscosity solution

At this point, we introduce the following Hamilton-Jacobi integrodifferential system

5 —<f»y(x,a),Dv5 (x57)>_l’7 (z,a)
(8) o’ (x,y) + a?jﬁx A (z,7,0) EEQ (2,7, a) (05 (z,7) — v° (x,'y)) —0.

5.1 Relaxing the dynamics

In addition to the standard assumptions (Aa-Ac), we will need the following.

(Ad) For every 1 < j < N, every v € E and every x € Jj, there exists # > 0 such that,
whenever a € Auq, one has a (t;x,v) € A7 for almost all ¢ € [0,6].

For every :CE?, we let T, (?) denote the set of tangent directions to Gatz: T, (a) = Re; if
zeJj, Te; (G) =R_ej and To (G) = 1<§J<NR+€]‘. The set M (E) denotes the family of (positive)

measures ¢ = (¢ (7)) ~eE € Rf . The following standard notations will be employed throughout the
section.

(((§,¢,n) € T2 (G) x M4 (E) xR : 3 (), C Aags (tn), C R4, s.t.

_ lim t, =0, lim g 0" f (2,00 (52,7)) ds = €,
FLima) = lim L [ (e, 0 (552,7) Q (2,7, (550,7)) ds =, [

Jim g [0 Ly (2, 0 (s;2,7)) ds =

(&C) € 'Tm (g) X M+ (E) = (an)n - Aada (tn)n C R+? s.t.
F(z,7) = Jim ¢, = O’NILH;O% Iy fy (@, 00 (s32,7)) ds = €,

lim L [0 A (2,7, an (512,7)) Q (2,7, o (s;2,7)) ds = ¢

fl(x,v,a) := (fy (@ a) , A(z,7,a)Q (x,7,a),l, (x,a)).

Remark 14 (a) The reader is invited to note that, in the previous notations, ” (o), C Aaqa” (resp.
"a(s;x,v)”) and can be replaced by 7 (o), C Ay.” (resp. "a(s)”, see also the second part of
Remark 4).

(b) Also, the assumptions on the coefficients imply that

1 [t I
hm e f"/ (x’an (S;x,’y))dS: 111’11 e f’y (y’y (S;CE,OZn (S;x,r}/))aan (s;x,fy))ds,
0

n—ooty Jo n—oot,

and similar assertions hold true in the definition of n and (.
(¢) Finally, we have dropped the dependency on AQ in these terms for the sake of simplicity.
One should have written f (AQ), etc.

We begin with the following technical result.

Lemma 15 We assume (Aa-Ad) and (A1-A4) to hold true. For every xz € GN{O}, the following
equality holds true o o o
FL(z,v) =@ofl(x,7) :=c0 {fl(z,7,a) :a € Ay s} .

Moreover, for every j < N,
FL(e;,) C @fL(e;,7) == {FL(e;,7,a) s a € A9} (1 (R_e; x M, (E) x R).

13



Proof. Without loss of generality, we first assume that x € Jy. It is clear that
FL(z,v) Ceo{fl(z,7,a) :a € Ay} .

Indeed, it suffices to use the assumption (Ad) to get the existence of some 6 > 0 such that whenever
« € Agq, one has a (t;x,y) € A1 for almost all ¢ € [0,6]. Then, for every (ay,),, C Aqg, and every
sequence (), C Ry such that ¢, < 6, one has
tn
o Jo" fy (@ an (s;2,7)) ds
tn S
% o ATy, an (557,7)) Q (2,7, an (s52,7)) | € co{fl (z,7,a) :a € A%m} .

ln
i Jo" by (2, 0 (532,7))

If z = eq, then

1 [t Yy (tns €1, ) — €1
- Iy (Y (sie1,an)  an (s5€1,7)) ds = 1 (bni €1, 0n) e R_e;.
th Jo tn

Hence, invoking part (b) of the Remark 14, it follows that
FL(e1,v) Ceo{fl(er,7,a) :a€ AV} N (R_e; x My (E) xR).

For the converse inclusion, we fix z € G\ {O}. One begins by noticing that FL(z,) is closed.
Hence, it suffices to prove that

co {ﬁ(m,’y,a) ja € A””l} C FL(z,7).

K

We consider \; > 0,i € {1,.., K} such that Y_\; = 1 and a; € A7}, pour tout i € {1,..,K}.
i=1

min(|z,|z—e1|)

max([flod) an admissible control a € A, ; is obtained by setting

Since z € Ji, whenever t,, <
K
an (t) = > aily /4 i (t) and the conclusion follows. =
() (5
j=1 =

7j=1
The family of admissible test functions will be given as in [1] by ¢ € Cy, (G) for which ¢ ]J—JE

C’g (J_]) ,forall j=1,2,...,N. If x € J;, we recall that

Do (2:€) = lim £ (z +t€) — ¢ ()

lim " , for all £ € Re;.

We also recall that

p(ej +t8) — ¢ ()

Dy (ej;€) := lim , for all £ € R_g;

t—0+ t
and . O
Dy (0;¢) := lim M, whenever £ € R_e;.
t—0+ t

If 5 :[0,1] — G is continuous and (t,),, C (0, 1] is such that lim ¢, = 0 and
n—oo

tim ) ¢
n—oo n

we have




and one notes that this limit does not depend on the choice of 3. To simplify the notations, we
will also write (£, Dy (z)) instead of Dy (z;¢). One notices easily that the choice of test functions
is equivalent to taking a family of test functions ; € C} (J;) such that ¢; (0) = ¢ (O), for
all 1 < j,7/ < N. For further details of this family of test functions, the reader is referred to [1,
Subsection 3.1].

We now introduce the definition of the generalized solution of the system (8).

Definition 16 A bounded, upper semicontinuous function V is satd to be a generalized viscosity
subsolution of (8) if, for every (yo,x0) € E X G whenever ¢ € Cj, (g) for which ¢ |J_j€ C} (Jj) , for
all j =1,2,...,N is a test function such that xy € Argmaz (V (,7v) — ¢ (+)), one has

OV (x0,v) + sup
(&,¢meFL(x0,70)

—(Dg (r0;&)) —n
{ = > C(Y) (V (w0,7") = V (0,7%)) } <0.

YeE

A bounded, lower semicontinuous Junction V' is said to be a generalized viscosity supersolution
of (8) if, for every (v0,70) € E X G whenever ¢ € Cy(G) for which ¢ \Tje Ct (J;), for all
j=1,2,...,N is a test function such that xo € Argmin (V (-,70) — ¢ (:)), one has

OV (xo,70) + sup
(€.¢mEFL(z0,70)

—(De (z;€)) —n
{ = 2 () (V(zo,7") = V (20, %)) } o

v EE

5.2 (A) Viscosity solution

We are now able to state and proof the main result of the section.

Theorem 17 We assume (Aa-Ad, Ac’) and (A1-A4) to hold true. Then, the value function v°
is a bounded uniformly continuous generalized solution of (8).

Proof. We begin with the proof of the subsolution condition. Let us fix (yo,2z0) € E x (G~ {O})
and consider a regular test function ¢ such that zo € Argmax (v° (,70) — ¢ (-)). Then

¢ (z0) — ¢ () < v° (20,7) — v (2,%) ,

for all z € G. We can assume, without loss of generality, that ¢ (zo) = v° (xg,70) . Let us consider
(¢,¢,n) € FL (z0,7) . Then, there exist (o), C Aag, (tn), C Ry, s.t. 1i_>m tn, =0 and
n o

lim & [0 £, (0, an (5520,70)) ds = &,

n—00
nh—{go% fOtn A (550,70, On (Sa xo,’}/o)) Q ('I(]’ry(]a On (Sa o, ’70)) ds = C’
Tim L [ 1 (w0, (5320,%0)) ds = 1.

We fix, for the time being, n € N. We let 77" be the first jumping time associated to a,, (-;x,7).
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Using the dynamic programming principle, one gets

t o
A0S (yno (5520, ) s i (8520, 70)) ds

0 =" (x0,7%) — ¢ (z0) <E +0675(tnm{1)v5 (yv0 (tn AT 20, ) ,I‘fr?/y\');(—){yban) ] — ¢ (o)
- o e (30, am (520,%0)) ds + Jo*" T e~ Lip (1) | ], sds ]
- +e 00 Yro (113 0, ) vrfgﬁm% lrncy, + e Oy (Yo (tni o, On)) Lyp>y,

— ¢ (x0)

tn
< |flo Lip (1) taE [tn A 77] + il (/O (1= ) ds + taP (77 < tn)> +61¢lo taP (1 < t0)

tn
E [/ Ly (%0, an (85 70,70)) dé} + e (yy (tn; 20, o)) — ¢ (20)
0
+ E [6757—1" (1)5 <y’YO (Tln; Zo, an) 7Ff127%7an) — @ (y’yo (tm X, an))) 17'in’<tni| .

We set
A (S) =A (yvo (S;anan) ;Y0, On (55 xO,’VO)) and A (5) = exp <_/ A (T) dT)
0

and one gets

0 =v° (20,70) — ¢ (o)
<|flo Lip (1) tnE [ty A1) + Lip (@) | flo tnlP (1" < tn) + 8 |@lg tnP (71" < tn)

tn
+ 1, (/0 (1 - e*‘*s) ds + toP (71 < tn)>

+ €7 (0 (yy (tns w0, an)) — @ (z0)) + <e’5t" - 1) ¢ (o) + /Otn by (20, am (5520, 70)) ds
(9)
+/n e X (s)A(s) ( > Q (¥ (5120, 0m) ,70,7; o (0,70, 9)) <U5 (30 (s320:0),7') - wa)) "
0

¥ #Y0
The reader is invited to note that

€725 A (s) A (5) = A (@0, an (5;20,70)) | < (Iflg Lip (A) + [Alg (8 + [Alg)) s
‘Q (y’YO (3; x07an) 7'707'7/761) - Q (.%'0,’)’0,’)/,@)‘ < ’f’o Lip (Q) ln,
V0 (4 (8320, ) ') = 0 (20,7)| = w® (I flotn)

whenever s < t,,, where w’ denotes the continuity modulus of v°. Also,

tn tn
Yy (tn;xo,an) — Lo fo f’y (y“/ (S;anan),O‘n (S;anWO))d‘S . f() fﬂ/ (anan (5§x0,’70))d5
tn tn tn

_H’J (tn) 9

(where lim w () = 0). We divide (9) by ¢, and allow n — oo to get

e—0

0 <n—dp (o) + D (z0;€) + Z#? ¢(v) (05 (20,7") —v° (%ﬁ)) :
Y FY

The conclusion follows by recalling that (¢,¢,n) € FL (xq,7) is arbitrary.
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To prove that v° is a viscosity supersolution of the associated Hamilton-Jacobi integrodifferential
equation, let us fix, for the time being, ¢ > 0. We equally fix (79, 2z0) € F x G and consider a test
function ¢ such that g € Argmin (v° (-,70) — ¢ ()). Then

¢ (z0) — ¢ () > v° (20,70) — v° (2,%) ,

for all z € G. We can assume, without loss of generality, that o (2¢) = v° (xg,70). There exists an
admissible control a® such that

VEATL —0s]
P 0 €
v’ (x0,7) +e > E

o (o (50,0 0 (5) s ) ] .

-0 AT )
1A (1 Ve At T

(For notation purposes, we have dropped the dependency of vy, zo in ). As in the first part of
our proof, 71 denotes the first jumping time associated to the admissible control process af. Using
similar estimates to the first part, one gets

0 =" (z0,%) — ¢ (z0)
> —& — | flo Lip (I) VEE [Ve A1) = Lip () | flg VEP (11 < Ve) = 8 |plg VP (11 < Ve)

— 1]y </0¢g (1 - e*és) ds + VP (1 < \/E)>
e OVE (¢ (yy (Ve 20,07)) — 90 (0)) + <€_6\/E - 1) ¢ (w0)

Ve
+/ e A (s) A(s) ( 5 Q (yp (120,07 70,7507 (5) (0 (3 (5330, 0) ) = Mm)) o
0 ¥ #Y0

where A (s) := A (yy, (5;20,0%),70,0° (s)) and A(s) := exp (— [j A(r)dr). We recall that f, A
and Q are Lipschitz-continuous and bounded and v° is uniformly continuous and bounded. The
conclusion follows similarly to the subsolution case by dividing the inequality by /e, recalling the
definition of F'L (x¢,70) and allowing & (or some subsequence) to go to 0. m

6 Extending the intersection and linearizing the value function

6.1 Additional directions

Without loss of generality, we assume that —e; ¢ G, for all j < M < N and —e; € G, for all
M < j < N. We define

. active ,__ active inactive .__ inactive
ej «.— eij, E_] «.— E]* ’E_] «.— E_]*N

)
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whenever N < j < M + N. For every ¢ > 0, we complete G into G™° by adding [0,ee;) for
N <j<M+N and (1,1+¢)ej, for j < N.

)
L e
X X
e | X
- N\ /
G N /
N\ /
N
. €
e <_|:/\\
[
L1\
¥ L N
N\ i1
N/
N/
o e

Fig 2. The complete intersection

Throughout the remaining of the paper we make the following assumption.
(B) Whenever M < j,j' < N are such that e;; = —e;, then A7 = A’ for all v € E.

Remark 18 Roughly speaking, on the roads that cross the intersection (of type (—1,1)e;), the
same family of (piecewise constant) controls can be used both at the entrance and at the exit of the
intersection.

6.1.1 Inactive roads

The reader is invited to notice that, if e;, ey = —e; € G then, for every v € E;"“c””e N E;ch””e,
fy(O,a) =0, for all a € A7 N A77' . This is a simple consequence of the assumption (Ab) which
implies that (f, (0,a),e;) <0and (f,(0,a),e;) <0, for all a € A7 N A" In particular, if (B)
holds true, then f, (O,a) = 0, for all a € A% (= A7) whenever v € E}"“cme N Eji»f‘ac””e.

Hence, in order to obtain a similar behavior for the completed intersection, it is natural to

strengthen the assumption (Ab). We will assume that,
(Ab’) Whenever v € E}"acme for some j < M, then f, (O,a) =0, for all a € A7.

Remark 19 This is, of course, less general than the existence of one aghj € AV gquaranteed by
(Ab). The assumption states that, whenever the road j is inactive, a vehicle that needs to go on
this road should wait until it is repaired.

6.2 Extending the dynamics

Unless stated otherwise, we assume the (pseudo-)controllability conditions (Aa, Ab, Ad), the
compatibility at the intersection (Ab’, Ac’), the regularity of the coefficients and cost functions
(A1-A4) and the compatibility condition (B) to hold true.

We are now able to extend f (and A, Q) to U Rq) x A by setting
j=1,2,...,.N

f“/(x’a)’ lfxe(oal)e_]aJSNa

£ (@, a) = (ej,a), ifze [1,Aoo) ej, j <N,

R _f'y (_x’a), lf’)/ c E;nactwe,x c Rfej, ] < M,
[ (0,a), ifye Ef" xeR e, j< M.
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For the other elements (¢ € {\,[,Q}), we set

<p(x,'y,a), ifxE(O,l)ej, ]§N7
80(33,%(1): gp(ej,'y,a), ifﬂ?E[l,oo)ej, j <N,
¢ (0,7,a), otherwise.

(by abuse of notation, I (x,v,a) =L, (z,a)).

This particular construction for f is needed in order to guarantee that the assumptions (Aa)
and (Ab) hold true for the new system on G™¢. It basically suggests that in the active case, the
vehicle will continue its road on the extension of the road with the same speed as in O. In the
inactive case, the extension of the road is obtained by looking at the road j using a mirror.

6.3 Krylov’s ”shaking the coefficients” method

We wish to construct a family of regular functions satisfying a suitable subsolution condition and
converging, as ¢ — 0 to our value function. Regularization can be achieved by classical convolution.
However, because of the convolution, the subsolution condition should not only concern a point
x but some neighborhood. This is the reason why, one needs to introduce a perturbation in the
Hamiltonian or, equivalently, in the coefficients. The method is known as ”shaking the coefficients”
and has been introduced, in the framework of Brownian diffusions, in [29].

For r > 0, we let B, denote the r-radius closed ball B, = {y € R™ : |y| < r}. We set

5 (2,a,b) = fy (x + pb,a),
@ (x,7,a,0) = ¢ (x+pb,v,a), if o € {)Q,l},
for all (z,a,b) € Y N([—E, 1+¢lej x Ax[—1,1]¢;), and all |b] < 1. Let us fix, for the time
]: 1y
being, € > p > 0 and consider the control problem on G™¢. We denote by

e+ . ) . €,— . __ (_650) €5, for i< M, e . 76+ €,—
Ji = (0,14¢)ej, forall j=1,2,...,N, J; .—{ (<1—2,0)e;, for M < j < N, = J0TUd
forall j =1,2,...,N.
We set

Z:: A’Yv] _1 1 . Z’Yv] = APY"] _1 1 -
j=1,L2J,...,N( X [ ) ]6]), X [ s ]e]

For this extended system, we will check that our controllability assumptions (Aa) and (Ab) hold
true for explicit sets of controls.
The reader is invited to notice that the following hold true :

(Aa) Z’y,a} = Z’y’], if x € J;’+, Z’y,O = -1 EJ NZ%]’ Z’y,(l-‘,—e)ej = A'y,ej X [—1, 1] €5,
for all j =1,2,...,N. Let us fix j < M.
(i) If v € B¢, then

Ay e, = {(a, b) € A fy(O,a) € R+ej}.

The set Z%,ee]. is nonempty. Indeed, the control (aj/L i b) (a;r ; given by the assumption (Ab) and

b € [-1,1] e; arbitrary) belongs to Z%,ee]. and

<f§ <—eej,a;j,b) ,(—ej)> = <f7 (O,a;}) ,(—ej)> < —p,
for all b € [—1,1] ¢;.
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(i) If v € Eiactive | then

_ V]
Ay oo, = A,

Indeed,
<fwl/) (_gejv a, b) ) (_ej)> = <_f’Y (gej - pb, a) ) (_ej)> = <f“/ (Eej - pb, a) 7ej> <0,

for € small enough and all (a,b) € A,

Thus, (Aa) holds true for the system driven by (f?, A\?, Q") .

Concerning the assumption (Ab), for the already existing branches, it suffices to take b = 0
and the controls aj’j, ay s ag,j. Let us now fix 7 < M.

(i) If v € E?Cti”e, then v € E]“.‘f}'\}’e, by construction. We recall that e;j;ny = —e;. Moreover we
have

<f5 (o, (%,o)) ,—ej> < —f and <f§ (o, <a;,j,0>) ,ej> > 8.

.o y t' _ t
(i) For y € Einoctive = pactive,

(1 o (50)) )= (- () ) < -3

for all z € [—¢,0]e; and f£ (O, ( 0 0)>

Ay 5> 0.

We cannot have

<fwl/) (:C, (a’ b)) > _ej> <0,

for all (a,b) € A" and all x € J;, |z| < n (close enough to O). Nevertheless, as we have already
hinted before (see Remark 7 (ii)), this condition and the one in (Ac) are no longer necessary since
every control is (locally) admissible at O. Thus, the conclusion of Lemma 6 holds true and so do
all the assertions on the value functions in this framework.

At this point, we consider the process (Xf 2070,% ry ’xo’%’a) constructed as in Section 2 using

(f?,\?,QP) and controls @ with values in A. We also let y” denote the solution of the ordinary
differential equation driven by f*.
Then, the value functions

e (z,7)

Tn+1
R 1 75t P P . s, 7a -~ 2y » Xy 7a. s, 7a sy 7a
= inf E [ e e | Ve (6 XEPV Q) Qg (8 — TR5TE; XRTE TLEY)
—_ N FT F‘r
Q’E.Aad n20 Tn n n

are bounded, uniformly continuous and satisfy, in the generalized sense given by Definition 16 and
Theorem 17 the Hamilton-Jacobi integrodifferential system

(10)
S,e —<f7(x—|—pb,a),Dv675’p($,7)>—lpy (z + pb,a)
SV () + sup Az +pby,a) S Q(x + pbyy, ) (Ué,e,p (z,7') — vO&P (xjfy)) <0,
(a,b)€A o v EE

for all (z,v) € GT° x E.

6.4 Another definition for solutions in the extended intersection
We define

@il (0.9) = _ U @ {J (0,7, (a,b): (a,h) € A}
1=1,2,...,
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and recall that
FI'(2,7) = o]l (w,7) (=0 { T (,7,0) 10 € Ay, }) |

for all z € G™¢ ~ {O} and, for every j < N,

FL'(1+¢)ej,7) ceofl” (1+¢)e;,7)
(:: @{ﬁ” (1+€)ej,v.a) ac A%ea} N (R_e; x My (E) x R)) .

Also, for every 7 < M,
ﬁp(—eej,y) ceofl’ (—eej,7)
<;: @{ﬁp (—eej,v,a) 1a € A%ej} N (Rye; x My (E) x R))

We consider another definition for viscosity subsolutions by taking more regular test functions.

Definition 20 A bounded, upper (resp. lower) semicontinuous function V is said to be a classical
constrained viscosity subsolution (resp subsolution of (10) if, for every (yo,z0) € E x GM¢ (resp.

E x ?Jr’e), whenever ¢ € Cy <§+’€) for which ¢ |5=€ C’,} <J_j€> , for all j = 1,2,...,N is a test
J
function such that xy € Argmax (V (-,7) — ¢ (), one has

— (D (z0;8)) —n
{ -2 ¢() (V(z0,7) = V (z0,7)) } <0,

Y'eE

OV (xo,7v0) + sup
(€.¢.meeafl” (zo,70)

(resp. > 0).

We get the following characterization of v%<*,

Theorem 21 The bounded uniformly continuous function v>5 is a classical constrained viscosity

subsolution of (10). Moreover, it satisfies the supersolution condition on E X (§+’6 ~ {O}) .

Proof. The reader is invited to note that the test functions in this case are more regular than in
Definition 16. Thus, the equality FL" (z,~) = cofl’ (x,7) implies the viscosity sub/super condition
at every point x € G7¢ \ {O}. The supersolution condition at (1 +¢)e; (resp. —ee;) follows from
the inclusion FL”((1 +¢)e;,v) C @ofl’ ((14¢)ej,7) (resp. FL(—eej,y) C@ofl’ (—eej,7)).

The constant control (a,b) € A s locally admissible at O (on the extended graph §+’6).
Hence, reasoning as in the subsolution part of theorem 17 (for constant @, = (a,b)), one proves
that if ¢ is a regular test function such that O € Argmaz (v° (v,-) — ¢ (-)), then

0 <1 (0,(a,) = 3¢(0) + (D (9 152) (0). [ (@, (a, ) ) +
V(07 (@) T Q(0:71(a,b) (v (0.7) =+ (07).

Thus, continuity and convexity arguments imply that

SRe

— (D (0;6)) —n
5 (0) + sup { — > () (757 (0,9) =" (0,7)) } <0

(€cmew{ T (O m(@b):ahed™ } U ver

and the subsolution condition follows. m
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Remark 22 In order to have (classical) uniqueness, one has to impose further conditions at the

Junction O. For example, in the case when L, (O, a) does not depend on a for ally € |J Ej“»‘cme, one
J<N

reasons in the same way as in Section 5.2 of [1]. The arguments are quasi-identical and we prefer

to concentrate on a different approach to uniqueness. Alternatively, one can impose the analog of

the Assumption 2.3 in [1], i.e.

<{0} X My (E) x {igglw (O,G)}> ﬂ@{ﬁo (0,7, (a,b)) : (a,b) € ZW} 49,
for all j such that v € E?Cti”e,

6.5 Convergence to the initial value function

Unless stated otherwise, we assume the controllability conditions (Aa, Ab, Ad), the compatibility
at the intersection (Ab’, Ac’), the regularity of the coefficients and cost functions (A1-A4) and
the compatibility condition (B) to hold true.

(C) Throughout the subsection, we also assume that ! does not depend on the control at O and
the nodes e;.

This ”projection long-run compatibility condition” will allow to change the control process
around the ”critical” points in order to obtain, from admissible controls on §+’€ an admissible
control keeping the trajectory in G. This assumption (C) is only needed to prove Lemma 23 in its
full generality. We have chosen to give a deeper result in Lemma 23 for further developments on
the subject.

Let us fix € > 0 small enough. We introduce the following notations:

1+2L1P(f)
t . _lln 55 L (1—k)o / < &
s \ay, ) T T T me ety
(1) = el (r+ (2p V4rl)Lip (f)t), t > 0,7 >0, ®(c) := (% + 1) (we (tg;ré))lw_

The reader is invited to note that
we(t§ we(t*§ T)) < wa(t* + r)a

for all ¢,t*,r > 0. To get the best approximation and simplify the proof of Lemma 23, we also
strengthen (A1) and ask that the restriction of f, to [0, 1] e; be Lipschitz-continuous for v € E;wti”e.
We emphasize that this only affects the definition of p. in Lemma 23 but not Theorem 25.

With these notations, we establish.

Lemma 23 Whenever v € E, € J{ and @ = (a, ) € A, 4, there exists PS () (also depending
on 7y) such that (P5 («),0) € Ay, such that

(11) |ybe (t; 2, (Pe (@) ,0)) — 927 (ti2,0) | < we(te; B(e)),

for t <t.. Moreover, when (C) holds true,

Jo €781 (e (2, (P5 (@),0)), (P5 (@) (s),0))ds | _
(12) gg%ilg —fo *5“’[ Yy (s;z,@) @ (s))ds =0

(ii) Moreover, if @ = (a, ) € Aqa, then, for every e > 0 there exists (P (a),0) € Auq such
that the previous inequalities are satisfied with P° (@) (-, z,v) replacing PS (@) .
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We postpone the proof of this Lemma to the Appendix. We emphasize that whenever (a,0) €
Agd, one has y& (t; 2, («,0)) = y, (t; 2, @) (and similar for 157, Q%5, A7), even though a may not
belong to A, ;. The second argument takes care of this later issue.

Lemma 24 Let us consider T > 0. Then, there exists a decreasing function w : Ry — Ry such
w(0) = w(0+) = 0 and whenever v € E, x € G, and (a,0) € A, there exists Py, (a) € Ay,
such that

Yy (G2, ) — Yy (853, Py o (@) < w(e),
Jo €%l (t52, Pz (0)) P (01) (5)) ds

SUPi<T — fg e_‘sslfy (yy (), (s)) ds <w(e),
and
sup 1Q (yy (852, Pyz (@) 75 ’%P (@) (s)) — Q(yv (s;m,a) 7,7, a(s))] <wl(e)
s<r AWy (552, Pre (@), 7, Pra (@) (5) = Ay (s52,0) 7, a(s))] — ’

for ally' € E.
(ii) Moreover, if (a,0) € Aqq, then, for every ¢ > 0 there exists P (o) € Aqq such that the
previous inequalities are satisfied with P (a) (-, x,7) replacing Py 5 (a) (-).

Although the approach is rather obvious (when looking at the proofs of Lemmas 6 or 23), hints
on the proof are given in the Appendix. We wish to emphasize that, although the trajectories can
be kept close up to a fixed T due to the proximity of §+’€ and G, we cannot do better then e. Thus,
we are unable to give the same kind of estimates up to ..

The main result of the subsection is the following convergence theorem.

Theorem 25 Under the assumption (C), the following convergence holds true

lim sup |[0v%%° (z,7) —v° (z,7)| = 0.

e—0 . 6?,«/ )
Proof. The definition of our value functions yields v < v% on G x E. Hence, we only need
to prove the converse inequality. The proof is very similar to that of Theorem 15 in [23]. Let us
fix (z,7) € G x E, T > 0 and (for the time being,) ¢ > 0. Then using the dynamic programming
principle for v¥%< one gets the existence of some admissible control process @ such that

(13) V&P (3,7) > E
TATL

fT/\n —6th5 (t T a) (753 z, 7)) dt
+e 75(T/\7—1)’05 <y’Y (T A T, Ck) ’I‘pf’m’%a) o

For simplicity, we let P and P denote the two projectors of the previous lemmas and introduce
the following notations:

ar =a(t;z,y), ax =P (P (@) (t2,7),
A (e (t:2,3) 7, 3) K()_exp< /)\ )
A = A (g (t2,0) 7,00), At —exp( /A )

(1)

for all £ > 0. We denote the right-hand member of the inequality (13) by I. Then, I is explicitly
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given by

>|

t
(t)A (t)/o e_‘ssl‘v’6 (y2e (s;2,@) @) dsdt

:/OT

T
+/0 XA (t) e 30 000 (yfe (t2,@) 7)) Q7 (v&° (t2,@) 7y, au) dt

y'ekE
T
+A(T) /O e 0Nl (ybr (tz, @), @) dt + A (T) e "0 (yo= (T2, @) , )
:Il+12—|—13+14.

The conclusion follows using the Lemmas 23 and 24. These estimates are tailor-made to allow
substituting A, A, l57and y4*with A, A,l, and y, and the error is some (generic) w () o 0 (the
reader may also want to take a glance at the proof of Theorem 15 in [23]). In the following, this
function w may change from one line to another. Let us recall (see Remark 12) that v have the
same continuity modulus (denoted w® and independent of ). Then, v>$Pe (y5 (t; 2, @), ') can be
replaced by v%€Pe (yy (t;z,@) ,~') with an error W (Jyb (t; 2, @) — Yy (t; 2, )]) , hence, again some
w (g). The only interesting terms in I are Iy and I;. For the term I, one writes

T
I > / AN (t) e 32 0P (ybe (t2,@) 7)) Q7 (v8F (L, @), v, 7, T) dt + w (€)
0 v'eE

T
> /0 A(t)A () e 0 > pOEPe (yy (t;x, @) ,'y') Q (y7 (tz, Q) ,v,7, ozt) dt +w (g)

V'eE

T
2/ A(BA () e Z};}‘s (yy (B 2,0) 7)) Q (yy (5 2,0) 7,7, ) dit
v'E
—ot ) 0,€,Pe / 4 /
(14) / At dt sup [03ere () — (2,7 +w ()
+'€E,z€G
Similar,

(15) L= A(T) e 0 (g, (Ty2,0) = AT) T sup [vP90(2,9') = 0 (2,9))| + w e)..
Y EE,z€G

Hence, using (14, 15), one gets
T t
1> / A(t)A (1) / e %L, (y, (s;2,a) , ag) dsdt
0 0

T
+/0 ABA () e S 0 (yy (2,0) 7)) Q (yy (2, ), 7,7, o) dt

Y'eE

T
+A(T )/ e 0 ~(yy (G, a) ) dt+ A (T) e —or 5(y7(Txa) v)

[ / M)A (t) e Otdt + A (T) e 5T] sup ‘v‘s’e’pf(z,y’)—v‘s(z,wl)‘+W(6).

~'€eE,zeG

Then, using the dynamic programming principle for v° and (13), one gets

pEPe (z,7v) > ( [1 — 5/ ‘%dt} sup ‘v‘s’e’pf(z,'y’) — v‘s(z,’y')‘ +w (g)
Y eE,zeG
W(z, [1 - 5/ ~ (0Pt } sup ‘v‘s’s’pg(z,'/) - v‘s(z,v’)‘ +w(e)
v €E,z€G
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Thus,

T
(Oé)v‘s(:ﬂ,w)—v‘s’e’pg(fﬂ,w)S[1—5 / e<5+“'o>tdt} sup 05z, ) — 032, )| + w (0).

v €E,z€G

The conclusion follows by taking the supremum over € G and v € E and allowing ¢ — 0. m

Remark 26 We recall (cf. Remark 12) that v>5P= have the same continuity modulus (indepen-
dent of €). Moreover, vOEPe () < %. Therefore, applying Arzela-Ascoli Theorem, there exists
lim,_g (v‘s’a’pf |§) and this limit is uniformly continuous. It would have sufficed, therefore, to prove
that limg o v>5P= (z;7) = 00 (,7) for allz € U N(O, 1) e;.

=1,4,...,

6.6 Linearizing the problem

We assume the (pseudo-)controllability conditions (Aa, Ab, Ad), the compatibility at the intersec-
tion (Ab’, Ac’), the regularity of the coefficients and cost functions (A1-A4), the compatibility
condition (B) and the projection compatibility condition (C) to hold true.

6.6.1 Smooth subsolutions

Starting from v%*<, we will construct a family of smooth subsolutions of (10) (with ¢ = p = 0)

that converge to the value function v°. To this purpose, we regularize the functions v>*< in each
direction given by e;, for j = 1,2,..., N. Finally, we conveniently modify the value at the junction
point O.

We begin by picking (¢¢), to be a sequence of standard mollifiers v, (y) = %1/1 (%) ,ye R e> 0,
where ¢ € C*° (R) is a positive function such that

Supp(s) © (1,1 and [ wg)y =1,
For every € > 0 and every 0 < € < p., one can define regular functions v?;{ by setting
6,7 : 13
() = [ 00 2 = yes, ) e )

—&

forallz € (—e,1+¢)ej,j=1,M,orxz € (-1 —¢,1+¢)e;,if M < j < N. Using the same methods
as those employed in [24], Appendix (see also [23], Appendix A2 or [29] or [6], Lemma 2.7), it is
easy to prove that

(@), Do (@,7)) = 1, (x,0) _

4,7 6,7 >~ U,
_)‘ (CU,% CL) Z Q (33,%7,,61) </U€:g (55,7/) - ’ngg (CE,’Y))
y'er

(16) 602l (w,7) +

for all z € [0,1]e;, j < N and all a € A7J. Also, we note that

w2 (z,9) —0° (x,'y)‘ < ‘”6’% - ”6‘0 +w’ (6) = w(ee),

for all 2,7 € G x E, where w? is the continuity modulus of v° (with respect to the space component).
Theorem 25 yields

lim w (e, e) =0.

e,e—0

25



We define an admissible test function by setting

~ ~ L i
v (2,7) =023 (z,7) =023 (0,7) + ,_tuin 0 (0,7) = 450w (e, p2)

for x € [0,1]e;, 1 < j < N and v € E. Then v? is a regular test function (continuous at O) which

satisfies

5’02 (x’r)/) - <f’Y (x,a) ’Dvg ($,7)> - l,y (m,a)
(17) —A(z,7,a) ;EQ (z,7,7,a) (vg (z,7") — 2 (x,fy)) <0, and

lim,_q |vg - ’U(S‘O =0,

for all (x,7,a) such that z € [0,1]ej, v € E, a € A7, j < N. These functions are Lipschitz
continuous on G. (In fact, the reader can check rather easily that the Lipschitz constant of v? does
max |D vg|[_1’1]e.
not exceed v/2 1§’§N’ ( J>‘O
- max Cos(ei/,ej/
i/,j/e{l AAAAA M+l5ﬂ}, il #5!

find an extension (explicitly given by

). Hence, (using Kirszbraun’s Theorem,) one can

0 (2,7) = inf (vif (y,7) + Lip (v§> |z — y\) )

which is Lipschitz continuous on R™. As a by-product, this function (identified with v? (-,~) when-
ever no confusion is at risk) is absolutely continuous on R™ (AC (R™)).

6.6.2 Occupation measures and embedding

To every admissible control o € Agd and v € E,x € G, we can associate a probability measure
urr* e P(R™ x E x A) by setting

o0
pE (A B x C) = 6E U e axpxc (X2, TP, ozt)] :
0

for all Borel sets A x B x C C R™ x E x A. As before, if (7;),~, denote the switch times, then
ar = i1 (t— 7, X574 TE7Y) on t € [1;,7541). Obviously, the choice of admissible controls (under
constraints) yields

o —

Supp (U™ CGx E x A:= {(y,fy’,a) EGXxExA:ac AT wheneveryejj}.

o —

We note that the set G x E x A is compact.
We denote by BAC (R™ x E;R) the set of all bounded functions ¢ : R™ x E — R such that
¢ (-,7) € AC (R™) for all v/ € E. Then, Itd’s formula (see [17, Theorem 31.3 ]) yields

e~ [ (X3, 157

T
(18) — 5@ (.%', ,Y) 4 EA 56—58 [_5(;0 (th’v%a’ F?%Oé) + uat@ (vaVvOé’ Ffv"/va)] dt.

Here,

U (y,7') = (fy (y,a), Do (y,7)) + A (y,7,a) ”ZE?EQ (1,7,7"a) (0 (V" 2) — ¢ (y,7")) ,
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for regular ¢ (-,7) € C} (R™) is the classical generator of the PDMP. We recall that the extended
domain of U® includes functions such that ¢ (-,7") € AC (R™) (cf. Theorem 31.3 in [17]). Hence,
passing to the limit as 7" — oo in (18) (and recalling that ¢ is bounded), one gets

[ e ) =L (07) — )] 57 (dydy'da) =0,
RmMxExA

We set
@% (z,7) = {p""*:a e A} and -
(19) O (2.7) = { I € P (E X E x A) .V € BAC (R™ x E;R) }
g \:7)= .
Jamsmwn U (4,7) + 0 [0 (y,7) — ¢ (,7)]] p (dydr'da) = 0.

We are now able to state (and prove) the main linearization result.

Theorem 27 The following equalities hold true
60’ (x,7)

=A°(z,7):= inf / Ly (y,a) p (dydy'da)
rEOG(z,7) JRMx Ex A

— AP (2,4) = sup n€R:3Jp € BAC (R™ x E;R), for all (y,7,a) €G x E x A,
n<Up(y,Y)+ 1y (y,0) =6 [p (y,7) — ¢ (2,7)].

for all (z,v) € G x E.

Proof. Let us fix (z,7) € G x E. It is clear that

5v? (z,7) > inf / Ly (y,a) p (dydw'da)
HEOG(z,7) JRmMx Ex A

since O (2,7) C Og(2,7). Next, if n < U% (y,7) + Ly (y,a) = e (y,7) — ¢ (z,7)], for all

(y,7,a) € G x E x A, then, due to the definition of Oz (z,7), if u € Og (z,7), by integrating the
inequality w.r.t. u, it follows that

/ Ly (y,a) p (dydy'da) > 1.
RMmMxExA

Hence, A% (z,v) > A%*(z,7). To complete the proof, one needs to prove A%* (z,v) > 6v° (z,7).
We use v? given in Subsubsection 6.6.1 to infer

502 (z,7) <UL (y,7) + 1y (y,0) =6 [vﬁ (y,7) — ! (ﬂm)} :
for all (y,v',a) € G x E x A. Hence, 6v (x,v) < A%* (z,7). The proof is completed by taking the
limit as € — 0 and recalling that (17) holds true. m

6.7 Conclusion and comments

The previous result can be interpreted in connection to Perron’s method. If ¢ is a regular subso-
lution of (10) for p =0, e =0 on G (i.e. such that

U (y,7) + 1y (y,a) — S (y,7) >0,
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o —

for all (y,7,a) € G x E x A), then 6 (x,7) < A% (2,7) = 6v° (z,7). Since we have exhibited a
family ((vf_:S (x,’y))DO) converging to v° (z,7), it follows that v’ is the pointwise supremum over
such regular subsolutions, hence giving Perron’s solution to the Hamilton-Jacobi integrodifferential
system.

This implies a weak form of uniqueness for our solution. This approach has a couple of advan-
tages. First, it provides an approximating scheme for the value function v° in the spirit of [29],
[6] or [8]. However, the speed of convergence is given by the estimates in Lemma 23 and are less
explicit than the Holder ones exhibited in the cited papers. Second, having stated the equivalent
problem on a linear space of measures should prove useful for optimality issues (see [20] or, more
recently, [19] in a general Markovian framework or [25] in a Brownian one).

In a deterministic framework, there is an increasing literature dealing with stronger forms of
uniqueness based on comparison principles. Some of the papers deal with frameworks similar to ours
(e.g. [1]) and use the geodetic distance in the doubling variable approach . These results have been
generalized and simplified in [2]. Another approach consists in introducing ”vertex test” functions.
This allows to treat a generalized quasi-convex case in the recent preprint [27]. A nice comparison
between the different notions of solution (corresponding to [1], [28] and [33]) is also provided in
[11]. Finally, let us note that, in our setting, the test functions only need to be substituted in the
gradient and, hence, adapting the comparison methods of the previous papers should work rather
smoothly.

With the assumptions of this section (in particular (C)), it follows that any regular subsolution
in the sense of Definition 20 is also a regular subsolution in the sense of Definition 16. It follows that
v? cannot exceed the supremum over regular subsolutions in the sense of Definition 16. Equality is
obtained whenever a classical comparison principle is available.

7 Appendix

7.1 Proof of Lemma 6

Proof of Lemma 6. We will consider several cases and prove (i) in each case. We provide the
construction for (ii) only in the first case (a) and hint what is needed for the remaining cases.
(a) (i) Let us assume that z = O. If y = O, then Pp, (o) = . Otherwise, we let t, o =

inf {t >0:y, <t; y,a;l) = O} . Obviously,

Jyl' " p?
WOSH B T-nA

(These estimates are for the ”inactive” case; for the "active” one, one can consider k£ = 0). For ¢
small enough, one can assume, without loss of generality that (T% < t.. We define

Poy () (1) == @y 1104, o] (t) +at—1ty,0) L, 0,00 (1)
for all ¢ > 0. Then, one gets

Yy (69, Poy (@) = yy (60, 0)| < |yy (5, Poy (@) =yl + [yl + [y (& O, o)

21/ 1-x 2|/1 2
e iS a (er RO L

if t € 0,ty,0] and

[y (&9, Poy () = yy (0, )| = [yy (£ 0, ) — yy (t = 1y,0; 0, @)
f —k f
< | |O ’y‘l < | |O

2
“(1-n)B (1—r) "
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it t > t, 0. Moreover, for every T" > 0,

T T
/ eiétlv (Y (t;y, Poy (@) Poy (@) (t))dt — / ei&tlv (yy (t;0,0),a(t))dt
0 0

ty,O ty,O
< /0 e (L, (5 (9, Poy (@)  Poy (@) (£))] di + /O L (g, (40, 0) o (1)) dt

Tfty’o
+ 17>, 0 (1 - eiﬁy’o) / e " Ly (yy (£ 0, @) s (¢))] dt
0

T
e, / el (g (10, a) o (1)) dt

Tfty’o

< 2|l M-ﬁ-lm 1—675(1‘71;)2 + |1 ‘y‘l_ﬁ
S0 -k e 1 —r) 8

W 4l s
A-mB = (1-r)p"

(i) If o € Ayq, then we set

ly

<4l

2
P 1% t7 , = PO,y ((X (t7077)) lfn:77‘y‘ Sp&‘l_ﬁa
(©:n) (@) (E537) { a(t;y,m), otherwise.

One only needs to notice that y — ¢, o is Borel measurable to deduce that Po () € Agq. In the
other cases, the construction is similar. We will just hint the measurability properties needed to
insure that the constructed function P, ) («) is Borel measurable in (¢,y,7).

(b) If y = O, we distinguish two cases :

(b1l) The road is ”inactive”. Then, we introduce t, o (a) := inf{t > 0:y, (t;x,a) = O} and
define, if it is finite

Pay () (1) := ag,ll[wz,o(a)] () + a(t) 1t 0(a),00) (1)
where a | is given by (Ab). Then, due to (Ab), it is clear that

’yv (; Y, Py (@) — Yey (tx,a)| < |z —y|l < Pga

if t <t;0(a) and
Yy (659, Pay (@) — yy (L2, 0)| =0,
otherwise. We note that y, (t;y, Pry () = O, for t <t; 0 («). Thus, the assumption (Ac) yields

T T
/ e (yy (59, Poy (@), Py (@) () dt — / e (yy (t; 2, ), (1)) dt‘

0 0
T Lip(l Lip(l
S/ e Lip(l) |z — y| dt < —”g( ) 7z —y| < —”g( )p?
0

(b2) The road is "active”. Then, we introduce t, , := inf {t >0:y, (t; Y, a;1> = x} . Similar

2
to (a), one easily proves that ¢, , < %. In this case, we define

Py (@) (t) = aj 1 1joy,,) () + o (t —tya) 1, , 00 (1),

and get the same kind of estimates as in (a).
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(c) We assume that x € J; U {e1} and y € J;. Then, o € A, is admissible for y (at least for
some small time). We define t; (a) = inf {t > 0: y, (t;y,a) € J1}Ainf {t > 0:y, (t;7,a) = 0} Ate.
One notices, as before, that y — t; («) is Borel measurable.

(c1) If £ (o) > te, then we let Py (o) () = a(t)Ljpy) () + ao (tyy (te;y, @) ,7) L 00) (1),
where agy € A,q and have

A 1
’yv (t; Y, Py (o)) — Yy (tyz,a)] < elir(f)t lz -yl < Vl]r—y|l < pe ",

for all t < t.. Also, one easily gets, for every T < t.,

T T
| e 0 Pay (@) Pay @) (@) bt = [ ey, (t,0) 0 () de
0 0

1

Lip (I Lip(l) =
< 5()\/\m—y!§ 5()/751-

Since o € Aqg, it follows that (t,vy) — Py y () (t)lt;(a)ztg is Borel-measurable.

(c2) If t; (o) < t. and y, (t; (@) ;y,a) = e, then, in particular, {yv (tz’j (o) ;x,a) — el‘ <
1

Vie =yl < pgITN . Of course, this case is only interesting if « is no longer admissible. In particular,
when A, ., # A7!. Then, we introduce te17y7(t;(a);x,a) =1inf {t > 0:yy (te1,ay,1) = yy (8 (@) ;2,0) }

One has tel un ( < —W We define

v (t5 (a);x,a) —

,vay (a) (t) = (t) 1[0715;(0[)) (t) + a'le]' [t;(a),t;(a)Jr (t)

ey (1 a).)
+ @ (t N tel’y'y (tZ/(O‘)m’O‘)> 1<tf§ (a)-"_tel,yq(tfg(a);z,a)?m) (t) )

The functions y — t; (), y = y, (t;; (a);y, a) are Borel measurable. Hence, soisy — t
It follows that

e1,Y~ (t; (o) ;J:,oz) ’

(t, y) = P:B,y (Oé) (t) 1tz (a)<te, Yy (t;(a);y,a):m

is also Borel-measurable. One has

Yy (&Y, Py (@) — 4y (2,0)| < V]2 =y,

ift <t (a),

19 (5, Pay (0)) =y (B:2,0)| < [y (¢ =15 (a) i1, 000) = | + [er =y, (8 (0) 12,0
+yy (£ (@) ;2. 0) = yy (82, 0)|

< (2 1) vl

if t € [t*(a),t;j(a)—i—t

; . Finally, if ¢ >t (o) + ¢

, then

€1,Y~ (t; (a);:v,a)] el,yw(tz(a);m,a)

‘yv (t;y, Py (@) — Yy (52, )|
%G_@&0+%m@mm@WN@WN%®#ﬂ@W%“D‘
—yy (=6 ()59, (1 (@) s 2,0) s (£ (@) +))

VT =yl
B

<Iflo
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Moreover, if T' < t., one gets (similar to (a)),

T T
/ U (g (£ Py (0)) 2 Pay (@) (8)) it — / (g (b3,0) (1) dt
0 0

t;(a) . 411
< /0 e ' Lip (1) /]x — y|dt + %v]w—yl.

(¢3) The case t} (a) < t. and y, (¢} (@) ;y, @) = O : In particular, one gets |y (t; (a);2,a)| <
1

Vig =yl < pi ",

(c3.1) In the ”active case”, we consider tO,yy(tZ(a);x,a) = inf {t >0y, <t; 0, ail) =1y, (tz’j (o) 5z, a)}

and define
g, t) = (b) Lig e (o) (£) + a1 t
P Y (a)( ) a( ) [O7ty(a)) ( )+ a"y,l [tz(a)vtz(O‘)+t0,y'y(tvj(a);z,a)] ( )
ta (t N to’y"/(t;(a);z’a)> 1(tz(O‘)J’_to,y»\/(tz(a);x,a)po) (t) '
One gets the same estimates (and measurability properties) as in (c2).
(¢3.2) The ”inactive case” is similar to (b1). We consider

Py t) = a(t) 1, . t)+a’,1 t
Y ((X)( ) Oé( ) [O,ty(a)) ( ) a%l [tZ(a)th(a)+ty7(t;(a);x,a),o] ( )

+ « (t — tya,(tz(a);x,a),0> 1(tZ(04)+tyﬂ,(t§;(a);z,a),o7oo> (t) s

for all ¢ > 0. The furéctions Yy t(a), y =y, (tz’j (o) 5z, a) are Borel measurable. Hence, so is
Y — ty—y(tZ(a);J:,oz),O (a,y’l). It follows that

(t,y) — Pry () (t)lt;;(a)qs, Yy (£ (a);y,0)=0

is also Borel-measurable.
One easily notices that

|yv (t§ya73:v,y (a)) — Yy (L, )| < V |z —y| < pe, fO0LE L tz (a) + tyw(t;(a)ma)p,
and yy (Y, Pey (@) = yy (G2,0) if £ > 1) () + tyw(t;(a);:v,a),O' Using the assumption (Ac) on

[t; (@)t () + tyﬂ,(tqj(a);x,a),o}’ one gets

T T
/ e (yy (59, Poy (@), Py (@) () dt — / e (yy (t;x, ), o (1)) dt
0 0

th (Oé) iy (O‘)+t y(a)z,a), AT
/y e~ Lip (i) \/Hdﬁ/(y ) e Lip(1)/]z — yldt
0 £ ()

Lip(l)y/]z — y|.

(c4) If £} (o) < t. and y, (tz (@) ;z,a) = O, then we proceed as in (a). We let

IN

IN
Sl

tyw(t;(a);y,a),o := inf {t >0:yy (t;yfy (t; (@) ;y,a) ,a;1> = O} .
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< Vil "

Obviously, tyy(t;;(a);y,a),o < S We set

Pa (@) (8) = @ (0) Lo ) O+ 03111 (t)

v(a), y(a)JFty.y(t;(a);y,a)’o]

+ta <t N ty'v(tg*/(aﬁyva)’o) 1(tz(a)+tyw(t§(a);y,a)vo7oo> -

for all ¢ > 0 and the estimates follow. The measurability properties hold as before.

(d) Finally, we assume that y = e1. Again, we only modify « if A, ¢, # A7, In this eventuality,
we define t., , := inf {t > 0:y, (t;y,a,,1) = x}, where a1 appears in (Aa). Then t., , < M’%yl
We let

,P$7el (Oé) (t) = a'lel[O,tel,z] (t) + « (t - teha;) 1(t817z,00) (t) .

and get the conclusion.
The proof of our lemma is now complete. m

7.2 Proof of Lemma 23.
For any y € [O, (1 +¢)e;] (with v € E&U¢) we set

a7 (y) = argmax(f, (y,a) , e;).
a€A~ y

It is clear that

<f'y W a) = fy <y’“33t’+(y)) ,ez> < sup |fy (v d) = fy (y,d)) < Lip (f) 1y — wl,
(20) /€Ay e

(Frw.0) = £, (a7 W) i) <0,
for all y,y € [O, (1 + €)e;]. We also let

dyeo (z,y) = lz—yl|, ifz,y€[-1-¢1+¢]e;,
geo VY1 lz| +ly|, fz e [-1-e,1+¢lej,yc[-1—¢e,1+¢elej, i #j

Proof of Lemma 23.. We will prove only the estimates on the trajectory. The estimates on the
partial cost follow from the construction P, () which coincides with a except at the end points
(where (C) applies; see also the similar condition (Ac) and the proof of Lemma 6). The assertion
(ii) follows similar patterns to Lemma 6.

We aim at constructing & := P, () . We let rg < e (to be specified later on). We can assume,
without loss of generality, that z # O. (Should this not be the case, see Case 3). Then « is locally
admissible. We set

70 := inf {t >0 : dgeo (yv(t;x,oz),yf’f (t;x,a)) > ro} .

If 79 > t., the conclusion follows. Otherwise, the time where 3, meets again our target y”c will be
referred to as “renewal time”. We give the construction of & on [, t.| prior to renewal time. We
let 75 be the exit time of the target from the branch,

T :inf{t >10 ¢y (2, Q) :O}.

(Hence, 75 > To). Let us assume that & has been constructed up to some time 79 < t* < 75 before
the renewal time such that

R) dgeo (Y3, 457") < we (t*,70)
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where we used the notation y = y, (t*;2,a) and y§=" = yi* (t*; 2, @). Even if this is not crucial

for the rest of the proof, remark that renewal cannot occur before 79 + 2| f\ , so that this iterative
procedure will be applied only a finite number of times.

Case 1: y, and y4° are on the same branch (say [O, (1 + €)e1]; the case when y., and y*=
are on a "new” branch [O, —¢eeq] is similar), and y, lies between the junction O and y4° (i.e.
0 < (yy.e1) < (yh " er). We let

towr = inf {t >0y, (L5, at™ +) = (L+e)er}, thy=nf{t>0:y0 (Lye"a(t* +-)) = (L+e)er},
thr =inf {t > 0: yf7 (3", a(t" +)) = O}, to=inf{t > 0:y, (45, 0(t" +) = O}

Let us introduce t4cy = min (¢gy, té’ut, to, t’o)s). Obviously, prior to the renewal time, only % is relevant

(since toyt, t° cannot occur without renewal and if t25, < o, then « is still locally admissible for
the follower y.,). We distinguish between the cases
(al) If 4t > 0, we extend & by setting &(t) = «a (t), if t* <t < t* + t4e. Gronwall’s inequality
yields
|y (tr2,8) =y (z@)| S we (8= 175 |y —957")
for all t* <t <t* +tyu.
(a2) If teer = to = 0, then we necessarily have that ¢f° > 0. In this case yy = O and

<y£6 (t*,l',a) ,€1> > 0.
(a2.1) The active case (by far the most complicated) v € E¢ In order to simplify our

. . . t .
notations, denote, in this case, a;L 0= azpl ’+(O). We introduce

0050 ¢ 1y (o3, 5)
beotision = nf{t > 0+ gy (15,0507 0) = 47 (1 + 6,947, 30" +))

Note that because of the continuity of the trajectories and since 7. > 0, we have tcontror > 0 and
teotlision > 0. We extend naturally & by setting

o (t + t*) = aj;o, ift e (0, Leollision /\ tcontrol] .

With this extension, our assumptions guarantee that (y, (t +t*;2,&),e1) > Lip(f)8 > 0 and
the junction O is now a reflecting barrier for ¢ — yv(t;yi,aio). Note also that for any ¢t <

teollision N teontrol, WE have <y§6 (t + t*; .%',a) ,€1> > 0. For every 0 <t < teottision N\ teontrol, ONE USES
(20) to get
[y (4 @) =y (4 5, 6)| = (y (Bl @ (@ +9) =y (B15.000) o)
t
= = uen) & [ (0 8 (s @ ) @ +) = 1, (v (snt0) afo) e s
t
< (5" —y3).e1) + / Lip (f) (pe + |y57 (s +1552,@) — yy (s + t*;2,@)]) ds
0
t f’y (yv (s;yj;7afyr0)7 ( )> f’Y( ) ’y >
+/ N N ose1 )| ds
0 +/fy (O,a%o) = Iy <y7 (S;ywa%o) aa%O)
t
0
Using Gronwall’s inequality and our assumptions on 7., we deduce that for any 0 < t < teontror A
tcolllszmw

|y (15 2,0) —ybe (t+ 55 2,a) | <we (6 |y5* —u3) -
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Thus, we have constructed an extension of ¢ — &(t) satisfying (R) during an increment of some
strictly positive time t.ontror A teollision-

(a2.2) In the inactive case, it suffices to continue with the control « (since, in this case,
f+(O,a) =0, for all a € AV up till teopision (OT te).

Case 2 : We use the same notations as in the first case and aim at giving the control when
& has been constructed up to some time 79 < t* < 75 such that renewal does not occur at t* and
both motions are at time ¢* on the same active branch (say [O, (1 + €)e;]). Contrary to Case 1, in
this case we are assuming that 0 < (y5°", e1) < (y%,e1). We distinguish the following cases

(b1) If t4er > 0. In this case we proceed exactly as in case (al) and get the same conclusion.

(b2) If taet = towr = 0 then yi = (1 + €)e; and we have tP=, > 0. This case is completely
symmetric to case (a2.1) but with motions starting at t* near (1 + €)e;. The conclusion is similar.

(The case when y* = —ee; is similar to (a2.1) if y € E{** and to (a2.2) in the inactive case.)

Case 3 : control when y4° (t*;z,@) € [O, (1 + ¢)e;] and y,, (t*;2,a") € [O, (1 + €)e;] with ¢ # j.
In particular, the two points may be at the intersection or the target is at the intersection and the
follower is not. We can assume, without loss of generality, that v € Efcme. (Otherwise, recalling

pe

that we start at the same initial point, this situation can only happen if y4*" = O and no active
branch exists. Then, whatever the control, y, can only get closer to O.) In this case, we introduce

to=inf{t >0 : y, (t;y;,a;i> =0}
teollision = Inf{t >0 : y, (t;yf;, a;ﬂ) =yb (t" + t;x,@)}
and we extend t +— & (t) up to time t* 4 £o A teouision Dy setting
a(t) = ay;, for t* <t <t* +to Atfcoision-
Since by assumption dge, (yi, yf’f’*) < w(t*;79), we have that
0 < 1o A teoltision < (We(t5m0)) © ro))' "

- (1-R)p

Hence, with such a construction we have that

dgeo (y’y (tay;,d) ,yf)/s (taygﬁ*’a)) | < <% + 1) (we(t*;’r()))lin’

for all t < to A teottision- If to = to A teollisions We arrive at Yny (tAO;yf{,d) = O. If every road is
inactive, we continue to stay at O.
(c1) If yh° (fo;yff’*,a) # O we are back to case 1 but with ry now replaced by r{ lower than

<(1‘ﬂ_§)ﬁ + 1) (we(t*;70)) " : even if there has been a deterioration of the distance between Yy and
flo

yPe (not exceeding <(1—n)ﬁ

3 (and also the situation of (b2)) will never happen before some renewal time occurs. Consequently,
in the situation of case 3 we are always allowed to take in (R) the same value for ry (and we choose

+ 1) (we(t*;70))' ™" because we are back to case 1, the situation of case

/
ro =TL).
(c2) Finally, we assume y5° (to; y@’s’*,a) = O. If every road is inactive, then y, stays at O and

y5° cannot go further than p.. Otherwise, let us assume that some j’ is active. Then, we take

a(t) = afyr i for some very small (yet strictly positive) time t* +fp <t < t* +{o + ﬁ and get

dgeo (Y2F (;2,@) , yy (2, @) < 7L,

which allows one to iterate.
Conclusion Gathering all these results together, the constructed strategy & is such that

‘yv (tz,a) — yf;s (t;m,@)‘ < we(te; @(g)).

for any t < t. and the lemma is proved. m
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7.3 Some hints on the proof of Lemma 24

The reader is invited to note that, if (C) holds true, then I (y,a) = I (Il (y) , a) ,for all y € g
Hence, the same kind of cost can be reached by :
- hurrying to O when the target is at O, then wait for collision by
- staying at O when the target enters a fictive road from the intersection if a control a such
that f (O, a) = 0 exists (for example, in the inactive case).
- or mimic staying at O by making very small trips (see case (c2) of the previous Lemma);
-at e;:
- if (f (e1,a),e1) < 0, for all a, we are done, since the target will never enter (1,1 + €] e;
(recall we start from G).
- otherwise, there exists (f (e1,a),e1) > B > 0 and, by our assumption, we also have
(f (e1,a+,1),e1) < —p. Then, again, we mimic staying at e; by making very small trips until
collision.
The same kind of assertion are valid for A and @ (notice the definition of these terms on ”fictive”
roads). The trajectories around O are close due to the € distance from G to G and as in the
previous argument, coming around the intersection can only occur once before collision.
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