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HIGHER ORDER EXPANSIONS VIA STEIN METHOD

L. COUTIN AND L. DECREUSEFOND

ABsTRACT. This paper is a sequel of [3]. We show how to establish a functional
Edgeworth expansion of any order thanks to the Stein method. We apply the
procedure to the Brownian approximation of compensated Poisson process and
to the linear interpolation of the Brownian motion. It is then apparent that
these two expansions are of rather different form.

1. INTRODUCTION

For (un, n > 1), a sequence of probability measures which satisfies a central
limit theorem, i.e. u, converges weakly to a Gaussian measure, it may be natural
to ponder how this limit could be refined. That means, can we find an alternative
distribution p so that the speed of convergence of u,, towards p is faster than the
convergence of p,, to the Gaussian measure of the CLT ? For instance, for a sequence
of i.i.d. centered random variables (X, n > 1) with unit variance, if we consider
S, =n"1/? >j—1 X, a Taylor expansion of the characteristic function of S, yields
the expansion:

E [eitsn} _ e—t2/2 [1 + (it)37 + (it)4(7' —3) + (it)672] To (l) _
6y/n 24n 2n n
where v = E [X}] and 7 = E [X}]. This can be interpreted as the distribution of
S, to be close to the measure with density g, given by

e~ /2 S 2
() = = (1—1—6\7/57-{3@)—!—(24”3) H4(:c)+772—nﬂ6(x)),

where H,, is the n-th Hermite polynomial. As the comparison of the characteristic
functions of two probability measures does not give easily quantitative estimates
regarding probability of events, moments and so on; it is necessary to investigate
alternative distances between distribution of random variables.

One of the most natural distance is the so-called Kolmogorov distance defined,
for measures supported on R, by

dKOl(,u’v V) = sup ,u(foo,:c] - I/(*OO,:L‘]
zeR

)

or more generally on R,

dkol (i, v) = sup
(z1,+,xk)ERF

(s (=00, 5]) = V(o (=00, 23]
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2 L. COUTIN AND L. DECREUSEFOND

This definition is hardly usable for probability measures on more abstract spaces like
Hilbert spaces, space of continuous functions, etc. On the contrary, the Rubinstein
distance can be defined in great generality. Assume that p and v are two probability
measures on a metric space (X, d). The space of d-Lipschitz functions is the set of
functions f such that there exists ¢ > 0, depending only on f, satisfying

|f(x) = f(y)| < cd(z, y), for all z, y € X.

We denote by Lip; the set of d-Lipschitz functions for which ¢ can be taken equal
to 1. Then, the Rubinstein distance is defined by

dr(p, v) = sup / qu—/ Fdv.
Felip, Jx X
It is well known (see [4]) that if (X, d) is separable, (,, n > 1) converges weakly
to p if and only if dg (s, 1) tends to 0 as n goes to infinity. Moreover, according
to [2],

(1) dKOl(:U’v V) <2 dR(:U’a V)'

The Stein method, which dates back to the seventies, is one approach to evaluate
such distances. Since [1, 5], it is well known that Stein method can also lead to
expansions of higher order by pursuing the development. In a previous paper [3], we
proved quantitative versions of some well known theorems: the Donsker Theorem,
convergence of Poisson processes of increasing intensity towards a Brownian motion
and approximation of a Brownian motion by increasingly refined linear interpola-
tions. We now want to show that the same framework can be used to derive higher
order expansions, even in functional spaces.

Before going deeply into technicalities, let us just show how this works on a simple
1 dimensional example. Imagine that we want to precise the speed of convergence
of the well-known limit in distribution:

%og — ) 22 A0, 1),

where X, is a Poisson random variable of parameter A\. We consider the Rubinstein
distance between the distribution of X, = A~Y/2(Xy — A) and A(0, 1), which is
defined as

2) d(Xx, N (0, 1)) = S E {F(X,\)} —E[FN(0, 1))].

The well known Stein Lemma stands that for any F € Lip,, there exists ¢p € C}
such that for all z € R,

F(z) —E[FN(0, 1))] = 2 ¢r(z) — dp(@).
[l < 1, [[9F]loo < 2.

Hence, instead of the right-hand-side of (2), we are lead to estimate

(3) sp B [Xa(X) —(Kn)]

19" oo <1, 9" [[o0 <2

This is where the Malliavin-Stein approach differs from the classical line of thought.
In order to transform the last expression, instead of constructing a coupling, we
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resort to the integration by parts formula for functionals of Poisson random variable.
The next formula is well known or can be viewed as a consequence of (12):

E [XAG(XA)} —VAE [G(XA F1/VN) - G(XA)} .

Hence, (3) is transformed into

(4) sup B VAW + 1/VA) — (X)) - (X))

19" lloo <1, 9" [[o0 <2

According to the Taylor formula

- ~ 1 ~ 1 5
P(Xn+1/VA) —(Xn) = —=1/ (Xn) + == (Xx +0/VN),
VA 2\
where 6 € (0,1). If we plug this expansion into (4), the term containing v’ is
miraculously vanishing and we are left with only the second order term. This leads

to the estimate )
an (%2, N, 1) < o

We now want to precise the expansion. For, we go one step further in the Taylor
formula (assuming ¢ has enough regularity)

U+ 1VR) = 0 = =0 (B) + 550 () +

1

et P+ 0/VX).

Hence,

- - - 1 - 1 5
5) E[fw(X) - ¢'(X0)] = —=E [0"(X0)] + = [6@(X +0/vV)] .
() A (X)) — ' (XA) 2 7/)(,\)+6)\1/1(+/\/_)
If F' is twice differentiable with bounded derivatives then g is three time dif-
ferentiable with bounded derivatives, hence the last term of (5) is bounded by
)\_1||1/1§73) lloo /6. Moreover, the first part of the reasoning shows that

E [vh(X0)] = E[HWN (O, )]+ O(A72).

Combining the last two results, we obtain that for F' twice differentiable
E [F(X))] — E[FWV(0, )] = E [Xaur (X)) - vp ()

1 /" —1
S AE MRV, 1))+ 007,
This line of thought can be pursued at any order provided that F' is assumed to
have sufficient regularity and we get an Edgeworth expansion up to any power of
A\~1/2. Using the properties of Hermite polynomials, this leads to the expansion:

E [F(£0)] — E[FWO, 1)) = —<E [(FHs)(N(0, )] + O ).

1
6v/A
The paper is organized as follows. In Section 2, we recall the functional structure
on which the computations are made. In Section 3, we establish the Edgeworth
expansion for the Poisson approximation of the Brownian motion. In Section 4,
we apply the same procedure to derive an Edgeworth expansion for the linear
approximation of the Brownian motion, which turns to be of a very different flavor.
In [3], we computed the first order term in the Donsker Theorem, we could as well
pursue the expansion. It would be a mixture of the two previous kinds of expansion.
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2. GAUSSIAN STRUCTURE ON [2

2.1. Wiener measure. For the three examples mentioned above, we seek to com-
pare quantitatively the distribution of a piecewise differentiable process with that
of a Brownian motion, hence we need to consider a functional space to which the
sample-paths of both processes belong to. It has been established in [3]| that a con-
venient space is the space of S-differentiable functions for any 8 < 1/2, which we
describe now. We refer to [8] for details on fractional calculus. For f € £2([0, 1]; dt),
(denoted by L£? for short) the left and right fractional integrals of f are defined by :

5. 1)) = [ £ =0t a0

(1 f)(a) = ﬁ / FOE -2t <1,

where o > 0 and I, = I)_ =1Id. For any a > 0, any f, g € £? and g € L?, we
have :

1 1
() [ #6096 ds = [ (g ns)gts) ds.

0 0
The Besov-Liouville space 1§ (L£2) = I;Q is usually equipped with the norm :

(7) 1 Fllz, = 1 e

Analogously, the Besov-Liouville space I (£?) := 7,5 is usually equipped with
the norm :

I Fllz, = 11z

Both spaces are Hilbert spaces included in £2 and if (e,, n € IN) denote a complete
orthonormal basis of £2, then (kY := I* e,,, n € N) is a complete orthonormal
basis of Z, ,. Moreover, we have the following Theorem, proved in [3].

Theorem 2.1. The canonical embedding ko from I, 5 into L% is Hilbert-Schmidt
if and only if o > 1/2. Moreover,

1 1 1/2
8 Co = ||k = || = || = .
® o= lalirs = 185 s = 15 Lus = 55 (57 )
To construct the Wiener measure on Zg, o, we start from the It6-Nisio theorem.
Let (X,, n > 1) be a sequence of independent centered Gaussian random variables
of unit variance defined on a common probability space (2, A, P). Then,

B(t) =Y Xy (en)(t)

n>1

converges almost-surely for any ¢ € [0, 1]. Moreover, the convergence holds in
L2(§; Zg,2), so that, g, the Wiener measure on Zg 5 is the image measure of P by
the map B. Thus, pg is a Gaussian measure on Zg  of covariance operator given
by

Vs = [g+ oIé;ﬂ o [1177[3 ol(;ﬁ.
This means that

By, [exp(i(n, w)z, ,)] = eXp(—%Wﬂn, s o)-
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We could thus in principle make all the computations in Zg . It turns out that we
were not able to be explicit in the computations of some traces of some involved
operators, the expressions of which turned to be rather straightforward in ?(IN)
(where N is the set of positive integers). This is why we transfer all the structure
to 12(IN), denoted henceforth by (? for short. This is done at no loss of generality
nor precision since there exists a bijective isometry between Zg o and [°.

Actually, the canonical isometry is given by the Fourier expansion of the S-th
derivative of an element of Zg o: for f € Zg o, we denote by Jg f the unique element
of £2? such that f = Ig+ 0pf. We denote by (x,, n > 1) a complete orthonormal
basis of I2. In what follows, we adopt the usual notations regarding scalar product
on %

o0 o0
|z||% = Z |2,|? and z.y = anyn, for all z, y € 1%

n=1 n=1

For the sake of simplicity, we also denote by a dot the scalar product in (12)®* for
any integer k.
Consider the map Jg defined by:

33 : IﬁyQ — 12
1
15) n(s)d n-
=y ([ ossentsras) o

According to the properties of Gaussian measure (see [6]), we have the following
result.

Theorem 2.2. Let pg denote the Wiener measure on Lg 2. Then Jgug = mg,
where mg is the Gaussian measure on 1? of covariance operator given by

1
Sg = Z (/0 k1P (s)kL1=5 (s) ds) Tr, @ T
n,m>1

2.2. Dirichlet structure. By CF(I%; X), we denote the space of k-times Fréchet
differentiable functions from 2 into an Hilbert space X with bounded derivatives:
A function F belongs to Cf(1?; X) whenever

1Fllex 2 x) = sup  sup VD F(2)|| xgz)es < oo
=1, x€E 2

Definition 1. The Ornstein-Uhlenbeck semi-group on (1%, mg) is defined for any
F e L*(1?,F,mg; X) by

PPF(u) = / F(e7'u+ /1 — e 2tv) dmg(v),
12

where the integral is a Bochner integral.
The following properties are well known.

Lemma 2.1. The semi-group P? is ergodic in the sense that for any u € 12,

PtﬁF(u) H—Oo>/fdm5.
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Moreover, if F belongs to CF(1%; X), then, V) (PPF) = exp(—kt)PP (VR F) so
that we have
h V(PP F @< 1|F
sup || (P )(U)H(z2)®<k>®x <~ ||ck(z2;x)-
2 k b
0 wu€l

We recall that for X an Hilbert space and A a linear continuous map from
X into itself, A is said to be trace-class whenever the series >, -, [(Afn, fn)x|
is convergent for one (hence any) complete orthonormal basis (f,, n > 1) of X.
When A is trace-class, its trace is defined as trace(4) = 3, 5 (Afn, fn)x. For
xz,y € X, the operator x ® y can be seen either as an element of X ® X or as a
continuous map from X into itself via the identification : 2 @ y(f) = (v, f)x x. It
is thus straightforward that such an operator is trace-class and that trace(z ® y) =
> ons1Ws fo)x (@, fn)x = (z, y)x according to the Parseval formula. We also need
to introduce the notion of partial trace. For any vector space X, Lin(X) is the set
of linear operator from into itself. For X and Y two Hilbert spaces, the partial
trace operator along X can be defined as follows: it is the unique linear operator

tracey : Lin(X ® Y) — Lin(Y)
such that for any R € Lin(Y'), for any trace class operator S on X,
tracex (S ® R) = tracex(5) R.
For Hilbert valued functions, we define A? as follows.
Definition 2. Let A? denote the linear operator defined for F € CZ(1%; X) by:
(APF)(u) = u.(VF)(u) — trace; (SgV2F(u)), for all u € I2.

We still denote by AP the unique extension of AP to its maximal domain.

The map A? is the infinitesimal generator of PP in the sense that for F €
CZ(1%; X): for any u € 12,

(9) PPF(u) = F(u) + /Ot APPPF(u)ds.

As a consequence of the ergodicity of P? and of (9), we have the Stein representation
formula: For any sufficiently integrable function F : 2 — R,

(10) /Pdeﬂ—/Pqu:/P /OooAf’PfF(x)dtdu(x).

3. NORMAL APPROXIMATION OF POISSON PROCESSES

Consider the process

NA(t) = 5 (V) =) = = | 3 2z, () =

where (T}, n > 1) are the jump times of N, a Poisson process of intensity A. It is
well known that Ny converges in distribution on © (the space of cadlag functions)
to a Brownian motion as A\ goes to infinity. Since

(- n2) =t [t as

=T(1-8) (t—7)7",
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we have Ig((. - T)J_rﬂ) =TI'(1 - f)1};,1)(t). Hence, the sample-paths of Ny belong
to Zgo for any 8 < 1/2. It also follows that

JpNy = Z \/LX/O EL=P(s)(AN(s) — Ads) n,

n>1
where, for any integer n,
1-B4) — 1 ' B
k., " (t / s—t) Pep(s)ds.

For the sake of notations, we introduce
1 1
Ky=—7)> kPoz,=—K.
LS Hton -
The following theorem has been established in [3].
Theorem 3.1. For any A > 0, for any F € C3(1*; R),

1
(11) B0 [ Fams| < e 1Pl

The proofs uses a few basic notions of Malliavin calculus with respect to the Pois-
son process N which we recall rapidly now (for details, see [3, 7]). It is customary
to define the discrete gradient as

D.F(N)=F(N +46,)— F(N), for any 7 € [0, 1],
where N + §, is the point process IV with an extra atom at time 7. We denote by

D31 the set of square integrable functionals F' such that E Uol |D,F(N)? dTi| is
finite. We then have the following relationship:

12) E {F(N)/Olg(T)(dN(T) - )\dT)] = \E [/01 D,F(N) g(7) dT} ,

for any g € £2([0,1]) and any F' € Dy ;. Moreover,

D ([ st - 2as)) =gtr).

so that D;JgNy = Kx(7). In what follows, we make the convention that a sum
like 22:1 ... is zero. For any integers r» > k > 1, consider T,* the set of all k-
tuples (ordered lists of length k) of integers (aj,---, ar) such that Zle a; =r
and a; > 1 for any ¢ € {1, ---, k}. We denote by () the empty list and for any
r, TY = {0} and T, = Uj_,T/. For a € T, we denote by |a| its length, i.e.

the unique index j (necessarily less than r) such that a € 7,7. For two tuples

a= (a1, - ,ar) and b= (b1, -, by), their concatenation a &b is the (k + n)-tuple
(a1, -+ ,an,b1,- -+ ,b,). We define by induction the following constants :

—_ —_ 1 —_ Ea . k
=0=1 20 = G and Eqq(j) = for any j € N,a € 7;".

G+ D r+j+2k+2)

For instance, we have
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For any tuple a = (al, < Lag) € T, we set

k 1
a a;+2 T a
K* = ®/O K () dr e (12)2 02D,
=1

Consider also the sequence (&5, s > 0) given by the recursion formula:
s+1 1 5 ) n

13 .= s+1—j j+1 s+3
(13) . Z(j+1)! 3s+7—2j 1_B+(s+3)!’

j=2

and
2 1

T 24 s(1—28) (1-2B)/20(1 - B)s/2

Theorem 3.2. Let s be a non negative integer. We denote by vy the distribution
of 35Nx on 12, For F € C}*T(1%; R), we have

s

(14) /l Flu) dv} (u) = /l F(u) dmg(u)
+i)\‘”2

where the remainder term can be bounded as

Z Ea . vr+2lel) f(u). L dimg(u) + Rem(s, F, \)
a€T,

|Rem(s, F, >‘)| <& )‘7(S+1)/2HF“CSS+3(12;R)'

For s = 0, this means that
/ Flu) v} (u) = / F(u) dmg(u) + Rem(0, F, )
2 12

where the remainder is bounded by A=*/2¢}_, | F'||es(i2; r) /6. That is to say that it
is the exact content of Theorem [3.1]. For s = 1, we obtain

/ Fu) v} (u) = / F(u) dmg(u)
2 2
)\—1/2
+ 5 /12 VO F(u). KM dmg(u) + Rem(1, F, \)
where Rem(1, F, \) = O(A7!) and for s = 2, we get

/\71/2

/12 F(u) dvi(u) = /l F(u)dmg(u) + /l VO F(u). KM dmg(u)

1 1
+ 27! {5/ VO F(u). Y dmg(u) + ﬂ/ VWG E(u).L® dmg(u)
2 2
+Rem(2, F, \),
with Rem(2, F, \) = O(A73/2).

Proof. As said before, for s = 0, the proof reduces to that of Theorem [3.1]. Let
5 > 1 and assume that (14) holds up to rank s—1. Let F' € C;*"?(1%;R) and z € 1.
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Denoting by G(y) = F(y)z for y € I2, we have

E [J5Nx.G(IsNy)] \/_ZE U kL= (s)(dN(s) — Ads) F(gﬁm)] T

n>1

\/_ZE U kLB ( )DTF(35N>\)/\dT] T

n>1

1
=V\E U D, F(3sNy).Ki(7) df} :
0
According to the Taylor formula at order s + 1,

D F(CfﬂNA) = F(JsNx + Kx(1)) — F(JsNx)
s+1 | _

=> (35 NA)- K1 (1)
Jj=1 gt
)\7(5+2)/2 a1 (s+2) N ®(s+2)
4+ (I—-1) A\ F(IgNx 4+ rKx\(1)).K1(7) dr.
(s+ 1! Jo
Thus, we get

ST\ —(j+1)/2
(15) E[3sNrGFsNa)] =D ———
j=1

/ / (1—7) P E [V(S+2)F(35N,\ + rK\(1)). K1 (T)®(s+3)} drdr.

! / E [V(j)F(JgNA).Kl(T)®(j+1)] dr
J: 0

)\ (s+1)/2
(s+ 1

By linearity and density, (15) holds for any G € CP**2(1%;12). According to the
Stein representation formula (10), we get:

B = [ Pl dms(w)

s+1A<J 1)/2 o 1 .
+Z / ; VUt p) F(u).(/o K1 (7)20+D) dr) dug(u) dt

A~ (s+1)/2
+ %
s+1

/ / / / — ) TV PR (04 0K, (7). K1 (7)2¢13) df dr dt dv) (u)
l2
= / F(u)dmg(u) + Ay + As.
12

For any j, we apply the recursion hypothesis of rank s + 1 — j to the functional

Fj:ur—>/ VU pPF(u). U1 at.
0
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Thus, we have:

(16) Ay =

s+1 )\—(j—l)/Q s—j+1

>

=2

A2y E / VO PEE () K020 dmg (u) dt
r=0 a€T,
s+1 \ _(i_

A—(=1)/2
+§ :7

j=2

J!

o Rem(erlfj, Fj,)\):B1+B2
4!
According to the commutation relationship between V and P? and since mg is
Pf -invariant, it follows that

s+1 s— _]+1 TJFJ 1)/2

S A —

j=2 r=0

% _=a | g@altrHitD pg) e @ 0D g ,
EZT 2|a|—|—r+j—|—1/lz () mps(u)

We now proceed to the change of variables r < r+j—1, j < j — 1 so that we have
S T
SR
r=1 j=1

Za (2lal+r+2) o g k0
E; G D@ T2 /lzv F(u).K* @ K9 dmg(u).
a r—j

If a belongs to 7,_; then b = a @ (j) belongs to 7, and 2|a|+r+2 = 2|b| +2. In the
reverse direction, for b € T, by construction, the last component (say on the right)
of b belongs to {1, ---,r}. Let j denote the value of this component, it uniquely
determines a such that b = a @ (j) with @ € 7,—; thus U7_,7,—; = T, (where the
union is a disjoint union) and By can be written as

Z AN E, v““"l')F(u)./ca dmg(u).
a€T,

Now, we estimate the remainder at rank s. According to the previous expansions,

s+l 3 (j-1)/2

Rem(s, F, )\):A2+BQZZ Rem(s+1—j, Fj, A)

= G+
)\ (s+1)/2
PN / / / —0)*FIVETI P F(u + 0K, (7). K1 () 5+ do dt dvk (u)
12
s+1 -
A~ G-1)/ /\ (o11))2
(s+2-5)/2 AT
< ]; G+ 1) s+1*]/\ I2||F; ||C3(3+1 D g2, R) CESN] %

o) 1
/ / e~ (53t / (1 =0T P,VETI Py + 0K, (7). K1 (0)*F3) d6 dt dvi (u)
12Jo 0
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Since VO3 F is bounded and PP is a Markovian semi-group, for any ¢t > 0,
PPV F is bounded by [1Fllcs+2 2, ) Hence,

s+1

_ §s+1
Rem S, F, )\) < A (s+1)/2 7] F 3s+6 33 (g2,
A—(s+1)/2
* rr Gl m
s+1 € C]
(s+1)/2 s+1-j“1-p
A Z (G +1)! (35 +7—2j) 1F llggesr=212:m)
N~ (s+1)/2 o
e Aol ey
Since sup 3s+7—2j=3s+3and s+ 3 < 3s+ 3, the result follows. O
G=2, 541

4. LINEAR INTERPOLATION OF THE BROWNIAN MOTION

For m > 1, the linear interpolation B;[n of a Brownian motion BT is defined by

3

Bi (0)=0and dB! (t) =m (BT(z+ 1/m) — BT (i /m)) L jm, (i41)/my (£) dE.

~
Il
=]

Thus, J gB}Ln is given by

JsBl, = <m z_: (BY(i +1/m) — BT(z‘/m))/

i=0 i/m

(i+1)/m
ELAydt, n>1].

Consider the £2(]0, 1])-orthonormal functions
6?(8) = \/T_n].[j/n% (jJrl)/m)(s)’ j=0,---,m—1,s€]0, 1]

and Fl, = span(e}", j=0,---, m—1). We denote by Pri the orthogonal projection
over Ff . Since B], is constructed as a function of a standard Brownian motion,
we work on the canonical Wiener space (C°([0, 1]; R), Z;, 2, m'). The gradient we
consider, D1, is the derivative of the usual gradient on the Wiener space and the
integration by parts formula reads as:

(17) EmT[F/Ol u(s) dBT(s ] ET[/ DIF u(s }

for any u € £2(]0, 1]). We need to introduce some constants which already appeared
in [3]. For any « € (0,1], let

d, = max (sup/ 5“1 cos(ms) ds, sup/ 5L sin(ms) ds) .
0 0

z>0 z>0

Moreover,
Theorem 4.1 (cf. [3]). Let v}, be the law of JsBj, on 1> and let
Hi = (ppi kLA n>1).

m
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For any F € C3(I*; R),

:
Tm,
. Fdv, — /l2 deﬂ‘ < Tﬂ 1 llez a2 m)-

where, for any 0 < e < 1/2— B, for any p such that p(1/2 -5 —¢) > 1,

1/2
d c1-8¢ 1
f 1/24e€1-p51/2+¢,p —(1/2—B—¢)
FY’m,B — F(1/2 4 E) Tgl TL1+2E m )
with for any p>1, a € (1/p, 1],
Ca,p = sup HfHHolo(afl/p)-

Za,p=1

Theorem 4.2. For any integer s, for any F € C§s+2 (1%; R), we have the following
erpansion:

G| i 0
E, [F]= ; o /l (VEDF(u), (Sh, — S5)®7) gayons dms(u)
+RemT(s, F, m),
where S}, = trace,2 o, 1])(K,Tn ® K}) and Rem'(s, F, m) can be bounded by
T )s—i—l

(v 8
Rem(s, F, m)| < T;T [Ellgze 212, m):

Proof. For s = 0, the result boils down to Theorem [4.1]. We proceed by induction
on s. According to the induction hypothesis and to the Stein representation formula
[3], for F' sufficiently regular,

[ Pk = [ Faams

l2
= / / VAP F(u). (S5, — Sp) dt dv], (u)
12J0

S | oo . .
=3 77 /l v (/O V) PPR(u). (ST — S5)®W) dt).(ST — ) dmps(u)
]:O . 2

+ Rem' (s, / VAPPR.(ST — S)dt, m)
0

L1 o _
= Z 5 / / V(2j+2)PtBF(u). (571‘” _ Sﬂ)@(]+1) dtdmg(u)
, 7 Jiz Jo
7=0

+ Rem' (s, / VA PPE(SI — S)dt, m).
0



HIGHER ORDER EXPANSIONS VIA STEIN METHOD 13

Since V(j)PfF(u) = e‘jtPtBV(j)F(u) and since mg is invariant under the action
of P?, we obtain

P s = [ Fadms(

12

o1 ) )
Y g [ VIR, (8], - 522U dms(w
j=0

+ Rem' (s, / VA PPE (ST — Sg)dt, m).
0

By a change of index in the sum, we obtain the main part of the expansion for the

rank s + 1. Moreover,

(W;rn, g)s

+ _'m,p’/
|Rem (5+ 15 F7 m)| < 2s+1(8+ 1)'

|| VORIRAS] - S dtlgenn
0 b

(Ti8)” 18h — Sslle

||F||C§(S+2)(lz)'

= gsHl 2
Since the norm of a bounded operator is bounded by its trace provided that the
latter exists, we have ||S} — Sgll;2 < ’yjn 5, hence the result. O
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