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L1-DISTANCE FOR ADDITIVE PROCESSES WITH
TIME-HOMOGENEOUS LEVY MEASURES

PIERRE ETORE AND ESTER MARIUCCI

Laboratoire Jean Kuntzmann, Grenoble.

ABsTrRACT. We give an explicit bound for the Li-distance between two additive
processes of local characteristics (f;(-),02(-),v;), 5 = 1,2. The cases o = 0 and
o > 0 are both treated. We allow v1 and vs to be equivalent time-homogeneous Lévy
measures, possibly with infinite variation. Some examples of possible applications
are discussed.

1. INTRODUCTION AND MAIN RESULT

In this note we give an upper bound for the L-distance between two additive pro-
cesses of local characteristics (f;(+),0%(+),v;), j = 1,2. Let {z:} be the canonical process
on the Skorokhod space (D, D) and denote by P(:***) the law induced on (D,D) by
an additive process having local characteristics (f(-),o2%(+),~). We will denote such a
process by ({a¢}, P(fV"ZVV)) (see Section 2 for the precise definitions).

In the case where v1 = 19 = 0, i.e. where there are no jumps, an explicit formula for
this distance is well known. Indeed, denoting by ¢ the cumulative distribution function
of a normal random variable A'(0, 1), we have:

T (fl(t) fz(t))2 : —
(1) Ll(p(fl,af,o)’P(fz,a§,0)) _ 2(1 - 2¢< \/f dt)) if o1 = 02

2 otherwise,

whenever the right-hand side term makes sense (see [1] and recall that the measures
P(£01.0) and P(F£:93:0) are mutually absolutely singular when o1 # 03).

Suppose now that the Lévy measures v; and v, are non zero. Because of (1), we

will also assume that o7 = ¢2. We will allow v; and v5 to be possibly different, but

equivalent Lévy measures. Then the main result is as follows:

Theorem 1.1. Let ({zt},P(fl*"z*”l)) and ({xt},P(fz"’Z*”z)) be two additive processes
on [0,T] with v1 and vy equivalent Lévy measures such that

@) | (5w 1) ) < 0

dl/g

Fiz the following notation

v v, o e [TR0) - A0) - (0 =)
v _/|y|§1y J(dy)’ J=1,2; € _/0 dr

and observe that, thanks to (2),

Ll(l/l,Z/Q) = / 1
R
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The following upper bounds hold:
If 02 > 0 then

Ll(P<f17021”1>,P<f21<’2v”2>) < 2sinh (TLl(ul,VQ)) ) {1 - 2¢( - g)]

If 0> =0 and fi — fo =y — "2, then

Ll(P(fl*()’”l),P(fz’O*”z)) < 2sinh (TLl(z/l, yg)).

This result is proved in Section 3. In Section 2 we collect some preliminary results
about additive processes that will play a role in the proof. Before that, we give some
examples of situations where our result can be applied. The choice of these examples
are inspired by the models exhibited in [2].

Example 1.2. (L;-distance between compound Poisson processes)
Let {X}} and {X?} be two compound Poisson processes on [0, 7] with intensities A; >
0, j = 1,2 and jump size distributions Gj; i.e. {th} is a Lévy process of characteristic
triplet ()\j f\y\g ij(dy),O,)\jGj). Furthermore, let A be a subset of R and suppose
that G is equivalent to the Lebesgue measure restricted to A. Denote by g; the density
dG;

eb then, an application of Theorem 1.1 yields:

Li(X', X?) < 2sinh (T/ |A1g1(y) — )\292(y)|dy)-
A

Example 1.3. (L;-distance between additive processes of jump-diffusion type)
An additive process of jump-diffusion type on [0, 7] has the following form:

Ny

Xt/o f(r)dr+/0 O'(T)dWT+Z}/i, te0,T],

i=1

where {W;} is a standard brownian motion, {N;} is the Poisson process counting the
jumps of {X;}, and Y; are jumps sizes (i.i.d. random variables). Consider now the
additive processes of jump-diffusion type {X7} having local characteristics (f;(-) +
Aj flylél yGi(dy),02(-),\jG;), j = 1,2 and suppose again that G; is equivalent to the
Lebesgue measure restricted to some A C R. Letting g; denote the density of G; as
above, we have:

L, (Xl, X2) < 2sinh (T/A |)\1g1(y)f)\2g2(y)|dy) +2 (12¢(\//0T %dt)).

Example 1.4. (L;-distance between tempered stable processes)
Let {X}} and {X?} be two tempered stable processes, i.e. Lévy processes on R with
no gaussian component and such that their Lévy measures v; have densities of the form

de C_
aLen ) = y[a©

Y Cy i _
A7‘y‘]Iy<0 + yl-‘rae Aer]Iy>05 J= 15 27

for some parameters Cy > 0, X, > 0 and a < 2. Then the hypothesis (2) is satisfied
and Theorem 1.1 bounds the L;-distance by:
dy] > .

0o 0
2 sinh (T [c; / dy + C_ /
0 —o0

e MY _ o=y e~ lyl _ o221yl

yite |y|t e
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2. PRELIMINARY RESULTS
2.1. Additive processes.

Definition 2.1. A stochastic process {X;} = {X; : ¢ € [0,7]} on R defined on a
probability space (€, .4, P) is an additive process if the following conditions are satisfied.
(1) XO =0 P-a.s.
(2) For any choice of n > 1 and 0 < ¢y < t; < ... < t,, random variables X,
Xey — Xty .y Xt,, — Xy, ,are independent.
(3) There is Qg € A with P(Qg) = 1 such that, for every w € Qq, X;(w) is right-
continuous in ¢ > 0 and has left limits in ¢ > 0.
(4) Tt is stochastically continuous.

Thanks to the Lévy-Khintchine formula, the characteristic function of any additive
process {X;} can be expressed, for all u in R, as:

(3) E[eiuxt] = exp (w /Ot f(r)dr — %2/075 o?(r)dr — t/R(l — e 4 iuyH|y|§1)V(dy)),

where f(-), 02(-) are functions on L1[0,7] and v is a measure on R satisfying

v({0}) = 0 and /]R(|y|2 A Dv(dy) < oo.

In the sequel we shall refer to (f(-),0%(:),v) as the local characteristics of the process
{X:} and v will be called Lévy measure. This data characterises uniquely the law of the
process {X;}. In the case in which f(-) and o(-) are constant functions, a process {X;}
satisfying (3) is said a Lévy process of characteristic triplet (f, o2, v).

Let D = D([0,T],R) be the space of mappings w from [0,7] into R that are right-
continuous with left limits. Define the canonical process x : D — D by

Yw € D, zt(w)=ws, Vte€0,T].

Let D be the smallest o-algebra of parts of D that makes x4, s in [0, T], measurable.
Further, for any ¢ € [0,7] let D; be the smallest o-algebra that makes x5, s in [0,¢],
measurable (here, we use the same notations as in [3]).

Let {X:} be an additive process defined on (2, 4,P) having local characteristics
(f(-),0%(:),v). Tt is well known that it induces a probability measure P(:**) on (D,D)
such that ({z}, P(f*"z*”)) is an additive process identical in law with ({X;},P) (that
is the local characteristics of {z;} under PU**") is (f(-),02(-),r)). In the case where
f\y\g lylv(dy) < oo, we set v := f\y\g yv(dy). Note that, if v is a finite Lévy measure,
then the process ({:I:t}, P("YV’O”’)) is a compound Poisson process.

Here and in the sequel we will denote by Ax,. the jump of process {z;} at the time r:

Az, =z, — limz,.
str

Definition 2.2. Consider ({xt}, P(f"’2’”)) and define the jump part of {x:} as
d .
4) 2 = g% (Z Az T Az, |>e — t/ yy(dy)) a.s.
r<t e<]y|<1
and its continuous part as
d,v

(5) xp = — " as.

We now recall the Lévy-Ité6 decomposition, i.e. the decomposition in continuous and
discontinuous parts of an additive process.

Theorem 2.3 (See [3], Theorem 19.3). Consider ({x:}, P(f*"z*”)) and define {z$""} and
{zy"} as in 4 and 5, respectively. Then the following hold.
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(i) There is Dy € D with PUo")(Dy) = 1 such that, for any w € Dy, 3" (w)
is defined for all t € [0,T] and the convergence is uniform in t on any bounded
interval, P ) g 5 The process {xf’”} s a Lévy process on R with characteristic
triplet (0,0,v).

(ii) There is Dy € D with PU7")(Dy) = 1 such that, for any w € Ds, 25" (w) is
continuous in t. The process {xy"} is an additive process on R with local charac-
teristics (f(-),0%(-),0).

(iii) The two processes {x""} and {z¢} are independent.

2.2. Change of measure for additive processes. For the proof of Theorem 1.1 we

also need some results on the equivalence of measures for additive processes. We will
use the notation P|p, for the restriction of the probability P to D;.

2.2.1. Case 0? = 0.
Theorem 2.4 (See [3], Theorems 33.1-33.2). Let ({z:}, P07 and ({z:}, P("%))

be two Lévy processes on R, where
(6) = vr-ny
lyl<1

is supposed to be finite. Then PU0%) is locally equivalent to PO%P) if and only if v

and U are equivalent and the density % satisfies

(7) /( %(y) - 1)29(@) < 0.

Remark that the finiteness in (7) implies that in (6). When P™%%) is locally equivalent
to PO97) the density is

dPm0:»)
2P |p, (@) = xp(Ui()),
with
(8) Ui(x) = lim (Zlnd—lf(A:cr)]IAsz */ t(d—lf(y) - 1>f/(dy>>7p(0,0,17)_a.s.
=0 r<t dv ly|>e \dV

The convergence in (8) is uniform in t on any bounded interval, P00 g s Besides,
{U,(x)} defined by (8) is a Lévy process satisfying Ep.0.0) [V ®)] =1, vt € [0, T].

2.2.2. Case 02 > 0.

Lemma 2.5. Let v1 and vo be equivalent Lévy measures such that

9) /R < ﬂ(y) - 1>2I/2(dy) < .

dl/2
Define

(10) n= / _ )

which is finite thanks to (9), and consider real functions f1, fo and o > 0 such that

(11) /OT (f1(7“) —J{E)(T)_U)er<oo.

Then, under P(fwrZJJz),
(12) M(z) = exp (Cu(x) + Di(a)
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is a (Dy)-martingale for all t in [0,T], where

) = /O i) ;Q{i()r) — 77(cl:1cﬁ’”2 — fa(r)dr) — %/0 (fl(r) _U{TQ)(T) — n)er,

(13) ;%<Zln—Azr I Aq, ‘>87t/

lyl>e

(= ) ).

The convergence in (13) is uniform in t on any bounded interval, Pf2:0%v2) g g,

Proof The existence of the limit in (13) is guaranteed by (9) (see Theorem 2.4). Since
fo >0y (dagr? — fa(r)dr) is a standard Brownian motion under P(2:%.0) e have that

t r r t r)—fo(r)=—n\2
LD (d o , L2 70  dr ), hence
I A —fa(r)= 1(dx&v2 — fo(r)dr) has normal law N(O IN (fl( )U(fj)( ) ) d ) h

a?(r)
E pisy.02.0 [exp((Cr — C5)(x))] = 1. Theorem 2.3 entails that {z{"*} and {z{"**} are
independent under P(2:7":¥2) Moreover, the law of {Cy(z)} (resp. {Dy(x)}) is the same
under P(2:0%v2) op p(2:0%.0) (pegp. P(f2:002) op P(0.0.v2)) Further, using Theorem 2.4,
we know that {D(z)} is a Lévy process such that E p,0..0)[exp(Di—s(x))] = 1 for all
s < t. These facts together with the independence of the increments of ({z;}, P(/2:7"v2))
and the stationarity of {D,(z)} imply:

E psa.ovm [Mi(@) D] = By o2,y [ Mo (@) exp ((C = C)(@) + (D = D,)(@)) D]
= My (@)E piss 02,0 [exp((Ce = Co)(@) + (D1 = Dy) ()]
My(@)E pisz 02,0 [xD((Ci = Co) @)Epron [exp((Dy = D) (@)
= Ms(2)Epw.0,v2) [exp(Di—s(2))]
= My(a).

S

O

Lemma 2.6. Suppose that the hypothesis (9) and (11) of Lemma 2.5 are satisfied.
Then, using the same notations as above, P(fl*"z’”l)bt and P(fz’UZ*Vz)h)t are equivalent
for all t and the density is given by:

dpP(f1.0%v1)

(14) dP(f2,0%v2)

(x) = My(x).

Proof. For s < t, weprove that E s, 2., [ exp(iu(z;—x5)) A (z)|Ds] = Egjfl’aaul)[exp(iu(:ctf
xs)]. To that aim remark that, thanks again to Theorem 2.3:

Mt . c,vy c,vy d,vg d,vg Mt(l')
E 2, elu(mt ms) ‘D -F Y ezu(mt —x 24w, 2 —x2) ‘D
P(f2,0%,v2) P(f2,02,v2) MS(ZL'> s

(15) = Epyiro [eiuut*ms)e(cﬁcs)(z)}]EP(OM) [emut*xs)e(DﬁDs)(x) _
Let us now compute the first factor of (15):

m(zﬁzs)e(cﬁcs)(z)} ) iu(mtfms):|

P(f1—n,02,0) [6

= exp (z’u/st(fl(r) —p)dr — “; /:02

In the first equality we used the Girsanov theorem, thanks to the fact that fot ﬁ(dm —

]EP(f2vUZvU) |:€

f2(r)dr) is a Brownian motion under P(27*9) while the second one follows from (3).
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We compute the second factor of (15) by means of Theorem 2.4 and another application
of (3):

E p0,0,02) [ei“(“_ls)e(D‘_Ds)(l)} =K i“It*SeD‘*S(I)}

P0,0,v9) |:€

TUTE— s
= Ep(n,(),ul) |:€ t :|

= exp ((t —5) {iw] - /R(l — e ¢ iuyl‘y‘gl)yl(dy)] )

Consequently:

(16) EP(f2v62wV2) [eiu(zt ’

Fix t and define a probabihty measure P; on Dy by Py(B) = Ep,.02.,) [Midg] for
B € D;. As a consequence of Lemma 2.5 and the Bayes rule, the two processes given
by ({zs:0<s < t},P(fl"’z”’l)bt) and ({z; : 0 < s < t}, P,) are identical. Indeed,
by (16), both have independent increments and the prescribed characteristic function.
Consequently, (14) holds. O

M (x .
g ‘D] E psyo2 o [€ )] WO < s <t

3. PROOF OF THEOREM 1.1
For the proof we will need the following three calculus lemmas.

Lemma 3.1. Let X be a random variable with normal law N (m,c?). Then
_eX| = L WY L
Bt =2fo(=T) —o(~ 5 )
where ¢(x) = \/% J ef%dy.

Proof. By definition we have

oo 7m2
E’l—ex‘f 5 / |1 —e"le” e
o

S ameras [ee)
— — e’ e 20 X e’ — e 20 X |.
2mo —o0 0

To conclude, just split the sums inside the integrals and use the change of variables

(y*l mfo),resp. (y*z m). (|
Lemma 3.2. For all x,y in R we have:
1 1
(17) et < TEC o IS,
Proof. By symmetry we restrict to x 2 0.
e 1,y > 0: In this case we have that |1 — e*T¥| is exactly equal to He |1 —e¥|+
#H —er|.

e >0,y <0,x+y > 0: Then the member on the right hand side of (17) is equal
toe® —e¥ > e —1> etV — 1.
e >0,y <0,z+y <0: In this case the member on the right of (17) is equal to
e* —e¥y>1—¢e¥>1—e*tv.
O

Lemma 3.3. With the same notations as in Theorem 1.1 and Lemma 2.5, we have:
(18)

E p0.0.0m) [|1—exp(DT(z))|} =Epervz 00m) [\kexp(DT(z))u < 2sinh (T/RLl(yl,yQ))
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Proof. Because of Theorem 2.3 it is clear that E po,0.0) [|1—exp(Dr(2))|] = Epir2.0.00 [|1—
exp(Dr(x))|]. In order to simplify the notations let us write

A*(x) == lim (Z In hi(AzT>H|A(zr)|>e - T/
=T ly

e—0

(h* (y) - 1>u2<dy>>

|>e

. + dv Tav, o, _ dv Tavy
with A = (%) %3 and h™ = (22 ) %, so that

Dr(x) = exp(AT(z) + A (2)).
Then, using Lemma 3.2 and the fact that AT (x) > 0 and A~ (z) < 0 we get:
Epovaon (|1 = Dr(@)l] = Epors om |1 — exp(A*(z) + A~ (2))]

1+ eA"@
2

At(@) _ 6,47(@)}.

A (x
A@], Lte” ()ll—e‘Lﬁ(I)

2

|

In order to compute the last quantity we apply Theorem 2.4 and the fact that both
At (x) and A~ (z) have the same law under P("*:9¥2) and P(0.0-2).

Eperaann [e4 ) A O] —exp (1 [ (6% 6) = 1= ()wata)

S IEP(’Y"2 ,0,v9) |:

= EP(’Y"2 ,0,v2) |:€

~oxp (7 [ ()~ 1 et
= 2sinh <T /R (h*(y) — h(y)Vz(dy))
— 2sinh (T/R ‘1 - @(y)‘ug(dy))-

dl/g
d

Proof of Theorem 1.1. Case 0% > 0: With the same notations as in Lemma 2.5 and by
means of Lemma 2.6 one can write

Ll(p(fl,g{ul), p(fz,gayz)) — Ep(fg,az,ug)‘l — exp(Crp(x) + DT(:E))].

Now, using Lemma 3.2 and the independence between Cr(z) and Dr(x) (Theorem 2.3),
we obtain

1+ eCr@)

Ly (PU 02, P 0) B 1.y (S5

)EP(fz,a2,V2) 1P

1+ eDT(i)
T Episa020 (f T eCT(I)|.

We conclude the proof using Lemmas 3.3 and 3.1 together with the fact that E s, o2 .., eCr(®) =
1= Ep(fszwa)eDT(m)'
Case 0 = 0: If fi — fo = 4"* — ~"2, notice that, as the drift component of

({z}, PU10)) and ({z,}, PY202)) is deterministic, we have

dpP(f1,0,1) dp(fi—f2,0,11)
dP(f2,0,v2) = dP(0,0,v2)

(z) = Dr(z)

with Dr(x) as in (13). Theorem 2.4 allows us to write the L;-distance between P(/1:0:¥1)
and P(f2:072) ag E p(£2.0.02) ‘1 — DT(x)‘. We then obtain the bound 2 sinh(TL; (v, 12))
by means of Lemma 3.3. O
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