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Abstract. We consider radial solutions of a general elliptic equation involving a weighted
p-Laplace operator with a subcritical nonlinearity. By a shooting method we prove the
existence of solutions with any prescribed number of nodes. The method is based on a
change of variables in the phase plane, a very general computation of an angular velocity
and new estimates for the decay of an energy associated with an asymptotic Hamiltonian
problem. Estimating the rate of decay for the energy requires a sub-criticality condition.
The method covers the case of solutions which are not compactly supported or which have
compact support. In the last case, we show that the size of the support increases with the
number of nodes.

1. INTRODUCTION

In this paper we shall consider classical radial sign-changing solutions for a problem of the
form

div(a|Vul'*Vu) + b f(u) =0, lim u(z) =0 (0)

|x| =400

Key words and phrases. p-Laplace operator; Nodal solutions; Nodes; Shooting method; Hamiltonian
systems; Energy methods; Action-angle variables; Compact support.
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where a and b are two positive, radial, smooth functions defined on R%\ {0}, f € C(R)
satisfying some growth conditions, and div(a |Vu|p_2Vu) denotes a p—Laplace operator
with weight, p > 1. Under appropriate conditions on a and b, this equation can be reduced
to

div(q |Vo[P7*Vo) +q f(v) =0, | |lim v(z) =0, (1)
x|——+00
on R?, for some smooth radial function q defined on R?\ {0}. Equations of this type have
been studied previously in [26].
Radial solutions to () satisfy the problem

(a(r) (")) +q(r) f(0) =0, r>0, ,
v'(0) =0, TETOOU(T) =0, (2)

with ¢(r) = r®'q(z), r = |z|. Here and henceforth, for any s € R\ {0}, ¢,(s) := [s[P72s
and ¢,(0) = 0. We denote by p’ the Hélder conjugate exponent of p, so that % + z% =1, and
observe that ¢, o ¢, = Id. Also " denotes the derivative with respect to r = |z| > 0, x € R?,
and for radial functions, as it is usual, we shall write v(x) = v(r).

We define
Qr) = /T q(t)ydt YreR'Y and F(s):= /s ft)ydt VseR
0 0

where R* = (0, 00).
We will be interested only in classical solutions of (@), i.e., functions v in C*([0,00);R)
such that ¢ ¢,(v') is in C*((0, 00); R).

For the weight ¢ we assume:

(Q1) g€ C'RT;RY)NCH(0,00);RT), ¢>0 and ¢ >0 on(0,00),
(Q2) q'/q is strictly decreasing on (0,00) ,
. rq'(r)
(@Q3) there exist C, > 0 and Cy > 0 such that C, < o < Cy Vre(0,00),
q(r
(Q4) for any ro >0, ET [h(r +179) — h(r)} =400

where h is defined by
h(r) = (q(r))" forall v >0. (3)
A typical example of such a function ¢ is ¢(r) = rV~! for some N > 1 but as we shall see
below, much more cases of practical interest are covered. Condition (Q4) is slightly weaker
than asking that lim,_, . (q(r))? ' ¢(r) = +oo0.
As for the nonlinearity f, we assume
(f1) f € C(R), f is locally Lipschitz on R\ {0}, with f(0) =0,

(f2) there exist B~ < 0 < BT such that F(s) < 0 for all s € (37,8%)\ {0}, F(B8*) =0,
(s) >0 forall s € [T, 00) and f(s) <0 for all s € (—o0, 57].
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Finally let us set
Lo QY .11
y =i (3) (1) = [E_NL

where x, denotes the positive part of z. From (@3) it follows that N > 1.
We shall assume the following key sub-criticality condition:

(SC) there exist aw € (0,1), u > p* and ro > 0 such that

ro 1
e (%) =20 on(0r) (4)
and
d [, e e - s QG ) < e 0

Remark 1. [t follows from (Q1) and (Q2) that (%), >0, hence p* < 1/p. We also observe

that there is always some p > p* such that [{@) is satisfied. If p < N we notice that p* = z%
where p* = ]{[v__;; 18 the usual critical exponent associated with N when N = d is the dimension

and there is no weight in ().
Condition (SC') is the precise condition that will be required in our proof. However if the

limit is)
s f(s
= 1
7 |s\i>1£loo F(s)
exists, then the reader is invited to check that f(s) ~ |s|7"1s and F(s) ~ |s|"™' when
|s| = +o0. Assume that & := lim,_,, (%)/(r) is defined and such that N > p. Ify <p—1,
we further assume that q(r) = r¥= for any r > 0. We have

1—a)s \ 1/p _N _
Q)" ) ~ s O s sl o oo,

Then conditions @) and ([Bl) are satisfied if and only if the much simpler sub-criticality
condition

—1

vy+1<p®

holds, that is, the standard sub-criticality condition for the p-Laplace operator in R® with
N =d.

We will deal with existence of solutions with nodes, which are defined as the zeros of the
solution which are contained in the interior of its support. Moreover we will be concerned in
solutions with a finite number of nodes. In this respect the following additional assumption
is needed if one wants to avoid oscillating solutions, i.e., solutions with infinitely many nodes.

(H) Either there exists ¢ > 0 such that s v |F(s)|7Y/? is integrable (—¢, &) or h defined

by @) is such that I/ is non-decreasing and lim, ., h'(r) = +oo.

Based on (H), solutions with infinitely many nodes will be discarded in Theorem BH As
we shall see later, either solutions are compactly supported or, if they are not compactly
supported, oscillating solutions may exist if (H) does not hold.

Next we establish our main result.
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Theorem 1.1. Suppose that assumptions (Q1)-(Q4), (f1)-(f2) and (SC) are satisfied. Then
for any given k € Ny := NU {0}, there exists a solution of ([2l) with exactly k nodes.

The present paper is organized as follows. In Section Pl we shall first explain how the
problem with two independent weights a and b corresponding to Eq. () can be reduced to
the problem with a single weight q and illustrate our results with various examples. Also,
in that section, we will discuss the sub-criticality condition. In Section [l we have collected
some preliminary results, including a non-oscillation result which, to our knowledge, is new
even for the case p = 2 without weights. Since we will work in a non-standard framework of
sign changing solutions, some care is required concerning results of existence and uniqueness.
These have been collected in Proposition B.I] and a proof is given in Appendix [Al Then we
adapt the methods developed for the standard case, ¢ = 1, and give short but complete
proofs. We will then be able to emphasize the differences of our results with the standard
case. The core of our paper is concentrated in Section [4] that contains our two key estimates:

1. The Rotation Lemma (Lemma [L]]) measures the speed of rotation around the origin
in the phase space, thus providing an estimate of the number of zeros of the solution.
Interestingly, the angular velocity is estimated for finite energy levels, which allows
to discard previous restrictions on the growth of the nonlinearity. Here r plays the
role of a time variable.

2. The Energy Dissipation Lemma (Lemma [L.2]) measures the decay rate of the energy:
a solution with large energy needs a large interval in r to bring its energy in a range
where the Rotation Lemma applies. The sub-criticality condition is essential as shown
in Proposition

A remarkable fact is that our method does not distinguish solutions with compact support
and solutions supported on the whole line. When solutions are not compactly supported,
we only need to discard oscillations; assumption (H) provides a sufficient condition for this,
which is probably not optimal. The proof of Theorem [[LT] is then completed in Section [l
Finally, in Section [, we establish the estimates which show that the examples of Section
are all covered by our results.

Concerning earlier contributions we shall primarily refer to [7, [I3] and the references
therein. The goal of this paper is to extend the results of [7], [13] to general weights, and to
simplify some of the proofs. We refer to [14], 26] for the study of nonnegative solutions in
presence of weights. In particular the change of variables which reduces Eq. () to Eq. () has
been considered in [26]. As in [7], we will handle simultaneously the solutions with compact
support and the other ones. We shall refer to [22] and to [7] respectively for multiplicity and
existence results when ¢(r) = rV~!. Even if our equations have been considered mostly in the
case of nonnegative solutions, there is still a large literature on sign changing solutions and
we refer to the two above mentioned papers for further details and references. Consequences
of a possible asymmetry of F' are not fully detailed here: see [I6] for more insight. At first
reading, it can be assumed that [ is odd and S~ = —f7, although we provide proofs in the
general case.

The change of variables of Section M can be seen as the canonical change of coordinates
corresponding either to N = 1 and f(u) = |u[P~2u, or to the asymptotic Hamiltonian system
in the limit » — +o0, we refer to [16, 15, [, 3] for earlier contributions. The role of the
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critical exponent has been emphasized in [20] in terms of existence and non-existence for
weighted problems.

As we said before we will generalize and extend some previous results considered in [7], [13],
for the particular case ¢ = 1 in equation () to the more general situation with weights.
However, our results are not simple extensions of previously known ones. For example, a
sub-critical growth condition, used previously in [23][7], is generalized here and we prove that
is not only a sufficient condition, but also necessary: see Exampledlin Section[2 Compared to
the existing literature, we mention two new key ingredients in this paper: the computation
of the angular velocity in the phase plane is not anymore based on super- or sub-linear
growth assumptions on f, and the estimate on the size of the nodal domains, which arises
from energy estimates, is also new. Notably these energy estimates are valid for compactly
supported solutions as well as for solutions supported in the whole space. Throughout this
paper, we will establish a number of qualitative properties of the support, when the solutions
are compactly supported, and of the nodal domains, which are of interest for applications,
for instance in astrophysics. Notice that when solutions cannot be compactly supported,
which depends on the local behavior of the nonlinearity f near 0, double zeros occur at
infinity; this will be further commented in Section

2. GENERAL WEIGHTS AND EXAMPLES

For radial solutions Eq. (@) which can be rewritten as

(a(r) ¢p(u)) +b(r) f(u) =0, r>0,

. oAy - _ (6)
lim a() () =0, lim () =0
where 7 = |z|. We assume the weights a(r) = r¢la(x), b(r) = r?®!b(z), satisfy the

condition

T 1/p
(W1) a,b>0 inR*, a, b€ CYRT), (b/a)"? € L (R*) and lim (@) dt = +o0.
0

e fy \alt)

Then x : Ry — Ry is such that x(0) = 0, lim, .o x(r) = 400, by (W1), and is a
diffeomorphism of R onto Ry, with inverse r = x~!(¢), for any ¢ > 0.

For all » > 0, let us define

As in [26], we introduce the change of variable
t=x(r) Vr>0,

and set
q:= (a o X_l)l/p (b o X_l)l/p/ . (7)

Then, it is immediate to verify that u = w(r) is a radial solution of (@) if and only if
v=wuo ) !is a solution of (2.
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Next under certain additional conditions on a and b we will next deduce from Theorem [T 1]
a useful corollary. We begin by definying

("

and assume that the following conditions hold:
(W2) the function ¢ is positive and strictly decreasing on R,
(W3) there is C; > 0 and Cy > 0 such that

Ci < x(m(r)<Cy VYr>0,
(W4) for any r¢ > 0,

lim [(a(r + ro))p,_l b(r +rp) — (a(r))p,_l b(r)} = +00.

r—-+00

Under conditions (W1)-(1W4) we have that the weight ¢ as defined in () satisfies conditions
(Q1)-(Q4). Furthermore, setting

B(r) = /Orb(t) dt and Ty (z) = /qusp, (f((:;) dr,

e =timsup | o (50) = ()]

it can be verified that

and (SC') reads

there exist o € (0,1), p > p* and ro > 0 such that
(SCw) ,u+(%),—pia( )/20 for all v € (0,rg),

lim, oo [infshsze[as,s} (F(s2) — ps2 f(s2)) B(ijl(%))} = +00.
Hence from Theorem [[.1] we obtain the following corollary.

Corollary 2.1. Suppose that Assumptions (W1)-(W4), (f1)-(f2), and (SCw) are satisfied.
Then for all given k € N, there exists a solution of (6l) with exactly k nodes.

(2
Ba
b

Many examples fall into the general form of (@), that is, of radial solutions to (d). The
following ones will be examined in more detail in Section [Gl

Ezample 1 (Generalized Matukuma equation).
flw)

14 |zl

p>1, d>1, o>0.

Ayu + 0, zeR?,

Here A, denotes the p-Laplace operator, namely Ayu =V - (|VulP=2Vu), and a(r) = r¢1,

b(r)y=r4"1/(1+7r°), r=|z|, N =d.
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Example 2. A second example is provided by the equation

|| f(u)
(1 + faf)o/?" |l
p>1, d>1, >0,

Ayu+ =0, zeR?,

of which Exampled is a particular case corresponding to o = p'. Now we have a(r) = r®=1,

b(r) = rd=1o=P /(1 4 ¢P)7/?' . This equation was first introduced in [2], with p = 2, as a
model of stellar structure. Other generalizations of the Matukuma equation and of the stellar

model of [2] can be found in [4], 20].

Example 3 (k-Hessian operator). A third example is given by elliptic equations involving
the k-Hessian operator, k > 0, see [4] which, in case of radial solutions, coincide with

V(|2 Vulf T Va) + f(u) =0, zeR?,
k>0, d>1.

Herep="k+1,a(r)=r"* N=d—k+1 and b(r) =r*".

Before starting with proofs, let us comment on the sub-criticality assumptions (SC') and
(SCw). Let us define the energy function by

/()P

E(r) := p + F(v(r)) . (8)
One of the two main ingredients of our method is based on the fact that for reducing the
energy of a solution v = vy of Eq. () such that v(0) = XA > 0 to a finite, given range, a large
interval in 7 is needed in the large A regime. In other words,

ra(a) :=inf{r >0 : E(r) =a} 9)

is such that
lim 7, (6 F()\)) = +oo,

A——+00

where 6 € (0,1) is fixed. To obtain such a property, sub-criticality is essential. The other
ingredient then guarantees that the solutions have to change sign a large number of times
in the finite energy range. Let us notice that this does not say anything on the intervals
delimited by the zeros and does not prevent them, a priori, to accumulate at r = 0. See [22]
for results on the number of zeros on a given interval, in the subcritical regime. We will now
provide two examples showing that (SC') is needed.

Example 4 (Critical case). Consider some Aubin-Talenti functions restricted to the interval
r € [0, R] and given by

v(r) = A — Vrel0,R].

(1+ D A2 )

Then v solves Eq. @) with p = 2 on [0, R], v(0) = A, q(r) = r¢! and f(S) = s
2% = ffdz, for any s in the range (v(R),00). We may extend f on (—oo,v(R)) by an odd
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function satisfying all above conditions except (SC'). The reader is invited to check that if
R = R()\) is chosen in such a way that E(R(\)) = \/F(\), then
lim R(\) =0,
A—+00

which clearly indicates that most of the energy is lost in a critical layer as A — +oo. Let
v = vy be a solution of Eq. [2)) such that v(0) = XA > 0. We will show in Section[@ that there
exists \g > BT = —B7 such that for any X > \g the solution vy is positive, showing that
(SC) is necessary. We have chosen to use p = 2 for this example, just for simplicity, but
computations can be extended to the case of any p > 1 with no special difficulty.

One may wonder if the property shown in Example [ is not directly linked with the scale
invariance of the Aubin-Talenti functions and therefore restricted to the critical exponent
Y+ 1=2"= dez’ The next example shows that this is not the case.

Example 5 (Slightly super-critical case). Consider a radial solution of the Brezis-Nirenberg
problem on the unit ball B C RY, d > 3,

“Au=put+uti n B, u=0 on OB

in the slightly super-critical regime, that is, for some € > 0, small. If u > 0 is chosen small
enough as € — 0, then it has been shown in [8, [I1] that the corresponding solution uniformly
converges towards an Aubin-Talenti function if d > 4 and, in the radial case, it is easy
to deduce that the uniform convergence also holds for the derivative of the solution on the
interval [0, R(\)], with R(\) defined as in Example [l Notice that the case d =3 deserves a
special treatment and has been studied in [9) [10].

Example 6. We conclude our examples by a case where p* is achieved but (SC') still holds.
Let us consider a function [ satisfying (f1) and (f2) such that for some sy > max{2e, 2 57}
and ¢ > d%p, it holds that

s
(log [s[)¢
where as usual p* = dp/(d — p). In case d > 2 we consider q(r) = r* ', and thus p in (@)
can be chosen to be u* = 1/p*.

This example is inspired by the ground state study of [18, Theorem 2|. Our method applies
and shows the existence of sign-changing solutions with an arbitrary given number of nodes.

f(s) =

for all s such that |s| > sq,

3. PRELIMINARY RESULTS

To deal with Problem (2]), we will use a shooting method and consider the initial value
problem

(a(r) 6p(0")) +q(r) f(0) =0, >0,
{vm) =A>0, v(0)=0. (10)

To emphasize the dependence in A\, we shall denote the solution by v, whenever necessary.
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Proposition 3.1. Suppose that Assumption (f1)-(f2) hold. Assume also that q satisfies
(Q1). Then for any fired A € R, (I0) has a solution vy defined in [0, 00). Moreover, such a
solution is unique at least until it reaches a double zero or a point T such that v (T) = 0 and

f(oa(T)) = 0.

A double zero of a function v means some r > 0 such that v(r) = v/(r) = 0. This can occur
only for values of v or v/ for which there is a regularity issue in the equation as, otherwise,
the solution would be constant and trivial. Since we are not aware of a reference for the
results of Proposition .1l we will sketch a proof. However, this is not central for our paper
and requires notations that will be introduced later, so we will postpone it in Appendix [Al

The following proposition collects several properties of the solution v to (I0). Properties
(7i) and (iv) extend properties that were used in [I3] and provide us with some understanding
of the classification of all solutions. We will come back to this in Section

Proposition 3.2. Let v be a solution of (I0Q)) for some X > 0, with q and f satisfying
(Q1)-(Q3) and (f1)-(f2) respectively, and consider the energy E defined by (8]).

(1) The energy E is nonincreasing and bounded, hence lim,_, ., E(r) =: £ is finite.

(13) There exists C\ > 0 such that |v(r)| + |[v'(r)] < Cy for all t > 0.

(731) If v reaches a double zero at some point ro > 0, then v does not change sign on
[10, 00). Moreover, if v # 0 for r > rq, then there exists r1 > ro such that v(r) # 0,
and E(r) <0 for all v > ry and v="0 on [rg,r].

(w) If lim w(r) ={ exists, then { is a zero of f and lim v'(r) = 0.

r—-+00 r—00

Proof. Let v be any solution of (). As

oy L)

E(r) = ) ' (r)I”, (11)
by (Q1), we have that E is decreasing in r implying that F'(v(r)) < E(r) < F(A) for all
r > 0. By (f2), there exists a positive constant I’ such that F(s) > — F for all s € R and
hence E(r) > — F for all 7 > 0, thus (i) and (4i) follow.

Assume next that v reaches a double zero at some point 7o > 0. Then E(r¢) = 0 implying
that E(r) <0 for all » > ry. If v is not constantly equal to 0 for r > rg, then E(r;) < 0 for
some 7, > 19 and thus, by monotonicity of E, E(r) < 0 for all » > 1. Moreover v cannot
have the value 0 again (because at the zeros of v we have E' > 0). This proves (iii) by taking
the infimum on all r; with the above properties.

Finally, assume that lim,_, . v(r) = ¢, and recall that Q(r) := [; ¢(s) ds. From (Q3), we
know that lim,_, o q(r) = +00 and lim,_, « [ ¢p(Q/q) ds = +o0. Using (I0) and applying
L’Hopital’s rule twice, we obtain that

v(r) =+~ I v'(r) ¢p/<

0= lim

=i [T0,(Qfa) ds 4% 6y (Q/0) (1)
= — ¢p/< lim
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Next, from the definition of E in (), it follows that lim,_, . [0'(r)] = (¢ (€ — F(ﬁ))l/p
exists. As ¢ = lim,_,, o v(r) also exists, we must have that lim, ., v'(r) = 0. O

The remainder of this section is devoted to a proof of the existence of £ = lim,_, ., v(r).

Proposition 3.3 (Asymptotic Hamiltonian system). Let ¢ and f satisfy (Q1)-(Q3) and
(f1)-(f2) respectively, and let v be a solution of ([IQ)). Let {r,} be any sequence in [0, c0)
that tends to oo as n — 400 and define the sequence of real functions {v,} by

v (r) =v(r+r,).

Then {v,} contains a subsequence, still denoted the same, such that v, and v), converge
pointwise to a continuous function vy, and vl respectively, with uniform convergence on
compact sets of [0,00). Furthermore the function vy, is a solution to the asymptotic equation

(6p(v)) + f(v) =0, r€0,00). (12)
Proof. We know that there exist two positive constants ¢} and ¢3 such that

v(r)<cy,, v(r)<c, foralr>0
and, as a consequence,

va(r) < ey, v (r)<c, forallr>0

n

for any n € N. Hence {v,} is equicontinuous: for any r, s > 0 and for all n € N,
[oa(s) = va(r)] < X ls —1].

Then, from Ascoli’s theorem (see [29, Theorem 30]), {v,} contains a subsequence, still de-
noted the same, that converges pointwise to a continuous function v.,, with uniform conver-
gence on compact sets of [0, 00).

It is clear that each function v,, satisfies

(a(r +70) 8p(v))) + a(r + 1) f(va(r)) =0,
and hence
q(s+ry)

/ o q(ra) V! - '
(1) = L8 0) — [ L

q(r +1y)
From (Q3), it follows that

<s+rn>01 - q(s+1m) - <s+rn)02
r4r, “qr+ry) T \r+mr, '

f(va(s)) ds=0.

hence, for any given r, s > 0,
lim als + 1)
n—+400 q(r + rn)
By passing to a subsequence if necessary we can assume that lim,,_, ¢,(v),(0)) = a. Let us
choose some 7" > 0. Since {f(v,)} uniformly converges in [0,7] to f(vs), we find that v/,
uniformly converges to a continuous function z given by

c(r) = o (o= [ £ () ).

=1.
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Hence 2’ exists and is continuous. Furthermore from

by letting n — 400, we obtain that

Voo (1) = 150(0) + /OT z(s) ds.

Hence vy, is continuously differentiable, v/ (r) = 2/(r), for all r € [0,T] and

e —a—/fvoo

implies first that a = ¢,(v,,(0)), and then that
(9p(v5(r)) + fvo(r)) = 0.

This argument shows that vy is a solution to (I2) for all € [0, 00). O

Proposition 3.4. Let q and f satisfy (Q1)-(Q3) and (f1)-(f2) respectively, and let v be a
solution of ([IQ). Then € =lim, o E(r) = F(¢) <0 and { is a zero of f.

Proof. Let T > 0 be arbitrary but fixed. Then

B B oo q/( (k+1)T 7’ )
E(kgT) — € = Z/k o WP dr

koT q(

o0

T T
W' (r+ET)P 1 / ,
> E > _ Y|P
@ / T+ kT dT_ClkZ:kO(k_l_l)T ; [+ KT dr

where (' is defined in (QS). As the left hand side of this inequality is finite, it must be that
liminfy ., fOT |v'(r + kET)P dr = 0, hence there is a subsequence {n;} of natural numbers

such that limy_, o fOT |v'(r+ng T)|P dr = 0. From Proposition B3] vg(r) := v(r +ny T') has
a subsequence, still denoted the same, such that

. . . / o
kl_l)r_{loo k(1) = voo(r)  and kl_l)r_{loo v(r) = vl (r)
uniformly in compact intervals, where v, is a solution of
(0p(01) + f(vee) = 0.

Since fOT [vl ()P ds = 0, vy is a constant, say v, (r) = U and f(v) = 0. On the other hand,

% ()P + F(uop(r)) = % W (r 4+ m T)P + F(o(r +mT)) = E(r +n T) = &

as k — +oo and thus, from (f2),
E=F(©)<O0.
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Remark 2. The monotonicity of E and Proposition Justify the definition of ry(a) in
@). For any A > BT, the solution vy is uniquely defined in [0,7r,(0)). Indeed, from Proposi-
tion [31], besides double zeros, uniqueness can be lost only at points ro where v'(rg) = 0 and
f(v(ro)) = 0 with v(rg) # 0, and at this kind of point, by (f2), E(ro) = F(v(rg)) <0, hence
rAa(0) < ro. Also, E is strictly decreasing in [0,7,(0)). Finally, we note that if a > 0, this
nfimum is a minimum, i.e., it is attained.

We end this section by proving that solutions vy to ([I0) cannot be oscillatory. This was
done in [I3] for the compact support case and without weights. Now we present a proof valid
for any f satisfying only the structural assumptions (f1)-(f2), regardless of the support, and
under a slightly stronger assumption than (Q4) on the weight ¢, namely assumption (H).
We note that this assumption is satisfied for ¢(r) = r¥=! whenever N > p, hence it is a true
improvement of [I3, Proposition 3.2].

Theorem 3.5. Let f and q satisfy (f1)-(f2), (Q1)-(Q3) and (H). If vy solves ([I0), then it
has at most a finite number of sign changes.

Proof. From Proposition 3.4l we know that £ < 0. From Assumption (f1)-(f2), either £ < 0
or £ =0 and ¢ = 0, according to Propositions B4 and B2 (iv).

Assume first that r,(0) is finite, which corresponds either to € < 0 or to a case in which
&€ = 0 and v, reaches a double zero at ry(0). If {z,} is a sequence of zeros accumulating
at some 1o, < r)(0), then v)\(ro) = 0 and for each n € N, there exists a unique point
Tn € (2n, Zne1) at which vy reaches a local maximum or minimum value. At these points,
using that E\(r,) > Ex(zn,41) > 0, we must have that either vy(r,) < 7 or vy(r,) > 5T,
a contradiction. This proves that vy has only a finite number of zeros on (0,7,(0)), and by
Proposition (i17), we know that vy cannot change sign on (r,(0), 00).

The last case corresponds to & = 0 and ¢/ = 0 and 7,(0) = +o0. If s — |[F(s)|7'/7 is
integrable (—e, ), then the same proof given in [13, Proposition 3.2] can be adapted to the
case of a weight ¢ by using (Q1)-(Q3) so we omit it. According to (H), we are therefore
assuming that h = ¢*' is such that ' is non-decreasing and lim,_, o #'(r) = +oc.

We argue by contradiction and suppose that there is an infinite sequence (tending to
infinity) of simple zeros of v. Then E\(r) > 0 for all » > 0. We denote by {z'} the zeros
for which v'(z;7) > 0 and by {z,, } the zeros for which v'(z,,) < 0. We have

0<zy <z2f <z < <zt <z <z, <.

Between z, and z! there is a minimum 77" where v(7]") < 0 and between 2} and 2, there
is a maximum 7 where v(r}) > 0. As E\(r}), E\(r™) > 0, it must be that v(r™) < 8~
and v(rM) > BT, As we must have lim,_, , E\(r) = 0, it follows that lim,_, . v(r}) = g+
and lim,, o v(r]") = ™.

Let bT be the largest positive zero of f (b~ the smallest negative zero of f). Set

d-

d+
d+:ﬁ+_b+7 b1:b++zv d_:b__ﬁ_a b2:b_ 47

and let ay, ay be such that
by <ap <0<a; <b.
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We define the unique points r1,, € (2,7, 7M), ry,, € (rM, Zp1)s S1m € (Tams Znir)s tin € (2415
1)y Som € (2,41, tin) SO that
V(rin) =bi =u(ray,), v(sin) =a1, v(sen) =as, v(t1,)=Dby.
We have
b < < M <o < S1p <z < Son <tin <TILL

For r € (ron, s1.0) U (S2.0, t1,n), 0(r) € [ba, a0 U [a1,01] C (87, 7), hence F(v(r)) < 0, but
also |Fov| > kg for some positive constant ko independent of n. Moreover, by applying the
mean value theorem, we get that there exists a constant ki, which is independent of n, such
that

0< ]{31 < S1n — Ton and 0 < ]{71 < th — Son -
Next, let us define

Ji= min f (s)

and notice that f > 0 by (f1)-(f2). From (I0) we have that

G = X g0 )+ fee) | = 7o 2

r r

¢p(CA)

for any r € [ry,,7r2,]. If additionally r > 7 := 2 (N — 1) ¢,(Cy)/ f, then the r.h.s. in the
above inequality is bounded from below by f/2. Hence, choosing ng such that 2+ > 7 for all
n > ng, we have that

(@) 2 5T for all 7 € [r1, 72,

and therefore, again from the mean value theorem, we get that

20,(Cx) = |¢p(v'(r2n)) = dp(V' (rin)) = [(8p(0)) ()] (r2m — 71,0) = %? (rom —71n)
implying that
2 ¢p(0>\)

"2m —Tin S — .

f
Let

H(r):=h(r) E(r).
A straightforward computation shows that
H'(r) = o' (¢(r))" " d'(r) E(r) + h(r) E'(r)

P (g ¢ ) E() — h(r) % ()P = 1 (r) F(o(r))
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thus showing that H' = b’ (Fov). Thus we have

t1,n T2,n t1,n
H(ti,) — H(ripn) = / B (Fov)dr = / h' (Fov) dr —l—/ B (Fov) dr

T1,n T1,n T2,n
T2,n tin
= / h' (Fov) dr—/ h'|Fov| dr
T1,n T2,n
T2,n S1,n tin
< / B (Fov)dr — / h'|Fou] dr—/ R |Fovl| dr
T1,n T2,n S2.n

T2,n S1,n tin
S/ B (Fov)dr — kO/ h'dr—kO/ h' dr

T1,n T2,n S2.n
T2,n
S/ h'(Fov) dr — 2]{30/{51 h/(’f’gm).
T1,n

According to Proposition B4} lim,, . F'(v(rM)) = 0. Let us choose ng large enough so that

2000 by (M)~ 2k by < — ko

f

for all n > ng, and hence

tl,n
/ h/ (FO’U) dr S — ]{?0 ]{71 h/(TQm) .

T1,n
Clearly, we can repeat the above argument in the interval (¢ ,,,71,+1), thus proving that

J—1

H(r1ngvi) — H(rin) < —ko ki Z(h/(rlno-l-i) + h/(t2,n0+i))

1=0

where ty,, € (.4, 21, ,) is uniquely defined by the condition u(ts,) = bo. Hence

]llgi-noo H(Tl,no-i-j) = —00,
implying the contradiction that E(ry ,,+;) < 0 for some j large enough. O

4. ON THE NUMBER OF ZEROS OF SOLUTIONS TO ([I0)

In this section, we reformulate the problem in the phase space. We start by computing a
lower bound on the angular velocity around the origin.

Let v = vy be any solution of (I0). Setting w = ¢,(v'), or equivalently v' = ¢, (w),
Problem ([I0) is equivalent to the following first order system.

’——q—w— v
W= - (v), (13)
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We recall that p’ stands for the Hélder conjugate of p. To the (v, w) coordinates of the phase
plane, we assign generalized polar coordinates (p, ) by writing

{v = pilcosp/(é’)
w = p7’ sin,y (6)
where
p=p[0,(0) + ()], with By(s) = |5V,
and (cos, (), siny (6)) is the solution to
Y o), W=6,), 20)=1. y(O)=0.
It is well known, see [12], that solutions to this last system are 27, = 27, periodic and

B, (cosy(0)) + Py (siny (0)) = % forall 6eR.

Notice that in case p = p’ = 2, (\/p, ) are the usual polar coordinates of (v, w), and cos,
and sin, are the usual cos and sin functions. The reader is invited to check that

1
sup singy (6) cosy (0) = —.
0el0,27p’) p

Now, if (v, w) denotes a solution to (I3]) and if we define the corresponding polar functions
r+ p(r) and r +— 6(r), then (p, 0) satisfies the following system of equations:

P =pop(w) [cbp(v)—f(”)_%/w] ’

/
0 = —% {p(l)p/(w) +v f(v)+ %vw} ,
p(0) =X, 60(0)=0.
To emphasize the dependance in A, we will denote the solution by (py, 6,).

The following lemma is crucial for the proof of our main result. A similar result was
proven in [13] for the case of an increasing and superlinear f. It establishes a lower bound
on the angular velocity |¢'| around the origin, which will be used to estimate the number of
sign changes of v by counting the number of rotations of the solutions around the origin in
the phase plane.

Lemma 4.1 (Rotation Lemma). Let q and f satisfy (Q1)-(Q4) and (f1)-(f2) respectively.
For any ¢y > 0, there exist positive constants w, ¢; and T such that if

1
50 <E(r)<c andr>T,
then

—05(r) > w— cog(v(r),v'(r))
where g(v,v") = v f(v) V| if 7 < v < BT and 0 otherwise.
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Proof. Let us choose ¢; such that 0 < ¢; < limy_, o, F'(\). It can be verified that
p1 < pAr) < p2,
where
pro = min{iper, (F7e/4)" [F e/}
pri = max{(F7 ()", [F7 ()P} +p e+ F)}
F; ! denotes the inverse of F |(—oo,5-1] and F,7! denotes the inverse of F|g+ ). Then we have

_gf:(ﬁlwﬁf@))ﬂ_’wz(gMJf(v))_@
Yo p q p Yop p pr

where Cy > 0 is as in (Q3).
Now, if v < 8~ or v > T, then

p pr - p2 pr
where A= inf {5 £(s) | s € [=ps/", 571U (5%, p3"}.

Assume next that 57 < v < 7. As Fouv < 0, then from E(r) > ¢;/2 we have that
I% ‘w|p, Z p01/27

C 2 \Ur1l C
g2 B By A (2L ) ) - 2.

2p p pr T 2py P P1 pr
Hence, the conclusion holds with

(A pa 2 \1/r1 _ 2C5p2 405 po
w:mln{—,—}, 00:< - ) — and r:max{ ) }
22 4po pa P1 pA pc

O

From Proposition B4 given ¢; as above and A > 71 such that ¢; < F(\), there exist
points ry(c1) < ra(c1/2), where ry(a) is defined in ([@). Now we can state the second main
ingredient of this paper, which strongly relies on the sub-criticality assumption (SC') as was
emphasized in Section 2

Lemma 4.2 (Energy Dissipation Lemma). Let ¢ and f satisfy (Q1)-(Q3), (f1)-(f2) respec-
tively and let (SC') hold. With the above notations, we get

)\l_l)r_{l ra(c1) = 400 and (ralc1/2) = ra(er)) = +oo.

lim
A—+00
Proof. Assume that there exists a sequence \,, — 400 and K > 0 such that 7, (c¢;) < K for
all n. Let a € (0,1), 7o > 0 and u be as in (SC) and set r, := inf{r > 0 : vy\(r) = aA}.
Clearly, we may assume that K > ry and also K > r,, at least for A large.

Let us recall that £ = [¢/|P/p' + F ov and E' = —¢'(r) |v'(r)|P/q(r), according to (8]
and (), ¢(Q/q)' =q¢— Q¢'/qgand 1/p+1/p’ =1, so that

%(QEﬂLqu%(v&)) = q vyl <“+ (%)l_ z%) ta (F(w) _’”“f(w)) '
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Then, for r > ry we have

>Am$@*<§yil (P dt
>0 by @ in (SC)
—% /T:QIU’AMH/OTCJ (F(UA) _Mf(w» "
> 2O s [ () - st a
Iﬁigﬂmm—Em»+A}@mw_uwﬂw»ﬁ_

With h := ¢*" according to (), since (h E)' = b/ (F ov) > — ' F so that
(h E)(r) = (hE)(ro) > = F (h(r) = h(ro)) ,

we have

h(r) — ( h(r)
B(ro) < 305 )+ F <h(r0) - 1) .

Also recall that wy = ¢,(v}) and so, by Young’s inequality,

1 1
Ux Bp(v}) = vawy < ]—9 lox [P+ ]; lw [P

Collecting these estimates, we find that

CWNMM+%Mﬂmm+DW

> Q(r) E(r) + pq(r) va(r) ¢p(vi(r)) —

with

Cr) = O(r) + L ) (:((72)) B 1) and D(r) =

From (SC), there exists M > 0 such that

F(s)—psf(s)>—M foralseR.
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Let us choose some R > K and define C and D as the maxima of C' and D on [0, R
respectively. For any r € [0, R] = [0, r,] U [ra, R], we have

CIE®) +§q<R> pA(r) + D

> [ a0 (Flea®) - mosto) flos0) de = 37 (QUR) - Q1)
and thus
CIEW)| + 1 a(R) pr(r) + D > (Flsa) = o2 f(52) Qlre) = MQ(R),
where we have set s, := Argmin{F(s) — s f(s) : s € [a X\, A]}. If 51 € [, A] is such that

f(s1) = IFaAX)\] f(s). From (I0) we get
s€[a A,

—g(r) Byh(r) = / a0 F(oat)) dt < F(s1) Q)

as long as 0 < r < r,, hence
ey o (Q)
() < () by (53

Integrating now this last inequality over [0, r,| we obtain

=< o, () [ ow(D) ar.

0 q(r)

) for any r € [0,r,] .

From Assumption (Q3), it follows that

& ra) @) =& [ dto a

"q() 1 / : 1
< Ndt=Q(r) < — | tqd@#) dt < —tq(t),
< [ ESdwa=am < & [ o< g ta)
so that there exist positive constants D; and D, such that
D, < ra(r) <Dy forallr>0, (14)
Q(r)

and hence t — t' 7 ¢pr<§((f))> is bounded away from 0 and from above by two positive

constants. This implies that there exists a positive constant Cy = Cy(D1, D3) such that
(I—a)A )1/p’

Oy (f(51))

Therefore, using ([4) we get, for yet another constant Cy, that
CIB()|+ a(R) pr(r) + D

o > C(](

>0 it (P - s ) (Do) ") - Tam),
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implying by (@) in (SC) that

lim (
n—+o0o
uniformly in [0, R]. Therefore, lim,,_, ;. pa, (1) = +00 uniformly in [K, R], a contradiction.
The second assertion follows from the first, by noting that from the mean value theorem
applied to E in [ry(c1),7\(c1/2)] and (@3),
1 ’ Cg (Cl + F)

— <
2 =P (@)

L )P+ (Fou,)(r)
P

+HwaMm)=+w
p

(7’)\(01/2) — 7’)\(01)) .
U

Now we start to make use of the variables introduced in the beginning of this section in
order to estimate the number of sign changes of the solutions. Here [z] denotes the integer
part of x.

Lemma 4.3. For any R > 0, the number of nodes of vy in (0, R) is greater or equal than

{I%(T)I 3}

T 2

lim
r—R_

lig [M_ 1} |

r—R4 7Tp 2

and larger or equal than

Proof. These estimates follow directly from the change of variables (v, w) — (p,f). Some
care is required in case a zero corresponds to the boundary of the support of the solution.
Here we assume that the support of the solution is simply connected otherwise the lower
bound on the number of nodes has to be decreased by one unit. O

We are now in a position to prove a result concerning the number N(A) of nodes of

the solution to ([I0) with initial value A. This result is the core argument of the proof of
Theorem [L11

Proposition 4.4. Let q and f satisfy (Q1)-(Q3), (f1)-(f2) respectively and let (SC) hold.
Then
lim N(\) = +o00.

A——+00

Proof. By Lemma 1]
Ta(c1/2)

—0(ra(c1/2)) +0(ra(cr)) = W(m(cl/Q)—m(cl))—CO/ g(v(t),v'(¢)) dt

ra(er)

Z w (TA(01/2> N TA(CI)) — G (N?‘A(Cl),TA(Cl/Q)] + 2) G
where G = fﬁﬁj |s f(s)| ds and N[’,\“(Cl)m(cl/m is the number of zeros of v in [ry(¢1), 7x(¢1/2)].
Since limy — +o00(ra(c1/2) — 72(c1)) = 400 by Lemma E2 and since

To N (en)mnenj2)] = — 0(ra(c1/2)) 4 0(ra(cr))

according to Lemma[3] we have shown that N(\) > N[);‘A(Cl)ﬂ‘k(cl/m} — +ooas A — +oo. O
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5. PROOF OF THEOREM [L1]
For k € Ny := NU {0} we define the sets
A= {A2 8"+ (a(r),wa(r) #(0,0) forallr >0, and N(\) = k}.

Li={A = 8" ¢ (vA(ra(0)), wa(ra(0))) = (0,0)  and Nyo,r, (0 (A) =k}
Recall that ry(a) := inf{r > 0 : E(r) = a}, and E has been defined by (&). Notice that
r)(0) can be finite or infinite. We have

[87,00) = (Ukeny k) U (Upeno Ak) U Ao
where we have denoted by A, := {\ > 7 | v, is oscillatory}. Notice that A, = (0 if (H)
holds. Indeed, let A > 5%, A & A,,. Then N(A) = j for some j € Ny. If vy(r\(0)) # 0, then
vy does not have any double zero in [0, 00). Indeed, assume by contradiction that ry > 7,(0)
is a double zero of vy. Then by the monotonicity of E, E(r) = 0 in [ry(0),r;]. But then also
E'(r) =01in (rx(0),ry) implying that v} (r) = 01in (r,(0), ;) and thus vy (rA(0)) = va(r1) =0,
a contradiction. Hence A € A;. If v\(r\(0)) = 0, then by the definition of 7,(0) we also have

v4(ra(0)) = 0 hence X\ € I;. Also, observe that the sets A;, [; are disjoint for any 4, j, and

Proposition 5.1. Let q and f satisfy (Q1)-(Q4), (f1)-(f2) respectively and let (SC) hold.

With the above notations, we have:
(i) Ay is open in [T, 00),

(7i) Ay U Iy is bounded,

(731) if Ao € Iy, then there exists § > 0 such that (A\g — 0, A\g + ) C A U Agq U I,

(1v) given k € N and \g € Aw, there exists 6 > 0 such that (A\g — 0, g+ ) N A =0 and
M= +0)NI, =0,

(v) sup Ay, € Ij,_1 U I}, where we set I_1 =),

(vi) sup Iy € Iy.

Proof. (i) A is open in [3%, 00): Indeed, if X € Ay, then in particular (v5(7), wx(7)) # (0,0),
where 7 = ry(0). Then there exists g > 0 such that the solution of (I0) is unique in
[0,7(0) + €] and Ex(rx(0)+¢/2) < 0 for all € € (0, |, and thus there exists 6 > 0 such that

Ex(r(0) +¢/2) <0

for all A € (A — 4, A+ d) implying that 7(0) < r5(0) +¢/2. On the other hand, for the same
reason, there exists &' > 0 such that

Er(r3(0) — £/2) > 0

for all A € (A — &, X+ ¢) implying that r,(0) > r5(0) — /2. We conclude then that
lim, ,57,(0) = 7(0). Hence the openness of A;, follows from the continuous dependence of
the solutions in the initial value A.

(77) The boundedness of Ay U I} is a consequence of Proposition .41
(1ii) Let A\g € Iy, set ro =1y, (0) and let

0<2170<22,0<...<2k’0<7”0
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denote the k zeros of vy, in (0, 7).
Assume first that vy, is decreasing in (ro — 2&g,79) for some ¢y > 0, so that it reaches
a last maximum point at some s, € (240,70). Let us define Hy := h E) where h = ¢¥,
E\ = E defined by (8) when v = v, is a solution to (I{), and recall that H = A’/ (F' o v,).
As lim, ., vy, () = 0, we have that H) is decreasing in a left neighborhood of ry and thus
lim, ., Hx,(r) = L > 0. Then, given £ > 0, there exists 7 < ry such that

1
0 < vy (F) < §5+ and H,,(7) < L+¢.
Hence by continuous dependence of solutions to ([I0)) in the initial data in any compact subset
of [0,79), there exists &y > 0 such that for A € (A\g — dg, Ao + o), the solution v, satisfies
0<w\(F) < B", H\T)<L+2e andw, has at least k simple zeros in [0,70), (15)

that is,

(Ao — 60, Ao + 80) C (Ujsi Aj) U (Ujsi ;) U A .
Now we argue by contradiction and assume that there is a sequence {\,} converging to \g
as n — 400 such that A\, & Ay U A1 U I,. Hence we have

that is, the solution vy, has at least k + 2 zeros and at least the first k + 1 zeros are simple.
Let us denote these zeros by

O0<zip<2om <...<Zkn < Zhtin < Zh42n -

By the choice of 7 and (IH)), v,, decreases in [T, zj41,). Let us denote by sg+1, the point in
(Zk+1,ms Zk+2,n) Where vy, reaches its minimum value. As E), (2k4+2,) > 0, we must have that

Un, (Sk1n) < B

Let us denote by 7y, < ra, the unique points in (241, Sk+1,,) Where

Uy, (T1n) = iﬁ_ and vy, (re,) = %B_.
From the mean value theorem we have that
181 = on,(ras) — 0, ()] < (Cog + 1) (ra = 71.) (16)
for n large enough, where C'y, has been defined in Proposition (ii), and

20 <A = 02, 0) — 0, ()| < (Cog 1) 210 < (Cog + )
hence 71, is bounded below uniformly by a positive constant ¢y := 3 Ao/(Cy, + 1).

From H{ = K’ (F ow,), and using the first estimate in (&), we have that for n large
enough, i} (r) <0 for r € [F, 211, and thus by the second estimate in (I3), we know that
Hy, (zk410n) < L+ 2¢. Integrating now Hy = h' (F owvy) over [2x4+1p,72,), and using that
F ow,, <0 in this range we find that

T2,n
H)\n(r27n) — H)\H(Z]H_Ln) = —/ h/ |F (¢] U)\n‘ dt S — C (h(?”gm) — h(’f’l,n»

Zk+1,n
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where C':=inf (1 5- 15 |F'(s)]. Hence, using the monotonicity of ¢ and ([I6]), we obtain
H)\n(’l“gm) S L + 2¢e — C [h(rl,n + E()) — h(rl,n)}

where ¢ := 1 [87|/(C), + 1).

Now we need to distinguish the cases 1y = 400 and ry < 4o00. In the first case, it
must be that ry,, — +00 as n — +oo. Indeed, if some subsequence {7y, } is bounded,
say if 115, < K for any n € N, then by the continuous dependence of solutions in [0, 2K]
we obtain a contradiction. Therefore, from (QQ4) we obtain that lim,, . [h(rl,n + ) —
h(rin)] = 400 and thus, for n large enough, H), (r2,) < 0, contradicting the fact that
By, (r20) 2 Ex, (21425) 2> 0.

To analyze the second case, i.e. the case rg < +oo, we first observe that from (Q1)
and (Q4), there exists a positive constant ay such that

h(y +7¢) — h(y) > ap for all y € [co, 00).

Since it holds that L = 0, by choosing ¢ < C'ag/2 we again obtain that H), (rs,) < 0, a
contradiction.

The case in which v, is increasing in a left neighborhood of r can be handled with similar
arguments. Altogether (iii) is established.

(iv) Let k € N and A\g € As. Then there exists R > 0 such that v,, has at least k + 2 zeros
in [0, R]. By continuous dependence, there exists § > 0 such that for A € (A\g — 6, Ao + ), vy
has at least k + 1 zeros in [0, R], thus the result follows.

(v) Assume next that Ay # (), let A\ = sup Ay and set ro = 7,,(0). By (iv) and using that
A; is open for every j € Ny, A\g € A; for any j hence \¢ € I; for some j, and by continuous
dependence of the solutions in the initial data in [0,79 — €] for € > 0 small enough, j < k.
By (ii4), there is ¢ > 0 such that (A\g—d, A\o] C A;UA; 11 UL, and since Ax N (Ao — 0, Ao] # 0,
it must be that
AN (AjUA L UL)#£0,

hence j=korj=%L—1.

(vi) sup Iy, € Iy: It follows directly from (éi7) and (iv). O

Proof of Theorem [1.1. With the notation of the previous lemma one shows by induction that
there exists an increasing sequence {\}, such that A\ € Ij.

As 51 € Ay, by (i) we can set \g = sup Ay, and by (v) and (vi), A\g € Iy and \g < sup Iy €
Iy. We use now (i7i) and find § > 0 such that

(sup]o —(5, sup[0+5) C A()UAl UIO
Since (sup Iy, sup Iy + ) N Ag = () by the definition of A\g and (sup Iy, sup Iy +0) N Iy = O by
the definition of sup I, it must be that
(sup Iy, sup lp +9) C Ay

implying that
Al # () and )\0 < sup I(] < A= sup Al .
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By (v), A1 € IpU I, but as sup Iy < Ay, it must be that sup A; € I;. Then
I; is not empty and A\; < supl;.
We use again (iii) to find § > 0 such that
(suply —d,sup 1 +6) C AU A, U I

and again deduce that
(sup I1,sup I; +0) C A,

hence Ay # () and thanks to (i) we can set Ay = sup As, \g < Ay <supl; < Ag and Ay € .
We continue this procedure to obtain the infinite strictly increasing sequence {\;}, defined
by A = sup A, with A\, € 1. U

Remark 3. Note that by Theorem[3.3, N\, — +o0 if (H) is satisfied. Indeed, if N\, — A\ < 00,
then, as f(\) > 0, it must be that vy is oscillatory.

6. EXAMPLES AND CONCLUDING REMARKS
We start this section with the analysis of the examples of Section 2.

Analysis of examples [1], 2] and Bl Following some of the ideas in [4] 26], we consider the
following problem, which includes as special cases those three examples:

. : e\ .
div(|z|* |VuP~> Vu) + |z|* (1 T f(u) =0 inR?,

|
lim wu(x) =0,
|z| =400

where d > 1, k, / € R, and s, 0 > 0. Here

We claim that (WW1)—(W4) are satisfied if

(>k—p, ﬁ+£:/1>1—d. (17)
PP

First of all, it can be verified that (W1) is a consequence of the first condition in (7). Next

we compute
k ¢ o 1 14 7r5\7s k=t
=ld—-1+—+—+— .
w(r) ( +p+p/+p/1+rs) ( /ras ) re

Since by (7)) and the assumption that s and o are positive, the three factors appearing in

the above expression of ¢ are positive and strictly decreasing, thus (1#/2) holds. In order to
check that (W3) holds, we observe that

lim w(r)/ (@) ’ dt = (d -1+ E + £ + g) lim T,kf;"—l/ tofgw it
r—04 0 a(t) D p/ p/ P04 ;
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thus by (I7) we have

: "rby\p pd=1)+U+o)p—1)+k
fim w(r)/0<5> dt = p+l+o—k

> 0.

T—)0+

A similar calculation gives

, " b\ VP k¢ p
TEToow(r)/()(E) dt_<d_1+5+17>p—k+e>0’
hence (W3) is satisfied. Finally, as
-1 (4 Lo b A1k D) Y
@ () b(r) = (a3 (1) 67 (1)) =1 ()

by the second condition in (I7) we conclude that (WW4) holds. Note that (I7) implies that
(+d>1/p.
Now we analyze the subcriticality assumption (SCy ). By integration by parts we find

that
B(r):/rb(t)dt: rir) | _ o /Ttsb(t)dt.

d+0+0 d+l+o 1+4t8

= (1) B+ 521 80
where (d+k—1)/r =d /a. As

Set

rv(r) rs
=d+/ —1-
by L’Hopital’s rule we find that
/ 1 1
b 0 rb(r) st rEd e d4 it

hence from (@) we obtain that for d + k > p,

1
lim sup pu(r) = p, = (

r—04 p

d+k:—p>
d+0+o/"

For these weights, and f(s) = [s|?"'slog|s|, 1 < ¢ +1 < 1/u*, the assumptions in (SCy)
are satisfied for any o € (0,1), and g > p* such that ¢ +1 < 1/u. Thus we conclude that
the equation has nontrivial solutions with any prescribed number of nodes.

Analysis of Example 4. Here we complement the results of Section 2] when f is an odd
function such that f(s) = |s|> =2 s when |s| > 8 and f is defined on (0, 3) so that (f1)-(f2)
hold with — 8~ = 8% = . The following result shows that Theorem [L.T] does not apply if
the sub-criticality condition (SC') does not hold.

Proposition 6.1. There exists a function f as above, and Ao > [ such that for any X > \g
the solution vy of (IQ) is everywhere positive.
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Proof. For any v € (—o0, \), let us define Ry (v) := inf{r > 0 : vy(r) = v}. It can be directly
verified that
d(d—2) 2 2 1 d—2 gda-1 /. 2 2
2 _ s = =y 2 _ 2 5= =5 =
BN = s (A2 —p72) and S R(RaO))P = - A7 (ArE — )
Using h as in @), i.e. h(r) = r2(@=1 we know that h E is decreasing in r, hence
P20 EBy(r) < (Ra(N)*7) Ex(Rg(N)) < C(8,d) A2

as long as r > Rg(A) and |vy(r)| < B. Assume now that vy and vy, have at least one zero.
This means that Ro(A) and Ro(Ag) are finite. From the separation lemma [6, Lemma 4.2], if
A > g, it follows that

Rs(\) < Ry(Xg) and kg := Ry(Xo)? Ex (Rs(No) < Rs(A)? Ex(Rs(N))

for all s € [—f,5]. We may assume that kg is positive (otherwise replace g by A, and
then choose a larger \). This means that Ro(\) < Ro(\g) and r* E\(r) > ko for any r €
[R5(N), Ro(N)]. Hence FE\(r) > ko/r? and so we get

22(0-2) < C(B,d) Ko A2
- Ro >\2 C(ﬁ7 d)
Now let us assume that we can take A arbitrarily large. In that case we can estimate
Ro(\) )
B = |0\ (r)] dr ~ X772 (Ro(A) — Rg(\))  as A — +oo,
Rs(N)
thus proving that Rg(\)/Ro(A) = 6 for some 6 € (0, 1).
From (), we know that E} = —(d — 1) |v}|*/r ~ —2(d — 1) E /r, which shows that

and  F\(r) > ko ( )n for any r € [Rg(N), Ro(N)].

r

—2(d—1)
Er(r) = Ex(Rs(\)) (m) (1+0(1))) as\— +oo.

Using |[v}| = v2 E\ (1 +0(1))), we can compute again
Ro(A

g [ = mmon [ (55) e

Rs(N) Rs(A)

1/6
- 2E,\(R5(>\))R5(>\)/1 st ds (1+0(1))).

Since limy_, 100 /2 Ex(Rg(A\)) Rg(A) = (d — 2) 8, we finally get 1 = 1 — 6972 which is an
obvious contradiction. U

Analysis of Example[6l This case is a limit case for which the critical exponent is achieved,
with a nonlinearity which is still slightly sub-critical in some sense, as we shall see below.
Although

sf(s) _ .

=P

v+ 1 = limsup
[s| =400 F(S)
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and thus usual subcritical assumptions do not hold, f satisfies (SC). As Q(r) ~ r? for r
small, we can rely on Remark [Il and observe that

(F(s) - ]%sf(s)) Q(((;j,zj(f(l;)l/pl) = Z% (log s)%c_1 — 400 as s — +00.

Problem (2)) has therefore bounded states with any prescribed number of nodes.

Concluding remarks. We conclude this section with some remarks concerning the support
of a solution to (2) and the case p* = 0.

Compactly supported solutions and double zeros. It should be noticed that the proof given
in [I9, Proposition 2] can be adapted here to prove that a necessary and sufficient condition
for a solution of (@) to be compactly supported is that s — |F(s)|7'/? is integrable in a
neighborhood of s = 0. In that case, the value of r corresponding to the boundary of the
support, if it is bounded, is a double zero of the solution. For completeness, let us give some
hints on the proof.

If v solves ([I2)), then we can prove that |v/_|P/p'+ F(vs) = 0 by multiplying the equations
by v’ and taking a primitive. This allows to prove that

Voo (1)
r—roz/ |F(s)|~Pds
0

if r is in a left neighborhood of 1y on which v (r) > 0 and such that v, (rg) = 0. By
monotonicity, the above relation can be inverted to provide an expression of v (7).

If we consider a solution to (), it can be proved that it is compactly supported if
s+ |F(s)|7Y/? is integrable using comparison methods. For detailed results, we primarily

refer to [28], to [3], 5, ] in case p = 2 and to |31, 30} 28] 27, 17, 21] in the general case.

If s + |F(s)|7*/? is not integrable in a neighborhood of s = 0, solutions cannot be
compactly supported and double zeros appear at +oo, that is,

xel, — T)\(O):—l-OO.

This is of course consistent with Hopf’s lemma, as established for instance in [31]. Assump-
tion (H) provides a sufficient condition for the solutions to have only a finite number of
nodes. We do not claim that it is optimal.

For completeness, it has to be noted that the behavior of f may differ in right and left
neighborhoods of s = 0. The discussion of the various cases is left to the reader.

Location of the last node. We have observed that limy_, .. r(\) = 400, thus showing that
the support of compactly supported solutions becomes larger and larger as A — +o00. Such
solutions have been studied in [ [13].

For solutions which are not compactly supported, this means that the largest zero goes
to 0o as A — +oo. Notice that this does not give a lower bound on the number of zeros in a
fixed interval containing 0, which is consistent with the results of [22]. This means that even
in the sub-critical regime the distance that separates two consecutive zeros or the lowest zero
from the origin, » = 0, may become arbitrarily small as A\ — +oc0.

Still, from Lemmata 1] and 2] it can be deduced that the last nodes become arbitrarily
large when A — 400
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The case pu* = 0. In this case, we claim that (SC') is always satisfied for f such that f(s) ~
C's" as |s| — +oo. Indeed, we can choose any o € (0,1), and g € (0, min{1/(y+ 1),1/p}),
small. From the definition of u*, it follows that there exists Cy > 0 such that Q(r) > CyrP*e
for r small, with e = up?/(1 — pp). Hence

(F(82) — K S2 f(52)> Q((%)l/p) >C (ﬁ —p) s Q((l — ) s=@'=1 5)

for some positive constant C' and for any sy, se € [a s, s]. If 1 —(p' — 1)y > 0, then (@) clearly
holds as () is an increasing function. If 1 — (p’ — 1)y < 0, then for s large enough,

S
7

SHLQ <(1 — @) st DA ﬁ) S O P 1= =115

and since
1 €
7+1+(p+6)[1—(p’—1)7]2;=p+};[1—(p’—1)7] >0

for p small enough, that is, for € small, our claim follows.

APPENDIX A. EXISTENCE AND UNIQUENESS RESULTS

This Appendix is devoted to the proof of Proposition Bl By Proposition B.2] if a solu-
tion v = vy to ([I0) exists on some interval [0,79), then |v}| + [v\| < Cy in [0,r) for some
positive constant Cy. Hence, if v, can be defined in an interval of the form [0, ro] for ro > 0,
then this solution can be extended to [0,00). Such an existence result (and a uniqueness
result conditional to the values of vy) is proved in [26, Proposition 9.1, 9.2] so we omit it.

To study the unique extendibility situation at points ry > 0 we re-write (I0) in the form

v = ¢p’(;w)

= —L oy
w = . f(v) (18)
v(rg) = vo, w(ro) = wo

and observe that the only delicate situations occur at points (v, wgy) with either vy = 0 or
wo = 0. Our approach is based on ideas that can be traced back to [24] 25] (also see [20]).

When p < 2, a solution of (I8) can be uniquely extended until it reaches a double zero,
as in this case the right hand side is Lipschitz in a neighborhood of any point (vg, wy) with
vo # 0. When p > 2, the argument does not apply because ¢,/ is not locally Lipschitz near 0.
Nevertheless unique extendibility still holds if f(vy) # 0 and wy = 0. Let us prove it.

Assume for simplicity that f(vg) < 0. From the second equation in (If]) and using the
fact that w(ry) = wy = 0, we have that

|f(vo)| if |r—mo| <6

if 9 > 0 is small enough, then implying that

| — ro|

()] > | (o) for all 7 € (o — 8,70 +6) .
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Hence, if (vy,wy) and (vy, ws) are two solutions of (I8)), then for r > r¢, from the mean value
theorem, using the fact that p’ — 2 < 0, we have

(0] = 05) ()] = [(dp (w1) = Gy (w2))(r)] = (b = 1) &2 (w1 — ws)(r)]
< O (r—r0)" 7 |(wi — wy)(r)|
for some positive constant C' and thus
(01 = 02)(r)] < C (r = ro)" " [Jwy — we

where || - || represents the usual sup norm in C([rg — 6,79 + 6];R). Also from the second
equation in (I8), using that f is locally Lipschitz we find that

|(w1 — wy)( |</| s)| ds < Cl|wy — wsl| (1 —10) + K |lv1 — va| (1 — 70)

for some positive constant K. Adding up these two last inequalities we have that
lvy — vall + [lwy — wa| < C (677" +6) lwy — wal| + K & [lor — val,
or equivalently,
(1= K0) |y — v + (1 - C (6P + §)) [lwr —ws|] <0,

Hence, choosing ¢ small enough we deduce v; = v and w; = w, and unique extendibility
follows.

Finally, if a solution reaches the value zero with a nonzero slope, (that is, vy = 0, wy # 0),
then this solution can be uniquely continued by considering its inverse, i.e. the function
r = r(s) such that v(r(s)) = s, which satisfies the equation

/

(p—1)r" = ‘; r(s)+ f(s) [P ()P,
T(O):T0>O, T,(O):to#o,

(19)

or equivalently,

(0= 1)7"(8) = T 1o (a(r(s)) + S(5) (P

We recall now that 7(0) = 9 > 0, 7/(0) # 0, so everything that follows is well defined in a
neighborhood of s = 0. Indeed since r and " are continuous, there exists dy > 0 such that for
|s| < & it holds that r9/2 < r(s) < 3ry/2 and |to|/2 < |r'(s)] < 3|te]/2. Let s € (—do, o).
Then integrating over (0, s) we get

SRy RIGIGIS

(p—1) (7’/(5) — to) =lo (

Let now 71, 75 be two solutions of (I9) defined in (—dg,dp) where oy = min{d; o, o0} with
obvious notations. Then, using that

PO = [r5(E)7] = p dpllnl) [75(€) — ()] for some [n] € ([to]/2, 3 [to]/2) .

we obtain

[r1(s) = ri(s)| < Ao [ri(s) — ra(s)| + Bo /0 £ (&) [r(€) — r5(&)] dE
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for some positive constants Ay, By depending on 7¢, ty and &y, and thus, if |so| < do,

sup |1 (s) = ry(s)| < Ao sup  [r1(§) = r5(&)|[sol + Bo  sup  [ri(€) = r5(&)][F (o)l

s€[—50,50] £€[—s50,50] £€[—s0,50]

that is,

sup |1 (s) = 7(s)| (1= Ao lsol = BolF(s0)]) <0.
SE€[—s0,50]
/

Since F'(0) = 0, by choosing |sg| small enough, we must have 71 (s) = r5(s) in [—so, so] and
hence also r1(s) = ro(s) in [—so, So|- O
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