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"Université Paris Sud ; Département de Mathématiques
’Institut Mines-Télécom ; Télécom ParisTech ; CNRS LTCI

October 29, 2014

Abstract

In this work, we study the problem of aggregating a finite number of predic-
tors for non stationary sub-linear processes. We provide oracle inequalities relying
essentially on three ingredients: 1) a uniform bound of the ¢! norm of the time-
varying sub-linear coeflicients, 2) a Lipschitz assumption on the predictors and
3) moment conditions on the noise appearing in the linear representation. Two
kinds of aggregations are considered giving rise to different moment conditions
on the noise and more or less sharp oracle inequalities. We apply this approach
for deriving an adaptive predictor for locally stationary time varying autoregres-
sive (TVAR) processes. It is obtained by aggregating a finite number of well
chosen predictors, each of them enjoying an optimal minimax convergence rate
under specific smoothness conditions on the TVAR coefficients. We show that
the obtained aggregated predictor achieves a minimax rate while adapting to the
unknown smoothness. To prove this result, a lower bound is established for the
minimax rate of the prediction risk for the TVAR process. Numerical experiments
complete this study. An important feature of this approach is that the aggregated
predictor can be computed recursively and is thus applicable in an online predic-
tion context.

1 Introduction

In many applications where high frequency data are observed, we wish to predict the
next values of this time series through an online prediction learning algorithm able to
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process a large amount of data. The classical stationarity assumption on the distribution
of the observations has to be weakened to take into account some smooth evolution of
the environment. From a statistical modelling point of view this is described by some
time-varying parameters. In order to sequentially track them from high-frequency data,
the algorithms must require few operations and a low storage capacity to update the pa-
rameters estimation and the prediction after each new observation. The most common
online methods are least mean squares (LMS), normalised least mean squares (NLMS),
regularised least squares (RLS) or Kalman. All of them rely on the choice of a gradi-
ent step, a forgetting factor, or, more generally on a tuning parameter corresponding to
some a priori knowledge on how smoothly the local statistical distribution of the data
evolves along the time. To adapt automatically to this smoothness, usually unknown
in practice, we propose to use an exponentially weighted aggregation of several such
predictors, with various tuning parameters. We emphasize that to meet the online con-
straint, we cannot use methods that require a large amount of computations (such as
cross validation).

The exponential weighting technique in aggregation have been developed in paral-
lel in the machine learning community (see the seminal paper [30]), in the statistical
community (see [6, 32, 34, 22], or more recently [14, ?, 25]) and in the game theory
community for individual sequences prediction (see [8] and [27] for recent surveys). In
contrast to the classical statistical setting, in the individual sequence setting the obser-
vations are not assumed to be generated by an underlying stochastic process. The link
between both settings has been analyzed in [16] for the regression model with fixed
and random designs.

Exponential weighting has also been investigated in the case of weakly dependent
stationary data in [1]. More recently, an approach inspired from individual sequences
prediction has been studied in [2] for bounded ARMA processes under some specific
conditions on the (constant) ARMA coeflicients.

In this contribution, we consider two possible aggregation schemes based on ex-
ponential weights which can be computed recursively. We provide oracle inequalities
applying to the aggregated predictor under the following main assumptions that 1) the
observations are sub-linearly with respect to a sequence of random variables with possi-
bly time varying linear coefficients and 2) the predictors to be aggregated are Lipschitz
functions of the past. An important feature of our observation model is that it embeds
the well known class of locally stationary processes. We refer to [10] and the refer-
ences therein for a recent general view about statistical inference for locally stationary
processes. As an application, we focus on a particular locally stationary model, that of
the time-varying autoregressive (TVAR) process. The minimax rate of certain recur-
sive estimators of the TVAR coefficients is studied in [24]. To our knowledge, there is
not a well-established method on the automatic choice of the gradient step when the
smoothness index is unknown. Here we are interested in the prediction problem which
is closely related to the estimation problem. We show that the proposed aggregation
methods provide a solution to this question, in the sense that they give rise to recursive
adaptive minimax predictors.

The paper is organized as follows. In Section 2, we provide oracle inequalities
for the aggregated predictors under general conditions applying to non-stationary sub-
linear processes. TVAR processes are introduced in Section 3 in a non-parametric



setting based on Holder smoothness assumptions on the TVAR coefficients. A lower
bound of the prediction risk is given in this setting and this result is used to show
that the proposed aggregation methods achieve the minimax adaptive rate. Section 4
contains the proofs of the oracle inequalities. The proof of the lower bound of the mini-
max prediction risk is presented in Section 5. Numerical experiments illustrating these
results are then described in Section 6. Three appendices complete this paper. Ap-
pendix A explains how to build non-adaptive minimax predictors which can be used in
the aggregation step, Appendix B contains some postponed proofs and useful lemmas,
and Appendix C provides additional results with improved aggregation rates.

2 Online aggregation of predictors for non-stationary
processes

2.1 General model

In this section, we consider a time series (X;),ez admitting the following non-stationary
sub-linear property with respect to the non-negative process (Z;),cz.

(M-1) The process (X;).cz satisfies

X1 < D AN Zy .1)

JEZ

where (A( j)),yjEZ are non-negative coefficients such that

A, = sup Z Aj) < o0 (2.2)
t€Z jez

Additional assumptions will be required on (Z;),cz to deduce useful properties for
(X))ez. Note for instance that the condition on A, in (2.2) guarantees that, if (Z;).ez
has a uniformly bounded L”-norm, the convergence of the infinite sum in (2.1) holds
almost surely and in the L”-sense, with both convergences defining the same limit. It
follows that (X;),ez also has uniformly bounded L” moments. Let us give some partic-
ular contexts where the representation (M-1) can be used.

Example 1 (Weakly stationary processes). Standard weakly stationary processes such
as ARMA processes (see [5]) admit a Wold decomposition of the form

X =) a(péj,
720
where (&),ez is a weak white noise with, says, unit variance. This model, sometimes
referred to as an MA(oo) representation, is often extended to a two-sided sum represen-
tation
X = > a(ér;,
jez
and additional assumptions on the existence of higher moments for (&),ez or on the

independence of the &’s are often used for statistical inference or prediction, see [5,
Chapters 7 and 8].



Example 2 (Time varying linear processes). Because the sequence (A;(j)) ez may vary
with 7 in (M-1), we may extend Example 1 and also consider linear processes with time
varying coefficients. In this case, we have

Xi= ) alié; . 23)
JjezZ

where (&;) is a sequence of centered independent random variables with unit variance
and (a,(j)):,jez is supposed to satisfy (2.2) with A;(j) = la,(j)l, so that (M-1) holds
with Z, = |&|. For this general class of processes, statistical inference is not easily
carried out : each new observation X; comes with a new unknown sequence (a()) jez.
However additional assumptions on these set of sequences allow to derive and study
appropriate statistical inference procedures. A sensible approach in this direction is
to consider a locally stationary model as introduced in [9]. In this framework, the
set of sequences {(a;(j))jez, 1 <t < T} is controlled as T — oo by artificially (but
meaningfully) introducing a dependence in T', hence is written as (a,7(j)) jez,1</<7, and
by approximating it with a set of sequences rescaled on the time interval [0, 1], a(u, j),
u € [0, 1], j € Z, for example in the following way

T
. ro,
supsup Y lair() - a . )| < .
T2l jez S r
Then various interesting statistical inference problems based on X, .. ., X7 can be tack-

led by assuming some smoothness on the mapping u — a(u, j) and, possibly, additional
assumptions on the structure of the sequence (a(u, j)) ez for each u € [0, 1] (see [10]
and the references therein).

Example 3 (TVAR model). A particular instance of Example 2 is the time varying
autoregressive (TVAR) process, which is assumed to satisfy the recursive equation

X[ = Z gjerr_j + 0—[61‘ .
ez

where (&)ez 1s a white noise process, see [18]. It turns out that, in the framework
introduced by [9], under suitable assumptions, such processes admit a time varying
linear representation of the form (2.3), see [20, 9]. In Section 3, we focus on such a
class of processes and use the aggregation of predictors to derive adaptive minimax
predictors under specific smoothness assumptions on the time varying coefficients.

Our goal in this section is to derive oracle bounds for the aggregation of predic-
tors that hold for the general model (M-1) with one of the two following additional
assumptions on (Z;)sez.

(N-1) The non-negative process (Z;),cz satisfies

my, = supE[Zf’] <.
teZ
(N-2) The non-negative process (Z;).cz is a sequence of independent random vari-
ables fulfilling
#() = supE[e{Z’] <.
teZ



Assumptions (N-1) and (N-2) appear to be quite mild. As mentioned in Example 1,
basic assumptions in stationary time series usually include moments of sufficiently high
order for the innovations and their independence, or rely on the Gaussian assumption,
which is contained in (N-2). We also note that, in the context of locally stationary time
series, our assumptions on the innovations are weaker than those used in the recent
works [12, 13, 10]. Precise comparisons between our assumptions and usual ones in
the aggregation literature will be given after Corollary 1.

2.2 Aggregation of predictors

Let (x;)cz be a real valued sequence. We say that X; is a predictor of x; if it is a
measurable function of (x;);<,—1. Throughout this paper, the quality of a sequence of
predictors (X;)<<r is evaluated for some 7 > 1 using the £? loss averaged over the

time period {1,...,T}
T
1 -
T Z (s )c,)2 .
=1

Now, given a collection of N sequences of predictors {(}fi)) 1<t<7, 1 ST <N }, we wish
to sequentially derive a new predictor which predicts almost as accurately as or more
accurately than the best of them.

In the present paper and for our purposes, aggregating the predictors amounts to
compute a convex combination of them at each time ¢. This corresponds to choosing at
each time 7 an element «; of the simplex

N
SNz{s=(s1,...,sN)eRf+V:Zs,-z1}. (2.4)
i=1
and compute

We consider two strategies of aggregation, which are studied in the context of bounded
sequences in [8, 7]. More recent contributions and extensions can be found in [16]. See
also [27] for a pedagogical introduction. These strategies are sequential and online,
meaning that

(i) to compute the aggregation weights a; at time ¢, only the values of {}ﬁi), 1<i<
N} and x; up to time s = ¢ — 1 are used

(i) the computation can be done recursively by updating a set of quantities, the num-
ber of which does not depend on .

These two properties are met in the Algorithm 1 detailed below.
We consider in the remaining of the paper a convex aggregation of predictors

N
% =3 = Za},}f’), 1<t<T,
i=1

with some specific weights @;, defined as follows.



Strategy 1: building weights from the gradient of the quadratic loss

The first strategy is to define foralli = 1,...,Nand ¢ = 1,..., T, the weights @;, by

-1 ( N
exp [—277 Z [Z aj,{fcﬁ:’) _ xs]ggsi)]
e _ s=1 \j=1
Y -1 (N . ’
Z exp [—21] Z [ aj,s’i(s]) _ X‘v]}ﬁ,")]
k= =1

1 s=1

2.5)

with the convention that a sum over no element is zero, so @;; = 1/N for all i.
The parameter n > 0, usually called the learning rate, will be specified later.

Strategy 2: building weights from the quadratic loss

The second strategy is to define foralli = 1,...,Nand ¢ = 1,..., T, the weights @;, by

: 2.6)

with again the convention that a sum over no element is zero.

Algorithm 1: Online computation of the aggregation algorithms.

parameters the learning rate 7 (in (0, c0)) and the strategy (1 or 2);
initialization 7 = 1, @, = (1/N)i=1._n;

while input the predictions }fi) fori=1,...,N;
do

o =x"=3Y @5

return x;;

and when input a new x;,

do

t=t+1;

fori=1to N do

switch strategy do

case / '
| v =@ exp (<20 (R - x0) 72
case 2

— ; 2
L Vip = Qjg—1 €Xp (_77 (Rf?l - xr—l) );

o N
ar = (Vi,t/ Zkzl Vk,t)

i=1,..N’

Both strategies yield the same algorithm up to the line where v;, is computed. For
sake of brevity we write only one algorithm (see Algorithm 1) and use a switch/case



statement to distinguish between the two strategies. Note, however, that the choice of
the strategy (1 or 2) holds for the whole sequence of predictions.

2.3 Oracle bounds

We establish oracle bounds on the average prediction error of the aggregated predictors.
These bounds ensure that the error is equal to that associated with the best convex
combination of the predictors or with the best predictor (depending on the aggregation
strategy), up to two remaining terms. One remaining term depends on the number N
of predictors to aggregate and the other one on the variability of the original process.
The learning rate n7 can then be chosen to achieve the best trade-off between these two
terms.

The second remaining term indirectly depends on the variability of the predictors. We
control below this variability in terms of the variability of the original process by using
the following Lipschitz property.

Definition 1. Ler L = (Ly)s>1 be a sequence of non-negative numbers. A predictor x;
of x; from (x;)s<—1 is said to be L-Lipschitz if

[ < > Ly bl

s>1
We more specifically consider a sequence L satisfying the following assumption.

(L-1) The sequence L = (L;),> satisfies

L=Y1 <0, @.7)

=1

This condition is trivially satisfied by constant linear predictors depending only on
a finite number of previous observations, i.e. X; = Zle Ly x,—s. In Appendix A.1,
we extend this case in the context of the TVAR process where the coefficients L;
are replaced by estimates of the time-varying autoregressive coefficients. More gen-
erally, Assumption (L-1) appears to be quite natural in the general context where
E[X/|(X;—0)s>1] = fi(Xi—)s>1), Where f; is a Lipschitz function from R to R, with
Lipschitz coefficients satisfying a condition similar to (2.7); see for instance [15] in the
case of stationary time series.

We now state two upper-bounds on the mean quadratic prediction error of the ag-
gregated predictors defined in the previous section, when the process X fulfills the
sub-linear property (M-1).

Theorem 2.1. Assume that Assumption (M-1) holds. Let {(Z([))lstg, 1<i<N}bea
collection of sequences of L-Lipschitz predictors with L satisfying (L-1).

(i) Assume that the noise Z fulfills (N-1) with p = 4 and let X = (z)lgrST denote the
aggregated predictor obtained using the weights (2.5) with any n > 0. Then, we



have

e8] = g 7 32

t=1

Nl -

+

log N
ng o1+ L) Atmy . (2.8)

(ii) Assume that the noise Z satisfies (N-1) with a given p > 2 and let X = ()?,)15,57
denote the aggregated predictor obtained using the weights (2.6) with any n > 0.
Then, we have

* E[(m-x %] < min ) E[ x)]

t=1

7‘?’ + )PP AL+ L)Pmy, . (2.9)
(iii) Assume that the noise Z fulfills (N-2) for some positive { and let X = ()’(\,)15,57

denote the aggregated predictor obtained using the weights (2.6) with n > 0.
Then, for any

4 ] . . .
1el0, ———— with a* :=supsupA < A,, 2.10
( L+ D) sup sup A4,(/) (.10)
we have
7 2 E|(% - %) | < min 7 > E[(%7 - x)]
1= =
1 N 2
s A7 (2 A T) O () R 2
n e

The proof can be found in Section 4.2.

Remark 1. The bounds (2.8), (2.9) and (2.11) are explicit in the sense that all the
constants appearing in them are directly derived from those appearing in Assump-
tions (M-1), (L-1), (N-1) and (N-2).

The following corollary is obtained by choosing 7 (and A in the case (iii)) ade-
quately in the three cases of Theorem 2.1.

Corollary 1. Assume that Assumption (M-1) holds. Let {(E(\t(i))lﬁtg, 1 <i<N}bea
collection of sequences of L-Lipschitz predictors with L satisfying (L-1).

(i) Assume that the noise Z fulfills (N-1) with p = 4 and let X = ()’(\,)mg denote the
aggregated predictor obtained using the weights (2.5) with
B 1 (log N )1/ 2

Qmy)'? (1 +L.242 \ T '

2.12)



This gives
T T 1/2
1 — 2 1 2 log N
: v] g
T § E[(X,—X,)]svler}sz/T;:lE[(Xt[ —X,)]+c1( - ) . (2.13)

t=1

with Cy =2 (2my)'"? (1 + L,)* A%

(ii) Assume that the noise Z satisfies (N-1) with a given p > 2 and let X = (Z)lstsT
denote the aggregated predictor obtained using the weights (2.6) with

1 (logN)z/’7
n= :
2mP(+L)2A2 \ T

(2.14)

We then have
S g 1-2/p
! X, ? in 70 2 log N
?;E[(X,—Xr) ] < min — ZE[(X, - X)) ]+c2 ( = ) . (2.15)

with Cy = 3m)P(1 + L,)* A%,

(iii) Assume that the noise Z fulfills (N-2) for some positive { and let X = (Z)lstsT
denote the aggregated predictor obtained using the weights (2.6) with

2 T\
1= 50+ LA (log(logN)) ' (.10

Then, we have
; T X, ? in | N v 2
7 2 B|(% - x) < i 7 > (% - x|

2AXL, +1)* logN T \V 40 T
RGN o))+ 42 v} e

(Note that when (log N)/T — O, the term between curly brackets is equivalent to
(log(T/ log N))?).

Cases (i) and (ii) in Corollary 1 follow directly from Theorem 2.1. The Case (iii)
is more delicate since it requires optimizing A as well as 7 in the second line of (2.11).
The details are postponed to Section 4.3.

Remark 2. 'We observe that the bound in (2.17) improves that in (2.15) for any p > 2.
For p > 4, the remaining term (log N/ T)'=2/P in (2.15) is smaller than the remaining
term (log N/T)V? in (2.13). Similarly, the remaining term log N (log T)?/T in (2.17)
is smaller than (log N/ )% in (2.13). Yet, we emphasize that the oracle inequali-
ties (2.15) and (2.17) compare the prediction risk of X to the prediction risk of the best
predictor X, while the oracle inequality (2.13) compare the prediction risk of X to the
prediction risk of the best convex combination of the predictors X, so they cannot be
directly compared.



Remark 3. As explained in Appendix C, under the hypotheses of Cases (ii) and (iii)
and for certain values of 7" and N, using a more involved aggregation step, we can get
a new predictor satisfying an oracle inequality better than that in (2.13). For example,
under the hypotheses of Case (iii), for 7 > N 2(10g T)°, the remaining term (log N/ )2
in (2.13) can be replaced by N(log T)3/T which is smaller, see the inequality (C.7)
page 40. Yet, this aggregation has a prohibitive computational cost and seems difficult
to implement in practice.

Remark 4. In Cases (ii) and (iii), which correspond to the weights (2.6), the choice of
the optimal 1 depends on the assumptions on the noise, namely (N-1) or (N-2). Under
a moment condition of order p, the optimal 7 is of order (log N/T)*'? and under an
exponential condition, it is of order (log 7) 2. It is know from [7, Proposition 2.2.1]
that under a bounded noise condition, 77 can be chosen as a constant (provided that
it is small enough). Hence, coarsely speaking, the heavier the tail of the noise, the
smallest 77 should be chosen. Observing that 1 allows us to tune the influence of the
empirical risk on the weights from no influence at all ( = 0 yielding uniform weights)
to the selection of the empirical risk minimizer (n — o), the specific choices of 7 can
be interpreted as follows : the heavier the tail of the noise, the less we can trust the
empirical risk.

Comparison with previous works In the literature, prediction risk bounds of the
form (2.13) (Case (i) of Corollary 1) are sometimes called convex regret bounds, and
prediction risk bounds of the form (2.15) and (2.17) (Cases (ii) and (iii) of Corollary 1)
are sometimes called best predictor regret bounds.

[26] exhibits convex regret bounds in a setting close to ours, namely for an online
aggregation of predictors for a sequence of possibly dependent random variables. Un-
der our moment condition (N-1) with p = 4, [26, Theorem 2] provides an upper bound
similar to (2.13) but with our remaining term (log N/ )2 replaced by (N log(N)/ )2,
Under the exponential condition (N-2), [26, Theorem 1] provides an upper bound sim-
ilar to (2.13) but with a remaining term (log N/ )% x (log(N T))?, which is still larger
than our remaining term under moment conditions.

Best predictor regret bounds can be found in [34] for some sequences of possi-
bly dependent random variables. He assumes that the innovation noise has a known
distribution (satisfying a certain technical condition) and that the predictors remain at
a bounded distance to the conditional means. The regret bounds are presented in a
slightly different fashion from ours but it is easy to see that a similar result as our
bound (2.17) is obtained in this setting. However, we do not require to have bounded
prediction errors and we do not require the precise knowledge of the distribution of the
noise.

The i.i.d. setting has received much more attention and, even if the setting is quite
different, it is interesting to briefly compare our results to previous works in this case.
Let us start with the convex regret bound in Case (i) of Corollary 1. Most of the exist-
ing results, see for instance [19, 32, 28] or [31] for recent extensions to {7 aggregation,
assume the predictors to be bounded and specific noises are considered (very often the
noise is assumed to be Gaussian). In such settings, the best possible remaining term
typically takes the form (log N/T)'/? when N is much larger than 7''/? and of the form

10



N/T if N is smaller than 7''/2. Hence our bound (2.13) is similar only in the case where
N is much larger than 7'/2. However, as explained in Remark 3 and Appendix C, when
T is larger than N? and under the moment condition (N-2), we can get via a more
involved aggregation procedure, a convex regret bound with a remaining term of the
same order N/T up to a (log T)? factor (see (C.7) page 40). Let us now compare our
bound (2.15) in Case (ii) to optimal bounds in the i.i.d. setting under moment conditions
on the noise. Corollary 7.2 and Theorem 8.6 in [?] shows that the optimal aggregation
rate is (log N/T)'~?/?*?) in the i.i.d. setting with bounded predictors and moment con-
ditions of order p on the noise. Our remaining term (log N/T)'~%/7 in (2.15) is slightly
larger, yet an inspection of the proof of [?, Corollary 7.2] shows that the aggregation
rate would also be (log N/T)'~?/? in this corollary, if the predictors were assumed to
have a moment condition of order p instead of being uniformly bounded (we are not
aware of any lower bound in this setting matching this rate). Finally, when the data and
the predictors are bounded, the best aggregation rate is known to be (log N)/T in the
i.i.d. setting, see for example [?, Theorem 8.4]. Our bound (2.17) in Case (iii) achieves
the same rate up to a (log T')? factor.

3 Time-varying autoregressive (T VAR) model

3.1 Non-parametric TVAR model
3.1.1 Vector norms and Holder smoothness norms

We introduce some preliminary notations before defining the model. In the remaining
of this article, vectors are denoted using boldface symbols and [x| denotes the Euclidean
norm of x, |x| = (3; |x;)"/%.

For 8 € (0, 1] and an interval / C R, the f—Holder semi-norm of a function f : I —
R4 is defined by
If(s) — £(s)]

Ifls =
o<ls—yi<1 IS — 8P

This semi-norm is extended to any 8 > 0 as follows. Let k € N and a € (0, 1] be such
that 8 = k + a. If f is k times differentiable on /, we define

Ifls = 1£9)],

and [f|g = oo otherwise. We consider the case / = (—oo, 1]. For R > 0 and 8 > 0, the
(B, R)— Holder ball is denoted by

Ad(B.R) = {f : (~e0,1] > R, such that [fls < R} .

3.1.2 TVAR parameters in rescaled time

The idea of using a rescaled time with the sample size T for the TVAR parameters goes
back to [9]. Since then, it has always been a central example of locally stationary linear
processes. In this setting, the time varying autoregressive coefficients and variance
which generate the observations X,y for 1 < ¢ < T are represented by functions from

11



[0, 1] to R? and from [0, 1] to R, respectively. The definition sets of these functions are
extended to (—oo, 1] in the following definition.

Definition 2 (TVAR model). Letd > 1. Let 0y,...,6; and o be functions defined on
(=00, 1] and (&;)iez be a sequence of i.i.d. random variables with zero mean and unit
variance. For any T > 1, we say that (X, 1)<r is a TVAR process with time varying
parameters 0y, .. .,04,0° sampled at frequency T~" and normalized innovations (&) if
the two following assertions hold.

(i) The process X fulfills the time varying autoregressive equation

d
XI,T = Zﬁj(%)X,_ﬂ + 0'(%){‘} for —oco<t<T. 3.1

j=1
(ii) The sequence (X, 1)<r is bounded in probability,

im sup P(X,r|>M)=0.

1
M—oo —oo<t<T

This definition extends the usual definition of TVAR processes, where the time-
varying parameters 6, ..., 6; and 0% are assumed to be constant on R_, see e.g. [9,
Page 144]. The TVAR model is generally used for the sample (X, r)1<<r. The defini-
tion of the process for negative times ¢ can be seen as a way to define initial conditions
for Xi_47,...,Xor, which are then sufficient to compute (X, r);<<r by iterating (3.1).
However, in the context of prediction, it can be useful to consider predictors }?,,T which
may rely on historical data X, 7 arbitrarily far away in the past, that is, with s tending
to —co. To cope with this situation, our definition of the TVAR process (X, r) holds for
all time indices —co < ¢ < T and we use the following definition for predictors.

Definition 3 (Predictor). Forall 1 <t < T, we say that )’(\,,T is a predictor of X, r if it
is Fi-1.r-measurable, where

7—7YT:O'(XJYT,szt,t—l,l—z,...) (3.2)

is the o-field generated by (X,r1)s<;. For any T > 1, we denote by Pr the set of
sequences Xt = (X, 1)1<<r of predictors for (X, 1)1<i<r, that is, the set of all processes
Xr = (Xi.1)1<<r adapted to the filtration (F-1 1) 1<i<T-

In practice, this general framework allows to use data with possibly long available
history, although the prediction is only considered on time indices t = 1,...,7. Of
course, this definition also includes the case where the predictor }?,,T only depends on
(Xs.7)1<5<1—1. Having both situations in the same framework may appear to be confus-
ing at first. It is important to note that, in contrast to the usual stationary situation,
having observed the process X 7 for infinitely many s’s in the past (forall s < —1) is
not so decisive for deriving a predictor of X, r, since observations far away in the past
may have a completely different statistical behavior.
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3.1.3 Stability conditions

The next proposition proves that under standard stability conditions on the time-varying
parameters 6, ...6; and 0%, Condition (ii) in Definition 2 ensures the existence and
uniqueness of the solution of Equation (3.1) for # < 0 (and thus for all 1 < 7). We
define the time-varying autoregressive polynomial by

d
Ozu) = 1- ZG;(M)Z*" :
=1

Let us denote, for any ¢ > 0,
5a(6) = {8 : (=00, 11 > R, 8(z; 1) # 0, Y[zl < 6~',u € [0, 11} . (3.3)
Define, for 5 > 0,R > 0,06 € (0,1), p € [0, 1] and o, > 0, the class of parameters
CB.R.6.p.0:) ={(0.0): (o0, 11 > B! X [pre,071] + 0€ AalB.R) N 54(6)) -

The definition of the class C is very similar to that of [24]. The domain of definition
in their case is [0, 1] whereas it is (—co, 1] in ours. We have the following stability result.

Proposition 1. Assume that the time varying AR coefficients 6, . .., 6, are uniformly
continuous on (—co, 1] and the time varying variance o> is bounded on (=0, 1]. As-
sume moreover that there exists 6 € (0,1) such that @ € s;(5). Then, there exists
To > 1 such that, for all T > Ty, there exists a unique process (X, 1)< which satis-
fies (i) and (ii) in Definition 2. This solution admits the linear representation

00

. r—j
X =Y ax(o(ZE) ey —eo<i<T, (3.4)
=0

where the coefficients (a;1(j))i<r,j=0 satisfy that for any 6, € (6, 1),

K =sup sup sup 6;j|a,,T(j)| < oo,

T2Ty —co<i<T j20
Moreover, if (0,0) € C(B,R, 6,0, 0) for some positive constants 3, R and o ., then the
constants To and K can be chosen only depending on 6y, 6, B, and R.

A proof of Proposition 1 is provided in Appendix B. This kind of result is classical
under various smoothness assumptions on the parameters and initial conditions for
Xi—rr, k = 1,...,d. For instance, in [13], bounded variations and a constant 6 for
negative times are used for the smoothness assumption on @ and for defining the initial
conditions. The linear representation (3.4) of TVAR processes was first obtained in
the seminal papers [20, 9]. We note that an important consequence of Proposition 1 is
that for any T > T, the process (X, r),;<r satisfies Assumption (M-1) with Z; = |&] and
A(j) = |a,,T(j) o((t- j)/T)| for j > 0. Moreover, the constant A, in (2.2) is bounded
independently of 7', and we have, for all (6,0) € C(B,R,6,0,07),

A, < Ko :
1-0;

(3.5)

where K > 0 and 6 € (0, 1) can be chosen only depending on 6, 8, and R.
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3.1.4 Main assumptions

Based on Proposition 1, given an i.i.d. sequence (& )z and constants § € (0, 1),
pel0,1],04>0,8>0andR > 0, we consider the following assumption.

(M-2) The sequence (X, r).<r is @ TVAR process with time varying standard devi-
ation o, time varying AR coefficients 6y,...,6,; and innovations (&/)z, and
(0’ 0—) € C (ﬂ’ R’ 6,,0’ 0—+)'

Let & denote a generic random variable with the same distribution as the &’s. Under
Assumption (M-2), the distribution of (X;r),_,.,.; only depends on that of ¢ and on

the functions @ and o. For a given distribution ¢ on R for &, we denote by P(‘pem the

probability distribution of the whole sequence (X, r),<r and by E‘(I’o - its corresponding
expectation.
The next two assumptions on the innovations are useful to prove upper bounds of the

prediction error.

)

(I-1) The innovations (¢,).ez satisfy m,, := E[|£]7] < oo.

(I-2) The innovations (&,),cz satisfy ¢(¢) := E [e4‘5'] < 0.
The following one will be used to obtain a lower bound.

(I-3) The innovations (&),cz admit a density f such that

K= sup\fzj.f(u)logffl du < oo .

V20 (u+v)

Assumption (I-3) is standard for proving lower bounds in non-parametric regression
estimation, see [29, Chapter 2]. It is satisfied by the Gaussian density with k = 1.

3.1.5 Non-parametric setting

The setting of Definition 2 and of Assumptions derived thereafter is essentially non-
parametric, since for given initial distribution i, the distribution of the observations
Xir,...,Xrr are determined by the unknown parameter function (6, o). The doubly
indexed X, r refers to the fact that this distribution cannot be seen as a distribution
on R% marginalized on R” as the usual time series setting but rather as a sequence of
distributions on R” indexed by T'. It corresponds to the usual non-parametric approach
for studying statistical inference based on this model. In this contribution, we focus
on the prediction problem, which is to answer the question: for given smoothness
conditions on (@, o), what is the mean prediction error for predicting X, r from its past?
The standard non-parametric approach is to answer this question in a minimax sense
by determining, for a given sequence of predictors Xr = ()/(\,,T) 1<1<T> the maximal risk

T
St (X\T; W, B, R, 6, p, oar) = (soup) % Z (Efem [(ZT _ Xt,T)z] — 2 (%)) , (3.6
7. =1

where
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(a) YT is assumed to belong to Pr as in Definition 3,

(b) the sup is taken over (0, o) € C (B, R, 6, p, ;) within a smoothness class of func-
tions,

(c) the expectation E?’om is that associated to Assumption (M-2).

The reason for subtracting the average o%(¢/T) over all 1 < ¢ < T in this prediction
risk is that it corresponds to the best prediction risk, would the parameters (6, o) be
exactly known. We observe that dividing X, r by the class parameter o, amounts to
take o, = 1. In addition, we have

St(Xriw.B.R.6.p.0,) = o3 S (Xro 1w B.R.6.p. 1) .

so the prediction problem in the class C (8, R, 6, p, 07;) can be reduced to the prediction
problem in the class C (B, R, 6, p, 1). Accordingly, we define the reduced minimax risk
by

My (B, R.6,p) = inf St (Xr:y.B.R,6,p,1) 3.7)

XTEpT

= inf o?S7(Xriy.B.R.6,p,0,) forallo, >0.
XrePr

In Section 3.2, we provide a lower bound of the minimax rate in the case where the
smoothness class is of the form C (8, R, 9, p, 0+). Then, in Section 3.3, relying on the
aggregation oracle bounds of Section 2.3, we derive an upper bound with the same rate
as the lower bound using the same smoothness class of the parameters. Moreover, we
exhibit an online predictor which does not require any knowledge about the smooth-
ness class and which is thus minimax adaptive. In other words, it is able to adapt to
the unknown smoothness of the parameters from the data. To our knowledge, such
theoretical results are new for locally stationary models.

3.2 Lower bound

A lower bound on the minimax rate for the estimation error of 6 is given by [24, Theo-
rem 4]. Clearly, a predictor

d
Xir = > 0r(0X, k1
k=1

can be defined from an estimator E,T, and the resulting prediction rate can be con-
trolled using the estimation rate (see Appendix A.l for the details). The next theorem
provides a lower bound of the minimax rate of the risk of any predictor of the process
(X;.7)1<1<7. Combining this result with Lemma 8 in the Appendix A.l, we show that a
predictor obtained by (A.1) from a minimax rate estimator of § automatically achieves
the minimax prediction rate.
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Theorem 3.1. Let 6 € (0,1), 8 > 0, R > 0 and p € [0,1]. Suppose that Assump-
tion (M-2) holds and assume (I-3) on the distribution W of the innovations. Then, we
have

liminf TP/ My, B,R,6,p) > 0, (3.8)

where My is defined in (3.7).

The proof is postponed to Section 5.

3.3 Minimax adaptive forecasting of the TVAR process

In [3], an adaptive estimator of the autoregressive function of a Gaussian TVAR process
of order 1 is studied. It relies on the Lepskii’s procedure (see [21]), which seems
difficult to implement in an online context.

Our minimax adaptive predictor is based on the aggregation of sufficiently many
predictors, assuming that at least one of them converges at the minimax rate. The
oracle bounds found in Section 2.3 imply that the aggregated predictor is minimax rate
adaptive under appropriate assumptions. Seminal works using the aggregation to adapt
to the minimax convergence rate are [33] (density estimation) and [28] (nonparametric
regression), see also [7] for a more general presentation.

In the TVAR model (M-2), it is natural to consider L-Lipschitz predictors (}’(\,,T) l<t<T
of (X;7)1<«<r With a sequence L supported on {1,...,d}. Then L* in (2.7) corresponds
to the maximal ¢!-norm of the TVAR parameters. Since for the process itself to be
stable, this norm has to be bounded independently of 7', Condition (L-1) is a quite
natural assumption for the TVAR model, see Appendix A.1 for the details.

A practical advantage of the proposed procedures is that, given a set of predictors
that behaves well under specific smoothness assumptions, we obtain an aggregated pre-
dictor which performs almost as well as or better than the best of these predictors, hence
which behaves well without any prior knowledge on the smoothness of the unknown
parameter. Such an adaptive property can be formally demonstrated by exhibiting an
adaptive minimax rate for the aggregated predictor which coincides with the lower
bound given in Theorem 3.1.

The first ingredient that we need is the following.

Definition 4 ((, f)-minimax-rate predictor). Let s be a distribution on R and 3 > 0.
We say that X = (XT)T>1 is a (Y, 5)-minimax-rate sequence of predictors if, for all
T>1, XTEPTandforall(Se(O 1),R>0,pe(0,1]and oy > 0,

lim sup T/ 205 1 (X7, B, R,6,p,07,) < o , (3.9)

T—o0
where St is defined by (3.6).

The term minimax-rate in this definition refers to the fact that the maximal rate
in (3.9) is equal to the minimax lower bound (3.8) for the class C (8, R, 6, p,0.). We
explain in Appendix A how to build such predictors which are moreover L-Lipschitz
for some L only depending on d. To adapt to an unknown smoothness, we rely on
a collection of (¥, 8)-minimax-rate predictors with S within (0,5y), where Sy is the
(possibly infinite) maximal smoothness index.
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Definition 5 (Locally bounded set of y-minimax-rate predictors). Let ¥ be a distribu-
tion on R and By € (0, c0]. We say that (x®, B € (0,B0)} is a locally bounded set of
Y-minimax-rate predictors if for each 3, X® isa (¥, B)-minimax-rate predictor and if
moreover, for all 6 € (0,1), R > 0, p € (0,1], o+ > 0 and for each closed interval
J < (0,B0),
limsup sup 72/1+0)g . (X\T(‘B); w,B. R, 6, p, 0'+) < oo,
T—oo el

where St is defined by (3.6).

The following lemma shows that, given a locally bounded set of minimax-rate pre-
dictors, we can always pick a finite subset of at most N = [(log 7)*] predictors among
which the best one achieves the minimax rate of any unknown smoothness index.

Lemma 1. Let ¥ be a distribution on R. Let By € (0, o] and {Y('B), B € (0,B0)} be a
corresponding locally bounded set of W-minimax-rate predictors. Set, for any N > 1,
—DBUN i ,
gi=10 )50/2 Fho<oo i, (3.10)
(i-1)/NY otherwise,

Suppose moreover, in the case where 3y < oo, that N > [log T'|, and, in the case where
Bo = oo, that N > [ (log T)* |. Then, we have, for all B € (0,By), 6 € (0,1, R> 0, p > 0
and o, > 0,

lim sup 7%/(1+28) 'I?inNST (X\T(‘B’); v, B, R, 6, p, oar) < oo,
T—co i=1,...,

The proof of this lemma is postponed to Section B.3 in Appendix B. Lemma 1
says that to obtain a minimax-rate predictor which adapts to an unknown smoothness
index g, it is sufficient to select it judiciously among log T or (log T)* well chosen
non-adaptive minimax-rate predictors.

As a consequence of Theorem 2.1 and Lemma 1, we obtain an adaptive predictor
by aggregating them (instead of selecting one of them), as stated in the following result.

Theorem 3.2. Let y be a distribution on R. Let By € (0, o] and {Y(ﬁ), B € (0,B0)}
be a locally bounded set of W-minimax-rate and L-Lipschitz predictors with L satisfy-
ing (L-1). Define (ZyT)lgrST as the predictor aggregated from (X, 1 <i<N}withN
defined by

@3.11)

N = [logT1 if Bo < oo,
[(logT)*1 otherwise,

Bi defined by (3.10), and with weights defined according to one of the following setting
depending on the assumption on  and By :

(i) If ¢ satisfies (I-1) with p > 4 and By < 1/2, use the weights (2.5) with n =
o *(log([log TN/T)'7,

(it) If  satisfies (I-1) with p > 2 and By < (p — 2)/4, use the weights (2.6) with
n = o (log(Mog TH/T)*7,
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(iii) If ¢ satisfies (1-2), use the weights (2.6) with n = 0% (log T)73.
Then, we have, for any 8 € (0,8p), 6 € (0,1), R> 0, p € (0, 1] and oy > 0,

lim sup 7%/ S 1 (X7, B, R, 6,p, 07y) < o0 . (3.12)

T—c0

The proof of this theorem is postponed to Section B.4 in Appendix B.

Remark 5. The limitation to Sy < 1/2 in (i) under Assumption (I-1) for  follows
from the factor (log N/ T)'/? obtained in the oracle inequality (2.8) of Theorem 2.1 after
optimizing in 7 (see (2.13)). If p > 4 this restriction is weakened to Sy < (p—2)/41in (ii)
taking into account the factor (log N/ T)'=2/P obtained in the oracle inequality (2.9) of
Theorem 2.1 after optimizing in 1 (see (2.15)). In the last case, the limitation of Sy
drops when applying the oracle inequality (2.11) of the same theorem. However a
stronger condition on ¥ is then required.

Remark 6. It may happen that the locally bounded set of -minimax-rate predictors is
limited to some 5y < oo (see the example of the NLMS predictors in Appendix A.2).
In this case, the result roughly needs log T predictors and the computation of the ag-
gregated one requires less operations than if 8y were infinite. For these reasons, we do
not consider in general that Sy = co. On the one hand, a finite Sy yields a restriction
on the set of (unknown) smoothness indices 5 for which the aggregated predictors are
minimax rate adaptive. On the other hand, if Sy = co, Theorem 3.2 then requires the
stronger Assumption (I-2) on the process.

Remark 7. The constant o-jrz present in the definitions of 7 in the three cases (i), (ii)
and (iii) corresponds to the homogenization of the remaining terms appearing in Theo-
rem 2.1 (the second lines of (2.8), (2.9) and (2.11)). Indeed with the proposed choices
and in the three cases, the constant o2 factors out in front of the remaining terms (see
the last three displayed equations in Section B.4 of Appendix B). However the 032 in
the definitions of i does not impact the convergence rate in the sense that Theorem 3.2
is still valid using any other constant (1 for example) in these definitions.

4 Proofs of the upper bounds

4.1 Preliminary results

We start with a lemma which gathers useful adaptations of well known inequalities
applying to the aggregation of deterministic predicting sequences.

Lemma 2. Let (x;)1<<7 be a real valued sequence and {(}fi))ls,g,l < i < N} be
a collection of predicting sequences. Define (X;)1<<r as the sequence of aggregated
predictors obtained from this collection with the weights (2.5). Then, for any n > 0, we
have

T

o T
1 — 2 . 1 —v] 2 10gN 277 4
T ; (= x1) < VlenSfN T ; (x, - x,) + T T ; yi o, @D
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where y; = |x,| + maxj<j<y kai)l.
Define now (x;)1<i<t as the sequence of aggregated predictors obtained with the
weights (2.6). Then, for any n > 0, we have

[ PR I A SIS V7 D I o T P o
?;(xr—x,) _i:I}nnNTZ(x’ —x,) * Tn +?Zy’_2_;7+ > (42)

""" =1 =1

where y, = |x,| + max<i<y [},

Proof. With the weights defined by (2.5), by slightly adapting [27, Theorem 1.7], we
have that
G v ol logN 7
EPICRERS F DICEL/NE NS A
=1

where 57 = ZrTzl s? and s, = 2max15iSN|2(ZjL1bfi,,}f‘i) - x,)?cfi)l. The bound (4.1)

follows by using that {@;,},_,_y is in the simplex Sy defined in (2.4).
We now prove (4.2). We adapt the proof of [7, Proposition 2.2.1.] to unbounded
sequences by replacing the convexity argument by the following lemma.

Lemma 3. Let a > 0 and P a probability distribution supported on [—a, a]. Then we

have
: 1
fexp (_xz) dP (x) < exp (_ (fde (x)) N (az B E) ) .

The proof of Lemma 3 is postponed to Section B.5 in Appendix B. Now, let 7 > 0
and7=1,...,T. Using Lemma 3 with the probability distribution P defined by P(A) =
>N @ 142G - x))) and a = n'/y,, we get that

N
- ; 2 . 1

Z @;; eXp (—77 (35,) - x,) ) < exp (—77 - x) + 77(y,2 - 2—77) ) .

i=1 +

Taking the log, multiplying by —7~! and re-ordering the terms, we obtain that

N
- 1 - i 2 1
(& - x)* <——log E a[,,exp(—n(}f) - xt) ) + (y,2 - 2—) .
= M+

Taking the average over ¢t = 1,..., T and developing the expression of @;; we obtain
1 « 1 < a 2
— —i)
N (I COICTERE|

T

1 1
t 7 Z(yf - Z,)+ . (43)

=1
bound (4.2). m|
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4.2 Proof of Theorem 2.1

We prove the cases (i), (ii) and (iii) successively. We denote Y; = |X;| + max<;<y IX |
Case (i). Applying (4.1) in Lemma 2 with E[inf ...] < infEJ...], we obtain

Ly E|(E-x ]<:£§—ZE[ x)]

t=1

logN 21w
+ 07%77 +?U;E[YT4]. (4.4)

Using that the predictors are L-Lipschitz and the process (X;).ez satisfies (M-1), we
have, forall 1 <¢t<T,

= X+ max [X°| < 3" A Zij+ D D LA Zine

JEZ s>1 jeZ
< B()Zj (45)
JezZ

where

B(j) = A+ D LA (= 9).

s>1

Applying the Minkowski inequality together with (4.5), (2.2) and (2.7), we obtain, for
all1 <r<T,

<A1+ L) swpE|[Z]] .

teZ

4
<E {Z Bi()Z- ,-]

JEZ

Since the process Z fulfills (N-1) with p = 4, plugging this bound in (4.4) we ob-
tain (2.8).

Case (ii). We use (4.2) in Lemma 2 and the inequality (x*> — 1/(21)); < (2n)P/?>~'xP
which holds for x > 0 and p > 2. We get, taking the expectation,

Nl -

T
Z E[ X,T — XTT)Z] < i:I}linN% Z E [(Ytt)T - Xr,T)Z] + 107%:/

L= |\ ) |
+ @2/t max E[YP] . (4.6)

Applying the Minkowski inequality, (4.5) and Assumption (N-2)

P
v!| < {Z B(j)(E [zj’j])””] <A1+ L) supE[Z] .

ez teZ

Using this bound which is independent of 7, with (N-1) and (4.6), the inequality (2.9)
follows.
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Case (iii). To obtain (2.11), we again use (4.2) in Lemma 2 but now with an expo-
nential bound for (¥Y? — 1/(21));. We note that, or all u > 0,

sup (x2 _ l)e*btx - (x(z] - 1)e*uxo with  xp = ul (1 + (1 + MZ)I/Z) .

x>1

It follows that, for all x € R and u > 0,
2 _ ux (L2 —u X0 uxny =2 —1-u
(x 1)+ <e (xo 1)e <e"2u"2+u)e .

Applying this bound with x = (217)"/2Y; and u = A(25)~"/? we get

1 )
(Y,Z - 2_77) =@~ (P =), <2272 (24 2@y ) e e et
+

Plugging this into (4.2) and taking the expectation, we obtain that
T

— 2 o1 ; 2] logN
E [(X,,T - X,r) ] < min o ; E [(}?f} - X, ) ] t

Nl -
1~

.....

~
l
—

+2272 (24 A2y 2) e O max Efe™] . @7)
=0T
We now use Assumption (N-2). Since B,(j) < a*(1 + L,) forall j, ¢ € Z and

D UB() < A1+ L),

JEZ
Jensen’s inequality and (4.5) gives that, for any A < {/(a*(1 + L.)),
B [em] <E [eﬁ(\x,wmaxlgg u’ﬂ"’\)]
S E [e/lBr(j) Zr—j]

< [ T@@y™9 < @y -0,

JezZ

The combination of this bound with (4.7) gives (2.11). The proof of Theorem 2.1
is complete.

4.3 Proof of Case (iii) in Corollary 1

Minimizing the sum of the two terms appearing in the second line of (2.11) is a bit
more involved, since it depends both on 77 and A. Under Condition (2.10), the quan-
tity (¢(2))**-1+L/¢ remains between two positive constants while, for any > 0,
22+ /1(277)‘1/2) is decreasing as A increases. To simplify (¢(§))M*(”L*)/§ into ¢(¢),
we simply take

¢

A= —2—,
A(1+L)
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which satisfies (2.10). Now that A is set, it remains to choose a value of n which
(almost) minimizes

IOLN + Mﬂ*z (2 + /1(277)*1/2) 67}(27])"/2 )
Tn e

The 7 defined as in (C.6) is chosen so that (log N)/T = e D™ ‘and we get (2.17).

5 Proof of the lower bound

We now provide a proof of Theorem 3.1. We consider an autoregressive equation of

order one
r—1
Xr,T = Q(T)Xt—l,T +‘fr, (5~1)

where (&)cz is i.i.d. with density f as in (I-3). In this case, if sup,.; [6(w)| < 1, the
representation (3.4) of the stationary solution reads, for all # < T as

J

X.r = iﬂe(%)g,,, (5.2)

j=0 s=1

with the convention ]_[(;= ,0((t — 5)/T) = 1. The class of models so defined with 6 €
A1(B,R) N 51() corresponds to Assumption (M-2) with (6,0) in C (5, R, 6, p, 1) such
that only the first component of 6 is nonzero and o is constant and equal to one.

We write henceforth in this proof section Py for the law of the process X =
(Xi.7)i<r.1>1 and Ey for the corresponding expectation.

Let X = ()/(\,,T)lstg be any predictor of (X;7)1<<r in the sense of Definition 3.
Define 6 = (6;.r)o<i<r-1 € R” by

— Xprr/Xor it Xor 20,
et,T = .
0 otherwise.

For any vectors u, v € RT, we define

= 172
dx(u,v) = [T Z X,Z’T (u, — v,)z) . (5.3)
=0

By (5.1), since X, r and ’GN,,T are ¥, r-measurable, they are independent of &,,; and we

have
T

2B (Rr = X )| - 1 = Bo [ @ vriop)] .
=1

where, for any 6 : (—oo, 1] — R, v7{6} € RT denotes the T-sample of # on the regular
erid 0, 1/T,....,(T - 1)/T,



Hence to prove the lower bound of Theorem 3.1, it is sufficient to show that there exist
Go,...,0u € (B, R)N sl(é)/,\c >Q and Ty > 1 both depending only on ¢, B, R and the
density f, such that for any 6 = (6, 7)o<<r—1 adapted to (¥, r)o<i<r-1 and T > T, we
have

max By, |d% (6. vri0})] = ¢ T~/08D. (5.4)

We now face the more standard problem of providing a lower bound for the minimax
rate of an estimation error, since @ is an estimator of vr{6}. The path for deriving such
a lower bound is explained in [29, Chapter 2]. However we have to deal with a loss
function dy which depends on the observed process X. Not only the loss function
is random, but it is also not independent of the estimator 6. The proof of the lower
bound (5.4) thus requires nontrivial adaptations. It relies on some intermediate lemmas.

Lemma 4. We write K(P,P’) for the Kullback-Leibler divergence between P and P'.
For any functions 0y, . .., 0y from [0, 1] to R such that

2e

max K (Pg,, Pg,) <
=0,....M

i eq o+ M) (5.5)

and any r > 0 we have

2
) r 1 .
j:O,?.),(M Eo, [dX (a VT{ej})] = 4 (26 +1 0 Py, ([:i;ltrjl dx1(0:,6)) < r)) ’

where we denote, for any two functions 6,0 from (—co, 1] to R,
dx1(6,6') = dx (vr{6}, vri6'}) .

The proof is postponed to Section B.6 in Appendix B.

We next construct certain functions 6y, . .., Oy € A (B, R)Ns;(9) fulfilling (5.5) and
well spread in terms of the pseudo-distance dx r. Consider the infinitely differentiable
kernel K defined by

1
K(M) = exp (—m) 1|u\<1/2 .

Given any m > 8, Vershamov-Gilbert’s lemma ([29, Lemma 2.9]) ensures the existence
of M + 1 points w®, ..., w™ in the hypercube {0, 1} such that

M22"8, w® =0 and card{¢:w) #w{}2>m/8 forall j+i. (5.6)

We then define 6y, . . ., 6y, by setting, for all x < 1,

Ry ~ (; 1
0;(x) = m_; Zwy)K(mx—mE) for j=0,...,M, (5.7)
(=1
where
R
Ry = min| 6, . (5.8)
(2 |K|ﬁ)
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Since K = 0 out of (=1/2,1/2), we observe that 6;(x) = 0 for all x < 0 and

lmx]+1

Ro 1
0;(x) = —2 wi K({mx} - —), for all x € [0, 1], (5.9)
m 2

where {mx} = mx — |mx] denotes the fractional part of mx. Thus we have

Roe™!
6" := max sup |6;(x)] < 0
0<j<M xe[0,1] }’I’l’B

<o<l1. (5.10)

We first check that the definition of Ry ensures that the 6;’s are in the expected set of
parameters.

Lemma 5. Forall j=0,...,M, we have 8; € A1(B,R) N 51(5).

The proof can be found in Section B.7 of Appendix B.
Next we provide a bound to check the required condition (5.5) on the chosen 6;’s.

Lemma 6. Forall j=0,...,M, we have
-2, p2
8e™"k Ry

K (P, Pg,) <
@6 Fo) < T2 1og2 128

log(1+ M),

where k is the constant appearing in (1-3).

We prove it in Section B.8 of Appendix B.
Finally we need a control on the distances d)zf’T(O,-, 0)).

Lemma 7. Forany e > 0, there exists a constant A depending only on & and the density
f of & such that forallm > 16, T >4mand j =0,..., M,

R} 2Rpe™3
ind2 (6.0 0 i
Py, (Ilgqltrj;dX,T(G,,Hj) SAmZ,B) <e+ Ao (5.11)
The proof is postponed to Section B.9 of Appendix B.
We can now conclude the proof of Theorem 3.1.

Proof of Theorem 3.1. Recall that 6y,...,0y in (5.7) are some parameters only de-
pending on S and ¢ and a certain integer m > 8 and that, whatever the value of m,
Lemma 5 insures that 6y, . . ., 8y belongs to A;(5, R) N s1(9).

Hence it is now sufficient to show that (5.4) holds for a correct choice of m, relying
on Lemmas 4, 6 and 7. Let us set

m = max{[corl/@ﬁ“)] 16} . (5.12)

where cg is a constant to be chosen. Then Tm™'"% < c(;l*zﬁ and, by Lemma 6, we can
choose ¢y only depending on 3, R, « and ¢ so that Condition (5.5) of Lemma 4 is met.
We thus get that, for any r > 0,

2

2 . .t , »
s, B [ )] 2 5 (o — max P (mindro. 0 <)
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Applying Lemma 7 with & = 1/(4e + 2) and the previous bound with r* = A R2 m™%,
we get, as soon as T > 4m,

2 -1
0 ) V_ 1 _ 2R0e
hax, B, [ (@.vrion)] = 3 (4e 2 Ad- 5)mﬁ) '

The proof is concluded by observing that, as a consequence of (5.12), we can choose a
constant T only depending on 3, R, x and ¢ such that T > T, implies that 7 > 4m and
that the term between parentheses is bounded by 1/(8e + 4) from below. O

6 Numerical experiments

In this section, we test the proposed aggregation methods on data simulated according
to a TVAR process with d = 3. The choice of a smooth parameter function ¢ — 6(f)
within s4(6) for some ¢ € (0, 1) is done by first picking randomly some smoothly time
varying partial autocorrelation functions up to the order d that are bounded between
—1 and 1 and then by relying on the Levinson-Durbin algorithm. We show the three
components of the obtained 6(¢) on ¢ € [0, 1] in the top parts of Figure 1. Realizations
of the TVAR process are then obtained from an innovation sequence (&;),ez of i.i.d.
centered Gaussian process with unit variance as in Definition 2 by sampling € at a given
rate T > 1. Figure 1 displays one realization of such a TVAR process for T = 210,

The NLMS algorithm (see Algorithm 2 in Appendix A.1) studied in [24] provides
an online estimator of § depending on a gradient step size u. For any g € (0, 1], choos-
ing u oc T-%$/@B+D yields a C (B, R, 6, p, | -minimax-rate online L-Lipschitz predictor
as explained in Appendix A.l. Hence, proceeding as in Lemma 1 to define N and 3;,
i=1,...,N,with By = 0.5, we obtain a finite set of NLMS predictors corresponding to
gradient step sizes y; > --- > uy. This set of predictors is aggregated in two possible
ways according to the online Algorithm 1 with the specifications on 7 and N given in
Theorem 3.2. The overall running time of T iterates of the algorithm leading to the
aggregated predictors from the data X, ..., X7 is then O(d N T). Since the algorithm
is recursive, the corresponding required storage capacity is O(d N).

We evaluate the obtained NLMS predictors and their aggregated predictors by run-
ning 1000 simulations based on equally distributed realizations of the above Gaussian
TVAR process in the case T = 2! which yields N = 7. In Figure 2 we compare the
averaged downward shifted empirical losses defined for any predictor ()/(\,,T)lstg by

Lr = % ,ZT;((A‘T - Xt,T)2 -’ (%)) .

This empirical averaged loss mimics the risk considered in (3.6).

We observe that the best NLMS predictor is the third one while the aggregated
predictor of Strategy 1 enjoys a smaller loss and that of Strategy 2 a slightly larger
one. This is in accordance with Theorem 2.1 (i) and (iii) where it is shown that the
aggregated predictor of the first strategy may outperform the best predictor as it nearly
achieves the loss of the best possible convex combination of the original predictors
while the aggregated predictor of the second strategy nearly achieves the loss of the
best original predictor.
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Figure 1: The first three plots represent 6;, 6, and 63 on the interval [0, 1]. The last
plot displays T = 2'° samples of the corresponding TVAR process with Gaussian
innovations.
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Figure 2: The seven boxplots on the left of the vertical red line correspond to the
averaged downward shifted empirical losses Ly of the NLMS predictors X X,
The ones on the right of the same line are those associated to the aggregated predictors
using the weights (2.5) and (2.6).

A Application to online minimax adaptive prediction

A.1 From estimation to prediction

We define a sequence (L;)i>1 by

(d ifl<k<d
L= \k

0 otherwise,

which fulfills (L-1) with L. = X{_ ({) = 2 - 1. Given an estimator 6,7 =
[/9\,_ 1r(1).. .@_ 1.7(d)]’, we define a predictor )?,,T which is L-Lipschitz by setting

d

X.r = ; (min {max {~Ly. -7 (K)} . Lt}) Xk - (A1)

The predictor )’(\,,T is the natural linear predictor ’0\,’71’TX,_ 1.7, where A’ denotes the
transpose of matrix A and X;7 = [Xs7 ... Xs—@- 1)37]', normalized to be at most L-
Lipschitz. The normalization step amounts to project /0\,,7 on a rectangle [-L;, L] X
-+ X [=Ly, Ly] before deriving the linear predictor. This can only improve the quality

of estimation for a stable TVAR model, since 6 takes values in the maximal set of
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stability s,(1), which implies that it is included in this rectangle at every point, see [24,
Equation 12]. We get the following result.

Lemma 8. Suppose that Assumption (M-2) holds. Consider, for some 1 <t < T, an
estlmator 9= (0, 1)o<i<r-1 adapted to the filtration (F,1)o<i<r-1. Define a predictor
(X,T)1<,<T asin (A.1). Then, forany g > 1 and for alland 1 <t < T,

— 2 2q 1/q
By (% = X | - 2 (1) < Cr@ (Bl [[frr -0 "]) . A2
where ,
X 2\ 4
Cr(@) = max (Bl %o ])
with1/q" +1/q = 1.

Remark 8. Assume that the distribution ¢ of the innovations satisfies (I-1) for some
p = 2q’ > 2. Then, the Proposition 1 combined with the Minkowski inequality ensure
that there exists Ty, K, 1 such that, for any (8, 0) € C(,R, 6,0, 0,),

2
1/
) zqff, forall T>Ty.

Ko,
C <d
r(q) < (1 5,

Proof. Denote by E,T the projection of’H\t,T onto the rectangle [—L;, L]X: - -X[—Ly, L],
that is, 6, 7(k) = min{max{—-Ly, 6,7(k)}, Ly}. By [24, Equation 12], 6,7 lies in this
rectangle and thus

6.7 — 0.1 < l@,T -0.r| . (A.3)
Using (B.5) and that ’GZ,I,T is a F,_1 r-measurable, we have, forall r = 1,..., T,

E(e o) [(XrT Xt,T)z] = E‘é,,(r) [((@—11 - 0r—1,r)/ X,_LT)Z] + o2 (%) .

Define ¢’ by the relation 1/¢" + 1/g = 1. Thus, with (A.3) and the Holder inequality,
we get that the left-hand side of (A.2) is bounded from above by

1/ N/g
(E(G,o’) |:|’étfl,T_0t—l,T|2q]) q(E«a,u) |:|Xt—l,T|2q ]) '

which concludes the proof of Lemma 8. O

By Lemma 8, to exhibit (¢, 8)-minimax-rate predictors in the sense of Definition 4,
it suffices to have (i, 8)-minimax-rate estimators of @ in the sense of L7-norm. We
recall some known results in this direction in the following section, with a focus on
online procedures.
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A.2 Online estimators

Parameter estimation for TVAR models, or, more generally for locally stationary pro-
cesses has been intensively studied in the past two decades, see [10] for a recent
overview on this problem. To our knowledge, minimax-rate estimation results are
sparse. The more widely spread approach for studying the behaviour of such esti-
mators consists in establishing a central limit theorem under differentiablity condi-
tions. Moment upper bounds are provided in [11] and could be used to obtain minimax
rate results. However the estimator, which is based on a localized Yule-Walker esti-
mation method is not naturally adapted to the filtration (¥, 7)o<<r-1 as required for
(E,T)OstsT,l above. Such a constraint could clearly be met with some adaptation of
the Yule-Walker approach. On the other hand it is directly satisfied by the estimators
studied in [24]. There, an /gnline estimator is proposed, the normalized least mean
squares (NLMS) estimator 6, (1), depending on a gradient step size u. For the sake
of completeness, we present the computation of the NLMS estimator in Algorithm 2.

Algorithm 2: Online computation of the NLMS estimator.

parameters the gradient step size y;

initialization 1 = 0. 6,7 0 = [0 ... 0[:
while input a new X, r;
do
0,7 (1) = 017 (W) +p (Xr,T - E,’,LT (D) Xr—l,T) XI%LTZ;
L+u |Xt—l,T|
return @,T Ok
t=t+1;

For any 8 € (0, 1], provided that the gradient step u is well chosen, the NLMS
estimator is (i, 8)-minimax-rate, see [24, Corollary 3]. More precisely, assume (M-2)
with ¢ satisfying (I-1) for some p > 4. Then, forany ¢ > 0, > 0,R > 0,5 € (0,1),p €
[0,1] and g € [1, p/6), there exists M > O such that, for all (8,0) € C(B,R,0,0-,0)
and g > 0,

24\ 4
sup (E‘(I/f),o') Hb\,,T(CT_Zﬁ/(HZﬁ)) — 0,,7’ ]) <M T7210+28)

e<t/T<1

Clearly, from [24], the constant M can be bounded uniformly for 8 in any compact
subinterval away from 0, as required in Definition 5. Lemma 8 applies for g > p/(p—-2)
so to meet the condition g € [1, p/6), we set ¢ = p/(p—2) and impose p > 8 and finally
obtain that

- _ 2 t , _
sup B, | [(X,,T(cT BI0EH)) — X, 1) ] - 0'2(—) < C o T+
e<t/T<l T

where )’(\,,T(,u) is the predictor defined from the estimator E,T(y) as in (A.1). This is
almost what is required in our Definition 5 except that in (3.9) we have T~! ZZ; 1)
instead of sup,_, /7 (...). In fact one can take & = 0, provided that a burn-in period
of observation is assumed prior to the time origin. It would only require the NLMS
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estimator to be running from observations X, started at times ¢+ > —&7 for some
positive &, which seems a reasonable assumption in practice. Finally, let us recall
that, as shown in [24], NLMS estimators are no longer minimax rate for a Holder
smoothness index S > 1. However, a bias reduction technique can be used to obtain a
minimax-rate estimator for 8 € (1, 2], see [24, Corollary 9].

B Postponed proofs

B.1 A useful lemma

The following lemma provides a uniform bound on the norm of a product of matrices
sampled from a continuous function defined on an interval / and valued in a set of d X d
matrices with bounded spectral radius and norm.

Lemma9. Let d > 1 and I an interval of R. Let A be a function defined on I taking
values in the set of d X d matrices with eigenvalues moduli at most equal to §. Let | - |
be any matrix norm. Denote by A* the corresponding uniform norm of A,

A" =suplA()| ,

tel
and, for any h > 0, wy(A, I) the modulus of continuity of A over I,
wp(A; D) = sup{lA(®) —A(s)| : s,tel, |s—t < h}).

Let 61 > & and assume that A* < co. Then there exist some positive constants &, £ and
K only depending on A*, 6 and 6, such that, for any h € (0, 1) fulfilling wp(A;1) < &,
we have, for all s < tin I and all integer p > {(t — s)/h,

A(t)A(t— t;s)A(t— 2(:: s))...A(s) <K& (B.1)

p+ 1 terms

Proof. Denote by Il(s, t; p) the product of matrices appearing in the left-hand side
of (B.1). The proof goes along the same lines as [24, Proposition 13] but we use the
modulus of continuity instead of the S-Lipschitz norm to control the local oscillation
of matrices.

For ¢; > 1 and any sqqare matrices Ay, ..., A, adopting the convention ]—[?:i] A; =
Aj ... A, if i) <1 and Hj?:i] A; is the identity matrix if i; > i, we have
4 {1—1 4 4
A = AP+ AT T a-ar Y T A (B.2)
k=1 k=1 i=,—k+1 i=t,—k+2

0y

-1
AV AT A -AD [ A
k=1 i=0—k+2
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Given a positive integer £, using the Euclidean division of p+1by ¢, p+1 = {g+r,
we decompose the product I1(s, #; p) as

qg-1( ¢ )
o = ([ Taf - 2450
= 1

j=0 \k= p
XHA(I—M). (B.3)
k=1 p

Using (B.2) we have forany h > £(t — 5)/p,0 < j<gand 0 < ] < ¢C,

G_(ﬂ+k—b0—@)

p
. 2
<[al-252)
p

Take an arbitrary d, € (d,0;) (say the middle point). The eigenvalues of A are at
most 6 on [ and A* < co. Applying [24, Lemma 12] we obtain that there is a constant
K; > 1 only depending on ¢, 6, and A* such that | (A(z — jé(t — s)/p))[1 | < Klég‘.

From (B.3) and (B.4) we derive the following inequality

+ (6 = DA T wp (A . (BA)

IN(s, 1 p)l < (K185 + Kawn(As D))" (K165 + Kawn(A: D) .

where K, = (£ — 1) (max{A*, 1)L,
We can choose a positive integer ¢ and a positive number gy only depending on 65,
01 and K; such that
K65 <8 — & .

In the following we set € = &y/K,. The previous bound gives that for any 4 € (0, 1)
such that w,(A; 1) < eand {(t — s)/p < h,

(s, 7: p)l < 67 (K18h +&0) < Ki60* + 206\" < (K + somax {1,6,7}) o' .

Hence the result. O

B.2 Proof of Proposition 1

We can now provide a proof of Proposition 1.
Equation (3.1) can be more compactly written as

xT_y(TﬂX“T+aV)gp (B.5)

For all k£ > 0, iterating this recursive equation k times, we have

[Tl rar e () [Tl F)

X = eé-j, (B.6)
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wheree; =[10...0] and

0u) Gw) ... ... 6.
1 0 0
Aw=| 0 10 . 0
: 0o . . :
0 0 1 0

Note that the eigenvalues of A(u) are the reciprocals of the roots of the local time-
varying autoregressive polynomial z — 6(z; u) and thus are at most 6 < 1. Moreover
since @ is bounded by a constant only depending on d and is uniformly continuous on
I = (—c0, 1], so is A as a function defined on / and we can find 2 € (0, 1) such that
wp(A,I) < g for any positive €. If @ € A, (B, R) this h can be chosen depending only on
g, B and R (and also on the matrix norm | - |).

Consider 0; € (6, 1). Lemma 9 gives that there exist some positive constant &, £ and
K only depending on A*, ¢ and ¢, such that, for any i € (0, 1) fulfilling w,(A; 1) < &,
we have, forall T > 1,1 <T and j> 1 sothat T > {/h,

[14(5)

We here consider the £ operator norm which is the maximum absolute row sum of the
matrix, in which case A* = max{1, sup,;(|) @) + - - - + [64(w))} < 2¢d"/?. Hence by
(B.6) we obtain that

<K& .

d k .
. . t—
X.r = Zl:br,r(k, DX + Z(;afm) "(T]) &r l<ti<T.  (BT)
-

with, provided that T > {/h, forallt < T, k,j>landi=1,...,d,
|bi.r(k, | < K&\,
lacr ()| < K6] .

The result follows.

B.3 Proof of Lemma 1
The idea is to choose a convenient iy € {1,..., N} and use that

X\(ﬁ/N)_

min $7(XE50.8,R.0.0.0) < S1 (X 30 bR 0.p.07,)

1<isN

We treat the cases Sy < oo and By = oo separately.
Let us first consider the case 8y < oo. Let 8 € (0,80), 6 € (0,1), R > 0 and
p €[0,1]. Letiy € {1,..., N} be such that §;, = (iy — 1)Bo/N < B < inBo/N. Since
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C(B,R,6,p,0:) C C(Biy,R,6,p,0.), we have, for all § € (0,1), R > 0, p > 0 and
oy >0,

7602 (5(\7({31”);%@ R.6,p, U+) < TBI0+B)g (gT%iN>;w’IBiN’R’ 5.p, m)

< TN TS (R R b

where we used that 5;, < < B;, +Bo/N. Recall that we assumed N > [log 7], so that
T?0/N < e?, Now, since for N large enough f3;, remains in a closed interval of (0, o)
we get by Definition 5 that

lim sup T%in/1+28) g . (ifiN); v, Biv» R, 6, p, o-+) <0,

T—o0
which concludes the proof in the case Sy < oco.
We next consider the case where 5y = co. In this case we take iy such that §;, =
(iv—1)/N'? < B < iy /N'? which defines iy € {1,..., N} uniquely as soon as N'/? > g.
The remainder of the proof is similar to the case Sy < co using the bound

T2/0428) < ANV T2 JA+268) < o2 T2/ (1428y)

under the assumption N > [ (log T)* .

B.4 Application to the TVAR process: proof of Theorem 3.2

Theorem 3.2 is an application of Theorem 2.1 to the aggregation of minimax predictors
for the TVAR model (M-2).

We first note that Proposition 1 shows that, for 7 large enough the TVAR
model (M-2) satisfies (M-1) with A, bounded independently of 7" as in (3.5) and Z; = ||
for all t € Z. Hence Assumptions (I-1) and (I-2) respectively imply (N-1) and (N-2).

This shows that Theorem 2.1 applies under the assumptions of Theorem 3.2 and
that the constants A, and a* appearing in (2.8), (2.9), (2.10) and (2.11) can be replaced
by Ko, /(1 - 61) and Ko, respectively, where K > 0 and 6; € (0, 1) can be chosen
only depending on ¢, 3, and R.

On the other hand, Lemma 1 shows that, under the given assumptions on the pre-
dictors and with the given choices of N, the smallest prediction risk among the selected
predictors, achieves a rate T~%/(1+28) for some positive constant C only depending on
B, 6, R >0, pand y. Hence, we get with Theorem 2.1 that

lim sup 72#/(1+P) g, (YT;¢, B.R.,6,p, (r+) < C +limsup T#/U2PRN, T), (B.8)

T—o0 T—o0

where C is a positive constant and R(N, T') is a remaining term which, in the set-
ting (i) in Theorem 3.2, is given by

log N K*o?

(1=t

R(N,T) = +2n(1+ L) my (B.9)
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in the setting (ii), is given by

log N KPo?

RN, T) = —=— + 2p)"*7'(1 + L.Y’'m, ———, B.10
(N, T) Tn (©27) )m’(l—él)P (B.10)
and, in the setting (iii), taking A = ¢/(Ko (L. + 1)), is given by
logN 2 _
RN, T) = % = @@t (2+a@p?) et (B.11)

Replacing  and N in (B.9) as given by (i) and (3.11), we get

o R(N,T)s( T ) 1+2(1+ L) " my T=6F)

Hence, using that 5 < By < 1/2, this upper bound is negligible with respect to
T-2P/@5+1) and, with (B.8), we get (3.12).
Analogously, we replace n and N in (B.10) as given by (ii) and (3.11), we get

_ logllog 71\ /" _ Rr
2 < p/2—-1 p .
o2 R(N,T) < (7T ) 1427271 (1 + L) m,, o

Since B < By < (p —2)/4, this upper bound is negligible with respect to 72#/%*1 and,
with (B.8), we get (3.12).
Finally, in the setting (iii), using the specific form of 7, we get from (B.11) that

1
o2 RN, T) < 7

(log 7)’ log (Mog TT%) + c1 (1 + (log T)*"?) T—L'Z(logT)l/z] )

where ¢; and ¢, are positive constants only depending on ¢, ¢(¢), 6, K and L.. For
any 8 > 0, this upper bound is negligible with respect to T-%/*1 and, with (B.8), we
get (3.12).

B.5 Proof of Lemma 3

Denote w(x) = min{2~"/%, max{x, —27"/2}}, so that w(x)> = min(1/2,x%) < x*>. The
function x + exp(—x?) is concave on [-271/2,271/2], 50 introducing w(x) and then
using Jensen’s inequality, we get

2
f exp (—x%) dP (x) < f exp (-w? (x) dP (x) Sexp(— ( f w(x)dP(x)))

= exp[— ( f de(x))2 + ( f de(x))2 - ( f w(x) d]P’(x))z] :

It only remains to show that ( f xdP(x))? — ( f w(x)dP(x))? < (a®> — 1/2),, with the
assumption that P has support on [—a,a]. This is verified if a < 27'/? so we now
assume a > 272, We write

2 2
(fdeP(x)) —(fw(x)dP(x)) =f(x—w(x))(y+w(y)) dP(x)dP(y) .
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We note that |x — w(x)| = (Ix| = 1/2), and |y + w()| € {2ly], [y] + 27'/?}. We deduce that
the product (x — w(x))(y + w(y)) either take non-positive values or positive values of the

form
{2 vl (1xl - 27172) with x> 2712, [y < 2712,

(I =27172) (b1 +2712)  with | > 2712,y > 2712

Now, for x,y € [~a,a] with a > 27172, in the first case, we have 2|y|(|x| — 271/?) <
212(a — 2712y < a® — 1/2 since 2'/? < a + 27'/2, and, in the second case, (|x| —
272yl +27Y2) < (@ =27 (a + 27"/%) = a® — 1/2. The lemma follows.

B.6 Proof of Lemma 4

We define j as the (random) smallest index which minimizes dX(/O\, vr{d;}) over j €

—~ 1
2 2
Jmax, By, [30.vrl0;)] = 5 max By, |d5(6.0))]

r2

> — 1 1 i . 0

= 7 max By, ({J #Jin {g}g} dx.r(6:,0;) > r})

2

2 0= e o <)

Birgé’s lemma ([23, Corollary 2.18]) implies that

-max_K(Py,, Pg,)
min Py (§ = j) < max 2 S0
=0 9= 2e+1)° log(1 + M) ’

so the lemma follows from Condition (5.5).

B.7 Proof of Lemma 5

By (5.10), we have 6; € s5;(6) for all j = 0,..., M. Decompose the Holder-exponent
B = k + a where k is an integer and « € (0, 1]. Differentiating (5.7) k times, we have,
as in (5.9),

Ry 1
0 (x) = m—° w? K® ({mx} - 5), for all x € [0, 1].

a - [mx]+1

Thus, for s, s in the same interval [£/m, (€ + 1)/m] with £ = 0,...,m — 1, we get

R 1 1
09(s) - 095 < = |K®(ms—t-=)|-KD|ms - =
J J m® 2 2

<Ro IKlg Is ="
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The same inequality then follows with R, replaced by 2Ry for s, s” in two such con-
secutive intervals. Now, if s, s” are separated by at least one such interval, we have
|s — s’| > m~!" and, using that K has support in (—1/2, 1/2), we have that |[K®(x)| is
bounded by |K|z. We thus get in this case that

2R
00 - dPH) < =2 sup [KO| < 2Ro Kl Is = 5" .
’ ’ —1/2=x<1/2

The last two displays and (5.8) then yields ; € A{(5, R).

B.8 Proof of Lemma 6
We note that under (I-3), the likelihood ratio dPy,/dPy, of (X;.1)s<r reads

dpy, 1_[ £ (Xer = 0;(t=1)/T)X, 1 7)
dPg, f X = 60((t = 1D/T)Xi-17)

Using that 6 = 0 by (5.6) and that, under Py;, we have X, 7 = 0;((t = 1)/T)X;—1,1r + &,
we get

K Pg ,Pgo |:10g dP9 :|
o

S &)
f(9 ((t=D/D)Xi-11 + &)

Sw)
. f (f(ef((t -1D/DXi1r + u)) fw) du

Using Assumption (I-3) yields

PQ,PQU ZE@ |:K92( ) —1,T

The series representation (5.2), the fact that £ is centered with unit variance and (5.10)
imply that forallt =0,...,T

M’\]

9/

t=1

M~

t

Ul
—_

< k6? i Eo, [X7 7] (B.12)
t=1

= ] < (1-07)"
Using this bound and (5.10) in (B.12), we obtain

Rie kT

W(Pg/,Pgo) < m .

The proof of Lemma 6 now follows by applying the first bound in (5.6).
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B.9 Proof of Lemma 7

The proof relies on an upper bound of d)z(YT(H,-, 6;) involving the noise (). By the
expression of #; in (5.9), we have

R .
0 i ()
dx1(6:,6)) = T > X2 (wih,) - w,j(t)) KX (o) , (B.13)
t=0

where we denoted ¢(f) = {mt/T} — 1/2 and k() = |mt/T] + 1. Using (5.2) and (5.10),
we have, forall 0 <t <T -1,

Xer| > 1l = > 6

J=1

ft—j‘ ,

which implies

X2 -20 ) 6

fr—j| .
j=1
Inserting this bound in (B.13), we get
T-1
d§T<9,,9)> —th W W) K (1) - Rr | (B.14)
where
2e 2 T-1 )
=== >0l |
=0 j=1

Thus, with (B.14), the left-hand side of Inequality (5.11) is upper bounded by

By, [ min Zg, () - w,‘j(i)) K2 (p(1) < 2A |+ PRy > A) .

Using that £ is centered with unit variance and then (5.10), we easily get that

2% _p T-1

T

i o' 26‘29* 2Rpe3

E <
o [Rr] < ST=o SU-omd "

=0 j=1

Hence, by Markov’s inequality, to conclude the proof, it now suffices to show that, for
A well chosen,

[rlrgr} = Zg, (wig, - wjj(i)) K2 (o (1) < ZA] <s. (B.15)

Fork € {1,...,m} wedefine J; = {[(k— DT /m]+i : [T/(4m)]1+ 1 <i<|3T/(4m)]}.
We observe that the cardinality of Jj is

()=l famlz 1
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where the lower bound is a consequence of the assumption 7 > 4m in the lemma.
Moreover, it is easy to check that we have |¢(f)| < 1/4 for all index # € J; and that, for
each 1 < k < m, the set J; is included in the set {1 < ¢ < T — 1 : k(t) = k} (so that, in
particular, J, N Jp = 0 for k < k). It follows that random variables

1 2
~ ., fork=1,....m
F(T/m)gjgf'l

are i.i.d. By the monotonicity of K in R_ and its symmetry we have

Sy =

m

T-1
% ;&2 (Wi, = wian)” K2 (@ (@) > % (w0 W)Y 2K (o ()

k=1 tely

K*(1/HI(T/m) ~- 2
> — Z(w;) —w;’)) Sk

From (5.6), for any i, j € {1,..., M} there exist at least [m/8] values of k for which
(w;’) - w;’))2 equals one in the above sum. Hence using the order statistics S, <
.. < S (m,m)> we thus obtain that

K21 /AT m) &
(i) () 2
min Zfr Wit ‘ka) Ko 0) 2 ————— - S em
N K2(1/4)mF(T/m)S
= 16T (Lm/16],m)
K*(1/4)
> 75‘ m m)s
= 128 (Lm/16],m)

where we used I'(T'/m) > T/(8m) for T/m > 4 in the last inequality. Let us denote by
F the cumulative distribution function of S ;, which only depends on I'(T//m) and on
the distribution of &,. For x > 0, we have

P (S (im/161m) < X) = P(Bm(’" Fx) 2 [16J)

L /16JF(x) < 32F(x).

Gathering the last two bounds, we get that

min 316 ol - ) 60 224 <2 (S =

256 A
iizj T

K*(1/4)
<mp( 2204
K*(1/4)
Recall that I'(T'/m) > 1 and note that S| admits a density, since & does. By the strong
law of large numbers, we further have that the random variable S| converges to 1
almost surely when I'(T'/m) goes to infinity, so there exists xo > 0 depending only on
the density of & such that F(xp) < /32 whatever the value of I'(T'/m) > 1. Therefore,

there exists some A > 0, depending only on the distribution of &, such that (B.15) holds,
which achieves the proof.
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C From best predictor regret bounds to convex regret
bounds

We can improve upon the convex regret bound (2.13) when T is larger than N? and the
noise Z either satisfies (N-2) for some positive £, or (N-1) with p > 4. The improvement
is based on the following deterministic lemma adapted from the proof of Theorem 6 in
[34].

Lemma 10. Let (x;)1<<7 be a real valued sequence and {@i))lgng, 1 <i<N}bea
collection of predicting sequences. For any a € Sy (defined by (2.4)), we set 355"] =
Zf\il ai}fi). Forany T > N and n > 0, there exists an aggregated predictor (X;)1<;<
such that,

4 T
! < 2.1 0 s N sT
T;(-xr_)ﬁ‘) < VIEI}SfN T;(Xt —xr) + n_TlOg(W

T T

N 1, 1 , 1
+TXszr+TZ(yT—Z7)+, (Cl)

=1 =1
with y; = x| + maxiiey [37 1
Proof. We set ¢ = N/T < 1. Let Sy C Sy be a minimal &-net of the simplex Sy
for the £ distance. We consider the aggregated predictor (x;);<;<r obtained from the

collection of predictors {(355"])15,57, a € Sy} with the weights (2.6). From Lemma 2,
we have

1 T . 2< . 1 r o] 2 10gN£ 1 T , 1 C2
T;(xr—xr) —ﬁé&?;(x, -x) + ™ +?Z Ve~ 3] (C2)

t=1

where Ne = |Sy,ql and y, o = |x,] + maxyes,, |'fcf" 1.

Note that, for any @, @’ € Sy, we have

E =T < ) oy - ol max 5]

Hence, for any € Sy there exists @’ € Sy, such that |3'E£a/] -3 < gy, and

, 2 , 2 , 2
(ga] _ xr) _ (Yga] _scia]) + 2(3550] _ﬁa])(ga] _ xr) n (ga] _ xr)
2
< (82 + 2¢9)y,2 + (}fa] - x,) .
Plugging this bound in (C.2) and using that, since Sy C Sy, Yr.e < y;, We obtain
T T T
Tg(xf‘xf) S;gngZ(xf - x) T T 72%

=1 t=1
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Forany 0 < ¢ < 1, the cardinality N, of a minimal &-net of Sy can be upper-bounded by
(5/&)N, see [17, Lemma A.4]. So, for the choice e = N/T < 1, we get the bound (C.1).
O

We can now investigate how the bound (2.13) can be improved when conditions
stronger than (N-1) with p = 4 are imposed on the noise Z.

Theorem C.1. Assume that Assumption (M-1) holds and let {(S(\t(i))lﬁtg, 1 <i< N}be
a collection of sequences of L-Lipschitz predictors with L satisfying (L-1).

(i) Assume that the noise Z satisfies (N-1) with a given p > 2 and let X = (Z)lstsT
denote the aggregated predictor defined in the proof of Lemma 10 with

1 N (5T\\'*
N=————— (— log(—)) . (C4)
2m)P(1+ Ly A2 \T N

For T > N, we then have

T T 1-2/p
1 1 ) 5T
F 22| (% )] in 7 2 B[(® ) e (Fre())
(C.5)
with C1 = 6m)"(1 + L.)* A%,

(ii) Assume that the noise Z fulfills (N-2) for some positive { and let X = (Z)lstsT
denote the aggregated predictor obtained using the weights (2.6) with

__ .z T \\*
LR YETARe (log(logN)) ' o

For T > N, we then have
T
. 2
‘Z[ %)< g 7 (R -x)

2A4XL. +1)* N T \V. (5T\ ¢©) T
T T {(k’g(—legw)) og 37 ) + 72 7+ e g -

(C.7)

(Note that when N|/T — 0, the term between curly brackets is equivalent to
(logT)%).
Proof. We define Y; = |X;| + max;<j<y IX |
Case (i). Following the same lines as in the proof of Theorem 2.1, we obtain that
E[Y?] < A2(1 + L.)*my and E[(Y? — 1/(2n))+] < 2p)?/*7'AL(1 + L.)”m,. Hence, from
Lemma 10 we get

T T
! Z X, < inf % Z (XM - X,)2 + 3TNA§(1 +L)ms

=1 t=1

N 5T
+ T log(ﬁ) + Q)PP AL+ L)Pm, . (C.8)
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Since my < m,z,/ P for n given by (C.4), the inequality (C.5) follows.

Case (ii). We set 1 = {/(A.(1 + L.)). Following the same lines as in the proof of
Theorem 2.1, we obtain that E[Y,z] < A72¢(¢) and ]E[(Y,2 —1/2m)s] < 2712722 +
A2n) 12y e=4@™'” 4(7). Hence, from Lemma 10 we get that

T T
7 E|E - x) | < i 1 3R -x) e Stog( )

=1 =1

3N 2 _ _ion 2
@+ S (2 AT e e ()

Choosing 7 as in (C.6), we obtain (C.7). O

Remark 9. For p > 4, we observe that the bound (C.5) improves upon (2.13) when
Nlog(T/N) < T@W=/Cr=%  Similarly, the bound (C.7) improves upon (2.13) when
T > N*(log T)°.

Remark 10. The cardinality of a N/T-net of Sy roughly scales as (T/N)¥~! with T,

so the computational cost of the aggregated predictor X of Lemma 10 is prohibitive.
Hence, the bounds (C.5) and (C.7) are of theoretical interest only.
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