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Abstract

In this work, we study the problem of aggregating a finite number of predic-
tors for non stationary sub-linear processes. We provide oracle inequalities relying
essentially on three ingredients: 1) a uniform bound of the ¢! norm of the time-
varying sub-linear coeflicients, 2) a Lipschitz assumption on the predictors and 3)
moment conditions on the noise appearing in the linear representation. Two kinds
of aggregations are considered giving raise to different moment conditions on the
noise and more or less sharp oracle inequalities. We apply this approach for deriv-
ing an adaptive predictor for locally stationary time varying autoregressive (TVAR)
processes. It is obtained by aggregating a finite number of well chosen predictors,
each of them enjoying an optimal minimax rate under specific smoothness condi-
tions on the TVAR coeflicients. We show that the obtained aggregated predictor
achieves a minimax rate while adapting to the unknown smoothness. To prove this
result, a lower bound is established for the minimax rate of the prediction risk for
the TVAR process. Numerical experiments complete this study. An important fea-
ture of this approach is that the aggregated predictor can be computed recursively
and is thus applicable in an online prediction context.

1 Introduction

In many applications where high frequency data are observed, we wish to forecast the
next values of this time series through an online prediction learning algorithm able to
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process a large amount of data. The classical stationarity assumption on the distribution
of the observations has to be weakened to take into account some smooth evolution of
the environment. From a statistical modelling point of view this is described by some
time-varying parameters. In order to sequentially track them from high-frequency data,
the algorithms must require few operations and a low storage capacity to update the
parameters estimation and the forecast after each new observation. The most common
online methods are least mean squares (LMS), normalised least mean squares (NLMS),
regularised least squares (RLS) or Kalman. All of them rely on the choice of a gradient
step, a forgetting factor, or, more generally on a tuning parameter corresponding to
some a priori on how smoothly the local statistical distribution of the data evolves along
the time. To adapt automatically to this smoothness, usually unknown in practice, we
propose to use an exponentially weighted aggregation of several such predictors, with
various tuning parameters. We emphasize that to meet the online constraint, we cannot
use methods that require a large amount of computations (such as cross validation).
The exponential weighting technique in aggregation have been developed in parallel in
the machine learning community (see the seminal paper [19]), in the statistical com-
munity (see [3, 20, 13], or more recently [10, 16]) and in the game theory community
for individual sequences prediction (see [5] and [17] for recent surveys). In contrast
with the classical statistical setting, in the individual sequence setting the observations
are not assumed to be generated by an underlying stochastic process. The link between
both settings has been analyzed in [11] for the regression model with fixed and random
designs.

Exponential weighting has also been investigated in the case of weakly dependent sta-
tionary data in [1]. More recently, an approach inspired from individual sequences
prediction has been studied in [2] for bounded ARMA processes under some specific
conditions on the (constant) ARMA coefficients.

In this contribution, we consider two possible aggregation schemes based on exponen-
tial weights which can be computed recursively. We provide oracle inequalities apply-
ing to the aggregated predictor under the following main assumptions that 1) the ob-
servations are sub-linearly depending on a sequence of independent random variables
with possibly time varying linear coefficients and 2) the predictors to be aggregated are
Lipschitz functions of the past. An important feature of our observation model is that
it embeds the well known class of local stationarity processes. We refer to [7, 9] and
the references therein for a recent general view about statistical inference for locally
stationary processes. As an application, we focus on a particular locally stationary
model, that of the time-varying autoregressive (TVAR) process. The minimax rate of
certain recursive estimators of the TVAR coeflicients is studied in [15]. To our knowl-
edge, there is not a well-established method on the automatic choice of the gradient
step when the smoothness index is unknown. Here we are interested in the prediction
problem which is closely related to the estimation problem. We show that the proposed
aggregation methods provide a solution to this question, in the sense that they give raise
to recursive adaptive minimax predictors.

The paper is organized as follows. In Section 2, we provide oracle inequalities for the
aggregated predictors under general conditions applying to non-stationary sub-linear
processes. TVAR processes are introduced in Section 3 in a non-parametric setting
based on Holder smoothness assumptions on the TVAR coefficients. A lower bound



of the prediction risk is given in this setting and this result is used to show that the
proposed aggregation methods achieve the minimax adaptive rate. Section 4 contains
the proofs of the oracle inequalities and their application to the non-parametric TVAR
setting. The proof of the lower bound of the minimax prediction risk is presented
in Section 5. Numerical experiments illustrating these results are then described in
Section 6. Two appendices complete this paper. Appendix A explains how to build non-
adaptive minimax predictors which can be used in the aggregation step and Appendix B
contains some postponed proofs and useful lemmas.

2 Online aggregation of predictors for non-stationary
processes

2.1 General model

In this section, we consider a time series (X;),ez admitting the following non-stationary
sub-linear property.

(M-1) The process (X;);cz satisfies

X1 < D ADZ;, @.1)

JEZ

where (Z))ez is a sequence of non-negative independent random variables
and (A(j)), jez are non-negative coefficients such that

A, = sup Z Aj) < o0 2.2)
t€Z ez

The condition on A, in (2.2) guarantees that, if (Z,),ez has a uniformly bounded L7-
norm, the convergence of the infinite sum in (2.1) holds almost surely and in the L7-
sense, with both convergences defining the same limit. It follows that (X;).cz also has
uniformly bounded L” moments. However, because the sequence (A(j)) jez may vary
with ¢, such condition applies for processes that may be neither weakly nor strongly sta-
tionary. The class of linear processes with time varying coefficients is such an example.
In this case we have
X, = > ali)é;,
ez

where (&;) is a sequence of centered independent random variables with unit variance
and (a;(j))s,; is supposed to satisfy (2.2) with A;(j) = |a;(j)|, so that (M-1) holds with
Z; = |&|. For this general class of processes, statistical inference is not easily car-
ried out : each new observation X; comes with a new unknown sequence (a,()) jez.
However additional assumptions on these set of sequences allow to derive and study
appropriate statistical inference procedures. A sensible approach in this direction is to
consider a locally stationary model as introduced in [6]. In this framework, the set of
sequences {(a,(j))jez, 1 <t < T} is controlled as T — oo by artificially (but mean-
ingfully) introducing a dependence in 7', hence is written as (a,7(}j)) jez,1<i<7» and by



approximating it with a set of sequences rescaled on the time interval [0, 1], a(u, j),
u € [0, 1], j € Z, for example in the following way

T
sup sup Z |at,T(j) —a(t/T, j)| <00,
T>1 jeZ 4=

Then various interesting statistical inference problems based on X1, ..., X7 can be tack-

led by assuming some smoothness on the mapping u — a(u, j) and, possibly, additional
assumptions on the structure of the sequence (a(u, j)) jez for each u € [0, 1] (see [7] and
the references therein). A focus on the specific TVAR model will be treated in Sec-
tion 3. Let us stress, however, that our general condition (M-1) includes all the models
treated in [7].

Our goal in this section is to derive oracle bounds for the aggregation of predictors that
hold for the general model (M-1) with one of the two following additional assumptions
on (Z)sez.

(N-1) The non-negative process (Z;),cz satisfies

my, = StlElgE[Zf] <o,

(N-2) The non-negative process (Z;)cz satisfies

o) = supE[e{Z’] <00,

teZ

2.2 Aggregation of predictors

Let (x;)cz be a real valued sequence. We say that X; is a predictor of x; if it is a
measurable function of (x;);<,—1. Throughout this paper, the quality of a sequence of
predictors (X;)1<<r is evaluated for some 7 > 1 using the £? loss averaged over the

time period {1,...,T}
T
1 -
T Z ;- )c,)2 .
=1

Now, given a collection of N sequences of predictors {(}fj)) 1<<7, 1 L j <N }, we wish
to sequentially derive a new predictor which predicts almost as or more accurately than
the best of them.

Aggregating the predictors amounts to compute a convex combination of them at each
time ¢. This corresponds to choose at each time ¢ an element o, of the simplex

N
SNz{s=(s1,...,sN)eRf+V:Zs,-z1}. (2.3)

i=1

and compute



We consider two strategies of aggregation, which are studied in the context of bounded
sequences in [5, 4]. More recent contributions and extensions can be found in [11]. See
also [17] for a pedagogical introduction. These strategies are sequential and online,
which mean that,

(i) to compute the aggregation weights a; at time ¢, only the values of {Fcﬁj 1< Jj<
N} and x; up to time s = ¢ — 1 are used

(i) the computation can be done recursively by updating a number of quantities
which does not depend on ¢.

These two properties are met in the Algorithm 1 detailed below.
We consider in the remaining of the paper a convex aggregation of predictors

N
% =3 = Zai,,sé”, 1<t<T,
i=1

with some specific weights @;,; defined as follows.

Strategy 1: building weights from the gradient of the quadratic loss

The first strategy is to define foralli = 1,...,Nand ¢ = 1,..., T, the weights @;, by

ai![ = § (2.4)

with the convention that a sum over no element is null, so @;; = 1/N for all i.
The parameter > 0, usually called the learning rate, will be specified later.

Strategy 2: building weights from the quadratic loss

The second strategy is to define foralli = 1,...,Nand ¢ = 1,..., T, the weights @;, by

, (2.5)



with again the convention that a sum over no element is null.

Algorithm 1: Online computation of the aggregation algorithms.

parameters the learning rate 17;

initialization 7 = 1, @, = (1/N)i=1._n;

while input the predictions }fi) fori=1,...,N;
do

=~ _ @] _ N = =),
Xy xrr _Zi:lai,fx[ 5

return Xx;;
and when input a new x;,
do

t=t+1;

fori=1to N do
switch strategy do

case /
[ =265 - )2
case 2

— ; 2
L Vip = Qjg—1 €Xp (_77 (Rf?l - xr—l) );

B ;= (Vi,t/ ZkN:1 Vk,t)

i=1,...N’

2.3 Oracle bounds

We establish oracle bounds on the average prediction error of the aggregated predictors.
These bounds ensure that the error is equal to that associated with the best convex
combination of the predictors or with the best predictor (depending on the aggregation
strategy), up to two remainder terms. One remainder term depends on the number N of
predictors to aggregate and the other one on the variability of the original process. The
learning rate i can then be tuned to achieve the best trade-off between these two terms.

The second remainder term indirectly depends on the variability of the predictors. We
control below this variability in terms of the variability of the original process by using
the following Lipschitz property.

Definition 1. Ler L = (Ly)s>1 be a sequence of non-negative numbers. A predictor x;
of X from (X;)s<—1 is said to be L-Lipschitz if

lk\tl < ZLS 2] -
s>1
We more specifically consider a sequence L satisfying the following assumption.
(L-1) The sequence L = (L), satisfies
L*=ZL,-<00. (2.6)

=1



We now state two upper-bounds on the mean quadratic prediction error of the aggre-
gated predictors defined in the previous section, when the process X fulfills the sub-
linear property (M-1).

Theorem 2.1. Assume that Assumption (M-1) holds. Let {(Z(j))lgtg, 1<i< N} be a
collection of sequences of L-Lipschitz predictors with L satisfying (L-1).

(i) Assume that the noise Z fulfills (N-1) with p = 4 and let X = ()’(\,)lstg denote the
aggregated predictor obtained using the weights (2.4) with any n > 0. Then, we
have

1 L — 2 . 1 L y 2
e[| < i 7 (-]

log N
+ % +op(1+ L) Ay . (27

(ii) Assume that the noise Z satisfies (N-1) with a given p > 2 and let X = ()’(\,)15,57
denote the aggregated predictor obtained using the weights (2.5) with any n > 0.
Then, we have

T T
7 2% x| < gin 7 23z - x|
logN

T +T 8P A1+ L)Pm, . (2.8)

(iii) Assume that the noise Z fulfills (N-2) for some positive { and let X = ()’(\,)15,57
denote the aggregated predictor obtained using the weights (2.5) with

2
1 g
< — | —2 .
O<ns<z (a*(L*+1)) ’ 29)
where
a’ :=supsupA,(j) < A.. (2.10)
JEZ teZ

Then, for any A such that (32n)"/? < A < ¢/(a*(L, + 1)), we have
T

Sl am ol

t=1

Nl =

logN  TeV®n'™”
+ +
Tn 81

(@) D@2

The proof can be found in Section 4.2.

Remark 1. The bounds (2.7), (2.8) and (2.11) are explicit in the sense that all the
constants appearing in them are directly derived from those appearing in Assump-
tions (M-1), (L-1) and (N-1) (resp. (N-1) and (N-2)).



Remark 2. To minimize the sum of the two terms appearing in the second line of (2.7),
the optimal 1 is

- ! log V) 2.12)
e vy T ) '
which gives
T T 1/2
1 = 2 1 2 log N
~Y'E [(X, - X)) ] < inf — E[(SZ,M =29 ] +Cy ( ) , (2.13)

with C; = 2 (2mg)"? (1 + L,)* A2.

Remark 3. The parameter 17 equaling the two terms appearing in the second line of (2.8)
is

1 log N'\*'”
7= o Rl I (2.14)
8w=2/p (1 + L2 AMm,P \ T
which gives
v [/= IR R pe 2 (log N)'=2/»
7 2 E|(%-x) | < inf 2 Y E|@-x) e HE— @19

=1 t=1

with C, = 28W=2/P (1 + L*)zAfmi,/p. We observe that if p > 8§, the bound (2.15)
improves that in (2.13) by replacing (log(N)/T)"/? by (log N)!=2/P /T'=4/P

Remark 4. Minimizing the sum of the two terms appearing in the second line of (2.11)
is a bit more involved, since it depends both on 7 and A. The constraint (2.9) bounds
n away of infinity. If 1 remains bounded away from zero, then 1 > (325)'/? is
bounded away from zero and infinity, and the second line of (2.11) is of order at least
O(T’1 logN + T), which is always worst than the bound obtained in (2.13) under
much weaker assumptions. The conclusion of this reasoning is that we should let 1 be
small enough to improve this aggregation bound. Now for 17 small enough, the optimal
A is the largest allowed one, that is, 4 = {/(a"(L, + 1)). To have a simpler expression,
let us take the smaller

A=A (L. + 1)), (2.16)

in which case (2.11) holds for any 0 < 1 < 1%/32 and the second line of (2.11) simpli-

fies into -
log N T e~/ten
ﬁn O g 2.17)

The sum (2.17) is still difficult to minimize in 7 exactly but a satisfying bound is ob-
tained by equaling the two terms of the sum. Yet, we must also take into account the
constraint 0 < 7 < 1%/32, so we set

2 72 2
n= ) (max {2, IOg(Slc()ﬁg(é]’\)f)}) . (2.18)




With our choices (2.16) and (2.18) for A and 7, the bound (2.11) finally ensures

2 7[5 -]

2
n L S B[(X0 - x]+ ¢y 2N 29(0)
Sy T £ E[(Xr - X)) ]+C3 T (max {2, log(Slog - (2.19)

IA

with C3 = 16Af(1 + L*)Z{’z. We note that the bound (2.19) improves that in (2.13)
by replacing ((log N)/T)'/? by its square, up to a logarithmic factor at most of order
(log T)?. The bound (2.19) also improves that in (2.15) for any p > 2.

3 Time-varying autoregressive (T VAR) model

3.1 Non-parametric TVAR model
3.1.1 Vector norms and Holder smoothness norms

We introduce some preliminary notations before defining the model. In the remaining
of this article, vectors are denoted using boldface symbols and [x| denotes the Euclidean
norm of x, x| = (3; |x;*)"/%. We will also use the £'-norm [x|; = 3; |x;].

For 8 € (0, 1] and an interval I C R, the S—Holder semi-norm of a function f : 7 — R?
is defined by

If(s) — £(s)]

[flag =
o<ls—yi<1 15— 8P

This semi-norm is extended to any 8 > 0 as follows. Let k € N and a € (0, 1] be such
that 8 = k + a. If f is k times differentiable on /, we define

Iflap = EXAq

and [f|5 g = oo otherwise. We consider the case / = (—oco, 1]. For R > 0 and 8 > 0, the
(B, R)— Holder ball is denoted by

Ad(B.R) = {f : (-e0,1] > R, such that [flx5 < R} .

3.1.2 TVAR parameters in rescaled time

The idea of using a rescaled time with the sample size T for the TVAR parameters goes
back to [6]. Since then, it has always been a central example of locally stationary linear
processes. In this setting, the time varying autoregressive coefficients and variance
which generate the observations X,y for 1 < ¢ < T are represented by functions from
[0, 1] to R? and from [0, 1] to R, respectively. The definition sets of these functions are
extended to (—oo, 1] in the following definition.

Definition 2 (TVAR model). Letd > 1. Let 6,,...,0, and o be functions defined on
(=00, 1] and (&;)iez be a sequence of i.i.d. random variables with zero mean and unit



variance. For any T > 1, we say that (X, 7)<t is a TVAR process with time varying
parameters 0y, . .., 04,02 sampled at frequency T~' and normalized innovations (&) if
the two following assertions hold.

(i) The process X fulfills the time varying autoregressive equation

d
r—1 t
o= S0 F ) volf)e pr-scrst o

J=1
(ii) The sequence (X, 1)<t is bounded in probability,

im sup P(X,7|>M)=0.

1
M—co —oo<t<T

This definition extends the usual definition of TVAR processes, where the time-varying
parameters 6, . .., 6, and o2 are assumed to be constant on R_, see e.g. [6, Page 144].
The TVAR model is generally used for the sample (X, 7)<<r. The definition of the
process for negative times ¢ can be seen as a way to define initial conditions for
Xi—ars ..., Xor, which are then sufficient to compute (X; )<<y by iterating (3.1).
However, in the context of prediction, it can be useful to consider predictors )’(\,,T which
may rely on historical data X, 7 arbitrarily far away in the past, that is, with s tending
to —oo. To cope with this situation, our definition of the TVAR process (X, r) holds for
all time indices —oo < ¢ < T and we use the following definition for predictors.

Definition 3 (Predictor). Forall 1 <t < T, we say that )?,,T is a predictor of X, r if it
is Fi—1,7-measurable, where

?‘t,T:g'(XX,T,S:t,t—l,l‘—z,...) (32)

is the o-field generated by (X;7)s<;. For any T > 1, we denote by Pr the set of
sequences Xt = (X;1)1<<1 of predictors for (X, 1)1<i<t, that is, the set of all processes
Xr = (Xi.1)1<<r adapted to the filtration (F -1 1)1<i<T-

In practice, this general framework allows to use data with possibly long available
history, although the prediction is only considered on time indices t = 1,...,7. Of
course, this definition also includes the case where the predictor 5(\,37 only depend on
(Xs.1)1<s<1—1. Having both situations in the same framework may appear to be confus-
ing at first. It is important to note that, in contrast with the usual stationary situation,
having observed the process X, r for infinitely many s’s in the past (forall s <t —1) is
not determining for deriving a predictor of X; 7, since observations far away in the past
may have a completely different statistical behavior.

3.1.3 Stability conditions

The next proposition proves that under standard stability conditions on the time-varying
parameters 6, ...6; and 0%, Condition (ii) in Definition 2 ensures the existence and

10



uniqueness of the solution of Equation (3.1) for + < O (and thus for all + < T). We
define the time-varying autoregressive polynomial by

d
Oz;u) = 1- ZG;(M)Z*" .
=1

Let us denote, for any 6 > 0,
5a(6) = {6 : (=00, 11 > R, 8(z;u) # 0, Y[zl < 6", u € [0, 11} . (3.3)
Define, for 5> 0,R > 0,06 € (0, 1), p € [0, 1] and o, > 0, the class of parameters
CB.R.6.p,0:) = {(6,0) : (=00, 11 = R! X [pr,, .1 : 0 € Ay(B,R) N 54(6)} .
We have the following stability result.

Proposition 1. Assume that the time varying AR coefficients 6, . .., 6, are uniformly
continuous on (—co, 1] and the time varying variance o> is bounded on (=0, 1]. As-
sume moreover that there exists 6 € (0,1) such that 0 € s;(6). Then, there exists
To > 1 such that, for all T > Ty, there exists a unique process (X, 1)< wWhich satis-
fies (i) and (ii) in Definition 2. This solution admits the linear representation

00

-
X =Y ar(o ()&, —w<isT, (3.4)
=0

where the coefficients (a;1(j))i<r,j=0 satisfy that for any 6, € (6, 1),

K=sup sup sup 6, larr(j)l <oco.
T>Ty) —co<t<T j>0

Moreover, if (0,0) € C(B,R, 6,0, 0) for some positive constants 3, R and o ., then the
constants To and K can be chosen only depending on 61, 6, 5, and R.

A proof of Proposition 1 is provided in Appendix B. This kind of result is classical un-
der various smoothness assumptions on the parameters and initial conditions for X;_; 7,
k=1,...,d. Forinstance, in [9], bounded variations and a constant 8 for negative times
are used for the smoothness assumption on @ and for defining the initial conditions. The
linear representation (3.4), in particular was exhibited in the seminal papers [12, 6]. We
note that an important consequence of Proposition 1 is that for any T > T, the process
(X,.)i<r satisfies Assumption (M-1) with Z, = |&| and A,(j) = |a,r(j) o ((t - j)/T)| for
Jj = 0. Moreover, the constant A, in (2.2) is bounded independently of 7', and we have,
forall (6,0) € C(B,R,0,0,0,),

Ko,

A < ,
1-9;

(3.5)

where K > 0 and 6; € (0, 1) can be chosen only depending on 6, 8, and R.

11



3.1.4 Main assumptions

Based on Proposition 1, given an i.i.d. sequence (& )z and constants 6 € (0, 1),
p€l[0,1]oy > 0,8> 0and R > 0, we consider the following assumption.

(M-2) The sequence (X, r).<r is @ TVAR process with time varying standard devi-
ation o, time varying AR coefficients 6y,...,6,; and innovations (&/)z, and
(0’ 0—) € C (ﬂ’ R’ (5,,0, 0—+)'

Let & denote a generic random variable with the same distribution as the &;s. Under
Assumption (M-2), the distribution of (X;r),_,.,.; only depends on that of ¢ and on

the functions @ and o. For a given distribution ¢ on R for &, we denote by ]P’(‘pem the

probability distribution of the whole sequence (X, r),<r and by E‘(I’o - its corresponding
expectation.
The next two assumptions on the innovations are useful to prove upper bounds of the

prediction error.

)

(I-1) The innovations (¢,).ez satisfy m,, := E[|£]7] < oo.

(I-2) The innovations (&,),cz satisfy ¢(¢) := E [e4‘5'] < 0.
The following one will be used to obtain a lower bound.

(I-3) The innovations (&),cz admit a density f such that

K= sup\fzj.f(u)logffl du < oo .

V20 (u+v)

Assumption (I-3) is standard for proving lower bounds in non-parametric regression
estimation, see [18, Chapter 2]. It is satisfied by the Gaussian density with k = 1.

3.1.5 Non-parametric setting

The setting of Definition 2 and of Assumptions derived thereafter is essentially non-
parametric, since for given initial distribution i, the distribution of the observations
Xir,...,Xrr are determined by the unknown parameter function (6, o). The doubly
indexed X, r refers to the fact that this distribution cannot be seen as a distribution
on R% marginalized on R” as the usual time series setting but rather as a sequence of
distributions on R” indexed by T'. It corresponds to the usual non-parametric approach
for studying statistical inference based on this model. In this contribution, we focus
on the prediction problem, which is to answer the question: for given smoothness
conditions on (@, o), what is the mean prediction error for predicting X, r from its past?
The standard non-parametric approach is to answer this question in a minimax sense
by determining, for a given sequence of predictors Xr = ()/(\,,T) 1<i<T> the maximal risk

T

— 1 —~ 2 t

St BR8.p.0) = sup = 3 (Bl [(Bir - Xr)'| -2 (2)) . GO
0T 5

where

12



(a) YT is assumed to belong to P as in Definition 3,

(b) the sup is taken for (6, o) € C (B, R, 6, p, 07;) within a smoothness class of func-
tions,

(c) the expectation E?’om is that associated to Assumption (M-2).

The rational for subtracting the average o%(¢/T) over all 1 < t < T in this prediction
risk is that it corresponds to the best prediction risk, would the parameters (6, o) be
exactly known. We observe that dividing X, r by the class parameter o, amounts to
take o, = 1. In addition, we have

S+(Xr: 0. B R, 6,p,04) = 0> S (X7 /o430, B, R, 6,p, 1),

so the prediction problem in the class C (8, R, 6, p, 01) can be reduced to the the predic-
tion problem in the class C (8, R, d, p, 1). Accordingly, we define the reduced minimax
risk by

Mr(.B,R,6,p) = inf S7(Xr;u,B,R,8,p,1) (3.7)
XTESDT

= inf 0287 (X7:¢.B,R,6,p,04) foralloy > 0.
)?TEPT

In Section 3.2, we provide a lower bound of the minimax rate in the case where the
smoothness class is of the form C (8, R, 6, p, ;). Then, in Section 3.3, relying on the
aggregation oracle bounds of Section 2.3, we derive an upper bound with the same rate
as the lower bound using the same smoothness class of the parameters. Moreover, we
exhibit an online predictor which does not require any knowledge about the smooth-
ness class and which is thus minimax adaptive. In other words, it is able to adapt to
the unknown smoothness of the parameters from the data. To our knowledge, such
theoretical results are new for locally stationary models.

3.2 Lower bound

A lower bound on the minimax rate for the estimation error of € is given by [15, Theo-
rem 4]. Clearly, a predictor

d
Xir = Z 0. 7(K)X k.1
=1

can be defined from an estimator E,T, and the resulting prediction rate can be con-
trolled using the estimation rate (see Appendix A.1 for the details). The next theorem
provides a lower bound of the minimax rate of the risk of any predictor of the process
{Xi7},<;<y- Combining this result with Lemma 7 in the Appendix A.l shows that a
predict_o} obtained by (A.1) from a minimax rate estimator of § automatically achieves
the minimax prediction rate.
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Theorem 3.1. Let 6 € (0,1), 8 > 0, R > 0 and p € [0,1]. Suppose that Assump-
tion (M-2) holds and assume (1-3) on the distribution  of the innovations. Then, we
have

liminf TP/ My, B,R,6,p) > 0, (3.8)

where M7 is defined in (3.7).

The proof is postponed to Section 5.

3.3 Minimax adaptive forecasting of the TVAR process

Our minimax adaptive predictor is based on the aggregation of sufficiently many pre-
dictors, assuming that one at least among them is minimax rate. The oracle bounds
found in Section 2.3 imply that the aggregated predictor is minimax rate adaptive un-
der appropriate assumptions.

In the TVAR model (M-2), it is natural to consider L-Lipschitz predictors ()?,,T)IS,ST
of (X,.7)1<«<r With a sequence L which has support on {1,...,d}. Then L* in (2.6)
corresponds to the maximal ¢'-norm of the TVAR parameters. Since for the process
itself to be stable, this norm has to be bounded independently of 7', Condition (L-1) is
a quite natural assumption for the TVAR model, see Appendix A.1 for the details.

A practical advantage of the proposed procedures is that, given a set of predictors that
behaves well under particular smoothness assumptions, we obtain an aggregated pre-
dictor which performs almost as well as or better than the best of these predictors, hence
which behaves well without any prior knowledge on the smoothness of the unknown
parameter. Such an adaptive property can be formally demonstrated by exhibiting an
adaptive minimax rate for the aggregated predictor which coincides with the lower
bound given in Theorem 3.1.

The first ingredient that we need is the following.

Definition 4 ((/, f)-minimax-rate predictor). Let s be a distribution on R and 3 > 0.
We say that X = (Xr)r>1 is a (y,B)-minimax-rate sequence of predictors if;, for all
T >1, Xr € Prand, forall6 € (0,1), R>0, p e (0,1]and oy > 0,

lim sup T#/04)§ (X730, B, R, 6,p,04) < o0 , (3.9)

T—oo

where S 7 is defined by (3.6).

The term minimax-rate in this definition refers to the fact that the maximal rate in (3.9)
is equal to the minimax lower bound (3.8) for the class C (8, R, d, p, o). We explain in
Appendix A how to build such predictors which are moreover L-Lipschitz for some L
only depending on d. To adapt to an unknown smoothness, we rely on a collection of
(¢, B)-minimax-rate predictors with § within (0, By), where Sy is the (possibly infinite)
maximal smoothness index.

Definition 5 (Locally bounded set of y-minimax-rate predictors). Let y be a distribu-
tion on R. We say that {(X®, B € (0,0)} is a locally bounded set of y-minimax-rate

14



predictors if for each 3, X® isa (¥, B)-minimax-rate predictor and if moreover, for all
0€(0,1),R>0,pe(0,1], o+ > 0 and for each closed interval J C (0, By),

limsup sup TS (X, B, R, 6,p,074) < 00,
T—oo  Bel

where S 1 is defined by (3.6).

The following lemma shows that, given a locally bounded set of minimax-rate predic-
tors, we can always pick a finite subset of at most N = [(log T')*] predictors among
which the best one achieves the minimax rate of any unknown smoothness index.

Lemma 1. Let ¢ be a distribution on R. Let By € (0, o] and {5(\@, B € (0,B0)} be a
corresponding locally bounded set of W-minimax-rate predictors. Set, for any N > 1,

1<i<N. 3.10
(i—1)/NY?  otherwise, ( )

4 - {(i ~DB/N  if By < oo,
Suppose moreover, in the case where 5y < oo, that N > [log T\, and, in the case where
Bo = oo, that N > [ (log T)2 |- Then, we have, for all € (0,80), 5 € (0,1, R>0,p >0
and o, > 0,

lim sup 7%/(1+2A) ‘I}linNST(X\(fi);lﬂ,ﬁ, R,6,p,0,) < o0
T—o0 i=1,...,

The proof of this lemma is postponed to Section B.3 in Appendix B. Lemma [ says that
to obtain a minimax-rate predictor which adapts to an unknown smoothness index f3,
it is in fact sufficient to select it judiciously among log T or (log T')> well chosen non-
adaptive minimax-rate predictors. As a consequence of Theorem 2.1 and Lemma 1, we

obtain an adaptive predictor by aggregating them (instead of selecting one of them), as
stated in the following result.

Theorem 3.2. Let y be a distribution on R. Let By € (0, o] and {Y(ﬁ), B € (0,B0)}
be a locally bounded set of y-minimax-rate and L-Lipschitz predictors with L satisfy-
ing (L-1). Define (X, 1)1<<r as the predictor aggregated from {X#), 1 < i < N} with N
defined by

logT ) ,
N = [log ]2 lfﬁo<.00 G.11)

[(logT)-1 otherwise,

Bi defined by (3.10), and with weights defined according to one of the following setting
depending on the assumption on  and By :

(i) If ¥ satisfies (I-1) with p > 4 and By < 1/2, use the weights (2.4) with n =
o3> (log(Tog TN/T)'/,

(it) If y satisfies (I-1) with p > 4 and By < (p — 4)/8, use the weights (2.5) with
n = o (log(Mog T/T*7,

(iii) If ¢ satisfies (1-2), use the weights (2.5) with n = 0% (log T)73.

15



Then, we have, for any 8 € (0,8p), 6 € (0,1), R>0, p € (0, 1] and oy > 0,

lim sup 7%/ 29§ (X734, B, R, 6,p,74) < o0 . (3.12)

T—00

The proof of this theorem is postponed to Section 4.3.

Remark 5. The limitation to Sy < 1/2 in (i) under Assumption (I-1) for ¢ follows
from the factor ((log N)/ T)'/2 obtained in the oracle inequality (2.7) of Theorem 2.1
after optimizing in n (see (2.13)). If p > 8 this restriction is weakened to Sy < (p —
4)/8 in (ii) taking into account the factor ((log” -2 N)/TP~*V/P obtained in the oracle
inequality (2.8) of Theorem 2.1 after optimizing in 1 (see (2.15)). In the last case, the
limitation of 3y drops when applying the oracle inequality (2.11) of the same theorem.
However a stronger condition on ¢ is then required.

4 Proofs of the upper bounds

4.1 Preliminary results

We start with a lemma which gathers useful adaptations of well known inequalities
applying to the aggregation of deterministic predicting sequences.

Lemma 2. Let (x;)1<<r be a real valued sequence and {(35?))15,57, 1<i< N} be a
collection of predicting sequences. Define (X;)1<<r as the sequence of aggregated pre-
dictors obtained from this collection with the weights (2.4). Then, for any n > 0, we
have

log N g A2 ; 2
+ 28 +2%Z mag[gv|3cf’)| (max|3cf’)|+|xr|) . @40

1<i 1<isN

Define now (X;)1<<r as the sequence of aggregated predictors obtained with the
weights (2.5). Then, for anyn > 0 and p > 2 we have

T T
1 — 2 . 1 i) 2 IOg N =
T B < = - + =0 L @)P2P 42
T ; (-xr xr) - l:I}l’II,lN T ; (xt Xt) T?’] ( Tl) Yr ( )
where
yr = max (|Xr| + max |3cf’)|) (4.3)
1<t<T 1<i<N

Furthermore, for any positive constants  and A such that n < 2*/32, we have

e/

1 Il logN o »
T;(x,—x,) < Z(xt —x,) + Tn + S e . 4.4

A
2
=
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Proof. With weights defined by (2.4), by slightly adapting [17, Theorem 1.7], we have
that

1 <& | I (& > oeN
_ —~ 2 e b - 'y
T ; (= x:) vleI}S’fN T Z [Z ViX, xt] < = + " s

t=1 \i=1

where 57 = ¥, s? and 5, = 2maxioy 2(XY, @5 — x)x"|. The bound (4.1)
follows by using that that {a;,},_;_ is in the simplex Sy defined in (2.3).
We now prove (4.2). Using the same arguments as in [4, Proposition 2.2.1.], the aggre-

gation (2.5) satisfies

T T
1 o 2 . 1 —~i) 2 IOgN
T;(x,—x,) Lpstspey < min = > (57— x)" + T @Y

We bound the indicator function of {yT > 1/(8n)" 2} by (yr(81)"/?)P=% and thus, for all
t=1,...,T,

(}\t _ xt)Z ]-{);T>1/(87,)|/2} < yl;(Sn)(bfZ)/Z )
Taking the average over ¢t = 1, ..., T and summing with (4.5), we get the bound (4.2).
The bound (4.4) is obtained by following a similar idea. For allz = 1,...,T, we have
forn >0

1 12
2 2 28 )
(xt—xt) <yT<—e(7) T

Bounding the indicator function of {yT > 1/(8m) 2} by e?7e /B0 with y = A —
2(8m)'/% > 0 we get

T
1/2

1 — 2 U e
f ; (xr - Xr) ]-{yT>l/(87])l/2} < 8_77 eVre n '

Summing with (4.5), we get the bound (4.4). m|

4.2 Proof of Theorem 2.1

We prove the cases (i), (ii) and (iii) successively.
Case (i). Applying (4.1) in Lemma 2 with E[inf...] < infEJ...], we obtain

2
5(\,(’)’ (max

1<i<N

log N Ui 4 E50) 2
+ +272 B{ max X ]+|X,|) . (4.6)



Using that the predictors are L-Lipschitz and the process (X;)ez satisfies (M-1), we
have, forall 1 <¢t<T,

X+ max X0 < > AdDZiej + ) D LeAis() Zums
JEZ s>1 jeZ
<> Bz, @7
JEZ

where

B(j) = A+ D LiAvi(i=9).

s>1

Applying the Minkowski inequality together with (4.7), (2.2) and (2.6), we obtain, for
all1<r<T,

< AY1 + L.)* supE[Z/] .

E [max
1€

1<i<N

5(\,(i)| (max

1<i<N

+|X|)}<E

4
[Z B,<j>z,_<,~]

JEZ

Since the process Z fulfills (N-1) with p = 4, plugging this bound in (4.6) we ob-
tain (2.7).

Case (ii). We use (4.2) in Lemma 2 and since it is assumed that p > 2, we get

T
Z E[ X1 - X,T)z] < izr}linN% Z E [(5(\% - Xr,T)z] + 10Tgrjv

t=1 t=1

N =

+ @R, 4.8)

ol

t

where Y7 = max (lX,l + max
1<t<T 1<i<N

T
(R

t=1

) . Observe that

X
t

/]
Using the Minkowski inequality, (4.7) and Assumption (N-2)
T Y
v7| < Z {Z B(j)(E[2)]) ”] <A’ +L)'T sup E[Z] .
=1 \ jeZ

Using thins bound with (N-1) and (4.8), we obtain (2.8).
Case (iii). To obtain (2.11), we now use (4.4) in Lemma 2 and get

IZT:E[X X )2]< m LS E[(j{(o % )2]+logN
T - < min — _
r =1 o ot i=1,..NT - T t,T n
-2/
+ eS—UE[eAYT] . (49
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We now use Assumption (N-2). Since B,(j) < a*(1 + L,) for all j,t € Z and

D UB(G) < A+ L),

JjezZ

Jensen’s inequality and (4.7) gives that, for any A < {/(a*(1 + L,)),

E [e’lYT ] < E [ A(XKimax ey I??T’)I)]

]_[ B Zi- /
JEZ

]_[ (¢(§))/IB/(/)/K <T (¢(§))/1A AL/
JeZ

- M e

1l
—_

t

Combining this bound with (4.9) gives (2.11). The proof of Theorem 2.1 is complete.

4.3 Application to the TVAR process: proof of Theorem 3.2

Theorem 3.2 is an application of Theorem 2.1 to the aggregation of minimax predictors
for the TVAR model (M-2).

We first note that Proposition 1 shows that, for 7' large enough the TVAR model (M-2)
satisfies (M-1) with A, bounded independently of 7" as in (3.5) and Z, = |&|forall ¢ € Z.
Hence Assumptions (I-1) and (I-2) respectively imply (N-1) and (N-2).

This shows that Theorem 2.1 applies under the assumptions of Theorem 3.2 and that the
constants A, and a* appearing in (2.7), (2.9) and (2.11) can be replaced by Ko, /(1-6})
and Ko, respectively, where K > 0 and 6; € (0, 1) can be chosen only depending on
0,8, and R.

On the other hand, Lemma | shows that, under the given assumptions on the predictors
and with the given choices of N, the smallest prediction risk among the selected pre-
dictors, achieves a rate 7-#/(1*%%) for some positive constant C only depending on j3,
0, R > 0, p and . Hence, we get with Theorem 2.1 that

lim sup 7%/ 28 (X3 0, B. R, 6,p,074) < C +limsup T#"PR(N, T) ,  (4.10)

T—o0 T—o0

where C is a positive constant and R(N, T) is a remainder term which, in the setting (i)
in Theorem 3.2, is given by

log N 4 K*o?
R(N,T) = +2n(1+ L, N 4.11
(N, T) n( L) me s @.11)
in the setting (ii), is given by
log N _ KPo?
R(N,T) = T )P 221 + L,)’m, s 4.12
(N, T) Tn+(77) (I+ )m,(l A (4.12)
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and, in the setting (iii), is given by

logN Te V@'
+

T & (¢(§))/U_<U'+(L*+1)/(§(1*51)) , (4.13)

R(N,T) =

provided that 7 and A satisfy

¢

2
- 1/2 7%
0<ns 3 (—I_(o-+(L* - 1)) , and G2'? <A< /(Ro(L. +1)). (4.14)

Replacing  and N in (4.11) as given by (i) and (3.11), we get

o R(N,T)s( T ) 1+2(1+ L) "my T=6)

Hence, using that 5 < By < 1/2, this upper bound is negligible with respect to
T-28/C5+1) and, with (4.10), we get (3.12).
Analogously, we replace n and N in (4.12) as given by (ii) and (3.11), we get

(logog 1)~/

o2 RN,T) < To-9/p

R?
1+8P 220+ L)Y m, —| .
( o+ L)mmy 50

Since B < By < (p—4)/8, this upper bound is negligible with respect to 7-2#/%+1 and,
with (4.10), we get (3.12).

Using the specific form of  in (iii) and choosing A equal to the upper bound of the
given condition (4.14), we get that, in the setting (iii),

logN T e—¢/ (Ko (L + 1)@

N,T) =
RN, T) Tn+ 8

(P00, (4.15)

Now, using 7 and N in (4.15) as given by (iii) and (3.11) and provided that

= 2/3
R(L. +1
5 (L. + )) ,

logT >2
. ( z

holds then we get

(¢!

-2
<
O'+ R(N, T) = 8 T{(8]/213(L*+1))"(logT)]/z =)

log T)?
(OgT ) (log (ﬂog T]z) +

For any 3 > 0, this upper bound is negligible with respect to 7-%/*1) and, with (4.10)
we get (3.12).

5 Proof of the lower bound

We now provide a proof of Theorem 3.1. We consider an autoregressive equation of

order one
Xt =0((t = 1)/T)Xi-17 + &, (5.D
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where (&)ez is i.i.d. with density f as in (I-3). In this case, if sup,.; [6(w)| < 1, the
representation (3.4) of the stationary solution reads, for all # < T as

o J
X = [ Jo-9/Dé, (5.2)

j=0 s=1

with the convention ]_[2:1 0((t — 5)/T) = 1. The class of models so defined with 6 €
A1(B,R) N 51(6) corresponds to Assumption (M-2) with (6, 0) in C (B, R, 6, p, 1) such
that only the first component of 6 is nonzero and o is constant and equal to one.

We write henceforth in this proof section Py for the law of the process X = (X, 7)i<r.7>1
and Ey for the corresponding expectation.

Let X = ()/(\,,T) 1<i<r be any predictor of (X, 7)1<<r in the sense of Definition 3. Define
0 = (6.7)o<i=r-1 € RT by

— Xprr/Xor it Xor 20,
gt,T = .
0 otherwise.

For any vectors u, v € RT, we define

= 172
dy(u,v) = [? Z X2 (uy - v,)z] . (5.3)
=0

By (5.1), since X, r and E,T are ¥, r-measurable, they are independent of &,,; and we

have
T

2B (Ror = X )| - 1 = Bo [ @ vriop).
=1

where, for any 0 : (-0, 1] — R, v7{6} € R” denotes the T-sample of 6 on the regular
erid 0, 1/7,...,(T - 1)/T,

vr{6} = (0(t/T))o<i<r-1 -

Hence to prove the lower bound of Theorem 3.1, it is sufficient to show that there exist
Oo, . ..,0u € A1(B,R) N 51(8), c > 0 and Ty > 1 both depending only on ¢, 3, R and the
density f, such that for any? = (@,T)Osrg— 1 adapted to (¥ 7)o<i<r—1 and T > Ty, we
have _

Jmax E, |30, vr{0;)] = ¢ T2#/CPD, (5.4)
We now face the more standard problem of providing a lower bound for the minimax
rate of an estimation error, since @'is an estimator of vr{6}. The path for deriving such
a lower bound is explained in [18, Chapter 2]. However we have to deal with a loss
function dx which depends on the observed process X. Not only the loss function
is random, but it is also not independent of the estimator 6. The proof of the lower
bound (5.4) thus requires nontrivial adaptations. It relies on some intermediate lemmas.
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Lemma 3. We write K (P,P’) for the Kullback-Leibler divergence between P and P’.
For any functions 0y, . .., 0y from [0, 1] to R such that

2
max K (Py,, Py) < ——

Jmax, el log(1 + M) (5.5)

and any r > 0 we have

2
2 r 1 .
o [ ([orie)] = 5 (55 = max, B (minar0.0) <)

where we denote, for any two functions 6,8 from (—oo, 1] to R,
dx1(6,0) = dx (vr{6}, vrid'}) .

Proof. We define j as the (random) smallest index which minimizes dx(a vr{6;}) over

.....

2
> %jg)lax Py, ({J #jin {figifjldx,T(@,@j) > r})
r . . .
> Z (1 - j:II'{l.l;lMPg/ (] = J) — ':In,?,),(MPHj (%i?dX’T(ei’ej) < r)) .

max 7((IP’9/.,IP’90)
min Py (j = j) < max 2e 20
=0 - 2e+1)° log(1 + M) ’

so the lemma follows from Condition (5.5). m|

We next construct some functions 6y, ...,0y € Ai(B,R) N s1(0) fulfilling (5.5) and
well spread in terms of the pseudo-distance dy 7. Consider the infinitely differentiable
kernel K defined by

1
K(M) = exp (—m) ]-Iu\<l/2 .

Given any m > 8, Vershamov-Gilbert’s lemma ([18, Lemma 2.9]) ensures the existence
of M + 1 points w®, ..., w™ in the hypercube {0, 1} such that

M22"8 w® =0 and card{¢:w? #w{}>m/8 forall j+i. (5.6)

We then define 6y, . . ., 0y by setting, forall x < 1,

Ry ~
9<,~(x)=m—2, Zw§f>1<(mx—f+1/2) for j=0,....M, (5.7)
=1
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where

Ry =min (6,R/ (2 1Klng)) - (5.8)
Since K = 0 out of (=1/2, 1/2), we observe that #;(x) = 0 for all x < 0 and
9:(x) = Ro o K({mx} —1/2), forall x € [0, 1] (5.9)
A =B Wimxg+ ’ >t :

where {mx} = mx — |mx] denotes the fractional part of mx. Thus we have

R()671

6" := max sup [0;(x)| < <6<1. (5.10)

0<j<M xe[0,1] mﬁ

We first check that the definition of Ry ensures that the 6;’s are in the expected set of
parameters.

Lemma 4. Forall j=0,...,M, we have 6; € A{(3,R) N 51(0).

Proof. By (5.10), we have 6; € s((6) forall j = 0,..., M. Decompose the Holder-
exponent 8 = k + @ where k is an integer and a € (0, 1]. Differentiating (5.7) k times,
we have, as in (5.9),

R )
09 = =2 W K®((mx} - 1/2), forall x € [0, 1].
J me Lmx]+1
Thus, for s, 5" in the same interval [£/m, (€ + 1)/m] with £ = 0,...,m — 1, we get

R
6'9(s) - 00(s")| < 2 KO ms—€-1/2)~ KOms ~ £~ 1/2)|
m

<Ro IKlpp Is =51

The same inequality then follows with R, replaced by 2Ry for s, s’ in two such con-
secutive intervals. Now, if s, s’ are separated by at least one such interval, we have
|s — s’| > m~! and, using that K has support in (=1/2,1/2), we have that |K(")(x)| is
bounded by |K|4 g. We thus get in this case that

2R
69(s) - 600(sH < =2 sup  |K©0)| < 2Ry IKlng Is - 5’1" .
/ / m®  _{p<x<if2

The last two displays and (5.8) then yields 6; € A(8, R). O
Next we provide a bound to check the required condition (5.5) on the chosen 6;’s.
Lemma 5. Forall j=0,...,M, we have

8e?kR}

Py, Py,) <
KB, Py) (1-062)log2 m'+%

log(1+ M),

where « is the constant appearing in (I-3).
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Proof. We note that under (I-3), the likelihood ratio dPy, /dPy, of (X;,r),<r reads

dPy, ]_[ £ (Xer = 0;(t = D/T)X, 1 7)
dPy, fXir = 0o((t = D/T)X17)

Using that 6y = 0 by (5.6) and that, under IP’(;/., we have X; 7 = 0;((t — 1)/T)X,_1 1 + &,
we get

A)
f(9 (6 = D/T)Xi-1r + &)

S fw)
=25, f (f(ﬁj((t— DT Xr + u)) f(w) du

Using Assumption (I-3) yields

Pg,PgO ZEg |:K92( )XI‘ZIT

The series representation (5.2), the fact that £ is centered with unit variance and (5.10)
imply that forall =0,...,T

T

<02 > By [X2, 4], (5.11)

t=1

B, X7 ] < -0
Using this bound and (5.10) in (5.11), we obtain

(B P Rie kT
< <
( Lk 90) S (A -82)ymB -

The proof of Lemma 5 now follows by applying the first bound in (5.6). O
Finally we need a control on the distances d)z(’T(G,', 0;).

Lemma 6. For any e > 0, there exists a constant A depending only on € and the density
f of & such that forallm > 16, T > 4mand j =0,..., M,

2R0673

R2
Py, (mdeT(H,,G ) <A )

Proof. The proof relies on an upper bound of d)zfyT(H,-, ;) involving the noise (&). By
the expression of ¢; in (5.9), we have

Ry T i )
dy 1(6:,6;) = o § X;r (Wil - wkfm) KX (@) , (5.13)
=0
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where we denoted ¢(f) = {mt/T} —1/2 and k() = |mt/T] + 1. Using (5.2) and (5.10),
we have, forall 0 <t < T -1,

Xer| > 11 = D 6

1

fr—jl ,

which implies

X228 -206 ) 66|
j=1

Inserting this bound in (5.13), we get

23 1 T-1 l
B 0,6 > = 3 & (wh i) K2 e) =Ry, (5.14)
0 1=
where -
2 O
== 2 07kl -]

=0 j=1
Thus, with (5.14), the left-hand side of Inequality (5.12) is upper bounded by

By, [ min Zg, () - wjj(i)) K2 (p(1) < 2A |+ PRy > A) .

Using that £ is centered with unit variance and then (5.10), we easily get that

2e > . Qe 2Rpe 3
Ey, [Rr] < =— g7 < < .
o, [Rrl Z -6 = (1=

Hence, By Markov Inequality, to conclude the proof, it now suffices to show that, for
A well chosen,

(1) () 2
By, [ min Zg, W WD) K2 (o) < 24| <& (5.15)
Fork e {1,...,m}wedefine Jy = {[(k— )T /m]+i : [T/(4m)]1+1<i<|3T/(4m)]}.
We observe that the cardinality of Jj is

L(T/m) = 13T /(4m)| = [T/(4m)] = 1 ,

where the lower bound is a consequence of the assumption 7 > 4m in the lemma.
Moreover, it is easy to check that we have |¢(f)| < 1/4 for all index ¢ € J; and that, for
each 1 < k < m, the set J; is included in the set {1 <7< T — 1 : k(r) = k} (so that, in
particular, J, N Jp = 0 for k < k). It follows that random variables

Sy = F(T/m) >y, fork=1,.

tey
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are i.i.d. By the monotonicity of K in R_ and its symmetry we have

T-1 m

7 2,8 (0 ~wl) B> 1w - w) Y £K 0

=0 k=1 teJy

K*/H0T/m) <~ (i) ()2
o RTINS (10 7Y ..
From (5.6), for any i, j € {1,..., M} there exist at least [m/8] values of k for which

(wf) - w,((/) ) equals one in the above sum. Hence using the order statistics S i, <
.. <8 (m,m)> we thus obtain that

, K2(1/4T(T m) G
min 7 Zf, Wity ~ ) K o) 2 S 2 Stk
S K2(1/4)mF(T/m)
- 16T
. K2/4)
128

S (Lm/16),m)

S (Lm/16],m)s

where we used I['(T/m) > T /(8m) for T/m > 4 in the last inequality. Let us denote by
F the cumulative distribution function of S, which only depends on I'(7//m) and on
the distribution of &,. For x > 0, we have

P(S (m/161m) < x) = P(Bin(m, F(x)) = |m/16])

L /16JF(x) < 32F(x).

Gathering the last two bounds, we get that

K*(1/4)
256 A
Fl——]|.
K*(1/4)
Recall that I'(T'/m) > 1 and note that S| admits a density, since & does. By the strong
law of large numbers, we further have that the random variable S| converges to 1
almost surely when I'(T'/m) goes to infinity, so there exists xo > 0 depending only on
the density of & such that F(xp) < &/32 whatever the value of I'(T'/m) > 1. Therefore,

there exists some A > 0, depending only on the distribution of &, such that (5.15) holds,
which achieves the proof. O

[RES]

i 256 A
min — Zé‘} Wity ~ W;Z)) K* (@) < ZA] < P((S(Lm/mJ,m> < )

We can now conclude the proof of Theorem 3.1.

Proof of Theorem 3.1. Recall that 6p,...,0y in (5.7) are some parameters only de-
pending on 8 and ¢ and some integer m > 8 and that, whatever the value of m, Lemma 4
insures that 8y, . . ., 8y belongs to A(B, R) N 51(0).
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Hence it is now sufficient to show that (5.4) holds for a correct choice of m, relying on
Lemmas 3, 5 and 6. Let us set

m = max {[coT" V], 16} , (5.16)

where ¢ is a constant to be chosen. Then Tm ™12 < cal_zﬁ and, by Lemma 5, we can
choose ¢y only depending on 3, R, « and ¢ so that Condition (5.5) of Lemma 3 is met.
We thus get that, for any r > 0,

2
) r 1 .
s B 6 Corion)] = T (757 - gy, P a0 <))

Applying Lemma 6 with & = 1/(4e + 2) and the previous bound with r* = A R2 m™%,
we get, as soon as T > 4m,

2 -1
y ' rm( 1 2Rpe
max By, |3 (0.vr16))| = 3 (4e 2 A(- 5)mﬁ) '

Jj=0,...,

The proof is concluded by observing that, as a consequence of (5.16), we can choose a
constant Ty only depending on 3, R, k and ¢ such that T > Ty implies that 7 > 4m and
that the term between parentheses is bounded by 1/(8e + 4) from below. m|

6 Numerical experiments

In this section, we test the proposed aggregation methods on data simulated according
to a TVAR process with d = 3. The choice of a smooth parameter function 7 — 6(f)
within s4(6) for some ¢ € (0, 1) is done by first picking randomly some smoothly time
varying partial autocorrelation functions up to the order d that are bounded between
—1 and 1 and then by relying on the Levinson-Durbin algorithm. We show the three
components of the obtained 8(¢) on ¢ € [0, 1] in the top parts of Figure 1. Realizations of
the TVAR process are then obtained from an innovation sequence (&;) of i.i.d. centered
Gaussian process with unit variance as in Definition 2 by sampling € at a given rate
T > 1. Figure 1 displays one realization of such a TVAR process for T = 2'°.

The NLMS algorithm (see Algorithm 2 in Appendix A.1) studied in [15] provides an
online estimator of # depending on a gradient step size u. For any 8 € (0, 1], choosing
u o« T2/@B+D) yields a C (B, R, 6, p, 1 -minimax-rate online L-Lipschitz predictor as
explained in Appendix A.1. Hence, proceeding as in Lemma 1 to define N and f3;,
i=1,...,N,with By = 0.5, we obtain a finite set of NLMS predictors corresponding to
gradient step sizes p; > --- > uy. This set of predictors is aggregated in two possible
ways according to the online Algorithm 1 with the specifications on 7 and N given in
Theorem 3.2. The overall running time of T iterates of the Algorithm leading to the
aggregated predictors from the data X, ..., X7 is then O(d N T). Since the algorithm
is recursive, the corresponding required storage capacity is O(d N).

We evaluate the obtained NLMS predictors and their aggregated predictors by running
1000 simulations based on equally distributed realizations of the above Gaussian TVAR
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Figure 1: The first three plots represent 6;, 6, and 63 on the interval [0, 1]. The last
plot displays T = 2'° samples of the corresponding TVAR process with Gaussian
innovations.
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process in the case T = 2'° which yields N = 7. In Figure 2 we compare the averaged
downward shifted empirical losses defined for any predictor (X; 7)< <7 by

b= 7 33 x = (7)

This empirical averaged loss mimics the risk considered in (3.6).

0.9f
0.8
0.71

0.6

NANE S =
1B EE
02 +

0.1f

Figure 2: The seven boxplots on the left of the vertical red line correspond to the
averaged downward shifted empirical losses Ly of the NLMS predictors X1V, ..., X7
The ones on the right of the same line are those associated to the aggregated predictors
using the weights (2.4) and (2.5).

We observe that the best NLMS predictor is the third one while the aggregated predictor
of Strategy 1 enjoys a smaller loss and that of Strategy 2 a slightly larger one. This is
in accordance with Theorem 2.1 (i) and (iii) where it is shown that the aggregated
predictor of the first strategy may outperform the best predictor as it nearly achieves
the loss of the best possible convex combination of the original predictors while the
aggregated predictor of the second strategy nearly achieves the loss of the best original
predictor.
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A Application to online minimax adaptive prediction

A.1 From estimation to prediction

We define a sequence (Ly)i>1 by

(d ifl<k<d
L= \k

0 otherwise,

which fulfills (L-1) with L, = X, ({) = 2/ - 1. Given an estimator 6,7 =

[’9\,_ () ... ’9\,_ LT(d)]/, we define a predictor )?,,T which is L-Lipschitz by setting
—_— d —_—
X = ) (min {max {~Le, 61 70}, L)) X - (A1)
k=1

The predictor X,T is the natural linear predictor 0, 1TXt 1.7, where A’ denotes the
transpose of matrix A and X7 = [Xs7 ... Xe@-1), T] normalized to be at most L-

Lipschitz. The normalization step amounts to project 0,,7 on a rectangle [-L;, L] X

X [=Lg4, Ly] before deriving the linear predictor. This can only improve the quality
of estimation for a stable TVAR model, since 6 takes values in the maximal set of
stability s,(1), which implies that it is included in this rectangle at every point, see [15,
Equation 12]. We get the following result.

Lemma 7. Assume that Assumption (M-2) holds. Consider, for some 1 <t < T, an
estlmator 0= (0, 1)o<i<r-1 adapted to the filtration (F;1)o<i<r-1. Define a predictor
(X,T)1<,<T as in (A.1). Then, forany g > 1 and for alland 1 <t < T,

24q\ V4
By |(Kir = Xur) | - P < € (B, [Brar-0ma] ) a2
where
2 T\
CT(Q) maX( o, )[lXt lTl ]) s
with1/q +1/q = 1.

Remark 6. Assume that the distribution ¢ of the innovations satisfies (I-1) for some
p > 2q’ > 2. Then, the Proposition | combined with the Minkowski inequality ensure
that there exists 7o, K, &, such that, for any (8,0) € C(B,R,0,0,0),

- 2
Ko, g
CT(q)Sd(l—él) mzqf’, forall T > Ty.

Proof. Denote by 6;1 the projection of’O\t,T onto the rectangle [—L;, L]X: - -X[—Ly, L],
that is, 6,7(k) = min {max{—Lk,O,,T(k)},Lk}. By [15, Equation 12], 6,7 lies in this
rectangle and thus

< l/ét,T —07| .
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Using (B.5) and that/O\,_LT is a F,_; r-measurable, we have, forallt = 1,...,T,

E(wg,g) [(ZT - Xt,T)z] = Elg,m [((gt—l,T - gt—l,T), Xt—l,T)z] +*(t/T) .

Define ¢’ by the relation 1/¢" + 1/g = 1. Thus, with (A.3) and the Holder inequality,
we get that the left-hand side of (A.2) is bounded from above by

1/q N\
(E(G,o’) H’H\I—I,T - at—l,Tyzq]) (E(e,o') [‘Xt—l,leq ]) '

which concludes the proof of Lemma 7. O

By Lemma 7, to exhibit (i, 8)-minimax-rate predictors in the sense of Definition 4, it
suffices to have (¢, 8)-minimax-rate estimators of € in the sense of LY-norm. We recall
some known results in this direction in the following section, with a focus on online
procedures.

A.2 Online estimators

Parameter estimation for TVAR models, or, more generally for locally stationary pro-
cesses has been intensively studied in the past two decades, see [7] for a recent
overview on this problem. To our knowledge, minimax-rate estimation results are
sparse. The more widely spread approach for studying the behaviour of such esti-
mators consists in establishing a central limit theorem under differentiablity condi-
tions. Moment upper bounds are provided in [8] and could be used to obtain minimax
rate results. However the estimator, which is based on a localized Yule-Walker esti-
mation method is not naturally adapted to the filtration (¥, 7)o<<r-1 as required for
(@,T)Ostg,l above. Such a constraint could clearly be met with some adaptation of
the Yule-Walker approach. On the other hand it is directly satisfied by the estimators
studied in [15]. There, an /gnline estimator is proposed, the normalized least mean
squares (NLMS) estimator 6, (1), depending on a gradient step size u. For the sake
of completeness, we present the computation of the NLMS estimator in Algorithm 2.

Algorithm 2: Online computation of the NLMS estimator.

parameters the gradient step size y;

initialization 1 = 0, 6,7 () = [0 ... 0]’;
while input a new X, r;
do
0,7 (1) = 017 (W) +p (Xr,T - E,’,LT () Xr—l,T) XI%LTZ;
L+u |Xt—l,T|
return ’0\,37 (),
t=t+1;

For any 3 € (0, 1], provided that the gradient step u is well chosen the NLMS estimator
is (¢, B)-minimax-rate, see [15, Corollary 3]. More precisely, assume (M-2) with
satisfying (I-1) for some p > 4. Then, forany ¢ > 0,£>0,R > 0,6 € (0, 1), p € [0, 1]
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and g € [1, p/6), there exists M > 0 such that, for all (6,0) € C(B,R,0,0—-,0) and
>0,
- (Ew ”g (cT~26/0+28) _ g |2’1])1/q < M T-2BI0428)
ssr/})sl @) |77 ot a '

Clearly, from [15], the constant M can be bounded uniformly for 8 in any compact
subinterval away from 0, as required in Definition 5. Lemma 7 applies for g > p/(p—-2)
so to meet the condition g € [1, p/6), we set ¢ = p/(p—2) and impose p > 8 and finally
obtain that

— 2
sup Ely [(X,,T(cT—Zﬁ/“”ﬁ)) - X,r) ] ~*(t/T) < C' g2 TP
e<t/T<1

where }’E,TQJ) is the predictor defined from the estimator ’0\,3701) as in (A.1). This is
almost what is required in our Definition 5 except that in (3.9) we have 7! Zthl(. )
instead of sup,, 7. (...). In fact one can take & = 0, provided that a burn-in period
of observation is assumed prior to the time origin. It would only require the NLMS
estimator to be running from observations X,y started at times t > —&7 for some
positive &, which seems a reasonable assumption in practice. Finally, let us recall
that, as shown in [15], NLMS estimators are no longer minimax rate for an Holder
smoothness index 5 > 1. However, a bias reduction technique can be used to obtain a
minimax-rate estimator for 8 € (1, 2], see [15, Corollary 9].

B Postponed proofs

B.1 A useful lemma

The following lemma provides a uniform bound on the norm of a product of matrices
sampled from a continuous function defined on an interval / and valued in a set of d X d
matrices with bounded spectral radius and norm.

Lemma 8. Let d > 1 and I an interval of R. Let A be a function defined on I taking
values in the set of d X d matrices with eigenvalues moduli at most equal to 6. Let | - |
be any matrix norm. Denote by A* the corresponding uniform norm of A,

A" = suplA(1)| ,

tel
and, for any h > 0, wy(A, I) the modulus of continuity of A over I,
wp(A; 1) = sup{|A(r) — A(s)| : s,tel, |s—1t| <h}.

Let 61 > & and assume that A* < co. Then there exist some positive constants &, £ and
K only depending on A*, 6 and 6 such that, for any h € (0, 1) fulfilling w,(A;I) < &,
we have, for all s < t in I and all integer p > ((t — s)/h,

ADA( — (t = $)/ p)A =2t = 5)/p) ... A(s)| < K 67" (B.1)

p + 1 terms
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Proof. Denote by Il(s, #; p) the product of matrices appearing in the left-hand side
of (B.1). The proof goes along the same lines as [15, Proposition 13] but we use the
modulus of continuity instead of the S-Lipschitz norm to control the local oscillation
of matrices.

For £; > 1 and any square matrices Aj, ..., A, adopting the convention ]_[?:i] A =

Aj ... A, if i) <1 and H?:i] A; is the identity matrix if i; > i, we have

—
>

€1—l [1 €]
A{1+Z AT A=Ay T a4
k= =t —k+1 =t —k+2

- A‘1+ZA"' (Agy—is1 — A1) [_] A (B.2)

i=0—k+2

Given a positive integer £, using the Euclidean divisionof p+ 1 by {, p+ 1 = {q + r,
we decompose the product I1(s, t; p) as

q-
(s, t; p) =

17 ¢
[[_] At = (€ + k= 1)t - S)/p)]

j=0 \k=1

I_IA(t —(gt+k-Dt—-s/p). (B3)
k=1

Using (B.2) we have forany h > £(t — 5)/p,0< j<gand 0 < £} < ¢,

(Jl+ k=1 =9)/p)

< |A@ = jea = $)/p)" | + (- DAY T wp (A D) . (BA)

Take an arbitrary 9, € (9, d;) (say the middle point). The eigenvalues of A are at most §
on / and A* < co. Applying [15, Lemma 12] we obtain that there is a constant K; > 1
only depending on ¢, d, and A* such that | (A(¢ — jé(t — s)/p))f' | < Klég'.

From (B.3) and (B.4) we derive the following inequality

(s, 15 p)l < (K165 + Kawn(A; D) (K185 + Kawn(A: D)

where K, = (£ — 1) (max{A*, 1})(".
We can choose a positive integer ¢ and a positive number &y only depending on 65, d;
and K such that

K65 <68 — e .

In the following we set € = &y/K,. The previous bound gives that for any 4 € (0, 1)
such that wy(A; 1) < eand {(t — s5)/p < h,

(s, 15 )] < 617 (K16% + £0) < K167 + &8 < (K + g9 max{1,8}~}) 67" .

Hence the result. O
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B.2 Proof of Proposition 1

We can now provide a proof of Proposition 1.
Equation (3.1) can be more compactly written as

X,T—O’( Tl)x,lﬂg(t)g,j. (B.5)

For all k£ > 0, iterating this recursive equation k times, we have

k+1
X1 = e ]_[A( )X,_le+Z( )e1 ]_[A( )elgr_j, (B.6)
wheree1=[1 0o ... O]/and
O(u) Gw) ... ... G4(w
1 0 0
Aw)=| 0 1 0o . 0
: 0 T
0 0 1 0

Note that the eigenvalues of A(u) are the reciprocals of the roots of the local time-
varying autoregressive polynomial z — 6(z; u) and thus are at most 6 < 1. Moreover
since @ is bounded by a constant only depending on d and is uniformly continuous on
I = (-0, 1], so is A as a function defined on / and we can find & € (0, 1) such that
wp(A,I) < g for any positive €. If @ € A4 (B, R) this h can be chosen depending only on
g, B and R (and also on the matrix norm | - |).

Consider d; € (6, 1). Lemma 8 gives that there exist some positive constant &, £ and K
only depending on A*, § and J; such that, for any & € (0, 1) fulfilling w,(A; 1) < &, we
have, forall T > 1, < T and j > 1 sothat T > €/h,

[Ta(5)
=1
We here consider the £ operator norm which is the maximum absolute row sum of the

matrix. Observe that A* = max{1, sup,; |0(u)];} < 24d'/?. Hence by (B.6) we obtain
that

<K6’

x,T-mekz)xtk,T+Zaﬂ<J>a( Ner, 1<i<1. ®B7

Jj=0
with, provided that T > ¢/h,forallt < T, k,j>1landi=1,...,d,
|bir(k, | < K&\,
|acr ()| < K6 .

The result follows.
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B.3 Proof of Lemma 1

We conclude the appendix with the postponed proof of Lemma 1. The idea is to choose
a convenient iy € {1,..., N} and use that

. : i)
II?iLIIIVST(X\J(‘?);w,ﬁ,R,é"p, O—+) S ST(E;ﬁN ;lﬁ’ﬁ$R95’p5O-+) .

The choice of iy differs depending on the finiteness of 3.

Let us first consider the case Sy < co. Let 8 € (0,80), 6 € (0,1), R > 0 and p €
[0,1]. Letiy € {1,...,N} be such that 8;, = (iy — 1)Bo/N < < iyBo/N. Since
C(B,R,6,p,0:) C C(Biy,R,6,p,0.), we have, for all § € (0,1), R > 0, p > 0 and
oy >0,

T#B S (X 4, B R, 6, p, 07y) < THOPDS . (XEY) g, By, R, 6, p, 02
< TZ,B(J/N Tzﬁ‘N/(“zﬁ‘N)ST(S(\;‘?W); ‘ﬁ,ﬁiN,R, 5,p, O—+) ,

where we used that 5;, < < i, + So/N. Recall that we assumed N > [log 7], so that
T?0/N < e?, Now, since for N large enough f3;, remains in a closed interval of (0, o)
we get by Definition 5 that

lim sup 7%w/(1+28) g T(X\fw); ¥, Biy, R, 6,p,04) < 00,

T—00

which concludes the proof in the case Sy < co.

We next consider the case where Sy = co. In this case we take iy such that §;, =
(iv—1)/N'? < B < iy /N'? which defines iy € {1,..., N} uniquely as soon as N'/? > 3.
The remainder of the proof is similar to the case Sy < oo using the bound

T2/0428) o TNV T2 JA+261) o o2 T2/ (1428y)

under the assumption N > [ (log T)* .
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