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Abstract

In this work, we study the problem of aggregating a finite number of predic-
tors for non stationary sub-linear processes. We provide oracle inequalities relying
essentially on three ingredients: 1) a uniform bound of the ¢! norm of the time-
varying sub-linear coeflicients, 2) a Lipschitz assumption on the predictors and
3) moment conditions on the noise appearing in the linear representation. Two
kinds of aggregations are considered giving raise to different moment conditions
on the noise and more or less sharp oracle inequalities. We apply this approach for
deriving an adaptive predictor for locally stationary time varying autoregressive
(TVAR) processes. It is obtained by aggregating a finite number of well chosen
predictors, each of them enjoying an optimal minimax rate under specific smooth-
ness conditions on the TVAR coeflicients. We show that the obtained aggregated
estimator achieves a minimax rate while adapting to the unknown smoothness. To
prove this result, a lower bound is established for the minimax rate of the pre-
diction risk for the TVAR process. An important feature of this approach is that
the aggregated predictor can be computed recursively and is thus applicable in an
online prediction context.

1 Introduction

In many applications where high frequency data are observed, we wish to forecast the
next values of this time series through an online prediction learning algorithm able to
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process a large amount of data. The classical stationarity assumption on the distribution
of the observations has to be weakened to take into account some smooth evolution of
the environment. In order to sequentially track a time-evolving parameter from high-
frequency data, the algorithms must require few operations and a low storage capacity
to update the parameter estimation and the process’ forecast after each new observa-
tion. The most common online methods are least mean squares (LMS), normalised
least mean squares (NLMS), regularised least squares (RLS) or Kalman. All of them
rely on the choice of a gradient step, a forgetting factor, or, more generally on a tuning
parameter corresponding to some a priori on the smoothness of the time evolution of
the statistical distribution of the data. To adapt automatically to this smoothness, usu-
ally unknown in practice, we propose to use an exponentially weighted aggregation of
several such predictors, with various tuning parameters. We emphasize that to meet the
online constraint, we cannot use methods that require a large amount of computations
(such as cross validation).

The exponential weighting technique in aggregation have been parallel developed in
the machine learning community (see the seminal paper [18]) and in the statistical
community (see [19, 12], or more recently [9, 15]). The book [4] provides a complete
survey in sequential prediction of individual sequences. It includes the exponentially
weighted average forecaster. In contrast with the classical statistical assumption, the
observations are not assumed to be generated by an underlying stochastic process. A
more recent contribution in the same context is [16]. The link between the theory
of individual sequences prediction and the classical statistical setting such as the one
evoked just above is analyzed in [10]. In that dissertation the regression model is
considered with both fixed and random design.

Exponential weighting has also been investigated in the case of dependent stationary
data in [1]. More recently, an approach inspired from individual sequences prediction
have been studied in [2] for bounded ARMA processes under some specific conditions
on the (constant) ARMA coeflicients.

In this contribution, we consider aggregation schemes based on exponential weights
which can be computed recursively. We provide oracle inequalities applying to the
aggregated predictor under the two main assumptions that 1) the observations are sub-
linearly depending of an independent process with possibly time varying linear coef-
ficients and 2) the predictors to be aggregated are Lipschitz functions of the past. An
important feature of our observation model is that it embeds the well known class of
local stationarity processes. We refer to [6, 8] and the references therein for a re-
cent general view about statistical inference for locally stationary processes. As an
application, we focus on a particular locally stationary model, that of the time-varying
autoregressive (TVAR) process. The estimation of the parameters generating a TVAR
process is closely related to the prediction problem. The minimax rate of some recur-
sive estimators of the TVAR coefficients is studied in [14]. To our knowledge, there is
not a well-established method on the automatic choice of the gradient step when the
smoothness index is unknown. We show that the proposed aggregation method pro-
vides a solution to this question, in the sense that it gives raise to a recursive adaptive
minimax predictor.

The paper is organized as follows. In Section 2, we provide oracle inequalities for
the aggregation of predictors under general conditions applying to non-stationary sub-



linear processes. TVAR processes are introduced in Section 3 in a non-parametric
setting based on Holder smoothness assumptions on the TVAR coefficients. A lower
bound of the prediction risk is given in this setting and this result is used to show that the
proposed aggregation methods achieve the minimax adaptive rate. Section 4 contains
the proofs of the oracle inequalities and their application to the non-parametric TVAR
setting. The proof of the lower bound of the minimax prediction risk is presented in
Section 5. Two appendices complete this paper. Appendix A explains how to build non-
adaptive minimax predictors which can be used in the aggregation step and Appendix B
contains some postponed proofs and useful lemmas.

2 Online aggregation of predictors for non-stationary
processes

2.1 General model

In this section, we consider a time series (X;),ez admitting the following non-stationary
sub-linear property.

(M-1) The process (X;).z satisfies

XI< Y ADZiey, 2.1

JEZ

where (Z))ez is a sequence of non-negative independent random variables
and (A(j)), jez are non-negative coefficients such that

A, = sup ZA,(j) <. (2.2)

teZ jez

The condition on A, in (2.2) guarantees that, if (Z,),ez has a uniformly bounded L”-
norm, the convergence of the infinite sum in (2.1) holds almost surely and in the L?-
sense (with both convergences defining the same limit). It follows that (X,),ez also has
uniformly bounded L” moments. However, because the sequence (A;(j)) ez may vary
with ¢, such condition applies for processes that may be neither weakly nor strongly sta-
tionary. The class of linear processes with time varying coeflicients is such an example.
In this case we have
X = alpé;,
JeZ

where (&;) is a sequence of centered independent random variables with unit variance
and (a;(j)),; is supposed to satisfies (2.2) with A,(j) = |a;(j)l, so that (M-1) holds
with Z, = |&|. For this general class of processes, statistical inference is not easily
carried out : each new observation X; comes with a new unknown sequence (a()) jez.
However additional assumptions on these set of sequences allows to derive and study
appropriate statistical inference procedures. A sensible approach in this direction is
to consider a locally stationary model as introduced in [5]. In this framework, the



set of sequences {(a;(j))jez, 1 <t < T} is controlled as 7 — oo by artificially (but
meaningfully) introducing a dependence in 7', hence is written as (a;7(j)) jez,1<<7> and
by approximating it with a set of sequences rescaled on the time interval [0, 1], a(u, j),
u € [0, 1], j € Z, for example in the following way

T
sup sup Z lar.r(j) = /T, )] < 0.

T>1 jeZ "5

Then various interesting statistical inference problems based on X1, ..., X7 can be tack-
led by assuming some smoothness on the mapping u — a(u, j) and, possibly, additional
assumptions on the structure of the sequence (a(u, j)) ez for each u € [0, 1], see [6] and
the references therein. A focus on the specific TVAR model will be treated in Section 3.
Let us stress, however, that our general condition (M-1) includes all the models treated
in [6].

Our goal in this section is to derive oracle bounds for the aggregation of predictors that
hold for the general model (M-1) with one of the two following additional assumptions
on (Z)sez.

(N-1) The non-negative process (Z;),cz satisfies

mp = supE[Zf’] <o,
1€z

(N-2) The non-negative process (Z;),cz satisfies

o) := supE[egZ‘] <00,
teZ

2.2 Aggregation of predictors

Let (x;)ez be a real valued sequence. We say that %, is a predictor of x, if it is a
measurable function of (x;),<.;. Throughout this paper, the quality of a sequence of
predictors (X;)1<<r is evaluated for some 7" > 1 using the £2 loss averaged over the

time period {1, ..., T}
T
1 .
T Z (& - xr)2 .
=1

Now, given a collection of N sequences of predictors {(fcij))lﬁ,g, 1<j<N }, we wish
to sequentially derive a new predictor which predicts almost as or more accurately than
the best of them. In this context the fcf/) s are called expert’s predictions or forecasts.
Aggregating the experts amounts to compute a convex combination of them at each

time ¢. This corresponds to choose an element of the simplex

N
SN={v:(vl,...,vN)eRff:Zv,-z1}. (2.3)

i=1



Given a finite collection of predictors {(fcﬁj )) 1<t<ts j=1,...,N } and v € Sy, we denote
the resulting aggregated predictor at time ¢ by

N

A=Y

J=1

We consider two strategies of aggregation, which are studied in the context of bounded
sequences in [4, 3]. More recent contributions and extensions can be found in [10],
see also [16] for a pedagogical introduction. These strategies are sequential and online,
which respectively mean that, to compute the aggregation weights at time 7, only the
values of {fcﬁ.j), 1 < j < N} and x; up to time s = ¢ — 1 are used and the computation
can be done recursively by updating a number of quantities which does not depend on
t, see Algorithm | detailed below.

The two considered strategies are defined trough as weighted combinations of experts
N -
£ = £ = Zai,,fc;’), 1<t<T,
i=1

with specific weights @;, defined as follows.

Strategy 1: building weights from the gradient of the quadratic loss

The first strategy is defined by the following formula on the weights. For all i =
1,...,Nandt=1,...,T, set

-1 ( N
exp {—277 {Z EZ,-J)%‘(Y/) - xs] fcg’)]
4| 4

s=1 \ j=1

iy = (2.4)

N -1 ( N ’
Z exp (—277 Z {Z Zy\j,s)?ij) - xs] fcgk)]
1

s=1 \ j=

with the convention that a sum over no element is null, so @;; = 1/N for all i. The
parameter 7 > 0 is known as the learning rate and will be specified later.
Strategy 2: building weights from the quadratic loss

The second strategy is defined by the following formula on the weights. For all i =
1,...,Nandr=1,...,T, set

2.5)



with again the convention that a sum over no element is null, so that @;; = 1/N for all
i

Algorithm 1: Recursive algorithm for Strategies 1 and 2.

parameters the learning rate 7;

initialization v;; = 1 fori=1,...,N;
input the experts advices fc(l’) fori=1,...,N;

-~ _ N 5 _ qlanl.
return a; = (v,-yl/ P vk‘l)izl !!!!! v and % = X" ;
while input a new x,_; and the experts advices fc?’) fori=1,...,N;
do

fori < 1to N do
switch strategy do
case /
L Vig = Vig-1 €Xp (—277 (ffgf'f'] - XH) ffi?l);
case 2
; 2
L Vit = Vig-1 €Xp (—77 (xﬁ?l - XH) );

~ _ N o _ @l _vN = a0,
return a; = (v,-,r/ P vk*’)i:l v and % = £, = 2, @ik,

2.3 Oracle bounds

We establish oracle bounds on the average prediction error of the aggregated predic-
tors. These bounds ensure that the error is equal to that associated with the best convex
combination of the experts or with the best expert (depending on the aggregation strat-
egy), up to two remainder terms. One remainder term depends on the number N of
predictors to aggregate and the other one on the variability of the original process. The
learning rate i can then be used to have a trade-off between these two terms.

The second remainder term indirectly depends on the variability of the experts. We
control below this variability in terms of the variability of the original process by using
the following Lipschitz property.

Definition 1. Let L = (Ly),>1 be a sequence of non-negative numbers. A predictor X,
of X from (X;)s<i—1 is said to be L-Lipschitz if

il < " Ly b

s>1
We more specifically consider a sequence L satisfying the following assumption.

(L-1) The sequence L = (L), satisfies

Lo=) Lj<e. (2.6)

=1



We now state two upper-bounds on the mean quadratic prediction error of the aggre-
gated predictors defined in the previous section, when the process X fulfills the sub-
linear property (M-1).

Theorem 2.1. Assume that Assumption (M-1) holds. Let {(Z(j))lgtg, 1<i< N} be a
collection of sequences of L-Lipschitz predictors with L satisfying (L-1).

(i) Assume that the noise Z fulfills (N-1) with p = 4 and let X = ()’(\,)lstg denote the
aggregated predictor obtained using the weights (2.4) with any n > 0. Then, we
have

1 L — 2 . 1 L y 2
e[| < i 7 (-]

log N
+ % +op(1+ L) Ay . (27

(ii) Assume that the noise Z satisfies (N-1) with a given p > 2 and let X = ()’(\,)15,57
denote the aggregated predictor obtained using the weights (2.5) with any n > 0.
Then, we have

7 2 B|(% )| < min 7 e[ (%7 - x|
T =1

log N
+ £

+T @P2PAY (1 + LY'm, . (2.8)

(iii) Assume that the noise Z fulfills (N-2) for some positive { and let X = ()’(\,)15,57
denote the aggregated predictor obtained using the weights (2.5) with

2
1 g
< — | —2 .
O<ns<z (a*(L*+1)) ’ 29)
where
a’ :=supsupA,(j) < A.. (2.10)
JEZ teZ

Then, for any A such that (32n)"/? < A < ¢/(a*(L, + 1)), we have
T

Sl am ol

t=1

Nl =

logN  TeV®n'™”
+ +
Tn 81

(@) D@2

The proof can be found in Section 4.2.

Remark 1. The bound (2.7) (resp. (2.8) and (2.11)) is explicit in the sense that all
the constants appearing in them are directly derived from those appearing in Assump-
tions (M-1), (L-1) and (N-1) (resp. (N-1) and (N-2)).



Remark 2. To minimize the sum of the two terms appearing in the second line of (2.7),
the optimal 1 is

- ! log V) 2.12)
e vy T ) '
which gives
T T 1/2
1 = 2 1 2 log N
~Y'E [(X, - X)) ] < inf — E[(SZ,M =29 ] +Cy ( ) , (2.13)

with C; = 2 (2mg)"? (1 + L,)* A2.

Remark 3. To minimize the sum of the two terms appearing in the second line of (2.8),

the optimal 7 is

1 log N\*'*

n=— ] (2.14)
8w=2/p (1 + L2 A2m,P \ T

which gives
L [o ol e L [om v log” > N\'"”
= ZE[(Xt—X,) ] < inf ZE[(X, - X,) ]+c2 ( > ) , (2.15)

with C, = 280" 2/P (1 + L,)> A%m)/”. We observe that if p > 8, the bound (2.15)
improves that in (2.13) by replacing ((log N)/T)"/? by (log’~2 N/T?~*)!/P .

Remark 4. Minimizing the sum of the two terms appearing in the second line of (2.11)

is a bit more involved, since it depends both on 77 and A. The constraint (2.9) bounds

away of infinity. If 77 remains bounded away from zero, then A > (321)'/? is bounded

away from zero and infinity, and the second line of (2.11) is of order at least O (T’1 logN + T),
which is always worst than the bound obtained in (2.13) under much weaker assump-

tions. The conclusion of this reasoning is that we should let  be small enough to
improve this aggregation bound. Now for 7 small enough, the optimal A is the largest
allowed one, that is, 4 = {/(a*(L. + 1)). To have a simpler expression, let us take the
smaller

A={/(A" (L. + 1)), (2.16)

in which case (2.11) holds for any 0 < 1 < 1%/32 and the second line of (2.11) simpli-

fies into
1/2

log N T e V/@
0O —
n

Tn
The sum (2.17) is still difficult to minimize in 7 exactly but a satisfying bound is ob-
tained by equaling the two terms of the sum. Yet, we must also take into account the
constraint 0 < 7 < 1%/32, so we set

2 72 2
n= ) (max {2, IOg(Slc()ﬁg(é]’\)f)}) . (2.18)

(2.17)




With our choices (2.16) and (2.18) for A and 7, the bound (2.11) finally ensures
1 < = 2
?ZE[(X,—X,) ]

n L STE[RY - x|+ 02N 29O\|\
EELI}VTME[(X’ _Xt)]+c3 T (max z’log(smgzv)) @19

IA

with C3 = 16Af(1 + L*)Z{’z. We note that the bound (2.19) improves that in (2.13)
by replacing ((log N)/T)'/? by its square, up to a logarithmic factor at most of order
(log T)?. The bound (2.19) also improves that in (2.15) for any p > 2.

3 Time-varying autoregressive (T VAR) model

3.1 Non-parametric TVAR model
3.1.1 Vector norms and Holder smoothness norms

We introduce some preliminary notation before defining the model. Throughout this
article, vectors are denoted using boldface symbols and |x| denotes the Euclidean norm
of x, [x| = (3; |x;/*)!/%. We will also use the £'-norm [x|; = 3; |x;].

For 8 € (0, 1] and an interval I C R, the S—Holder semi-norm of a function f : 7 — R?
is defined by

If(s) — £(s)]

[flag =
o<ls—yi<1 1S =8P

This semi-norm is extended to any 8 > 0 as follows. Let k € N and a € (0, 1] be such
that 8 = k + a. If f is k times differentiable on /, we define

Iflap = EXAq

and [f|5 g = oo otherwise. We consider the case / = (—oco, 1]. For R > 0 and 8 > 0, the
(B, R)— Holder ball is denoted by

Ad(B.R) = {f : (-e0,1] > R, such that [flx5 < R} .

3.1.2 TVAR parameters in rescaled time

The idea of using a rescaled time with the sample size T for the TVAR parameters
goes back from [5]. Since then, it has always been a central example of locally sta-
tionary linear processes. In this setting, the time varying autoregressive coefficients
and variance which generate the observations X, 7 for 1 < ¢ < T are represented by
functions from [0, 1] to R? and form [0, 1] to R, respectively. The definition sets of
these functions are extended to (—oo, 1] in the following definition.

Definition 2 (TVAR model). Letd > 1. Let 6,,...,0, and o be functions defined on
(=00, 1] and (&;)iez be a sequence of i.i.d. random variables with zero mean and unit



variance. For any T > 1, we say that (X, 7)<t is a TVAR process with time varying
parameters 0y, . .., 04,02 sampled at frequency T~' and normalized innovations (&) if
the two following assertions hold.

(i) The process X fulfills the time varying autoregressive equation

d
r—1 t
o= S0 F ) volf)e pr-scrst o

J=1
(ii) The sequence (X, 1)<t is bounded in probability,

im sup P(X,7|>M)=0.

1
M—co —oo<t<T

This definition extends the usual definition of TVAR processes, where the time-varying
parameters 6, . .., 6, and o2 are assumed to be constant on R_, see e.g. [5, Page 144].
The TVAR model is generally used for the sample (X, 1)< <r. The definition of the pro-
cess for negative times # can be seen as a way to define initial conditions for X,_, 7, ..., Xo.7,
which are then sufficient to compute (X, 7);<<r by iterating (3.1). However, in the
context of prediction, it can be useful to consider predictors )’(\,,T which may rely on
historical data X, 7 arbitrarily far away in the past, that is, with s tending to —oco. To
cope with this situation, our definition of the TVAR process (X, r) holds for all time
indices —oo < t < T and we use the following definition for predictors.

Definition 3 (Predictor). Forall 1 <t < T, we say that )?,,T is a predictor of X, r if it
is Fi_1,7-measurable, where

?‘t,T:g'(XX,T,S:t,t—l,l‘—z,...) (32)

is the o-field generated by (X;r1)s<;. For any T > 1, we denote by Pr the set of
sequences Xt = (X;1)1<i<1 of predictors for (X, 1)1<i<t, that is, the set of all processes
Xr = (Xi.1)1<<r adapted to the filtration (F -1 1)1<i<T-

In practice, this general framework allows to use data with possibly long available
history, although the prediction is only considered on time indices t = 1,...,7. Of
course, this definition also includes the case where the predictor 5(\,37 only depend on
(Xs.1)1<s<1—1. Having both situations in the same framework may appear to be confus-
ing at first. It is important to note that, in contrast with the usual stationary situation,
having observed the process X, r for infinitely many s’s in the past (forall s <t —1) is
not determining for deriving a predictor of X; 7, since observations far away in the past
may have a completely different statistical behavior.

3.1.3 Stability conditions

Next proposition proves that under standard stability conditions on the time-varying
parameters 6, ...6; and o%. Condition (ii) in Definition 2 ensures the existence and

10



uniqueness of the solution of Eq. (3.1) for # < 0 (and thus for all # < 7). We define the
time-varying autoregressive polynomial by

d
Oz;u) = 1- ZG;(M)Z*" .
=1

Let us denote, for any 6 > 0,
5a(6) = {8 : (=00, 11 > R, 8(z;u) # 0, Y[zl < 6™, u € [0, 11} . (3.3)
Define, for 5 > 0,R > 0,06 € (0, 1), p € [0, 1] and o, > 0, the class of parameters
CB.R.6.p,0:) = {(6,0) : (=00, 11 > R! X [pr,, .1 : 0 € A(B,R) N 54(6)} .
We have the following stability result.

Proposition 1. Assume that the time varying AR coefficients 6y, . .., 6, are uniformly
continuous on (-0, 1] and the time varying variance o> is bounded on (=0, 1]. As-
sume moreover that there exists 6 € (0,1) such that @ € s;(5). Then, there exists
To > 1 such that, for all T > Ty, there exists a unique process (X, 1)< which satis-
fies (i) and (ii) in Definition 2. This solution admits the linear representation

00

-
X =Y ar(o ()&, —w<isT, (3.4)
=0

where the coefficients (a;1(j))i<r,j=0 satisfy that for any 6, € (6, 1),

K=sup sup sup 6, larr(j)l <oco.
T>Ty) —co<t<T j>0

Moreover, if (0,0) € C(B,R, 6,0, 0) for some positive constants 3, R and o ., then the
constants To and K can be chosen only depending on 61, 6, 5, and R.

A proof of Proposition 1 is provided in Appendix B. This kind of result is classical un-
der various smoothness assumptions on the parameters and initial conditions for X;_; 7,
k=1,...,d. Forinstance, in [8], bounded variations and a constant 8 for negative times
are used for the smoothness assumption on @ and for defining the initial conditions. The
linear representation (3.4), in particular was exhibited in the seminal papers [11, 5]. We
note that an important consequence of Proposition 1 is that for any T > T, the process
(X,.)i<r satisfies Assumption (M-1) with Z, = |&| and A,(j) = |a,r(j) o ((t - j)/T)| for
Jj = 0. Moreover, the constant A, in (2.2) is bounded independently of 7', and we have,
forall (6,0) € C(B,R,0,0,0,),

Ko,

A < ,
1-9;

(3.5)

where K > 0 and 6; € (0, 1) can be chosen only depending on 6, 8, and R.

11



3.1.4 Main assumptions

Following Proposition 1, the TVAR model is embedded in the following assumption
given an i.i.d. sequence (&;),ez and constants 6 € (0,1),p € [0,1] o > 0,8 > 0 and
R > 0.

(M-2) The sequence (X, 7)<r is a TVAR process with time varying standard devi-
ation o, time varying AR coefficients 6,,...,6, and innovations (&).ez, and
(07 O-) € C (ﬁ? R7 5,,07 O-+)'

Let & denote a generic random variable with the same distribution as the &;s. Under
Assumption (M-2), the distribution of (X;r),_,.,.; only depends on that of ¢ and on

the functions @ and o. For a given distribution ¢ on R for &, we denote by ]P’(‘pem the

probability distribution of the whole sequence (X, 7);<r and by E‘(/’o - its corresponding
expectation.
The next two assumptions on the innovations are useful to prove upper bounds of the

prediction error.

)

(I-1) The innovations (&,).ez satisfy m,, := E [|¢]7] < oo.

(I-2) The innovations (&;),cz satisfy ¢(¢) := E [ef‘ﬂ] < 0.
The following one will be used to obtain a lower bound.
(I-3) The innovations (&),cz admit a density f such that

K= supv‘sz(u)logffl du < .

v£0 (M + V)

Assumption (I-3) is standard for proving lower bounds in non-parametric regression
estimation, see [17, Chapter 2]. It is satisfied by the Gaussian density with k = 1.

3.1.5 Non-parametric setting

The setting of Definition 2 and of Assumptions derived thereafter is essentially non-
parametric, since for given initial distribution i, the distribution of the observations
Xir,...,Xrr are determined by the unknown parameter function (6, o). The doubly
indexed X, refers to the fact that this distribution cannot be seen as a distribution
on R% marginalized on R” as the usual time series setting but rather as a sequence of
distributions on R” indexed by T'. It corresponds to the usual non-parametric approach
for studying statistical inference based on this model. In this contribution, we focus
on the prediction problem, which is to answer the question: for given smoothness
conditions on (@, o), what is the mean prediction error for predicting X, 7 from its past
? The standard non-parametric approach is to answer this question in a minimax sense
by determining, for a given sequence of predictors Xr = ()/(\,,T) 1<i<T> the maximal risk

T
—~ 1 — 2 t
ST(XT; lp’ﬁ’ R’ dp, 0-+) = (Sgup) 7 : / (El(ljg,(r) [(XLT - XI,T) ] - 0—2 (7)) 5 (36)
0 =1

where

12



(a) YT is assumed to belong to P as in Definition 3,

(b) the sup is taken for (6, o) € C (B, R, 6, p, 07;) within a smoothness class of func-
tions,

(c) the expectation E?’om is the one associated to Assumption (M-2).

The rational for subtracting the average o%(¢/T) over all 1 < t < T in this prediction
risk is that it corresponds to the best prediction risk, would the parameters (6, o) be
exactly known. We observe that dividing X, r by the class parameter o, amounts to
take o, = 1. In addition, we have

S+(Xr: 0. B R, 6,p,04) = 0> St (X7 /o430, B, R, 6,p, 1),

so the prediction problem in the class C (8, R, 6, p, 0;) can be reduced to the the predic-
tion problem in the class C (8, R, d, p, 1). Accordingly, we define the reduced minimax
risk by

Mr(.B,R,6,p) = inf S7(Xr;u,B,R,8,p,1) (3.7)
XTESDT

= inf 0287 (X7:¢.B,R,6,p,04) foralloy > 0.
)?TEPT

In Section 3.2, we provide a lower bound of the minimax rate in the case where the
smoothness class is of the form C (8, R, 6, p, ;). Then, in Section 3.3, relying on the
aggregation oracle bounds of Section 2.3, we derive an upper bound with the same rate
as the lower bound using the same smoothness class of the parameters. Moreover, we
exhibit a predictor which do not require any knowledge about the smoothness class
and which is thus minimax adaptive. In other words, it is able to adapt to the unknown
smoothness of the parameters from the data. To our knowledge, such theoretical results
are new for locally stationary models.

3.2 Lower bound

A lower bound on the minimax rate for the estimation error of 8 is given by [14, Theo-
rem 4]. Clearly, a predictor

d
Xir = Z 0. 7(K)X k.1
=1

can be defined from an estimator ’0\,1, and the resulting prediction rate can be controlled
using the estimation rate, see the Appendix A.l for the details. The next theorem
provides a lower bound of the minimax rate of the risk of any predictor of the process
{Xi7},<;<y- Combining this result with Lemma 7 in the Appendix A.l shows that a
predict_o} obtained by (A.1) from a minimax rate estimator of § automatically achieves
the minimax prediction rate.
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Theorem 3.1. Let 6 € (0,1), 8 > 0, R > 0 and p € [0,1]. Suppose that Assump-
tion (M-2) holds and assume (1-3) on the distribution  of the innovations. Then, we
have

liminf TP/ My, B,R,6,p) > 0, (3.8)

where M7 is defined in (3.7).

The proof is postponed to Section 5.

3.3 Minimax adaptive forecasting of the TVAR process

Our minimax adaptive predictor is based on the aggregation of sufficiently many pre-
dictors, assuming that one at least among them is minimax rate. The oracle bounds
found in Section 2.3 imply that the aggregated predictor is minimax rate adaptive un-
der appropriate assumptions.

In the TVAR model (M-2), it is natural to consider L-Lipschitz predictors ()?,,T)IS,ST
of (X,.7)1<«<r With a sequence L which has support on {1,...,d}. Then L* in (2.6)
corresponds to the maximal ¢'-norm of the TVAR parameters. Since for the process
itself to be stable, this norm has to be bounded independently of 7', (L-1) is a quite
natural assumption for the TVAR model, see Appendix A.1 for the details.

A practical advantage of the proposed procedures is that, given a set of experts that
behaves well under particular smoothness assumptions, we obtain an aggregated pre-
dictor which performs almost as well as or better than the best of these experts, hence
which behaves well without any prior knowledge on the smoothness of the unknown
parameter. Such an adaptive property can be formally demonstrated by exhibiting an
adaptive minimax rate for the aggregated estimator which coincides with the lower
bound given in Theorem 3.1.

The first ingredient that we need is the following.

Definition 4 ((/, f)-minimax-rate predictor). Let s be a distribution on R and 3 > 0.
We say that X = (Xr)r>1 is a (y,B)-minimax-rate sequence of predictors if;, for all
T >1, Xr € Prand, forall6 € (0,1), R>0, p e (0,1]and oy > 0,

lim sup T#/04)§ (X730, B, R, 6,p,04) < o0 , (3.9)

T—oo

where S 7 is defined by (3.6).

The term minimax-rate in this definition refers to the fact that the maximal rate in (3.9)
is equal to the minimax lower bound (3.8) for the class C (5, R, 6, p, 07+). To adapt to an
unknown smoothness, we rely on a collection of (i, 8)-minimax-rate predictors with
B within (0, 8y), where Sy is the (possibly infinite) maximal smoothness index. We
explain in Appendix A how to build such predictors which are moreover L-Lipschitz
for some L only depending on d.

Definition 5 (Locally bounded set of y-minimax-rate predictors). Let y be a distribu-
tion on R. We say that {(X®, B € (0,0)} is a locally bounded set of y-minimax-rate
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predictors if for each 3, X® isa (¥, B)-minimax-rate predictor and if moreover, for all
0€(0,1),R>0,pe(0,1], o+ > 0 and for each closed interval I (0, o),

limsup sup TS (X, B, R, 6,p,074) < 00,
T—oo  pel

where S 1 is defined by (3.6).

The following lemma shows that, given a locally bounded set of minimax-rate predic-
tors, we can always pick a finite subset of at most N = [(log T')*] predictors among
which the best one achieves the minimax rate of any unknown smoothness index.

Lemma 1. Let ¢ be a distribution on R. Let By € (0, o] and {5(\@, B € (0,B0)} be a
corresponding locally bounded set of W-minimax-rate predictors. Set, for any N > 1,

1<i<N. 3.10
(i—1)/NY?  otherwise, ( )

4 - {(i ~DB/N  if By < oo,
Suppose moreover, in the case where 5y < oo, that N > [log T\, and, in the case where
Bo = oo, that N > [ (log T)2 |- Then, we have, for all € (0,80), 5 € (0,1, R>0,p >0
and o, > 0,

lim sup 7%/(1+2A) ‘I}linNST(X\(fi);lﬂ,ﬁ, R,6,p,0,) < o0
T—o0 i=1,...,

The proof of this lemma is postponed to Section B.3 in Appendix B. Lemma 1 says
that to obtain a minimax-rate predictor which adapts to an unknown smoothness index
B, it is in fact sufficient to select it judiciously among log T or (log T)*> well chosen
non-adaptive minimax-rate predictors. As a consequence of Theorem 2.1 and Lemma

1, we obtain an adaptive predictor by aggregating them (instead of selecting one of
them), as stated in the following result.

Theorem 3.2. Let y be a distribution on R. Let By € (0, o] and {Y(ﬁ), B € (0,B0)}
be a locally bounded set of y-minimax-rate and L-Lipschitz predictors with L satisfy-
ing (L-1). Define (X, 1)1<<r as the predictor aggregated from {X#), 1 < i < N} with N
defined by

logT ) ,
N = [log ]2 lfﬁo<.00 G.11)

[(logT)-1 otherwise,

Bi defined by (3.10), and with weights defined according to one of the following setting
depending on the assumption on  and By :

(i) If ¥ satisfies (I-1) with p > 4 and By < 1/2, use the weights (2.4) with n =
o3> (log(Tog TN/T)'/,

(it) If ¢ satisfies (I-1) with p > 2 and By < (p — 4)/8, use the weights (2.5) with
n = o (log(Mog T/T*7,

(iii) If ¢ satisfies (1-2), use the weights (2.5) with n = 0% (log T)73.
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Then, we have, for any 8 € (0,8p), 6 € (0,1), R>0, p € (0, 1] and oy > 0,

lim sup 7%/ 298 1 (X730, B, R, 6,p,74) < o0 . (3.12)

T—o00

The proof of this theorem is postponed to Section 4.3.

Remark 5. The limitation to Sy < 1/2 in (i) under Assumption (I-1) for ¢ follows
from the factor ((log N)/ T)'/2 obtained in the oracle inequality (2.7) of Theorem 2.1
after optimizing in n, see (2.13). If p > 8 this restriction is weakened to 5y < (p —
4)/8 in (ii) taking into account the factor ((log” -2 N)/TP~)!/P obtained in the oracle
inequality (2.8) of Theorem 2.1 after optimizing in 7, see (2.15). In the last case, the
limitation of 3y drops when applying the oracle inequality (2.11) of the same theorem.
However a stronger condition on ¥ is then required.

4 Proofs of the upper bounds

4.1 preliminary results

We start with a lemma which gathers useful adaptations of well known inequalities
applying to the aggregation of deterministic predicting sequences.

Lemma 2. Let (x;)1<<1 be a real valued sequence and {(fcfi))ls,g, 1<i< N} be a
collection of predicting sequences. Define (X;)1<<r as the sequence of aggregated pre-
dictors obtained from this collection with the weights (2.4). Then, for any n > 0, we
have

T 2

N
1 . 2 o] )
T Z (& —x)” < vle%fv T Z (Z Vixpm = X

=1 =1 \i

=
T
log N ) . 2
+ 2L 0N max | (max |fc§'>|+|x,|) L@
Tn T & 1s<isN 1<i<N

Define now ()<<t as the sequence of aggregated predictors obtained with the weights (2.5).
Then, for any 1 > 0 and p > 2 we have

r T
! 2 . —i) 2 logN "
T % - < = - + == (8PP (42
T ; (& —x) < min_ - ; (x, xr) Tn (8mn) Vr (4.2)
where
yr = max (Ixtl + max |5cf’)|) 43)
1<t<T 1<i<N

Furthermore, for any positive constants  and A such that n < A2/32, we have

/@'

L\ 2 R 2, logN Ay
T Z X —x)" < 'mlnN T Z (xt - x,) + Tn + 5 e (4.4)
=1
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Proof. With weights defined by (2.4), by slightly adapting [16, Theorem 1.7], we have
that
2

LY logN n
_Z(x,—x,) _;Erlf,\,TZ(ZviAgl) x,] < T +ﬁs’},

t=1 \i=1

where 55 = S, s? and 5, = 2maxi<izy [2(Z), @ &9 — x)&7|. The bound (4.1)
follows by using that that {a;, t}lg i<y 1s in the 51mplex Sy defined in (2.3).
We now prove (4.2). Using the same arguments as in [3, Proposition 2.2.1.], the aggre-
gation (2.5) satisfies

T T

1 i 2 logN
Z x,) ]. }T<1/(8'])]/2} < mln ? Z(.xg) —.Xr) + I%]] . (45)

per pm—

We bound the indicator function of {yT > 1/(8n)" 2} by (yr(81)"/?)P=% and thus, for all
t=1,...,T
(-)?:l‘ - .xt)z 1{y7>1/(87])1/2} < y?‘(gn)([)*z)/z .

Taking the average over t = 1,...,T and summing with (4.5), we get the bound (4.2).
The bound (4.4) is obtained by following a similar idea. For all t = 1,...,T, we have
forn >0

208m)' 2 yr
T e .
Bounding the indicator function of {yT > 1/(8p)Y 2} by e?re /@' with y = A —
2(8m)'% > 0 we get

P 2 2
(X —x)" <yp <

M“‘

1 Ay 1 1/2
—x 1 < — eMre—t/GD
2 O Lyrs1/sn) 8

Summing with (4.5), we get the bound (4.4). m|

4.2 Proof of Theorem 2.1
Case (i). Applying (4.1) in Lemma 2 with E[inf...] <infEJ...], we obtain

T T N
1 -~ 2
Y E|X,-X)|<inf = ) E XD — X
7 LE|(®-x) < i 7 [E )
log N a i
408N o1 E[max 55,’>| (max +|X,|)} . (4.6)
Tn T 1<i<N 1<i<N

Using that the predictors are L-Lipschltz and the process (X;).ez satisfies (M-1), we
have, forall1 <¢t<T,

X+ max X7 < > AUDZiej + ) D LeAs() Zims
JEZ s>1 jeZ
<> Bz, 4.7
JEZ
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where

B(j) = A+ D LiAvi( = 9).

s>1

Applying the Minkowski inequality together with (4.7), (2.2) and (2.6), we obtain, for
all1 <r<T,

< A*(1 + L.)* supE[Z}] .
1€,

, 2
E [max 5(;(’)| + |X,|) <E

1<isN

2
5(;(’)| (max
1<i<N

4
[Z Bi(j)Z- ,-]
jez

Since the process Z fulfills (N-1) with p = 4, plugging this bound in (4.6) we ob-
tain (2.7).

Case (ii). We use (4.2) in Lemma 2 and since it is assumed that p > 2, we get

T
Z E[ X,T — XTT)Z] < i:I}linN% Z E [(Z% - Xr,T)z] + 107%:/

.....

t=1 t=1

Nl -

+@mPPPE[vy] . 48)

where Y7 = max (lX,l + max 5(;(") ) Observe that
1<t<T 1<i<N
T P
YP S E[(IX,|+ max |X,' ) ] .
1 1<i<N

Using the Minkowski inequality, (4.7) and Assumption (N-2)
p S : p NP ’ p P
E[r7] < Z ZB,(])(E |z )| =ata +L*)PTsu§E[zt].
=1 \ jez 1€

Using thins bound with (N-1) and (4.8), we obtain (2.8).
Case (iii). To obtain (2.11), we now use (4.4) in Lemma 2 and get

Ly ’ in L T $%0) 2] logN
el i S -]
— 1/2
+%E[E’m]- 4.9)

We now use Assumption (N-2). Since B,(j) < a*(1 + L,) for all j,t € Z and

D UB() < AL+ L),

JjezZ
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Jensen’s inequality and (4.7) gives that, for any A < {/(a*(1 + L.)),

B[] < E[ A, +max, <oy X |)]

1_[ /131(7) Z- ;
JEZ

l_[ (BB < T (p()y\A-(+LIE
JEZ

- M o

t

l
—

Combining this bound with (4.9) gives (2.11). The proof of Theorem 2.1 is complete.

4.3 Application to the TVAR process: proof of Theorem 3.2

Theorem 3.2 is an application of Theorem 2.1 to the aggregation of minimax predictors
for the TVAR model (M-2).

We first note that Proposition 1 shows that, for 7' large enough the TVAR model (M-2)
satisfies (M-1) with A, bounded independently of 7" as in (3.5) and Z, = |&| forall ¢ € Z.
Hence Assumptions (I-1) and (I-2) respectively imply (N-1) and (N-2).

This shows that Theorem 2.1 applies under the assumptions of Theorem 3.2 and that the
constants A, and a* appearing in (2.7), (2.9) and (2.11) can be replaced by Ko, /(1-61)
and Ko, respectively, where K > 0 and 6; € (0, 1) can be chosen only depending on
6,8, and R.

On the other hand, Lemma | shows that, under the given assumptions on the predictors
and with the given choices of N, the smallest prediction risk among the selected pre-
dictors, achieves a rate 7~-#/1+28) for some positive constant C only depending on j3,
0, R > 0, p and . Hence, we get with Theorem 2.1 that

lim sup T/ 5 (X734, B, R, 6,p,04) < C + limsup T*/"PORN, T),  (4.10)

T—o0 T—o0

where C is a positive constant and R(N, T) is a remainder term which, in the setting (i)
in Theorem 3.2, is given by

log N 4 K*o?
RN, T) = +2n(1 + L, _ 4.11
(N.T) = =54 2 (1 + Ly s @.11)
in the setting (ii), is given by
log N Krol

RN, T) = +T 8P 221 + L) : 4.12
(N.T) = ==+ T G230 Lymy s (4.12)

and, in the setting (iii), is given by

—2/8m)'2

v, 1y = BN T ki g

+
Tn &n
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provided that 7 and A satisfy

1 4 ? 12 5

Replacing 7 and N in (4.11) as given by (i) and (3.11), we get

o, R(N,T)s( T ) 1+2(1+ L) "my T=67)

Hence, using that § < By < 1/2, this upper bound is negligible with respect to
T-28/C5+1) and, with (4.10), we get (3.12).
Analogously, we replace 7 and N in (4.12) as given by (ii) and (3.11), we get

(logllog 1)~/

TP RN, T) < To-Dip

(1 + 8P D2 (1 + L) m, K ) .

(I =67
Since 8 < By < (p—4)/8, this upper bound is negligible with respect to 7-2/@+1 and,
with (4.10), we get (3.12).
Using the specific form of 7 in (iii) and choosing A equal to the upper bound of the
given condition (4.14), we get that, in the setting (iii),

loeN T e ¢/RouL+18m'?) -
R(N,T) = Tgn + = (@)D (4.15)

Now, using 7 and N in (4.15) as given by (iii) and (3.11) and provided that

= 2/3
R(L. +1
5 (L. + )) ,

logT >2
¢ ( Z

holds then we get

(@)~

-2 2
o, R(N, T) < (log (I—log T-I ) + 3 T{(SI/ZK(L*+1))’1(IOgT)l/z )

(log 7)?
T

For any 3 > 0, this upper bound is negligible with respect to 7-%/*1) and, with (4.10)
we get (3.12).

5 Proof of the lower bound

We now provide a proof of Theorem 3.1. We consider an autoregressive equation of
order one
Xir =0t = D/T)Xi17 + &1 (5.1)

where (£;)cz is i.i.d. with density f asin (I-3). In this case, provided that sup, . 16(u)| <
1, the representation (3.4) of the stationary solution reads, for all t < T as

o
X =y [ [ow-9/mé (5.2)

j=0 s=1
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with the convention ]_[(;= ,0((t — 5)/T) = 1. The class of models so defined with 6 €
A1(B,R) N s1(5) corresponds to Assumption (M-2) with (6,0) in C (5, R, 6, p, 1) such
that only the first component of 6 is nonzero and o is constant and equal to one.

We write henceforth in this proof section Py for the law of the process X = (X, 7);<r.751
and E, for the corresponding expectation.

Let X = ()?,,T) 1<i<r be any predictor of (X, 7)1<<r in the sense of Definition 3. Define
0 = (O,1)o<i<T-1 € RT by

01

oo Xpir/Xor  ifXor #0
0 otherwise.

For any vectors u, v € RT, we define

= 12
dy(u.v) = [; 2 X - w)z] : (5.3)
=0

By (5.1), since X, 7 and IH\LT are ¥, r-measurable, they are independent of &,.; and we
have ;
1 — 2 —
» Zl 20| (Xer = Xir)'| = 1 = Bo [B@ vrion)]
1=
where, for any 0 : (-0, 1] — R, v7{6} € R” denotes the T-sample of 6 on the regular
grid 0, 1/T,...,(T - 1)/T,

vr{6} = (0(t/T))o<i<r-1 -

Hence to prove the lower bound of Theorem 3.1, it is sufficient to show that there exist
0o, ...,0u € A1(B,R) N 51(6), c > 0 and Ty > 1 both depending only on 6, B, R and the
density f, such that for any’H\ = (’OZ,T)OS,ST,I adapted to (F,.7)o<i<r—1 and T > T, we
have
max_ By [dy(0, vr{0;)] = ¢ T#/CFD, (5.4)
Jj=0,..M

We now face the more standard problem of providing a lower bound for the minimax
rate of an estimation error, since @'is an estimator of vr{6}. The path for deriving such
a lower bound is explained in [17, Chapter 2]. However we have to deal with a loss
function dx which depends on the observed process X. Not only the loss function
is random, but it is also not independent of the estimator 6. The proof of the lower
bound (5.4) thus requires nontrivial adaptations. It relies on some intermediate lemmas.

Lemma 3. We write K(P,P’) for the Kullback-Leibler divergence between P and P'.
For any functions 0y, . .., 0y from [0, 1] to R such that

2e
) < — .
j:m()fl.),(Mq((P"f’PeU) S 5t log(1 + M) (5.5)

and any r > 0 we have

2
»maXMEf’f [d)2( @VT{gj})] > rz

Jj=0,...,

1 .
- L 0) <
(Ze +1 jBlQ?.),{MPQf (?}i‘} dx,r(6;,6)) < r)),
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where we denote, for any two functions 6,8 from (—oo, 1] to R,

dxr(0,60) = dx (vr{0},vri{6'}) .

Proof. We define j as the (random) smallest index which minimizes dx(a vr{6;}) over

.....

— 1
2 2
Jmax, By, [30.vrl0)] = 7 max By, |45 (6,0

%FIHO’?‘)’(MP@ ({j #jin {figifjldx,T(@,@j) > r})

..........

Birgé’s lemma ([13, Corollary 2.18]) implies that

in Pg §=j) < 2e jina?.),(M K (Boys Par)
min . = ma N 5
onmy e =)= M5 log(1 + M)

so the lemma follows from Condition (5.5).

O

We next construct some functions 6y, ...,0y € Ai(B,R) N s1(6) fulfilling (5.5) and
well spread in terms of the pseudo-distance dy 7. Consider the infinitely differentiable

kernel K defined by
1
K@) = ——— | L1z -
() exp( 1—4142) lul<1/2

Given any m > 8, Vershamov-Gilbert’s lemma ([17, Lemma 2.9]) ensures the existence

of M + 1 points w®, ..., w™ in the hypercube {0, 1} such that
M>2"8 WO =0 and card {k : w;j) + w;[)} >m/8 forall j#i.

We then define 6, . . ., 0y by setting, forall x < 1,
Ro < ) ;
0,(x) = — Zw, K(mx—1+1/2) for j=0,....M,
‘ m’ I=1

where
Ry =min (6,R/ (2 |Klpg)) -

Since K = 0 out of (=1/2, 1/2), we observe that 8;(x) = 0 for all x < 0 and
Lmx]+1

R .
0,(x) = m—‘; w? K(imx} —1/2), forall x € [0, 1],

where {mx} = mx — | mx] denotes the fractional part of mx. Thus we have

-1

Roe
6" := max sup [0;(x)| < ® <5<,
0<j<M xef0,1] mP
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We first check that the definition of Ry ensures that the 6;’s are in the expected set of
parameters.

Lemmad. Forall j=0,...,M, we have §; € A1(B,R) N 51(5).

Proof. By (5.10), we have 6; € s((6) forall j = 0,..., M. Decompose the Holder-
exponent 8 = k + @ where k is an integer and a € (0, 1]. Differentiating (5.7) k times,
we have, as in (5.9),

9;">(x) -0 [Zw K®{mx) -=1/2), forall x € [0, 1].
Thus, for s, s’ in the same interval [//m, (I + 1)/m] with [ = 0,...,m — 1, we get
e;’<>(s) |K<k)(m s=1-1/2)-K®(ms —1-1/2)|

SR(] |K|A,ﬁ |S—S |a/

The same inequality then follows with R, replaced by 2Ry for s, s’ in two such con-
secutive intervals. Now, if s, s” are separated by at least one such interval, we have
|s — s’| > m~! and, using that K has support in (=1/2,1/2), we have that |K(")(x)| is
bounded by |K|, 5. We thus get in this case that

9j.k>(s) - 9j.k>(s’) < 2—1? sup  |[K®(x)| < 2Rg |Klng Is — 5|
m= _1/2<x<1/2
The last two displays and (5.8) then yields 6; € A1(8, R). O
Next we provide a bound to check the required condition (5.5) on the chosen 6;’s.
Lemma 5. Forall j=0,...,M, we have

8e? KR(Z)

KBy, Py) <
(Bo;> Fon) (1-62)log2 m'*28

log(1+ M),

where k is the constant appearing in (1-3).

Proof. We note that under (I-3), the likelihood ratio dPy, /dPy, of (X;,r),<r reads

dpy, ]_[ £ (Xer = 0,0t = D/T) X1 1)
dPg, fXir =60t = 1D)/T)X;,_17)

Using that 6 = 0 by (5.6) and that, under Py;, we have X, 7 = 0;((t = 1)/T)Xi—1,r + &,
we get

dPy,
(]((Pej,Pgo) = Egi 10g dPeO

f(&)
f(9 ((t=D/D)Xi-1r + &)

S S ()
ZE@I (f(&;((t— D/T) X7 + M)) f(u) du
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Using Assumption (I-3) yields

K (P, Pa,) < ZE(J[KHZ( )thlT}<K9*ZZE9 X7 7] (5.11)

The series representation (5.2), the fact that £ is centered with unit variance and (5.10)
imply that forall =0,...,T

By, | X< (1 -0)7".

Using this bound and (5.10) in (5.11), we obtain
Rle2kT
0
W(P{)/,P{)O) < m .
The proof of Lemma 5 now follows by applying the first bound in (5.6). O

Finally we need a control on the distances d)znT(H,-, 0)).

Lemma 6. Forany & > 0, there exists a constant A depending only on & and the density
f of & such that forallm > 16, T > 4mand j =0,..., M,

2R0673

a5 (5.12)

s RS
Pt‘?/ Ill}qltl;l deT(ei’ 9/) < AW <e+

Proof. The proof relies on an upper bound of dff’T(H,-, ;) involving the noise (&). By
the expression of ; in (5.9), we have

R .
0 i )
dy 1(6:,6;) = e § X7 (W, - Wk](r)) K2 (0 () , (5.13)
t=0

where we denoted ¢(f) = {mt/T} —1/2 and k() = |mt/T] + 1. Using (5.2) and (5.10),
we have, forall 0 <t < T -1,

Xor| > 11 = D" 0

J=1

fr—j| ,

which implies

X222 -216 ) 66|
j=1

Inserting this bound in (5.13), we get
m? I3 2 (1D () 2
o 0,09 > 3 & (wh i K e 0) = Rr (5.14)
0 =0

where
2% _p T-1
r =0 |

~
1]
—_

6716 ¢ )|
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Thus, with (5.14), the left-hand side of Inequality (5.12) is upper bounded by

min — Z & (W —wd Y K (1) < 24|+ PRy > A) .

iizj T

Using that ¢ is centered with unit variance and then (5.10), we easily get that

1

22 A S L2770 2R
Ey [Rr] < — g
o [Rrl < = ZZ ST=e S U-omk "

Hence, By Markov Inequality, to conclude the proof, it now suffices to show that, for
A well chosen,

min - Zg, W WD) K2 (o (1) < 24| <& (5.15)

11:&]

Fork € {1,...,m} wedefine Ji = {[(k— DT /m]+i : [T/(4m)]1+ 1 <i<|3T/(4m)]}.
We observe that the cardinality of Jj is

L(T/m) = 13T /(4m)| = [T/(4m)] > 1 ,

where the lower bound is a consequence of the assumption 7 > 4m in the lemma.
Moreover, it is easy to check that we have [¢(f)| < 1/4 for all index ¢ € J; and that, for
each 1 < k < m, the set J; is included in the set {1 < ¢ < T — 1 : k(t) = k} (so that, in
particular, J, N Jp = 0 for k < k). It follows that random variables

Sy = F(T/m) —— > &, fork=1,.

tey

are i.i.d. By the monotonicity of K in R_ and its symmetry we have

m

T-1
% P& (Wi~ i) K@) % W —wl) S 2K (o o)
=0

k=1 tedy
K*/O0T/m) <~ oy
> KUDRAI S (10— Y 5
From (5.6), for any 7, j € {1,..., M} there exist at least [m/8] values of k for which

(wg) - w;’))2 equals one in the above sum. Hence using the order statistics S (i, <
.. <8 (m,m)> we thus obtain that

K2(1/4>F(T/ )&

min - Zf, (i — Wil ) K2 (e ) > S N s
k=1
N K2(1/4)mr(T/m)S
= 16T (Llm/16],m)
K*(1/4)
> —S m m)s
128 (Lm/16],m)
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where we used I'(T'/m) > T/(8m) for T/m > 4 in the last inequality. Let us denote by
F the cumulative distribution function of S ;, which only depends on I'(T//m) and on
the distribution of &,. For x > 0, we have

P(S nf16m < %) = PBin(m, F(x)) = lm/16])

L /16JF(x) < 32F(x).

Gathering the last two bounds, we get that

256 A
(i) (/) 2
P min 7 Zf, Wi i) K ) < ZA] <7{(Sumsm = 75
3 p( 2504 )
K2(1/4)

Recall that I'(T'/m) > 1 and note that S| admits a density, since & does. By the strong
law of large numbers, we further have that the random variable S| converges to 1
almost surely when I'(T'/m) goes to infinity, so there exists xo > 0 depending only on
the density of & such that F(xp) < /32 whatever the value of I'(T'/m) > 1. Therefore,
there exists some A > 0, depending only on the distribution of &, such that (5.15) holds,
which achieves the proof. O

We can now conclude the proof of Theorem 3.1.

Proof of Theorem 3.1. Recall that 6p,...,0y in (5.7) are some parameters only de-
pending on S and ¢ and some integer m > 8 and that, whatever the value of m, Lemma 4
insures that 8y, . . ., 8y belongs to A(B, R) N 51(0).

Hence it is now sufficient to show that (5.4) holds for a correct choice of m, relying on
Lemmas 3, 5 and 6. Let us set

m= max{[corl/<2ﬁ+”] , 16} , (5.16)

where cg is a constant to be chosen. Then Tm™'"% < c(;l*zﬁ and, by Lemma 5, we can
choose ¢y only depending on 3, R, « and ¢ so that Condition (5.5) of Lemma 3 is met.
We thus get that, for any r > 0,

r 1 .
> - _ 0 <
jpax Eq, [dX(AVT )] Z 7 ( ,EnaXMPe/ (%ifj!dx,T(9l,9,) < F))

Applying Lemma 6 with & = 1/(4e + 2) and the previous bound with r* = AR} m™%
we get, as soon as T > 4m,

0 S 2 1 2R0671
j=0,..M 7 PN = a4 \de+2 A -6mP

The proof is concluded by observing that, as a consequence of (5.16), we can choose a
constant T only depending on 3, R, x and ¢ such that T > T, implies that T > 4m and
that the term between parentheses is bounded by 1/(8e + 4) from below. m|
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A Application to online minimax adaptive prediction

A.1 From estimation to prediction

We define a sequence (Ly)i>1 by

(d) ifl1 <k<d
Ly =4\k

0 otherwise,

which fulfills (L-1) with L, = 2, ({) =2¢ - 1.

Given an estimator 0;; = [9,1(1) e 9,,T(d)]', we define a predictor )’(\,,T which is
L-Lipschitz by setting

d

X7 = ; (min {max {~L. 6.7(0)} . L)) X - (A.1)

The predictor X, 7 is the natural linear predictor (A X,_1,7 normalized to be at most

-1,T
L-Lipschitz. The normalization step amounts to project 0t,T on a rectangle [-L;, L;] X

X [-Lg, Ly] before deriving the linear predictor. This can only improve the quality of
estimation for a stable TVAR model, since 6 takes values in the maximal set of stability
s4(1), which implies that it is included in this rectangle at every point, see [14, Eq. 12].
We get the following result.

Lemma 7. Assume that Assumption (M-2) holds. Consider, for some 1 <t < T, an
estlmator 0= (0, 1)o<i<r-1 adapted to the filtration (F;1)o<i<r-1. Define a predictor
(X,T)1<,<T as in (A.1). Then, forany g > 1 and for alland 1 <t < T,

24\ 4
E;@,(T)[(Xm Xa) |-wn <cr (8, [for-ooa]) . a2
where
2 T\
Cra) = max (Bl X))
with1/q" +1/q = 1.

Remark 6. Assume that the distribution ¢ of the innovations satisfies (I-1) for some
p = 2q’ > 2. Then, the Proposition 1 combined with the Minkowski inequality ensure
that there exists 7o, K, &, such that, for any (8,0) € C(B,R,0,0,0),

2
) m4 forall T >T,.

Ko
CT(q)Sd(l_Jr 2q"

01

Proof. Denote by 6;1 the projection of’O\t,T onto the rectangle [—L;, L]X: - -X[—Ly, L],
that is, 6, 7(k) = min {max {~Li, 6,r(k)} , L¢}. By [14, Eq. 12], 8, 7 lies in this rectangle

and thus
< l/ét,T -0.7| .

27

0,7 — 6,1 (A.3)




Using (B.2) and that /0\,_1; is a F,_; r-measurable, we have, forallt = 1,...,T,

Efy.) [(ZT - Xr,T)z] =Efy,, [((@—11 - gr—l,T), Xt—l,T)z] +0(t/T) .

Define ¢’ by the relation 1/¢" + 1/g = 1. Thus, with (A.3) and the Holder inequality,
we get that the left-hand side of (A.2) is bounded from above by

1/q e
(E(G,o’) H’H\I—I,T - at—l,Tyzq]) (E(e,o') [‘Xt—l,leq ]) '

which concludes the proof of Lemma 7. O

By Lemma 7, to exhibit (¢, 8)-minimax-rate predictors in the sense of Definition 4, it
suffices to have (i, 8)-minimax-rate estimators of @ in the sense of L?-norm. Param-
eter estimation for TVAR models, or, more generally for locally stationary processes
has been intensively studied in the past two decades, see [6] for a recent overview
on this problem. To our knowledge, minimax-rate estimation results are sparse. The
more widely spread approach for studying the behaviour of such estimators consists in
establishing a central limit theorem under differentiablity conditions. Moment upper
bound are provided in [7] and could be used to obtain minimax rate results. However
the estimator, which is based on a localized Yule-Walker estgnation method is not nat-
urally adapted to the filtration (% 7)o<<r-1 as required for (6, 1)o<<r—1 above. Such a
constraint could be clearly be met with some adaptation of the Yule-Walker approach.
On the other hand it is directly satisfied by the estimators studied in [14]. There, an
online estimator is proposed, the normalized least mean squares estimator 6, 7 (u), de-
pending on a gradient step size u. For any g8 € (0, 1], provided that the gradient step u
is well chosen the NLMS estimator is (¢, §)-minimax-rate, see [14, Corollary 3]. More
precisely, assume (M-2) with ¢ satisfying (I-1) for some p > 4. Then, for any € > 0,
R>0,6 € (0,1),p €[0,1] and g € [1, p/6), there exists M > 0 such that, for all
0,0) € C(B,R,0,0_,04)and € > 0,

24q\ 14
sup (E‘(//o,a) [@,T(T—Zﬁ/(lﬂﬁ))_gﬂ' ]) < M T-2610+2)

e<t/T<1

Clearly, from [14], the constant M can be bounded uniformly for 8 in any compact
subinterval away from 0, as required in Definition 5. Lemma 7 applies for g > p/(p—-2)
so to meet the condition g € [1, p/6), we set ¢ = p/(p—2) and impose p > 8 and finally
obtain that

— B 2 , B
sup El [(X,,T(T BB — X, 1) ]— o*(t/T) < C' o2 T+
e<t/T<1

where )?,,T(,u) is the predictor defined from the estimator E,T(y) as in (A.1). This is
almost what is required in our Definition 5 except that in (3.9) we have T~! ZZ; )
instead of sup,, 7. (...). In fact one can take & = 0, provided that a burn-in period
of observation is assumed prior to the time origin. It would only require the NLMS
estimator to be running from observations X, started at times t > —&T for some
positive &, which seems a reasonable assumption in practice. Finally, let us recall
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that, as shown in [14], NLMS estimators are no longer minimax rate for an Holder
smoothness index 5 > 1. However, a bias reduction technique can be used to obtain a
minimax-rate estimator for 8 € (1, 2], see [14, Corollary 9].

B Postponed proofs

B.1 A useful lemma

The following lemma provides a uniform bound on the norm of a product of matrices
sampled from a continuous function defined on an interval / and valued in a set of d X d
matrices with bounded spectral radius and norm.

Lemma 8. Let d > 1 and I an interval of R. Let A be a function defined on I taking
values in the set of d X d matrices with eigenvalues moduli at most equal to §. Let | - |
be any matrix norm. Denote by A* the corresponding uniform norm of A,

A" =suplA()| ,

tel

and, for any h > 0, wy(A, I) the modulus of continuity of A over I,
wp(As 1) = sup{|A(r) — A(s)| : s,tel, |s—t| <h}.

Let 61 > 0. Then there exist some positive constants g, { and K only depending on A*,
0 and 6y such that, for any h € (0, 1) fulfilling w,(A; 1) < & we have, forall s < tin I
and all integer p > {(t — s)/h,

ADA(t = (t = )/ p)A(t = 2t = $)/p) ... A(s)| < K 67" . (B.1)

p+ 1 terms

Proof. Denote by Il(s,t; p) the product of matrices appearing in the left-hand side
of (B.1). The proof goes along the same lines as [14, Proposition 13] but we use the
modulus of continuity instead of the S-Lipschitz norm to control the local oscillation
of matrices. Take an arbitrary 6, € (6, ;) (say the middle point). Then, for any integer
¢ > 1, using the decomposition of the product into a product of blocks of same length,
we obtain that

)L(17+1)/fJ

(s, 1 p)l < (K165 + Kawn(A; 1) (K165 + Kawn(A; D)

where h = £(t—s)/p,r = p+1—-L[(p+1)/{] and K| and K, are two constants depending
only on A*, §, and 6. We can choose a positive integer £ and a positive number g only
depending on §,, d; and K such that

K165 <6\ — e .

In the following we set € = g9/K>. So the previous bound gives that for any 4 € (0, 1)
such that w,(A;1) < eand £(t — 5)/p < h,

(s, 1 p)l < 817D (K185 + 20) < K67 + 08 PV < (K +20) 677

Hence the result. O
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B.2 Proof of Proposition 1

We can now provide a proof of Proposition 1.
Eq. (3.1) can be more compactly written as

XtT—O'( TI)X,1T+0'(I)§,,T, (B.2)

where A’ denotes the transpose of matrix A, and we denote 8 = [0, ... 6,]" and
X = [Xe1r - Xiar]'.
For all k£ > 0, iterating this recursive equation k times, we have

k+1
Xir =€ I_IA( )thlT+Z ( )6’1 I_IA( )elfr—j,
Whereelz[l 0 ... 0] and
91(1/[) 92(1,{) e e Hd(u)
1 0 0
Aw)=] 0 1 0o . 0
: o .o
0 0 1 0

Note that the eigenvalues of A(u) are the reciprocals of the roots of the local time-
varying autoregressive polynomial z — 6(z; u) and thus are at most 6 < 1. Moreover
since @ is bounded by a constant only depending on d and is uniformly continuous on
I = (—00,1], so is A as a function defined on I and we can find 2 € (0, 1) such that
wp(A, I) < g for any positive €. Thus, Lemma 8 gives that there exist positive constants
K; and K; only depending on §; and & such that, forall 7 > 1,¢# < T and j > 1 such
that j > K;(j/T) (thatis, T > K),

J

[14()

i=1

<K»5].

Hence we obtain that

xpjpmmmkm+2mmw{ Ner, 1<i<7. 33
J=

with, provided that T > K, forallt < T, k,j>landi=1,...,d,

|bir(k, )| < Ka6%
|a.r()| < K26 .

The result follows.
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B.3 Proof of Lemma 1

We conclude the appendix with the postponed proof of Lemma 1. The idea is to choose
a convenient iy € {1,..., N} and use that

. : i)
II?iLIIIVST(X\J(‘?);w,ﬁ,R,é"p, O—+) S ST(E;ﬁN ;lﬁ’ﬁ$R95’p5O-+) .

The choice of iy differs depending on the finiteness of 3.

Let us first consider the case Sy < co. Let 8 € (0,80), 6 € (0,1), R > 0 and p €
[0,1]. Letiy € {1,...,N} be such that 8;, = (iy — 1)Bo/N < < iyBo/N. Since
C(B,R,6,p,0:) C C(Biy,R,6,p,0.), we have, for all § € (0,1), R > 0, p > 0 and
oy >0,

T#B S (X 4, B R, 6, p, 07y) < THOPDS . (XEY) g, By, R, 6, p, 02
< TZ,B(J/N Tzﬁ‘N/(“zﬁ‘N)ST(S(\;‘?W); ‘ﬁ,ﬁiN,R, 5,p, O—+) ,

where we used that 5;, < < i, + So/N. Recall that we assumed N > [log 7], so that
T?0/N < e?, Now, since for N large enough f3;, remains in a closed interval of (0, o)
we get by Definition 5 that

lim sup 7%w/(1+28) g T(X\fw); ¥, Biy, R, 6,p,04) < 00,

T—00

which concludes the proof in the case Sy < co.

We next consider the case where Sy = co. In this case we take iy such that §;, =
(iv—1)/N'? < B < iy /N'? which defines iy € {1,..., N} uniquely as soon as N'/? > 3.
The remainder of the proof is similar to the case Sy < oo using the bound

T2/0428) o TNV T2 JA+261) o o2 T2/ (1428y)

under the assumption N > [ (log T)* .
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