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Abstract
This paper introduces optiomal designs in the context of a
regression model when the regression function is assumed to be
generated by a Chebyshev system of functions. The criterion for
optimality is the variance of a Gauss Markov estimator for an
extrapolated value.
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1 Introduction

This paper deals with a natural extension of the Hoel Levine optimal
extrapolation design, as described in [Hoel, 1966]. We recall that this
classical design results as a consequence of the following fact.

A design is defined as a discrete probability measure £ on a set of
measurements points o, .., £,_1 which for notational convenience belong
to the observable environmental set [—1,1] , denoting n;/n := £ (z;) the
frequency of replications of the experiment to be performed at point z;,
0 <@ < g— 1, where the n;’s satisfy ng + .. + ny—1 = n. The points z;’s
are the nodes of the design, and & (x;) is the so-called frequency of the
design at node x; . Recall that the model writes

Y(z) = f(z) + e(z)
for x in [—1,1] , the real valued function f is unknown but belongs
to a specified class of functions, and the random variable €(x) is cen-
tered, with a finite variance, in the present context. Observations are
performed under the design, with the constraint

n+.+ng1=n
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on the global budget of the design. Replications of the n; measurements
Y; (z;) , 1 < j < n,; are independent. Independence also holds from node
to node, which is to assume that all measurements errors due to the r.v.’s
¢(z) are independent. The model is supposed to be homoscedasticity;
hence the variance of () may not depend on z.

For a given ¢ not in [—1, 1] consider an estimate of f (¢) with smallest
variance among all unbiased estimators of f (¢) which are linear functions
of the observations Y (z;) , 1 < j < n,;,,0 < i < g— 1, hence under a
given design . An optimal design achieves the minimal variance among
all such designs. This design is achieved by the Hoel Levine design when
the function f is assumed to belong to the class of all polynomials defined
on R with degree less or equal g — 1, hence to the span of the class of
monomials {1, z,..,z97'}.

The main mathematical argument in order to obtain the Hoel Levine
design lies in the solution of the following basic question: find a poly-
nomial with equioscillations in g + 1 points in [—1,1] which assumes
maximal absolute values all equal to 1 at those points. Up to a mul-
tiplicative constant such a polynomial results as the best polynomial
approximation of the null function on [—1,1] by polynomials with de-
gree g — 1. Existence and uniqueness of this polynomial follows from the
Borel-Chebyshev Theorem. We refer to[Dzyadyk and Shevchuk, 2008]
for details and derivation of these results.

The aim is now to provide a larger context for similar questions,
assuming that the function f may belong to some other functional class,
still in a finitely generated set of functions.

Definition 1 The system of functions (o, ..., pg—1) in C (R) is a Cheby-
shev (or Haar) system on [—1,1] when

1) (o, ..., pg—1) are linearly independent

2) Any equation

appo(z) + ... + ag_1pg-1(x) =0

with (ag, .., ag—1) # (0, ..,0) has at most g roots in [—1,1].

Denote
V = span{¢o, ..., pg-1} C C([—1,1])
the linear space generated by the Chebyshev system (o, ..., p,-1) -

Haar Theorem (see [Dzyadyk and Shevchuk, 2008] ) states that the
two following assertions are equivalent:
a) {©o, ..., pg—1} is a Chebyshev system in C ([-1, 1])
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b) for any f in C ([—1, 1]) there exists a unique best uniform approx-
imation in V.

In the sequel we assume that the system {y, ..., p,—1} is a Chebyshev
system in C ([—1,1]) and in C ([—1,¢]) with ¢ > 1. This implies that no
non null linear combination of the ¢;’s may have roots in (1, ¢].

We also make use of the following result.The following properties are
equivalent

Proposition 2 1) {¢q,...,0,—1} is a Chebyshev system;

2)  for any set of g points (xo, ..., Tg—1) in [—1,1] such that x; # x;,
and for any (Yo, ..., Yg—1) in RI, there exists a unique function g in V
such that g (ry) = yYg;

3) for any g points (zo,...,x4—1) in [—1,1] such that x; # x;, the
determinant

¢o (o) - o (x;) - wo(wg-1)
[i=detG, G:=] o @o) Pi (%) Wi (1"g—1)

Pg-1(20) - g1 (5) - Pg—1 (¥g-1)
does not equal 0.

Proof. Assume 3) holds. With the set of ¢ points (o, ..., z4—1) in [—1, 1]
such that z; # z;, I' = 0 iff the matrix G is not invertible, which is to
say that the system of equations defined through 0 = ?:—01 a;gi (z;),j =
0,...,g — 1, admits a solution a* := (a(*;, ...,a;l) different from (0, ...,0)
in RY. Define g := Zf;ol a;g; , an element in V' which is not the func-
tion £ — 0. Since , ?;01 a‘g; (x) = 0 for x in {xg,...,x,_1} it follows
that g has ¢ distinct roots in [—1,1]. It follows that whenever I" = 0,
{0, ..., pg—1} is not a Chebyshev system. It follows that 3) is equivalent
to 1). Now 2) is equivalent to 3). Indeed when G is invertible then for
any (Yo, ..., Yg—1) in R~ the system Z?;ol a;gi (zj) =vy;,j=0,...,9—1,
has a unique solution , which means that there is a unique g in V' with
g(z;) =y, foralj m

We therefore introduce the basic definition
Definition 3 A regression model
Y(z) = f(x) + e(z)

is a Chebyshev regression model iff f belongs to V := span{o, ..., pg-1}

where (o, ..., pg—1) is Chebyshev system (or Haar system) of functions
inC([-1,1]).



The following result stands as a generalization of the Borel Chebyshev
Theorem and improves on the Haar Theorem

Theorem 4 .(Generalization of Chebyshev-Borel Theorem) Let

{9007 R3] 90971}

be a Chebyshev system on [—1,1] , and g is any function in C ([—1,1]).
Then there exists a unique function b in V = span{gg,...,04-1}
defined on [—1,1] , which achieves

sup |g(z) — h(z)| = inf sup |g(z) — f(z)].
z€[—1,1] eV zel-11]
Furthermore h is the only function in V' such that p :== g — h attains its
unique mazximal values in at least g + 1 points in [—1,1]; the sign of p
on those points alternates.

Proof. See [Achieser, 1992]. =

Remark 5 The above function h plays a similar role as the function
Ty—1 (Chebyshev polynomial of the first kind) in the polynomial regression
case; see [Broniatowski and Celant, 2014].

The notation M, ([—1,1]) designates the class of all discrete proba-
bility measures with support in [—1,1].

The aim of this paper is to present the contribution of Hoel [Hoel, 1966]
to the construction of optimal designs for the extrapolated value of the
regression function as treated by Kiefer and Wolfowitz [Kiefer and Wolfowitz, 1965].
The model and the Gauss Markov estimator are defined in the next Sec-
tion. An orthogonalization procedure allows to express the extrapolated
value as a parameter in an adequate regression model. Finally the sup-
port of the optimal design will be obtained through geometrical argu-
ments; the number of replications of the experiments on the nodes will
then be deduced.

2 The model and Gauss Markov estimator

We consider a Chebyshev system on [—1, 1]

{0, g1} -



For any = € [—1, 1] we assume that we may observe a r.v. y (), such
that, denoting 6 := (0, ..,0, 1)’

F) =B @)=Y he@=X@ .

We notice that the function

fR=R, 2 f(x)

is continuous on R. Indeed since the system of the g equations in 6

f (o) = 22925 0005 (o)

f(mg1) = 395 0;05 (24-1)

has a unique solution whenever (f (), ..., f (z,-1))" is known, for
any (zg,...,7,1) € [-1,1]Y with =1 < zy < ... < 3,4 < 1, the
function f can be extended on R; this extension is continuous since so
are the ¢;’s.

Recall that the measurements can be performed only on [—1, 1], and
not for |z| > 1.

2.1 Examples of Chebyshev systems

Here is a short list of classical chebyshev systems. We refer to the classi-
cal treaties of [Karlin and Studden, 1966] for a extensive study of those
systems and their applications in analysis and in statistics.

a) {po (r) = 1,1 () = 2} is a Chebyshev system on whole R,

b) {¢o (z) = 1;¢1 (z) = &5} is a Chebyshev system on (0, +00),

c) {1, cosz,cos2x, ...,cos nz }is a Chebyshev system on [0, 7),

d){1,sinx, cos z,sin 2x, cos 2z...,sin nx, cosnz} is a Chebyshev sys-
tem on R 27

e) {sinz,sin 2z, ...,sinnx} is a Chebyshev system on [0, 7),

) {¢o(z) = 2% — 2,1 (r) = 2% + x, 02 (x) = 2% + 1}is a Chebyshev
system on R,

g){xz®,...,x%, where 0 =qy < ... < a, } is a Chebyshev system on
[0, +00),

h) {e%”, ..., e"* where 0 = qy < ... < a, }is a Chebyshev system on
R,

i) {1,sinhz, coshz, ...,sinhnz, ..., coshnz} is a Chebyshev system on
R
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i) {(z+ ag) . (x4 a,) ", where 0 = ag < ... < a, } is a Cheby-
shev system on [0, +00),

k) {1,logz,z,xlogx, 22 z*logz, ...,z", 2" log v }is a Chebyshev sys-
tem on (0, 00), ... .

Finally note that being a Chebyshev system is a linear property;
indeed if (g, ..., p4—1) is a Chebyshev system then any other basis of
span {po, ..., pg—1} is a Chebyshev system.

2.2 Description of the dataset coming from the ex-
periment

Given the set of nodes —1 < 7y < ... < 7,1 < 1, the experiment is
described through the following measurements

( Yi (370) - 5 0 (9]90] (x()) + €1 (1'0)

-1
( Yo, (Tg-1) = 22550 0505 (3g-1) + €nyy (Tg-1)
or through the more synthetic form, with

I~

(z) = (Yl (), --anj (xz'))/» X (7)== (o (73) 5 s Pg—1 (xi))la
e (z;) = (e1 (), ooy €, (24))

©Yo (l’l) 909,1 (il]l) 90
Y(x)=1| .. . +e(z;),i=0,..,9—1.
wo (Ti) - pg1(Ti) 0g—1
Denote,
©o (T)) o pg1 (T)
wo (i) - wgo1(Ti)

The matrix X; has n; lines and ¢ columns. All lines of X equal

(X ().



Denote

H:=ImX (z) ={X () e RY: 2z € [-1,1]}. (2)

The set H is called the regression range.

It may be at time convenient to attribute distinct indices to the same
x; when repeated n; times.

The discrete measure defined through

%o, ..., 2o (no times), ..., 7;, ..., x; (n; times ), ..., Zy_1, ..., Ty_71 (ng_1 times)
with
ng + ...+ng_1 =N

will hence be written as

t1y ooy tn (3)

Wlth tl - t2 = .. = tno = I‘O,...,tn0+“+n972+1 - tn0+._+n972+2 = ... =
bnot.tng_atng_1 = Tg—1; hence ty, ..., t,, indicates the same point xq re-
peated ng times, etc.

The system which describes the n observations writes therefore as

Y=Cfl+c¢
where
©o (t1) ©g-1 (t1)
Yi
Y = . C:= vo () Pg—1 () )
Y.,
o (tn) Pg-1 (tn)
to €1
0 := , €= :
eg—l En

E(Y)=C0,var(g) = o°I,,

and [, is the Identity matrix of order n.
The Gauss Markov estimator of f (z) = E (y(x)) is the solution of
the linear system



leXZH - XZIX (er) 5 Z - 0, ...79 - 1.

It holds
(900 (zi) oo (1) ) (900 (zi) - Pg (1’1))
XX = | .. = ;M
Pg-1 (i) o Pgo1(Ti) wo (i) o pg1 (@)
where
(o (1)) wo (i) pr (7:) wo () Pg-1 (i)
e | @) @) e @) e ) g @)
Sos (1) 00 (25) oo s (1) 0 (25) oo Sos (25) 0y (22)
Pg-1 (w5) wo (w5) ... Pg—1 (z3) or (7)o (90971 (z:))
We have
M; =X (z;) X ' (x;)
In

sum both sides with respect to 7 to obtain

g—1 g—1
Y XX0=) XY (x;)
i=0 1=0
Therefore
g—1 g—1
n ( %M) 0= XY ()
=0 =0
Denote

§i=E(x) = { Onifx ¢ {zo,...,x5-1}

The matrix



is the moment matriz of the measure &.
By definition

supp (5) - {'rOJ ceey xg—l} .
Since

we may write

MO = Y6 = Y6 X)X @) = [ X)X k).

Specific study of this matrix is needed for the estimation of linear
forms of the coefficients #;’s. This area has been developed by Elfving
see e.g. [Pukelsheim, 1993]), out of the scope of the present paper.

3 An expression of the extrapolated value through
an orthogonalization procedure

We will consider an alternative way, developed by Kiefer and Wolfowitz
[Kiefer and Wolfowitz, 1965] as follows. It has the main advantage that
up to a coefficient v, ; which depends on the values of f on the z’s,
the estimate of f(c) is ¢,_1(c). It follows that only the coefficient ~,_;
has to be estimated, a clear advantage. Recall that ¢ does not belong to
[—1,1].

It is more convenient, at this stage, to introduce the following no-
tation. It will be assumed that n measurements of Y are performed,
namely

Y(t1),..,Y(t,)

where the t;s belong to [—1, 1] . The points of measurement ¢y, .., t,, might
be distinct or not, as defined in (3). Obviously when defining the optimal
design with nodes o, .., z,_1, then n; values of the t/s coincide on z; for
0 <j < g—1.In order to define the estimator, and not the design, it is
however more convenient to differentiate between all the measurements
Y (t;),1 < i < n. This allows to inherit from the classical geometric least
square formalism.

We consider the basis of V' defined as follows:
Set for all j between 0 and g — 2

(o) = g3lo) = 2, 10 ®)



and
hg-1(x) := g1(2).
Clearly (ho, .., hy—1) generate V. Also (ho, .., hy—1) is a Chebyshev system
n[—1,c.
Denote (7o, .., 74—1) the coordinates of f on (ho, .., h,—1) , namely

T) = Z%’hg‘(w)

We evaluate the coefficients v; with respect to the ) s defined in (1). It
holds
v; =0; for j =0,...,9 —2

and

E:j =0 ]¢J( )
pg-1(c)
assuming ¢,_1 (¢) # 0, and obviously we have

T) = Z’thj (z) = Zej%' (z)

Yg—1 =

In z = ¢ we get

g—1 g—1
= hi(e) =Y 005 ()
j=0 J=0

By the definition of v,_; we have

Z; —o 05 (c)

Vo1 =
o pg-1(C)
and therefore we have proved
Lemma 6
f(e) =141 (c). (6)

4 The Gauss Markov estimator of the extrapolated
value

It holds
g—1
= Z 91%(0)
i=1
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where the 6;’s are defined through g equations of the form

o) = Y i)

with =1 <z; <lforall0<j<g—-1
Replace f(z;) by its estimate

j

flay) = nlj Yi(z;).

1=

Under the present model, ]@ is an unbiased estimate of f(x;). Deter-
mine 6; though the system defined by

g—1
Flag) = bipi(x;).
=0

The resulting QAi’s are unbiased and so is

g—1

fle) = Bipi(c).

%

Il
=)

The natural optimality criterion associated to this procedure is the vari-

ance of the estimate f(c) which depends on the location of the nodes
and on the weights n;’s.

We now write the above Gauss Markov estimator of f(c) on the new
basis (ho, .., hg—1) . Substituting the function f by its expansion on the
basis (ho, .., hy—1) the model write as

Y (t1) = Ooho (t1) + ... + 0y—2hy—2 (t1) + Vg—109-1 (t1) + €1

because of (5),

Y(t)=T0+¢
where t := (t1,..,1,)

11



ho (t1) - - hg—2 (t1) g1 (t1) 0,

T = ho (t1> .. hg_g (tz) (,09_1 (tz) ,(9 = 9 ’ ,E 1=
g—2

Bo (£0) - By (t2) 941 (1) Yo

Recall that we intend to estimate -,_;. We make a further change
of the basis of V. We introduce a vector G,_;, which together with
ho, ..., hy—o will produce a basis (ho, ..., hy—2,G4_1) for which the vec-
tor Gy_; is orthogonal to any of the h;, 0 < j < g — 2. The aim of this
construction is to express f(c) as a linear combination of the components
of G,_;. Since G,_; belongs to V' = span (hy, .., hy_1) we write

Gy (t;) = g1 (t:) — 92_: d;h; (t:)

for some vector 4 := (g, ..,6,-1)" .
We impose the following condition

Gy—1(t1) h; (t1)
< . , : >:O, forall j =0,....9—2,
G- (tn) hj (tn)
where the above symbol <, > is the inner product in R".The 4,’s in R
are to be chosen now.
The linear system

> G (i) hj(t:) =0, for j=0,...,9—2
i=1

with g — 1 equations has g — 1 unknown variables §; .
Once obtained the solution 07, j =0,...,g — 2, and since

hg-1 (t) = Gg1 (1) + gz: d5h; (),

we may write f(t) for any ¢

)= 3y ()= 30k (0) .+ -ahy (1)

+ Yg-1Gg-1 (t) + vg-100h0 (t) + ... + 74-104-2hg 2 ()
= (%0 + Yg-100) ho (t) + .. + (Vg2 + Vg-10g-2) hyg—2 (1) + Yg-1Gg-1 (¢)
= Oéoh[) (t) + ...+ Oégfghgfg (t) -+ Oégfngfl (t) s
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where the o/s are defined by

o v+ Yg-10; for j=0,..,9—2
7 Yg-1 for j =g —1 '

The point is that v,_; appears as the coefficient of Gy_; , namely the
last term in the regression of f(¢) on the regressors (hy, .., hg—2, G4-1) -
Furthermore G,_; is orthogonal to the other regressors. The system
which describes the data is now written by

Y(t)=T0+¢

where

ho (t1) - hg—2 (t1) Gg—1 (t1)

Qo
j: = ]’LO (tz) .. hg_g (tz) Gg_1 (tz) ,5 =
. .. . . ag_2
o (ta) - hy -2 (tn) Gy () ot

The minimum least square estimation of 7,_; is obtained through
the normal equations imposing

(X(t)—f5> eVt
where 0 hence designates the least square estimator of the vector of
coefficients 6, and where V+ is the orthogonal linear space of V.

We have, denoting 7/9\1 the least square estimator of v,_;, and noting
that V' = span {ho, ..., hg—2, Gg_1}

!/

Y (1) = Y295 ajhy (fh) — 75-1Gyo1 (1) h; (t1)

( | 1]

Y (tn) — Zg Oa] i (tn) — Yg-1Gg—1 () hj (t,)
for j =0,...g — 2 and
Y (1) = i aihy (h) = -G (1) \ [ Gyoa ()
: 1)

Y () — 3920 by (tn) = Y4 1Gy1 (tn) Gy—1 (tn)

Hence
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(Y (t:) — i%’hj (i) = Yg-1Gg1 (fz‘)) Gy-1(t:) =0. ()

i=1,..,n

Inserting the orthogonality condition
> Gt hi(t:) =0, for j=0,...,9 -2,
i=1

in (7) we have

n

DY (1) Gomn () = 31 ) G (85) =0,

j=1
and
—_ > 1Y () Gg1 (t))
-1 — n
! Zj:l G?J—l (tj)
Finally we obtain the explicit form of the estimator of f(c). It holds

Proposition 7 The least square estimator (Gauss Markov) of the ex-
trapolated value f(c) is

— — ) = Y (1) G (1)
f(©) = @g-1() Yg—1 = pg-1 () > G ()

5 The Optimal extrapolation design for the Cheby-
shev regression

5.1 The support of the optimal design

We determine the support of the optimal design for the extrapolation of
f at point c.

Recall that a design £* is optimal if and only if it produces a Gauss
Markov estimator of f(c) with minimal variance among all such estima-
tors built upon other designs.

—

We note that the variance of f (¢) depends on the z;’s since

14



X0 var (Y (1)) G2y (1)
(S 2 e)

var (ﬂ?}) = (pg-1(c))

(001 ()
S G ()

The design is defined through a discrete probability measure £ € M,
([-1,1]) with support (xo, .., x4—1) with £(x;) := n;/n and n; equals the
number of the t/s which equal z;, for 0 < j < g —1.

We now determine the support of the optimal design denoted £*.

-1
1 g
£ :=arg min = arg max anG;l ()
geMg(1=1,1]) ZJ oG24 (x)) semy oo
g—2 2
=alg max an g1 ( Zéjhj () | -
EeMy([— =0

The solution can be obtained in a simple way through some analysis
of the objective function. By convenience in order to use simple geo-
metric arguments and to simplify the resulting expressions it is more
convenient to write the derivation of the optimal design in terms of the
tls.

The function

2
n

Z (hgl (tz) - Z_:

i=1

hg-1 (t1) — 3975 6;h; (th)
DI P
is the distance from the orthogonal projection of the vector
h = (hyg_1 (t1) ... hy—1 ()

on the linear space V' generated by the family {ho, ..., hy—2,G4—1} .
Therefore by the minimal projection property

n g—2 2
Z (hgl (t:) = D> d;h; (fi)> = min dist (h,%).

Jj=0

!

15



The optimal design is obtained through a two steps procedure. Fix
the frequencies ny, .., 741 with sum n and determine the discrete mea-

sure £ on [—1,1] which minimizes vary < f/(Z)) among all ¢'s with sup-
port x := (2o, ..,%4—1) and masses {(z;) = n;/n, 0 < j < g—1. The
optimization is performed upon the I;-S.

The optimal design solves therefore the problem

*=ar max min dist (h,
: ngMd([_lvl}) Yev (b, %)

g—1 9—2 2
=arg max min an <h91 (i) — > 0jh; (:L‘l)>
i=0

x€[—1,1)9 §eR9—1

2
g
= i h,_ — 0:h; dr) .
argge/\/lr?(&[tzcl,qwgglgl}l /[1’1} ( g-1(7) E : j J(@) ¢ (dz)

=0

The integrand (hg_1 (r) — Z?;g d;h; (m)>2 is always non negative.
Henceforth it is enough to minimize its square root w.r.t. x. This
optimization turns therefore to be independent of the n’s.

Denote 07, j = 0, ..., g—2, the values which minimize dist (h, ) w.r.t.

d;. The optimality condition writes

g—2 g—2
e hg (z) = ;5}% ()| = jmin, max \hg (z) = ;(le (x)

(8)
= By s ()~ @)

where
W = span {hg, .., hg—a} . 9)

If we prove that {hq, ..., hy_2} is a Chebyshev system on [—1, 1], then
clearly the support of the optimal measure £* consists in the points of
maximal value in [—1, 1] for the function

|hg—1(z) — p" (2)]
where p* is the best uniform approximating polynomial of h,_; in W.
Indeed the support of £* consists in the set of points where



in (8) attains its maximal value for p = p* the best uniform approxima-
tion of hy_y in W.

This is the major argument of the present derivation, which justifies
all of the uniform approximation theory in this context.

Definition 8 The vector §* in R9~! is a Chebyshev vector iff it desig-
nates the vector of the coefficients of p* , where p* is the best uniform
approzimating polynomial of hy—y in W defined in (9). It is defined
through (8).

Now writing

8 = (05, O0y)

we define the set of all points 7 in [—1, 1] where the distance between
hg—1 and its best approximation on the hy, 0 < k < g — 2 is minimal.
These points are precisely the support of the optimal design £*. Formally
we define

g—2
E = mi _ — 1 1
sin, max (hgo () ;% () (10)

and

- E} (11)

B(0") = {55 €[=1,1]: |hyy (3) — ia;hj @)

It holds (see Proposition 10 below)

£ (B(d7) =1.
We prove that {hy, ..., hy_2} is a Chebyshev system on [—1,1].

Proposition 9 (Hoel) The functions hy, ..., hy_o are a Chebyshev sys-
tem on [—1,1].

Proof. For any choice of {z,...,z,} in [—1,1], with =y < ... < z4_1,
since the family {y, ..., p,—1} is a Chebyshev system on [—1, 1], we have,
by Proposition 2, assuming a positive sign of the determinant, without
loss of generality
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0 < det . . . . :
Pg—2 (:L“o) Pg—2 (‘Tl) - Pg—2 (xg—2) Pg—2 (C)
Pg-1(20) g1 (1) - g1 (Tg-2) pg-1 (c)

For 7 =0, ..., g — 1,the operations

o

Pg (7:)
pg (€)

do not change the value of the determinant.

i (2:) = w5 (2:) = ¢; ()

Hence,

0 < det ) . . )
Pg—2 (170) Pg—2 (xl) - Pg—2 ($g—2) Pg—2 (C)
Pg—1 (mO) Pg—1 (ml) -Pg-1 (xg—2) Pg—1 (C)
ho (wo)  ho(z1) - ho(zg-2) o (c)
| hi(zo) hi(zy) . hy(zg—2) ¢1(c)
= det

Po-2 (20) Bg_2 (21) . By (1g-2) 9y (¢)
0 0 : 0 Pg-1(c)

By the Laplace Theorem pertainig to determinants, we get

ho (zo) ho (1) - ho(z4-2) o (c)
hi(zo) ha(21) - hi(z4-2) #1(c)

0 < det )
hg—2 (o) hg—2 (z1) . hy—o (xg—z) Pg—2 c)
0 0 ) 0 wg-1 (c)
ho (o)  ho(z1) . ho(z4_2)
hl (l’o) hl (131) . hl ((L’g_Q) — gpgil (C) v A

= g1 (c) det . . ‘ _
hg—2 (o) hy—2 (1) - hg—2 (T4-2)
Therefore the two real numbers ¢,_; (¢) and A have same sign.

Since ¢, (¢) # 0 we deduce that

hg (IO) ho (.Il) . ho (Ig_g)

qot | (@) (@) . ha(z-0) 20,

hy-2 (30) hy—s (21) - hy2 (2,2)
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Hence the family {¢, ..., ¢,—1} is a Chebyshev system in C ([-1, 1]).
In the same way we can prove that it is a Chebyshev system in [—1, ] .
[ |

5.2 The frequencies of the optimal design

Once characterized the points x in supp &*, we characterize the values
of the £* (z) ’s.The following Proposition produces a sufficient condition
in order that the measure £* be optimal, which can be phrased as

;min, /[_171} (hgl (x) =D 5;h (1‘)) ¢ (d)

J=0
-2

= 53&191}2 /[—1,1] (hg_l = Z s (@) e

=0
for any ¢ in M, ([—1,1]). Uniqueness might not hold.

Proposition 10 (Kiefer-Wolfowitz) Let B (6*) be defined as in (11). If
&* is Chebyshev vector and £ (B (0*)) = 1 and if

g—2
/ (hg_l (x) — Zé;hj (x)) hi(z)&(dz) =0, fori=0,..,9—2,
[-1,1] =0

then ¢ is optimal.
Proof. Let £ € M, (|—1,1]) with £ (B (6*)) = 1. The hypothesis

2

/[_1 ; (hg—l (x) = > 57h; (;;;)) hi (z) € (dz) = 0,

J]=

for i =0, ...,g — 2, indicates that
g—2
hg-y (i) = Y 03hy ()
=0

is orthogonal to the linear space W generated by {hy,...,hg—2}. Thus
Z?;g 07h; is the orthogonal projection of i,_; on W. The inner product
is

<v,w>;:/ v (2)w (z) € (dx).
[_171]
By the minimal projection property
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- /[_1 n (hgl ()= 20t (I>) e
-y (hgl G (:%)) £ @)
TEsuppé j=0
> B Y &(7)
TEsuppé

J
o
> mi hg1(z) —
Z Iin, /[_171] ( g1 (@) =

g—2 2
> max  min / (hg_l ()= S 6h; (3:)) v (dz)
[_1’1] ]

veEMy([-1,1]) eR9—2

- éé%ig% /[1’1] (hg—l (z) — ;@hj (@) £ (dr) =1 A(£)

The measure v which appears in lines 5 and followings in the above
displays are arbitrary measures in My ([—1,1]).
Since by definition

g—2 2
: M8 e Mallo11)) seRa—2 /[_171] ( g-1(2) Z j J(l’)) v (dx)

- A(E) > A(6).

Hence A (§*) = A(§).
]

6 Identification of the optimal design

In this Section we provide an explicit solution for the optimal design and
prove its uniqueness.
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By the Borel-Chebyshev Theorem 4 there exist at least g points

Top < ... < ZTg-1

n [—1, 1] on which the best uniform approximation of h,_;, namely
Zg 2 0%h;, satisfies the following conditions

(@) — Z_:é}‘hj (2;) = (—1)' E.

We now see that there are exactly g points on which the function

hg1— 25— gé;h» equals E.

Since {hg, ..., hy—1} is a Chebyshev system the linear combination

Z aihi

=0

cannot have more than g roots in [—1, 1] . Hence the function

g—2
hg1— Y 03k
7=0

which is the absolute value of a linear combination of the Cheby-
shev system {hg, ..., h,_1} cannot have more than g roots. Therefore

g—
J=

g 07h;| cannot have more than g + 1 maximal values.

As seen previously the support of the optimal measure £* consists in
the points of maximal value in [—1, 1] for the function

g—2
hg1— Y 03h;
j=0

Applying the Borel-Chebyshev Theorem we now determine the sup-
port of &*.

Since F is known the support is the vector (x’{, ey T
the linear system

) which solves

g—2
() =Y 8k () = (1) B, i=1,....g.
7=0

We apply the sufficient condition provided by Kiefer and Wolfowitz
above, Proposition 10.
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This condition states that the values £* (z;), i =0, ..., g — 1, satisfy
the system

0 (gt (@) = 920 85k (1)) By () €° () = 0
r=20,..,9—2
In the x;’s it holds

E=lh,_

g—2
(i) = > 6hy (x
j=0

and

/ ( 25* ) )5 (dx)—(), fort=0,...,9 — 2.
[(—1,1]

Therefore

o:f<gl Zé* ) 2 € (1)

=EY (=1)'hy (2;) & (x;), forr=0,...,9 — 2.
i=0
The optimal extrapolation design {(z;,* (x;)) : ¢ =0,...g — 1} thus

solves

( hg—1 (w0) — Y925 0%hy (z0) = +E

[ X () hya (1) € (2) = 0
In practice we first evaluate 07 for 0 < j < g— 2 through (8). Note that

E is known by (10). The above system consits in 2g — 1 equations in the
2¢g unknown quantities {(x;,&* (z;)) : i =0,...g — 1} . Add the constraint

§ (20) + - + & (71) = 1
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to obtain a linear system with a unique solution.

The first g equations determine the nodes, by Borel Chebyshev The-
orem. The last g—1 ones determine the values of the n’s by the Proposi-
tion of Kiefer and Wolfowitz 10. Hence there is a unique optimal design
solving the minimal variance problem for the extrapolation.
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