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❘❡s✉❧ts ❛♥❞ Pr❡❞✐❝t✐♦♥s ♦❢ ■♠♣❡r❢❡❝t ❙tr❡ss
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❆❜str❛❝t

❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts r❡s✉❧ts ♦❢ ✸ ✐♠♣❡r❢❡❝t str❡ss r❡❧❛①❛t✐♦♥ t❡sts ❝❛r✲
r✐❡❞ ♦✉t ♦♥ r❡❝♦♥st✐t✉t❡❞ ❖♥sø② ❝❧❛② ✐♥ t❤❡ ❡❞♦♠❡tr✐❝ ❛♣♣❛r❛t✉s ❛s ✇❡❧❧
❛s ♣r❡❞✐❝t✐♦♥s ♠❛❞❡ ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜② ▼❛rt✐♥s ✭✶✾✾✷✮ ❛s ♠♦❞✲
✐✜❡❞ ❜② ❆❧❡①❛♥❞r❡ ✭✷✵✵✻✮✳ ❚❤❡ ♣r❡❞✐❝t✐♦♥s ♣r❡s❡♥t❡❞ ❤❡r❡✐♥ ✇❡r❡ ♠❛❞❡
✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ ❆❧❡①❛♥❞r❡ ❛♥❞ ▼❛rt✐♥s ✭✷✵✶✸✮ ✇❤❡r❡ t❤❡ s♦✐❧ ✈✐s❝♦s✐t②
❢✉♥❝t✐♦♥ ✇❛s ❛ss✉♠❡❞ t♦ ❢♦❧❧♦✇ ❛ ♣♦✇❡r ❧❛✇ ♦❢ t❤❡ str❛✐♥ r❛t❡ ❛♥❞ ❛❧s♦
❝♦♥s✐❞❡r✐♥❣ t❤❡ s♦✐❧ t♦ ♦❜❡② ❛ ❧♦❣❛r✐t❤♠✐❝ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥✳ ❈♦♠♣❛r✐✲
s♦♥ ❜❡t✇❡❡♥ ♣r❡❞✐❝t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇s t❤❛t s❛t✐s❢❛❝t♦r②
❛❣r❡❡♠❡♥t ✇❡r❡ ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ ✸ t❡sts✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r❡❞✐❝t✐♦♥s ✉s✐♥❣
t❤❡ ❧♦❣❛r✐t❤♠✐❝ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❡s
♠❛❞❡ ✇✐t❤ t❤❡ ♣♦✇❡r ❧❛✇ ❢✉♥❝t✐♦♥✳

✶ ■♥tr♦❞✉❝t✐♦♥

❆❧❡①❛♥❞r❡ ❛♥❞ ▼❛rt✐♥s ✭✷✵✶✸✮ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♣❤❡♥♦♠❡♥❛ ♦❢ t❤❡ ✐♠♣❡r❢❡❝t
str❡ss r❡❧❛①❛t✐♦♥ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ❝♦♠❜✐♥❡❞ r❡s✉❧t ♦❢ ❝r❡❡♣ ✐♥ t❤❡ s♦✐❧ ❛♥❞
t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❝t✉❛❧ r✐❣✐❞✐t② ♦❢ t❤❡ t❡st✐♥❣ ❡q✉✐♣♠❡♥t✳ Pr❡❞✐❝t✐♦♥s ♠❛❞❡ ❜② t❤❡
❛✉t❤♦rs ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜② ▼❛rt✐♥s ✭✶✾✾✷✮ ❛s ♠♦❞✐✜❡❞ ❜② ❆❧❡①❛♥❞r❡
✭✷✵✵✻✮ ❢♦r ❛ ✈❡r② s♦❢t ♦r❣❛♥✐❝ ❝❧❛② ❢r♦♠ ❇❛rr❛ ❞❛ ❚✐❥✉❝❛✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦ ✲ ❇r❛③✐❧✱
✉s✐♥❣ ❛ ♣♦✇❡r ❧❛✇ ♦❢ t❤❡ str❛✐♥ r❛t❡ ❢♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❝❧❛② ✇❡r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❜♦t❤ q✉❛❧✐t❛t✐✈❡❧② ❛♥❞
q✉❛♥t✐t❛t✐✈❡❧②✳ ❉❡s♣✐t❡ ♦❢ t❤❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝✉r✈❡s ✇❡r❡
s♦♠❡❤♦✇ s♠♦♦t❤❡r t❤❛♥ t❤❡ ♣r❡❞✐❝t✐♦♥s✳ ❖♥❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥s ❢♦r
t❤✐s ❞✐✛❡r❡♥❝❡ ✇❛s t❤❡ ❝❤♦s❡♥ ❢✉♥❝t✐♦♥✱ ❛ ♣♦✇❡r ❧❛✇ ♦❢ t❤❡ str❛✐♥ r❛t❡✳ ❆❧t❤♦✉❣❤
t❤✐s ❢✉♥❝t✐♦♥ r❡♣r❡s❡♥t❡❞ ✇❡❧❧ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r t❤❡ r❛♥❣❡ ♦❢ str❛✐♥ r❛t❡

∗P♦st✲❞♦❝t♦r❛❧ ❢❡❧❧♦✇ ♦❢ t❤❡ ❙❝❤♠❡rt♠❛♥♥ ❘❡s❡❛r❝❤ ▲❛❜♦r❛t♦r② ❛t t❤❡ ◆♦r✇❡❣✐❛♥ ●❡♦t❡❝❤✲
♥✐❝❛❧ ■♥st✐t✉t❡ ✭◆●■✮✱ ❣✐❧❜❡rt♦✳❛❧❡①❛♥❞r❡❅♥❣✐✳♥♦

†❆ss♦❝✐❛t❡ Pr♦❢❡ss♦r ❛t t❤❡ ❆❧❜❡rt♦ ▲✉✐③ ❈♦✐♠❜r❛ ■♥st✐t✉t❡ ❢♦r r❡s❡❛r❝❤ ✐♥ ❊♥❣✐♥❡❡r✐♥❣ ♦❢
t❤❡ ❋❡❞❡r❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❇r❛③✐❧ ✭❈❖PP❊✴❯❋❘❏✮
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♦❜s❡r✈❡❞ ✐♥ t❤❡ t❡sts ❛s ❛tt❡st❡❞ ❜② t❤❡ ❤✐❣❤ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ✭R2 = 0, 974✮✱
♣❡r❤❛♣s ❛ ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥ ❝♦✉❧❞ ♣r♦✈✐❞❡ ❛ ❜❡tt❡r ♣r❡❞✐❝t✐♦♥✳

❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts t❤❡ ❛♥❛❧②t✐❝❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡ ✐♠♣❡r❢❡❝t str❡ss r❡❧❛①✲
❛t✐♦♥ ♣❤❡♥♦♠❡♥❛ ✉♥❞❡r ❡❞♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ✉s✐♥❣ ❛ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ str❛✐♥ r❛t❡ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ♣♦✇❡r ❧❛✇ ❢✉♥❝t✐♦♥ ❛♥❞ ❝♦♠♣❛r❡s ✐t t♦
t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❡sts ❝❛rr✐❡❞ ♦✉t ♦♥ r❡❝♦♥st✐t✉t❡❞ ❖♥sø② ❝❧❛② ❛s ✇❡❧❧
❛s t♦ ♣r❡❞✐❝t✐♦♥s ✉s✐♥❣ t❤❡ ♣♦✇❡r ❧❛✇ ❢✉♥❝t✐♦♥ ❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❆❧❡①❛♥❞r❡ ❛♥❞
▼❛rt✐♥s ✭✷✵✶✸✮✳

✷ ❆♥❛❧②t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t

❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ t❤❡ str❡ss r❡❧❛①❛t✐♦♥ ♣❤❡♥♦♠❡♥❛ ✉♥❞❡r ❡❞♦♠❡tr✐❝
❝♦♥❞✐t✐♦♥s ✭❛❢t❡r t❤❡ ✏❡♥❞✑ ♦❢ ♣r✐♠❛r② ❝♦♥s♦❧✐❞❛t✐♦♥✮ ✉s✐♥❣ ❛ ♣♦✇❡r ❧❛✇ ❢✉♥❝t✐♦♥
♦❢ t❤❡ str❛✐♥ r❛t❡✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❆❧❡①❛♥❞r❡ ❛♥❞ ▼❛rt✐♥s ✭✷✵✶✸✮ ✐s✿

σ1 (t) =
P · lp − k ·

(

l2pr/ls
)

· xs

ls ·As

= σ
′

1sA + Eed ·
xs

Hs

+K ·

(

1

Hs

·

dxs

dt

)n

✭✶✮

❲❤❡r❡✿
σ1 (t) ✐s t❤❡ t♦t❛❧ ♥♦r♠❛❧ str❡ss ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ t❀
P ✐s t❤❡ ❞❡❛❞ ✇❡✐❣❤t ❛♣♣❧✐❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧♦❛❞✐♥❣ ❛r♠ ♦❢ t❤❡ ❡❞♦♠❡tr✐❝

❛♣♣❛r❛t✉s❀
lp✱ lpr ❛♥❞ ls❛r❡ ❞✐♠❡♥s✐♦♥s ❛s ❞❡✜♥❡❞ ✐♥ t❤❡ ✜❣✉r❡ ❜❡❧♦✇❀
k ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ♣r♦✈✐♥❣ r✐♥❣ ♦r ❧♦❛❞ ❝❡❧❧❀
As ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ Hs ✐s t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ s♣❡❝✐♠❡♥ ♦❢

t❤❡ s♦✐❧❀
Eed ✐s t❤❡ ❡❞♦♠❡tr✐❝ ♠♦❞✉❧✉s ❢♦r ❛ ❣✐✈❡♥ str❡ss r❛♥❣❡ ❛t t❤❡ ✈✐❝✐♥✐t② ♦❢ ♣♦✐♥t

❆ ✐♥ t❤❡ ✜❣✉r❡ ❜❡❧♦✇❀
σ

′

1sA ✐s t❤❡ s♦❧✐❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♥♦r♠❛❧ ❡✛❡❝t✐✈❡ str❡ss ❛t P♦✐♥t ❆ ♦❢ t❤❡
✜❣✉r❡ ❜❡❧♦✇❀

xs ✐s t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ t♦♣ s✉r❢❛❝❡ ♦❢ t❤❡ s♦✐❧ s♣❡❝✐♠❡♥ ✐♥
r❡❧❛t✐♦♥ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡❀ ❛♥❞

K ❛♥❞ n ❛r❡ t❤❡ ❝♦♥st❛♥ts ♦❢ ❛ ♣♦✇❡r ❧❛✇ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ str❛✐♥ r❛t❡
✭σ

′

v = K · ε̇n✱ ✇❤❡r❡ ε̇ ✐s t❤❡ str❛✐♥ r❛t❡✮✳
Fpr ✐s t❤❡ ❢♦r❝❡ ✐♥ t❤❡ ♣r♦✈✐♥❣ r✐♥❣✴❧♦❛❞ ❝❡❧❧✳
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❋✐❣✉r❡ ✶✿ ❆ ♣✐❝t✉r❡ ♦❢ t❤❡ s❡t✲✉♣ ♦❢ t❤❡ ✐♠♣❡r❢❡❝t str❡ss r❡❧❛①❛t✐♦♥ t❡st ✉♥❞❡r
❡❞♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ✐❞❡❛❧✐s❡❞ str✉❝t✉r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ♣❛t❤ ❢♦❧❧♦✇❡❞
✭❆❉✮ ❜② t❤❡ s♣❡❝✐♠❡♥ ❞✉r✐♥❣ t❤❡ str❡ss r❡❧❛①❛t✐♦♥ ♣❤❛s❡✳
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■❢ t❤❡ ♣♦✇❡r ❧❛✇ ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥ ❢♦r r❡♣r❡s❡♥t✐♥❣ t❤❡
✈✐s❝♦✉s ❢✉♥❝t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞✿

σ1 (t) =
P · lp − k ·

(

l2pr/ls
)

· xs

ls ·As

= σ
′

1sA + Eed ·
xs

Hs

+

[

B +A · ln

(

C

Hs

·

dxs

dt

)]

✭✷✮
❲❤❡r❡ A✱ B ❛♥❞ C ❛r❡ ❝♦♥st❛♥ts ♦❢ t❤❡ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥✳

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛❜♦✈❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s✿

xs =

(

A

E∗

)

· ln

(

1 +
E∗

· ẋs0

A
· t

)

✭✸✮

❲❤❡r❡✿

E∗ =
(

Eed

Hs

)

+ k
As

·

(

lpr
ls

)2

❀

ẋs0 =
(

Hs

C

)

· e

(

σ−σ
′

1sA
−B

A

)

✐s t❤❡ ✐♥✐t✐❛❧ ✈❡rt✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥ r❛t❡ ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ str❡ss r❡❧❛①❛t✐♦♥ ♣❤❛s❡✱ ❛♥❞

t ✐t t❤❡ t✐♠❡ s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ str❡ss r❡❧❛①❛t✐♦♥ ♣❤❛s❡✳

❆♥♦t❤❡r ❡q✉❛t✐♦♥ ♦❢ ✐♥t❡r❡st ✐s t❤❡ ♦♥❡ ❢♦r t❤❡ ✈❡rt✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥ r❛t❡✱
r❡♣r❡s❡♥t❡❞ ❜❡❧♦✇✿

ẋs =
ẋs0

1 +
(

E∗
·ẋs0

A

)

· t
✭✹✮

❈♦♠❜✐♥❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥s ✭✷✮✱ ✭✸✮ ❛♥❞ ✭✹✮ ❧❡❛❞s t♦ t❤❡ str❡ss ❞❡❝r❡❛s❡ ❞✉r✐♥❣
r❡❧❛①❛t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

σ1 (t) = σ
′

1sA+
Eed

Hs

·

(

A

E∗

)

·ln

(

1 +
E∗

· ẋs0

A
· t

)

+

{

B +A · ln

[

C

Hs

·

(

ẋs0

1 +
(

E∗
·ẋs0

A

)

· t

)]}

✭✺✮
❚❤❡ str❡ss r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ❝♦♠❡s t♦ ❛♥ ❡♥❞ ✇❤❡♥ t❤❡ ✈✐s❝♦✉s ❝♦♠♣♦♥❡♥t

❞r♦♣s t♦ ③❡r♦✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② ♠❛❦✐♥❣ t❤❡ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥ ❡q✉❛❧ t♦
③❡r♦✱ t❤❛t ✐s✿

B +A · ln

(

C

Hs

·

dxs

dt

)

= 0 ✭✻✮

❲❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♣r♦❝❡ss ✇✐❧❧ ♥♦t st♦♣ ❛t ❛ ✈❡rt✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥ r❛t❡
♦❢ ③❡r♦ ✭P♦✐♥t ❉ ♦♥ ❋✐❣✉r❡ ✶✮ ❜✉t ❛t ❛ ✈❡rt✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥ r❛t❡ ♦❢✿

dxs

dt
=

Hs

C
· e(−

B
A ) ✭✼✮

❚❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ ❛ ♠✐♥✐♠✉♠ ❞✐s♣❧❛❝❡♠❡♥t r❛t❡ ✐s ✐♥ ❢❛❝t ❛ s❤♦rt❝♦♠✐♥❣ ♦❢
✉s✐♥❣ ❛ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ✈✐s❝♦✉s ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡✛❡❝t✐✈❡ str❡ss❡s✳

✹



❆ ♠♦r❡ r❡❛s♦♥❛❜❧❡ ❛♥❞ ♣❤②s✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ❢✉♥❝t✐♦♥ ✇♦✉❧❞ ❜❡ ♦♥❡ s✐♠✐❧❛r t♦
t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥ ❜✉t t❤❛t ❛t t❤❡ s❛♠❡ t✐♠❡ ✇♦✉❧❞ ♣r❡s❡♥t ❛ ③❡r♦ ✈✐s❝♦✉s
str❡ss ❢♦r ❛ ③❡r♦ str❛✐♥ r❛t❡✳ ❍♦✇❡✈❡r✱ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥
❛❧❧♦✇s ❢♦r ❛♥ ❛♥❛❧②t✐❝❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❛t t❤❡ ❦❡②
♣❤②s✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤❡ str❡ss r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡
❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t♦ ✉s❡ ❛ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥ st❛rt✐♥❣ ❢r♦♠ ❛ ✈❡r② s♠❛❧❧
♣♦s✐t✐✈❡ ✈✐s❝♦✉s str❡ss ❛♥❞ ❛ ♣♦s✐t✐✈❡ str❛✐♥ r❛t❡ ❛♥❞ ❛♥♦t❤❡r ✭s✐♠♣❧❡✮ ❢✉♥❝t✐♦♥
❢♦r t❤❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥ ❛♥❞ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✐❝
❢✉♥❝t✐♦♥✳

❆♥ s❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ str❡ss r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ❛❝❝♦r❞✐♥❣ t♦
❊q✉❛t✐♦♥ ✭✺✮ ❛s ✇❡❧❧ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✉s✐♥❣ ❛ ♣♦✇❡r ❧❛✇
❢♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥ ✭❛s ♣r❡s❡♥t❡❞ ✐♥ ❆❧❡①❛♥❞r❡ ❛♥❞ ▼❛rt✐♥s✱
✷✵✶✸✮ ✐s ♣r❡s❡♥t❡❞ ❜❡❧♦✇✿

❋✐❣✉r❡ ✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ str❡ss r❡❧❛①❛t✐♦♥ t❡sts ❢♦r ♣♦✇❡r
❧❛✇ ❛♥❞ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥s✳

✸ P❛r❛♠❡t❡r ❆ss❡ss♠❡♥t ❛♥❞ Pr❡❞✐❝t✐♦♥s

❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss ❝❤❛♥❣❡ ✈❡r② ❧✐tt❧❡✱ t❤❛t
ẋs = ẋs0

1+

(

E∗
·ẋs0
A

)

·t
✱ ε̇ = ẋs

Hs
✱ ❛♥❞ ♠❛❦✐♥❣ C = 1✱ t❤❡♥ ❊q✉❛t✐♦♥ ✭✺✮ ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s✿

σ1 (t) = σ
′

1sA +B +A · ln (ε̇) ✭✽✮

✺



❚❤❡♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ❛ss❡ss❡❞ ❜② ♠❛❦✐♥❣ ❛ ♣❧♦t ♦❢ t❤❡
str❡ss ✐♥ ❛r✐t❤♠❡t✐❝ s❝❛❧❡ ① t❤❡ str❛✐♥ r❛t❡ ✐♥ ❛ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡✳ ■♥ s✉❝❤ ❛ ♣❧♦t✱
t❤❡s❡ ✈❛r✐❛❜❧❡s ♣r❡s❡♥t t❤❡♠s❡❧✈❡s ✐♥ ❛ str❛✐❣❤t ❧✐♥❡ ✐♥ ✇❤✐❝❤ t❤❡ ✐♥t❡r❝❡♣t ♦❢
t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐s t❤❡ s✉♠ ♦❢ B ❛♥❞ σ

′

1sA ❛♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤✐s ❧✐♥❡ ✐s ❆✳ ❖♥❡
❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ♣❧♦t✱ ♠❛❞❡ ❢♦r ❛ str❡ss r❡❧❛①❛t✐♦♥ t❡st ❢r♦♠ ✈❡rt✐❝❛❧ ❡✛❡❝t✐✈❡
str❡ss ♦❢ ✶✹✸ ❦P❛ ✐s s❤♦✇♥ ❜❡❧♦✇✿

❋✐❣✉r❡ ✸✿ P❧♦t ❢♦r t❤❡ ❛ss❡ss♠❡♥t ♦❢ ♣❛r❡❛♠❡t❡rs✳

❲✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡r❝❡♣t ❛♥❞ ❛ss✉♠✐♥❣ ❛ ❣✐✈❡♥ ✈❛❧✉❡
❢♦r σ

′

1sA✱ t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢B ❝❛♥ ❜❡ ❛ss❡ss❡❞✳ ❊✈❡♥ ✐♥ t❤❡ ❝❛s❡ t❤❛t ❞✐s♣❧❛❝❡♠❡♥ts
❛r❡ ♥♦t ♠❡❛s✉r❡❞✱ ❛♥❞ t❤❡r❡❢♦r❡ r❛t❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ♦r str❛✐♥ r❛t❡ ❛r❡ ♥♦r ❦♥♦✇✱
t❤❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❛ss❡ss❡❞ ❜② ♠❛❦✐♥❣ ❛ s✐♠✐❧❛r ♣❧♦t ♦❢ str❡ss ① ✈❛r✐❛t✐♦♥
♦❢ str❡ss ♦✈❡r t✐♠❡ ✭dσ

dt
✮ ✐♥st❡❛❞ ♦❢ r❛t❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ✭♦r str❛✐♥ r❛t❡✮✳ ❚❤✐s ✐s

♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢♦r❝❡ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥ts✱ ✇❤✐❝❤ ✐s
❛ss✉♠❡❞ t♦ ❜❡ ❧✐♥❡❛r✱ t❤❛t ✐s✱ F = k · x✳ ❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐s✿

σ1 (t) = σ
′

1sA +B +A · ln

(

As

k ·Hs

)

+A · ln (σ̇) ✭✾✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ✐♥t❡r❝❡♣t ✇✐❧❧ ❜❡ σ
′

1sA + B + A · ln
(

As

k·Hs

)

❛♥❞ t❤❡ s❧♦♣❡

r❡♠❛✐♥s t❤❡ s❛♠❡✱ A✳
■❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s ♦❢ t❤❡s❡ ♣r❡❞✐❝t✐♦♥s t♦❣❡t❤❡r ✇✐t❤ t❡st r❡s✉❧ts ♦♥ r❡✲

❝♦♥st✐t✉t❡❞ ❖♥sø② ❝❧❛② ❛r❡ ♣r❡s❡♥t❡❞ ❜❡❧♦✇✿

✻



❋✐❣✉r❡ ✹✿ Pr❡❞✐❝t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧t ♦♥ r❡❝♦♥st✐t✉t❡❞ ❖♥sø② ❝❧❛② ✲
❙tr❡ss r❡❧❛①❛t✐♦♥ ❢r♦♠ ✻✶ ❦P❛✳

✼
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Experimental data

Power law viscous function prediction

Logarithm viscous function prediction

❋✐❣✉r❡ ✺✿ Pr❡❞✐❝t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧t ♦♥ r❡❝♦♥st✐t✉t❡❞ ❖♥sø② ❝❧❛② ✲
❙tr❡ss r❡❧❛①❛t✐♦♥ ❢r♦♠ ✶✹✸ ❦P❛✳
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❋✐❣✉r❡ ✻✿ Pr❡❞✐❝t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧t ♦♥ r❡❝♦♥st✐t✉t❡❞ ❖♥sø② ❝❧❛② ✲
❙tr❡ss r❡❧❛①❛t✐♦♥ ❢r♦♠ ✷✽✸ ❦P❛✳

❆ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✐♠♣❡r❢❡❝t str❡ss r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ❞✉r✐♥❣ t❤❡
s❤❡❛r✐♥❣ ♣❤❛s❡ ♦❢ ❛ tr✐❛①✐❛❧ t❡st ✉s✐♥❣ ❛ ❧♦❣❛r✐t❤♠✐❝ ✈✐s❝♦✉s ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❆❧❡①❛♥❞r❡ ❛♥❞ ▼❛rt✐♥s ✭✷✵✶✸✮ ❜② s✐♠♣❧② ♠❛❦✐♥❣
lp = ls = lpr = 1 ✐♥ t❤❡ ❡q✉❛t✐♦♥s ❛❜♦✈❡✳

✹ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♠♣❡r❢❡❝t str❡ss r❡❧❛①❛t✐♦♥ ♣r♦✲
❝❡ss ❝♦♥s✐❞❡r✐♥❣ ❛ ❧♦❣❛r✐t❤♠ ❢✉♥❝t✐♦♥ ❢♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈✐s❝♦✉s ❝♦♠♣♦♥❡♥t ♦❢
t❤❡ ❡✛❡❝t✐✈❡ str❡ss❡s ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♣r❡❞✐❝✲
t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧t s❤♦✇s t❤❛t ❢♦r t❤❡ r❡❝♦♥st✐t✉t❡❞ ❖♥sø② ❝❧❛② t❤❡
❧♦❣❛r✐t❤♠ ❢✉♥❝t✐♦♥ ♣r❡❞✐❝ts ❜❡tt❡r t❤❡ str❡ss ❞❡❝❛② ♦✈❡r t✐♠❡ t❤❛♥ t❤❡ ♣♦✇❡r
❧❛✇ ❢✉♥❝t✐♦♥✳

✾



✺ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉r✳ ❏♦❤♥ ❙❝❤♠❡rt♠❛♥♥✱ Pr♦❢❡ss♦r ❊♠❡r✐t✉s
❛t ❯♥✐✈❡rs✐t② ♦❢ ❋❧♦r✐❞❛✱ t❤❡ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ♦❢ ◆♦r✇❛② ❛♥❞ t❤❡ ◆♦r✇❡❣✐❛♥
●❡♦t❡❝❤♥✐❝❛❧ ■♥st✐t✉t❡ ✭◆●■✮ ❢♦r t❤❡ s✉♣♣♦rt ✭✜♥❛♥❝✐❛❧ ❛♥❞ ♦t❤❡r✇✐s❡✮ ♣r♦✈✐❞❡❞
❞✉r✐♥❣ ❛ ♣♦st✲❞♦❝t♦r❛❧ r❡s❡❛r❝❤ ❢❡❧❧♦✇s❤✐♣ ❛t t❤❡ ❙❝❤♠❡rt♠❛♥♥ ❘❡s❡❛r❝❤ ▲❛❜✲
♦r❛t♦r②✳ ❚❤❡ ❛✉t❤♦r ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❙❙❙❙ ❛♥❞ ▲▲▲▲ ❢♦r t❤❡✐r s✉❣❣❡s✲
t✐♦♥s✱ ❝♦♠♠❡♥ts ❛♥❞ ❝r✐t✐❝✐s♠✳

✻ ❘❡❢❡r❡♥❝❡s

❆❧❡①❛♥❞r❡ ✭✷✵✵✻✮✱ ❈♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❯♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❯♥❞r❛✐♥❡❞
❈r❡❡♣✱ ❉✳❙❝✳ t❤❡s✐s✱ ❈❖PP❊✴❯❋❘❏✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❇r❛③✐❧ ✭✐♥ P♦rt✉❣✉❡s❡✮

❆❧❡①❛♥❞r❡✱ ●✳ ❋✳✱ ❛♥❞ ▼❛rt✐♥s✱ ■✳ ❙✳ ▼✳✱ ✭✷✵✶✸✮✱ ❙tr❡ss ❘❡❧❛①❛t✐♦♥ ❯♥✲
❞❡r ❱❛r✐♦✉s ❙tr❡ss ❛♥❞ ❉r❛✐♥❛❣❡ ❈♦♥❞✐t✐♦♥s✳ ❍❆▲ ✲ ❍②♣❡r ❆rt✐❝❧❡s ✐♥ ▲✐❣♥❡
✭❤tt♣✿✴✴❤❛❧✳❛r❝❤✐✈❡s✲♦✉✈❡rt❡s✳❢r✮

▼❛rt✐♥s✱ ■✳ ❙✳ ▼✳✱ ✭✶✾✾✷✮✱ ❋✉♥❞❛♠❡♥t❛❧s ♦❢ ❛ ❇❡❤❛✈✐♦r❛❧ ▼♦❞❡❧ ❢♦r ❙❛t✉✲
r❛t❡❞ ❈❧❛②❡② ❙♦✐❧s✱ ❉✳❙❝✳ t❤❡s✐s✱ ❈❖PP❊✴❯❋❘❏✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❇r❛③✐❧ ✭✐♥
P♦rt✉❣✉❡s❡✮
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