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Single point gradient blow-up on the boundary for a
Hamilton-Jacobi equation with p-Laplacian diffusion

Amal Attouchi and Philippe Souplet

Abstract

We study the initial-boundary value problem for the Hamilton-Jacobi equation
with nonlinear diffusion u; = Apu + |Vul? in a two-dimensional domain for ¢ >
p > 2. It is known that the spatial derivative of solutions may become unbounded
in finite time while the solutions themselves remain bounded. We show that, for
suitably localized and monotone initial data, the gradient blow-up occurs at a single
point of the boundary. Such a result was known up to now only in the case of linear
diffusion (p = 2). The analysis in the case p > 2 is considerably more delicate.
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1 Introduction

1.1 Problem and main result

This article is a contribution to the study of the influence of nonlinear diffusion on the
qualitative properties of equations of Hamilton-Jacobi type and, in particular, on the
formation of finite-time singularity. More specifically, we consider the following problem

u = Apu+ [Vuld, (z,y) € t >0,
u(x,y,t) = py, (x,y) € 8(2 t>0, (1.1)
u(z,y,0) = uo(z, y), (z,y) €

where A, denotes the p-Laplace operator, A, = V- (|Vu\p’2Vu). Throughout this paper,

we assume that p > 0 is a constant and that
q>p>2. (1.2)

For reasons that will appear later, we restrict ourselves to a class of planar domains €2
which satisfy certain geometric properties. We assume that, for some Ly, Ly > 0,

Q) C R? is a smooth bounded domain of class C?*¢ for some € € (0,1); (1.3)
2 is symmetric with respect to the axis = 0; (1.4)
Q C {y > 0} and Q contains the rectangle (—Ly, L1) x (0,2Ls); (1.5)
(2 is convex in the z-direction. (1.6)

In particular, by (L), 092 has a flat part, centered at the origin (0,0). Note that
assumption ([LE) is equivalent to the fact that QN {y = yo} is a line segment for each yp.
The initial data ug is taken in V,, where

V= {ug € CH(Q), ug > py in Q, ug=py on 90} .
We shall use the following notation throughout:
Qp ={(z,y) € Y = >0}.

For T > 0, set Qr = Q x (0,T), Sy = 90 x (0,T) and 9pQr = Sy U (Q x {0}) its
parabolic boundary.

Problem (L)) is well posed locally in time (see Section 2 for details), with blow-up
alternative in W5* norm. For brevity, when no confusion arises, the existence time of
its maximal solution u will be denoted by

T := Thaz(ug) < 0.

It is known (see [2, [15]) that global nonexistence, i.e. T < oo, occurs for suitably
large initial data (more generally, for problem (IL1]) in an n-dimensional bounded domain
with Dirichlet boundary conditions). Note that the condition ¢ > p is sharp, since the
solutions are global and bounded in W1 if 1 < ¢ < p (see [25, [15]). Since it follows



easily from the maximum principle that u itself remains uniformly bounded on @7, global
nonexistence can only occur through gradient blow-up, namely

sup |u] < oo and  lim ||[Vu(-, )]s = c0.

Qr t—T

This is different from the usual blow-up, in which the L norm of the solution tends
to infinity as t — T4, which occurs for equations with zero-order nonlinearities, such
as uy = Apu + u? (see [7, B]). The study of —L> or gradient— blow-up singularities,
in particular their location, time and spatial structure is very much of interest for the
understanding of the physical problems modelled by such equation, as well as for the
mathematical richness that they involve. The L* blow-up for the equation u; = Aju+u?
has been extensively studied, both in the case of linear (p = 2) and nonlinear (p > 2)
diffusion; see respectively the monographs [20] and [21] and the numerous references
therein.

As for equation (L) with p = g = 2, it is known as the (deterministic version of
the) Kardar-Parisi-Zhang (KPZ) equation, describing the profile of a growing interface
in certain physical models (see [I1]), where u then represents the height of the interface
profile. The case of p = 2 and ¢ > 1 is a more general model which was developed by
Krug and Spohn, aiming at studying the effect of the nonlinear gradient term on the
properties of solutions (see [12]). Our main interest in this paper is to study the effect of
a quasilinear gradient diffusivity on the localization of the singularities.

For the case of linear diffusion p = 2, various sufficient conditions for gradient blow-
up and global existence were provided and qualitative properties were investigated, such
as: nature of the blow-up set, rate and profile of blow-up, maximum existence time
and continuation after blow-up, boundedness of global solutions and convergence to a
stationary state. We refer for these to the works [T, 10, 23, 24, 20, [I7] and the references
therein.

The case p > 2 is far from being completely understood and fewer works deal with the
nonlinear diffusion. The large time behavior of global solutions in bounded or unbounded
domains has been studied in [16], 25| [15] [5, 4] 14]. Concerning the asymptotic description
of singularities, results on the gradient blow-up rate in one space dimension can be found
in [3, 26, 27]. On the other hand, in any space dimension, it is known [2] that gradient
blow-up can take place only on the boundary, i.e.

GBUS(UQ) C 89,

where the gradient blow-up set is defined by

GBUS(ug) = {xo € Q; for any p > 0, sup |Vu| = oo}
(QNBy(0)) X (T—p,T)

Moreover, the following upper bounds for the space profile of the singularity were obtained
in [2]:

|Vu| < C6 v and u < Céar1 in Qp, where d(z) = dist(x, 09), (1.7)

and they are sharp in one space dimension [3]. (Our nondegeneracy lemma [7.1] below
indicates that they are also sharp in higher dimensions.)
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It is easy to see, by considering radially symmetric solutions with €2 being a ball, that
GBUS(up) can be the whole of 9. A natural question is then:

Can one produce examples (in more than one space dimension)

when GBUS(ug) is a proper subset of 0f2, especially a single point 7

The goal of this article is to provide an affirmative answer to this question. Our main
result is the following.

Theorem 1.1. Assume (1.3)-(1.4).

(i) For any p € (0, Ly), there exists jig = io(p,q,$2, p) > 0 such that, for any p €
(0, o), there exist initial data ug in V, N C*(Q) such that the corresponding solution u

of (1) enjoys the following properties:

T := Thaz(ug) < 0o and GBUS(ug) C [—p, p] x {0}, (1.8)

u(-,t) is symmetric with respect to the line x =0, for all t € (0,T), (1.9)
u, <0 in Q4 x (0,7), (1.10)

uy > p/2  in Qr. (1.11)

(ii) For any such p and ug, we have
GBUS(up) = {(0,0)}.

A class of initial data satisfying the requirements of Theorem [LI] is provided in
Lemma below. We note that, in the semilinear case p = 2, a single-point bound-
ary gradient blow-up result was obtained in [I7]. Although we follow the same basic
strategy, the proof here is considerably more complicated. We point out right away that,
in view of property (L.IT]), the equation is not degenerate for the solutions under consid-
eration. However, since the essential goal of this article is to study the effect of nonlinear
diffusion on gradient blow-up, what is relevant here are the large values of the gradient
in the diffusion operator (rather than the issues of loss of higher regularity that would
arise from the degenerate nature of the equation near the level Vu = 0). It is an open
question whether or not single-point gradient blow-up can still be proved in the case
= 0. Actually, the lower bound (LII) on |Vu| is crucially used at various points of
the proof, which is already very long and involved, due to the presence of the nonlinear
— even though nondegenerate — diffusion term (see the next subsection for more details).

Section 2 is devoted to local in time well-posedness and regularity results. The proof
of Theorem [[.T] will be split into several sections, namely sections 3-7 for assertion (i) and
sections 8-10 for assertion (ii) (the latter uses also section 5). Finally, in two appendices,
we provide the proofs of some regularity properties and a suitable parabolic version of
Serrin’s corner lemma. Since the proof is quite long and involved, for the convenience of
readers, we now give an outline of the main steps of the proof.



1.2 Outline of proof

For sake of clarity, we have divided the proof into a number of intermediate steps, each
of which being relatively short (one or two pages, say), except for step (f), which involves
long and hard computations. For the convenience of readers, we outline the structure of
the proof.

(a) Preliminary estimates (Lemmas B.IH3.4): The symmetry in the variable z and
the decreasing property for x > 0 are basic features in order to expect single-point
gradient blow-up. Besides u being bounded, we also have boundedness of u;. Moreover,
for sufficiently small ;¢ and under a suitable assumption on ug, we show that u, > /2.
These bounds on u; and u, seem necessary in the very long calculations of the key step
(f) below. In turn, the positivity of u, guarantees that solutions are actually classical and
that D?u, D3u satisfy some bounds which seem also necessary to the argument, especially
in view of the application of the Hopf lemma and the Serrin corner lemma in step (g).

(b) Finite time gradient blow-up for suitably concentrated initial data (Lemma [A.T):
by using a rescaling argument and known blow-up criteria, we show that the solution
blows up in finite time provided the initial data is suitably concentrated in a small ball
near the origin.

(¢) Local boundary gradient control (Lemma [5.1]): if the gradient remains bounded on
the boundary near a given boundary point, then the gradient remains also bounded near
that point inside the domain, hence it is not a blow-up point. This is proved by a local
Bernstein type argument.

(d) Localization of the gradient blow-up set (Lemma [B.3)): if an initial data is suit-
ably concentrated near the origin, then the gradient blow-up set is contained in a small
neighborhood of the origin. This is proved by constructing comparison functions which
provide a control of the gradient on the boundary outside a small neighborhood of the
origin, and then applying step (c). One then constructs (Lemma [6.1]) initial data which
also fulfill the assumptions in (a) and (b). This ensures the existence of “well-prepared”
initial data and thereby completes the proof of assertion (i) of Theorem [I11

(e) Nondegeneracy of gradient blow-up (Lemma [[T]): if the solution is only “weakl
singular” in a neighborhood of a boundary point, then the singularity is removable.
More precisely, we show the existence of m = m(p,q) € (0,1) such that, for a given
point (xg,0) on the flat part of 99, if u(z,y,t) < c(z)y™ near (z,0) for ¢ close to T
then (z¢,0) is not a gradient blow-up point. In view of step (c), it suffices to control the
gradient on the boundary near the point (x¢,0). This is achieved by constructing special
comparison functions, taking the form of “regularizing (in time) barriers”.

(f) Verification of a suitable parabolic inequality for an auziliary function J, of the
form
J(x,y,t) = ugp + kxy "u®.

(Proposition[8]). This is the most technical step and gives rise to very long computations.
Those computations make use, among many other things, of the singular, Bernstein-type

n this context, the term “nondegeneracy” describes a property of finite-time singularities (like in,
e.g., Giga and Kohn [9]) and should not be confused with the notion of nondegenerate diffusion mentioned
after Theorem [LT]



boundary gradient estimate (L), obtained in [2]. They use the bound on u; and the
lower bound on u,, obtained at step (a) (it is not clear if the latter could be relaxed E)

We note that a similar function J was introduced in [I7] to treat the semilinear case
p = 2. The function in [I7] was a 2D-modification of a one-dimensional device from [0],
used there to show single point L> blow-up for radial solutions of equations of the form
uy — Apu = u? (for p = 2, see also [§] for p > 2). Although the ideas are related, the
calculations here are considerably harder than in [6], &) [17].

(g) Verification of initial-boundary conditions for the auxiliary function J in a small
subrectangle near the origin. This requires a delicate parabolic version of Serrin’s corner
lemma, which we prove in Appendix 2 (see Proposition [[T.T]).

(h) Derivation of a weakly singular gradient estimate near the origin and conclusion.
Steps (d) and (e) imply J < 0 by the maximum principle. By integrating this inequality
we obtain an inequality of the form u(z,y,t) < c(z)y* as y — 0, for each small z # 0
and some k > m. In view of step (e), this shows that (0,0) is the only gradient blow-up
point.

2 Local well-posedness and regularity

In this section we consider the question of local existence and regularity for problem (.TI).
Actually, we consider the slightly more general problem

w—Apyu = |[Vol! in Qrp, (2.1)
u = g onSr, )
u(-,0) = wo in Q, (2.3)

where the boundary data g and initial data wug satisfy:
g > 0 is the trace on 99 of a regular function in C**7(Q) for some v € (0,1)  (2.4)

and
ug € WH(Q), wuy >0, wuy=g on O (2.5)

A function w is called a weak super- (sub-) solution of problem (ZI)—([23) on Qr if
U(,O) Z (S) Ug n Q) U Z (S)g on ST?

u€ C(Qx[0,7))NLY0, T;WH(Q)), wu, € L*0,T; L*())

and the integral inequality

// utw+|Vu\p2Vu-dexdt2(§)// |Vu|%) dz dt

holds for all ¥ € C°(Qr) N LP(0,T; W'P(Q)) such that 1 > 0 and ¢y = 0 on Sp. A
function u is a weak solution of ([ZI))—(23]) if it is a super-solution and a sub-solution.

The following result was established in [2, Theorem 1.1] (actually in any space dimen-
sion).

2Tt seems that the constants in some of the key estimates there are nonuniform as g — 0%, which
prevents us to argue by a limiting procedure from the case p > 0.
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Theorem 2.1. Assume (L3) and ¢ >p—1>1. Let My > 0, let ug, g satisfy (2.4)-(2.5)
and ||Vuglloo < My. Then:

(i) There ezists a time Ty = Ty(p, q, 2, M1, ||gllc2) > 0 and a weak solution u of (2.1])—
Z3) on [0,Ty), which moreover satisfies u € L>=(0, To; WH>(Q2)). Furthermore, Vu
is locally Holder continuous in Qr,.

(i) For any T > 0, the problem 2.I)—-(2.3]) has at most one weak solution u such that
u € L=(0, 7; Whe(Q)).
(iii) There exists a (unique) mazimal, weak solution of (I3 in L2.([0,T); Wh(£)),

loc

still denoted by w, with existence time denoted by T = Taz(uo). Then

minug < u <maxug n Qr, (2.6)
9) Q

Vu is locally Holder continuous in Qr and

if T < oo, then limy_yr ||Vu(t)|le = 00 (gradient blow up, GBU).

Remark 2.1. We also have a comparison principle for problem (Z1)—(23)), c¢f. [2, Propo-
sition 2.1]. More precisely, if vi,vs € C(Qr) are weak sub-/super-solutions of (Z1)—(Z.3)
mn Qr, then

sup (v; — v9) < sup (v; — v9).

Qr QT

As one expects, the solution will possess additional regularity if we know that |Vul|

remains bounded away from 0. This is made precise by the following result, which is a
consequence of regularity theory [I3], [I§] for quasilinear uniformly parabolic equations.
However, for completeness, we provide a proof in Appendix 1.

Theorem 2.2. Under the assumptions of Theorem[Z21], suppose also that infg, |Vu| > 0.
(i) Then w is a classical solution in Qr and

ue CH (@ % (0,7)). (2.7)

loc

for some a € (0,1).
(i) Moreover,

Vu € CHPP20 % (0,T)). (2.8)

loc

for some 5 € (0,1).
(#i) If the boundary conditions in (Z2)) depend only on y, then

uy € CEPIPRQ (0, T)). (2.9)

loc

for some 5 € (0,1).



3 Preliminary estimates: z-symmetry, lower bound
on u, and bound on v,

Notation. Throughout the paper, we shall use the summation convention on repeated
indices, in expressions of the form a;ju;; or a;;u;u;. Also, the letter C' will denote positive
constants which may vary from line to line, and whose dependence will be indicated if
necessary.

Lemma 3.1. Let p >0 and up € V,,. Assume

ug s symmetric with respect to the line v = 0, (3.1)
ag;uo S 0 Q+.

Then we have
u(z,y,t) > py in Qr. (33)

and properties (1.9)-(1.10) are satisfied.

Proof. Property (L9) is a direct consequence of ([B.I]) and the local-in-time uniqueness.
Due to the assumption ug € V,,, v = uy is a subsolution of (I.1]). This implies (33]).
To prove (LI0), fix h > 0 and let

ur =u(x£hy,t) for(z,y) € Qy:={(z,y) € U (z+h,y) € Q} and t € (0, 7).

Owing to (L4)) and (I.6]), we see that (z — h,y) € Q for all (z,y) € Q4, so that u_ is well
defined. The functions uy are weak solutions of (L1l); in Q5 x (0,7"). Also uy < u_ at

t =0, due to (BI)-B2) and (L6]).
Let (z,y) € 0Qp. If x = 0, then uy(z,y,t) = u(h,y,t) = u(—h,y,t) = u_(x,y,t)
by (L9). If x > 0, then (z + h,y) € 02 as a consequence of (x,y) € 9, and (L6]). So,

by [B.3]), we have
U+($‘,y,t) = u(x + hvyat) = Ky S u_(ZL' - hvyat)

We deduce from the comparison principle that u, < wu_ in € x (0,7), which im-

plies (LI0). O
Our next lemma provides a useful supersolution of problem (I.TJ).

Lemma 3.2. For 0 < p < Ly, denote 3, = [—p/2,p/2] x {0} and ¥, = 02\ ((—p, p) X

{0}). There exist g = po(p, q, 2, p) > 0 and a function U € C2(Q), depending on p,q, p,
with the following properties:

U>0 onQUX,, (3.4)
U=0 on¥, (3.5)
Uyl <1/2  inQ (3.6)

and, for all 0 < p < po, the function U = p(y + U) satisfies

— AU > |VU|* in Q. (3.7)



Proof. Fix a nonnegative function ¢ € C*(R?) such that ¢ =1 on ¥, and ¢ = 0 on X/,

We shall look for U under the form U = ¢V, ¢ > 0, where V € C?(Q) is the classical
solution of the linear elliptic problem

V=¢ on 0f). (38)

Note that V' > 0 in ) by the strong maximum principle which, along with the boundary
conditions in ([B.8), will guarantee 3.4)-B.H). Let U = p(y + U). Assume 0 < € <
1/(||Valloo + 2||Vyllso), which implies ([B.8)), as well as |1 +¢V,| > 1/2 and |VU| < 2u. To
check ([B1), we compute:

i 0,00,
AT = VTP 2[AU—|—(p—2) |VIJJPJ]

(eVe)*Viw +2(eVe) (1 + V) Vi + (1 + em%]
(L+eVy)? + (eVa)?
(eVe)2 (Ve — Vi) + 2(eVi) (1 + sV;,)V;y}
(1+eVy)? + (eVa)?

= pel VUL | Vaw + Vi + (0 = 2)

= pe|VUP 2 | Vew + (p = DVyy + (p = 2)

< pe|VUP—2 140y Ce]

in 2, with €' > 0 depending only on {2, p, p jthrough V). We may then choose ¢ depending
only on ©, p, p, such that —A,U > £|VU[P~2. Next, since ¢ > p, for any pu < o with
to = to(p, q, 2, p) > 0 sufficiently small, we have

—A,0 = L vOpt > W;M\vmq > |V in Q.

0

Based on Lemma[3.2], we construct a class of solutions such that u, satisfies a positive
lower bound.

Lemma 3.3. Let 0 < p < Ly and let po, U be given by Lemma [33.  Assume that
0<p< g and ug €V, satisfy

uo(®,y) < (Y + X prapx012)) D, (3.9)
with ¢ = c(p, q,2, p) > 0 sufficiently small.
(i) Then u < U in Qr.
(i) Assume in addition that
Oyug > /2 in L. (3.10)

Then
Oyu > (/2 in Qr. (3.11)

10



Proof. (i) Let U = pu(y + U) be given by Lemma From (B.4), we know that

min
[—p/2,0/2]x[0,L2]

Under assumption ([3.9), we thus have ug < U in Q. Since u = py < U on Sp, we infer
from the comparison principle that « < U in Q7.

(i) Set &y = /2, fix h > 0 and let Q, = {(z,y) € Q; (z,y + h) € Q}. We observe
that
uy = u(z,y,t) +dh and uy:=u(z,y+ h,t)

are weak solutions of (ILI)); in Qpn x (0,7).
Let (z,y) € 0Qy,. If (z,y) € 09, then, by ([B.3]), we have
uz(w,y,t) = w(z,y +h,t) = ply + h) = u(z,y,t) + ph = u(z,y,t).
Otherwise, we have (7,y) € Q and (x,y + h) € 9. So there is a minimal h € (0, h] such
that (z,y + h) € 09. By the mean-value inequality, it follows that, for some 6 € (0, 1),
where we used (3.6). Therefore, U(x,y) < u(y + h/2), hence

— h
u(eyy+hot) = ulw,y,t) = ply + h) = U(ay) = 5.

We have thus proved that .
Uy > u;  on 0§Y,. (3.12)

On the other hand, using (B10) and the fact that ug = py on 0€2, it is not difficult to
show that y — wug(x,y) — dpy is nondecreasing in 2. (Note that in case €2 is nonconvex,
this is not a mere consequence of (B.10) alone). It follows that

u(x,y+ h,0) > u(z,y,0) + doh  in Q. (3.13)

Owing to (3.12)-([3.13), we may then apply the comparison principle to deduce that uy >
uy in 2y x (0,T). Since h is arbitrary, the desired conclusion ([BIT]) follows immediately.
U

Assuming that ug is sufficiently regular, we also get an estimate on the time derivative.
Lemma 3.4. Let > 0 and assume that ug € V,, N C*(Q2). Then
|ut\ < C~'1 = ”APUO + |VU0|qHOO m QT- (314)

Proof. Tt is easy to see that vi(z,y,t) := ug(x,y) £ Cit are respectively super- and
sub-solution of (ILT]) in Q7. The comparison principle implies that

UO(I’, y) - C~1175 S u(x,y,t) S UO(fE, y) + C~1175 n QT- (315)

Now fix h € (0,T) and set wy(z,y,t) = u(z,y,t + h) = C1h. By (BIH), we have
w_(z,y,0) < up(z,y) < wy(z,y,0) and it follows that w. are respectively super- and
sub-solution of (1)) in Q7_,. By a further application of the comparison principle, we
deduce that 3

\u(x,y,t+ h) o u(:c,y,t)\ <Cih in QTfh-

Since h is arbitrary, we conclude by dividing by A and sending A — 0. O

11



4 Finite-time gradient blow-up for concentrated ini-
tial data

In this section, by a rescaling argument, we show that the solution of (LI]) blows up
in finite time provided the initial data is suitably concentrated in a small ball near the
origin. For such concentrated initial data, under some additional assumptions, we will
show in section 6 that the gradient blow-up set is contained in a small neighborhood of
the origin.

The following lemma shows in particular that gradient blow-up may occur for initial
data of arbitrarily small L>-norm (but the W1* norm has to be sufficiently large). We
note that we do not assume (B.I0) here, so that in the proof, we work only with weak
solutions (in particular, we cannot use the continuity of Vu up to the boundary).

Lemma 4.1. Let k = (¢ —p)/(¢ —p+ 1). There exists C; = C1(p,q) > 0 such that, if
e € (0,min(Ly, Ly)), > 0 and ug € V,, satisfies

Uo(l’, y) > Clgﬁ in B€/3(07€) C Q> (41)
then Tpaz(ug) < 00.

Proof. We denote B, = B,(0,0) C R? for r > 0. Fix a radially symmetric function
h € C3°(By), h > 0, such that supp(h) C By/3 and ||h|| = 1. We consider the following
problem
v — Ay = | Vol r€ By, t>0
v(z,y,t) =0, r€0By, t>0 (4.2)
v(x,y,0) =vo(z,y) = C1h(z,y), x € Bj.
We know from [2, Theorem 1.4] that there exists Cy = Cy(p, q¢) > 0 such that if ||vg|/,r >
Co, then T4 (v9) < co. Therefore, if we take C; = Ci(p,q) > 0 large enough then Vo

blows up in finite time in L* norm.
Next we use the scale invariance of the equation, considering the rescaled functions

£y o T y—e t
vel@ g, t) =€ | ST = e )

Pick € € (0, min(Ly, Ly)) and denote B. = B.(0,¢), which is included in (2 and tangent
to 9Q at the origin. Set T, = @1/ . (v5) and T, = min(Tpee(uo), Tt). We
shall show that, for each 7 € (0,T),

IV ellze(ar) < max([[V0:(:,0) o, [Vl ze ) (4.3)

Since gradient blow-up occurs in finite time 7} for v., this will guarantee T},,q, (1) < T: <
0.

First observe that v, solves ([@2) in B. x (0, T.), with initial data v.(, y,0) < wg(z,y),
due to (&I)). It follows from the comparison principle that v. < u in B, x (0,7;). In
particular, for each h € (0,¢) and ¢ € (0,T%), since u(0,0,¢) = 0, we get that

ve(0, h, t) < u(0, h, t)
h - h

< [Vl )]s (4.4)
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We shall next show that the first quantity in ([d4]) can be suitably bounded from below
in terms of the sup norm of V..

Fix h € (0,¢) and let B" := B.(0,& — h) Since v(z,y,t) := v.(x,y + h, 1) is a solution
of (4.2)) in B, it follows from the comparison principle (see Remark 2.I)) that, for any

0<7<Ty,

sup |Ue($>?/+h,t) —’Ua(i’,y,t)|
(Beﬁég)X(Oﬂ')

(4.5)
< max <~SUII~) |vg(x,y,0)—v€(x,y,0)|, _ S}lp |’U?<.§L’,y,t)—’l]€(ﬂf,y,t)|> :
B:nBh A(B-NBL)x(0,r)
We claim that, for any 0 < ¢t < T,
sup |0z, y,t) — ve(m,y, 1) < v(0, h,t). (4.6)

d(BNBY)
First consider the case (z,y) € B.. Then ||(z,y+h) — (0,£)|| > [|(0, k) — (0,¢)]|, due to
P4 (y+h—e)P—(h—elP=ec>-(y—e)?+@y+h—e?—(h—e)>=2hy>0.

Since v, is radially symmetric and non-increasing with respect to the point (0,¢), we
deduce that

lve(z,y + h,t) —ve(x,y,t)| = ve(z,y + h,t) <0 (0, h,t).

Next consider the case (x,y) € 03? that is, (z,y + h) € OB.. Then |(z,y) = (0,¢)| >
1(0,h) = (0,€)]|, due to

P y—eP—(h—e)lP=e—(y+h—e)iP+y—ecP—(h—e)?=2h(2—h—y)>0.

Therefore, |v.(z,y + h,t) — ve(x,y,t)| = ve(x,y,t) < v-(0,h,t), and the claim (0] is
proved.

Now fix y € [0,¢). It follows from (44)-(6]) that, for each 0 < h < & —y and
0<t<t<Tl,

|'U6(07 ) + ha t) - 'Ua(oa Y, t)|
h

S max(HVUJy 0)”007 ”quLOO(QT)>

hence, letting h — 0,
10,0:(0,0)] < max V(- 0) o | V101 ).

For each 0 < 7 < T., taking supremum over y € [0,¢) and ¢ € (0,7) and using the fact
that v, is radially symmetric, we obtain (£3)). This concludes the proof of the lemma. [
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5 Local boundary control for the gradient and local-
ization of the gradient blow-up set
For simplicity we shall here assume (3.9) and (3.10), so as to have the continuity of Vu

up to the boundary (although one might possibly relax this assumption at the expense
of additional work).

Lemma 5.1. Let p, i, ug be as in Lemma [3.3(ii) and let (xg,yo) € OS2 If there exist
My, R > 0 such that

|Vu| < M, in (Br(xo,y0) N ON) X [0, Trax (o)), (5.1)
then (xo,y0) is not a gradient blow-up point.

The proof is based on a local Bernstein technique. For (x0,%0) € 02, R > 0 and given
a € (0,1), we may select a cut-off function € C?*(Bg(xo, o)), with 0 < n < 1, such that

n=1 on Bgry(zo, o), n =0 on dBg(zo, o)
and

V| < CR™'n™

on Bgr(zo, yo), 5.2
|D?n| + 07| Vn|* < CR*n® } &(T0:40) (5:2)

where C' = C'(a) > 0 (see e.g. [24] for an example of such function). Also, for 0 < ¢y <
T < T = Thax(up), we denote

Q2 r = (Br(zo, yo) N Q) X (to, 7).

For the proof of Lemma B, we then rely on the following lemma from [2] (cf. [2]
Lemma 3.1]; it was used there to derive upper estimates on |Vu| away from the bound-

ary).
Lemma 5.2. Let p > 0 and ug € V,,. Let (zo,y0) € 00, R > 0,0 <ty <7 <T and

choose o = (q+1)/(2g — p+2). Denote w = |Vul®> and z = nuw. Then z € C*(Q*f)
and satisfies the following differential inequality

2q9—p+2
Lo+ 023 <y (Huf HOO) © 4+ GRTE, (5.3)
0
where C; = Ci(p,q) > 0,
Lz=z—Az—H Vz, (5.4)
Az = |[VulP2Az + (p — 2)|VuP~4(Vu)! D22 Vu, (5.5)
and H is defined by
o p— - 2 - 4 P— q9—
H:=|(p-— 2)wT4Au + %w%VU -Vw + quQ Vu
— 2 p—4
+ pTwTVw. (5.6)
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Proof of Lemma[5dl. Let to =T/2 <7 < T and set

M = sup [[Vul|;« < o0.
0<t<to

By Lemma B.3(ii) and Theorem 2.2, we know that Vu is a continuous function on Q x
(0,7), hence z € C(Q’;‘?R). Therefore, unless z = 0 in QtT(jR, z must reach a positive

maximum at some point (x1,y1,t1) € QtTO - Since
z=0 on (8BR(x0,y0) ﬂﬁ) X [to, T], (5.7)

we deduce that either (xy1,y1) € Br(zo,y0) N or (x1,y1) € Br(zo, yo) N OS2
o If t1 = to, then
21, y1, 1) < [[Vulty) | < M7, (5.8)

o Ifty <ty <7 and (v1,y1) € Br(zo,yo) NOQ, then, by (5.1,
(w1, 41, 1) < Mg (5.9)

e Next consider the case ty < t; < 7 and (x1,11) € Bgr(zo,y0) N Q. Then we have
Va(xy,y1,t1) = 0, z(x1,y1,t1) > 0 and D?*z(zy,y1,t;1) < 0, and therefore £z > 0.
Using (5.3) we arrive at

29—p+2

) LGRS

C2Z(x17y17t1)2q_;+2 < Cs (Hug”m
0

that is,

\/ Z(l’l,yl,tl) <C (%) ’ + CRiq’lthl =: My > 0. (510)
0

It follows from (B.7)-(5.10) that
max z < M??, with M3 — Imax {M(], M17 MQ}

to
QT,R

Since z = |Vul? in (Bgya(z0,y0) N Q) X (to, 7) and 7 € (to, T) is arbitrary, we get
[Vu| < Ms in (Bgj2(zo, yo) N Q) X (to, T),
and we conclude that (zg,yo) is not a gradient blow-up point. O

By combining Lemmas and 0.1l we can now easily obtain a class of initial data
whose possible gradient blow-up set is contained in a small neighborhood of the origin.

Lemma 5.3. Let p, j1, ug be as in Lemma[3:3(ii). Then GBUS(ug) C [—p, p] x {0}.

Proof. Denote again %, = [—p/2,p/2] x {0} and ¥ = 0Q\ ([—p, p] x {0}). In view of
Lemma [5.1], it suffices to show that

sup |Vu(x,y,t)] < oo. (5.11)
(z,y)exs,, te(0,T)
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But (5.11)) easily follows from a comparison with the function U provided in Lemma[3.2l
Indeed, under the assumptions of Lemmal[3.3](i), we already know that u < U in Q. Also,
u=py="Uon ¥, x(0,T). From this, along with (3.3), it follows that

U <du<pdy onX, x(0,7). (5.12)

From (5.12) and (L1, we get
|Vu|?> < p? +10,ul* < C on ¥ % (0,7),

hence (B.IT]), and the lemma is proved. O

6 Existence of well-prepared initial data: proof of
Theorem [1.1](i)

We need to construct initial data meeting the requirements from sections 3-5. This will

be achieved in the following lemma. Let us fix an even function ¢ € C*°(R) such that
s¢'(s) <0, with

1 fors| <1/3

o= { (6.1)

0  for |s| >2/3.

Lemma 6.1. Let k = (¢—p)/(¢g—p+1) and let Cy = Cy(p,q) > 0 be given by Lemmal[{.1].
For e € (0,min(Ly, Ly /2)), define

@(y;€> for0<y<e
ber) =3 5,5, (6.2
("5)

Jory>e
and let uy be defined by

. (T
uo(x,y) = py + Cre @(g)we(y)-
Next fix 0 < p < Ly and let pg = po(p, q,2,p) > 0 and ¢ = ¢(p,q,8, p) > 0 be given by
Lemmas[33 and[33. For any u € (0, pol, there exists eg = eo(p, q, 2, 1, p) > 0 such that,
for all € € (0,¢0), the function ug € V,, and satisfies

ug s symmetric with respect to the line x = 0, (6.3)
Opug <0 in Q. (6.4)
Oyug > p/2  in €, (6.5)
wo(2,y) < (Y + CX(—pj2p/2)x(0,12)) 0 K2, (6.6)
up(x,y) > Cie™ in B.3(0,¢) C . (6.7)
Proof. Assume ¢ < min(Ly, Ly/12). Then
ve(y) =0 fory ¢ [5, 2 (6.8)
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(indeed, y > 222 implies Y= >  — {4 = 2) and therefore ug € V,. Properties (6.3)-(6.4)
are clear by the choice of ¢.
To check (6.3), we note that

Oyuo = ft+ Cla“w(g)wé(y)-

For 0 <y <e, we have ¢.(y) > 0, hence dyug > p. Whereas, for y > ¢, we have

Vi(y) = Ly ((y — €)/L2) > =Ly '|¢'|loos
hence
Oyug > 1 — Cre"Ly ||| oo > 11/2

whenever € < 1Ly /(2C1||¢||0o)-

As for ([6.6]), if Cie® < pc and € < p/2, it immediately follows from ¢,1. < 1 and
supp(y) C (—1,1). Finally, since p(z/¢) = 1 for |z| < e/3 and ¢.(y) = 1 for |[y—¢| < £/3,
we have (6.7). The lemma is proved. O

Proof of Theorem[1.1(i). Let u and ug be as in Lemma [6.1]
e The fact that T4, (ug) < oo follows from Lemma FT1
e Next, we have GBUS(ug) C [—p, p] x {0} as a consequence of Lemma 5.3
e Properties (LI)-(LI0) follow from Lemma [3.1]
e Finally, property (LII) is a consequence of Lemma [B.3((ii).
This proves the assertion. O

7 Nondegeneracy of gradient blow-up points

In this section, we show that if u is only “weakly singular” in a neighborhood of a
boundary point (z¢,0), then the singularity is removable.

Lemma 7.1. Let p, pi,ug be as in Lemma [33(ii) and let xog € (—Ly, Ly). There exist
co = ¢co(p, q) > 0 such that, if ug € V,, with T := T4 (ug) < 00 and

u(z,y) < oyt PPt in (Br(wo,0) N Q) x [to, T), (7.1)
for some R >0 and ty € (0,7T), then (x¢,0) is not a gradient blow-up point.

Proof. Let xq € (—Ly, Ly). Then for some constants r € (0, R) and d € (0, Ly), we have
that
wi = {(z,y) € R* |z —zo| <7, 0 <y <d} C Bg(zo,0)N €.

Setting 5 =1/(¢ — p+ 1), we define the comparison function
v=uv(z,y,t) =ecyV > in Q:=wy x (to,T)

with
V:y+?7(7’2— (.T—SL’Q)2) (t—to),

where 7,¢ > 0 are to be determined later. We compute, in @,

v = —eBny(r® — (z — 20)*)V ",
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v, = 2eBny(z — 3)(t — to)V P,

v, =V P —eByV Pt =V P [1 - 5%},

Uee = 2ePny(t—to)V T —deBnPy(x — x0)*(t — to)* (=5 — V2

= 258t — 1)V " [y + 28+ Ll — 20)*(t — to)

vy = =26V P 4L eB(B+ 1N)yV P2 = cpV P71 [—2 + (B + 1)%],

vay = 2eBn(x —ao)(t —to)V I = 25B(8 + Vny(w — x0)(t — to)V 7
= 258w —20)(t — )V P 1= (B+ 1))

Noting that § < 1 and % < 1, we see that, in @,

0 < vy < 2eB0T(d+2(B+ Vpr*T) V21, [Vay| < 26BrTV P71

and
vy, < eB(B -1V <.

It follows that
A = Vo2 Av+ (p— 2)%} < V0P [(p = 1)ogs + vy + (p — 2) [0 ]
< eB|Vopy At [2(p — DT (d+2(8 + V)pr®T) + (8 — 1) + 2(p — 2)an} .
On the other hand, we have
Vol > oy 2 e(1 = B)VTF = e(1 = B)(d +0Tr?) 7,
hence
v > —eBndr?V Pl > —eB|Vyp-2y AL [ndr2 (1= B)e)* ™ (d+ nTﬁ)@—?W]
Therefore,
vy — Apv > eB| V[P 2V A7 x [ —ndr® (1 — B)e)* 7P (d + nTr?) P28
—2(p —UnT(d+2(8+ 1)nr’T) —2(p — 2)nrT + (1 — 6)} :

Since also
fvo| < 2B TV, [, < eV,

if we choose n = n(p,q,d,r,T,e) > 0 small enough, we get that, in Q,

V| < 2eV 7
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and

€
AN

6(12_ B) |Vv|p72vfﬁfl’

hence

s -5

A1 —B)
2 4

v — Ay > S Volr=2(2e)" W) F = (2e)7F Vo),

due to f=1/(q—p+2). If e = e9(p, q) > 0 is small enough, we thus obtain
v — Ayu > Vol (7.2)
Now we shall check the comparison on the parabolic boundary of w; X (ty,7'). On
w1 X {to}, choosing ¢y = 27 P&y, we have
uw< oyt =27yt P <. (7.3)

On the lateral boundary part {(z,y) € R? |x — zo| = 7,0 <y < d} x (to,T), inequality
(T3) holds also. On the surface {(z,y) € R* |z —xo| <r,y =0} C 9N, we have for
to<t<T,

u(ey . t) =v(,.,t)=0

Finally, on {(z,y) € R%* |z — zo| < r,y = d} X (to, T), assuming in addition that 7 satisfies
n < dTl'r=2 we get
u<cod P < god(d + ?77’2T)’5 < v.

Using the comparison principle, we get that
u<wv in wy x (to, T). (7.4)

This implies that
luy| < & (n(r = |z — o)t — 1)) " < Mo

on (B, /2((70,0)) N oY) x ((to+T)/2,T) for some constant My > 0. Lemma [ Tlis then a
direct consequence of Lemma [5.1] O

8 The auxiliary function J and the proof of single-
point gradient blow-up

In all this section, we fix p, z; with

and we assume that p and ug € V,NC? (Q) satisfy the assumption of Theorem [LJ(ii) i.e.,
the corresponding solution of (L)) fulfills properties (L.8)-(LII). We denote as before
T = Tmax(uO)-

We consider the auxiliary function

J(z,y,t) == uz + c(z)d(y) F (u),
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with

F(u) = u®,

clx) = kuz, k>0,

dy) =y
and

l<a<l4+q—p, 7= (1-20)(a—1), (8.2)

where

0co<c— b (8.3)

20¢—p+1) '

is fixed. Letting
D = (0,1’1) X (O,yl),

our goal is to use a comparison principle to prove that
J <0 inDx (T/2,T),
provided o > 1 is chosen close enough to 1 (hence making v > 0 small) and y; € (0, L)

and k > 0 are chosen sufficiently small.

8.1 Parabolic inequality for the auxiliary function J
By the regularity of u (see Theorem 2.2)), we have
J € C*(Qr).
A key step is to derive a parabolic inequality for J. To this end, we define the operator
PJ = J, — |[VulP2AJ — (p— 2)|VulP " (D*J Vu, Vu) + H - VJ + AJ, (8.4)

where the functions H = H(z,y,t) and A = A(z,y,t) are given by formulae (9.9)-(@.12)

below.

Proposition 8.1. Assume (81), (83) and let p,uo satisfy the assumption of Theo-
rem [L1)(ii). There exist o,y satisfying (83), y1 € (0, Ly) and ko > 0, all depending only
on p,q, 2, w, ||uollcz, o, such that, for any k € (0, ko], the function J satisfies

PJ<0  inDx(T/2,T). (8.5)
Moreover,
H,AeC(Dx(0,T)) and A€ L>*(Dx(T/2,7)) foreachT e (T/2,T). (8.6)

The proof of Proposition B.1]is very long and technical. In order not to disrupt the

main line of argument, we postpone it to section 9 and now present the rest of the proof
of Theorem [LINii).
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8.2 Boundary conditions for the auxiliary function J

The verification of the appropriate boundary and initial conditions for the function J
depends on an essential way on the applicability to u, of the Hopf boundary lemma at
the points (x1,0) and (0,%1), up to ¢ = T. To this end, besides the nondegeneracy of
problem ([ILT]), guaranteed by (L1II), we also need the following local regularity lemma,
which ensures that D?u remains bounded up to ¢t = T' away from the gradient blow-up
set.

Lemma 8.2. Let p € (0, L) and let i, ug satisfy the assumption of Theorem[L1(ii). Let
W Cw CQ be such that dist(w',Q\ w) >0 and ty € (0,T). If
sup |Vu| < oo,
wx(0,T)

then

sup |D?%u| < .
w' X (to,T")

Proof. Introduce an intermediate domain w” with w’ C w” C w, such that dist(w”, Q\w) >
0 and dist(w’, 2\ w”) > 0. Write the PDE in (L)) as
—V - (|V]P2Vu) = |[Vu|? — u;.

Using |Vu| > 0,u > p/2 (cf. (LII])) and the boundedness of u; in Q7 (cf. Lemma [3.4), it
follows from the elliptic estimate in [I3] Theorem V.5.2] that there exists § € (0,1) such
that

||Vu(-,t)||ce@~) < C, t0/2 <t<T.

The boundedness of u; in Q7 and the interpolation result in [13, Lemma II.3.1] then
guarantee the estimate
||vu(x’y")||CB([t()/27T)) < Ca (%9) ewla
where = 0/(1 4 6). Therefore ||Vu| cs@ xt/21)) < C. The conclusion now follows by
applying standard Schauder parabolic estimates to the PDE in (1), rewritten under the
form
U; U5
[Vul?]’
Indeed, the matrix (a;;) = (a;j(x,y,t)) is uniformly elliptic due to (LII]) and
;&&= |VulPZ?[E)* + (p — 2)[VulP~HVu - ]
> [VulP?E]? = (n/2)P2IEP,
and there exists v € (0,1) such that a;;, f € C*(@W X [to/2,T"]), for each T" < T, with

norm independent of 7", O

Lemma 8.3. Assume (81)-(8.3), let y1 € (0, Lo) and let pu,ug satisfy the assumption of
Theorem [L1l(11). Then

uy — ajju;; = f,  where a;; = |[Vul|P~? |:5Z‘j +(p—2) f=|Vul’.

(8.7)

J e C(D x (0,T)) (8.8)

and there exists ky > 0 (depending in particular on y;) such that, for any k € (0, k], the
function J satisfies
J <0 ondDx(T/2,T). (8.9)
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Proof. Since u =0 for y = 0 and |Vu| < C(7) in Q x [0, 7] for each 7 < T', we have
u<C(r)y in D x]0,7].

Due to v < a, we may therefore extend the function ¢(x)d(y)F(u) continuously to be 0
for y = 0. Property (B.8) then follows from the regularity of u (see Theorem [2.2)) and we
have

J=0 on (0,z;) x {0} x (T'/2,T). (8.10)
By (L.10), we have
Uy = 0 on {0} X (anl) X <O7T)7
hence
J=0 on {0} x (0,y1) x (T/2,T). (8.11)
Next, the function w = u, is < 0 in QT x (0,7) (cf. (LI0)) and satisfies there:
wy = a;;(,y, t)wy; + Bz, y,t) - Vw, (8.12)
with
_ U4
eulet) = [Vl o+ (p—2) 50 |

B(z,y,t) = (p—2)|Vul""*Vuldu+ (p—2)(p — 4)|Vul[’~® (D*u Vu, Vu) Vu
+ ¢ Vu|T?Vu + 2(p — 2)|VulP~(D*u Vu).
Fix p < x3 < 1y < xy. Since GBUS C [—p, p] x {0}, we have
Vu| <C  in (Q\ {(—z3,23) x (0,41/3)}) x (0,T).
It follows from Lemma [B.2] that
D20 <C i (\ {(— )  (0,1/2)}) % (T/4,T),

hence
Bl < C in (Q\{(—z2,22) x (0,41/2)}) x (T/4,T).

Moreover, the matrix A(x,y,t) is uniformly elliptic (cf. (87)). We may thus apply the
strong maximum principle and the Hopf boundary point Lemma [19, Theorem 6 p. 174],
to get

—c1y on {x1} x (0,y1) x (T/2,T),
—ciz on (0,21) x {y1} x (T/2,T).

Uy <
Uy <

Also, since x; > p and u(z,0,t) = 0, we get that, for some ¢y > 0,
u<coy on{r}x(0,y1)x(T/2,7T).
Consequently, using « > v+ 1 and (26]), we have for 0 < k < k;(y;) sufficiently small

J(,y1,t) < —ax+kryluoll, <0 on (0,21) x {y1} x (T/2,T),
J(xlayvt) < —C1y + k;xlya_,ycg S 0 on {xl} X (Ovyl) X (T/QvT)

This, along with (810)-(&I1), proves (8.9). O
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8.3 Initial conditions for J

Lemma 8.4. Assume (81)-(8.3) and let p, uy satisfy the assumption of Theorem[I1(ii).
There exists ko > 0 such that, for any k € (0, ko], the function J satisfies

J(x,y,T/2) <0 in [0,21] x [0, Lo].

The proof relies on a parabolic version of the Serrin corner lemma applied to u,. This
is provided by Proposition [1.1l which we state and prove in Appendix 2.

Proof. The function z = u, satisfies equation (8I2)). We shall apply Proposition I1.1] to
this equation, with 7 = T/4, 7o = 3T /4, X1 = x1, Y] = Lo, X, = Ly, Y, = 2L,. We thus
need to check the assumption (IT2). Let us denote Dy = (0, X1) x (0, Y1) x (T'/4,3T/4).

For z = 0 or y = 0, we have u, = 0, hence a;2 = az; = (p — 2)|VulP"%u,u, = 0. Due
to the regularity of u (cf. (Z7)), we deduce that

19 + G921 Z —C<.§L’ VAN y) in DT- (813)

On the other hand, for z = 0 and 0 < y < Y7, we have Uy = U, = 0. Also, by (2.9),
we have |(Upy)z] = |(Uz)ye] < C in Dp. Consequently |u,| + |ug,| < Cz in Dp. Using

(Z7) and (LII)), we deduce
By = (p —2)|VulP*(Au)u, + (p — 2)(p — 4)|VulP~° <D2u Vu, Vu> Uy
+ q|Vu| " Pup + 2(p — 2)| VP (Ugatie + tayty)
> —Cr in Dr. (8.14)

Next, for y = 0 and 0 < x < )2'1, we have u; = 0 and u, = u,, = 0. Recalling (2.7,
we thus have

D2
(u,)? = |Vul? = u; — Aju = —|VulP? |Au+ (p — 2)<TVV—;"2VU>]

Ung Uy + 2y Uy + Uy 1

VP2 et gy + (0 —2) ]:—@—nwm*%y

u? + u?
It follows that, for 0 < 2 < X; and ¢ € [T/4, 3T /4],
Bs(2,0,t) = (p — 2)(p — 4)|Vul" (taetil + 2ugyugtty + uyyul)u,
+ (P = 2)[Vul" ™ (g + uyy)uy + ¢l Vu|'u,
+2(p = 2)| Vul" ™ (uyetty + uyyuy)
= (p—2)(p — ) (uy)" gy + (p = 2)(uy)" "y,
+q(uy) T+ 2(p — 2) (uy )PPy
= (p = 2)(p — D(uy)"Puyy +qluy) "™ = (g +2 = p)(u,)*"
> (g2 - ) (/2 > 0.
Therefore, owing to (27]), there exists > 0 such that

By(x,y,t) >0 on (0,X;) x[0,n] x [T/4,3T/4],
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which implies L
By > —Cy in Dy. (8.15)
In view of (8I3)-(8IH), we may thus apply Proposition [Tl to deduce
Uz (z,y, T/2) < —cgzy  in [0, 2] x [0, Lo].

Let C := ||Vu(-,T/2)||oe- Since a > v + 1, we get that, for k € (0, ks] with ks > 0 small
enough,

J(l‘, Y, T/2) S —C37Y + ijcaya_’y S [kCaLg_’y_l - 03]1"3/ S 0 in [07 :L‘l] X [07 LQ]

8.4 Proof of Theorem [I.1](ii)

Let a7, y1, ko be given by Proposition Bl and let &y, ko be given by Lemmas 83184 We
take k = min(ko, k1, ko). By these results and the maximum principle, we have

J<0 inDx(T/2,T). (8.16)
Integrating inequality (8.I6]) over (0,x) for 0 < z < z1, with fixed y, we get that
u < O~/ Dyl=20 iy D x (T/2,T),

qg—>p

where C' = C(a, k,0) > 0. Using that 1 — 20 > T it follows from the nondegen-

q —
eracy property in Lemma [ZI] that no point (z¢,0) with 0 < |zg| < p can be a gradient
blow-up point. In view of (L8], we conclude that GBU S (ug) = {(0,0)}. O

9 Proof of the main parabolic inequality (Proposi-

tion 8.1])

The proof is quite technical. For sake of clarity, some of the intermediate calculations
will be summarized in Lemma and below.
We first compute

Jp = Uy + cdF'(u)uy
= (Apu), + (|Vul?), +cdF' Apu+ cdF'|Vul|?.

-~

(0p) (0q)
and
(Apu), = [Vul*Au,)
+ (p—2)Au|VulP~*Vu - Vu,
+ (p—2)|VulP~*(D*u, Vu, Vu)
+ (p—2)(p—4)|Vul°Vu - Vu, (D*uVu, Vu)
+ 2(p—2)|Vul"~*(D*uVu, Vu,) .
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Using that u, = J — c¢dF(u), we write

Vau, = VJ — cdF'Vu — F (C d) ,

dc
2
D2y, = D2J— cdF'D*u — cdF” ( Ya “x§y>
Uglly Uy,
C//d Cld/
_F(u) (Cld/ d”c)

, 27 du, cd'u, + c'du,
F'(u) (cd’ uy + c'du, 2cd'u,, ’

Au, = Trace(D*u,) = AJ — cdF'Au — cdF"|Vul* — F[d"d + d"c]
—2F'ddJ + 2F'Fccd* — 2F' (u)d cu,,

<D2u$, Vu, Vu> = <D2J, Vu, Vu> — cdF"|Vul* — cdF’ <D2u, Vu, Vu> — Fd"du?
—2Fdd'uzu, — FCd”“Z

—2F'|Vul*(cd'u, + dc'uy)

and
(D*u,Vu,Vu,) = (D*u,Vu,VJ)—cdF' (D*u,Vu,Vu)
—FddVu-VJ + cdd*F'F|Vu|* + d*F*()*J
—d*F*(¢)edF + ded dF*u, — Fd'c(ugtizy + tyty,).
Therefore,
(Apu), = |[VulP™? [AJ — cdF'Au — cdF"|Vu|* — 2¢dF'J

+2cdd®FF' = 2d'cF'u, — F (¢"d + d'c)]
+ (p—2)Au|VulP™ [Vu-VJ — cdF'|Vu|* — uyed F — ¢dFJ + ' cd®F?]

+ (p—2)|VuP™ [(D*JVu, Vu) — cdF’ {D*uVu, Vu) — cdF"|Vul!
— 2 dF'|Vu|?J + 2¢ ed® F'F|Vu|* — 2¢d F'u, | Vul?
— "dF (u,)? — 2¢d'FJuy, + 2c ed' dF?u, — d"cF (uy)?)

+ (p—2)(p—4)|Vul*(D*uVu, Vu) [Vu - VJ
— cdF'|\Vul> — uyed' F — dF J + ¢ cd*F?)

+ 2(p—2)|VulP~* [(D*uVu,VJ) — cdF’' (D*uVu,Vu) — dFVu-VJ
+ ded®F'F|Vul|® + (dd)*F?J — (dd)*F?cd + dd cdF?u, — d'cFuy,u,
— d'cFVJ - L+ddc’F' Fu,J — dd*F'F?u, + (d'cF)*J — (d'cF)*cdF],
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where L = <0

Uy

). This can be rewritten as
(Apu), = |[VulP?AJ + (p—2)|VulP"*(D*J Vu, Vu) + Hy - VJ + Ay (z,y,t)J

—F|Vul[p=2["d + d"c] — (p — 2)F|VulP~ [¢"du? 4 d"cu]
—2(p — 2)cdF|Vu|P~[(ddF)?* + (d'cF)?] — (p — 1)cdF"|VulP (1)<0
+4(p — 2)F2d ed' d|VulP~*u,

+(4p — 6)cd*F'F|VulP~2 — 2(p — 1)ed F'|Vul|P2u, (2)> 0
—2(p = 2)d'P*F'F*|Vu[P~*u, -
—(p — 1)edF'Apu

-~

®3)
—2(p — 2)d'cF|VulP~ u,u,,

(4)
:(p — 2)ed Fuy [|[VulP ™ Au+ (p — 4)|VulP~° (D> uVu, Vu)]

/

v~

®)
+(p — 2)ed*F? [|VulP~*Au+ (p — 4)|Vul'~* (D*uVu, Vu)],

/

-~

(6)

where
Hi = (p—2) [[VulAu+ (p — 4)|Vu["~*(D*uVu, Vu)] Vu
—2(p — 2)ed F|VulP~L
—2(p — 2)ddF |Vul’"*Vu + 2(p — 2)|Vul["~* (D?u, Vu) (9.1)
and
Al = =2(p—1)F'dd|VulP~

—(p = 2)Fdd [|VulP " Au+ (p — 4)|Vul’~° (D* uVu, Vu)]
+2(p — 2)|VuP*F? [(dd)* + (d'c)*] 4+ 2(p — 2)d'dF' F?|Vul'~u,
—2(p — 2)dd'F|VulP~ u,. (9.2)

On the other hand, we have

(IVul|?), = q|Vu|"?*Vu- Vu,
= q|Vu|"*Vu-VJ — ¢ dF|Vu|"2J] + (7),

where
(7) = \—chF'|Vu|ql + chc’al2FQ|Vu|q_2 - ch’F|Vu|q_2uyJ.
(7-)<0 (74)20
Setting
Ay = Ay — ¢ dF|Vu|?2, Hy = Hi1 + q|Vu|"*Vu, (9.3)

we have thus proved the following lemma.
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Lemma 9.1. Define the parabolic operator:
LJ:=Jy— |VulP?AJ = (p = 2)|Vul’ ™ (D*J Vu, Vu) — Hy - V.J — AsJ.

Then
LJ=(0,)+(0)+ 1)+ (2)+3)+4)+ (5)+ (6) + (7). (9.4)

As a significant difficulty as compared with the semilinear case p = 2, many additional
terms appear in the contributions (1), (2), (4)—(6), and especially nonlinear, second order
terms in (4)—(6). To proceed further, we need to observe that, among the second deriva-
tives of u, u,, needs a special treatment, since it is not immediately expressed in terms of
VJ unlike u,, and u,,. Namely we shall eliminate u,, by expressing it in terms of u;, Vu,
Uy and ug, by using the equation. Although this will make the computation even more
involved, by producing a lot of additional terms, this seems to be the only way to con-
trol the effects of u,,. The bound on u, given by Lemma [3.4]will be helpful in this process.

First we have

(3)=—=(p—1)edF'Apu = —cdF' Apu —(p — 2)cdF'uy +(p — 2)cd F'|Vul|?. (9.5)

—0y) 31) (30)

To deal with (4), we set

where

VulP~2 + (p — 2)|VulP~4u? . .
M= (‘ 2|(p — 2<)\Vu|’?l4um|uy and w = |VulP~ + (p — 2)|Vul? 4u§.
Since u, = J — cdF', we get

Vug - M = —cdF'J[|(p—1)Vul’ + (p — 2)|Vul["~*ul] — 2(p — 2)cd Fu,|VulP~*J
+2(p — 2)Ad dFu, |VulP~* + CdF'F [|(p — 1)VulP 2 + (p — 2)|Vul'u]
+VJ - M — ddF [|[VulP72 + (p — 2)|Vul/ 2] .

It follows that

w = Vel VM edP'T [(p = DIul >+ (p = 2)|Vul ]

Y = w w w
+Q(p — 2)ed Fu, |VulP~J N ddF [|[Vu|P=2 + (p — 2)|Vu[P~*u2]
w w
_CZdQFF’ [(p — 1)|IVulP2 + (p — 2)|VulP~*u2]
w
2(p = 2)Ad'dFPu, |Vul
" :
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2
Now, to treat the contribution of u,, in (5) and (6), we set N = ( Ua ) and rewrite

22Uy
A
IVl Bt (p = Vel (D Vu, V) = SEG —2|Vu (D T, V)
U
up — [Vul

= T [T N ).

We have

Vuy,-N = VJ-N—cdF'J[u}+2u}] + Cd’FF [u} + 2u}] — ddFu?
—2cd' F Ju,, + 2d'dc? F?u,,.

The expression in (4) then becomes

4) =

2(p — 2)d'cF|VulP~u,M - V.J
(4v)

w

2p— 2)d'dF'F|VulP~uy, [(p — 1)|VulP=2 + (p — 2)|Vul[r~*u2] J
w
4 — APV Tul )
w J
+2d’cF(p — 2)|Vu|P~4Vu|tu, )
U W / - — _ 4 ) <0
20— DPAEE TPt [(p = DIVup~? + (0 = )| Vup il (4-)

w J

+4(p — 2)*(d'cF)*cdF|Vu|P~*u | VulP~*

w
2(p = Ry Tulr [Vulr=? + (p — 2 Taphz] (4 20
w
2d'cF(p — 2)‘Vu|p_4utuy
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The other two terms can be rewritten as

(5) = 2cdF(p—2)u,|Vul’ °N -VJ -

2(p — 2)cd Ful | VulP~°M - V.J
” (5v)

—2(p — 2)Ad dF' Fuy|Vul[P~ [u? + 2u2] J — 4(p — 2)(cd'F)*u2|Vulp~6J
+2(p — 2)Pd'dF' Ful|VulP~Su, [(p — 1)|VulP~2 + (p — 2)|Vu 2] J

(54)
4(p — 2)X(d'cF)uy | Vu|*~10]
+ w
+(p — 2)cd Fu, |Vu|1=2 + 2(p — 2)Ad d*F' F?u, | Vu[P~° [u? + 2u?]
2(p — 2)c cd' dF?u, |VulP~5u [|VulP 2 4 (p — 2)[VulP~*u?]

+ " 7) <0
B 4(p — 2)*(cd'F)?cd Fuy | Vu[>~*

w
—2(p — 2)ccd' dF?uy|VulP~%u? + 4(p — 2)(cd' F)*cd Fui| VulP~°
2p- 2)cd Fuy|VulP~4ul | Va1

w (5+> 2 0
_2(p — 2)Ad P F' F?u, | VulP~0u? [(p — 1)|VulP=2 + (p — 2)|VulP~*u?]

w
(p — 2)cd Fuyu, — 2(p — 2)cd Ful | VulP~%uu,, 5)
|Vu|? w !
and (noticing that (6) can be obtained from (5) by formally multiplying with —Cd°F )

d'uy

6) = —2(p—2)dcd*F?*|Vu|P "N -VJ+

2(p — 2)¢cd* F*u |[Vu|P~M - V.J
" (6v)

+2(p — 2)dEBF'F?|Vulp~0 [u2 + 2u2] J + 4(p — 2)c Ad > FPu, |Vul[P~0J
2(p — 2) AP F F2u|VulP~5 [(p — 1)|VulP~ + (p — 2)|VulP 2] J

N w (6J)
_4(p — 2% Ad' P F3|VulP~%u [ Vul[P~T
w
—(p = 2)dcd? F2|Vu|172 — 2(p — 2)Ad F F3|VulP~S [u2 + 2u?]
2(p = 2)(¢)ed’ FP|VulP~%ug [[VulP™* + (p — 2)|Vu| " uf]
- w0 (6-)<0
+4(p — 2)2c’c3d’d3F4u§|Vu|2p*10
w
+2(p — 2)(¢ ) 2ed3 F3|VulP~0u2 — 4(p — 2)d A3d'd® Fu, | Vu|P~5
2(p — 2)dcd® F?|VulP~*u2 | Vu|1~2
+
w 4o (6+) > 0
+2(p — 2)AdF F3|VulP~%u [(p — 1)|Vul[P=2 + (p — 2)|Vu[ 2]
w
(p —2)dcd*F?u;  2(p — 2) cd® F*u; [V ulP~%u, 6,)
|Vul|? B w O
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We shall now collect and relabel the numerous positive and negative terms that we
just obtained, when expanding (1)-(7) in the process of eliminating w,,. A number of
positive and negative terms will then be paired together according to certain cancellations.
Then, the remaining positive terms, as well as the terms involving u,;, will be eventually
controlled by using the negative terms.

Using that d' <0 and F”, F",u, > 0, we first have positive terms:

(a) == =2(p — 2)Pd'd*F' F?|Vult~*u,
2(p — 2)cd Fug | VulP~%| Vu|u,
) = - |
2(p — 2)Ad' d®F' F?u,|VulP~5u2 [(p — 1)|VulP~? + (p — 2)|VulP~*u?]

w

2(p — 2)(c)ed® F?|Vu|P~%u?

2(p — 2)dEd*F F3|VulP~5u2 [(p — 1)|VulP=2 + (p — 2)|VulP~*u?]
w

2(p — 2)d'dc cF?u, | VulP~* [|Vul[P~2 + (p — 2)|Vu P~ *u?]

() = - b

w
—2(p — 2)¢ed' dF?uy | Vul[?~%u?} ()

(9) :== —4(p — 2) 3 d' d° Fu, | Vul|P~°

A(p — 22 (d'cF)?edF |[Vulp~4u2 [ Vulp—
(h,) = 4 (p )( C )Cw| U| uy| U| —|—4(p—2)(Cd/F)20dFUZ2/‘VU|p76

(. 7 —~

(h1) (h2)
(i) == —qd cF|Vu|" ?u,

2(p — 2)ed?* F?|VulP~ 42| Vu|172

(4) := +qc cd® F?|Vu|12 + (p=2) [Vul? ", [Vl
~- - w )
o G2

(1) :== =2(p — V)ed F'|VulP~u,

(m) := +(4p — 6)cdd*F'F|Vu|P~2.

They give rise to the following decompositions:

(@) = (m)+ 1)+ (a)

(44)] = () + (h)

= (0) + () + (h2) + (f2) (9.6)
(6.) = (d)+(e) +(9) + (52)

( = (1) + ()
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We next have terms with a negative sign:

(@) == +2(p — 2)Pd' d*F' F?uy |[VulP~° [ul + 2u}]

() = Jr2(1l’cF(p — 2)|Zu|p4|Vu|quy

2(p — 2)Ad' d®F' FANulP~*uy [(p — 1)|VulP2 + (p — 2)|[VulP~*u?]
w

(¢) =+
(d) == —2(p — 2)cdF|Vu|P~*(d'dF)?
(€) := —2(p — 2)¢Pd" F'F?|Vul"~° [ul + 2u]

2(p — 2)c cd dF?u, |VulP~5u [|VulP =2 4 (p — 2)|Vu|P~*u?]

() = b

w

+4(p — 2)c'cd’dF2|Vu|p_4uy} (f~2)

() := +(p — 2)d'cF|Vul|*?u,
(h) := —(p — DedF"|Vul’ +(p — 1 — q)|Vu|’cdF’ —(p — 1)ed"F|Vul"*u;

-~

(Fll) (FLQ) (i],3)
~ 4 -9 QClc3d/d3F4u3 vu 2p—10
('l) = _Cd//F‘Vu|p*4ui _(p . 2)Clcd2F2‘vu|q72 + (p ) y‘ |
) e g ~ 7 w
v @ 5
A(p — 2)%(cd' F)?cd Ful| V|10

J

(7) == —2(p— 2)(cd’F)2ch|vu|p—A:_

~~ N w .
- 2(p — 2)()?ed’FP |V ulP™%ug [|VulP~ + (p — 2)[Vul[P~ ]

()= -

w

With these terms, we have the following decompositions (using ¢’ = 0):

(@M= (d) + () + () + (hs) + (i) + (1)
[@)]= (b + (9
(GO = (@) + (9) + () + (/1) 9.7)
[(6)]= (&) + (i2) + (i) + (I

| [T2) = (h2) —[0)] - [(3,)
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It follows from ([@.4]) in Lemma 0.1 and (Q.5)—(Q.1) that
LJ = [(Oq) + (Op)]

1 [(4v)

]+ [(0) + () + (h2) + (f2)] + [(B5%) + (5s) + (5.)]

+ [(d) + (e) + (9) + (j2)] + [(6%) + (65) + (6¢)]
(

Reordering the terms, we obtain

L] = (a)+ (b)+ (c) +(d)+ (e) + (f) + (g) + (h) + (i) + (§) + (1) + (m)
+@%H®+@H%@+@H%3+@H%m+®+G%H3 9.8)
@+mm '

+[(3
+ [(4y + (69)] + [(4)) + (55) + (6,)].

Collecting the terms with J (reps., V.J) in ([O.8), together with those in Ay (resp., Hs)
and using ([0.3]), we define

2(p — 2)d'cF P4y, M
H = Hy+q|Vu|"*Vu + (p = 2)dcF|Vul"u,

w
2(p — 2)ed Fu|VulP~5M
+ 2¢d'F(p — 2)uy|[VulP~ N — =2 [Vl (9.9)
w
2(p — 2) cd* F?u?|VulP~S M
—2(p — 2)ded® F?|VulP~°N + (p=2) |V
w

and
A = A —qddF|Vu|i?
2(p — 2)Ad'dF'F|VulP~u, [(p — 1)|VuP=2 + (p — 2)|VulP~*u?]

w
A(p — 2)*(d'cF ) |VulP~*u} [ Vul[P~

w
—2(p — 2)d'dF Fu,|Vul[P~° [ul + 2u2] — 4(p — 2)(cd'F)*ul|VulP~°
2(p — 2)d'dF' Ful|VulP~Suy [(p — 1)|VulP=% + (p — 2)[Vu[~*u]

w

_|_

4 _22le24V 2p—10
A= 2P T 9,10

+2(p = 2) PP F'F?|VulP~° [ul + 2u] 4 4(p — 2) Pd' d* FPuy |[VulP~°
2(p — 2)d AP F F2u2|VulP~¢ [(p — 1)|VuP=2 + (p — 2)|VulP~*u?]

w
A(p — 2)*¢d P FP|VulP~Sul| Vulp~*

w
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where we recall that

Hi = (p—2) [|[VulAu+ (p — 49)|Vu"* (D’ uVu, Vu)] Vu
—2(p — 2)ed F|VulP~L
—2(p — 2)dF|Vul’~*Vu + 2(p — 2)|Vul|"~* (D*u, Vu) (9.11)

with L = (0>,and

Ug

A = 2(p—1)F'dd|Vulr—
—(p—2)Fdd [|Vul!"*Au+ (p — 4)|[Vul'~° (D* uVu, Vu)]
+2(p — 2)|VulP~ ' F? [(dd)? + (d'c)’] + 2(p — 2)d'dF' Fc*|VulP~*u,
—2(p — 2)/d'F|VulP~u,. (9.12)
Finally observing that
(a)+ (@) <0, (B)+ () <0, ()+(¢)<0, (d)+(d) <0, (e)+(&)<0
and using (f), (1), (7), (I) < 0, we obtain the following lemma.
Lemma 9.2. Recalling the definition (8-4]) of the parabolic operator P:
PJ = J, — |VulP2AJ — (p = 2)|VulP~*(D*J Vu,Vu) — H - VJ — Az, y,t)J,

we have

Completion of proof of Proposition[8.1. Starting from Lemma [0.2] we shall estimate the

remaining positive and u; terms by the key negative terms (g) and (h), after appropriate
choice of the parameters. An essential tool in this step will the Bernstein-type estimates
(see [2, Theorem 1.2])

|Vu| < Coy Y0 PHD)and  u < Coyl@P/@=PH) iy [0, 24] x (0, Ly] x (0,T), (9.13)
where Cy = Cy(p, ¢, 2, pt, || Vup||) > 0, and we will use also the lower bound from (L.IT]):
|Vu| > u, > d = p/2>0. (9.14)
First, using w > |VulP~2, we get
(f) < —=2(p — 2)pc cd dF?u, |VulP~*.
Assume y; < 1. Due to (Q.I3), we have

dF < Cgéy—v+a(q—p)/(q—p+1) < Cg. (9.15)
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Here we used that 7 < a—1 and hence a(¢—p)/(¢—p+1)—7>1—a/(¢g—p+1) > 0.
Assume ko = ko(p, ¢, Q, p1, || Vug|loo) > 0 sufficiently small so that

|Vu|qu+2 |Vu|qu+4

0<ky < d O<kdi<i—— .16
SRS TR an SRS Rapg (9.16)
which is possible due to (@.14), < L; and (9.15)). We then have
(f) +(9) +(9)

< P2

cd Fuy, | |Vu|?? = 8B 2* F3d? |VulP~ + |Vu|7? — dpk|VulP~*dF | <0.

Next, we have

(h)
(7)

and, owing to Lemma [3.4]

A(p—2)(p — 1)(cd F)*cd Ful| VulP~°
(q+2(p —2))d cd® F?|VulT™?

IA TN

(3)) < (p—2)cdF'K
K
()4 () < 5l Deld|PIglot < 50— 2)eld 1P
3(p—2)cd*F?K
<
(6:) = |Vu|?

Here and in the rest of the proof, K denotes a constant depending on |lug||c2, p and q.
Consequently

PJ < (h)+ @)+ () + (1) + (m) + (3) + (4) + (54) + (6,) + ()
< A(p—2)(p — V) (cd' F)?cd Ful|Vul’~* + (¢ + 2(p — 2)) ¢ cd® F?|Vu|7?
K
+5(p — 2)c|d'|F|VZT’2 +2(p — 1)eld| F'|VulP~2u,
+(4p — 6)cd d*F'F|VulP~2 + q|d'|cF|Vu|"?u,
3(p— 2)cd*F?K ,
—2)cdF'K
|VU|2 + (p )C
—(p — 1)edF"|Vul? + (p — 1 — q)|Vu|%cdF" — (p — 1)cd"F|Vu|P~*u;
hence
PJ |Vul? |VulP Yy + 1) VulP~
Lo« = p+1 —(p—Dafa—1 —(p-1
g = “la—ptlha—=——(p-lala-1)—=—(p-1) "
_ p—2 v p—6 2
i 2ya(p — 1) [Vul[P "y, +4(p—2)(p—1)k:272x2u20‘y_2y| ul Uy

Y u y?

a—1 \V4 p—2 v q—2
+ 5(p— 2)7K\Vu|2% + (4p — 6)ka% + (¢ +2(p— 2))]{;%
|Vuli~2u, aK  3(p—2)kyuK
- -2 9.17
+ qv ; +p-2)— Vup (9.17)
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Using Young’s inequality, we obtain that

p—2
2ya |VulP~u, < afa—1)
Yy u u

|VulP N ay? [VulP~tu?
2 a—1 y2 ’
hence

2ya(p — 1) [Vul2u, (v + DIVul" g

- Dafa— )y

y u u? y?
2 p—4, 2 _ p—4, 2
ay (p = D[Vul["~"u 2v0(p — 1)[Vul/~u
< ( —(y + 1)) = 3 o 018)
o — y y
By ([@.13), we have also
u|Vau|? < 3P (9.19)

Using again Young’s inequality, and (@.19), we have

2

2
LA M‘vuﬁqu < Yy
20

q/y|Vu|q*2uy _ | VulP~*u oy V|t . PACIPH Tyt

Y - 292 292 20 u
(9.20)
LU oy|VulP~ 25(p — 2)*yK?|Vu| P~ ] |Vul?
5(p —2)vK 2 Y < Y . 9.21
(p— 2K |vul 2 < T X KON

Next, using (O.13) and ([@.14), it follows that

u Va2 Lo [Vl [VulP ™ e

a— a—1)(20—
ka(4p —6) v < ka(4p — 6)Cg 1?/( e amm u? 2
Y y Y
(a-p) |Vu|P~4u?
< koz(4p _ 6)50—2084-1-1y(a71)(20* q—;+1)+(2szfl |g|/723/’ (922)
u®|Vu 2 a+q— a— o——1 |VU|2 |Vu\p_4u2
(a+200- DT < (g 2 — 2oy Ve LR
Yy
COH’Q*])‘FQ o b1 2(q—p) |vu|p74u2
<(qg+2(p—-2)k—Lt—5— 7 @D o)+ — v (9.23)
and
ot (VU Oy e D e [Fu
7 — < kv 2 —. (9.24)
Y Y 0 Y

Finally, using that u > uy, we have

K K 2 VU p74u2 K VU p74u2
(0% _ « y74 - | | - Y S « p7y2 | | : y. (925)
u u|Vulp~tu2  y oy y
Using the bounds u < [Jug||oo and (@I4) we have
—Y,,a « 2—y \V4 p—4,2

Vul2 — 5 y?
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Combining (9.17)-(Q.26G), we get that

PI_ [Vl (G
cdFF — U 20

K?||uoll oo
T as(p— 2y i lolle 1))

2 5q+p
|Vu|p*4u2 700 1 2(¢g—p)
+72 Y {k’ ((q + 2(p - 2))Cg+q—p+250—2) y(a—l)(ng q7p+1)+q717+1
Yy

e (a(4p — 6)532C8+1) oD gt 50 (9.27)

2a(q—p)

+a4(p = 2)(p — DA 222 Cioy ™ et 657
aKy
-

E||ugl||e Ky?~
Hp -2+ 3 - BT g g0n
110y 9

Now, we may choose a = a(p, ¢, 2, pt, ||uo||c2, o) > 1 close enough to 1 in such a way that
v = (a—1)(1 — 20) is small enough to satisfy

2 2
q q—p+1 ZK Hu(]”oo
— 25(p —2) ———| < (q— 1 2
7{2000 +25(p — 2) 2051 <(g-p+1)a (9.28)
and
1 2(q —p)
— 1 (20 — + >0, 9.29
(@ )(U q—p+1) g—p+1°7 029
q—p
——— —(a—=1)(1-20) > 0. .
aq—p—l—l (o —1)( ) >0 (9.30)

Finally, once « is fixed (hence 7 is also fixed small), recalling that y < y; < 1, x < L
and v < 2, we take kg = ko(p, q, 2, u, ||uol|c2, 0) > 0 possibly smaller, in such a way that

ko ((a+2(p = 2))C5 7720, + a(dp — 6)8, *Ci ™)

. 3(p— 2)luo| LK _ 2p—3 9.31
PR~ 2)(p — 1L, ) + ko2 L el B3, (08

52 -2 ’

and next we take y; = y1(p, q, 2, i, ||uol|c2, o) > 0 small enough such that

(p —2)aKy < 2p—3
) >~
119 2

a7. (9.32)

Then it follows from (@.27) that
PI<0  inDx(T/2,T). (9.33)

Finally, we need to check (8.6]). The continuity statement is clear from the definition
of A, H. Let us show that 4 is bounded in D x (7'/2, 1) for each 7 < T. For this purpose,
let us observe that due to |Vu| < C(7),u < C(7)y and a — 1 > =, we have for y < 1 and
Te(T/2,7T)

|F'd] = au® "y < C* N r)y* T < aC (1) (9.34)
|Fd'| = yuty ™~ <4C(7) (9.35)
|Fd| =u®y™" < C%(7). (9.36)
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We also have by (@.13) and (0.14):

. cr(r), if r > 0,
<
[Vl < { o7, if 7 < 0. (9-37)
The assertion then follows easily from (Q.10), (O.12) and (2.7). O

10 APPENDIX 1. Proof of regularity results (The-
orem [2.2)

Proof of Theorem[2.2(i). We assume ¢y := infg, |[Vu| > 0. Fix 0 < 7 < T and let
M; = ||Vul|z~(q,) < co. We pick smooth functions b = b, and I' = F; with the following
properties:
b(s) = sP=2/2 and F(s)=s"? for 2 <s< M?,

[inf)b >0, b >0, ¥V(s)=0 forslarge enough, F >0, sup F < oo.

0,00 [0,00)
By the results in [I3, Chapter V] (see Remark [0.1] below for details), there exists a
(unique) classical solution v = v, € C?**1%2/2(Q x (0,7)) N C(Q.), for some a € (0,1),
of the problem

vy — V- (0(|Vu[)Vv) = F(|Vv]*) in Q,
v = g onS;

v(-,0) = up in Q.

Since v is also a weak solution of (ZI)-(23)) in @,, by uniqueness of weak solutions

(cf. Theorem 2.1[(ii)), it follows that v = v, on @Q,, hence (2.7)). O

Remark 10.1. More precisely, in the special case when uy € C*T(Q) and ug satisfies
the second order compatibility conditions, the existence of v claimed in the above proof
follows from [13, Theorem V.6.1]. In the general case ug € WH>(Q), with ug = g on 09,
this follows by a standard approzimation procedure of ug by such smooth ug,. Namely,
if v, denotes the solution originating from ug,, then, by [13, Theorems V.4.1, V.1.1 and
V.5.4] respectively, we get uniform a priori estimates for the sequence v, in the spaces

L0, 7 Wh=(Q)), C*(Q.) and C2-**( QU x (0, 7)) for some a € (0,1). We may then

loc
pass to the limit along a subsequence and obtain a solution with the announced properties.

In the proof of Theorem [2.2(ii)(iii), we shall use the following local regularity lemma.
We note that only statement (ii) will be used here. The global version of statement (i)
was already proved in Theorem [22(i). However, we give and prove its local version for
completeness, since it was mentioned without proof in [2, p. 2487].

Lemma 10.1. Under the assumptions of Theorem [21], let w be the (mazimal) weak
solution of (1) and let Py = (x¢, yo,to) € Qr. Assume |Vu(Fy)| > 0. Then:

(i) for some a € (0,1), u is a classical C***1*/2_solution on a space-time neighbor-
hood of Py;

(ii) for some B € (0,1), Vu is C2A18/2 on q space-time neighborhood of P.
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Proof. (i) Since, by Theorem 2.[(iii), Vu is continuous in Qr, there exist A, p, My > 0
such that

A< |VU| < M, in Qp = Bp(l‘o,yo) X [to — p,to + p] C QT- (101)
For any unit vector € and 0 < h < p/2, let us introduce the differential quotients
Dypu=h""(rpu—u), where Tyu = u((z,y) + hé,t).

We have
IVrul? — |Vu|? = d"(z,y,t) - V(mu —u)  in QP2

where |d"(z,y,t)] < C independent of h. Next denote b(s) = s?~2/2 and a;(p) = b(|p|*)p:
where p = (p1,p2), so that Ayu = 0;(a;(Vu)). Following [13], p.445], we write

ij

1
a;(Vmu) —a;(Vu) = / %ai(sVThu + (1= 8)Vu))ds = a0, (thu — u),
0

where

1 .
ihe.0) = [ GVt (1-5)Vu)ds.
o Op;

Subtracting the PDE in (L)) for v and for 7,u and dividing by h, we see that Dju is a
local weak solution of

Oy(Dpu) — 0; [d?j@j(Dhu)} =d"(z,y,t) - V(Dyu) in Q% (10.2)

Moreover, since 32:6¢; = b(|p|*)I€]* + 26/ (|p*)pip;&i€; = b(Ip[*)I€]* = AP~2[¢]* in Q7% by

(I0.J]), we have
an&is; = N PIEP in QP2

We then test (I0.2) with ¢?>Dyu, where ¢ € C3°(Q?/?) is a cut-off function such that
¢ =1 on Q*/3. By integration by parts and some simple manipulations, it is easy to see
that

ij

P2 / |V Dyul? dedydt < / a0 (Dpu)9;( Dypu)? dadydt < C.
Qr/3 Qr/2

It follows that D?u € L*(Q?/?). Consequently, we obtain that u € W, (Q?/?) and is a
local strong solution of equation (LI) written in nondivergence form, i.e.:

ug — aguy; = f in QF%,  where a;; = |Vu[P? [&j +(p—2) it f=|Vul|?. (10.3)

it
[Vl )
Since, by Theorem 2.1\(iii), a;;, f are Holder continuous in @p/g, it follows from interior
Schauder parabolic regularity [13, Theorem I11.12.2] that, for some « € (0, 1),

= 02+a,1+a/2<@/’/4). (104)

(ii) Thanks to (I0.4)), we know that u is a classical solution of (I0.3) in Q*/*. Keeping
the above notation, for 0 < h < p/8, we then have

(Dhu)t — aij(Dhu)ij = Fh = th + (Dhaij)(Thuij) n Qp/g.
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Moreover, as a consequence of (I0.4), we have, for 1 < r < oo,
||Fh||Lr(Qp/8) S CvaHLT(Qp/‘l) + ||VA||Lr(Qp/4)||D2u||Loo(Qp/4) S C, 0 < h < p/8

It thus follows from interior parabolic L" estimates (see [13, Theorem I11.12.2]) that, for
0<h<p/s,

||D2Dhu||Lr(Qp/16) + ||8ch||L7‘(Qp/16) S C(p)(HFhHLr(Qp/S) + ||Dhu||Lr(Qp/8)) S C

We deduce that Dug, D3u € Lj (Qr). Then differentiating (I0.3) in space, we see that

loc
the function z = dyu, (¢ = 1,2) is a local strong solution of

% —ayz; = f in Q1 (10.5)

where f = 9,f — w;;0pij. Since a;j, f are Holder continuous in @p/w due to (I0.4),
it follows from interior Schauder parabolic regularity [I3, Theorem III.12.2] that z €
CQ”LO"HO‘/Q(QP/QO) for some « € (0, 1). O

Proof of Theorem[2.2 (continued). (ii) This is a direct consequence of Lemma [I0.11

(i) Tt follows from (i)(ii) that v = u, € C*Y(Q7)NC(Q2x (0,T)) is a classical solution
of (I0H) in Qr, where a;; are defined in (I0.3). Moreover, v = g, = 0 on Sp. Taking 6(t)

a cut-off in time and setting w = Ov, we see that w solves
Wy — QWi = fi= 9f+ f;v  in Qr, (10.6)

with 0 initial-boundary conditions. By [I8, Theorem 4.28], since f is locally Holder
continuous in Qx [0, T') due to (i), there exists a solution to this problem in C2+#1+5/2(() x
[0, T)) for some 3 € (0,1). Since we have uniqueness in the class C*1(Q7)NC(Q x [0,T))
by the maximum principle, the conclusion (Z9) follows. O

11 APPENDIX 2. A parabolic version of Serrin’s
corner lemma

In [I7, p. 512], a Serrin corner property in a rectangle was shown for a parabolic equation
involving the Laplacian. This was proved by comparison with a suitable product of
functions of x,¢ and y,t. This result and method are no longer sufficient here and we
shall establish a result for general nondivergence operators by modifying the original
proof of [22] for the elliptic case.

Proposition 11.1. Let 0 < X; < X1, 0 < Y3 < Vi, D = (0,X1) x (0,Y1) C R?,
0<7 <7, D; =D x (11, 72). Let the coefficients a;; = a;;j(x,y,t) satisfy

for some A > 0 and assume that

aij,Bi € C(ﬁT), 19 + 91 Z —C(l‘ N y), Bl Z —Cl‘, BQ Z —Cy m b_r (112)
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Let z € C*Y(D,) N C(D,) satisfy
Lz =2z —a;jz; — Biz <0 in D., z2(x,y,t) <0 in lA)_T, 2(0,0,t) = 0. (11.3)
Then, for each ty € (11, T2), there exists co > 0 such that

2z < —cory in (0, X71) x (0,Y1) X [to, T2). (11.4)

Proof. Let a = min(Xl,Yl,tO;“) and 73 = Tl—;rto, so that 71 < 3 < tg < 7. Fix
tl € [tQ,Tg) and let

Kl = {(l’,y,t), x2—i—(a—y)2+(t1—t)2 <CL2, 'T>O’ tgtl}

Observe that K; C D x [r3,11] and set K, = B((0,0),a/2) x [r3,t1] and K = K; N K.
Now set

5(z,y, 1) 1= e @@ U =) _ pmaa® g0y 4) = emal@ H ) (i-t)?)

9

with o > 0 to be chosen later on, and define the auxiliary function h = zv. It is clear
that h > 0 in K. We compute

v — 202V
hy = —2a:€(t - t1)Ua Vh = (—2aaj(y - a)v) ’
e —6ax + 4a2r’ _QQ(y — a) + 4a2x2(y - CL)
—2a(y —a) +4a%*(y—a) 20z +da’z(y—a)? )

B(z,y,t) - Vh = —2azv[zB;, + (y — a)Bs] + Byo.
Using that a;;&:& > A%, we have

a;;hij = van (—6ax + 4022%) + vagy (—2043: + 4o’x(y — a)2)

+ v (a12 + azn) (—2a(y — a) + 42°*(y — a))
= azv [404 (a112” + (y — a)z(a12 + azn) + (y — a)’ax)

2(y — a)(ara + a)

— 6(111 — 2&22 —

2(a —
> arv {404)\(:52 + (y — a)?) — 6a11 — 2a9; + (@ —y)(ar2 + a21)] ’

T

hence

2(a —y)(a12 + ag)

Lh < azv [—4()()x(l’2 + (y — a)?) + 2(t; — t) + 6a1; + 2a90 —

B
+22By 4+ 2(y — a)By — — (1 — ea(x2+(y—a>2+(t—t1>2—a2))] .
axT
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On the one hand, on K, we have y < a/2, hence 2? + (y — a)®> > a?/4. On the
other hand, using part of assumptions (IL2) along with 0 < a —y < a and 0 <
1 — eal@Hly=a)*+(i=1)*~a*) < 1 on K, it follows that for v > 1 large enough,

Lh < axv [—oz)\a2 + 2(t; — t) + 6a11 + 2a9 + 2Ca + 2By + 2(y — a) By + C’}
)\ 2.2
< —% <0 inkK. (11.5)

We now set w = z + ¢h where ¢ is a positive constant to be chosen. By (I1.3]) and

(L), we have
Lw<0 inK. (11.6)

Denote M = maxgpw > 0. Since £ is (uniformly) parabolic, by the usual proof of the
maximum principle, it follows from (IT.0) that w cannot attain the value M in K (observe
that for each s € [73,11], the section K N {t = s} is an open, possibly empty, subset of
R?). To show M = 0 (for sufficiently small ¢ > 0), it thus suffices to verify that w < 0
on OpK = 0K \ (K N {t = t;}). We have 9pK = I'y UT5, where I'y = 0K, N K, and
I, = 0K, N K.

On I'y we have either

2?4+ (y—a)P+t—t)’=a> or z=0,
so that h = 0 and z < 0, hence w < 0. Next observe that on I'y we have
4 (y—a)+(t—t)? <d® and 2’ +y* =a?/4,

hence < 73 <t <ty and a/8 < y < a/2 (in other words, (z,y) is “far” from the corners
of lA)) Therefore, by the Hopf boundary point lemma [19, Theorem 6 p. 174] and the
strong maximum principle, there exists ¢ > 0 (independent of ¢;), such that z < —cx on
I'y. Choosing € € (0, ¢), we then have w < —cx + ez < 0 on T's.

We have thus proved that M = 0 that is, w < 0 in K. Letting @ := a/(2v/2) and
noting that {0 <z <y < a} x {t;} C K, we get

Z(x7 y7 tl) S _Eh(l‘, y’ tl) = _gxe—Q’QQ (eOC(GQ—xQ—(y_a)Q) - 1)

oza2

AN

—cae” x(a2 — 2t (y— a)Z) = —z—:ae_o‘“Qx(Zay . y2)

< —asae‘a‘IQxy forO0<z<y<a.

Now exchanging the roles of z, y and noticing that the assumptions (I1.2) are symmet-
ric in z, y, the conclusion already obtained guarantees that also z(x,y,t;) < —acae " gy
for 0 < y < < a, hence (IL4) in (0,a)? X [ty, 72). The extension to the remaining part
of the rectangle (0, X7) x (0,Y)) (away from the corner (0,0)) follows from the Hopf
boundary lemma and the strong maximum principle. O
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