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Modular case of Levinson’s theorem

BERNARD Damien

Abstract

We evaluate the integral mollified second moment of L-functions of primitive cusp forms
and we obtain, for such L-function, an explicit positive proportion of zeros which lie on the
critical line.
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1 Introduction and overview of the results

Nowadays, we know that more than 41% of the non-trivial zeros of the Riemann zeta-function
lie on the critical line ([BCY11] and [Fenl2]). This theorem is the best one of a sequence of
results about the percentage of zeros p satisfying Rp = 1/2.

Historically, Selberg ([Sel42]) was the first one to show that this proportion is not zero
without quantifying it. According to Titchmarsh ([Tit86], part 10.9), it was calculated later on
in Min’s dissertation, that the proportion obtained by Selberg’s method is very small. One may



refer to the introduction of [Ste07] (page 8) for numerical values. In 1974, Levinson ([Lev74])
succeeded in proving that at least one third of the non-trivial zeros lie on the critical line by
perturbing the Riemann zeta function by a linear combination of its derivatives. A significant
improvement, due to Conrey ([Con89]), increased this proportion up to more than two fifths. In
order to do this, he improves the general result of [BCHBS85] on the asymptotic behaviour of the
mollified second moment of the Riemann zeta function, when the coefficients of the mollifier are
essentially given by the Moebius function, which allows him to work with a longer mollifier than
Levinson’s one. From this last result of Conrey and using a two parts mollifier, Bui, Conrey and
Young ([BCY11]) proved that 41% of non-trivial zeros p satisfies ¥p = 1/2.

Since the Riemann zeta-function is a L-function of degree one, it is rather natural to gener-
alise these results to L-functions of higher degrees. For instance, Hafner has extended Selberg’s
result to L-functions of degree two. Precisely, if f is a holomorphic cusp form of even weight
and full level or an even Maafl form of full level, let Nt(T) (resp. N7o(7')) be the number of the
non-trivial zeros p (resp. on the critical line) of L(f, s) with 0 < (p) < T. Then, Hafner proved
in [Haf83] and [Haf87] that there exists a positive number A such that Ny o(T) > AN¢(T') for
large T. Rezvyakova ([Rezl10]) adapted ([Haf83]) to L-functions attached to automorphic cusp
forms for congruence subgroups. Nevertheless, they do not give any explicit value for A but by
analogy with the Riemann zeta-function case, this constant should probably be close to zero.

In [Far94], Farmer applied Levinson’s method to L-functions of an holomorphic cusp form
f of even weight and full level and succeeded in determining the asymptotic behaviour of the
mollified integral second moment of L(f, s) when the mollifier is a Dirichlet polynomial of length
less than T77/6=¢. From this result, Farmer obtained explicit lower bounds for the proportion
of simple zeros of the j** derivative (j > 1) of the completed L-function of L(f,s), which
are on the critical line. Unfortunately, the length of the mollifier is too small to exhibit an
explicit positive proportion of simple zeros on the critical line for L(f,s) itself. Nevertheless,
even thought Farmer did not remark it, his result proves that at least 1,65% of zeros of L(f,s)
satisfy Rs = 1/2 (confer part 4).

In this paper, we exhibit a positive proportion of zeros, which lie on the critical line for
L-functions of holomorphic primitive cusp forms. To get this result, we study the asymptotic
behaviour of the smooth mollified second moment of L(f,s) following the method developed in
[YoulO]. We choose a mollifier ¢, which is a Dirichlet polynomial of length T defined in relation
(7) page 5. Moreover, we introduce a smooth function w compactly supported in [T'/4,2T] with
some conditions on its derivatives (confer relations (8a), (8b) and (8c)). We prove the following
theorem.

Theorem 1 Let f be a holomogghz’c primitive cusp form of even weight, square-free level and

trivial character. If 0 < v < }HW and if o, B are complex numbers satisfying o, < L~ with
la+ B| > L1, then

/_:O wt)L (f, % fa+ n) L (f, % LB it) (o0 + it)|? dt = B(0)e(ar, B) + O(T(In L)'/ L)

where

11— 7 20th) g2
v (a+B)InT dady

cla,B) =1 {M‘Bz—ay /O1 P(x +u)P(y + u)du}

r=y=0



and where 8 = 7/64 refers to the exponent in the approzimation towards Ramanujuan-Petersson-
Selberg congjecture (confer relation (16)).

Corollary 1 Let f be a holomorphic primitive cusp form of even weight, square-free level and
trivial character. At least 2,97% of non-trivial zeros of L(f,s) lie on the critical line R(s) = 1/2.
Assuming the Selberg conjecture, we improve this percentage to 6,93%. In other words,

.. Nyo(T) 0,0297  unconditionally,
liminf ———~ >
T—+oo Ny¢(T) 0,0693 wunder Selberg conjecture.

Remark 1 As Heath-Brown ([HB79]) and Selberg pointed out, the study of the second mollified
moment allows to obtain a lower bound for the proportion of the simple non-trivial zeros lying
on the critical line. Unfortunately, in our case, the length of the mollifier is too small to get a
positive proportion of simple zeros satisfying the Riemann hypothesis for now. We plan to get
back to this issue in the close future.

The method we used can also be applied to determine the asymptotic behaviour of the smooth
second moment of L(f,s) close to the critical line.

Theorem 2 Let f be a holomorphic primitive cusp form of even weight, square-free level N
and trivial character. If o, B are complex numbers satisfying o, B < L™, we have

/+Oow(t)L (f,%—i—a—i—it) L (f,%—i—ﬁ—it) dt = af/+oow(t)lntdt+ by + ayIn (gﬂ &(0)

+0 (|a 4 BIT(InT)? + T%+9+8) .

with

p+1  ((2)

p|N

12N 12N L’ (Sym?f,1) Inp  2¢'(2)
ay = WQV(N)L(Smeﬂl) and by = 77'21/7(]V)L (Smef,l) (W +’Y+Z
and where v(N) = N[,y <1 + %)

Remark 2 Our result is non-trivial only in the case | + 3] = o(1/InT), and furthermore, we
need |a + 8| = o(1/In%T) to ensure that the term of order T is significant.

Corollary 2 Let f be a holomorphic primitive cusp form of even weight, square-free level N

and trivial character. Then
2 +0o0
tvVIN

[ ol ez )= [

Remark 3 This corollary is in agreement with the conjecture stated in [CFK™05] about integral
moments of L-functions (see section 5.2).

dt + O (T%+9+€) .




In [ZhaO5], Zhang succeeded in determining the main term of this integral second moment
of L(f,s) (without smooth function w) on the critical line. Thanks to corollary 2, we improve
his result with the following more precise asymptotic expansion. When f is a holomorphic cusp
form of even weight for the full modular group, we can also refer to [Goo82] where a similar
asymptotic expansion is given.

Corollary 3 Let f be a holomorphic primitive cusp form of even weight, square-free level N

and triwial character. We have
2
v IN

dt = a;TInT + T +O(T/InT).

T
/0 L<f,%+it)

- If f and g are some functions of the real variable, f(z) <4 g(x) or f(x) = Oa(g(x)) mean
that |f(z)| is smaller than a constant, which only depends on A, times |g(x)| for large .

- Similarly, the notation f =< g means f(z) < g(z) and g(x) < f(z).

- The function In refers to the natural logarithm function.

- From the Riemann zeta function (, we define for any positive square-free integer N

() =TT (1- 5 ) <o

p|N

Notations
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2 Review on L-functions of primitive cusp forms

For this section, we may refer to [IK04] (chapter 14). Throughout this paper, f denotes a
holomorphic primitive cusp form of even weight k£ and square-free level N. The Fourier expansion
at the cusp oo of f is given by

F(2) =3 M(n)n'e 2z

n>1

for every complex number z in the upper-half plane with the arithmetic normalisation A¢(1) = 1.
The Fourier coefficients Af(n) satisfy the multiplicative relations

Nmm) = > N () (2)
d|(m,n)
(d,N)=1

Mmn) = 30 @y (5) A (5) 3)



for all positive integers m and n. Since A¢(1) # 0, we may define the convolution inverse (1 ¢(n))
of the sequence (A¢(n)). This is an arithmetic multiplicative function, which satisfies for a prime
number p

Mf(l) =1, Mf(p) = —)\f(p), luf(pQ) = Af(p)Q o Af(pQ) - { (1) ioftﬁej[rgise (4)

and if j >3 us(p’) = 0. (5)
We consider

AT )T o2 - 2)”

n>1 peEP peEP

which is an absolutely convergent and non-vanishing Dirichlet series, an Euler product on R(s) >
1, where xo denotes the trivial character of modulus N and af(p), Bf(p) are the complex roots
of the quadratic equation X2 — \ #(p)X 4 xo(p) = 0. Moreover, the function

A(fs) = (g) (s 550 B = Ll F 00 )

is the completed L-function of L(f,s). It can be extended to an holomorphic function on C and
satisfies the functional equation

A(fas) = E(f)A(f71 - 8)

where e(f) = 1. Remark that, by the duplication formula for the gamma function, the local
factor at infinity can be written

= (2) () e (3 ) (34 55). ©

3 Mollified second moment of L-functions of modular forms

This section contains the proof of theorem 1. We define the sequence (pf(n))n>1 as the convo-
lution inverse of the sequence (Af(n)),>1 and we define a mollifier ¢ of the shape

v = X 4 p () 7)

na nstz—oo0 In M
with M = TY, = % — % where R is a positive real number and P is a real polynomial
satisfying P(0 ) = O P(1) = 1. In addition, we choose a function w : R — R, which satisfies
w is smooth, (8a)
w is compactly supported with supp w C [T'/4;2T], (8b)
for each j > 0, we have w)(t) <; A7 where A =T/L and L = InT. (8c)



For more convenience, we set

“+o0o
If(a, B) = / w(t)L <f, +a+zt> L (f, % +5—it> [(oo + it)|* dt.
—00

To study the asymptotic behaviour of I¢(c, 3), we need an explicit expression of L(f,s) with
0 < R(s) < 1. In lemma 1, we get an exact formula, also called “approximate functional
equation”, which gives an expression for L(f, s+ it)L(f, s —it) with s in the critical strip where
we can not use the Dirichlet series. Thanks to this new relation, we may split /¢(c, 8) in a
diagonal term (without oscillation) and an off-diagonal term (with oscillation). The off-diagonal
contribution is bounded in part 3.1 whereas the diagonal term is estimated in part 3.2.

Lemma 1 Let G be any entire function, which decays rapidly in vertical strips, even and nor-
malised by G(0) = 1. Then for each complex numbers o, B such that 0 < |R(a)|,|R(B)| < 1/2,
we have

bngroru)i(sgeo-u) ST (0) st

m,n>1
Ap(m)As(n) /\f n) —it
Xa, (—) Vg o (mn,t
where
Lo (f,3+a+s+it) Lo (f, 3 +8+s—it) 1 G(s) s
gaﬁ(s,t) = 1 - » Va ﬂ(x t) Py gaﬁ(s,t)x ds
Loo(f72+a+7't) oo(f7§+ﬂflt) 2 1) S
and

Loo (f,3 —a—it) Lo (f, 5 — B +it)
Loo (f,3 +a+it) Los (f,5 + 8 —it)

Xa,,@,t =
We do not write the proof of this lemma, which is essentially the same as theorem 5.3 of [IK04].
Nevertheless, it will be usefull to have good approximations of X, 5+, ga,s(s,t) and V, g(x,1).

Lemma 2 For large t and for s < t° in any vertical strip, we have

Xoss — <t2¢7T_> e <1+M+O<é>> (9)

wtaten) = (3) (10 (1)) 10

In addition, for each integer j > 0 and for all real number A > 0, we have

& -
TV, t) <a, 1+m (11)
Vo Vs (@) <, 2 )



Proof: We may write

o (YT G camigr (st
aft = | Top (5 +a+it)T (k45 —it)
VN "I tratsti)T(E+B+s—it)
on TEravit)t (Erp—it)

and gq (s, t) =

Then, the first part of this lemma comes from the following Stirling formula with s = ¢ 4+ i¢7 in
any vertical strip

e i (-1 2 !
I(s) = /27T|T|a—§e—§\r\ez(rlnI'rl—'r+§(<7—1/2)sgn(7')) 1— Z% +0 (_2) .
T T

We refer to ([Ten95], corollaire 0.13). To prove (11), we move the integration line far to the
right on ®s = A and by (10), we obtain the desired bound if > < x. In the case x < t2, the
result comes easily by trivial bounds.

O

Thanks to the previous fonctional equation, we may split I;(a, 3) as a sum of diagonal terms
and off-diagonal terms. Precisely, opening the mollifier ¢, we may write

B pr(a)us(b) - (InM/a In M /b ) X
o) = 3 OO (SN p (S50 (s s e

I (00 B) + 1, )]

with
Ap(m)As(n) [T
DHeB) = Y f;+a LB/ w(t)Va,p(mn, t)dt,
am=bn M2 ~T2 o
Ar(m)Ap(n) [To°
L3eB) = 7“12 {()/ w(t) Xo,p4V-p—a(mn, t)dt,
am=bn M2 "N2 —oe
Ap(m)Ap(n) [T am —it
NP0, 8) = AL [t () Vastmn e,
A (m))\ (n) +oo am\ —it
Iy (e 8) = ) 4f1_5 ﬁ_a/ w(t)Xap.t (%) V_g,~a(mn,t)dt.
am#bn mz2 "n2 -

3.1 Evaluation of the off-diagonal term

In this part, we evaluate the size of the off-diagonal term. Precisely, we prove the following
proposition.



Proposition 1 If 0 < v < =29 and if o, B are complex numbers satisfying o, 3 < L™ then

4120
there exists € > 0 such that

3 “f(f/)aﬁg(b)P (h;ﬁ;a) P (hllnj\ﬁb) [I;YbDl (o, B) + IV (o, B) | < T'7°.
ab<M

The main tool of the proof of this proposition is a theorem about shifted convolution sums on
average.

3.1.1 Initial lemmas

In order to prove the previous proposition, we begin to get rid of some harmless terms occurring
in the definition of I (a, B).

Lemma 3 Lete > 0,0 <~ < 1, o, < L™ be complex numbers and a,b < T" be positive
integers. Then, for all real number A > 0, we have

Ar(m)Ap(n) [T amy ~it _

N D, _ f f A

Iy (a, B) = améﬂm o S [00 w(t) ( bn) Va,s(mn, t)dt + O (T~4). (13)
mngT?te
a7n_1|<<T*‘Y

bn

Proof: Firstly, by (11) with j = 0, we get for all real number A > 0

teo am\ —it 72\*

— 00

As a consequence, for A > 1/2, since |A;(n)| < 7(n) < n¢ and «, 8 < L™, we may write

Z M /+00 w(t) (am) —it VQ,B(mn, t)dt < 424 Z T(m)T(n)

1 1 1 1
amz#bn m§+an§+ﬂ o0 bn mn>T?2+te m5+A+§Ran5+A+§RB
mn>T2te
1

1+2A

<T § A
h>T2+e

< T27A8
< T4

Then, using (11) for each integer j and since w) (t) < A~J, for all real number A > 0, we have,
uniformly with respect to x, the following bound

& A
oL [wW(t)Va,p(z,t)] < AT (H) .
Hence, if am # bn, thanks to j integrations by parts, we get

/mw(t) (%)%Va,ﬂ(mn,mdt - ;/m (%)%%[w(t)va,ﬂ(x,t)]dt

—00 (iln%)] —00
T 72\4
Ad |in 42 (%) '

8



Therefore, with A = 1/2 + max {Ra, RS} + d and 6 > 0, using the lower bound z/2 < In(1 4 x)
for 0 < z < 1, we have

Ap(m)Ap(n) [F°° am ~it TiH+2A+5y 7(m)7(n)
% m§+an§+ﬂ/ w(t) (E) Va,(mn, t)dt < AJ Z mAtRatA, IIREFA

m,n>1
]

— 00

Since v < 1, the result comes easily from a choice of large j.
O

We introduce a dyadic partition of unity to the sums over m and n. We fix an arbitrary smooth
function p :]0, +oo[— R, which is compactly supported in [1,2] and which satisfies

—+00

Z P <27€/2x> =1.

{=—00

We may refer to [Har03] (section 5) to build such a function. For each integer ¢, we define

pe(x) =p <£> with A, = 2277,
Ay
In order to study the asymptotic behaviour of 1 évlf) (o, B), we consider the function Fj,., ¢, which
is defined by
Lia;lep
a27%2
Fhse 0, (.%', y) =

/ G (1 i S) Vass (Sost) dt x oy (@)pa(y). - (14)

—00

x%+ay%+5

Lemma 4 Lete > 0,0 <~y <1, o, < L™ be complex numbers and a,b < T" be positive
integers. Then, for all real number A > 0, we have

I(%Dl(a,ﬁ) = Z Z Z Ar(m)Af(n)Fr.e, 4, (am,bn) + O (T_A) . (15)
Agy Ag, KabT?te 0<|h| KT =7\ /Ar, Ay, a—bn=h

0 X Aegy
Ay Ay >TY

Proof: For more convenience, we define
1lia l+ﬁ +oo —it
a2vh2 x xy
H(z,y) = ——— H(=) W (—,t) dt.
(@.9) phtaysth [m w(t) <y> % \ab

From the previous lemma and using the partition of unity, we may write

Ingl (o, B) = E g E Ar(m)Ar(n)H (am, bn)pe, (am)pe, (bn) + O (T A) .
01,2 h#0 am—bn=h
mngT?te
am |7

First, if |h| > \/Ap, Ae, T~ then

am bn 2 am
ma {27l [0 Vs ey
bn am bn

2 2
b gl M e
am ambn  Ap Ap, —

)

9



Secondly, if |1 — ¢3] > 3, for instance if ¢; — ¢ > 3 then

L1—to

am 2
——1>
bn -

—1>V2-1>1.

Thus we may assume Ay, < Ay,. Thirdly, if A,, <77 then

ami‘ h

_ s T,
o~ 24,

bn

Therefore, we may assume A,, > T7 and, in the same way, Ay, > T7 . Finally, since am—bn = h,
we get H(am,bn)pg, (am)pe, (bn) = Fh.g, 4,(am,bn).

O

3.1.2 Shifted convolution sums

The core of the proof of our theorem is the following bound, which is a generalisation of theorem
2 of [Blo05], about shifted convolution sums on average. We define 6 as the exponent in the
Ramanujuan-Petersson conjecture, which claims

()] < 7(n)n’ (16)

for eigenvalues A(n) of the Hecke operator T), acting on the space of weight 0 Maafl cusp forms
of level N.

Theorem 3 Let {1, {5, H and hy be positive integers. Let My, Ms, Pi, Py be real numbers
greater than 1. Let {gn} be a family of smooth functions, supported on [My,2M;] x [Msy,2M,]
such that Hg,(f])Hoo < (P1/My)Y(Py/Mz)? for all i,j > 0. Let (a(h)) be a sequence of complex
numbers such that

h
a(h) #0=h < H, hilh et <h1,h—1> — 1.

If 1My < boMy < A and if there exists € > 0 such that

A 1
H< , 17
max{Pl,Pg}Q (€1€2M1M2P1P2)6 ( )

then, for all real number € > 0, we have

H
doah) Y Ap(ma)Ap(ma)gn(ma, mo)
h=1

mi,ma>1
Zlml 722m2:h

, : A f (hy, 010s)H
3 0 % 1,%1%£2 e
< Azhi|lall2(Pr + Ps) [ P+ P, + <maX{P17P2}> (1 + hilels )] (€165 My Mo Py Py H)®.

10



Proof: This proof is a direct generalisation of the proof of theorem 2 in [Blo05], that is why we
only give an outline of the proof of Blomer. In order to simplify, we set

Y(1,05,H,a) = Za(h) Z Ar(ma)Ap(ma)gn(ma, ms).

h=1 my,ma>1
élmlflgmgzh

We set also A = min {gl}/l LG } let @ > 1/A be a very large parameter and set § = 1/@Q such

that 6 < A. Let ¢ be a smooth functlon compactly supported in [-A~Y A~ with ¢(0) =
and such that, for all integer j, |¢()||o <; A7. Then, we introduce

Whi(z,y) = gn(x,y)p(lrx — Loy — h).

In addition, we introduce another smooth function w : R — R compactly supported in [@, 2Q)]
and such that |[w" |, <; Q7. If ¢ denotes Euler’s phi function, let
Q2

A= > waple) = 5,4
q=0[N01£2] 172

As a result, we can rewrite

H 1
X(4y,02,H,a) Za / Z Ar(ma)Ap(ma)e(lymya)e(—Llamaa) Wi (ma, ma)e(—ha)dao.
h=1

mi,ma>1

By the Jutila’s circle method (see [Blo05], lemma 3.1), we build an approximation I to the
characteristic function on [0, 1], which splits the a-integral in two parts, according to whether
« is in a minor arc or a major arc. We easily estimate the contribution of minor arcs using our
bound for the L?([0,1])-norm of 1 — I and we can write the contribution of major arcs of the
shape

1 H
mZa( Z / Z Ap(mai)Af mg)
h=1

q= O[Nflb] mi,mo>1

o (E))e () i (2 )

We transform short sums of exponentials in long sums of exponentials by means of a Voronoi
summation formula (see [Blo05], lemma 2.2 or [KMV02], appendix A). If S(m,n;q) denotes the
classical Kloosterman sum, the major arcs contribution becomes

1 H
gral) Y w@ [ et-un)
h=1

q=0[N {1 £2] =4

Z )\f(ml))\f(mg)S(—h, ggmg — €1m1; q)Gqﬁm(ml, mg)dn

mi,ma2>1

11



where

47T2€1€2 /+oo +o0
0

q2 Wh(tl, tg)e(gltln - ggtgn)

(47T€1\/.%'1t1> Jk . <4ﬂ€2w/$2t2>dtldt2
q - q '

Gq,h,n(xla 1’2) =
0

X Jr1

We split this sum according to the value of £omo — £1mq. It comes a diagonal contribution when
£1my = lomo, which is easily bounded, and an off-diagonal contribution when fomso # £1mq. It
remains to estimate this off-diagonal contribution, which can be rewritten

H

2Y4 6 ptoo p4oo
] [ e, 5 e

r£0 1<mi<M;
1<ma< Mo
lomo—l1mi1=r

—h.r 4dm\/h
S SEhridg, (M;ml,m%r, h> dtdtadn.
g=0[N¢142] 1

where
an,tl,m (h) = a(h)e(—nh)Wh (tl, t2)€(€1t177 — ggtgn)

T xli1v/mit xlor/mot 47~/ hlr
and @tl,tQ(x;ml,mg,r, h) = \/%Jkl <ﬁ> Je_1 < QJWT 2) w < . | |> w1 (h)
T T r

and with
_ Q*P2k?

2P2/{)2
My =<1 @ L
2 M,

0105 M1 Mo Py P5)¢ and = —-—=
(6102 M1 Mo Py Py)* and Mo EITA

(6109 M1 Mo Py Py)°.

The asymptotic behaviour of Gy 5, ,, allows us to restrict sums over m1 and ms to sums over m; <
My and my < Ms. Applying the Kuznetsov trace formula (see [Blo05], lemma 2.4 or [DI83],
theorem 1), we decompose this off-diagonal term as a sum of three terms: the contribution of
discrete spectrum, the contribution of continuous spectrum and the contribution of holomorphic
cusp forms. All of them will be evaluated by means of large sieve inequalities (see [Blo05], lemma
2.5 or [DI83], theorem 2). In the discrete spectrum, it may have exceptional eigenvalues even
thought the Selberg’s conjecture predicts that such exceptional eigenvalues do not exist. We
prove that the contribution of non-exceptional eigenvalues, called real spectrum, is bounded by

H(hy,4,102)

AV2||a|loh (P + Po)% | /PL+ Ps +
h1£1£2

QE
whereas we bound the contribution of exceptional eigenvalues by

H(hy,£145)

1 3
AztOp? P+PR):2 71
27hillall2(Pr + Py)? + Il

Q.

12



In addition, we show that the contribution of the continuous spectrum and of holomorphic cusp
forms are bounded by

H(hy, 014
APalatpi 4 e (VAT [PL08))
1€1€2

which is smaller than the estimate of the real spectrum. The result comes easily from these last
three estimates.

O

0
Remark 4 In [Blo05], a factor (%)0 appears, which could become (ﬁ) in our theo-

rem, and which comes from the contribution of possibly exceptional eigenvalues in the discrete

0
spectrum. However, we only find (ﬁ) .

Let us determine the required bounds for the test function in our case.

Lemma 5 Let a, 3 < L™ be complex numbers and let o be any positive real number. For all
non negative integers i and j, we have

) 46”ij.@ P a s+Rato b 14+RB+o )
i, ity i — T1+20' InT)’
Ty axzayj (1"5 y) << sJ A[l Agz ( n )

and the implicit constant does not depend on h.

Proof: Let Py(Y) =1 and P;(Y) = H;;é(Y — () for j > 1. Let Rs = o > 0, then we have

Vo ( [ uto (1 n g) ga,ﬁ<s,t>dt> — [ w)gan(s. (1 ¥ g) Q; (bt

)
/]R [im (1+ %)T o

-G-n)

[w(t)ga,p(s,1)Q;(1)] dt

where Q;(t) = Y0_ (7) Po(it) Py (~it) (1 + g) . Since QU (1) < Héy/y‘] £ for r < j

and % [wW(t)ga,p(s,t)] dt < TP A", we get

o9 J

el My
ot

Ty (InT)7.

[W(t)ga,5(s,1)Q;(1)] <s,; T

and the implicit constant depends polynomially on s. Since h/y < T~7 in our range of summa-
tion, then

Y —it |
yjaa—yj </ w(®) (1 T g) ga,B(Sat)dt> <s.j T2 (InT) as)
R

13



and the implicit constant does not depend on h. Writing

(o) = 2 [ 80 ()57 () T (1) sy,

2 s T Y Y

the result comes easily from the Leibniz formula and the bound (18).
O

Remark 5 The trivial bound for shifted convolution sums, namely taking absolute values and
applying the Ramanujuan-Petersson bound on average, is given, for all € > 0, by

> Ap(m)Ag(ma)gn(ma, me) <o min{My, My}(M; My)°. (19)
l1m1—fama=h
The trivial bound (19) and lemma 5 imply the following corollary.
Corollary 4 For all € > 0, we have

NP (a, ) <. min{a, b} T,

Remark 6 This trivial bound of I éVbD '(a, B8) fails to prove Proposition 1. In other words, taking
care of the oscillations of the Hecke eigenvalues is required to proving Proposition 1. In a first
time, we apply the following bound, proved by Blomer in [Blo04], about shifted convolution
sums.

Theorem 4 (Blomer, [Blo04]) Let e > 0, and let 1, {3, h be positive integers. Let My, Mo,
Py, Py be real numbers greater than 1. Let g be a smooth function, supported on [My,2M;] x

[Ms, 2M5] such that ||g,(jj)||Oo <ij (P1/My)Y(P2/ M)’ for alli,j > 0. Then
Z Ap(mi)Ap(ma)gn(ma, ma) <e py pyNg (61 My + o Mo) /2 H0F,
l1m1—Lomo=h
This bound is uniform in f1, 2, h and the dependence on Py, Py, N and k is polynomial.

Remark 7 Remembering the trivial bound (19), this theorem agrees with the square-root
cancellation philosophy.

As a consequence, theorem 4 and lemma 5 imply the following proposition, which gives a first
admissible bound, and which will be improved in proposition 3.

Proposition 2 Let o, 5 < L™! be complex numbers and a,b be positive integers. For all € > 0,
we have e s
Ingl (o, B) <. (ab)3tzT2t0+e

Proof: By theorem 4, lemma 5 gives

a 3+ Ra+o b 3+RB+o
Z )\f(m))\f(n)Fh;gl,gz (am,bn) < (—) ( )
Ag, Ay,

am—bn=h

T27 (InT)*(Ay, + Ay, )2 07
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where « is a constant. Thus, thanks to lemma 4 and with % +0+e—Ra—RB—20 >0, we get

a 3+Rato b 31+ RB+o
BPen«r e X (G) (G) AR A
, ’

2+4¢e Ael
Agy Agy KabT
Aglegz
Agy Ay >T7
1
1—~v+2 1/2+ 5 +H0+e—Ra—RNE—-20
< T+ (b)Y 2o (In )" > A7
TV Ay, KVabT1+e/2
< TITETORe (gh)i+E > L.
TV <Ay, KVabT1+e/2
Then, we obtain ZT'Y<<A¢1<<\/ET1+E/2 1= 21§2Z1/2<<\/£T1*7+5/2 1 < InT. Finally, the result
easily comes from the choice vy =1 — €.

O

Remark 8 We are tempted to solve the shifted convolution problem on average (over h) and
to take care of the resulting additional oscillations of the Hecke eigenvalues. For instance, using
Theorem 6.3 of [Ric06], one can check that, for all £ > 0,

INPi(a, 8) <. (ab)TTETETOFE,

It turns out that this bound is not admissible. It can be explained by the fact that the length
of the h-sum is very small. That is why we need a bound for short sums of shifted convolution
sums, which is given by theorem 3.

Proposition 3 Let o, 5 < L™! be complex numbers and a,b be positive integers. For all e > 0,
we have o
Ingl (04;5) < (ab)TTE-‘r@-‘,-a.

1ifh < H,

0 otherwise.

Proof: We apply theorem 3 with H = T77\/Ay, Ap,, b1 = 1 and a(h) = {
Therefore, from lemma 4, we get

107 (o, B)

a 3+Rato b 3+RB+o -
T T\ /Ay H
< X G &) VA

(8 ()

A,
Agy Ag, <abT?te
AlleAZZ
Agy Ay >T7
1 -1 0—(Ra+RB+2 140 4 o
< (ab)FHOT 2o +e—3 > Af~(RaARET20) o (gp) 5" T340+,

TY<LA LV abT1+e

Finally, the result comes from v =1 —¢.
O

Corollary 5 Let o, < L1 be complex numbers and a,b be positive integers. For all € > 0,
we have o
1272 (v, B) <c (ab) 2 TzH0Fe,

15



Proof: Set

—2(a+p) o9 o
wi(t) = w(t) (%ﬁv) <1 + M) .

Thanks to relation (9), we may write

m n) [T am —it m n
e 5 A [ () a3 ).

mzBpi—«
am#bn mn<&T2+e

The error term becomes O(7T¢) and since w; satisfies (8a), (8b) and (8c) we may apply propo-
sition 3 up to changing w by wy and («, 8) by (=8, —«).

O
3.1.3 Proof of proposition 1
Using proposition 3 and corollary 5, we trivially bound the off-diagonal term by
pg(a)py(b) InM/a In M/b ND; NDs 140+ g
a,b<M a,b<M
<« T3H0+eqv(2+0)
Thus, if v < L‘r—gz, the off-diagonal part of I;(«, 3) is bounded by T,
3.2 Evaluation of the diagonal term
Fori=1ori=2,let
. prla)ur(d)  (InM/a In M/b\ _p.
I, )= > P P Pi(a, B). (20)
f ’ a,b\™
ey Vab In M In M
We consider the diagonal part I fc) (c, B) of the mollified second moment. Thus, we have
D D
IfD(OQﬂ):Ifl(aaﬁ)—i_IfQ(a?ﬂ)' (21)

In this section, we prove the following proposition:

Proposition 4 Let 0 < v < 1. For complex numbers o, 3 < L=t such that |a + B| > L™, we
have

1P(a, B) = (0)c(ar B) + O(T(In L) /L)

where c(a, B) is defined in relation (1).

16



3.2.1 Initial lemmas

Lemma 6 Set Q, 5 the subset of vectors (u,v,s) in C3 satisfying

Ru + Ro > —1/2,

s> -1 -5 — 7
§Ru—|—§Rs>—%—§Ra,
§Rv+§ﬁs>—%—§Rﬁ.

We have

pr(@pg O (As(n) | L x Sl tat B2 x filbute) o
e astopstupstatsysth+s  L(fx fil+a+u+s)L(f x f,1+B+v+s) ws
am=bn

where Aq g(u,v,s) is given by an absolutely convergent Euler product on Qq g.

Proof : In order to simplify, set

3 fip(a) g (b)As(m)As(n)
a,b,m,n>1 a3 TUpstumstatsy s +8+s’
7a:m:7b77

P =

Using relation (3), for any prime number p such that p{ N, we get,

> Ar(POAs () ) Y A9 1 3 A (A (0)

s o ls

ls s
£>0 p £>0 p p >0 p
and A ( Z))\ ( Z+2) by ( 0\2 A by 41 A 4
r(P9)As(p WS f@* f(P)Z r@THAL ()
Z pls = Ar\p pls ps pls .
>0 >0 >0
Thus, we deduce
A pl A lerl 1 -1 A pé 2
SMENG _ L (o) )
£>0 p p >0 P
A (PN (0"2) 1\~ oy 1 Ar(p)?
> e =\t Ap(p”) = ) s (23)
>0 >0

In addition, since we write

P=]] 3 pr (") iy (™) Af (0%) A (p™)
- 1 1 S(L 1
P\ £1,62,65,04>0 ph GVl Hu)pla(ztats) pla(z+A+s)
Ly+L3=Lo+Lly

17



using relations (4) and (5), we get

P YA A (p)?
= pltute T p2(ituto) =~ pt(+a+B+2s)

1 1 1 A ()X (P
*Af(p) < 1+v+B+s + 1+u+a+s) (1 + 1+u+'u) Z 0(1+a+pB+2s)
p p p = P

1 1 A )\ +2
+< n )Z F )X (PT)

p2(1+'u+,6+s) p2(1+u+a+s) = p€(1+a+,@+28)

A 2 A 2 A 2 A 0\2
T (1 20 )5 M)

1 1 S| 5
D +u+v D +atu+s D +B+v+s pé(1+a+6+23)
pIN £20

Thus, it comes from relations (22) and (23),

Ar()? Ap(p)? Ar(p)?
P=L({fx[,1+a+[+2s) H [1 + pltutv — plfatuts — plthrots

pIN
Ar(p)® 1 1
X H Kl + pltutv + p2(1+u+tv) 1- p2(itati+2s)
PIN
1 1 1 1
2
—As(p) <1 N p1+a+6+2s) <p1+v+6+s T p1+u+a+s) (1 T W)

1 1 1 1
R e oo A (p?) — - ~ +
D +a+B+2s p1+oz+,6+25 p2(1+v+6+5) p2(1+u+oz+s)

Ar)? A(p)? Ar(p)?
= L(fx fl+a+8+29)]] [1 " p1f+u+v B p1+fa+u+s B p1f5+v+s +Xo(P)Ep

p

1 1 Ar(p)? (1 1 1 1 NP (1 1
2 p2(u+v) - p2(a+ﬁ+25) - ps pu-i-oz + pv-l—B pu-i-'u - pa+ﬂ+28 + p23 p2(u+a) + p2(v+ﬁ)

At (p)? 1 1 1 1 1 1 1
p3+oz+,6+38 pu-i-'u pu-i-oz + pv-l—B - E p2(u+a) + p2(v+ﬁ) - pu+v+oz+,6+s

+

1 1 1 1
p4+2(a+5+23) p2(u+a+s) + p2('u+,6+s) o p2(u+v)

Since the Rankin-Selberg L-function L(f x f,z) admits, for Rz > 1, the Euler product
L(f x f,2) = ] Lo(f x ,2)

with per
R )
) (1 . )\f;f)Q ol [2 +;\2fz(p)2 - )\;(32)2 + pzllz])l,
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we may write

Ar(0)?  Ar(p)® Ar(p)® _
H pltutv — pltatuts — pl+ffots +x0(p)Ep =

Lp(fxf,1+u+v)
Ly(fxf,il4u+a+s)L,(fx f,1+v+5+s)

G,
LHL(f X 14wt ats)L <fxf,1+v+ﬁ+szzm
r=2 ¢

where the sum over / is finite, X, ¢ are linear forms in u, v, a, , s and a, ¢(p) are complex numbers
with |a,¢(p)] < 1. As a result, we obtain

L(fxfil+a+B+2s)L(f x f,1+u+v)

P: « y Yy
Lifxf,il+a+u+s)L(f x f,1+B8+v+5s) p(u,v,5)
where
1
Aa,p(u,v,s) H 1+ ZO < T+XT,[(§reu,mu,§rea,m,ms)>
peP

Then A, g(u, v, s) is an absolutely convergent Euler product in {R(a +u+s) > —1} N {R(B +
v+s) > —1} Ny { X5 ((Ru, R, Ra, RB, Rs) > 1 — r}. Making explicit all the linear forms Xo 4,
we obtain { X ¢(Ru, Rv, Ra,, RB, Rs) > —1} = Qg 5. Similarly, writing all the linear forms X, o,
we prove that for (u,v,s) in Q4 g then X, ,(Ru, Rv, Ra, RB,s) > —r/2 > 1 —r. As a result,
Ay p(u,v,s) is an absolutely convergent Euler product on €2, 3 and defines an holomorphic
function on €, g.

O
Lemma 7 We have
Ap0(0,0,0) = 1.
Proof: Thanks to lemma 6, if s > 0, we may write
piy (@) (D)As(m [
Aggls,s,)= Y AU O IAR) 5 fam S lam s,
a,bomn>1 (ambn) am>1 nlam
am:bn
Since (p1f(n)) is the convolution inverse of (Af(n)), we have
> up(d/n)Af(n) = 6(d).
nld
Thus
AO,O(S, S, S) = lu’f(l))‘f(l) =
To conclude, we extend this relation to s = 0 by continuity in the half plane Rs > 0.
O

19



Lemma 8 For all non negative integer a, we have

$ %”)2 <ln %) _ Ijgf;](v{(;f’ ’ AM% <ln¥>adr +0((In M)®).

n<M

Proof: We may find in [Ran39] the following asymptotic behaviour
Res L(f x [, )

Z )‘f(n)Q == C(N)(Q)

n<x

+ O(2%/).

That is why, after one integration by parts, we get
a Res L(f X f S) a
Ap(n)? M s ’ 1 M
———(In— | = —(In— O ((In M)*).

n<M

Finally, the Euler Maclaurin formula gives us

> % (m%)az/lMi (m%) dr + O ((In M)?).

n<M
O

3.2.2 Estimation of ij)l (o, B)
For positive integers ¢ and j, and for any positive real number 9, let

, wio  L(f x fi1+u+v)Ay(u,v,0)
Jap(0,7) = 2277 //M L(fx f,l1+a+u)L(f x f,1+ B+ v)uitl pitl

Lemma 9 Let a,f < 1/L be complex numbers. For positive integers i and j, we have

du dv (24)

z=y=0
+0 (Liﬂ‘—? (1 + (121€32> (1 + a;ff)) .

Proof: We use the Dirichlet series of L(f x f,s). Moving far to the right either u or v integration

o (ln M)Z"f’j*l d2 48 /1
Japli,j) = — MO*TPY Id
8(1,7) TjiRes L(T x 1.9) dady O(ﬂchU) (y + u) du

line, we obtain
o s(i ) = ( )HU CM(2(1 +u+v))Aa,5(u,v,0) du dv
o _ngM )/ (8) L(f x f,1+a+u)L(f x f,1+ B +v)u Tt oitl
Let
P60 (g = (M) @+ u+ 0) Aas(w,2,0) 1
I L(fx f,1+a+u)L(f x f,14 B+ v) utlpitl’
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We consider the contour v defined by v = v U~ Uy with ¢ > 0, Y > 1 large and

v = {ir, |7| > Y}, ’yg:{aizY W<O’<O} and’yg:{ﬁ—i—m' ]T\gY}.

By the standard zero-free region of L(f x f,s), we move the integration lines fu = fv = 0 to
u and v on ~y. Thus,

(m)
(u, v)dudv
(2im)? /5) /5) P

_Res— rgf )(u v)dv + —— / / TZ ) (u, v)dvdu
u=0 297 Ro=§ 217T u€y J Rv=4§

= Res TS’J)(U v) + Res— (w)(u v)dv + Res— )y,

u=v=0 *F u=0 207 [,y v=0 20T Jycn Ta,8

(W) (u,v)dudv.

e We begin with the estimation of Res S i Joery rgi’é) (u,v)dv. We express the residue as a contour

integral on a circle with radius 1/ L We get

1 (i9)
Resgin ], Mo (w0l
1 (/ (&)" % (y)“éNmm1+u+v»Amamvn>du v
T @2 oy L X F 1+ B+ 0) Jpon L(fx fil+atu)  wtloil

Furthermore, since [¢(™)(2(1 + u + v)) A4 5(u,v,0)] < 1 in our range of integration and since

< a+u < L™ because u < 1/L,

L(fx f,1+a+u)

we obtain

es— r u, v)dv —
u=0 2977 vEY P vey IL(f x f,1+8+v)| v+t

As we have —% =D n>1 A’;L(zn) with Ag(n) > 0, we deduce (confer [Ten95] part 3.10 and
[IK04] part 5.3) that

1
_— 1
L(f x f,o+i7) <lnlr],

it comes

/ (A" du
ver LU % F,1 1 B+ 0)] Jop ™t

Int do M\ =Y dr
< / dT+1nY/ . (—) ny @
rj>y [T ey o+ Y P " rl<Y |7 — g VH

< h;,—JY + (InYy)7*t <%> : (25)
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As a result,

e Since " ’g)

we get the bound

Res— 9 (0, v)do < LY [ —= 4 (nyy (M o (26)
eS—— T u,v)av n - n — .
u=02im Jyey @P N Y7 n

(u,v) = réj’;) (v,u), it comes immediately from the previous bound

1 (i.9) -1 1 (MR
Reso— /uE'y To g (Wv)du < L7 InY viT (InY) — . (27)

e By the relation (25), we bound f,y I, rgjé) (u,v)dudv.

utv (N)
(z,) _ § ( (1+u+v))Aa75(u,v,0) 1
J (u, v)dudv = 27T //( ) L(f x f,1+a+u)L(fx f,1+ B+ v)uitloit]
)§Ru
<</|Lf><f,1+5+v||v|a+l/|Lf><f,1+a+u>||u|z+l
InY (M InY iy (MY
< (WJr(lnY)JH <?> ) (T + (InY)*? <;> )

< (InY)? (Yilﬂ, 4 (InY)H (%)IY> (28)

du

e In addition, for any positive integer £, let

Wy = TKZMAJ’ <—+(1nY)f (%)j

We can bound

W _1 )‘f(”)Q ) )\f(n)Q M\ WY
E InY E
o v M n " ( " ) n n
S i) YI/E iy Sn<M
L ¢ } : —de Z Ar(n)?
< W + (ln Y) 2 ;

In(Y InY) M M
0<d< —55— (2d+1)f@nY)/e <ns (2d)E(nY)/e

L
< e + (111 Y)ZJrl.

As a consequence, by relations (26), (27) and (28), we obtain

—v=0

Af(n)? iy . _
Jap(inj) =Y {MuRes r;;g(u,v)} +O (L'WY + LI'WiInY + W, ;(InY)?)

n u=v=0 B

n
2 - . ; ; '
_ Z {)‘f(”) Res rg’j)(u,v)} +0 [Ll_l InY (% + (1nY)J) + L7 ' Iny (% + (lny)z)

+(InY)? (YZ.LH + (1ny)i+j)] :
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Choosing Y = L, which is allowed, the error term becomes O ((L*~* + (In L)?) (L~ + (In L)?)).
Then

Inslid) = 3 [P pes 0| o (1 (14 BEE) (1 QEE))

u=v=0
n<M

e We finish with the estimation of Reso rg’é)(u, v). To do so again, we express the residue as a
U=vV= ’

contour integral on a circle with radius 1 / L. Thus,

(M2 +u+v))Aq.5(u,v,0) du dv

u+v
u= fSOTaB(uv (2im)? p,.-1 JD(0,1- n L(f x f,l+a+u)L(f x f,1+ B +v)utlyit]

Furthermore, since u < v =<1 / L, we have

(Me1+ut+v) = ¢(M(@)+0(1/L),
Aaﬁg(u, v, 0) = Aoyo(o, 0, 0) + O(l/L),
1 a+u
Lifxfltatu RgfL(fxf,s)(1+O(1/L))’
1 B+

LFxfith+0) _ Real(fxfm' W)

With lemma 7, we obtain

¢ +u+v))An5(u,v,0)
L(f x f,il+a+uw)L(f x f,1+5+)

~(atu y ¢M(2) 3
= (@ +u)(B+ )UjgfL(fo,s)PjLou/L ).

1 7{ M\’ B +v
—_— — .—dU
2im Jpo,L-1y \ 1 vitl

Then

. (N)(2) 1 M\" a+u
R (4,4) — ¢ _7{ - ~ d
wmisg B (w,v) [RffL(f x f,8)* | 2im Jpo,L-1) \ n wirt ¢

+0 (Li+]—3)
In addition, thanks to Cauchy formula, we compute for any positive integer ¢
1 <M>“a+u d ew% (M I)“ du
5 — ) —gdu = — | o= —e —1
2im Jpo,L-1) \ n ubtl de | 2im Jpo,L-1y \ 1 ubtl S

[ "3 [(Me)ﬂ u_o] -
: ;f[w@mﬂfﬂ

-1
M
In — (ln —) ] .
n
Then, we can write

(N)(9 Mt M M\ 2
uRgsO Té ,(Ja) (u,v) = i!j![RegL(]E i D laﬂ (111 ;) + (ai + Bj) (111 ;) +1j (111 ;> ]
s=1

0

1
17

+O (Li+979).
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From (29) and by lemma 8, we get

st = B 1 (a2 i (0 2) 7 (5 () s () )
o1 (1 55) (4 54)

Changing the variable r to u with 7 = M'~* concludes the proof.

Lemma 10 If0 < v <1 and a, 3 < L' are complex numbers with |a+ 8| > L1, then

T(ln L)*
+0 <7( nl) ) .
rz=y=0 L
Proof: We use the Mellin transformation to write

InM/a i: (lani/f)i%f(l) (%)U% ifl1<a< M,
In M 0 ifa>M.

@(0) d?
(a+ B)In M dzxdy

I (a, B) = [Maﬁﬁy /0 1 P(z+u)P(y + u)du]

Set P(X) = z‘eglp a; X*. Thus, from relation (20) which defines Ich)l (o, B), we get

1=

Dy _ oo a;a;ily! 1 MY G(s)
I (@p) _/ wt) 2 (In J\]4)i+j (2im)? /(1) /(1) /(1) T el

% 1,521
pr(a)py(b)Af(m)Ag(n)  du dv
. a3tz U tats, s ++s  uitlgitl

dt.

a,bm,n>
am=>bn

Due to lemma 6, we can write

ailil 1 MU G(s)
)= [ e o S [ S s 0 s(.s)
! 2 (In M) (2im)* Sy Jay Jay s ’ ’

- 4,521

+oo

L(fx f,l14+a+B8+2s)L(f X f,1+u+v) du dv

: —(t.
L(fx fil+a+u+s)L(f x f,1+B8+v+3s) S it

We specialize G in
oo+ B)2 = (250
(a+B)?
As a result, G(s)L(f x f,14+ a+ 8+ 2s) is an entire function. First, we move the integration
lines from Ru =Re v = 1 to Ru = Nv = §, with 6 small, in order to assure the absolute

G(s) =
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convergence of A, g(u,v,s). Secondly, we move the integration line from Rs = 1 to s = =+,
with 0 < € < 0, crossing a pole at s = 0. Since t < T, v < 1 and gog(s,t) < T2, we can bound

Foo a;a;ilj! 1 MYt G(s)
' i) =S 1A
L O E T oo Juos Jronsre e Ml

0]
L(fx f,l4+a+p+2s)L(f x f,1+u+0v) p du dv
Lifxf,l4+a+u+s)L(f x f,1+8+v+s) T it

dt

—+00
< / |w(t)|dt T2(75+6)M25 < T17(272V)5+6 < Tlfe‘

—00

for sufficiently small . Then, using some previous notations, this estimation gives

191
O g (i, §) + O (TF).

194 (0, 8) = @OL( x [l +a+ )Y gy o

4,7
Thanks to lemma 9 and since

Res L(f x [, s)
L(fxf,l+0&+ﬂ):T+O(1),
we get

Res L(f x f,s)

1P (a,8) = 0(0) | = ol
1 d? az+B ! (1DL)4 1—e
| B LT < .9V dady e R e G )| Rl

_ w(0) d? - 1
~ (a+B)InM dady {M ’ y/o P($+u)P(y+u)du]

T(InL)*
r=y=0 * © <(a + 6)L2

> +O(T/L).

We conclude using the assumption |a + 8] > L~L.

Remark 9 Sometimes, it may be useful to consider the relation

d2
dxdy

{Mwﬁy /0 P+ )Py + u)du]

= /0 (P'(u) + aln MP(u))(P'(u) + 81n M P(u))du.
r=y=0

(30)

Lemma 11 If0<v <1 and a, 3 < L' are complex numbers with |a+ 8| > L1, then

IP%(a, B) = T~ A TPY (=B, —a) + O(T/L).
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Proof: We write

+oo —2(a+8)
i) = Y 2am) [ w()(t;—) Vesatmntiro | S BT

mn<T?te

am=bn

Let a’ = a/(a,b) and b’ = b/(a,b). Then, for all § > 0, the error term in the previous relation

becomes s () () ) . e
fUN)Af
Zb méiﬁnéia << (a/b/)l/Q ) Z . kl—a—B—Qé << a/b/
mne T+ kL2
—2(ctB)
erefore, if wa(t) = w o we may write
Therefore, if ws(t) <t>(t§§) . we may writ
InM/a InM/b Ap(m)Ap(n) (10
ID2 ry(@)ps (b ( >P< > fi/ wo ()V_g _o(mn,t)dt
ab<M Vab InM InM amz::zm mi=fni=e Joo 2(0)V-,~o )
olr S ———].
a,b<M abva't!

We also have

1 , 3
a,bgM\/%\/W k;% 2 _<<Z (ln—) < (In M)

ab<M T
and since wq satisfies (8a), (8b) and (8c), up to changing w by ws and («, ) by (=8, —a),
lemma 10 gives

w3(0) d?
(—a—B)InM dxdy

IP2(a, ) = [M—w—ﬂy /O1 P(x 4 u)P(y + u)du}

+0(T(InL)*/L).

r=y=0

—2(a+)
To conclude, due to the support of w, we can write <%ﬂﬁ) R T—2(e+6) 4 O(1/L) which
gives w3 (0) = T2tA%(0) + O(T/L).

O
3.2.3 Proof of proposition 4
From relation (21) and using lemma 11, we can write
1P(a,8) = Im(a 8) +T‘2(“+5)ID1(—ﬁ —a) + O(T(n L)/L)
1PV (0,B) + TPV (=B, —a) + TP (=B, —a) [T-2@+® _1] + O(T(nL)'/L).
Finally, using relation (30) and lemma 10, we have
70 B) + 17 (=B, —a) = @(0) + O(T(In L)"/L).
Combining these relations, we get the result.
O
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4 Effective proportion of zeros on the critical line

In this section, we prove corollary 1. From theorem 1, we may deduce the following theorem
about mollified second moment of L(f,s) and its derivative.

Theorem 5 Let QQ be a polynomial with complex coefficients satisfying Q(0) = 1. Let

Ve = Q (=g ) (U0

: 1-20
Then, if v < 754, we have

T
%i/ V(oo + it)2dt = (P, Q, 2R, v/2) + o(1)
1
where

1,1 2
c(P,Q,r, &) = 1+%/0 /0 e2rs [i(eTfiQ(S+§$)P($+u)) Z_J duds.

dx

We do not give the proof of this theorem, which is essentially the same than the one of theorem
1 in [Youl0]. We may refer to part 2 and 3 of [Youl0] to find more details. Now, @ refers to a
polynomial with complex coefficients of the shape

M
Q(z) =1+ i"A [(1—22)" — 1] (31)
n=1

where M is a positive integer and (A1, ..., A\pr) belongs to RM.

Let N¢(T) (resp. Nfo(T')) be the number of non-trivial zeros p (resp. on the critical line) of
L(f,s) with 0 < S(p) < T for f a holomorphic primitive cusp form of even weight, square-free
level and trivial character.

Proposition 5 For f a holomorphic primitive cusp form of even weight, square-free level and
trivial character, Q as in (31), we have

Nyo(T) 1

1 2
cnf L0 b 1 .
lim inf (T lim sup [1 5 In < /1 |Vip(og + it)] dt)}

Therefore, using theorem 5, we get

.. Npo(T) o1
\ f— >1— inf —Inc(P. 2).
PN 2T AR AR

The work of Kim and Sarnak ([Kim03]) gives § = 7/64 then theorem 5 gives v = 5/27. The
Ramanujuan-Petersson conjecture (6 = 0) gives v = 1/4.
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Lemma 12 ([Con89], part 4) We have

. 1, (1P Ao
11}1)lenC(P,Q,R, v/2) = Rln( 2 + tanh %

where w(z) = ef*Q(x), A = fol |w(x)|?dz, B = folw(:v)w’(:v)dac, C = fol | (z)|>dz and o =
v/ (B—B)2+4AC

2A

For empirical reasons, we restrict ourselves to polynomials () with real coefficients of the shape

N
Q(z) =1+ hy[(1—22)"" 1 1] (32)
n=1
where N is a positive integer and (hy, ..., hy) belongs to RY. Then we get
.. Npo(T) . 1 1+ w(1)? VAC
LAV —
el A N L 2 (33)

+
tanh <% %)

To obtain corollary 1, we choose N =4, R and @ as in (32) where R, hy, ha, h3, hy are given in
the following table.

_ 1 _ 5 1
V=175 V=197 V=13

R | 6,6838894702116801322

6,4278834168344993342

5,6503610091685135131

hi

1,6017785744634898860

1, 5898336242677838745

1,5369390514358411982

ho

—3,0362512753510924917

—2.8999828229132398066

—2,7929104872905007806

h3

3,0757757634512927939

3.0171733454035522056

2,77758193765120241770

hy

—1,1407980564855935531

—1,1164150244992046552

—1,0187870607687957034

5 Non-mollified second integral moment

This section contains the proof of theorem 2. For more convenience, we set

where w satisfies (8a), (8b) and (8c). Applying the approximate equation (lemma 1) and using

Myao(a, B) = /

—00

+oo

some previous notations, we can write

Mya(a, ) = IV (a, B) + 12 (0, ) + I (@, B) + 111 % (o, B).

w@L<ﬁ%+a+ﬁ)L<ﬁ%+ﬂ—ﬁ)ﬁ

Proposition 2 and corollary 5 allows to bound the off-diagonal contribution, then

Mya(ouB) = IV} @ 8) + I (@ §) + O (TH0+2).
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5.1 Diagonal contribution

We begin with a useful lemma.

L(fo,S) ab0ut s=1 can be

Lemma 13 The Laurent series of the meromorphic function s —

¢V (2s)
written as L(f e ) /2
X f,1+s ar
= b:/2 4+ O(s).
(V1T 5) +be/2+00)
Proof: We have
L(f x f,1+5s) 1 C(1+s)

VR [, (15 ) ey Y

1-258 4 0(s))

¢(2)
X (é +7+O(s)) .

N Inp ) ) / , . (
= N (1+s§1\;m +O(s )) (L(Sym?f,1) + sL'(Sym?f,1) + O(s?))

An easy calculation gives the result.

Lemma 14 Let o, 8 < InT" be complex numbers. We have

Dy B G(s) L(fx f,l+a+ 5+ 2s) /
I (o, B) —/Rw(t)}s%eg [ . Gap(s,1) C(N)(2(1+a+ﬁ+23))]dH_O(Tl 2).

Proof: By the definition of If)ll (v, B), we can write

A A
Pian) = 3 IO oo, nar

m=n

1 G(s) Ag(m)?
/Rw(t)% /(G) Tga,g(s,t) Z stdt

m>1

Since L(f x f,s) = ¢(™)(2s) > m>1 /\fébT)Q, then for all positive real number o we get

fff(aa5)=/ L G(s) s 7t)L(f><f,1+oz+ﬂ+25)

dsdt.

]Rw(t)% @ s VNIt a B+ 2s))

If o+ B # 0, we specialise
(ot B (25)°
(@+p)?

) = 0. We move the integration line from s = o to s = — A, with

G(s) =

in order to insure G <—a2ﬁ

A= i + %ﬁ, crossing a pole at s = 0. Thus,

s = [ Gls)

w(t)Res [—ga,g(s,t)L(f x fil+a+ B+ 2s)
R s=0 S

CME2(14+a+8+2s))

dt+ 0 (T'724).

O

In order to calculate the residue at s = 0, which appears in the previous lemma, we split our
proof according to the multiplicity of this pole.
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Double pole case In this paragraph, we assume a + 8 = 0. Then the pole at s = 0 in the
previous lemma has multiplicity 2.

Lemma 15 We have

G(s)
@%[—:ﬂwﬂ&”

L(fxf,l—i—a—i—ﬁ—i—Qs)} LT <t\/_>
2

(Ml +a+p+25)] 2 2

Proof: We compute the following asymptotic behaviour at s = 0.

G (NN) L(f x f,142s) 1+2sln (%f) +0(s?)

o CN(2(1 + 2s))
_ af_/2 n af <t\/_

= [1 + 0(52)}

S ? 2T

)+ o0

These results prove theorem 2 when oo+ 8 = 0. Precisely, by relation (34) and since I 11? 1(a, B) =

I 11? 1 (a, B) in the considered case, the following corollary comes from lemmas 14 and 15.

Corollary 6 Let a < L™! be a complex number. For all ¢ > 0, we have
Mf,Q(Oé, —a) = af/ w(t) Intdt + bf/ w(t)dt + O (T%—I—G—I—a) )
R R

Simple pole case In this paragraph, we assume o + 5 # 0 and G(s) = 682%. We

—2(a+p)
also set wa(t) = w(t) <%ﬂﬁ) ( .

Lemma 16 Let a, 3 < L™' be complex numbers. For all € > 0, we have

Lfxfilvatf) . LUfxfil-a—B) . Cps
Mralood) = s a s g OOt G —a gy O O (1)

Proof: Since the pole at s = 0, which appears in lemma 14, is simple, we have

Res | (SwaXﬁ1+a+ﬂ+%quXﬁl+a+m
=0 | s TP 0 rarfr2s) ] (MEAtatp)

Then, by lemma 14
L(f x f,i1+a+p)
T Rt p)

Up to changing w by wso, we have If)f(a,ﬂ) = Ill?ll(—ﬂ, —a), thus

@(0) +0 (12).

D» L(fxfalfafﬂ)/\ 1/2
Il,l(avﬂ): §(]\[)(2(170[75)) w2(0)+O<T/)
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As a result, we obtain theorem 2 when o + § # 0.
Corollary 7 Let o, 3 < L™ be complex numbers. For all € > 0, we have
“+oo

Myo(a, B) = af/ w(t) Intdt +

—00

by+asin (2@)] w(0)+0 (\a + B|IT(InT)? + T%+6+a> _

Proof: Thanks to lemma 13, the previous lemma gives

My (o, B) = iffﬂ (w(0) — w2(0)) + b—Qf (@(0) + w(0)) + O (T|a 4B+ T;+e+a) _

Furthermore,

—2(a+p)
Wa(0) = /Rw(t) (%f) dt:/Rw(t) (12(a+ﬂ)ln (%f) +O(|a+ﬂ|21n2t)>
= @(0)—2(a+ﬂ)/w(t)1n (@) dt+ O (Ja+BP*PTIn*T).
R ™

An easy calculation gives the result.

We remark that, up to changing A = T/InT by T/(InT)?, we obtain corollary 3.

5.2 Conjecture of Conrey, Farmer, Keating, Rubinstein and Snaith

We can find in [CFK'05] numerous conjectures related to integral moments of L-functions. In
particular, conjecture 2.5.4 predicts the asymptotic behaviour of any even integral moment of a
primitive L-function on the critical line.

Conjecture 1 Let L(s) be a primitive L-function. Let k be a positive integer. Then for any
“suitable” weight function g, we have

/:o ‘c (% ﬂ,t) 2kg(t)dt _ /+°° o <w In <Q22/wt>> (1 4+ OV ))g(t)dt.

—0o0
where w and @ are respectively the degree and the conductor of L and Py is an explicit polynomial
of degree k.

In this paper, we consider L-functions of holomorphic primitive cusp forms of even weight,
square-free level N and trivial character. The degree of such an L-function is w = 2 and the
conductor is Q = v/N/m (confer equation (6)). The following conjecture is a simple rewriting
of conjecture 1 in this case for the second integral moment and when ¢(t) = r(¢/T) with r a
smooth function compactly supported in [1,2].
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Conjecture 2 Let f be a holomorphic primitive cusp forms of even weight, square-free level N
and trivial character. Then, for any € > 0, we have

/_:O‘ <f, +1t>29(t)dt:/+°° <an<t‘/;>>g(t)dt+O<Té+e>

— o0
e 7{ }{ f X f,14 21 — 29) (22_21)26%(21*22)dz1dz2,
(2im)2 Jisrjmry Jisal=re CVRA+ 21 — 20)) 2323

with

for any small positive real numbers 1 and ro (ie r1 + 19 < 1).

In order to compare our corollary 2 With this conjecture, we have to compute P;. Choosing

r1 # 19, and since % = LQ — leQ + 2’ we have
fil) = 74 74 (f flta =) 1 sei-ag, g,
217{. |z1]=r1 J|22|=12 C 1 +2z1 — 2’2)) 2129
= fxfl_ZQ) _522dz2
227T |z2|=r2 C( ( (1 - 22)) 29

Moreover, since

Lfxf,1—2) &, (—ap/2 oz —ay/2 zay
Gy (T rerr o) (1- o) = S+ (Y47 ) o,

we obtain

a
Pi(z) = Ef“bf.

To conclude, we can see that the main terms are similar in corollary 2 and conjecture 2 and,
assuming the Ramanujuan-Petersson conjecture, the error terms are also equal.
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