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VARIATIONS SUR UN THEME DE ALDAMA ET SHELAH

CEDRIC MILLIET

ABSTRACT. We study the definability of certain subgroups of a group G that does not have
the independence property. If a (type) definable subset X of an elementary extension G
of G has property P, we call its trace X NG over G an externally (type) definable P set. We
show the following. Centralisers of subsets of G are externally definable subgroups. Cores
of externally definable subgroups and iterated centres of externally definable subgroups are
externally definable subgroups. Normalisers of externally definable subgroups are externally
type definable subgroups and externally definable (as sets). A soluble subgroup S of derived
length ¢ is contained in an S-invariant externally type definable soluble subgroup of G of
derived length ¢. The subgroup S is also contained in an externally definable subset X NG
of G such that X generates a soluble subgroup of G of derived length ¢. Analogue results
are discussed when G is merely a type definable group in a structure that does not have the
independence property. A soluble subgroup S of G of derived length ¢ is contained in an
externally type definable soluble subgroup of derived length /.
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Given a group G, a subset X of GG is definable in G if there exist a first-order formula ¢(z, y)
and parameters a from G such that X consists of all g in G such that ¢(g,a) holds in G.
A subset X of G is externally definable if there is an elementary extension G of G and
parameters a in G such that X consists of all g in G such that ¢(g,a) holds in G. We write
(G, a) for such a set X if we want to stress on the defining formula ¢, otherwise we write
X NG where X stands for (G, a). Definable subsets and externally definable ones coincide
for the field R of real numbers (L. Van den Dries [vdD86]), for the field Q, of p-adic numbers
(F. Delon [Del89]), for an algebraically closed field and more generally for stable structures
(it follows from the definability of types).

Key words and phrases. Model theory; independence property; shattering type; VC-dimension; Abelian,
nilpotent, and soluble subgroups; nice group; definable and type definable envelope.
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They do not coincide in general: in the ordered Abelian group (Q,+,< ), the (convex)
interval |v/2, 4-00[ is not definable in Q, but externally definable using the irrational param-
eter v/2. Externally definable sets play an important role in structures that do not have
the independence property, such as (Q,+,< ). They correspond to finite unions of convex
subsets in the particular case of o-minimal and weakly o-minimal structures. Expanding the
language of a weakly o-minimal structure by unary predicates interpretating finite unions of
convex subsets preserves weak o-minimality (B. Baizhanov [Bai01]). Expanding the language
of a structure that does not have the independence property by predicates interpretating ex-
ternally definable subsets preserves the absence of the independence property (S. Shelah
[She09]).

A group G does not have the independence property if for every first order formula ¢(x, 3), the
Vapnik-Chervonenkis dimension of the family {¢(G, g) : ¢ C G} is finite. We shall also use
the short hand NIP group. S. Shelah [She09] and R. de Aldama [dA13] began investigating
definable subgroups of G using ezternal parameters lying in a fixed elementary extension
G of GG. S. Shelah showed that if G has an infinite Abelian subgroup A, there exists an
externally definable Abelian subgroup of G that contains infinitely many elements of A. R.
de Aldama went on showing that any nilpotent subgroup N of GG is contained in a externally
definable nilpotent subgroup of G that has the same nilpotency class as N, and that any
soluble subgroup S of G that is normalised by a |G|*-saturated elementary extension of G is
contained in an externally definable soluble subgroup of GG that has the same derived length
as S. As we were further investigating the soluble case, we had to cope with subgroups closely
related to the infinitesimal numbers, in the following way: in a non-principal ultrapower
R = RN /U of the field R of real numbers, the subgroup J of infinitesimal numbers is not
definable in PR. There is an external parameter € in an elementary extension R* of R such
that J =] — ¢, ¢[, so that J is externally definable as a set. J is not externally definable as a
group, however it is the conjunction of the uniform filtering family of definable sets | — %, %[
that defines a group both in R and R*.

We call a subgroup H of G a discernible subgroup if there is a subgroup H of G that is the
intersection of a uniform filtering family of definable subsets of G such that H = HN G.
Discernible subgroups are examples of externally definable subsets, and in the particular case
when G is a stable group, they coincide with definable subgroups (see Lemma 3.7). Our main
results are the following.

Theorem 0.1 (finding discernible subgroups). Let G be a NIP group, G a |G|"-saturated
elementary extension of G and H = HN G an externally definable subgroup of G.

(1) There is a natural number n such that for every subset A C G, there are elements
ai,...,a, in G such that

Co(A) =Cql(ay, ..., a,).
(2) For every natural number n, there is a definable subgroup K of G such that

H=KnG and Z,(H)=2Z,K)NG.
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(3) There is a natural number n such that for every subset A C G, there are elements
a,...,a, in G such that

(N H =HN---NnH*NG.

a€A

(4) For every subset A C G and every discernible subgroup H of G, the group ﬂ H® is
acA
a discernible subgroup of G.

(5) The normaliser of a discernible subgroup of G is a discernible subgroup of G.
(6) For every natural number n and subset A C G, the iterated centraliser CZ(A) is a
discernible subgroup of G.

Theorem 0.2 (discernible soluble envelope). Let G be a NIP group and S a soluble subgroup
of G of derived length ¢ and G a |G| -saturated elementary extension of G.

(1) There is an S-invariant discernible soluble subgroup of G of derived length ¢ that
contains S.

(2) There is a definable subset X C G such that X NG is a subgroup of G containing S,
and such that X generates a soluble subgroup of G of derived length €.

(3) If S is in addition normal in G, there is a normal soluble subgroup of G of derived
length ¢ that contains S.

NIP groups include finite groups, Abelian groups in the pure language of groups (W. Szmielew
[Szmb55]), Abelian ordered groups (Y. Gurevich and P. Schmitt [GS84]), groups definable in a
stable structure (e.g. linear algebraic groups over separably closed fields, C. Wood [Woo79])
and groups definable in an o-minimal structure (e.g. linear algebraic groups over the field of
real numbers) ; these are trivial ones for most of the considerations of this paper, as both
stable and o-minimal groups satisfy strong descending chain conditions, either on uniformly
definable subgroups [BS76] or on all definable subgroups [Pil88]. In particular, centralisers
of subsets, as well as cores of definable subgroups are definable, and these properties remain
true of quotients by normal definable subgroups.

Other examples include linear algebraic groups over a field £ that does not have the indepen-
dence property, and more generally groups interpretable therein, e.g. quotients Hy/H, where
Hy < Hy are definable subgroups (not necessarily Zariski-closed) of the general linear group
GL, (k) in a field structure (k, L) where L is an expansion of the field language such that the
structure (k, L) is NIP. This holds in particular with & equal to (a finite algebraic extension
of) the pure field Q,, of p-adic numbers (L. Matthews [Mat93], see also [Bél12]) and more
generally to a Henselian valued field of characteristic 0 whose residue field is NIP (F. Delon
[Del81]), or with k equal to the valued field U,>, F29((¢'/")) of Puisieux series over F¢ and
more generally to a valued field of charactersitic p > 0 with perfect NIP residue field, p-
divisible value group and no proper algebraic valuated extension having ramification index 1
and residue degree 1 (I. Kaplan, T. Scanlon and F. Wagner [KSW11]). Note that in an alge-
braic group G(k) over a field, every descending chain of Zariski-closed subgroups has finite
length. In particular, centralisers are Zariski-closed (hence definable), cores of Zariski-closed
subgroups are Zariski-closed, but cores of definable subgroups may not be definable.
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NIP groups also include general linear groups over an infinite NIP ring R, which may be a
domain (such as a the valuation rings of the valued fields cited above) or not (such as any
non-principal ultraproduct (HneN Z/ p”Z) / U).

Two more examples of a less algebraic nature. The universal covering group G of a definably
connected group G that is interpretable in an o-minimal expansion M of the field R of
real numbers is a NIP group: G is interpretable in the two sorted structure ((m,(G),+), M)
(E. Hrushovski et al. [HPP11]) hence NIP (A. Conversano and A. Pillay [CP12]). An
ultraproduct of groups that are uniformly interpretable in a NIP structure (D. Macpherson
and K. Tent [MT12]) is NIP.

1. PRELIMINARIES ON THE INDEPENDENCE PROPERTY

Before discussing the particular case of groups, we consider an arbitrary first-order language
L, a complete theory T, one of its models M and a subset A C M. Let z and y be disjoint
tuples of variables of respective length p > 1 and ¢ > 1. Given a formula ¢(z) and a partial
type 7(Z), we write ¢(A) for the subset {(z1,...,2,) € AP : ¢(x1,...,2,) holds in M} of MP,
7(A) for the family {¢(A) : ¢ € 7} and N7 (A) the intersection of its members.

1.1. Shattering formulas. Let ¢(Z, %) be a formula in p+ ¢ variables with possible param-
eters in M. Given a natural number n > 1, we say that the formula ¢(z,y) shatters n in T
if there are parameters a, ..., a, in M? and (bs)cqi,.. ) in M9 such that

©(a;,by) holds in M if and only if i € J.

In other words, ¢(z,y) shatters n in T if there is a finite subset A of MP with n elements
whose subsets are all of the form A N (M, b) for some b varying in M9. As shattering n
is a first order property, it does not depend on the model M of T" chosen. We call Vapnik-
Chervonenkis dimension of p(x,y) in T, sometimes omitting to precise T when the ambient
theory is obvious, the maximal natural number n that is shattered by ¢(z,y) in T if such
a number exists, or co otherwise. We write it VC(g). Note that VC(p) equals VC(—yp).
In these definitions, the tuples of variables  and y do not play the same role. We write
©*(z,y) for the dual formula of »(Z,y), obtained by interchanging the role of z and y. We
say that ¢(Z,y) has the independence property in T, if it' has infinite VC-dimension in 7.
The structure M or its theory T do not have the independence property (i.e. are NIP) if no
formula has the independence property in T, i.e. if every formula has a finite VC-dimension.

The relation between Shelah’s independence property in [She90] and Vapnik-Chervonenkis’
dimension in [VCT71] is pointed out in [Las92]. We refer to [She90] and [Adl14] the reader
willing to know more about structures that do not have the independence property.

1.2. Shattering types. We extend the previous definitions to partial types. Let A and u be
two cardinal numbers, with u < A*. If 7(Z, ) is a partial type in p+ ¢ variables, we say that
7(x,y) shatters A up to p in T if there is a subset A of MP of cardinal A for an elementary

!According to Shelah’s definition in [She90, Definition 4.2], ¢(Z,7) has the independence property if the
dual formula ¢*(z,y) has infinite VC-dimension. The two statements are equivalent as V() < n implies
VC(p*) < 2™ by [Poi85, Lemme 12.16].
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extension M of M such that every subset B of A with |B| < p equals A N N7(M,b) for
some b in MY. Equivalently, there is an elementary extension M of M, a family {a; : i < \}
of elements of M?, and a family {b; : J C A, and |J| < p} of elements of MY such that

7(a;,by) holds in M if and only if i € J

We say that 7(z,y) co-shatters A in T up to p if there is an elementary extension M of M
and families {a; : i < A\} and {b; : J C A, and |J| < u} whose elements lie respectively
in MP? and MY, such that

7(a;, by) holds in M if and only if i ¢ J,

or equivalently if there is a subset A of MP of cardinal A whose subsets B with |A\ B| < u
are all of the form A NN 7w (M,b) for some b in M?.

If 7(z,y) shatters A up to A™, then it shatters and co-shatters A up to every p < A\™. In this
case, we simply say that 7(z,y) shatters .

If a formula ¢(Z,y) shatters every natural number n in T, by the Compactness Theorem,
©(z,y) shatters A for every cardinal number A. If a partial type 7(z, y) shatters every natural
number in 7', by the Compactness Theorem, for every natural number n, there is a finite
conjunction of formulas in 7(z,y) that has VC-dimension at least n. However, it is possible
that T" be NIP.

Ezample 1.1 (The Cantor ternary set in R). The Cantor ternary set C' is the intersection of
the closed sets I,, defined inductively by

I, 2 1,
[1: [0,1] and [n+1 :EU <3+3>

It consists of the elements of [0, 1] having at least one ternary representation whose digits
belong to {0,2}. The partial type {z+vy € I, : n > 1} shatters X,. For every natural number
¢ and subset J of Ny, we define
1 1 1 2
0= (5+5) % g and b= 2
J

so that we have 5

32j+2°

1
a; +by = 32i+1 + 32i+2

+2.
jeJ
On the one hand, if ¢ does not belong to J, then a; +b; has occurrences of 1 in every ternary
representation. On the other hand, if 7 belongs to J, then
2 2
32i+1 - . Z 32j+2°
jeJ\{i}

a; +by =

Ezxample 1.2 (The Cantor ternary set in Qz). The 3-adic ternary Cantor set Cj is the inter-
section of the closed subsets K,, C Q3 defined inductively by

K1 = Z3 and Kn+1 = ?)Kn U (2 + ?)Kn)

It consists of the 3-adic integers whose canonical expansion has coefficients in {0,2} (M.
Lapidus and H. Li [LLO08]). The ring of 3-adic integers is defined by the formula (Jy)(y* =
1+32?) and Cj is a type definable subset of Q3. The type x—y € Cj shatters X in Qg, taking
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a; = 3% 4+ 3% and by = Y;c;2.3%. Note that the field Qs does not have the independence
property by [Mat93] (see also [Bél12, Section 4.2]).

Given a cardinal A, here is an example of a language L), an Ly-structure M and partial
type m(z,y) that shatters A in M. Let I" be an ordered Abelian divisible group containing a
copy of the semi-group A. Consider the Hahn field Q3((I")) of generalised power series with
3-adic coefficients. Consider the structure (Qs((I')),+,0, (P¥),<x n>0) Where P* is a unary
predicate interpreting the subgroup of Qs3((T")) whose elements are of the form Y,c; a;t* with
a, € 3"Zs. In this language, Q3((I")) is an Abelian structure in the sense of E. Fisher (see
[Fis77], or [Wag97, Example 0.3.1]). Any definable subset of the Cartesian product Qs((T'))™
is a Boolean combination of cosets of acl())-definable subgroups of Q3((T'))™ by [Wei93] (see
also [Wag97, Theorem 4.2.8]): the structure (Qs((I')), +,0, (P%),<x n>0) is stable.

Let C3 denote the partial type defined by
Cy=() () Kt where K{'=P) and K/, =3K'U((2+3K:).

pu<Anz=l
The realisations of C3 in Q3((T)) are the elements of the form Y ,c; a;t* where a, € Cs for
each cardinal number p < A belonging to /. The families a; = 4t" and by = 3¢ ; 2t witness
that the type = +y € C* shatters X in Qz((T)).

Ezxample 1.3 (A type that shatters every n, but not Xy up to 4). In (R, +, <), here is a
sequence of definable subsets A,, C [0, 1] such that the partial type {z —y € A, : n > 1}
shatters every natural number n but does not shatter Xy up to 4. Define for all n > 1, a
definable subset B,, of [n,n + 1] of the form

B, =ln,n+ 1]\ {cn1,...,Cnon} with n<c,1 <---<cpom <n+1

such that, there are a,; and by, in R such that a; —b; €n,n+1[ and a; —b; € B, if and only
if i € J. We put C =U{¢;; : 4,7 > 1}, and we may build each B,, so that the map mapping
a 2 element subset {z,y} of C' to |x — y| has finite (unbounded) fibres (using a Q-basis of R
for instance). We put for all n > 1,

An:]—00,1]UBlLJBQU"-UBnU[n—I—l,—}—oo[

It follows that, for every n, m(an,bs,) holds if and only if i € J, so 7(z,y) shatters every
natural number n. If A is an infinite set shattered by 7(x,y), then there is a real number ¢
and infinitely many 3 element subsets B of A with the property that |x — y| = ¢ for some z
and y in B. This shows that 7(z,y) does not shatter Xy up to 4.

1.3. Nice sets. The previous examples show that shattering types can occur in a theory that
does not have the independence property. We go on by giving two elementary conditions for
a shattering type in a theory T to yield a formula having the independence property in 7.

Given a partial type p(Z) (where T is a p-tuple of variables), we call N p(M) a p-definable set
in M, and we say that a subset X of MP is type definable in M if there is a partial p-type
p(z) such that X is p-definable.

We say that p is uniform if there is a g-tuple of variables y, a formula ¢(Z,y), an elementary
extension M of M, and a parameter subset A of MY such that

p(x@) = {p(z,a):ac A},
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Let § be a family of subsets of MP?. We say that § is uniformly definable if there is a uniform
p-type p(z), such that § = p(M).

If X is any set, we say that a family § of subsets of X is a filter if for every F} and F3 in §,
there is an F' in § such that F' C Fy N Fy. We say that p is a filter in M if the family p(M)
is a filter. Note that if p is a filter in M, then it is a filter in every structure N elementary
equivalent to M.

Definition 1.4 (nice set). Let M be any structure, and p(z) a partial p-type. We say that
p(x) is nice in M if p(z) is a uniform filter in M. If X is a type definable subset of M?, we
say that X is nice in M if there is a partial nice type p(x) in M, such that X is p-definable.

Lemma 1.5. If there is a nice partial type that shatters every natural number n in T', then
M has the independence property.

Proof. Let 7(x,y) be this type. There is an r-tuple of variables z, a formula ¢(z,y, z), an
elementary extension M of M and a set of tuples of parameters A C M" such that

m(z,9) = {¢(x,9,a) :a € A}.

Let n > 1 be a natural number. There are parameters aq,...,a, in M? and (EJ)Jc{L._"n}
in M9 such that for every J C {1,...,n} and every i € {1,...,n},

7(a;,by) holds in M if and only if i € J.

It follows that the partial type V¢, 7(ay, b 7) is inconsistent. By compactness, there is a finite
conjunction ¢, (z,y) of formulas in 7(z, y) such that ¢,(a;, b;) does not hold whenever i ¢ J.
As 7(z,y) is a filter, there is an element a,, in A such that ¢(z, y, a, ) implies ¢, (z,y). Because
©(Z, 7y, a,) belongs to w(x,y), it follows that for every J C {1,...,n} and i € {1,...,n}

©(a;, by, a,) holds in M if and only if i € J.

Calling z any ¢ + r tuple of variables, the formula ¢(Zz, z) shatters n in M. This holds for
every natural number n > 1. O

Remark 1.6. In Lemma 1.5, one cannot drop the assumption that the partial type is uniformly
definable: Example 1.3 furnishes a type shattering every natural number n in (R, 4+, <). Nor
can one drop the assumption that 7(z,y) is a filter: the type constructed in Example 1.3
is of the form {z —y € A, : n > 1} with every A, being the complement of finitely many
points, so the same type can be written in the form {x —y € B, : n > 1} where B, is the
complement of one point only, so that the formulas x — y € B,, are uniformly definable, but
do not form a filter. More generally, in an o-minimal structure, as every definable set is the
conjunction of uniformly definable sets, every type is equivalent to a uniform type. Every
type is also equivalent to a filter, but need not be equivalent to a uniform filter.

Corollary 1.7. Let M be a NIP structure, N a substructure whose domain is a nice subset
and E a type definable equivalence relation on N defined by a nice partial type that preserves
the language. Then no existential formula (32)¢(Z, Yy, Z) has the independence property in the
structure N/E.



VARIATIONS SUR UN THEME DE ALDAMA ET SHELAH 8
Proof. 1t ¢(z,y, Z) is quantifier free, puting
E(z,y) = \ Ei(z,y) and N= AN,
iel i€l
then 3Z¢(ag, bg, ) holds in N/E if and only if the nice partial type
{(321)(322) (32)p(21, T2, 2) A Ei(@, 21) A Ei(b, B2) A (@,b, 21,2, 2) € N 1i € 1
holds in M. 0J

With no assumption on the type 7(Z,y), but under large cardinals assumptions, we get the
following Lemma. A cardinal )\ is w-Erdds if for every partition of the set [A\]<™ of finite
subsets of A\ into two equivalence classes, there is a subset of A of order type w whose finite
subsets lie in the same class.

Lemma 1.8. If there is a countable partial type 7(z,y) and an w-Erdés cardinal X such that
7(x,y) co-shatters A up to Ry in M, then M has the independence property.

Proof. Assume that m(z,y) is the conjunction of the formulas {¢,(z,y) : n > 1}. Without
loss of generality, we may inductively replace ¢, 11 by ¢, A ¢,11 and assume that ¢, 1(Z, )
implies o, (Z, 7) for every n. For every finite J C A and every i in .J, the partial type 7(a;, by)
is inconsistent. By compactness, there is a least n(J) depending on J such that, for every i
in J, the formula ¢, (a;, b s) does not hold. We consider the equivalence relation defined by
n(J) = n(I) for finite subsets I and J of \. By [Jec03, Lemma 17.30], for every partition of
the set [A\]<% in countably many classes {C; : i > 1}, there is a class C; and a subset of A of
order type w whose finite subsets lie in the same class C;. So, there is a countable subset I
of A and a natural number m such that n(.J) = m for every finite subset J of I. This shows
that for all finite .J C I, and all i in .J, the formula ¢, (s, b;) does not hold, so ¢, (Z, i) has
the independence property. 0

Question. In particular, assuming the existence of an w-FErdés cardinal, if a countable partial
type shatters every cardinal in M, then M has the independence property. Does the statement
hold in ZFC ?

2. PRELIMINARIES ON NIP GROUPS

Let us consider a first-order structure M that does not have the independence property and
G a group definable in M.

2.1. Descending chain conditions. We begin by the Baldwin-Saxl descending chain con-
dition for uniformly definable subgroups.

Baldwin-Saxl chain condition 2.1 (see [BS76] or [Poi87]). Let {H; : i € I} be a family of
uniformly definable subgroups of G. There is a natural number n > 1 such that for all finite
subsets J of I, there exists a finite subset J,, of J of size n such that

M H;= () Hj.

Jj€JIn jeJ
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We shall need the following stronger version. For any subset X of the group G and natural
number n, we write X" for the set of products z;...x, of any n elements of X, and X*"
for the Cartesian product X x --- x X. For a set Y, when there is no ambiguity, we go on
writing Y for the Cartesian product ¥ x --- x Y.

Lemma 2.2 (a Baldwin Saxl chain condition for subsets). Let X be a family of subsets of G.
For all X in X, let X'/3 stand for a definable subset of G such that (X1/3)3 C X. Assume

that the family {X'/3 . X € X} is uniformly definable by a formula o(z,y), and that the
formula ¢*(z,y) has VC-dimension n. For all X in X, assume that there is a subset X /3"

n -1
of G such that <X1/3”) C X3, Assume that <X1/3”> equals X3 and contains 1. Then,
for every X1,..., X411 in X, there exists j in {1,...,n+ 1} such that

X n X n xS n XYy e XN N X

j_
Proof. Otherwise, there are elements by, ..., b,.1 in G such that for all j € {1,...,n+ 1},
(1) bje (X" n X\ X

Let J be any finite subset of {1,...,n + 1} with elements j; < --- < ji. We write b; for
the ordered product b; b, ---bj;,. If j belongs to {1,...,n + 1} \ J, then J has at most

n elements, and b; belongs to (X}/ 3n)n - le/ ®. On the other hand, if J has elements

g1 < 0 < Jic1 < J < Jim1 < -+ < Jk, then b; does not belong to X;/g, for otherwise, we
would have

by = (!

Ji—1

...b;ll)bJ(b;Ti b))

Jit+1
and thus b; € X;, a contradiction with (1). This shows that the formula ¢*(z,y) has
V(C-dimension at least n + 1, contradicting the hypothesis. 0

Remark 2.3. In the particular case where the sets X; are subgroups of GG, Lemma 2.2 is the
usual Baldwin-Saxl Descending chain condition.

2.2. Nice groups. Let H be a subgroup of G and 7 a partial 1-type with parameters in
A C G. H is called a w-definable subgroup of G if H is a w-definable set in G, and for any
structure G elementary equivalent to G over A, the set N7(G) is a subgroup of G. H is a
type definable subgroup of GG if there is a partial type 7 such that H is a w-definable subgroup
of G.

Definition 2.4 (nice subgroup). Let H < G. We say that H is a nice subgroup of G if there
is a nice partial type 7 such that H is a w-definable subgroup of G.

FExample 2.5. A definable subgroup H of G is nice. By the Baldwin Saxl chain condition,
any intersection of uniformly definable subgroups of GG is nice. In particular, for any subset
A of G and subgroup A < Aut(G), the subgroups N,eq H, Ce(A) and N,eq o(H) are nice.

Counter example 2.6 (A centraliser that is not nice). In an infinite extraspecial 3-group K,
which is supersimple of rank 1 (see [MS08]) and whose conjugacy classes are all finite, choose
(an)n>1 such that the chain of centralisers Ck(a1) > Ck(ay,as) > Ck(ay,as,a3) > ... is
strictly decreasing. The partial type M,>; Ck (ay) is not nice as [K : Ck(a,)] < 3 for every n.
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Nor is it equivalent to a nice partial type, for otherwise, by the Compactness theorem, one
could find a definable infinite subset X C K with infinitely many pairwise disjoint left
translates, contradicting the fact that K has rank 1.

FExample 2.7. In an Ny-saturated elementary extension PR of the field R, the subgroup of
infinitesimal numbers is nicely defined in the language (4, <). In the language of fields, the
intersection of the Euclidian balls {x € R" : ||x|| < 1/k} is a nice subgroup of R". It is also
the intersection of the family $ of half hyperplanes of equations ayx1+- - -+a,, < a,.1 where
ai,...,a,+1 range over Q with a,,; > 0. In GL,(R) (considered as a group interpretable in
the ring M,,(2R)) the subgroup of elements that are infinitesimally close to 1 is nice, being
the intersection of the neighbourhoods {1 + = : ||z||2 < 1/k}.

Ezxample 2.8. Let 3, be an Ny-saturated elementary extension of the ring Z, of p-adics inte-
gers. The infinitesimal numbers form a nice subgroup of 3,, defined by the intersection of
the subgroups p*3,. In GL,(3,) (viewed as a group interpretable in the ring M,(3,)), the
intersection of the congruence subgroups 1+ p*M,(3,) is a nice subgroup.

Counter example 2.9. One (semi)group that is not a filter but uniformly defined, in a theory
that does not have the independence property 7

For any two subgroups H and K of G, let us write
HY = (N HY

geK
for the K-core of H. When G is stable, if H is definable, then H¥ is definable, and hence
N¢ (H K ) The situation is far less straightforward when G does not have the independence
property; HX is merely a type definable subgroup over |K| parameters, and its normaliser
has no obvious reason to be even type definable.

Theorem 2.10 (normalising a nice envelope). Let us assume that G is k-saturated for some
uncountable cardinal k and let H be a nice subgroup of G. Let A be a subgroup of H and N 4
a subgroup of Ng(A) such that |A| < k and |[Na| < k hold. Then there is a nice subgroups K
of H and a nice subgroup Ni of Ng(K) such that K contains A and N contains N4 (the
types defining K and N are countable).

Proof. Assume that H is the intersection of a family § of uniformly definable sets {¢(G,b) :
b € B}, such that {p(G,b) : b € B} is a filter. We may replace ¢(z,y) by the formula
o(z,y) A p(z7l y) and assume that ¢(G,b) is a symmetric subset of G for every b. As
H?3 C H, by the Compactness theorem, for every element X of §, there are finitely many
X1,..., X,y in § such that (X;N---NX,,)* C X. As § is a filter, there is an element of F,
which we write X'/3, such that X'/3 ¢ X; N ---N X,,. Similarly, for every natural number
n > 1, there is an element X'/3" of § such that (X/*")" ¢ X/3 C X. Iterating Lemma 2.2,
for every b in B, there is a natural number n > 1 such that for all finite subset J of G, there
exists a finite subset J,, of J of size n and a parameter c¢; in B such that

(2) M ©(G,cs)? € () @(G,b)? and ¢(G,cs) C (G, b)'5

g€JIn geJ
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Claim 1. For any b in B, there are elements ay, . ..,a, in G, a countable subset B C G and ¢
in B such that N{¢(G,b) : b € B} is a nice subgroup of G containing A, the set NI, ¢(G, c)™
contains A and for all element g of N4, one has

(ﬁgo(G,c)“i)g C p(G,b) and ¢(G,c)® C p(G,b).

Proof of Claim 1. Let us consider the following partial type 7(z1, ..., x,,y) with parameters
in AU N4 U {b}, defined by

{1 o(G c plG. 0 (oG, olGoi)* C plG) s g€ Ny, ac ),
i=1 i=1
By (2), the type m(z1, ..., z,,y) is finitely satisfiable in (N4)*™ x B. The conclusion follows
from the fact that the condition ‘{p(G,b) : b € B} is a nice subgroup of G’ is expressible by
a partial type in B. 0

We fix an element b in B and apply the previous Claim. We put ag = 1 and

Xi=¢(G,b) and X =[)¢(G,c)".
i=0
One has X§ C X; for any g in N4. Note that Xy C (G, ¢) so that X X5 C X;. Applying
inductively the Claim, one can find an infinite decreasing chain of definable subsets X; D
X5 D X3 D -+ of G such that for all natural number ¢ > 1, and all element g of N4, one has

X9+1 C Xi, A C Xz and Xi+1Xi+1 C Xz

(]

Note that, because § consists of uniformly definable sets, by Lemma 2.2, the number n does
not depend on b, but only on the formula ¢(z,y) defining §. It follows that every X; is
uniformly defined by the formula

V@, Yo, Y1) = N\ Wiy, Ynsr),
0<igsn

where o, ..., yn4+1 are replaced by parameters. By compactness, there is family (Y;);eq of
uniformly definable subsets of GG, defined by the formula v (z, yo, - . ., Yns1), such that for all
rational numbers p < ¢, all element g of N4, and all element X of §, one has

YICY,, ACY,CX, and Y,Y,CY,

We put Y, = (G, b,) for some tuple b,. By compactness and Ramsey’s Theorem, we may
assume that the sequence (b,)yeq is indiscernible over the empty set. We define

K=Y, and Ng= |) {xEG:Y;,:”CY(]and};x_lcYZI}.

peQ (p,9)€Q?
p<q

It is straightforward that K is a nice subgroup contained in ¢(G, b), that the elements of Ng
normalise K, that Nk contains N4, and that if 2 belongs to N, then so does 271, If p < ¢
are two rational numbers, then for any r such that p < r < ¢, one has

(frea:vpcvinfeea: vy cy)) cleea:vicy,)
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It follows that N is a subgroup of GG. To finish the proof of Theorem 2.10, we only need to
show that N is a nice subgroup. For any p < ¢, we define {p, ¢} putting

{p,q} = {33 €G:Y,  CY,and Y;JfI C Y;Z},
and for any ro < r; < -+ < rp, we define {rg,..., 7} by

{ro,...;rm} =A{ro,ri} N {ri, 2} - N {rm_1,rm}

Note that {rg,...,rm}™ C {ro,7m}. Let ¥(x,y) be the formula defining uniformly the sets
{p,q}, and let m be the VC-dimension of ¢*(x,y). Let ro < r; < -+ < rop41 be an ordered
sequence of 2m + 2 rational numbers. By Lemma 2.2, there is ¢ < 2m + 1 such that

{ro, T1}1/3m NN {roa, Ti—l}l/sm N A{riyo, Tz‘+3}1/3m NN {rom, 7‘2m+1}1/3m

C A{ro,mi} N {ra, s} 0N {ram, roms1 }-

To simply notations, let us assume that ¢ = 2. The equation bellow yields in particular
{ro, i} 5 O {ra, s P OV 0 o Pamgd P C {ra, s}

By indiscernability of (b,),eq, it follows that for any rational numbers py < p; < -+ < Domt1,
and any p; = p5'" < i <o < it < P! = piy1, one has

{p%la cee ’pg;vll} N {péj) ce 7p§;2} M---nN {pgm’2m+1’ e ’p§$’2m+1} C {p27p3}

In particular, any finite intersection of subsets of the form {p,q} for p < ¢ contains an

intersection of 3m? sets of the same form, so that if § denotes the family {{p, qt :p < q},

then the family { NFm: 8m CF and |Fn| < 3m2} is a uniform filter defining N as well. [

Remark 2.11. In Theorem 2.10, if H is definable, or merely the intersection of uniformly
definable groups (hence nice), then the above proof provides that K is the intersection of
uniformly definable groups. However, we do not see any obvious reason why Ny would be
the intersection of uniformly definable groups.

With a similar proof, we get the stronger result:

Theorem 2.12. Let us assume that G is k-saturated for some uncountable cardinal k and
let H be a nice subgroup of G. Let A be a subgroup of H and N a subgroup of Ng(A) such
that A is the reunion of a uniform family of definable subsets {a(G,a;) : i < K} of G and
Ny is the reunion of a uniform family of definable subsets {v(G,b;) : i < k} of G. Then
there is a m,-definable subgroups K of H and a m,-definable subgroup N of Ng(K) for some
countable nice types m, and m, such that for al i < k,

alz,a;) Fma(z) and vz, b)) m,(x).

3. EXTERNAL SETS, DISCERNIBLE GROUPS

Let M be any first order structure, and GG a group definable in M.
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Definition 3.1 (external set [She09]). A subset X of M™ is externally definable or external
for short if X equals X N M™ for some set X definable (with parameters) in an elementary

extension M of M. Equivalently, there is a formula ¢(z,y) and parameters ¢ in M such that
X equals {x € M" : p(z,c) holds in M}.

Definition 3.2 (discernible set). A subset X of M™ is externally nice or discernible for short
if X equals N7 (M) N M for some elementary extension M of M and some nice type 7 in M.

Note from [Pil07] that if ¢(M, c) is an external subset of M, then every b sharing the same
©*-type as ¢ over M satisfies (M, c) = ¢(M,b). In particular, any external subset of M
is definable with parameters in a fixed | M|"-saturated extension M of M. External subsets
of M are discernible. Conversely,

Lemma 3.3. A discernible subset of M is external.

Proof. Let B = (N p(M) be a discernible subset of M with p(z) = {¢(x,a) : a € A} a uniform
filter. Then the partial type

(y) = {o(b,y), Ve (p(x,y) = ¢(x,a)) : b € B,a € A}
is finitely satisfiable in A hence realised by some b belonging to a saturated extension of M.
It follows that B = (M, b). O

Note that the first order properties of an external set X = X N M have no reasons to be
lifted up to X, but may be lifted up to a partial type.

Definition 3.4 (external subgroup). An external subgroup of G is a subgroup H of G of the
form H N G where G is an elementary extension of G and H a definable subgroup of G. If
both H and H share a set P of first order properties (with parameters in M), we say that H
is external as a P-group.

Definition 3.5 (discernible subgroup). A discernible subgroup of G is a subgroup H of G of
the form H N G where G is an elementary extension of G and H a nice subgroup of G. If
H and H share a set P of first order properties (with parameters in M), we say that H is
discernible as a P-group.

If H is a discernible P-subgroup of G defined by the type w(z) = {¢(x,a;) : i € N} over count-
ably many external parameters aj, as, ..., then replacing a;, as, ... by parameters by, bs, ...
sharing the same type over M changes neither H nor the first order consequences (with pa-
rameters in M) of 7(z). In particular, a discernible P-subgroup of G is the trace over G of
a nice P-subgroup of a |M|"-saturated extension G of G. An external subgroup of G is a
discernible subgroup of GG. The converse fails ; the subgroup of infinitesimal numbers in an
elementary extension R of the field R is discernible as a group, external as a set, but not
external as a group.

Lemma 3.6. A discernible subgroup of G is external as a group provided that it be the
conjunction of uniformly external subgroups of G.

Proof. Same proof as Lemma 3.3, adding to the partial type 7(y) a formula v (y) saying that
@(x,y) defines a subgroup of G. O
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Lemma 3.7. Let the structure M be stable. Any discernible subgroup H of G is definable
(if H is the trace over G of a group H defined by the nice type {p(x,a) : a € A}, there are
ai,...,a, in M such that o(G,a1) N ---Np(G,ay) is a subgroup of H of finite index).

Proof. As G does not have the order property, there is a in A such that H = ¢(G,a). Let
¥ (y) be a formula stating that ¢(G,y) is a subgroup of G. The ¢* A 1-type of a over G
is definable by a positive Boolean combination of formulas of the form ¢(z,m) A ¢ (m) for
m in M by [HH84, Corollary 2.8|, hence covered by a finite union of subgroups of G. By
Neumann’s Lemma [Neub4], one of these subgroups must have finite index in H. UJ

Theorem 3.8 (finding discernible subgroups). Let G' be a group definable in a structure M
that dos not have the independence property, and G a |G|*-saturated elementary extension

of G.

(1) The centralisers of subsets of G are (uniformly) external (as groups). There is a
natural number n > 1 such that for every A C G, there are ay,...,a, in G such that

Cal(A) = Cola, .. ., an).

(2) The centre of an external group is external (as an Abelian group),
(3) The iterated centers of an external group H are external (as iterated centres). For
every natural number n, there is a definable subgroup H of G such that

H=HNG and Z,(H)=2Z,H)NG.

(4) The cores of an external subgroup H = HN G are (uniformly) external (as groups).
There is a natural number n > 1 such that for every A C G, there are ay,...,a, in
G such that
H'=H*n---NnH*NG.
(5) The core of a discernible subgroup is discernible (as a group).
(6) The normaliser of a discernible subgroup is discernible (as a group).
(7) The iterated centralisers of subsets of G are discernible (as groups).

Proof. (1) By the Baldwin Saxl descending chain condition, the centraliser of a subset of G
is defined by a nice partial type consisting of uniformly definable subgroups. It is thus an
external subgroup by Lemma 3.6.

(2) Let H=HNG be an external subgroup of G where G is |G|"-saturated. Its centre Z(H)
equals GNCl(H), hence is external as a group by (1). By the Baldwin Saxl condition, there
is a natural number n such that the centraliser of any finite subset of G is the centraliser
of n elements. By the Compactness theorem and the saturation assumption, there is a finite
n-tupple h in G such that Z(H) C Cu(h) C Cu(H). It follows that Z(Cwg(h)) contains
Z(H), hence Z(H) = G N Z(Cu(h)) hold, so Z(H) is external as an Abelian group.

(3) The following Claim is inspired by [dA13, Lemma 2.1]:

Claim 2. Let A and B be two subgroups of G with |A| < |G| and |B| < |G|. Let D be
a definable subgroup of G normalised by both A and B such that [A, B] C D. Then there

are two definable subgroups A and B of G containing A and B respectively and such that
[A,B] C D.
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Proof of Claim 2. For any parameter subset C' C G, we define the subgroups A(C) and
B(C) of G by
A(C)= () {zeNa(D):[x,dcD},

ceC
[A,cJCcD

B(C)= () {yeNeD): ey cD}
[c,cBe]gD

and claim that there is a finite set C' such that [A(AUBUC), B(AUBUC)| C D. Otherwise,
one could inductively build two sequences (a,),>1 and (b,),>1 such that for every n > 1,
a, € A(AUBU{ag, by : k <n})and b, € B(AU BU {ax, b, : kK < n}) but [a,,b,] ¢ D.
It would follow that [a;,b;] € D if and only if i # j, so that the chain (Cg(a,D)),., would
not the Baldwin Saxl chain condition. By the Compactness theorem, there is a finite tuple
¢ sucht that [A(c), B(c)] € D. We consider A = A(c) and B = B(c). O

We prove (3) inductively on n. For n = 1, by Claim 2, there are definable subgroups H; and
Z, of G containing H and Z(H) respectively such that [Hy,Z;] = 1. We may assume that
Z, < H, replacing Z, by H; N'Z; if need be. As Z(H) is an external Abelian group by (1),
we may also assume that Z; is Abelian. It follows that Cg(Z;) contains H, and Z(Cg(Z,))
contains Z(H). In particular, one has

H=GNCx(Z)) and Z(H)=GNZ(CulZ)).

We assume now that there is a definable subgroup H < G such that H = HN G and
Zn(H) = Z,(H)NG. As [Z,41(H),H] C Z,(H), according to Claim 2, there are two
definable subgroups Z, 11 and H,,; of G containing 7, ,1(H) and H respectively such that
[Z+1,H,11] C Z,(H). Replacing H,,4; by H,,;1s " H and Z,, 1y by Z,y N H,,1, we may
assume that H,,1 < H and Z,,; < H,;;. It follows that [Z, 1, H,1] € Z,(Hpp),
so that Z,,1(H,41) contains Z,.1, hence Z,.1(H). One has thus H = H,;; N G and
Zny1(H) = Zna1(Hpq) NG

(4) Follows from the Baldwin Saxl descending chain condition and Lemma 3.6.

(5) If H is a discernible subgroup of G' and S any subgroup of G, by Theorem 2.10, H®
is contained in a discernible subgroup K of H such that K° = K. From the inclusion
H < K < H, it follows that K = H®, so that H® is discernible.

(6) Let H be a discernible subgroup of G. By Theorem 2.10, there is a discernible subgroup
N of G that contains Ng(H) and normalises H, so that N = Ng(H).

(7) Recall that the nth centraliser C%(A) of A is defined inductively putting C2(A) = {1}
and CZMHA) = Npepsr Ne(CE(A) N {g € G : [g,A] C CE(A)}, so (7) follows inductively
from (1), Theorem 2.10, and (6). O

4. ENVELOPES IN A DEFINABLE GROUP

In this section, G stands for a group that does not have the independence property.

Theorem 4.1 (Abelian envelope). Any Abelian subgroup A of G is contained in an A-
invariant external Abelian subgroup that is normalised by Ng(A).
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First proof (Adapted from [dA13, Lemma 2.1]). Assume that A is infinite and let G be an
|A|"-saturated elementary extension of G. For any parameter set B C G, we put
CB)= () Celb)

beB
[b,A]=1

We claim that there is a finite subset B C G such that C'(A U B) is Abelian, for otherwise
we could construct inductively two sequences (ay,)n>1 and (by,),>1 such that for every n, both
a, and b, belong to C(AU {ag, by : kK < n}) and [a,,b,] # 1. It would follow that [a;,b;] =1
if and only if i # j, so that the family (C(;(ai)) . would not satisfy the Baldwin-Sax] chain

>

condition 2.1. By the Compactness Theorem, there is a finite tuple ¢q,...,¢, in B such
that Cg(cy,...,¢,) is Abelian, and contains A. By Lemma 3.6, one can even assume that
Cal(ct, ..., ) is A-invariant and normalised by Ng(A). O

Second proof. Z(Cs(A)) is external (as an Abelian group) by Theorem 3.8.1 and 3.8.2 that
is A-invariant and normalised by Ng(A). O

Remark 4.2. The second proof provides an Abelian envelope that is externally defined by
the formula Z(Cg(z1,...,x,)). The first proof provides an envelope defined by the simpler
formula Cg(z1,...,2,). Note that in a stable group G, an Abelian subgroup A < G is
contained in an Abelian centraliser: Z(Cg(A)) is Abelian and equals Cg(Cg(A)), hence is
the centraliser of a finite tuple by the descending chain condition.

Theorem 4.3 (nilpotent envelope). Any nilpotent subgroup N of class n of G is contained
in an N-invariant external nilpotent subgroup of class n.

Proof. By [dA13, Theorem 2.2], there is a external nilpotent envelope H of N of nilpotency
class n. By Lemma 3.6, Nycaut(c/(ny) 0(H) is an N-invariant external one. O

Theorem 4.4 (soluble envelope 1). Let S be a soluble subgroup of G of derived length €.
There is an S-invariant discernible subgroup N of G that contains Ng(S), and an exter-

nal normal soluble subgroup of N of derived length ¢ that contains S, is S-invariant and
normalised by Ng(S).

Proof. Let G > G be a |G|"T-saturated elementary extension of G. We show more precisely
that there is a nice subgroup N of G containing Ng(.S) and a relatively definable subgroup
H of N that is soluble of derived length ¢ and contains S. When ¢ is 1 we apply Theorem 4.1
and Theorem 2.10. If the result holds for every /-soluble subgroups of G and if S is soluble
of derived length ¢+ 1, there is a nice subgroup N of G that contains Ng(S) and a relatively
definable (-soluble subgroup H of N that contains S’. We thus have

SH /H < N/H.

As (SH)' < H holds, the group SH/H is Abelian. By Corollary 1.7, the formula yz = zy
does not have the independence property in the group N/H. As N/H is |S|"-saturated,
according to Theorem 4.1 there are ay, ..., a, in N such that Cn/u(a1H, ..., a,H) is Abelian
and contains SH/H. It follows that the group

K:ﬁ{xeN:[x,az-]CH}

=1
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is relatively definable in N, soluble of derived length /+1 and contains S. Puting K = KNG

the subgroup
N N o&)
9ENG(S) o€ Aut(G/{S})
of K is in addition S-invariant and normalised by Ng(.S), and its normaliser is discernible
by Theorem 2.10. 0

Corollary 4.5 (soluble envelope 2). Let S a soluble subgroup of G of derived length . There
is an external subset X = X N G that is a subgroup of G containing S, and such that X
generates a soluble subgroup of derived length ¢.

Proof. By Zorn’s Lemma, we may asssume that S is a maximal soluble subgroup of G of
derived length ¢. By Theorem 4.4, there is a formula ¢(z,y) and a parameter set A such
that N{¢(G,a) : a € A} defines a nice soluble subgroup containing S in an elementary
|S|T-saturated extension G of G. We write p(G,a)" for the set of products of n elements
of o(G,a). We say that a subset X of G is soluble of derived length ¢ if X satisfies all the
commutator identies satisfied by a soluble group of derived length ¢. For a definable set X,
being soluble of derived length is a first order property. Thus, the following partial type
over S

ms(z) = {90(5,1:), ©(G, x)" is soluble of derived length ¢ : s € S;n > 1}

is finitely satisfiable in A, hence consistent. For any of its realisation s in G, take X =
©(G,s). The set X N G is a subgroup by maximality of S. O

Remark 4.6. In an arbitrary group G, if a subset X satisfies all the commutator identity
satisfied by a nilpotent group of class n, we call X a nilpotent subset of class n. If a subset X
is nilpotent of class n, then X generates a nilpotent subgroup of class n. If X is in addition
definable, then it is contained in a definable nilpotent subgroup of class n. This can be
shown taking Z (CG(X )) for n =1, and Z,,(E,) for arbitrary n, with FE, defined inductively
by Ey = G and Ejy = {$ € By : [z, CHMN (X)) C C’gk(X)} (see [AB14]). However, if X
is merely soluble of derived length 2, then X may not even generate a soluble subgroup.
Consider for instance two generators a and b of the alternating group As. The set {a,b}
obviously satisfies the equation {[x, vl, [z, t]} =1, but Ajs is not solvable.

Theorem 4.7 (normal soluble envelope). Let S be a normal soluble subgroup of G of derived
length £. There is an external normal, soluble of derived length ¢ subgroup of G that contains S
and vs S-invariant.

Proof. The following proof is due to Frank Wagner. For ¢ = 1, the group S is Abelian and

normal. For any elementary extension G of G and s1,...,s, in S, the conjugacy classes
sG ..., 5% generate an Abelian subgroup of G. By the Compactness Theorem, there are
ai,...,a, in a |S|T-saturated elementary extension G of G such that S C Cg(a®,...,a%) C
Ca(S). It follows that Z(Cg(a¥,...,a%)) is normal in G, Abelian and contains S. We go
on inductively. 0

Remark 4.8. Not only is the external envelope normal in G, it is also the trace over G of a
definable normal subgroup of G.



VARIATIONS SUR UN THEME DE ALDAMA ET SHELAH 18

5. FURTHER CHAIN CONDITIONS a la BALDWIN SAXL

We now consider a group G C M" defined by a conjunction of infinitely many formulas, in
a structure M that does not have the independence property. Two new difficulties appear :
G need not be the intersection of definable groups, and the quotient G/H by an infinitely
definabe normal subgroup H might have the independence property unless the formulas
defining H relatively to G are not controlled.

5.1. Relatively nice subgroups. Given a structure M, a subset B of some finite Cartesian
product M™ that is definable by a formula ¢, and a partial n-type w(zy,...,z,), we say that
G C M" is a w-definable group in M of base B if there is a definable function x from B? to
M™ such that G equals N7(M), and for every structure M that is an elementary extension
of M, the set N7(M) is contained in ¢(M) and is a group for the law induced by x. We
say that G is a type definable group of base B if there is a partial type 7 such that G is
m-definable of base B. Assuming the group law x to be definable rather than type definable
is no restriction by a compactness argument (see [Poi85, page 170]).

Throughout the section, we consider a fixed structure M that does not have the independence
property, G a m-definable group of base B in M for some partial type «. If H is a type
definable subgroup of G, we say that H is relatively definable in G if there is a formula ¢(z)
such that H is m U {¢}-definable subgroup of G. We call ¢ the defining formula of H. More
generally:

Definition 5.1 (relatively nice subgroup). A type definable subgroup H of G is relatively
nice in G if there is a formula ¢(z,y) and tuples (a;)¢; of parameters in M such that H is a
m(x)U{¢(x,a;) : i € I}-definable subgroup of G and the family {ﬂﬂ'(M) Np(M,a;) i€ [}
is a filter for every elementary extension M of M. We call ¢(x,y) the defining formula of H.

Definition 5.2 (uniform family of rel. nice subgroups). A family $) of relatively nice sub-
groups of G is uniform if its members have the same defining formula.

Lemma 5.3 (Baldwin Saxl chain condition for relatively nice subgroups). If ) is a uniform
family of relatively nice subgroups of G, then there is a natural number n such that any finite
intersection of members of §) is the intersection of at most n of them.

Proof. Otherwise, by the usual Baldwin-Saxl argument, for every natural number n one
would find Hy,..., H, in $ and tuples (by);cq1,. ny of elements in G such that b; € H; if
and only if i € J. Let ¢(z,y) be the common defining formula of the members of $. By
the Compactness Theorem, there are (aq,...,a,) in G such that ¢(by, a;) holds if and only
if © € J, a contradiction. O

Corollary 5.4. Let $ be a family of relatively nice subgroups of G and {ag : H € $H} a
family of elements from G such that ay belongs to K if and only if K # H. Then $ is not a
uniform family.

Proof. For any natural number n > 1, the intersection of n members of $ does not contain
any proper subintersection. 0



VARIATIONS SUR UN THEME DE ALDAMA ET SHELAH 19

Corollary 5.5 (uniform families are closed under intersections). If $) is a uniform family of
relatively nice subgroups of G, then Nyeg H is relatively nice and the family {Nyey H : 8 C H}
s uniform.

Proof. Let n be the natural number provided by Lemma 5.3 and for every H in $), let
{(x,al) ;i € I} be a type defining H relatively to G. Let A be the set {a” : H € $,i € i}.
Calling ¢ (z, y) the formula ¢(z, y1)A- - -Ap(x, yy), the group Nyes H is mU{e(z,b) : b € A"}-
definable and the family {7 (M) N(z,b) : b € A"} is a filter by Lemma 5.3. O

5.2. Uniformity. A third difficulty arises. It is not obvious to us that being a relativey nice
subgroup with parameters A is expressible by a partial type in A, which prevents applying
Compactness arguments. We introduce therefor a strengthening of the preceeding notions.
If N is relatively nice in G, the Compactness Theorem ensures that for all 7 in I, there is
some j in I and some definable set X; containing GG such that

(Xi N (M, aj))Q C p(M,a;).

Definition 5.6 (uniformly relatively nice subgroup). We say that N is uniformly relatively
nice in G if it is relatively nice in G and there is a definable set X containing GG such that
for all 7 in I, there is j in [ such that

2
(X N (M, aj)> C p(M,a;).
We call this set X a second base for N.

Definition 5.7 (uniform family of unif. rel. nice subgroups). A family $ of uniformly
relatively nice subgroups of G is uniform if its members have the same defining formula and
share a common second base.

Lemma 5.8. If ) is a uniform family of uniformly relatively nice subgroups of G, then
Nueg H is uniformly relatively nice, and the family {N\yesy H : 8 C H} is uniform.

FEzxample 5.9. A relatively definable subgroup of G is uniformly relatively nice in G. For any
g € G, the centraliser C(g) is relatively definable in G, and the family {Cs(g) : g € G} is
uniform. In particular, Cg(A) is uniformly relatively nice in G for any A C G.

Ezxample 5.10. If G is type definable using parameters in A, if A < Aut(G/A) and H < G is
uniformly relatively nice in G with a second base X that is definable with parameters in A,
then the family {o(H) : 0 € 2} shares X has a second base, and N,cq o(H) is uniformly
relatively nice in G.

FExample 5.11. Let G be a type definable group with parameters in A, and H a relatively nice
subgroup of G, type definable by the partial type {¢(x,a;) : i € I} relatively to G, where I
is a linearly ordered set. If (a;);c; is an indiscernible sequence over A, then H is uniformly
relatively nice in G.

Lemma 5.12. If H is a uniformly relatively nice subgroup of G and g € G, then so is HY,
and the family {HY : g C G} is uniform. In particular H* is uniformly relatively nice in G
for any A C G.
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Proof. We need only find a common second base for the family {HY : g € G}. A second base
X C B for H is such that for all ¢ in I, there is j in I such that

(X N (M, aj))Z C p(M,a;).

By the Compactness theorem, there is a definable set X'/3 such that G ¢ X'/3 C X and
(X1/3)3 € X hold. It follows that for every g, gi,..., g, in G, one has

2
(X3 Np(M,a;)?)" C p(M, a;)”.
O

Lemma 5.13 (Baldwin Saxl chain condition for subsets). Let X be a family of subsets of B.
Assume that {X1/3 X € .’f} is a corresponding family of symetric cube roots, uniformly
definable by a formula p(x,y), and let n be the VC-dimension of p*(x,y) in M. For all X
in X, assume that there is a symmetric subset X/*" of B containing 1 with (Xl/?’")n c X3,
Then, for any elements X1, ..., X411 of X, there is j in {1,...,n+ 1} with

XN XA XN XA C XN 0 X

Corollary 5.14. If N < G is a m U{p(x,q;) : © € I}-definable subgroup and if there is a
definable subset Y C B such that for all i in I there is j in I with

(X Ne(.a))" € p(M,a0),

then N is uniformly relatively nice in G.

Proof. There are definable sets X7, Xo,... such that X; = B and X7, C X, for all n. By
Lemma 5.13, there is an n such that the family {X,, N N;c; (M, a;) : J C I,|J]| < n} is a
filter. |

If H < G is a type definable subgroup that normalises N, by the Compactness Theorem, for
all 7 in I, there is some j in I, a definable set X; D GG and a definable H; D H such that for
all g in H;,

9

Definition 5.15 (uniformly normal subgroup). If N is relatively nice in G and normalised
by H, we say that N is uniformly normalised by H if there are definable sets X D G and
K D H such that for all ¢ in I, there is some j in I such that for all g in K,

(Y N (M, aj))g C (M, a;).

Theorem 5.16 (normalising a uniformly relatively nice envelope). Assume that M is k-
saturated for some uncountable cardinal k. Let A < G and Ny < Ng(A) be two subgroups
with |A] < k and |Na| < k. Assume that H is a uniformly relatively nice (resp. relatively
definable) subgroup of G enveloping A. Then there is a subgroup E < H that is uniformly
relatively nice (resp. a conjunction of a uniform family of relatively definable subgroups)
in G, and a type definable subgroup N < Ng(FE) such that E contains A, N contains N4 and
normalises E uniformly.
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Proof. Let H = G NN7 (M, (a;)ier) with m(x) = {¢(x,a;) : i € I} and I an ordinal. By
assumption, there is a definable set X containing G such that for all ¢ in I, there is a j in [
with ,

(X N (M, aj)> C (M, a;).
There are also definable sets X = X; D --- D X,, D --- such that Xﬁﬂ C X, for all
n. We may assume without loss of generality that G equals ,>¢ X, and that the formula

Yy (p(x,y) <> @(x71, y)) holds. By Lemma 5.13, one may also assume that the family {X N
©(M,a;) i€ I} is a filter.

Claim 3. There is a natural number n such that for all a;, there exists a sequence (b;)icr
in G, a finite subset G,, C Ng(A) of sizen and an element j in I such that GO\ (M, (b;)icr)
is uniformly relatively nice in G, contains A and such that

ACX,n ) oMb c (| ¢Ma) and (XNe(Mb)) Co(M,a).

geGn gENG(A)

Proof of Claim 3. Fix ¢ in I. By the Compactness Theorem, there is a natural number n
bounding the VC-dimension in M of the formulas {¢(y*,a) : a« € G}. By Lemma 5.12, the
family {HY : g € G} is uniform so there exists j in I such that for all g in G,

(3) (Xn N (M, aj)g)?m C p(M,a;)? and (X N (M, aj))2 C p(M,a;).

By iterating Lemma 5.13 and (3) in turn, for all finite subset J of G, there is a subset J,, C J
of size n and some k in [ such that

(4) X, N () o(M,a,)? C () e(M,a;)? and (X N (M, ak)>2 C (M, a;).

g€Jn geJ

We consider the following partial types over Ng(A) U{a; : i € I} U dom(G) defined by
p(‘rh ey Ty (Zi)i€I> = (I)<(Zi)i61) U {Xn N ﬂ @(Ma ZO)xk C SO(M7 a’i)gv
k=1

(Xﬂgp(M, zo))2 Cp(M,a;), 11€G,....,0p€G:g€ NG(A)}

where ® is a set of formulas stating that G N7 (M, (2;):er) is a subgroup that contains A
and that is uniformly relatively nice in G (of base X). By (4), the type p is finitely satisfiable
in Ng(A)*™ x {a; :i € I} O

We call ¢ (2,41 ..., Ynt1) the formula o(y; zys, Ynir) A A @(Yy  TYns Ynia)-

Claim 4. There exists a sequence (by)ren of n+1 tuples in G, such that for all g in Ng(a),
all k in N and all v in I,

X mw<M7 bk) C @(Ma ai)a
AcC (Xn N ¢(M7 bk+1>)g - d}(Ma bk) and (X N ¢<M7 bk+1))2 - w(Mv bk)

Proof of Claim 4. One may first fix some ¢ in I and take ¢(M,a;) for ¥ (M, b;) and iterate
Claim 3 to get a family (by)ren depending on i. As the family {X Np(M,q;) :i € I} is a
filter, the conclusion follows from the Compactness Theorem. O
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Claim 5. There exists an indiscernible sequence (by),eq of n+ 1 tuples in G, such that for
all g in Ng(a), all rational numbers p < q, and all i in I,

X NyY(M,by,) C (M, a;),
g 2
AC (X,n(M,by))" C¥(M,by) and (X Ne(M,b,)) C (M, b,).
Proof of Claim 5. From Claim 4 by the Compactness Theorem and Ramsey’s. O

We may now finish the proof of Theorem 5.16. Note that the sequence (X,)fm) is increas-

m>n
ing and that XX contains G for all m > n + 1. One also has (Xffm)g C XXm+1 for all g
in Xm+1.

Let E, stand for (M, b,) and let N7 be defined by
N = {g € X (XX E,) c Eq},

and let N and E by
N=( NN and E=Gn () E,.
m>n p<q 7€Q
As one has for evey rational numbers p < r < ¢ and natural number m > n,

(Nt Nz c N

p,q’

it follows that N is a group. As XXm contains G for all m > n+1, the group N normalises F.

Applying Lemma 5.13 and indiscernability of (b,),eq, for any fixed m, there is a natural
number k(m) such that every finite intersection of N, contains an intersection of at most 3k
sets of the form N, s”fﬁ%. By the Compactness theorem, one can find a countable descending
chain Ny D Ny--- D N, D --- of definable subsets of X such that for all £ > 1,

Ng(A)C Nyc (\NJ» and N7, C N,
p<q
It follows that M, IV, is a type definable subgroup of GG that uniformly normalises £. The
group E is uniformly relatively nice by Remark 5.11. 0

5.3. External and discernible subgroups. G still stands for a type definable group of
type m and base B in a structure M that does not the independence property. We fix M a
|G| T-saturated elementary extension of M and we write G for N m(M).

Definition 5.17 (external subgroup). A subgroup H < G is an external P-subgroup of G
if there is a relatively definable subgroup H < G (a witness) having property P such that
H = HN G. A family of external subgroups is uniform if the corresponding family of
relatively definable witnesses have a common defining formula and share a common second
base.

Lemma 5.18. The conjunction of a uniform family $ of external subgroups of G is an
external subgroup of G, and the family {Npeg H : & C N} is uniform.
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Proof. Let (a;);e; be a family of parameters of M such that the types 7 U {¢(z,a;)} define
a uniform family of relatively definable subgroups of G with second base X = 1(M). Let
H be the trace over G of their conjunction. Assume that YzVy(o(z,y) <> ¢(z7',y)) holds.
By Lemma 5.13, we may replace the formula ¢(z,y) by a finite conjunction of formulas
o(x, 1), ..., o(z,y,) intersected with a symetric definable nth root of X containing G, and
assume that {¢(z,a;) : i € I} is filter. It follows that the type

ply) = {Va(p(x,y) = p(w, @), @(h.y), Ve ((p(z,y) N0 (@)” = pla,y)) i€ I he Hf

is finitely satisfiable in {a; : ¢ € I'}. For any of its realisations a in M, the type 7 U{¢(x,a)}
defines a relatively definable subgroup of G with ¢(M,a) NG = H. O

Definition 5.19 (discernible subgroup). A subgroup H < G is a discernible P-subgroup of G
if there is a uniformly relatively nice P-subgroup H < G (a witness) such that H = HN G.
A family of discernible subgroups of G is uniform if the corresponding family of uniformly
relatively nice witnesses is uniform.

Lemma 5.20. The conjunction of a uniform family $ of discernible subgroups of G is a
discernible subgroup of G, and the family {N\ges H : 8 C N} is uniform.

Proof. By Lemma 5.8. O

Theorem 5.21. Let us assume that M does not have the independence property and that
G C M™ is a type definable group in M.

(1) The centralisers of subsets of G are (a uniform family of) external subgroups.

(2) The iterated centers of an external subgroup are external nilpotent subgroups.

(3) The iterated centers of a discernible subgroup are discernible nilpotent subgroups.

(4) The cores of an external subgroup are (a uniform family of) external subgroups.

(5) The cores of a discernible subgroup are (a uniform family of) discernible subgroups.
(6) The normaliser of a discernible subgroup is the trace over G of a type definable sub-
group of Nm(M) for some |G|"-saturated elementary extension M = M.

Proof. (1) By Example 5.9 and Lemma 5.18.
(2) Similar to the proof of Theorem 3.8.3 using the following claim instead of Claim 2.

Claim 6. Let A and B be two subgroups of G with |A| < |G| and |B| < |G|. Let D be a
relatively definable subgroup of G normalised by both A and B such that [A, B] C D. Assume
that A and B are contained in a relatively definable subgroup Np of G that normalises
D. Then there are two relatively definable subgroups A and B of G containing A and B
respectively and such that [A,B] C D.

Proof of Claim 6. Similar to the proof of Claim 2, defining

AC)= N {93 € Np : [z,¢] C D}, B(C)= () {y € Np : [¢,y] C D},
[Afce]gD [c,cBe]gD

and using Corollary 5.4. O

(3) Similar to Theorem 3.8.3, using the following claim instead of Claim 2.



VARIATIONS SUR UN THEME DE ALDAMA ET SHELAH 24

Claim 7. Let A and B be two subgroups of G with |A| < |G| and |B| < |G|. Let D be a
uniformly relatively nice subgroup of G such that [A, B] C D. Assume that A and B are
contained in a uniformly relatively nice subgroup Np of G that uniformly normalises D.
Then there are two uniformly relatively nice subgroups A and B of G containing A and B
respectively and such that [A,B] C D.

Proof of Claim 7. As in Claim 2, there exists a finite parameter set C' C Np such that,
defining for any parameter subset S C G

A(S)= ) {zreNp:[z,dcD} and B(S)= () {yeNp:leylcD},
[A?SgD [c,%e]gD
one has [A(AUBUC),B(AUBUC)] C D. Let {¢(x,a;) : i € I} be the type that defines D
relatively to G and let X be a base for Np. Let us show that, for any subset S C G, puting
Hi(s) = {9 € X :[g,5] C (M, a;)},

the family $ = {N,c; Np NH;(s) : s € S} is a uniform family of uniformly relatively nice
subgroups in Np. By Lemma 5.8, this will show that A(AU BUC) and B(AU B U C)
are uniformly relatively nice in Np, hence in G. We need only find a common second base
for the members of $). As D is uniformly relatively nice in G, there is a definable set Y
containing G such that for all ¢ € I there is 7 € I with

(Y N (M, aj))2 C (M, ;).

As D is uniformly normal in Np, there is a definable subsetset Z C X containing Np such
that for all j € I, there is k € I such that for all g € Z,

(Z N (M, ak))g C (M, a;).
There are also definable sets X'/2, Y'/6 and Z'/* containing Np with
(X2 cx, (YY) cYand (24 cz.
We put W = X2 1Y% 1 Z1/4 and clain that (W N Hy(s))* € Hi(s) holds.

For any g and h in W N Hy(s), we have

9.9" < ((24)'n ¢(M,ak))h

and [h,s] € (/)" N (M, ),

so that
l9.5]" € p(M.a;) and  [h,s] € p(M, a;),
hence 9
lgh.s] = lg.51" 5] € ((Y9)" 1p(MLa)) € oM, a0,
This shows that gh belongs to H;(s) and that W is the desired second base. 0J

(4) By Lemma 5.12 and Lemma 5.18.
(5) By Lemma 5.12 and Lemma 5.8.
(6) By Theorem 5.16 O
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6. ENVELOPES IN TYPE DEFINABLE GROUPS

We consider a 7w-definable group G of base D in a structure M that does not have the
independence property, and look for type definable envelopes around an Abelian, nilpotent
or soluble subgroup of G. We fix a |G| "-saturated extension M of M and write G for N7 (M).

Theorem 6.1 (Abelian envelope). Any Abelian subgroup A of G is contained in an A-
invariant external Abelian subgroup of G that is normalised by Ng(A)

Proof. The A-invariant subgroup Z(Cg(A)) contains A and is normalised by Ng(A). It is an
external Abelian subgroup by Theorem 5.21.1 and 5.21.2. 0

Theorem 6.2 (nilpotent envelope). Any nilpotent subgroup of G of class n is contained in
an N-invariant external nilpotent of class n subgroup of G that is normalised by Ng(N).

Proof. We build inductilvely on k < n a chain Zg < - - - <Zy of relatively definable subgroups
of G such that

Zo = {1}, Zk(N) C Z;, and [Zk,N] C Zy_.
If Z,, is built, as one has
[Zy+1(N),N| C Zy(N) C Zy,
and as N is contained in the subgroup Cq(Zg/Zy—1) which normalises Zj, by Claim 6, there
is a relatively definable subgroup Zj,; of G containing Z;1(/N) such that
[Zk-i-la N] C Zy.
For every k < n, the group
Hy = {2 € Z, : [Z4, 2] C Zp1}

is external by Lemma 5.18, and the group H; N --- N H,, is a nilpotent group of class n that
contains V. 0

Theorem 6.3 (soluble envelope). Let S be a soluble subgroup of G of derived length €. There
is a type definable subgroup N of G containing Ng(S) and a uniformly relatively nice and
uniformly normal subgroup H of N that contains S and is soluble of derived length . More
precisely, H is the intersection of a uniform family of relatively definable subgroups of N.

Proof. We consider the derived series S SM > --- > 8@ we call H; a relatively definable
Abelian subgroup of G that contains S~ and that is normalised by Ng(S), we write Ny
for a type definable subgroup of G that normalises H; and contains Ng(S) and we build
inductively on k£ < £ two chains 1<H;<---<Hj and Ny, ..., N} of subgroups of G such that
for every k < ¢, the group Ny is a type definable subgroup of G that contains Ng(S) and
Hj, is a uniformly relatively nice and uniformly normal subgroup of N, that satisfies

SEH c H, and [Hy, Hy] € Hy_,.
If Ny and Hj, are built, one has
[S(Z—kz—l)’s(f—k—l)] C S(Z—k) C ch
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By Claim 7, there is a uniformly relatively nice subgroup Ky ; of Ny such that
S(Eikil) - KkJrl and I:KkJrl, Kk-Jrl] C Hk

By Theorem 5.16 there is a type definable subgroup Ny, of G that contains Ng(S) and

l—k—1

a uniformly relatively nice subgroup Hy.; of K, that contains S¢ ) and is uniformly

normalised by Nj;;. We put
N=N;n---NN, and H=H,.

REFERENCES

[AB14] Tuna Altinel and Paul Baginski, Definable envelopes of nilpotent subgroups of groups with chain
conditions on centralizers, 2014.

[Adl14] Hans Adler, An introduction to theories without the independence property, 2014.

[Bai01l] Bektur Sembiuly Baizhanov, Ezpansion of a model of a weakly o-minimal theory by a family of
unary predicates, J. Symbolic Logic 66 (2001), no. 3, 1382-1414.

[Bél12]  Luc Bélair, Panorama of p-adic model theory, Ann. Sci. Math. Québec 36 (2012), no. 1, 43-75
(2013).

[BS76]  John T. Baldwin and Jan Saxl, Logical stability in group theory, J. Austral. Math. Soc. Ser. A 21
(1976), no. 3, 267-276.

[CP12]  Annalisa Conversano and Anand Pillay, Connected components of definable groups and o-minimality
I, Adv. Math. 231 (2012), no. 2, 605-623.

[dA13]  Ricardo de Aldama, Definable nilpotent and soluble envelopes in groups without the independence
property, MLQ Math. Log. Q. 59 (2013), no. 3, 201-205.

[Del81]  Francoise Delon, Types sur C((X)), Study Group on Stable Theories (Bruno Poizat), Second year:
1978/79 (French), Secrétariat Math., Paris, 1981, pp. Exp. No. 5, 29.

, Définissabilité avec parameétres extérieurs dans Qp, et R, Proc. Amer. Math. Soc. 106
(1989), no. 1, 193-198.

[Fis77]  Edward R. Fisher, Abelian structures. I, Abelian group theory (Proc. Second New Mexico State
Univ. Conf., Las Cruces, N.M., 1976), Springer, Berlin, 1977, pp. 270-322. Lecture Notes in Math.,
Vol. 616.

[GS84]  Yuri Gurevich and Peter H. Schmitt, The theory of ordered abelian groups does not have the inde-
pendence property, Trans. Amer. Math. Soc. 284 (1984), no. 1, 171-182.

[HH84] Victor Harnik and Leo Harrington, Fundamentals of forking, Ann. Pure Appl. Logic 26 (1984),
no. 3, 245-286.

[HPP11] Ehud Hrushovski, Ya’acov Peterzil, and Anand Pillay, On central extensions and definably compact
groups in o-minimal structures, J. Algebra 327 (2011), 71-106.

[Del89)]

[Jec03]  Thomas Jech, Set theory, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2003, The
third millennium edition, revised and expanded.

[KSW11] Ttay Kaplan, Thomas Scanlon, and Frank O. Wagner, Artin-Schreier extensions in NIP and simple
fields, Israel J. Math. 185 (2011), 141-153.

[Las92]  Michael C. Laskowski, Vapnik-Chervonenkis classes of definable sets, J. London Math. Soc. (2) 45
(1992), no. 2, 377-384.

[LLO8]  Michel L. Lapidus and Hung L, Nonarchimedean Cantor set and string, J. Fixed Point Theory
Appl. 3 (2008), no. 1, 181-190.

[Mat93] Larry Matthews, The independence property in unstable algebraic structures I: p-adically closed
felds, 1993.

[MS08] Dugald Macpherson and Charles Steinhorn, One-dimensional asymptotic classes of finite structures,
Trans. Amer. Math. Soc. 360 (2008), no. 1, 411-448 (electronic).



[MT12]
[Neub4]
[Pilss]
[Pil07]
[Poi85]

[Poi87]

[She90]

[She09]
[Szm55]
VCr]
[vdD86]
[Wag97]

[Wei93]
[WooT9]

VARIATIONS SUR UN THEME DE ALDAMA ET SHELAH 27

Dugald Macpherson and Katrin Tent, Pseudofinite groups with NIP theory and definability in finite
simple groups, Groups and model theory, Contemp. Math., vol. 576, Amer. Math. Soc., Providence,
RI, 2012, pp. 255-267.

B. H. Neumann, Groups covered by permutable subsets, J. London Math. Soc. 29 (1954), 236-248.
Anand Pillay, On groups and fields definable in o-minimal structures, J. Pure Appl. Algebra 53
(1988), no. 3, 239-255.

, On externally definable sets and a theorem of Shelah, Algebra, logic, set theory, Stud. Log.
(Lond.), vol. 4, Coll. Publ., London, 2007, pp. 175-181.

Bruno Poizat, Cours de théorie des modéles, Bruno Poizat, Lyon, 1985, Une introduction & la
logique mathématique contemporaine. [An introduction to contemporary mathematical logic].

, Groupes stables, Nur al-Mantiq wal-Ma’rifah [Light of Logic and Knowledge], 2, Bruno
Poizat, Lyon, 1987, Une tentative de conciliation entre la géométrie algébrique et la logique math-
ématique. [An attempt at reconciling algebraic geometry and mathematical logic].

Saharon Shelah, Classification theory and the number of nonisomorphic models, second ed., Studies
in Logic and the Foundations of Mathematics, vol. 92, North-Holland Publishing Co., Amsterdam,
1990.

, Dependent first order theories, continued, Israel J. Math. 173 (2009), 1-60.

Wanda Szmielew, Elementary properties of Abelian groups, Fund. Math. 41 (1955), 203-271.
Vladimir N. Vapnik and Alexey Ya. Chervonenkis, On the uniform convergence of relative frequen-
cies of events to their probabilities., Theory Probab. Appl. 16 (1971), 264-280 (English).

Lou van den Dries, Tarski’s problem and Pfaffian functions, Logic colloquium ’84 (Manchester,
1984), Stud. Logic Found. Math., vol. 120, North-Holland, Amsterdam, 1986, pp. 59-90.

Frank O. Wagner, Stable groups, London Mathematical Society Lecture Note Series, vol. 240,
Cambridge University Press, Cambridge, 1997.

Volker Weispfenning, Quantifier elimination for abelian structures, 1993.

Carol Wood, Notes on the stability of separably closed fields, J. Symbolic Logic 44 (1979), no. 3,
412-416.

UNIVERSITE GALATASARAY

FACULTE DE SCIENCES ET DE LETTRES
DEPARTEMENT DE MATHEMATIQUES
CIRAGAN CADDESI N°36

34357 ORTAKOY, ISTANBUL, TURKIYE

(current address) UNIVERSITAT KONSTANZ
FACHBEREICH MATEMATIK UND STATISTIK
78457 KONSTANZ, GERMANY

E-mail address: cedric.milliet@uni-konstanz.de



